Online Appendix (Not for Publication): Optimal Normaliza-
tion Policy under Behavioral Expectations
by Alexandre Carrier and Kostas Mavromatis

A Extending the Sims et al. (2023) with a quadratic effi-

ciency cost

In this section, we present an extension of the original model by Sims et al. (2023) with a
quadratic efficiency cost.!

The model makes several simplifying assumptions to reduce to four equations in log-
linearized form. The quantitative implications of the four equation model are similar to
more complicated models.

The economy is populated by the following agents: two types of households (the parent
and the child, with respective shares of z and 1 — z), a representative financial intermediary,
production firms, and a central bank. As detailed in Sims et al. (2023), the dynamics of the
child’s consumption in the model are in-line with the behavior of investment in Sims and

Wu (2021).

A.1 Households
A.1.1 Parent, or patient household

A representative parent maximizes its discounted lifetime utility from consumption, C; and
labor L;:

(A1)

0 lea_l L1+X
mesks Y5 | S v
t=0

with o > 0 is the inverse elasticity of intertemporal substitution, x > 0 is the inverse Frisch
elasticity, and ¢ > 0 is a scaling parameter.

The parent’s budget constraint is:

PCy+ S, < W,L; + R |S;_1 + P.D, + P.DI" + BT, — P,X! — PbX}"! (A.2)

For simplicity, we present the model under rational expectations, as in the original paper by Sims et al.
(2023). The inclusion of boundedly rational expectations are discussed in the main text, in Section 2.
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in which P, is the nominal price of consumption. The parent earns income from W, the
nominal wage, D; dividends from ownership in firms, D/’ dividends from ownership in
financial intermediaries, and from lump-sum transfers, 7}, arising via central bank surplus
on asset holdings to be specified below. It can save in nominal short-term bonds S;_; which
pay a gross interest rate R¢ . Finally, it makes transfers to the child X?, as well as a transfer,

XFT to financial intermediaries, each period. The first-order conditions for Cy, L; and S;

are:
WLYX = C;%w, (A.3)
C —0
Apay =5 ( cttl) (A4
1 == RfEtAt,t+1H;+11 (A.S)
with A;_, ; the stochastic discount factor of the parent, w, = %t the real wage and I1; = Pfj -
the gross inflation rate.
A.1.2 Child, or impatient household
The child does not supply labor, he thus only gets utility from consumption, C;:
max E f: I64 @ (A.6)
0 — b 1—0 '

It is less patient than the parent, i.e. 3, < .

The child can borrow/save using long-term bonds B;. As in Woodford (2001), long-term
bonds are modeled as perpetuities with geometrically decaying coupon payments. Coupon
payments decay at rate denoted by x € [0, 1]. Issuing a bond in time ¢ leads to payments
of 1, k, k%, . . . in the following periods. Using decaying coupon bonds allows to only keep
track of the total outstanding bonds, rather than individual issues. The new issuance of
long-term bonds is as follows:

NB, = B, — kB;_4 (A.7)



Newly issued bonds trade at market price );, such that the total value of the bond portfolio
equals Q); B;. The gross return on the long bond is defined by:

1
Rb = 1P (A.8)
Qtfl

The child has the following budget constraint:
P.Cyy + Bi—1 < Qy(By — kByi—1) + PtXf (A.9)

This means that the sum of the nominal value of consumption and coupon payments on
outstanding debt cannot exceed the value of new bond issuances plus the nominal value of

the transfer from the parent.

First-order conditions for the consumption of the child and the long-term bond give:

O —0
Npi—1t = Db (C’ bt ) (A.10)
bt—1
1= EtAb,t7t+1R?+1H;rll (A.11)

A.2 Financial Intermediaries

Unlike Gertler and Karadi (2011), and Sims and Wu (2021), Sims et al. (2023) assume for
simplicity and tractability that the representative financial intermediary (FI) is born each
period and exits the industry in the subsequent period. It receives an exogenous amount of

net worth from the parent household, P, X/:
PXI = PX" 4+ kQ,B, (A.12)

It consists of two components: fixed amount of new equity X7, and outstanding long-
bonds inherited from past intermediaries Q; BLY, .

The FI has the following balance sheet condition:
Q:Bf' + RE[T = ST + PX]! (A.13)

The left-hand side of this equation corresponds to the assets of the F1, i.e. long-term lendings
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to the child Q,;B}'! and central bank’s reserves RE!!. The right-hand side, the liabilities, is
comprised of short-term deposits from the parent S/ and the transfer P, X/7.

The FI pays interest, R, on short-term debt. It earns interest, R;°, on reserves, as well
as a return on long-term bonds R? ;. Upon exiting after period t, the FI's dividend to the

parent household are therefore equal to:
PoaDfl = (Rl — R) Q:Bf" + (R} — R}) RE" + R; P, X[" (A.14)

The FI maximizes expected dividends, which are discounted by the nominal stochastic dis-
count factor of the parent A;, ;, subject to a risk-weighted leverage constraint in which
long-term bonds receive a risk weight of unity, while reserves on account with the central

bank have a risk weight of zero:
QBT < e,pX" (A.15)

This states that the value of the long-term loan to the child cannot be larger than a multiple

©, of the value of its equity. ©, is viewed as a credit shock, and obeys an AR(1) process.

The first-order conditions of the FI with respect to its choice variables, the quantity of long
bonds and reserves are:
BNl (RY — RY) = (A.16)

EA 1110 (RS — RS) =0 (A.17)

with , the multiplier on the leverage constraint. The binding constraint, i.e. €; > 0,

generates excess returns between the expected return on long bonds and the cost of funds.

A.3 Production

The production side of the economy consists of three sectors: final output, retail output, and
wholesale output. There is a representative final good firm and representative wholesale

producer. There is a continuum of retailers, indexed by f € [0, 1].

Final output:



Each final output firm faces a downward-sloping demand function given by:

Vi(f) = (@)Y A18)

with e > 1 the elasticity of substitution.

