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Introduction

This thesis lies on the interface of two key areas in applied probability, queueing
theory and random graph theory. Both areas have a long history, are widely used
in various scientific disciplines and play a significant role in many applications.

Queueing theory Queueing theory refers to the branch of probability theory
that studies models where there is demand for some scarce resource. The main
characteristics of such systems relate to clients who arrive to, possibly multiple,
servers and receive some form of service. After being served a client may depart
from the system or proceed to a next service station. Neither the customers nor the
servers are necessarily actual individuals; the clients may be objects, phone calls,
orders for some product while the servers may be computer programs or machines.
Some typical everyday examples of queueing systems can be found in supermarkets,
industrial production systems and hospitals. In a supermarket customers arrive to
the counters, they may have to wait in the queue until their turn comes, they are
served and then leave the supermarket. In an industrial production system, like a
factory producing cars, the products have to undergo multiple stages until they are
assembled and the servers may be either machines or individuals. Finally, patients
arriving to a hospital often need access to resources like doctors, beds, medicine
and equipment. The time a patient spends in the hospital using medical resources
and possibly occupying a bed, constitutes his service time. A new patient can go
into treatment only when the hospital has the necessary resources available, for
example only if there are free beds.

In the second example above, i.e. the industrial production system, there are
systems which consist of various sub-systems, each one performing some specific
task. The service is completed when the customer has passed through a stream of
servers according to some routing policy. Different clients might in general need
to pass through different stations or even repeat the service at some station if it is
not successfully completed. Hence we observe that in some applications networks
of queueing systems arise.

At an abstract level a model of a queueing system has to take into account the
following quantities:

1



◦ the time between consequent arriving customers, called the interarrival time

◦ the time the server needs to serve a customer, called the service time of that
customer

◦ the number of servers and the speed, or rate, at which they work.

In queueing systems congestion typically appears due to temporary overload caused
by the randomness in the service requirement and the arrival times of the various
customers. Hence queueing models are typically of a probabilistic nature, and the
interarrival and service times are considered to have some known probability distri-
bution. To understand the behavior of a system and to optimize its performance,
it is important to take the randomness into account, starting with determining
appropriate probability distributions for the interarrival and service times. The
performance of queueing systems is expressed using performance measures. The
most commonly used performance measures are the queue length, the waiting and
sojourn time, the duration of busy and idle periods and the workload. An elabo-
rate discussion and analysis of these performance measures can be found in any
introductory textbook on queueing theory, e.g. [7, 33, 43, 97, 153].

The discipline of queueing theory originates from the study of telephone com-
munications at the beginning of the twentieth century. Agner K. Erlang was the
first who applied techniques from probability theory to study telephone traffic.
Within twenty years he had published various articles, where [59] is generally rec-
ognized as his most significant contribution. The importance of his work was later,
around 1945, acknowledged by the C.C.I.F (Le comité consultatif international
des communications téléphoniques à grande distance) leading to the decision to
adopt "Erlang" as the international unit of traffic intensity. In the fifties David. G.
Kendall introduced the X/Y/c type queueing notation which has become standard
in the queueing literature and will be used throughout this thesis. The letters X, Y
and c characterize the interarrival time distribution, the service time distribution
and the number of servers, respectively. Some examples that will be encountered
in this thesis are M/M/1, M/G/1 and M/M/∞. The M stands for Markovian
and indicates that the interarrival or service time distribution is the exponential
distribution and the G stands for general distribution. In the first two examples
there is one server whereas in the third there are infinitely many servers. In the
seventies successful applications of queueing theory to problems of computer per-
formance, which is still a flourishing research area nowadays, started to appear,
see [98] for more details. For a more detailed survey on the history of queueing
theory we refer the reader to [34].

Random graph theory The theory of random graphs lies at the intersection
of graph theory and probability theory, two important and highly active fields in
mathematics. Nowadays, random graphs are widely used in the study of com-
plex networks. Complex networks have received an increasing amount of attention
during the last sixty years, mostly because of the variety of applications and phe-
nomena where they play a significant role. Examples of such networks are railway
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networks, social networks, electrical power grids, neural networks, the Internet,
polymers, etc. In a railway network cities are connected by tracks, in social net-
works people are connected when they have some relationship, in neural networks
neurons are connected through synapses and exchange messages by sending elec-
trical pulses, and in chemical networks molecules bind with each other through
chemical bonds forming complex molecules.

The first key property of complex networks is that they are large, for example,
our cerebral cortex has around sixteen billion neurons. The second key property
is that the topology (or the structure) of the network affects its performance. For
example, an electrical power grid should be designed in such a way so that it meets
the demand, avoids overload of some lines and is robust against line failures. The
large size of most real-life networks often makes an exact description and analysis of
the network infeasible. That is the reason researchers have turned to probabilistic
models of complex networks, usually referred to as random graphs, in which points
in a network connect to each other according to some local rules. These local
rules are mostly probabilistic, reflecting the fact that there is a large amount of
variability in how connections can be formed.

Constructions similar to what we would call today random graphs started ap-
pearing in the late thirties and early forties. In the chemistry literature, people
started visualizing polymers as complex networks. Polymers are molecules consist-
ing of multiple smaller parts called monomers. Inspired from statistical mechanics,
Paul Flory and Walter Stockmayer modeled polymers as random configurations;
in their pioneering work [60, 61, 62, 150] they defined the local connectivity rules
between the monomers (vertices). The connectivity rules they considered can be
found in modern random graph models as well, with the configuration model being
a bright example. Ten years later, Ray Solomonoff and Anatol Rapoport [144],
motivated by various problems in branches of mathematical biology, introduced
a random graph model which they called a random net. They discussed three
applications of their model: in the theory of neural networks, of epidemics and
of genetics. It took however ten more years until the first rigorous mathematical
treatises on random graphs appeared due to Paul Erdős and Alfred Rényi [57, 58]
and Edgard Gilbert [69]. For an historic overview of the theory of random graphs
we refer the reader to [123], while for a more elaborate and technical analysis we
refer to [29, 72, 122].

The thesis in a nutshell In Part I of this thesis the focus lies on the occupation
time, a performance measure in queueing theory, which measures the number (or
fraction) of customers that receive a targeted service quality. The occupation time
arises naturally as a performance measure in service systems with high variability
in the arrival process of customers during the day. In Part II we investigate
some questions from the theory of random graphs. We consider two models of
random graphs which are inspired from statistical mechanics, the microcanonical
and canonical ensemble. The object we analyze is the relative entropy of the two
ensembles as the network size grows to infinity. The graphs we consider in Part II
are static, meaning that their structure does not change as time elapses. In Part
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III our goal is to analyze queueing processes on randomly evolving graphs. To
this end we first study (in Chapter 6) a randomly evolving graph, on which then a
queueing process is defined (in Chapter 7). We introduce a model in which arriving
customers have to undergo multiple stages of service each one taking place in some
queue in the network. Such models are inspired from telecommunication networks
and computer networks where the connections are subject to failures because of
external conditions.
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Part I

Occupation Times
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Introduction to Part I

The object of study in Part I is the occupation time of a stochastic process. In
this introductory section we present the necessary background information con-
cerning occupation times and the applications that we are interested in. We also
motivate our interest in the occupation time and we briefly compare it with other
metrics that are often used in the theory of stochastic processes. Moreover, we
present some basic mathematical techniques used to analyze occupation times by
working out two standard examples in detail. Finally, we provide a short review
of the relevant literature and an overview of the topics treated in Part I.

Specifically, we consider a stochastic process X(·) ≡ {X(t) : t ≥ 0} taking
values in the state space E, and a set A ⊂ E. The occupation time, denoted by
α(t), for t ≥ 0, of the set A up to time t, is defined by

α(t) :=

∫ t

0

1{X(s)∈A}ds; (1)

as the set A is held fixed, we suppress it in our notation. Such occupation measures
appear naturally when studying stochastic processes, and are useful in the context
of a wide variety of applications.

Our primary source of motivation stems from the study of occupation times of
(reflected) spectrally positive Lévy processes. Reflected spectrally positive Lévy
processes are widely used in the analysis of queueing systems, an important exam-
ple being the workload process, denoted byQ(·) in the sequel. The random variable
Q(t), for t ≥ 0, expresses the total work in the system at time t, or equivalently,
the waiting time of a virtual customer who would arrive in the system at time t.
The workload process has been extensively studied in the literature on queueing
theory, we refer the interested reader to [7]. The queueing literature mostly focuses
on stationary performance measures (e.g. the distribution of the workload Q(t)
when t → ∞) or on the performance after a finite time (e.g. the distribution of
Q(t) at a fixed time t ≥ 0). Such metrics do not always provide operators with
the right means to assess the service level agreed upon with their clients. Consider
for instance a call center where a primary source of uncertainty is the variability
in the number of arrivals over a day. The arrival process can be described by an
inhomogeneous Poisson process, that is, the arrival rate is approximately piece-
wise constant for small periods of time, which are typically 15 or 30 minutes long,
see [138] for a more elaborate discussion. In call centers a typical service-level
target is then that 80% of the calls during a day should be answered within 20
seconds. In terms of the occupation time α(·) this corresponds to the event that
the fraction of time the workload process Q(·) spends in the set A = [0, 20) is at
least 0.8, with the workload measured in seconds. Numerical results for this call
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center setting [15, 139, 140] show that there is severe fluctuation in the service
level, even when measured over periods of several hours up to a day. Using a
stationary measure for the average performance over a finite period may thus be
highly inadequate (unless the period over which is averaged is long enough). A
similar finding can be observed from our numerical examples in Chapter 3. Besides
its practical importance as a performance measure, the occupation time contains
all information concerning finite time horizon and stationary probabilities as well.
In Chapter 1 we derive an expression for the joint density of the occupation time
α(t) and the end position Q(t), for t ≥ 0. After some standard substitution we
can obtain the transient probability P(Q(t) ∈ A) for A ⊂ [0,+∞). Moreover, a
simple computation yields the stationary probabilities, that is,

lim
t→+∞

P(Q(t) ∈ A) = lim
t→+∞

α(t)

t
= lim
t→+∞

∫ t
0

1{Q(s)∈A}ds

t
a.s.

Intuitively the expression above states that the total fraction of time the workload
process spends in A is equal to the probability the process in stationarity lies in
A.

Two examples As a starting block for the analysis that follows we present two
examples where explicit calculations are possible. These are the simple random
walk and the standard Brownian motion process. Although not directly related
to the models considered in the sequel, we choose to present these two examples
because they allow an exact analysis and give some intuition regarding the occu-
pation time. A major difference with the models considered later is that in these
two examples there is no reflection which simplifies the analysis significantly.

Example 1 (Simple random walk, [107, 154]). Let X1, X2,. . . , Xn be a sequence
of i.i.d Bernoulli random variables with parameter p = 1

2 . Consider the random
variable Sn =

∑n
i=1Xi and define the following random variables

An(k) := |{m ∈ {1, . . . , n} such that Sm > k}| (2)

and
ρ(k) := inf{m ∈ {1, . . . , n} such that Sm = k}. (3)

The random variable An(k) is the discrete-time counterpart of the occupation time
of the set {k + 1, . . .} for k ∈ Z. Because of symmetry we have that

An(k)
d
= Bn(−k) := |{m ∈ {1, . . . , n} such that Sm < −k}|.