This gives rise to an aggregate price index:

1

P = [ / Py f)l‘edf} - (A.19)

0

Retail output:

Retailers purchase wholesale output at price P,, ;, which can be viewed as nominal marginal
costs and repackage it for sale at P,(f). Retailers are subject to a Calvo (1983) pricing
friction. Each period, there is a probability 1 — ¢ that a retailer adjusts its price, with
¢ € [0,1].

When a retailer does adjust its prices, it picks a price to maximize the present value
of expected profits, discounted by the stochastic discount factor of the parent household.
Optimization results in an optimal reset price, P, ;, that is common across updating retailers.

P,

Denote real marginal costs as p,,; = 5=, the optimal reset price then satisfies:

t

€ Xl t
P, = — A.20
] X ( )
Xit = PipmsYs + OE A 11 X 11 (A.21)
Xoy = P+ 0EN 411 X041 (A.22)

Wholesale output:

The wholesale firm produces output Y,, ; using a production function which takes labor as
input:

Yo = Ay (A.23)

with A; an exogenous productivity disturbance following a known stochastic process.



Real wages w; = %ﬁ are determined by:

Wy = pm,tAt (A.24)

A.4 The central bank

The central bank has two instruments, namely the policy rate R}, and its portfolio of long-
term bonds issued by the child B*. The policy rate evolves according to a simple Taylor

rule subject to the ZLB:
In R} = max|[0; ¢ (InIl; — InII) + ¢, (InY; — InY}") + s,.6,.4] (A.25)

The central bank finances its portfolio of long-term bonds through the creation of reserves

RE,. Its balance sheet condition is:
Q:Bf’ = RE, (A.26)

QE is defined as the real value of the central bank’s bond portfolio:?

QE; = Qb (A.27)

b _ B

where bf* = -
In their original specification, Sims et al. (2023) assume that QE is costless. We follow
Gertler and Karadi (2011), Karadi and Nakov (2021) and Kabaca et al. (2023) and assume
that the central bank pays an efficiency cost, I';, whenever it conducts QE or QT. In this

case, the central bank earns a surplus on its asset holdings which is transferred lump-sum

to the parent household and takes the following form, in real terms:

RVQ),_ R
7, = B Ly — e, — T, (A.28)
Ty T
where re;, = RE,/P;, with
-

2In our baseline calibration of the model, the QE policy follows a simple AR(1) process.
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As in Kabaca et al. (2023), these costs reflect the notion that the central bank faces sev-
eral distortions, such as political costs and other implementation constraints (e.g., costs
of maintaining a large balance sheet or identifying preferred government sector markets)
when purchasing or selling long-term government bonds. Given its quadratic structure,
both QE and QT incur costs to the central bank. We think of QT as active and passive, in
the sense that it coincides with active selling of central bank asset holdings and with no

re-investments of the proceeds of maturing bonds.

A.5 Aggregate conditions

Market clearing requires the following conditions:

RE, = REF (A.30)
S, = St (A.31)

S, = St (A.32)

B, = Bf + B (A.33)
Yol = AL (A.34)

A key feature of Sims et al. (2023) is that they assume that the transfer from parent to
child, X}, is time-varying, but that neither the parent nor the child behaves as though it can
influence the value:

PXP = (14 kQy) Bi_, (A.35)

This assumption, referred to as the "full-bailout"® implies that, even though the child solves
a dynamic problem and has a forward-looking Euler equation, its consumption is, in fact,
static:

P.Cyy = Qi B, (A.36)

This assumption by Sims et al. (2023) on the parent-child transfer allows one to elimi-

nate a state variable and simplifies the system to four equations, although it is not crucial

3At each period, the parent pays off the child’s debt. Sims et al. (2023) provide evidence that relaxing this
assumption does not fundamentally alter the behavior of the model in response to shocks.



for the qualitative or quantitative properties of the model.

In our model, due to the introduction of the QE cost, the aggregate resource constraint
of the economy changes. Considering the budget constraint of the parent and plugging in
dividends from firm financial intermediary ownership as well as the expression for nominal

remittances (A.28), we obtain:

PC, =R} \Si1+ BY,+ (R} — R} ) Qi1 B, + (R, — R ) RE[,
+ R} P X+ RYQu 1 BYE — R RE, 1 — Py — (1+ kQy) Biy
- QB — RE}! (A.37)

Using the definition of the balance sheet of the financial intermediary (A.13), we can

substitute out for P;_; X[ in (A.37) above and then simplify to get:

PCy = PY, + R)Qi1Bioy — (1+ Q) Bioy — PTy — Q:B/" — RE[" (A.38)
Accounting for the fact that long-term rates are defined as R? = IQJ%? and using the bonds

market clearing condition (A.33), the balance sheet of the central bank (A.26) and the fact

that the full bailout condition (A.36), we arrive at:
Ot + Cb,t - Yt - Ft (A39)

Using the definition of for QF; in (A.27), we may rewrite the efficiency cost expression for

I'; as follows:

T

I, = §QE3 (A.40)

This allows us to rewrite the resource constraint (A.39) as follows:
Y, = Cy+ Cyy + %QEE (A.41)

A; and ©, obey conventional log AR(1) processes. Potential output Y, is defined as the

equilibrium level of output consistent with price flexibility (i.e. ¢ = 0) and where the credit
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shock is constant, i.e. ©, = 0. The natural rate of interest, Rf , is the gross real short-term

interest rate consistent with this level of output. X, = YLff is the output gap.

A.6 The full log-linearized model

We write below all log-linearized conditions of the model, under rational expectations. The

majority of these equations are similar to Sims et al. (2023), with the exception of the

introduction of the QE cost. Lowercase variables denote log, i.e. percentage change, devi-

ations from steady state. We use a “hat” when the corresponding level variable is already

lower-case. Variables without a time subscript denote non-stochastic steady state values.

The model is linearized around a steady state with zero trend inflation (i.e. IT = 1) where

the leverage constraint on intermediaries binds.