It is straightforward to observe the following equalities

P(An(0) = 0) = P(ρ(1) > n) and P(An(k) = 0) = P(ρ(k + 1) > n). (4)

The event {An(0) = 0} corresponds to the case the random walk does not exceed
level zero within the first n steps or, equivalently, it doesn’t reach level 1 within the
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first n steps, corresponding to the event {ρ(1) > n}. The second equality follows
from a similar reasoning. We also observe that for 0 ≤ k ≤ n the random variable
An(k) can only take values in {0, 1, . . . , n− k} because we need at least k steps to
reach level k. The event {An(k) = j}, for j = 1, . . . , n − k, can occur in several
mutually exclusive ways: the first time m for which Sm = k is m = k, . . . , n− j. If
m is larger than n− j then it is not possible to stay above level k for j time units.
After level k has been reached at time m we need S` − Sm > 0 for j subscripts
m < ` ≤ n. Hence, for j = 1, . . . , n− k,

P(An(k) = j) =

n−j∑
m=k

P(ρ(k) = m)P(An−m(0) = j). (5)

Moreover, we have that

P(An−m(0) = j) = P(Aj(0) = j)P(An−m−j(0) = 0).

Then (5) becomes

P(An(k) = j) = P(Aj(0) = j)

n−j∑
m=k

P(ρ(k) = m)P(An−m−j(0) = 0)

= P(Aj(0) = j)

n−j∑
m=k

P(ρ(k) = m)P(ρ(1) > n−m− j)

= P(Aj(0) = j)

(
n−j∑
m=k

P(ρ(k) = m)

−
n−j∑
m=k

P(ρ(k) = m)P(ρ(1) ≤ n−m− j)

)
= P(Aj(0) = j) (P(ρ(k + 1) > n− j)− P(ρ(k) > n− j)) . (6)

In the last equality we used the following argument: consider the term

P(ρ(k) = m)P(ρ(1) ≤ n−m− j),

for some m = k, . . . , n − j. The above probability gives the probability that the
random walk reaches level k exactly afterm steps and then moves one level upwards
within n −m − j steps. Denote by ρk(k + 1) the first hitting time of level k + 1
given that the random walk starts at level k. By independence of the increments

P(ρ(k) = m)P(ρ(1) ≤ n−m− j) = P(ρ(k) = m, ρk(k + 1) ≤ n−m− j), (7)
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which yields

n−j∑
m=k

P(ρ(k) = m)P(ρ(1) ≤ n−m− j) = P(ρ(k + 1) ≤ n− j).

Consider the expression derived in (6). From (4) we have that the event {Aj(0) =
j} is equivalent to the event {ρ(−1) > j} which by symmetry is equivalent to the
event {ρ(1) > j}. Applying the reflection principle we obtain that

P(ρ(1) ≤ j) = P(Sj ≥ 1) + P(Sj < −1), (8)

which yields

P(ρ(1) > j) = P(Sj < 1)− P(Sj < −1) = P(Sj = 0) + P(Sj = −1).

We observe at this point that level 0 can be reached only if j is even and level −1
can be reached only if j is odd. If j is even (odd, respectively) we have

P(Sj = 0) =

(
j
j
2

)
1

2j

(
P(Sj = −1) =

(
j

b j2c

)
1

2j
, respectively

)
.

Hence
P(Aj(0) = j) =

1

2
P(ρ(1) > j − 1) =

(
j − 1

b j−1
2 c

)
1

2j
. (9)

We now consider the second factor in (6), that is P(ρ(k + 1) > n− j)− P(ρ(k) >
n− j). Following a similar reasoning as in (8) and using symmetry we obtain that

P(ρ(k + 1) > n− j)− P(ρ(k) > n− j) = P(Sn−j = k) + P(Sn−j = k + 1)

=

(
n− j
bn−j−k2 c

)
1

2n−j
. (10)

Plugging (9) and (10) into (6) we get, for j = 1, . . . , n− k,

P(An(k) = j) =

(
j − 1

b j−1
2 c

)(
n− j
bn−j−k2 c

)
1

2n
. (11)

♦

Example 2 (Standard Brownian motion, Sections 1, 2 and 4 in [154]). Using the
result established in (11) we prove the arc-sine law for the standard Brownian
motion. Denote by (W (t))t≥0 a Brownian motion with mean 0 and variance equal
to 1. Define, for t > 0 and u ≥ 0,

τ(u, t) :=
1

t

∫ t

0

1{W (s)≤u}ds =
1

t
α(t), (12)
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where α(·) is the occupation time defined in (1) with A = (−∞, u]. In the figure
below we show two sample paths where the blue region depicts the occupation
time α(1) of the set A = (−∞, 0]. In the panel on the left we show a sample path
of a standard Brownian motion and in the panel on the right we show a sample
path of a Brownian motion with parameters µ = 1 and σ2 = 20.

Figure 1: Brownian motion sample paths and occupation time.

The random variable τ(u, t) measures the fraction of time the Brownian motion
has spent below level u up to time t. The arc-sine law states that, for x ∈ [0, 1],

P(τ(0, 1) ≤ x) =
2

π
arcsin

√
x. (13)

To show this, the first step is to construct a random walk converging to the Brow-
nian motion (W (t))t≥0. Consider the random walk (Sn)n≥1 constructed above in
Example 1. We know that the process { 1√

n
Sbntc : 0 ≤ t ≤ 1} converges weekly to

the Brownian motion (W (t))t≥0, see [154]. The occupation time α(t) is a contin-
uous functional on the process (W (t))t∈[0,1], hence if we choose k = bu

√
nc and

j = bnxc, where 0 < x < 1, we obtain

lim
n→∞

P(An(k) ≥ n− j) = P(τ(u, 1) ≤ x). (14)

In what follows we heuristically show how to derive (13) relying on (11) and (14).
From the de Moivre-Laplace theorem we have that(

j − 1

b j−1
2 c

)
1

2j−1
≈ 1√

2π(j − 1) 1
4
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and (
n− j
bn−j−k2 c

)
1

2n−j
≈ 1√

2π(n− j) 1
4

· exp
(
− k2

2(n− j)

)
.

Substituting in (11) we get that

P(An(k) ≥ n− j) ≈
n−k∑

m=n−j

1

2
· 2

π
· 1√

(m− 1)(n−m)
· exp

(
− k2

2(n−m)

)

≈
bn(1− u√

n
)c∑

m=bn(1−x)c

1

π
· 1√

(m− 1)(n−m)
· exp

(
− u2

2(n−m)

)

≈ 1

π

∫ 1

1−x

1√
y(1− y)

exp
(
− u2

2(1− y)

)
dy,

which consequently yields

lim
n→∞

P(An(k) ≥ n− j) = P(τ(u, 1) ≤ x) =
1

π

∫ x

0

1√
y(1− y)

exp
(
−u

2

2y

)
dy. (15)

Substituting u = 0 we obtain the arc-sine law

P(τ(0, 1) ≤ x) =
2

π
arcsin

√
x.

The arc-sine law can also be easily derived using the results we derive in Chapter
2.

♦

Relevant Literature The occupation time of a stochastic process is a transient
measure that has received considerable attention in the probability literature. It
was first considered in [152], resulting in an expression for the distribution function
of the occupation time that enabled the derivation of a central limit theorem; a
similar result was also established in [165] using renewal theory. The cases in
which the process X(·) is a Brownian motion, or Markov-modulated Brownian
motion have been extensively studied; see e.g. [24, 35, 46, 128] and references
therein. In [99] the authors used excursion theory to analyze the occupation time
of a reflected Brownian motion in stationarity. A variety of results specifically
applying to Brownian motion and reflected standard normal Brownian motion
can be found in [32]. The occupation time of dam processes was considered in
[44]. In [71, 108, 109] occupation times of spectrally negative Lévy processes were
studied, while in [106] refracted Lévy processes were dealt with; these results are
typically occupation times until a first passage time. In [158] the authors studied
occupation times of general Lévy processes until a fixed time t. Applications in
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machine maintenance and telegraph processes can be found in [152, 165].
Whereas the occupation time has received significant attention in the literature

on stochastic processes, there is little literature on occupation times for queues,
mostly due to technical difficulties arising in its analysis. The occupation time
was proposed, see [15], as a method to evaluate the quality of provided service.
In [15] the authors distinguish between three different service level agreements,
the individual-based (transient metric, fixed time t), the period-based (transient
metric, whole time interval up to time t) and the horizon-based (stationary metric).
In the individual based agreement the operator is penalized for each customer who
is not acceptably served, whereas in the horizon-based the penalty is proportional
to the number of customers arriving over a horizon and are not adequately served.
The period-based agreement considers the experience of customers during a natural
period, which is defined as the time over which the mean arrival rate may be
presumed constant.

Structure of Part I In Chapter 1 we define the class of processes we are in-
terested in and present some general results. Our results essentially cover two
regimes. In the first place we present results characterizing the transient behavior
of α(t), in terms of expressions for the transform of α(eq), with eq being exponen-
tially distributed with mean q−1. Secondly, the probabilistic properties of α(t) for
t large are captured by a central limit theorem and large deviations asymptotics.

In Chapter 2 we derive a series of new results in which we specialize to the
situation that X(·) corresponds to a spectrally positive Lévy process reflected
at its infimum; for instance, we determine an explicit expression for the double
transform of the occupation time α(t). For the case of an unreflected process, we
recover a distributional relation between the occupation time of the negative half
line up to an exponentially distributed amount of time, and the epoch at which
the supremum is attained (over the same time interval).

In Chapter 3 we study the occupation time of the workload process in a finite-
buffer fluid queue and in the finite-buffer M/G/1 queue with phase-type jumps.
The occupation time is cast in terms of an alternating renewal process, whereas
for that setting the upper reflecting barrier complicates the analysis. For this
model we succeed in deriving closed-form results for the Laplace transform of the
occupation time. Relying on the ideas developed in Chapter 1, all quantities of
interest can be explicitly computed as solutions of systems of linear equations. A
numerical implementation of our method and some numerical experiments are also
presented.
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Chapter 1

Occupation times for
alternating renewal processes

In this chapter we study the occupation time for a class of processes with a certain
regenerative structure. We consider a stochastic process X(·) ≡ {X(t) : t ≥ 0}
taking values on the state space E, and a partition of E into two disjoint subsets,
denoted by A and B, i.e., E = A ∪ B and A ∩ B = ∅. Then, X(·) alternates
between A and B. The occupation time, denoted by α(t), of the set A up to time
t, defined by

α(t) =

∫ t

0

1{X(s)∈A}ds; (1.1)

as the set A is held fixed, we suppress it in our notation. The successive sojourn
times in A are (Di)i∈N, and those in B are (Ui)i∈N. If (Di)i∈N and (Ui)i∈N are
independent sequences of i.i.d. random variables, the resulting process is an alter-
nating renewal process, and has been considered in e.g. [152, 165]. We consider the
more general situation in which (Di, Ui)i∈N is a sequence of i.i.d. bivariate random
vectors that are distributed according to the generic random vector (D,U), but
without requiring D and U to be independent. We prove our results for the case
X(0) ∈ A, but the case X(0) ∈ B can be treated along the same lines; also the
case that D1 has a different distribution can be dealt with, albeit at the expense
of more complicated expressions.