Xlt = —0c¢ + '&J\t

/\tfl,t = —0 (Ct - thl)

0=EN 1 +7] —Emgq

)\b,tfl,t = —0 (Cb,t - Cb,tfl)
b /{
Ty = ﬁ% —qt-1

0=ENots+1 + ]Eﬂ’?ﬂ — Ky
qt "‘/651 = Gt

[QVT (1 — k)] qt—i-QbFI/l;f]—meFIgthl+/<aQbFI7Tt+re-7“A(3t:s-§t

b s
b s
Eiltir1 — B + —Eory  — —1) = wy
sp sp

e =]
ﬁ*,t = /I\l,t - ?B\Q,t
Tip= (1= B)pms + (1 — 08)y: + ¢BE A 111 + €@BEm 1 + OBE Ty 141

Top = (1 — ¢B)ye + 0BE N 141 + (6 — 1)dBE 11 + ¢BE:T2 141

(A.42)

(A.43)
(A.44)
(A.45)
(A.46)
(A.47)
(A.48)

(A.49)

(A.50)
(A.51)
(A.52)
(A.53)

(A.54)



Wy = Pyt + a1 (A.55)

E
(1—2)ce + zepy + (T?f ) qe: = Yy (A.56)
O +ye = a + (A.57)
=0 (A.58)
1—¢ .
Ty = Jp*,t (A59)
¢

g+ 0 = e, (A.60)

R bFIAFI beAcb
by = —10b, " + —b; (A.61)

b b
Cot = Gt "’/I;t (A.62)
ar = Pali—1 + Sa€ay (A.63)
0r = poli—1 + sec0 4 (A.64)
f_ f

T = pPfri_q + SpEfy (A.65)
CPt = PcpCPi—1 + ScepEep,t (A66)
qer = pPqqei—1 + S¢Eqpt (A.67)
ry = max [0 ; ¢y + Put + SpEry] (A.68)
qes = Tf\et (A69)
Ty =Y — Yy (A.70)

A.7 Updated IS and Phillips Curve Equations

In this subsection we reduce the system of log-linearized equations to get to the four equa-

tions presented in the main text.

To obtain the IS curve, we start by combining first-order conditions on consumption of each

type of households and interest rates (A.43)-(A.45) and (A.47) with the aggregate resource
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constraint (A.56):

1—z TQFE

Y

z
Yy = ]Etyt—l-l — (Tf — Etﬂ—t—l—l) — ; (]Etrllf)-i-l — Etﬂ-t—‘rl) — ( ) [th€t+1 — qet] (A71)

Combining (A.60)-(A.62) with (A.69) and the binding leverage constraint (A.48) allows us

to write the consumption of the child as a function of credit shocks and QE:

I

~ peb _ _
v = = (@ +5") + =gen = 6710, + be, (A.72)

with b7 = b7 /b and b = b /b the steady state fraction of total bonds held by financial

intermediaries and the central bank, respectively.

Using the child’s first-order condition we get:
Eﬁ?ﬂ —Emp =0 [Etcb,t+1 - Cb,t] =0 [EFI (Eebyy1 — 0,) + b (Eegerr1 — qet)] (A.73)

Combining these two equations we get:

1—=2

- TQFE
Y = By — (r; — Eymq) — (Zbe + %) (Egerr1 — qer)

— Z[_)FI (Et6t+1 — 9,5) (A74)

This equation can also be written as a function of the interest rate spread:

1 z TQE
Yr = Eeyrr — s (rf = Eemig) — p (Etrll;rl - Tts) - ( ?f ) [qei1 — qeq (A.75)

Define the hypothetical natural rate of output, y;, as the level of output consistent with
flexible prices and no credit market shocks. That is, y; is the level of output consistent with

Pmt =0, =0, or:
L ()1 —-2)

Yy = X(l —Z) e a (A.76)

The natural rate of interest, rf , is the real rate consistent with the IS equation holding at

the natural rate of output absent credit shocks. It can be expressed as:
g (pA - 1) *

O— * *
rl = T (Eeyiyy — i) = 1, (A.77)
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Using (A.70), this allows to express the IS curve as a function of the output gap:

. TQFE
<rf — Eymip1 — 7“5) - (Zbe + %) (Ergers1 — ger)

— 2" (Bybyy — 6,) (A.78)

—Z

Ty = Etxt—i—l -

The Phillips curve can be derived as follows. First, we can combine (A.52)-(A.54) such as to

have an equation linking prices and marginal costs:
T = Wﬁmﬂf + PEm4 (A.79)

with v = (1—<z>)5+¢6) Combining (A.42) with (A.55) and (A.57), taking note of the fact that

v? = 0 around a zero inflation steady state, gives an expression for the marginal costs:
Py = Xyt — (1 +x)a + o, (A.80)

Using the aggregate resource constraint (A.56) allows us to write this as:

N X(1—2)+o oz o TQFE
— —(1 -y — — A.81
Pt T, e (L X)a— e =2 v (A.81)
Using the definition for ¢! derived in (A.72):
~ l—2)+o 0z 7 =0 o TQFE
Dmt = %yt — (T +x)as — 1-2 [bFIQt +b bqet} — i=2) %qet (A.82)
This can be expressed as a function of output gap, using (A.76):
N X(1—2)+0 02 7pr o o TQFE
= 5 ——— b0, + 1° — — A.
Dmt 1=, %=1 [ t + qet] -2 v qey (A.83)

Plugging this equation into (A.79), and defining ( = %

z

gives the Phillips curve in this

four equation model.

_ E _
Ty = 5Etﬂ't+1 + ’}/Cﬂft — % (Zbe + %) qey — linZZijet + cpy (A84)

To this equation we add an ad-hoc price cost-push shock cp;.

12



B Supplementary analytical details

This appendix provides additional details to complement Section 3. We derive first the wel-
fare criterion summarized in Proposition 1. Subsequently, we derive optimal discretionary
normalization policy under rational expectations (RE) away from the zero lower bound.
We conclude this section by deriving optimal normalization policy under de-anchored ex-

pectations.

B.1 Derivation of the welfare criterion

We define aggregate welfare as the sum of the utility functions of the parent and the child:

Wy =V, + Vi, (B.1)

We follow the approach of Rotemberg and Woodford (1997) and take a second-order
approximation of the utility function of the parent and the child, respectively.
A second-order approximation of the utility function of the child reads as follows:
1 Uc,c,Ch

Ve = Vo +Ug,Cy <Cb,t + (1 +
Uc

5 )c;t) (B.2)

b

A second-order approximation of the utility function of the parent reads as follows:

1 UccC 1 UrrL
V,=V4+UcC e+ =14+ =552 ) —ULL (1 + =(1 + =222 (B.3)
2 Uc 2 U
where Ug, = Us = C7, Ug,e, = Uoc = —0C~77 1, U, = LX and Uy, = xL*X'. Log-
linearizing the aggregate production function, we get that y; = a;, — 07 +[,.* Taking instead
a second-order Taylor approximation of the production function around the zero steady-

state inflation, we receive:

Y 1, . L ,
b=y + —th + —(Uf)Q — —lf + t.1.p. (B.4)
2 2 2
where ¢.i.p. stands for terms irrelevant of policy, such as the productivity shock in this case.

Note that in this case 0} = log(v}) — log(v?). From ch. 6 of Woodford (2003) we can write,

“Note that we are log-linearizing around the zero steady-state inflation, which implies that price dispersion
is irrelevant up to first order.
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under a Calvo price setting mechanism:

yf = evar(p.) (B.5)

and, in turn, the variance of optimal relative prices reads as follows:

Zﬁtvar log(ps1)) ¢625t [ 7Tt:| + tip. + O (]1€]]) (B.6)
Substituting (B.4) in (B.3), we receive:
Vi=V +UsC <ct + ;(1 —o)c ) UrL (yt + %y? + %(55)2 - gl?)
— %ULL(l + )2 + ti.p. (B.7)
Note that from equations (B.5) and (B.6), we have:
y? = = d);;ﬁ(l - ¢)7r§ + tip. + O (|€]]) (B.8)

where O (||¢3||) captures terms of order higher than two. Substituting the above expression

in (B.7), we receive:

1 Y
_ULL (yt + %(65)2 - gzt?) - %ULL(l L8+ tip.+ O (1) (B.9)

Note that from the first order condition of the parent’s problem with respect to labor supply
(and after normalizing steady state real wage to one), we have that YU, = Us. We may

thus rewrite (B.9) as follows:

Vt:V_|_UCY{ (gct+£(1—0)c2> . Y€¢ 7"1&2

Yooy 20(1 = 6B)(1 - ¢)
- % (yt + %(@f)“' - éuf) - @u + )9 } +tip+0(lIE°])) (B.10)

where we have used the square of the expression (B.4) to substitute out for [Z. We now
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normalize steady state output to one. Gathering terms and setting ¢) = 1, we can write:

_ €t Clmmd) o Yo
V;f—V‘f'UCY{ (th+2Y(1 U)C) 2(1_¢ﬁ)(1_¢)ﬂt
— - %(6?)2 - %yf} +tip.+ O ([I€%]) (B.11)

Taking a second order approximation of the resource constraint (A.41), we can write:

C Cy Y C Cy beb 3 TH?
Y — —Ct — —Cpt = ——yt +C—¢; —i—C’bQcht qut—l—bbE VG

2
YOy 2 2y qct (B.12)

Returning now to the welfare of the child, we can rewrite it as follows, using the marginal

utility of consumption and the marginal disutility from labor at the steady state:

Cy Cy
%,t:%“‘UC,,Y(YCbt—FW(l—U)Cg ) (B.13)

Assuming that at the steady state Uc = Ug,, and plugging (B.11) and (B.13) in (B.1), we

receive:

o C(C=1+0\ o, G (Co—=1+0)\ , Yep 9
W=t UCY{Y( )T () b s

-Y 1, . Qb
+ Ty? + 5(”?)2 T

Q cb
bcb
2Y

ge +7Q qet} + tip.+ O (]|€]]) (B.14)

Clearly, by using the calibration of Sims et al. (2023), where ¢ = y = 1 and accounting for

a normalization of output at the steady state, Y = 1, we can simplify further to get:

. O C Cb Cb qub
Wt—W‘W{? (5)4+5 () b+ e

bcb cb
QY ger + TQbY 2}/ qe;

+; "2 47 }+mp+qum (B.15)

Note that the linear term, ¢e;, in the loss function above arises because in our extension of
the model to allow for quadratic efficiency costs of QE/QT, the steady state is inefficient,
since QF # 0 at the steady state. As shown in Benigno and Woodford (2005), linear terms
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show up in the welfare criterion. Note also that C/Y =1 — zand C},/Y = =.
Following the calibration described in Section 2 and taking ¢ = 0.75 and ¢ = 11 as in

Sims et al. (2023), we get the weights in the loss function:

c/C 0.67
M==|—=]=0. — | =0.2244
=5 (§) =007 (%57) =0

Ac, = S (g> =0.33 (%) = 0.0545

Ty \ 2
Yeo
A, = = 65.0246
2(1 = ¢p)(1 - 9)
. chb
Age = TQD bW =8¢ — 04

B.2 Optimal Discretionary Normalization Policy under Rational Expec-

tations

Given that the model is purely forward-looking under rational expectations, the central
bank minimizes the welfare loss (B.15) subject to the Phillips curve and equation (A.72)
that describes the dynamics of the consumption of the child conditional of full bailout from

the parent taking expectations as given:

1 cb
min —UcY < Ae; + AeyChy + Mamp + = (07)% + TQ qe; + Ageqer
Tt,Ct,Ch,¢,qEt ’ 2 Y
o _ TQF oz -
— & (= ¢+ 4 TOF ge, + L2 b0, — cp,
1—2 Y 1—2

=&, (Cb,t - Z_)Fllgt - Equet) ]
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The first-order conditions read as follows:

cr i —2UcY deey +9C(1 = 2)6 =0
(B.16)

Cb,t : _2UCY)\Cbe7t + P}/C’Zgﬂ' - Scb = O
(B.17)

m o —2UcY \im — &, =0

(B.18)
QE QE Yo —»  TQE -
qeg . —UCY’TT — QUCY)\qeqet -+ éﬂ ’}/CTT — : zb b + T + gcbb b =0
(B.19)

where we have exploited the resource constraint (A.56) to substitute out for x; in the Phillips
curve. When taking thus the first-order derivatives with respect to the central bank balance
sheet, qe;, the effect of the latter on the output gap has been taken into account. This
explains the presence of coefficient ( in the first-order condition with respect to ge;. This
formulation allows us to reduce the number of Lagrange multipliers.