The structure of this chapter is as follows: in Section 1.1 we start by giving
an overview of the results we have derived. Next, in Sections 1.2, 1.3 and 1.4 we
prove our results.

1.1 Overview of the results

As briefly discussed in the introduction at the beginning of Part I above, our results
cover two regimes.
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◦ In the first place we present results characterizing the transient behavior of
α(t). We identify an expression for the distribution function of α(t); the
proof resembles the proof that was developed in [152, Theorem 1] for the
alternating renewal case. The expressions for the transform of α(eq), with
eq exponentially distributed with mean q−1, are found by arguments similar
to those used in [28], but taking into account the dependence between D
and U . The resulting double transform is a new result, which also covers
the alternating renewal case with independent D and U , as was considered
in [152], and is in terms of the joint transform of D and U .

◦ For the asymptotic behavior of α(t) we prove a central limit theorem and
large deviations asymptotic. The central limit result generalizes [152, The-
orem 2], that covers the alternating renewal case. The result features the
quantity c = Cov(D,U). The large deviations principle is proven by using
the Gärtner-Ellis theorem [51].

1.2 Distribution function and Laplace-Stieltjes
transform

Distribution function We assume (Di, Ui)i∈N to be sequences of i.i.d. random
vectors, distributed as the generic random vector (D,U); D and U have distribu-
tion functions F (·) and G(·), respectively. We define Xn = D1 + . . . + Dn and
Yn = U1 + . . .+ Un. In addition to α(t), we define the occupation time of B by

β(t) =

∫ t

0

1{X(s)∈B}ds = t− α(t). (1.2)

The proof of the following result is analogous to that of [152, Theorem 1].

Proposition 1.2.1. For X(0) ∈ A and 0 ≤ x < t,

P(α(t) < x) = F (x)−
∞∑
n=1

[
P(Yn ≤ t− x,Xn < x)− P(Yn ≤ t− x,Xn+1 < x)

]
,

P(β(t) ≤ x) =

∞∑
n=0

[
P(Yn ≤ x,Xn < t− x)− P(Yn ≤ x,Xn+1 < t− x)

]
. (1.3)

Remark 1. If X(0) ∈ A, then β(t) has an atom at 0; the mass at 0 is given by
P(β(t) = 0) = 1 − F (t). Similarly, if X(0) ∈ B, then α(t) has an atom at 0; the
mass at 0 equals P(α(t) = 0) = 1−G(t). ♦

Remark 2. If Di and Ui are independent random variables, then (1.3) takes the
simpler form

P(β(t) ≤ x) =

∞∑
n=0

G(n)(x)
[
F (n)(t− x)− F (n+1)(t− x)

]
, (1.4)
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where F (n)(·) and G(n)(·) are the n-fold convolutions of the distribution functions
F (·) and G(·) with itself, respectively. ♦

Laplace-Stieltjes transform From Proposition 1.2.1 we observe that the dis-
tribution function of α(t) is rather complicated to work with. In this section we
therefore focus on ∫ ∞

0

e−qt E e−θα(t)dt =
1

q
E e−θα(eq), (1.5)

where eq is an exponentially distributed random variable with mean q−1; using
a numerical inversion algorithm [1, 2, 11, 52], one can then obtain an accurate
approximation for the distribution function of α(t). The method we use to deter-
mine the transform in (1.5) relies on the following line of reasoning: (i) we start an
exponential clock at time 0, (ii) knowing that X(0) ∈ A, we distinguish between
X(·) still being in A at eq, or X(·) having left A at eq, (iii) in the latter case we
distinguish between X(·) being still in B at eq, or X(·) having left B. Using the
memoryless property of the exponential distribution and the independence of Di+1

and Ui we can then sample the exponential distribution again, and this procedure
continues until the exponential clock expires. Let

L1(θ) = E e−θD and L1,2(θ1, θ2) = E e−θ1D−θ2U . (1.6)

The main result concerning the transform of the occupation time α(t) is given
below.

Theorem 1.2.1. For the transform of the occupation time α(t) we have∫ ∞
0

e−qt E e−θα(t)dt =
1

1− L1,2(q + θ, q)

[
1− L1(q + θ)

q + θ

+
L1(q + θ)− L1,2(q + θ, q)

q

]
. (1.7)

Proof. We show that E e−θα(eq) = K1(θ, q) +K2(θ, q), where

K1(θ, q) =
q

q + θ

1− L1(q + θ)

1− L1,2(q + θ, q)
, K2(θ, q) =

L1(q + θ)− L1,2(q + θ, q)

1− L1,2(q + θ, q)
. (1.8)

Considering the three disjoint events {eq < D}, {D ≤ eq < D + U} and {eq ≥
D + U}, evidently

E e−θα(eq) = E
[
e−θα(eq)1{eq<D}

]
+ E

[
e−θα(eq)1{D≤eq<D+U}

]
+ E

[
e−θα(eq)1{eq≥D+U}

]
.

We work out the three terms above, which we call I1, I2 and I3, separately. We
obtain I1 by conditioning on eq andD, with F (·) as before the distribution function
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of D,

I1 =

∫ ∞
t=0

qe−qt
∫

(t,∞)

e−θt P(D ∈ ds) dt =

∫ ∞
t=0

qe−(q+θ)t(1− F (t))dt

=
q

q + θ
(1− L1(q + θ)) . (1.9)

Similarly, for I2 we obtain

I2 =

∫ ∞
t=0

qe−qt
∫

(0,t)

e−θs P(D ∈ ds)

∫
(t−s,∞)

P(U ∈ du |D = s)dt

=

∫ ∞
t=0

qe−qt
∫

(0,t)

e−θs P(D ∈ ds)P(U > t− s |D = s)dt

=

∫ ∞
t=0

qe−qt
∫

(0,t)

e−θs P(U > t− s,D ∈ ds)dt = L1(q + θ)− L1,2(q + θ, q).

(1.10)

To identify I3 we use the regenerative nature of X(·), i.e., we use that Di+1 is inde-
pendent of (D1, U1, . . . , Di−1, Ui, Ui) in combination with the memoryless property
of the exponential distribution. After X(·) leaves subset B we sample the expo-
nential clock again. This yields

I3 =

[∫ ∞
t=0

qe−qt
∫

(0,t)

e−θs P(D ∈ ds)

∫
(0,t−s)

P(U ∈ du |D = s) dt

]
· E e−θα(eq)

=

[∫ ∞
t=0

qe−qt
∫

(0,t)

e−θs P(U ≤ t− s,D ∈ ds) dt

]
· E e−θα(eq)

=

[∫
(0,∞)

e−(q+θ)s

∫ ∞
t=0

qe−qt P(U ≤ t,D ∈ ds)dt

]
· E e−θα(eq)

= L1,2(q + θ, q) · E e−θα(eq). (1.11)

Adding the expressions that we found for I1, I2 and I3 we obtain E e−θα(eq) =
K1(θ, q) +K2(θ, q), as desired, with K1(θ, q),K2(θ, q) defined in (1.8).

Remark 3. Theorem 1.2.1 shows that the transform of the random variable D
and the joint transform of D,U are needed in order to compute the transform of
α(t). These quantities are model specific, i.e., we have to assume X(·) has some
specific structure to be able to compute them. In Chapters 2 and 3 we come back
to this, and we compute these quantities for some specific models. ♦

Availability function Another performance measure that is used in many ap-
plications, particularly in the theory of machine maintenance scheduling and reli-
ability, see e.g. [165], is the availability function P(X(·) ∈ A |X(0) ∈ A), of which
the transform is given in the following proposition.
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Proposition 1.2.2. For q ≥ 0, with L1(·) and L1,2(·, ·) given in (1.6),∫ ∞
0

e−qt P(X(t) ∈ A|X(0) ∈ A)dt =
1

q

1− L1(q)

1− L1,2(q, q)
(1.12)∫ ∞

0

e−qt P(X(t) ∈ B|X(0) ∈ A)dt =
1

q

L1(q)− L1,2(q, q)

1− L1,2(q, q)
. (1.13)

Proof. The proof is along the same lines as the proof of Theorem 1.2.1; we only
need to condition onX(·) after an exponentially distributed amount of time. Given
X(0) ∈ A, we have

E
[
e−θα(eq)1{X(eq)∈A}

]
= E

[
e−θα(eq)1{eq<D}

]
+ E

[
e−θα(eq)1{eq≥D+U}1{X(eq)∈A}

]
=

q

q + θ
(1− L1(q + θ))+L1,2(q + θ, q)·E

[
e−θα(eq)1{X(eq)∈A}

]
Hence,

E
[
e−θα(eq)1{X(eq)∈A}

]
=

q

q + θ

1− L1(q + θ)

1− L1,2(q + θ, q)
.

Substituting θ = 0,∫ ∞
0

e−qt P(X(t) ∈ A|X(0) ∈ A)dt =
1

q

1− L1(q)

1− L1,2(q, q)
.

Similarly, to obtain (1.13) we have, given X(0) ∈ A,

E
[
e−θα(eq)1{X(eq)∈B}

]
= E

[
e−θα(eq)1{D≤eq<D+U}

]
+ E

[
e−θα(eq)1{eq≥D+U}1{X(eq)∈B}

]
= L1(q + θ)− L1,2(q + θ, q)

(
1− E

[
e−θα(eq)1{X(eq)∈B}

])
,

yielding

E
[
e−θα(eq)1{X(eq)∈B}

]
=
L1(q + θ)− L1,2(q + θ, q)

1− L1,2(q + θ, q)
.

Substituting θ = 0, we obtain (1.13).

1.3 Central limit theorem

Where Proposition 1.2.1 and Theorem 1.2.1 entail that the full joint distribution
of D and U is essential when characterizing α(t), the next theorem shows that in
the central limit regime only the covariance is needed. From [152] we have that,
for the case D and U are independent, under appropriate scaling, α(t) and β(t)
are asymptotically normally distributed; our result shows that the asymptotic
normality carries over to our model, with an adaptation of the parameters to
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account for the dependence between D and U . We write α = ED, β = EU,
σ2
α = VarD, σ2

β = VarU , and c = Cov(D,U).

Theorem 1.3.1. Assuming σ2
α + σ2

β < ∞, with Φ(·) the standard Normal distri-
bution function,

lim
t→∞

P

 α(t)− αt
α+β√

β2σ2
α+α2σ2

β−2αβc

(α+β)3 t

≤ x

 = lim
t→∞

P

 β(t)− βt
α+β√

β2σ2
α+α2σ2

β−2αβc

(α+β)3 t

≤ x

 = Φ(x).

(1.14)

Proof. Define α◦ := α/(α+ β). Also,

Ti :=

i∑
k=1

(Dk + Uk),

and N(t) the number of regeneration points until time t ≥ 0:

N(t) := max{i ≥ 0 : Ti ≤ t}.

Splitting α(t) into the contributions due to the regeneration cycles, we obtain

α(t)− α◦t =

N(t)∑
k=1

(
(1− α◦)Dk − α◦Uk

)
1{N(t)>0}+∫ t

TN(t)

(
1{X(s)∈A} − α◦

)
ds 1{N(t)>0} + (α(t)− α◦t) 1{N(t)=0}.

Now divide the right-hand side of the previous display by
√
t. The next step is to

prove that the last two contributions can be safely ignored as t grows large. We
do so by showing that both terms converge to 0 in probability as t→∞.

◦ In the first place,∣∣∣ 1√
t

∫ t

TN(t)

(
1{X(s)∈A} − α◦

)
ds
∣∣∣ ≤ 2√

t

∫ t

TN(t)

dt ≤ 2
t− TN(t)√

t
.

Now observe that, for any ε > 0, by the Markov inequality,

P
(
t− TN(t)√

t
≥ ε
)
≤

E(t− TN(t))√
t ε

. (1.15)

It is a standard result from renewal theory that the ‘undershoot’ t − TN(t)
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converges in the sense that

lim
t→∞

E(t− TN(t)) =

∫ ∞
0

1

ED + EU

∫ ∞
x

P(D + U > y) dy dx

=

∫ ∞
0

1

ED + EU
y P(D + U > y) dy;

see e.g. [9, Section A1e]. Now applying integration by parts, and recalling
that (by Cauchy-Schwartz) σ2

α <∞ and σ2
β <∞ imply that Var(D + U) <

∞, we conclude that this expression is bounded from above by a positive
constant. As a consequence, for all positive ε the right-hand side of (1.15)
vanishes as t→∞, and therefore the term under consideration converges to
0 in probability as t→∞.

◦ In addition, again applying the Markov inequality, noticing that {N(t) =
0} = {T1 > t},

P
(∣∣∣α(t)− α◦t√

t
1{T1>t}

∣∣∣ ≥ ε) ≤ P
(

2 1{T1>t} ≥
ε√
t

)
≤ 2
√
t

ε
P(T1 > t).

The rightmost expression in the previous display vanishes as t → ∞ for all
ε > 0, as a consequence of again the Markov inequality (more specifically:
P(T1 > t) ≤ (ED + EU)/t).

Summarizing the above, we conclude

lim
t→∞

α(t)− α◦t√
t

d
= lim
t→∞

1√
t

N(t)∑
k=1

(
(1− α◦)Dk − α◦Uk

)
. (1.16)

We proceed by finding, asymptotically matching, upper and lower bounds on

pt(x) := P

 1√
t

N(t)∑
k=1

(
(1− α◦)Dk − α◦Uk

)
< x

 .

We start with an upper bound. To this end, first observe that, with m := 1/(ED+
EU), for δ > 0,

pt(x) ≤ P

 1√
t

N(t)∑
k=1

(
(1− α◦)Dk − α◦Uk

)
< x,

N(t)

t
≥ m(1− δ)


+ P

(
N(t)

t
< m(1− δ)

)
. (1.17)

The latter probability in the right-hand side of (1.17) vanishes as t → ∞ due to
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the law of large numbers, whereas the former is majorized by

P

 1√
t

mt(1−δ)∑
k=1

(
(1− α◦)Dk − α◦Uk

)
< x

 ;

with s2 := Var((1− α◦)D − α◦U), by virtue of the central limit theorem we thus
find that

lim sup
t→∞

pt(x) ≤ Φ

(
x√

m(1− δ)s2

)
.

We now consider a lower bound. Note that, using P(A ∩B) ≥ P(A)− P(Bc),

pt(x) ≥ P

 1√
t

N(t)∑
k=1

(
(1− α◦)Dk − α◦Uk

)
< x,

N(t)

t
≤ m(1 + δ)


≥ P

 1√
t

mt(1+δ)∑
k=1

(
(1− α◦)Dk − α◦Uk

)
< x,

N(t)

t
≤ m(1 + δ)


≥ P

 1√
t

mt(1+δ)∑
k=1

(
(1− α◦)Dk − α◦Uk

)
< x

− P
(
N(t)

t
> m(1 + δ)

)

The latter probability vanishing as t→∞ (again due to the law of large numbers),
so that we can conclude that

lim inf
t→∞

pt(x) ≥ Φ

(
x√

m(1 + δ)s2

)
.

Now letting δ ↓ 0, upon combining the above, we arrive at

lim
t→∞

P
(
α(t)− α◦t√

t

)
= Φ

(
x√
ms2

)
.

Then observe that s2 equals

(1− α◦)2 VarD − 2(1− α◦)α◦Cov(D,U) + (α◦)2 VarU

= (1− α◦)2 σ2
α − 2(1− α◦)α◦ c+ (α◦)2 σ2

β .

We have thus established that

lim
t→∞

α(t)− α◦t√
v t

d
= Z, with v :=

β2σ2
α + α2σ2

β − 2αβc

(α+ β)3
and Z ∼ N (0, 1).

This proves the stated.
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Remark 4. A natural question that arises is whether the technique used in [152]
to prove the central limit theorem can be extended to the case the random variables
D and U are dependent. The result that needs to be extended in the first place
is [152, Lemma 2]. The major difficulty we encountered in trying to extend this
lemma is to find a useful upper bound for the finite sums appearing there. In the
proof a telescoping series appears, which is a crucial step to obtain a useful upper
bound. This structure appears only if the random variables D,U are independent.
In the more general case, where these random variables are dependent, the series
is not telescoping and such an upper bound is much more difficult to derive. ♦

1.4 Large deviations principle

Where Theorem 1.3.1 concerns the behaviour of α(t)/t and β(t)/t around their
respective means, we now focus on their tail behavior. To this end, we study
P(α(t)/t > q) for t large, with q > α/(α+ β). Our result makes use of the
following objects:

λ(θ) = lim
t→∞

1

t
logE eθα(t), λ∗(q) = sup

θ∈R

(
θq − λ(θ)

)
,

usually referred to as the cumulant generating function and its Legendre-Fenchel
transform, respectively. The following result shows that the large deviations of
α(t)/t require the joint transform of D and U being available.

Theorem 1.4.1. Assuming α, β < ∞, if the cumulant generating function λ(θ)
exists as an extended real number, then,

lim
t→∞

1

t
logP

(
α(t)

t
> q

)
= −λ∗(q), (1.18)

for any q > α/(α+ β). The cumulant generating function λ(θ) equals θd(θ), where
for a given θ, d(θ) solves

E eθ(1−d(θ))D− θ d(θ)U = 1. (1.19)

Proof. Eqn. (1.18) is an immediate consequence of the Gärtner-Ellis theorem [51],
so that we are left with (1.19). In the proof of (1.19), the following auxiliary model
is used. Consider the two sequences (Dn)n∈N and (Un)n∈N defined in Section 1,
and define Y (·) as follows. During the time intervals Di the process Y (·) increases
with rate (1 − d), whereas during the time interval Ui it decreases with rate d,
for some 0 < d < 1; for now d is just an arbitrary positive constant larger than
α/(α+ β). Note the process Y (·) corresponds to a fluid model with drain rate d
and arrival rate 1 during periods that the driving alternating renewal process is in
a D period. The occupation time α(t) then represents the amount of input during
[0, t]. Hence, Y (t) = α(t)− dt.
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Consider the decay rate

ω = − lim
u→∞

1

u
P(∃t > 0 : Y (t) > u).

The idea is that we find two expressions for this decay rate; as it turns out, their
equivalence proves (1.19). Due to similarities with existing derivations, the proofs
are kept succinct.

Step 1 Observe that, with Sn = (1− d)Dn − dUn,

ω = − lim
u→∞

1

u
logP

(
∃n ∈ N :

n∑
i=1

Si > u

)
.

The Cramér-Lundberg result [7, Section XIII.5] implies that ω solves

E eθ(1−d)D−θdU = 1.

Step 2 Denote

I(a) = sup
θ

(θa− λ̄(θ)), where λ̄(θ) = lim
t→∞

1

t
logE eθY (t) = λ(θ)− dθ.

Observe that

−ω = lim
u→∞

1

u
logP(∃t > 0 : Y (tu) > u) ≥ sup

t>0

(
lim
u→∞

1

u
logP(Y (tu) > u)

)
.

Using ‘Gärtner-Ellis’ [51], we thus find the lower bound

−ω ≥ − inf
t>0

t I

(
1

t

)
= − inf

t>0

I(t)

t
, (1.20)

where inft>0 I(t)/t equals [54, 70] the solution of the equation λ̄(θ) = 0, or, alter-
natively, λ(θ) = dθ (which we call θ∗).

Now concentrate on the upper bound to prove that (1.20) holds with equality.
First observe that, due to the fact that the slope Y (·) is contained in [−1, 1], for
any M > 0,

P(∃t > 0 : Y (t) > u) ≤ P(∃n ∈ N : Y (n) > u− 1)

≤
dMue∑
n=1

P(Y (n) > u− 1) +

∞∑
n=dMue+1

P(Y (n) > u− 1)

≤dMue max
n∈{1,...,dMue}

P(Y (n) > u− 1) +

∞∑
n=dMue+1

P(Y (n) > u− 1).
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Note that u−1 logdMue → 0 and

max
n∈{1,...,dMue}

P(Y (n) > u− 1) ≤ sup
t>0

P(Y (t) > u− 1) = sup
t>0

P(Y (tu) > u− 1),

and hence

lim sup
u→∞

1

u
log max

n∈{1,...,dMue}
P(Y (n) > u− 1) ≤ − inf

t>0
t I

(
1

t

)
= − inf

t>0

I(t)

t
= −θ∗.

Also, for u ≥ 1 and θ > 0, by Markov’s inequality,

∞∑
n=dMue+1

P(Y (n) > u− 1) ≤
∞∑

n=dMue+1

P(Y (n) > 0) ≤
∞∑

n=dMue+1

E eθY (n).

For all ε > 0 we have for n large enough E eθY (n) ≤ e(λ(θ)+ε)n. Choose θ such that
λ(θ) < −2ε (which is possible; λ(·) is convex and decreases in the origin), so as to
obtain

lim sup
u→∞

1

u
log

∞∑
n=dMue+1

P(Y (n) > u− 1) ≤ −εM, (1.21)

which is for sufficiently large M smaller than −θ∗. Combining the above, we
conclude by [51, Lemma 1.2.15] that −ω ≤ −θ∗, and hence (1.20) holds with
equality. From the two approaches, we see that the solutions (θ, d) of

E eθ(1−d)D−θdU = 1 and λ(θ) = dθ (1.22)

coincide; it is standard to verify that for fixed d both equations have a unique
positive solution θ (use the convexity of moment generating functions and cumulant
generating functions, whereas their slopes in 0 are negative due to the conditions
imposed on d). This concludes the proof.
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Chapter 2

Occupation times for
(reflected) Lévy processes

In this chapter we apply the results of Chapter 1 to reflected Lévy processes. We
consider, as before in Chapter 1, stochastic processes taking values on the state
space E, and a partition of E into two disjoint subsets, denoted by A and B, i.e.,
E = A∪B and A∩B = ∅. The successive sojourn times in A are (Di)i∈N, and those
in B are (Ui)i∈N. If (Di)i∈N and (Ui)i∈N are independent sequences of i.i.d. random
variables, the resulting process is an alternating renewal process. We consider the
more general situation in which (Di, Ui)i∈N is a sequence of i.i.d. bivariate random
vectors that are distributed according to the generic random vector (D,U), but
without requiringD and U to be independent. We apply the general results derived
in Chapter 1 in order to analyse the occupation time, denoted by α(t), of some set
[0, τ ], for some τ ≥ 0, up to time t. For convenience, we restate the definition of
the occupation time,

α(t) =

∫ t

0

1{X(s)∈[0,τ ]}ds. (2.1)

In this chapter we consider spectrally positive Lévy processes and spectrally
positive Lévy processes reflected at their infimum, with storage models as a special
case. The structure of this chapter is as follows: in Section 2.1 we define the
processes we are interested in and present some basic preliminary knowledge. Next,
in Sections 2.2 and 2.3 the results and the proofs are given, respectively.