Combining the FOC (B.16) and (B.18) we arrive at the first trade-off that the central
bank is facing: \

= —7C(1—2) i e (B.20)

Solving for &, in (B.17) and plugging the resulting expression together with (B.18) in
(B.19) we arrive at the relationship describing the optimal setting of the central bank bal-
ance sheet as a function of inflation:

_ o X< TQE __cbﬁ
[(7C 1—2) (zb + v )} m — b )\qub’t (B.21)

B TQF B Ar
20eY e

qger =

Plugging expression (A.72) in (B.21) to substitute out for ¢,; and gathering terms we arrive

at the following expression for the optimal central balance sheet, as reported in the text:

TQE Ar Yo —  TQE —b ACy TFI
_ _ =0T (et T | g, - e 2 B.22
=TT AT K”C 1—2) (Zb Ty )| et e e B22)
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where ¥ =1 + (50”)2’;%. Plugging (B.20), (A.72) in the resource constraint (A.56) yields:

A\ _ _ E
y=—(1— z)%gzm + 20", + (zbd’ + %) qger (B.23)

Inserting the above expression in the Phillips curve to substitute out for the output gap,

we obtain:®

A P
o= BB — (167 (1= 20 32m+ (36 = 27 ) (974 T8 ) ae

<7C — z) 2610, + ep, (B.24)

Using (B.22) to substitute for ge; above, iterating forward and assuming zero persistence
in the credit and cost-push shocks (i.e. py, p, = 0) we receive the equilibrium inflation

under optimal discretion with rational expectations:

= —Ww" + wyb + wo,cpr (B.25)

where:

TQFE
22, YU (1 - )

Yo cb)\ B
i [(e-r) -l T

1
wcp:E

== (-2 (345

A
¢=1+ 1—2)" 2 +
(o= + 25

S
|

w

Plugging (B.25) in (B.22), we receive the equilibrium central bank balance sheet under

SGiven the definition of the output gap in (A.70), the definition of the flexible price level of output in
(A.76) and the fact that we abstract from productivity shocks, it follows that z; = y;.
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optimal discretion:

qe; = W — wy, — whep (B.26)
where:

ge _ TQE Ax @’ — B.2

YT ONYT (AT (1) (B.27)
A Yo )\ b Pl )\C

qe _ T . o bcb be b bFI B.2

W KVC = z> : )\qe\I/} R (5.28)
Ar @

o 2 @ B.2

wcp )\qe\:[[ < ( 9)

Finally, combining the FOC (B.20) with (A.72), (B.25), (B.26) and the resource con-

straint (A.56) we arrive at the equilibrium output gap under optimal discretionary policy:

Ty =w" —wyb — wffpcpt (B.30)
where:

- E

W =—(1—2) 7Cﬁw” + [ 20D + TeE w® (B.31)
Ye. Y
E _
wy = |(1— z)zyfﬁwe ( b°b + i) wy ] 2b"! (B.32)
Ac

- E

we, = (1 - z)? 7(—@ + (zbcb + %) wd (B.33)

Plugging the resource constraint in the IS equation and using (B.20) to (A.72) to sub-
stitute for ¢, and ¢, and considering the case of zero shock persistence (pg, po, = 0), we

arrive at the optimal interest rate rule that is reported in equation (22) in the main text:

A
ry = 7{ +y0( (1 —2) %wt (B.34)

To derive the equilibrium interest rate consistent with optimal discretionary policy, one
has to only plug in equilibrium inflation (B.25) in the optimal interest rate rule above, so

that the interest rate can be expressed as a function of the cost-push and the credit shocks.
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B.3 Optimal Normalization Policy under De-Anchored Expectations

Before formulating the minimization problem of the central bank in the presence of de-
anchored expectations it is useful to work on inflation expectations. Exploiting the law of
motion of de-anchored expectations in equation (9) in the main text, and iterating back-

wards we may write the law of motion of inflation expectations as follows:

wi &g Z (1—9)° m—s1 (B.35)

s=0

The Phillips curve under de-anchored expectations thus reads as follows:

o - TQFE oz -
M = Bwl +yCay — 1%2 <sz" + ?f ) ger — 17_ 56, + cp, (B.36)

where we can plug in expression (B.35) for inflation expectations. The minimization prob-

lem of the central bank under de-anchored expectations reads as follows:®

o0

min [, g
Tt,Ct,Ch,t,4Et
t=1

- s o - TQOF oz —
— &t <7Tt - f (9 ; (1-9) 7Tt—s—1> — (s + 17Tz (Zbe + %) qe; + {y_—szIQt — cpt>

- fc,,,t (Cb,t - BF[Gt - Bquet) ]

cb

2 Y qet "’ )\qeqetz}

1
— UCY{)\Ccf + )\Cbcgvt + )\Wﬂ'? + _(65)2 + TQ

®Note that the expectation operator in the minimization problem of the central bank corresponds to the
expectations of the central bank itself. As mentioned in the main body of the text, we have assumed that the
central bank is rational and has full knowledge of the actual law of motion of the economy and the way agents
form their expectations. As a result, the expectations of the central bank are model-consistent.
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where ¢, and &, ; are Lagrange multipliers. The first-order conditions read as follows:

cr i —2UcY Aeer +7C(1 = 2)&re =0

(B.37)

e i —2UcY Aeycpr +vC28n s — gyt = 0
(B.38)

o —2UcY Aemy — & + gBE, Z 58+1 (1 - g)s fw,t+s+1 =0

s=0
(B.39)
E E o _ TQF -

qe —UCYTQT —2UcY Njeqer + Eny ("}/CTQ? - % (zbd’ + %)) + &b =0

(B.40)

where solving for &, ; in (B.37), and plugging the resulting expression in (B.39), we obtain:

Ac BAcg G )
= - E s+l (1 _ &)° . B.41
Tt >\7r7< (1 — Z) Ct + )\ﬂf)/c (1 _ Z) t;/ﬁ ( g) Ct+ +1 ( 4 )

which is the intertemporal trade-off reported in the text. Plugging the same expression for

&r+ in (B.40) and substituting out &, ; using (B.39), we receive:

B TQE
2Y

A o —p  TQE 0
- )\qeqet + m (’}/g - :) (Zb b + T) Ct — )\Cbb beVt =0 (B42)

Solving in (B.41) for C; and plugging the resulting expression in (B.42) we get:

TQFE Ar o —p  TQE e, bt
_ - LA 7 _ral vy
W= TNV AT <7C - z) (z Y )T T

a L0 Y (e TOEN s S e (e
T ANUC(1—2) (7C 1—z> <Zb Ty )BQEt;B (1-§) corgrr (B43)

Plugging the intertermporal trade-off in (B.41) and (B.43) in the Phillips curve under de-
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anchored expectations (B.36) we arrive at:

= % > (1= g)mas + W (1= B) +wiby + wleps + S%Et D BT 1= g) craat
5=0 s=0
(B.44)
where
yo 2 TQFE 2 Ao
5 — _ _ 7¢b
= [%(1 z) + (74 —1_2) (zb + ) Aqeﬁfv((l—z)] (B.45)

In the expressions above, parameters w™, wj and ¢ have been defined below equation (B.25)
above. Expanding the last sum in (B.44) and plugging the intertemporal trade-off (B.41)

repeatedly for current and future consumptions we arrive at:

— _ﬁg)‘ﬁfyc/(\i’ Z) P7Tt _'_Z <<1 _g)s + (1 +ﬂ]+2 )ﬂ]+1( )]+1> 7Ttsl]
5=0 7=0
(B.46)
where .
P=]](+p"g) st 1-g"" (B.47)
s=0

Notice that in the above equation setting g = 0 (i.e. no learning), leads the term on the left
hand to equal zero. Plugging (B.46) in (B.44), gathering terms and iterating backwards we

arrive at the equilibrium inflation under optimal policy with de-anchored expectations:

(1-8), . Byt Bat
Wt:T‘i‘WeZ(g@) ;s cpZ(@) CPt—s (B.48)

s=0

where 9
589)" ArC(l — 2) 5

B.49
. o (B.49)

o
Il
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=2 |-9)7 - S@W <<1 —gr+ ] (1 +5"29) FH (1 —m“)] (B.50)

7=0
B.4 Proof of Proposition 2

The log-linearized resource constraint reads as follows:

TQFE
v =(1—2)ct + zcpe + (%) qe;

Plugging the intertemporal trade-off (B.41) in the resource constraint and using the fact
that Cpt = BFIQt + Bd’qet:
1—2)%\, - - TQF J— s s
Yr = —uﬂt + 20710 4 20 + o8 ger + (1 — z) Pgk, Zﬁ (1=9) oo
)\C Y s=0
(B.51)
Recall that in the absence of productivity shocks y; = x; as explained in footnote 37. Plug-

ging expression (B.43) for the optimal ¢e; in the expression above and gathering terms, we

obtain:
__TQE [ 5  TQE (1—2*¢ , WK =75 (0, TREN
T TN YT (Zb * Y) A”[ VS W A LA G B L
Tch TQE )\Cb[_)CbEFI
+ <Zb + % ) )\qelll 9,5
_ Ao Yo —  TQE 2 > B
1— — be E st(1—g)°
#8302+ gt (00 71%5) (94 TF5) |8t -9

(B.52)

Using the expression in (B.46) to substitute out for for E; > >~ ) 5! (1 — §)° ¢;454+1 and gath-
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ering terms, we receive:

_ B B 3
Ty = — (zbd’ + ¢ ) ¢ — <QRE + QDEP> e

Y 20 YU

_ EN\ )\ BchFI

. bcb TQ Chp 0
() S

_QOPE Z ( H ﬁ]+2 ﬁ]Jrl ( )]+1> T a1 (B.53)
s=0

A Age ¥ Y
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ST [“‘Z”Aqewu—z) (- 7%) (55

The coefficient Q¥ coincides with the coefficient on inflation in the inflation-output gap
trade-off under RE as displayed in equation (23) in the main text. The coefficient Q"% is

the additional trade-off arising due to de-anchored expectations. As we have argued in the

x(1— z)+a

main text P > 0 and given the definition of ( = —

, it follows that v¢ — = > 0.
Consequently, QPF > 0. This then implies that the aggregate coefficient on inflation in the
inflation-output gap trade-off under de-anchored expectations is higher (in absolute terms)
than its counterpart under RE. As a result, this means that in the face of a given rise in
inflation from a cost-push shock, the central bank must respond by lowering the output gap
more when expectations are de-anchored than when they are rational. In other words, de-
anchored expectations lead to a heavier inflation-output gap trade-off. Note that under no
learning (i.e. g = 0) the trade-off under de-anchored expectations collapses to that under

RE, as portrayed in equation (23) in the main text.

C Supplementary details on the optimal policy simulations

This appendix presents additional material for our quantitative optimal policy analysis de-
scribed in Section 4. In Appendix C.1, we provide additional details on the solution method

we used to construct the optimal short-term interest rate and balance sheet trajectories.
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Appendix C.2 explores how the gain parameter in the forecasting process of de-anchored
agents influences our findings. Appendix C.3 shows the outcome of implementing only
the balance sheet in an optimal way, while the short-term interest rate follows the Taylor
rule described in equation (6) in the main text. Finally, C.4 presents the optimal path of
inflation, the output gap and the two policy instruments in a scenario with agents having

heterogeneous expectations.