2.1 Description of the process

A stochastic process X(·) defined on a probability space (Ω,F ,P) is called a Lévy
process if X(0) = 0, it has almost surely càdlàg paths, and it has stationary and
independent increments. Typical examples of Lévy processes are Brownian motion
and the (compound) Poisson process. The Lévy-Khinchine representation relates
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Lévy processes with infinitely divisible distributions and it provides the following
representation for the characteristic exponent Ψ(θ) := − logE(eiθX(1)):

Ψ(θ) = idθ +
1

2
σ2θ2 +

∫
R
(1− eiθx + iθx1{|x|<1})Π(dx), (2.2)

where d ∈ R, σ2 > 0 and Π(·) is a measure concentrated on R\{0} satisfying∫
R(1 ∧ x2)Π(dx) <∞. We refer to [21, 104] for an overview of the theory of Lévy
processes. When the measure Π(·) is concentrated on the positive real line then
X(·) exhibits jumps only in the upward direction and we talk about a spectrally
positive Lévy process. For a spectrally positive Lévy process X(·) with a negative
drift, i.e. EX(1) < 0, the Laplace exponent φ(α) := logE e−αX(1) is a well defined,
finite, increasing and convex function for all α ≥ 0, so that the inverse function
ψ(·) is also well defined; if it does not have a negative drift, we have to work with
the right-inverse.

Given a Lévy process X(·) we define the process Q(·), commonly referred to as
X(·) reflected at its infimum [21, 104], by Q(t) = X(t) + L(t), where L(t) is the
regulator process (or local time at the infimum) which ensures that Q(t) ≥ 0 for
all t ≥ 0. Hence the process L(·) can increase at time t only when Q(t) = 0, that
is,
∫ T

0
Q(t)dL(t) = 0 for all T > 0. This leads to a Skorokhod problem with the

following solution: with Q(0) = w,

L(t) = max

{
w, sup

0≤s≤t
−X(s)

}
, Q(t) = X(t) + max

{
w, sup

0≤s≤t
−X(s)

}
.

For the process Q(t) and a given level τ ≥ 0, the occupation time of the set [0, τ ]
is defined by

α(t) =

∫ t

0

1{Q(s)≤τ}ds, (2.3)

similar to the occupation time in Chapter 1 and in (2.1).

Storage models Storage models are used to model a reservoir that is facing
supply (input) and demand (output). Supply and demand are either described
by sequences of random variables (ηi)i∈N and (ξi)i∈N, or by an input process A(·)
and an output process B(·). Storage models can be used to control the level of
stored material by regulating supply and demand. Early applications [121] of such
models concern finite dams which are constructed for storage of water; see [65] for
additional applications of storage models and [130, 96, 121] for a historic account
of the exact mathematical formulation of the content process. We refer to [131,
Ch. IV] and [104, Ch. IV] for an overview of dams and general storage models in
continuous time.

A general storage model consists of a (cumulative) arrival process A(·) and a
(cumulative) output process B(·), leading to the net input process V (·) defined by
V (t) = A(t) − B(t); the work stored in the system at time t, denoted by Q(t), is
defined by applying the reflection mapping, as defined above, to V (·). First we
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consider the case that B(·) corresponds to a positive linear trend, whereas A(·) is
a pure jump subordinator. Thus, V (t) = X(t) + w where X(t) = A(t) − rt and
w = V (0) is the initial amount of work stored in the system. By construction,
X(·) is a spectrally positive Lévy process; without loss of generality, we assume
that r = 1. The reflected process Q(·) has an interesting path structure: it has a.s.
paths of bounded variation and has only jumps in the upward direction, such that
upcrossings of a level occur with a jump whereas downcrossings of a level occur with
equality. Moreover, from the Lévy-Khinchine representation we have that if the
Lévy measure Π(·) satisfies Π((0,∞)) = ∞, then X(·) exhibits countably infinite
jumps in every finite interval of time. For the analysis of the occupation time α(t)
we observe that the process Q(·) alternates between the two sets A = [0, τ ] and
B = (τ,∞). We define the following first passage times, for τ ≥ 0,

τα = inf
t>0
{t : Q(t) > τ |Q(0) = τ}, τβ = inf

t>τα
{t : Q(t) = τ |Q(0) = τ}. (2.4)

Observe that Q(τα) > τ . In case EA(1) < r the process keeps on having
downcrossings of level τ . Call the sequence of successive downcrossings (Ti)i∈N.
As shown in [44, Theorems 1 and 2] relying on the bounded variation property
of the paths, (Ti)i∈N is a renewal process, and hence (Di)i∈N and (Ui)i∈N are
sequences of well defined random variables. In addition, Di+1 is independent of
(D1, U1, . . . , Di−1, Ui−1, Ui); at the same time the overshoot (over level τ) makes
Di and Ui dependent. In Figure 2.1 an illustrative realization of Q(·) is depicted
for the case of finitely many jumps in a bounded time interval.

Figure 2.1: Sample path for the case of finitely many jumps in a bounded interval of
time.
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General spectrally positive Lévy processes When the process X(·) is an
arbitrary spectrally positive Lévy process (i.e., we deviate from the setting of A(·)
being a pure jump process and B(·) a positive linear trend), then Q(·) may have a
more complicated path structure. We may have paths of unbounded variation, and
as a result the intervals Di and Ui are not necessarily well defined. But even in this
case it is still possible, as will be shown in Section 2.2, to study the occupation time
of [0, τ ] for the reflected process Q(·), and also the occupation time of (−∞, 0) for
the free process X(·). This is done relying on an approximation procedure: we first
approximate a general spectrally positive Lévy process by a process with paths of
bounded variation, and then use a continuity argument to show that the results
for the bounded variation case carry over to the general spectrally positive case.

We prove the results for the case the process starts at τ . Having a different ini-
tial position requires a different distribution of (D1, U1). This case can be treated
along the same lines leading to more extensive notation and expressions and is
therefore omitted.

2.1.1 Scale functions

When studying spectrally one-sided Lévy processes results are often expressed in
terms of so-called scale functions, denoted by W (q)(·) and Z(q)(·), for q ≥ 0. We
will use the notation W (·), Z(·) for the scale functions W (0)(·) and Z(0)(·). Given
a spectrally positive Lévy process X(·) with Laplace exponent φ(·), there exists
an increasing and continuous function W (q)(x) whose Laplace transform satisfies,
for x ≥ 0, the equation∫ ∞

0

e−θxW (q)(x)dx =
1

φ(θ)− q
for θ > ψ(q),

with ψ(·) the inverse function of φ(·). For x < 0, we define W (q)(x) = 0. In
addition,

Z(q)(x) = 1 + q

∫ x

0

W (q)(y)dy.

In most of the literature, the theory of scale functions is developed for spectrally
negative Lévy processes but similar results can be proven for spectrally positive
Lévy processes. We also define, for θ such that φ(θ) < ∞ and q ≥ φ(θ), the
functions

W
(q−φ(θ))
θ (x) = e−θxW (q)(x), (2.5)

and
Z

(q−φ(θ))
θ (x) = 1 + (q − φ(θ))

∫ x

0

W
(q−φ(θ))
θ (y)dy. (2.6)

To formally define the functions W (q−φ(θ))
θ (·), Z(q−φ(θ))

θ (·) we need to perform
an exponential change of measure; we refer to [13, 104] for further details. For
the case X(·) is a spectrally positive (resp. spectrally negative) Lévy process the
scale function W (·) directly relates to the distribution function of the running
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maximum (resp. running minimum) of X(·). For a more extensive account of
the theory of scale functions and exit problems for Lévy processes we refer to
[13, 21, 79, 103, 104]. In the analysis that follows we will need the following
lemma.

Lemma 2.1.1. The q-scale functionW (q)(x) satisfies ∂qW (q)(x) = (W (q)?W (q))(x).

Proof. By definition of the q-scale function and the results of [103, Section 3.3],
we have that∫ ∞

0

e−θxW (q)(x)dx =
1

φ(θ)− q
=

∫ ∞
0

∞∑
k=0

e−θxqkW ?(k+1)(x) dx.

Therefore,

lim
h↓0

∫ ∞
0

e−θx
(W (q+h)(x)−W (q))(x)

h

)
dx

= lim
h↓0

∫ ∞
0

e−θx
∞∑
k=0

(q + h)k − qk

h
W ?(k+1)(x) dx,

where W ?k(·) is the k-fold convolution of W (0)(·). Because of the convexity of
x 7→ xk, for any k ≥ 1,

k qk−1 ≤ (q + h)k − qk

h
≤ k(q + h)k−1.

Again using [103, Section 3.3], it is a matter of calculus to verify that,∫ ∞
0

e−θx
∞∑
k=1

k qk−1W ?(k+1)(x) dx =
1

(φ(θ)− q)2
,

whereas for h ∈ (0, φ(θ)− q),∫ ∞
0

e−θx
∞∑
k=1

k(q + h)k−1W ?(k+1)(x) dx =
1

(φ(θ)− q − h)2
,

which converges to (φ(θ)− q)−2 as h ↓ 0.

Computing the Laplace transform of the convolution (W (q) ?W (q))(x), we also
find ∫ ∞

0

e−θx(W (q) ? W (q))(x)dx =
1

(φ(θ)− q)2
.

Combining the above, the result follows by the uniqueness of the Laplace transform.
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2.2 Characterisation of the joint transform

Storage models To apply Theorems 1.2.1, 1.3.1 and 1.4.1 from Chapter 1 we
need the joint transform of U and D; given this transform we can compute the
transform of the occupation time using (1.7), find the covariance c = Cov(D,U)
and the variances σ2

α, σ2
β needed in Theorem 1.3.1, and solve (1.19).