C.1 Computational details

When solving for optimal policy, we use a method similar to de Groot et al. (2021), Heb-
den and Winkler (2021) and McKay and Wolf (2022) and construct sequence-space linear-
quadratic policy problems. Doing so, we use impulse response functions to monetary policy
and balance sheet shocks from the model specified in Section 2, and a baseline (which is
here the response to a cost-push shock in the same model as the one used for the IRFs). Sim-
ilar solution methods can be found in McKay and Wolf (2023) and Barnichon and Mesters
(2023) using empirical models.

As regularly discussed in the literature (e.g. Fernandez-Villaverde et al., 2016 and Au-
clert et al., 2021), by certainty equivalence, the first-order perturbation solution of models
with aggregate risk is identical to the solution of the model in linearized perfect-foresight.

Under perfect-foresight, each variable can be written in the sequence space as:
7 =78+ A e, = A%%e, + A%%re, (C.1)

In this equation, Z? = {ZtB}fi0 = {Zf, ..., Z}} is the baseline path for each variable
Z in the model, over all periods within a defined projection horizon H. This consists of
the impulse responses A%< of a specific variable to a set of structural shocks ¢,, under the
prevailing baseline policy rules. In our simulations, the baseline path for each variable will
correspond to the transition path of this variable in response to a cost-push shock (and a
credit shock, if applicable) either in the rational expectation or the de-anchored expectation
model, under the Taylor rule and AR(1) QE/QT process defined in Section 2. The object
A%¢r collects the impulse responses of each variable Z under the baseline policy rules,

to a set of contemporaneous and expected (i.e. news) policy shocks ¢,.” We obtain these

7We expose the solution for one policy instrument, but it is straightforward to extend it to allow for multiple
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matrices of impulse responses to policy shocks using the model under rational expectations,
and under de-anchored expectations.®
In this Appendix, we focus on the case of commitment and rational expectations. How-
ever, the process for solving optimal policy under de-anchored expectations is analogous;
it simply requires substituting the set of impulse responses with those obtained from the
model featuring de-anchored agents.® For scenarios with optimal policy under discretion
and rational expectations, we follow the recursive algorithm of de Groot et al. (2021).
Under commitment and rational expectations, identifying the optimal trajectory of the
desired policy instrument requires solving for a sequence of policy deviations that satisfy
the first-order conditions of the optimal policy problem, as defined in a sequence space
representation:!©
ol Ey [% (I'ARTT + C"AcC + CiAe,Cy + QE'AgpQE)
+ 20 (S48 + ATerg,) + 9 (—C + OB 4 A%¢,) (C.2)
+ 2% (=Cy+ CF + A%re,) + 2 (—QE + QE” + A%, }

with IT = {m}/., = {70, ..., 7}, C = {c:}i’y = {co, - cn}, Cp = {cbﬂf}fio = {Cboy -, CoH }
and QF = {qet}i o = {¢eo,...,qen} the perfect-foresight sequence of inflation, the con-
sumption of the parent, the consumption of the child and the path of the balance sheet.
Additionally, = = diag (1,5,...,87) ® &, i = {II,C, Cy, QE}, are the Lagrange multipli-
ers for both constraints with discount factor 5 € (0,1), and A; = diag (1,5,...,87) ® A;,

j = {m,z}, are the weights associated with each term in the loss function.

The first-order conditions are:
A II =

[1]

1 (C.3)

Ac C =

[1]

¢ (C.4)

instruments.

8de Groot et al. (2021) show how to obtain these matrices from the state-space representation of the
model.

°In the case with de-anchored expectations, agents are entirely backward-looking and are therefore influ-
enced solely by shocks from the point at which they occur, without any anticipation. This contrasts with the
case of rational expectations, in which agents react to anticipated future events. Consequently, in the case of
de-anchored expectations, impulse response matrices are lower triangular.

10We omit the linear ge; term from the loss function in our analysis, considering its impact to be marginal.

The inclusion of this term would introduce only a minor adjustment (a "shifter") to the optimal policy rule,
which would be insignificant for the scope of our results.
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Ag, Cp == (C.5)
Aor QF = =9F (C.6)
AH,apl EH + AC,ap/ EC + ACb,ap/ EC;, + AQE,ap/ EQE =0 (C7)

Combining them gives:
A (A ) + A9 (A O) + A% (A, Cy) + AP (Agr QF) =0 (C.8)

Relationship with the targeting criteria In line with McKay and Wolf (2022), equation
(C.8) is the forecast targeting criterion consistent with our welfare criterion as a function of
impulse responses to monetary policy shocks, under RE. It summarizes the trade-off faced
by a policymaker, independently of the non-policy shocks hitting the economy. It expresses
how a policymaker can set available policy instruments to align the projected path of key
macroeconomic variables — such as inflation and the output gap — with the central bank’s
objectives.

Additionally, mapping the matrices of impulse responses of two of the central bank’s
targets, e.g. those of inflation A'*» and of the consumption of the parent A%*», provides
the dynamic relationship over time (i.e. trade-off) between these two targets for an optimal

policy under commitment.

Finding the optimal sequences of policy shocks To find the set of policy shocks that
implement the optimal trajectory for a given policy instrument, we substitute for the law of

motion of all endogenous variables in the loss function:

A (A (TP 4+ Are,)) + A9 (Ae (CF + A%re,)) +
A= (A, (CF + A%=re,)) + AP (Agp (QEP + A%Pre,)) =0

We can then solve for the optimal sequence of policy shocks ¢,. For simplicity, stacking all

loss function variables into Z; and all weights into A gives:
ENp _ (AZl,sp/AAZl,sp)—l (AZZ,EPIA ZlB) (C9)

Optimal deviations £, to the baseline path of the policy instrument are set to offset as well

as possible (in a weighted least-squares sense) the deviations of the policy targets incurred
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Figure 1: Optimal monetary policy, in response to a cost-push shock, with different constant
gains
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Notes: Optimizing the balance sheet and the short-term interest rate, in response to a one standard deviation
persistent (p., = 0.8) cost-push shock. The green dashed lines are optimal policy under fully de-anchored
expectations for g = 0.02, while red dashed lines are optimal policy under fully de-anchored expectations
for g = 0.06. The solid black line shows the baseline QT trajectory where QT follows an AR(1) process. The
circle-marked lines are the cases in which only the interest rate is used to minimize the loss function. The
lines without markers are the cases in which both instruments are used in an optimal way.

by the exogenous shocks.