First we find representations for D and U . Observe that D is distributed as
the time between a downcrossing of level τ and the next upcrossing of it: with τα
as defined in (2.4),

D = τα a.s. (2.7)

The time between an upcrossing and the next downcrossing, i.e., U , is essentially
a first-exit time starting from a random point which is sampled from the overshoot
distribution. Defining σ(+)

x = inft>0{t : Q(t) ≤ τ |Q(0) = x}, we have

U = τβ − τα = σ
(+)
Q(τα) a.s. (2.8)

Proposition 2.2.1. (i) The expectations α = ED and β = EU equal

ED =
W (τ)

W ′(τ)
, EU =

1

W ′(τ)

(
ψ′(0)−W (τ)

)
. (2.9)

(ii) The joint transform of D and U equals, with p = θ1 − θ2,

Ee−θ1D−θ2U =
W

(p) ′

ψ(θ2)(τ) + (ψ(θ2)− p)W (p)
ψ(θ2)(τ)− ψ(θ2)Z

(p)
ψ(θ2)(τ)

W
(p) ′

ψ(θ2)(τ) + ψ(θ2)W
(p)
ψ(θ2)(τ)

. (2.10)

(iii) The variances σ2
α = VarD and σ2

β = VarU and covariance c = Cov(D,U)
equal

σ2
α = −2

(W ?W )(τ)

W ′(τ)
+
W (τ) (2(W ?W )′(τ)−W (τ))

W ′(τ)2
, (2.11)

σ2
β =

2ψ′(0)

W ′(τ)

(∫ τ

0

W (y)dy +
W (τ)

W ′(τ)

)
− 1

W ′(τ)

(
ψ′′(0) + 2ψ′(0)2τ +

ψ′(0)

W ′(τ)
+
W (τ)2

W ′(τ)

)
, (2.12)

c =
(
ψ′(0)−W (τ)

) 1

(W ′(τ))2
((W ?W )′(τ)−W (τ)) +

(W ?W )(τ)

W ′(τ)

− ψ′(0)

W ′(τ)

∫ τ

0

W (x)dx. (2.13)

Proof. We first prove (2.10). We start by showing that

E e−θ1D−θ2U = E e−θ1τα−ψ(θ2)(Q(τα)−τ). (2.14)
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Due to (2.7) and (2.8), E exp(−θ1D−θ2U) = E exp(−θ1τα−θ2σ
(+)
Q(τα)). Condition-

ing on the value of the first-exit time from [0, τ ], i.e., τα, and the overshoot over
level τ at that time, i.e. Q(τα), we find

E e−θ1τα−θ2σ
(+)

Q(τα) =

∫
(0,∞)

∫
(τ,∞)

E e−θ1t−θ2σ
(+)
s P (Q(t) ∈ ds, τα ∈ dt)

=

∫
(0,∞)

e−θ1t
∫

(τ,∞)

E e−θ2σ
(+)
s P (Q(t) ∈ ds, τα ∈ dt) . (2.15)

Now we use the transform of the first-exit time σ(+)
s established in [105, Eqn.

(3)]; note that in [105] this result has been derived for a spectrally negative Lévy
process but a similar argument yields the result for the spectrally positive case.
For a spectrally positive Lévy process with Laplace exponent φ(θ) we consider
the exponential martingale Et(c) = e−cXt−φ(c)t and then the result follows by
invoking the same arguments as in the spectrally negative case. Omitting a series
of mechanical steps, this eventually yields

E e−θ2σ
(+)
s = e−ψ(θ2)(s−τ). (2.16)

Substituting (2.16) into (2.15) we obtain the right-hand side of (2.14), as desired.
For the right-hand side of (2.10) we use [13, Theorem 1], which provides the

joint transforms of the first-exit time and exit position from [0, τ ]. The expressions
in (2.9) are obtained in the usual way: differentiating (2.10) and inserting 0 for θ1

and θ2. An expression for E[DU ] is found similarly; during these computations we
need Lemma 2.1.1. A similar reasoning applies for (2.11), (2.12), and (2.13).

Remark 5. The arguments used can be adapted to the case thatD1 has a different
distribution than D2, D3, . . .. The only difference is that the first cycle D1, U1 has
to be treated separately. ♦

General spectrally positive Lévy process As mentioned before, when X(·)
is a general spectrally positive Lévy process, with possibly paths of unbounded
variation, then the reasoning presented above does not apply. The following the-
orem, however, shows that our result for the occupation time α(t) carries over to
this case as well.

Theorem 2.2.1. Consider a spectrally positive Lévy process reflected at its infi-
mum. With A = [0, τ ] and q, θ ≥ 0,

∫ ∞
0

e−qt E e−θα(t)dt =
1

q

ψ(q)Z
(θ)
ψ(q)(τ)

θW
(θ)
ψ(q)(τ) + ψ(q)Z

(θ)
ψ(q)(τ)

. (2.17)

Proof. We first prove the result for the case of a storage model, that is, for t ≥ 0,
X(t) = A(t)− rt, where the arrival process A(·) is a pure jump subordinator. As
the process X(·) is then of bounded variation, the random variables Di and Ui are
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strictly positive a.s., see [44]. The result follows as an application of Thm. 1.2.1.
Using Proposition 2.2.1 we see that, for θ, q ≥ 0

L1,2(q+θ, q) = 1−
θW

(θ)
ψ(q)(τ) + ψ(q)Z

(θ)
ψ(q)(τ)

W
(θ)′

ψ(q)(τ) + ψ(q)W
(θ)
ψ(q)(τ)

and L1(q+θ) = 1− (q + θ)W (q+θ)(τ)

W (q+θ)′(τ)
.

(2.18)
Using the expressions in (2.5) we obtain

1− L1(q + θ)

q + θ
+
L1(q + θ)− L1,2(q + θ, q)

q
=

1

q

ψ(q)Z
(θ)
ψ(q)(τ)

e−ψ(q)τW (q+θ)′(τ)

and
1

1− L1,2(q + θ, q)
=

e−ψ(q)τW (q+θ)′(τ)

θW
(θ)
ψ(q)(τ) + ψ(q)Z

(θ)
ψ(q)(τ)

.

Multiplying the two expressions we obtain the desired result. Now consider the
case that X(·) is an arbitrary spectrally positive Lévy process. We use a limiting
argument based on an approximation procedure as discussed in [21, p. 210] and
followed in e.g. [106]. Specifically, in this case we know that X(·), with X(t) =
A(t) − rt for t ≥ 0, is the limit of a sequence of Lévy processes {X(n)(·)}n with
no downward jumps and paths of bounded variation [21, p. 210]. As n goes
to infinity X(n)(·) converges to X(·) a.s. uniformly on compact time intervals.
Since the process X(n)(·) has paths of bounded variation, it can be written in
the form X(n)(t) = A(n)(t) − r(n)t with A(n)(·) a pure jump subordinator; the
superscript n is used when referring to quantities related to the approximating
sequence X(n)(·). By [157, Lemma 13.5.1], the reflection operator is Lipschitz
continuous with respect to the supremum norm, so that the reflected processes
Q(n)(·) converge a.s. uniformly on compact time intervals to the process Q(·).
First we establish the convergence, as n→∞, of the left-hand side of (2.17), i.e.,∫ ∞

0

e−qt E eθα
(n)(t)dt

n→∞→
∫ ∞

0

e−qt E eθα(t)dt. (2.19)

This convergence stems from the continuity of the indicator function and the Dom-
inated Convergence Theorem. Concerning the right-hand side of (2.17), we have
to prove that, for θ, q ≥ 0 and τ > 0,

ψ(n)(q)Z
(θ,n)

ψ(n)(q)
(τ)

θW
(θ,n)

ψ(n)(q)
(τ) + ψ(n)(q)Z

(θ,n)

ψ(n)(q)
(τ)

n→∞→
ψ(q)Z

(θ)
ψ(q)(τ)

θW
(θ)
ψ(q)(τ) + ψ(q)Z

(θ)
ψ(q)(τ)

. (2.20)

Since X(n)(·) → X(·) a.s. uniformly on compact intervals, also the Laplace ex-
ponent φ(n)(·) converges pointwise to the Laplace exponent φ(·) and thus, ψ(n)(·)
will also converge pointwise to ψ(·). Due to the Continuity Theorem for Laplace
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transforms, or using directly [106, Eqn. (3.2)],

W (θ,n)(x)
n→∞→ W (θ)(x) for all x ≥ 0. (2.21)

This yields, for all x ≥ 0, the convergence W (θ,n)

ψ(n)(q)
(x) → W

(θ)
ψ(q)(x) as n → ∞.

Using the Bounded Convergence Theorem and [79, Lemma 3.3],

Z
(θ,n)

ψ(n)(q)
(x)

n→∞→ Z
(θ)
ψ(q)(x) for all x ≥ 0.

These results prove the convergence in (2.20).

Letting the initial level τ → ∞, the effect of the reflection becomes negligible
and the time the reflected process spends below the initial level τ converges to the
time the unreflected reflected process that started in the origin spends below 0.
Consequently, taking τ → ∞ in (2.17), we obtain the occupation time of the set
(−∞, 0] for the free process X(·) and recover a version of the Sparre Andersen’s
identity, see e.g. [21, Lemma VI.15], [108, Remark 4.1], or [81].

Proposition 2.2.2. Consider a spectrally positive Lévy process; the occupation
time of (−∞, 0] has the Laplace transform∫ ∞

0

e−qt E e−θα(t)dt =
1

q

ψ(q)

ψ(θ + q)
.

In addition, letting eq be an exponentially distributed random variable with mean
q−1,

α(eq)
d
= eq −Geq ,

where Geq = arg sup0≤s≤eq X(s) is the epoch at which the supremum is attained.

Proof. From the Wiener-Hopf factorization we have that, for θ > 0 and an expo-
nentially distributed random variables eq,

E e−θ(eq−Geq ) =
k̄(q, 0)

k̄(q + θ, 0)
=

ψ(q)

ψ(q + θ)
, where

k̄(q, 0)

k̄(q + θ, 0)
:= E

(
e−θ(eq−Geq )

)
;

the second equation is due to explicit expression of the Wiener-Hopf factors for
spectrally one-sided Lévy processes, as can be found in e.g. [49, 104]. In what
follows we prove that, for θ, q ≥ 0,

lim
τ→∞

ψ(q)Z
(θ)
ψ(q)(τ)

θW
(θ)
ψ(q)(τ) + ψ(q)Z

(θ)
ψ(q)(τ)

=
ψ(q)

ψ(q + θ)
. (2.22)

In order to show (2.22) we extend [103, Lemma 3.3] to the scale functionsW (θ)
ψ(q)(x)
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and Z(θ)
ψ(q)(x). We have

W
(θ)
ψ(q)(x) = e−ψ(q)xW (q+θ)(x),

and by [103, Lemma 3.3]

lim
x→∞

e−ψ(q+θ)xW (q+θ)(x) =
1

φ′(ψ(q + θ))
,

and hence
lim
x→∞

e−(ψ(q+θ)−ψ(q))xW
(θ)
ψ(q)(x) =

1

φ′(ψ(q + θ))
. (2.23)

Next we study the behavior of the scale function Z(θ)
ψ(q)(x) for x large. Define the

function U(·) by

U(x) = e−(ψ(q+θ)−ψ(q))x
(
Z

(θ)
ψ(q)(x)− 1

)
.

Using the definition of the q-scale function, as in [22] and [103, Eqn. (3.5)], it is
straightforward to show that U(·) is an increasing function. Then the measure
U(dx) has Laplace transform, for λ ≥ 0,

LU(λ) =

∫ ∞
0

e−λxU(dx) =
λθ

(λ+ ψ(q + θ)− ψ(q))(φ(λ+ ψ(q + θ))− (q + θ))
.

(2.24)
When letting λ ↓ 0 we find

lim
λ↓0

LU(λ) =
1

φ′(ψ(q + θ))

θ

(ψ(q + θ)− ψ(q))
. (2.25)

Applying Karamata’s Tauberian Theorem [25, Thm. 1.7.1],

lim
x→∞

e−(ψ(q+θ)−ψ(q))xZ
(θ)
ψ(q)(x) =

1

φ′(ψ(q + θ))

θ

(ψ(q + θ)− ψ(q))
. (2.26)

Upon combining (2.23) and (2.26),

lim
x→∞

θW
(θ)
ψ(q)(x)

ψ(q)Z
(θ)
ψ(q)(x)

=
ψ(q + θ)− ψ(q)

ψ(q)
, (2.27)

which after some straightforward algebra leads to (2.22). By uniqueness of the
Laplace transform we find that α(eq) and eq −Geq are equal in distribution.

Remark 6. The first expression derived in Prop. 2.2.2 when combined with
[71, Remark 3.2] yields the following equality for the scale functions Z(θ)

ψ(q)(·) and
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W (q+θ)(·)∫ ∞
0

(
ψ(q + θ)− ψ(q)

θ
eψ(q)xZ

(θ)
ψ(q)(x)−W (q+θ)(x)

)
dx =

(θ − q)ψ(q + θ) + qψ(q)

ψ(q)
.

(2.28)
♦

2.3 Special case: reflected Brownian motion

Suppose X(·) is a Brownian motion with drift µ and variance σ2. The Laplace
exponent φ(α), α ≥ 0 and its inverse ψ(q), q ≥ 0, are given by

φ(α) = −αµ+
1

2
α2σ2 and ψ(q) =

µ+
√
µ2 + 2σ2q

σ2
. (2.29)

For a Brownian motion we have the following expressions for the scale functions

W (q)(x) =
2√
D(q)

e
µx

σ2 sinh
( x
σ2

√
µ2 + 2σ2q

)
, (2.30)

W
(θ)
ψ(q)(x) =

2√
D(q + θ)

e−
x
σ2

√
D(q)sinh

( x
σ2

√
D(q + θ)

)
, (2.31)

Z(q)(x) =
qσ2√
D(q)

(
1√

D(q) + µ
e
x
σ2

(√
D(q)+µ

)
+

1√
D(q)− µ

e
− x
σ2

(√
D(q)−µ

))
(2.32)

and

Z
(θ)
ψ(q)(x) =

θσ2√
D(q + θ)

(
1√

D(q + θ)−
√
D(q)

e
x
σ2

(√
D(q+θ)−

√
D(q)

)

+
1√

D(q + θ) +
√
D(q)

e
− x
σ2

(√
D(q+θ)+

√
D(q)

))
, (2.33)

where D(z) = 2σ2z + µ2. Theorem 2.2.1 yields an expression for the double
transform of the occupation time of [0, τ ], up to time t, for a reflected Brownian
motion, i.e., ∫ ∞

0

e−qt E e−θα(t)dt =
1

q

L1(q, θ, τ)

L1(q, θ, τ) + L2(q, θ, τ)
, (2.34)

where

L1(q, θ, τ) := σ2ψ(q)

(
√

∆ cosh

(√
∆

σ2
τ

)
+
√
D(q) sinh

(√
∆

σ2
τ

))
(2.35)
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and

L2(q, θ, τ) := 2σ2θ sinh

(√
∆

σ2
τ

)
, (2.36)

where ∆ = D(q + θ). For µ = 0 and σ2 = 1, (2.34) agrees with [32, Equa-
tion (1.5.1)]. The double transform of the occupation time for a reflected Brown-
ian motion process with an arbitrary drift and variance, given above in (2.34), is
a new result to the best of our knowledge.

From the result in Proposition 2.2.2 we have that the occupation time of the
negative half plane (−∞, 0), for a Brownian motion, without reflection at the
infimum, with drift µ and variance σ2, has double transform equal to∫ ∞

0

e−qt E e−θα(t)dt =
1

q

ψ(q)

ψ(q + θ)
=

1

q

µ+
√
D(q)

µ+
√
D(q + θ)

. (2.37)

Inverting the double transform we can find an expression for the density of the
occupation time α(·) of the free process on the negative half line. We need the
following two results

L−
(

1

q

µ

µ+
√
D(q + θ)

)
(s, t) =

√
µ2

2σ2

1√
π

1√
s
e−

µ2

2σ2
s− µ2

2σ2

(
1− erf

(√
µ2

2σ2
s

))
(2.38)

and

L−
(

1

q

√
D(q)

µ+
√
D(q + θ)

)
(s, t) =

(
erf

(√
µ2
t− s
2σ2

)
+

1√
π

√
2σ2

µ2

1√
t− s

e−
µ2

2σ2
(t−s)

)

·

(√
µ2

2σ2

1√
π

1√
s
e−

µ2

2σ2
s − µ2

2σ2

(
1− erf

(√
µ2

2σ2
s

)))
.

We therefore have that, for t ∈ (0,∞) and s ∈ (0, t),

P (α(t) ∈ ds)=

(
L−
(

1

q

µ

µ+
√
D(q + θ)

)
(s, t)+L−

(
1

q

√
D(q)

µ+
√
D(q + θ)

)
(s, t)

)
ds.

Example 3 (Standard Brownian motion). For the case of a standard Brownian
motion, that is for µ = 0 and σ2 = 1, we obtain

P (α(t) ∈ ds) =
1

π

1√
s(t− s)

ds, (2.39)

which corresponds to the arc-sine law, we refer to Example 2 from the Introduction
of Part I for more details.

Using the properties of the error function, we obtain, for t ∈ (0,∞) and s ∈
(0, t) the following expression
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P(α(t) ∈ ds) =

(
1

π

1√
s(t− s)

e−
µ2

2σ2
t − ζ(s, t)

+ ζ(t− s, t)− 2
µ2

σ2
Φ
(µ
σ

√
t− s

)
Φ
(
−µ
σ

√
s
))

ds, (2.40)

with

ζ(s, t) :=

√
2

π

µ

σ

1√
t− s

Φ
(
−µ
σ

√
s
)
e−

µ2

2σ2
(t−s).

This agrees with the expression established in [128, Equation (3)].

Remark 7. For spectrally one-sided Lévy processes with paths of unbounded
variation we know that W (q)(0) = 0, see [103, Lemma 3.1]. For τ = 0, (2.17) and
(2.34) give the double transform of the occupation time of {0} which is equal to
one, as expected due to the regularity of point 0. ♦

In the following figures we plot the density of the occupation time for σ = 1
and µ = 0, 1 and −1 respectively. For the inversion of the Laplace transform we
used the Talbot-Talbot algorithm with precision M = 16, see [1, 2]. In Figure 2.2
we plot the case µ = 0. In Figure 2.3 we plot the case of a Brownian motion with
parameters µ = 1 and σ = 1. In Figure 2.4 we plot the case of a Brownian motion
with parameters µ = −1 and σ = 1. Although we didn’t include this case in the
figures below, it is worth mentioning that for τ > 1 the form of the curve becomes
similar to the arc-sine law.
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Figure 2.2: Density of the occupation time for reflected Brownian motion(0, 1).
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Figure 2.3: Density of the occupation time for reflected Brownian motion(1, 1).
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Figure 2.4: Density of the occupation time for reflected Brownian motion(−1, 1).
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Chapter 3

Occupation times for the finite
buffer fluid queue

Owing to their tractability, the OR literature predominantly focuses on queue-
ing models with an infinite buffer or storage capacity. This also applies to the
model studied in Chapter 2. In practical applications, however, we typically en-
counter systems with finite-buffer queues. Often, the infinite-buffer queue is used
to approximate its finite-buffer counterpart, but it is questionable whether this is
justified when the buffer is not so large. In specific cases explicit analysis of the
finite-buffer queue is possible, which is the focus of the current chapter.

In this chapter we consider the workload process {Q(t)}t≥0 of a fluid queue
with finite workload capacity K > 0. Using the results for the fluid queue we also
analyze the finite-buffer M/G/1 queue. We consider a finite buffer fluid queue
where during ON times the process increases linearly and during OFF times the
process decreases linearly. We consider the case that ON times have a phase-type
distribution and the OFF times have an exponential distribution. The object of
interest is, as in the previous chapters, the occupation time, denoted by α(t), of
some set A = [0, τ ], τ ∈ [0,K). For convenience, we restate the definition of the
occupation time,

α(t) :=

∫ t

0

1{Q(s)∈[0,τ ]}ds. (3.1)

The workload process Q(·) alternates between the sets [0, τ ] and (τ,K], we denote
the successive sojourn times in [0, τ ] by (Di)i∈N, and those in (τ,K] are (Ui)i∈N. We
consider the situation in which (Di, Ui)i∈N is a sequence of i.i.d. bivariate random
vectors that are distributed according to the generic random vector (D,U), but
without requiring D and U to be independent.

This framework allows us to use the regenerative structure of the workload
process and provides the finite-capacity M/G/1 queue with phase-type jumps as a
limiting special case. For this model, using the machinery developed in Chapter 1,
we succeed in deriving closed-form results for the Laplace transform (with respect

41



to t) of the occupation time. Relying on the ideas developed in [8], all quantities
of interest can be explicitly computed as solutions of systems of linear equations.

The structure of this chapter is as follows: in Section 3.1 we start by giving
some basic definitions and some preliminary results. In Section 3.2 we introduce
the model and in Section 3.3 we present our results. A numerical implementation
of our method and some numerical experiments are presented in Section 3.4.

3.1 Preliminaries
In this section we present some definitions and basic results that are used in this
chapter. The main objects we will consider are phase-type distributions, Markov-
additive fluid processes and the Kella-Whitt martingale.

3.1.1 Phase-type distributions
A phase-type distribution B is defined as the absorption time of a continuous-
time Markov process {J (t)}t≥0 with finite state space E ∪ {∂} such that ∂ is an
absorbing state and the states in E are transient. We denote by α0 the initial
probability distribution of the Markov process, by T the phase generator, i.e., the
|E|× |E| rate matrix between the transient states and by t the exit vector, i.e., the
|E|- dimensional rate vector between the transient states and the absorbing state
∂. The vector t can be equivalently written as −T1, where 1 is a column vector
of ones. We denote such a phase-type distribution by (n,α0,T) where |E| = n.
The cardinality of the state space E, i.e., n, represents the number of phases of the
phase-type distribution B; for simplicity we assume that E = {1, . . . , n}. In what
follows we denote by B a phase-type distribution with representation (n,α0,T);
for a phase-type distribution with representation (n, ei,T) we add the subscript
i in the notation. An important property of the class of phase-type distributions
is that it is dense (in the sense of weak convergence) in the set of all probability
distributions on (0,∞); see [7, Theorem 4.2]. For a phase-type distribution with
representation (n,α0,T), the cumulative distribution function B(·), the density
b(·) and the Laplace transform B̂[·] are given in [7, Proposition 4.1]. In particular,
for x ≥ 0 and s ≥ 0, we have

P(B > x) = α T
0 e

Tx1 and B̂[s] = α T
0 (sI−T)−1t. (3.2)

When the phase-type distribution has representation (n, ei,T) we use the notation
B̂i[·] instead of B̂[·]. For a general overview of the theory of phase-type distribu-
tions we refer to [7, 8] and references therein.