C.2 Role of the gain

In our model, unlike in the case of the endogenous gain approach used in Gati (2023) or
Carvalho et al. (2023), we calibrate the constant gain parameter which enters the fore-
casting rule of de-anchored agents to a fixed value. But what would be the impacts of a
different gain? Figure 1 presents the outcomes for different gain calibrations. We compare
our baseline calibration with a gain of g = 0.02 (green dashed lines), to a higher gain of
g = 0.06 (red dashed lines), which is the estimated value in the sample pre-1999 in Eusepi
et al. (2020).

As the gain parameter increases, reflecting a greater influence of recent forecast er-
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rors on agents with de-anchored expectations, macroeconomic fluctuations become more
pronounced. Inflation and the output gap deviate further from their targets, prompting a
stronger response from the central bank.

More specifically, adjustments to the policy rate and balance sheet become more pro-
nounced. However, the change in the optimal trajectory of either the interest rate alone
or both instruments remains relatively small. The long-term interest rate and the spread
also reflect this dynamic, adjusting in line with the degree of de-anchoring of expectations.
Overall, the central bank calibrates its policy instruments slightly more aggressively to mit-

igate the destabilizing effects of higher gain values.

C.3 Setting optimally only the balance sheet

In this appendix, we present the outcome of a scenario in which the central bank optimally
conducts its balance sheet policy in response to a persistent cost-push shock, for a given
interest rate rule described in equation (6) in the main text.

Figure 2 presents the optimal balance sheet policy for commitment and discretion under
RE, and de-anchored expectations. The cross-marked colored lines are the cases in which
only the balance sheet is set in an optimal way, while the lines without markers represent
scenarios where both instruments are set optimally.

The dash-dotted blue lines depict the case of commitment and RE, the dotted red lines
the case of discretion and RE. The analysis reveals that, in response to a cost-push shock,
the central bank is required to significantly contract the size of its balance sheet when QT
is the sole tool that is set optimally. As a consequence, this reduction in the balance sheet
size dampens inflation; however, it comes at the expense of considerable output reductions.
Moreover, inflation now jumps more on impact.

Furthermore, the trajectories under commitment with RE and de-anchored expectations
exhibit important differences. In the RE framework, the central bank can partially offset
the initial fall in the output gap by sustaining a balance sheet above the steady state (over-
shooting) in the medium-run. Therefore, it can commit to keeping a future positive output
gap as inflation decreases, provided that past reductions have been sufficient. In the case
of de-anchored expectations, such commitment is not feasible, thus necessitating a consis-

tently lower balance sheet, with no subsequent elevation above the steady state. In fact,
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Figure 2: Optimal monetary policy with both instruments and optimal QT, in response to a
cost-push shock
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Notes: Optimizing QT for a given short-term interest rate rule, in response to a one standard deviation per-
sistent (p., = 0.8) cost-push shock. The dash-dotted blue lines depict optimal policy under commitment with
fully RE, while the red dotted lines show the case of discretion with fully RE. The green dashed lines are opti-
mal policy under fully de-anchored expectations. The solid black line shows the baseline QT trajectory where
QT follows an AR(1) process. The cross-marked lines are the cases in which only the balance sheet is used to
minimize the loss function (Only QT). The lines without markers are the cases in which both instruments are
used in an optimal way (QT and IR). To implement a transition from a high balance sheet level to a lower (i.e.
steady state) level, we first apply a positive QE shock. Then, four periods after this initial shock, we introduce
a cost-push shock. We show the impulse responses under optimal policy from this period onwards, when the
cost-push shock hits.

under de-anchored expectations the central bank balance sheet remains below the steady

state throughout, perpetuating a lower output gap.

C.4 The case of heterogeneous expectations

In Section 4 of the paper, we detailed optimal monetary policy trajectories under our two
extreme expectation scenarios (RE and de-anchored expectations). In this appendix, we
examine how the central bank should implement its normalization strategy, for different

shares of agents having anchored or de-anchored expectations. In this case, the shares of
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Figure 3: Optimal monetary policy, with heterogeneous expectations
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Notes: Optimizing QT and the interest rate, in response to a one standard deviation persistent (p., = 0.8)
cost-push shock. The solid blue lines depict optimal policy under commitment with fully RE. The green dashed
lines are optimal policy under fully de-anchored expectations. The remaining lines are different levels for the
fraction of anchored (i.e., RE) agents. The solid black line shows the baseline QT trajectory where QT follows
an AR(1) process. To implement a transition from a high balance sheet level to a lower (i.e. steady state)
level, we first apply a positive QE shock. Then, four periods after this initial shock, we introduce a cost-push
shock. We show the impulse responses under optimal policy from this period onwards, when the cost-push
shock hits.

each type of expectations formation are uniform across the two types of households, the
parent and the child.

Figure 3 reports the results when the central bank uses both instruments, the short-term
policy rate and the balance sheet, in response to a cost-push shock. The different trajec-
tories depicted reflect varying proportions of agents having anchored expectations, each
signifying a distinct level of confidence in the central bank’s commitment. This figure con-
firms that while expectations anchoring significantly affects the interest rate path, the QT
policy path remains consistent across different expectation profiles. This invariance indi-
cates that the central bank’s QT strategy is robust to variations in the degree of expectations
anchoring. In essence, whether a larger fraction of agents are fully anchored or not, the

balance sheet adjustments that the central bank must implement do not vary, highlight-
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ing a clear distinction in the sensitivity of monetary policy instruments to the anchoring of

expectations under the optimal policy with both instruments in this model.
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