3.1.2 Markov-additive fluid process (MAFP)
Markov-additive fluid processes belong to a more general class of processes called
Markov-additive processes, see [7, Chapter XI]. Consider a right-continuous irre-
ducible Markov process {J (t)}t≥0 defined on a filtered probability space (Ω,F ,P)
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with a finite state space E = {1, . . . , n} and rate transition matrix Q. While the
Markov process J (·) is in state i the process X(·) behaves like a linear drift ri.
We assume that the rates r1, . . . , rn are independent of the process J (·). Letting
{Ti, i ≥ 0} be the jump epochs of the Markov process J (·) (with T0 = 0) we obtain
the following expression for the process X(·),

X(t) = X(0) +
∑
m≥1

∑
1≤i≤n

(
ri (Tm − Tm−1) 1{J (Tm−1)=i,Tm≤t}

+ ri(t− Tm−1)1{J (Tm−1)=i,Tm−1≤t<Tm}

)
, (3.3)

where t ≥ 0 andX(0) ∈ F0 is independent of the Markov process J (·) and the rates
r1, . . . , rn. The processX(·) defined in (3.3) will be referred to as aMarkov-additive
fluid process and abbreviated as MAFP. For z ∈ CRe≥0, the matrix exponent of
the MAFP is defined as

F (z) = Q− zdiag(r1, . . . , rn) = Q−z∆r, (3.4)

where ∆r = diag(r1, . . . , rn). In what follows we shall need information concerning
the roots of the equation

det (F (z)− qI) = det(Q−z∆r − qI) = 0, (3.5)

with q ≥ 0. From [81] we have that there exist n values ρ1(q), . . . , ρn(q) and
corresponding vectors h1(q), . . . ,hn(q) such that, for each k = 1, . . . , n,

det (Q−ρk(q)∆r − qI) = 0 and (Q−ρk(q)∆r − qI)hk(q) = 0.

3.1.3 The Kella-Whitt martingale

The counterpart of the Kella-Whitt martingale for Markov-additive processes was
established in [10]; let {Y (t)}t≥0 be an adapted continuous process having finite
variation on compact intervals. Set Z(t) = X(t) + Y (t) and let z ∈ CRe≥0. Then,
for every initial distribution (X(0),J (0)),

M(z, t) : =

∫ t

0

e−zZ(s)eJ (s)dsF (z) + e−zZ(0)eJ (0) − e−zZ(t)eJ (t)

− z
∫ t

0

e−zZ(s)eJ (s)dY (s) (3.6)

is a vector-valued zero mean martingale.
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3.2 Model description

The MAFP (X(t),J (t))t≥0 we analyze has a modulating Markov process {J (t)}t≥0

with state space E = {1, . . . , n+ 1} and generator Q given by

Q =

[
−λ λαT

0

t T

]
, (3.7)

which is an (n+ 1)× (n+ 1) matrix. Additionally we suppose that λ > 0, t is an
n× 1 column vector with non-negative entries, α0 is an n× 1 column vector with
entries that sum up to one and T is an n×n matrix with non-negative off-diagonal
entries. The column vector t and the matrix T are such that each row of Q sums
up to one, alternatively we can write t = −T1. On the event {J (·) = 1} the
process X(·) decreases linearly with rate r1 < 0 and on the event {J (·) = i}, for
i = 2, . . . , n+ 1, X(·) increases linearly with rate ri > 0. Such a MAFP decreases
linearly with rate r1 during OFF-times, which are exponentially distributed with
parameter λ, and increases linearly with rates ri during ON-times, which have
a phase-type (n,α0,T) distribution. Depending on the state of the modulating
process we have a different rate. This model is motivated by finite capacity systems
with an alternating source: during OFF times work is being served with rate r1

while during ON times work accumulates with rates r2, . . . , rn+1.
The workload process {Q(t)}t≥0 we are interested in is formally defined as a

solution to a two-sided Skorokhod problem, i.e., for a Markov-additive fluid process
{X(t)}t≥0 as defined in (3.3), we have

Q(t) = Q(0) +X(t) + L(t)− L̄(t). (3.8)

In the above expression {L(t)}t≥0 represents the local time at the infimum and
{L̄(t)}t≥0 the local time at K. Informally, for t > 0, L(t) is the amount that has to
be added to X(t) so that it stays non-negative while L̄(t) is the amount that has
to be subtracted from X(t) +L(t) so that it stays below level K. It is known that
such a triplet exists and is unique, see [87, 100]. For more details we refer to [49]
and references therein. For notational simplicity we assume that Q(0) = τ and
that J (0) = 1, i.e., we start with an OFF time; the cases {Q(0) < τ,J (0) 6= 1}
and {Q(0) > τ,J (0) 6= 1} can be dealt with analogously at the expense of more
complicated expressions. For the MAFP described above the matrix exponent is
an (n + 1) × (n + 1) matrix. For q > 0, denote by ρ1(q), . . . , ρn+1(q) the n + 1
roots of the equation det(Q−z∆r− qI) = 0 and consider, for k = 1, . . . , n+ 1, the
vectors hk(q) = (hk,1(q), . . . ,hk,n+1(q)) defined by

hk,1(q) = 1 ∀k = 1, . . . , n+ 1 and hk,j(q) = −e T
j−1(T− ρk(q)∆̄r − qI)−1t

(3.9)
for j = 2, . . . , n + 1, where ej is the n × 1 unit column vector with 1 at position
j, T and t are as in (3.7) and ∆̄r is the n× n diagonal submatrix of ∆̄r with rj
at position (j, j), for j = 2, . . . , n. For the vectors defined in (3.9) we have that
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(Q−ρk(q)∆r − qI)hk(q) = 0 for all k = 1, . . . , n+ 1.

3.3 Results

For the analysis of the occupation time α(·) we observe that the workload process
{Q(t)}t≥0 alternates between the two sets [0, τ ] and (τ,K]. Due to the definition
of {X(t)}t≥0 both upcrossings and downcrossings of level τ occur with equality.
Moreover, we see that an upcrossing of level τ can occur only when the modulating
Markov process is in one of the states 2, . . . , n + 1. Similarly, a downcrossing of
level τ can occur only while the modulating Markov process is in state 1. We
define the following first passage times, for τ ≥ 0,

σ := inf
t>0
{t : Q(t) = τ |Q(0) = τ,J (0) = 1},

T := inf
t>0
{t : Q(t) = τ |Q(0) = τ,J (0) 6= 1}.

We use the notation (Ti)i∈N for the sequence of successive downcrossings and
(σi)i∈N for the sequence of successive upcrossings of level τ . An extension of [44,
Thms. 1 and 2] for the case of doubly reflected processes shows that (Ti)i∈N is a
renewal process, and hence the successive sojourn times, D1 := σ1, Di := σi−Ti−1,
for i ≥ 2, and Ui := Ti − σi, for i ≥ 1, are sequences of well defined random
variables. In addition, Di+1 is independent of Ui while in general Di and Ui
are dependent. We observe that the random vectors (Di, Ui)i∈N are i.i.d. and
distributed as a generic random vector (D,U). In Figure 3.1 a realization of Q(·)
is depicted.

Remark 8. Observe that the time instances Tm =
∑m
i=1(Di + Ui),m = 1, 2, . . .

are regeneration epochs, i.e. the pairs (Di, Ui)i≥1 form a sequence of i.i.d. random
vectors. This property does not hold in general for an arbitrary MAFP; it does
hold for the MAFP presented in Section 3.2 as there is only one state with negative
drift. Hence the double transform of the occupation time α(·) in terms of the joint
transform of D and U is given in Theorem 1.2.1 in Chapter 1. ♦

To analyze the occupation time it thus suffices to determine the joint trans-
form of the random variables D and U , i.e., L1,2(·, ·). We note that the Laplace
transforms of the random variables D and U have been derived in [18] for MAFPs.
Our proofs can be trivially extended in order to derive the joint transform of the
random variables D and U for a general MAFP, i.e. with multiple states with
negative drifts. As our interest is in the occupation time α(·), we restrict ourselves
to the MAFP considered in Section 3.2 (see Remark 8).
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Figure 3.1: The workload process in a finite capacity fluid queue

3.3.1 Characterisation of the joint transform for the finite
buffer fluid queue

For i = 2, . . . , n+ 1 we define the first hitting time of level τ with initial condition
(X(0),J (0)) = (τ, i) as follows:

Ti := inf
t≥0
{t : Q(t) = τ |Q(0) = τ,J (0) = i},

and
wi(θ2) = E

[
e−θ2Ti

]
= E

[
e−θ2T | J (0) = i

]
.

Considering the event Ei that an upcrossing of level τ occurs while the modulating
process J (·) is in state i, for i = 2, . . . , n+ 1, we obtain, for θ1, θ2 ≥ 0,

E
[
e−θ1D−θ2U

]
= E

[
e−θ1σ−θ2T

]
=

n+1∑
i=2

E
[
e−θ1σ1{Ei}

]
E
[
e−θ2T |Ei

]
=

n+1∑
i=2

E
[
e−θ1σ1{Ei}

]
E
[
e−θ2Ti

]
. (3.10)

In what follows we use, for θ1 ≥ 0 and i = 2, . . . , n+ 1, the notation

zi(θ1) := E
[
e−θ1σ1{Ei}

]
= E

[
e−θ1σ1{J (σ)=i}

]
. (3.11)
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It will be shown that these terms can be computed as the solution of a system
of linear equations. The idea of conditioning on the phase when an upcrossing
occurs and using the conditional independence of the corresponding time epochs
has been developed in [8]. The factors appearing in each term in (3.10) can also be
determined using the results of [18]. Determining the factors involved in the terms
presented above is the main focus of the analysis that follows. We first present the
exact expression for the double transform of the random variables (D,U).

Theorem 3.3.1. For θ1, θ2 ∈ C with Re(θ1) ≥ 0,Re(θ2) ≥ 0, the joint transform
of the random variables D and U is given by

E e−θ1D−θ2U =
1

C(θ2)

n+1∑
i=2

zi(θ1)

n+1∑
k=1

(−1)k+1ck(θ2)hk,i(θ2), (3.12)

where the quantities ck(θ2), k = 1, . . . , n+ 1 and C(θ2) depend only on θ2 and are
defined below in (3.20); zi(θ1) for i = 2, . . . , n + 1 are determined as the solution
of a system of linear equations; this system is given in (3.16). The column vectors
hk(·) for k = 1, . . . , n+ 1 are defined in (3.9).

Before presenting the proof of the theorem we give an intuitive interpretation
for the expression on the right-hand side of (3.12). The outer sum in (3.12) ranging
from 2 to n+1 represents the conditioning on one of the n phases of the modulating
Markov process for which an upcrossing occurs, that is the event {J (σ) = i},
i = 2, . . . , n + 1. Observe that an upcrossing of level τ is not possible when J (·)
is in state 1 because then the process X(·) decreases. The terms zi(θ1), as defined
in (3.11), denote the transforms of σ on the event the upcrossing of level τ occurs
while the modulating Markov process is in state i; the inner sum in (3.12) concerns
the transforms of T conditional on the event {J (σ) = i}. The Markov property
of the workload process yields that

E
[
e−θ2T |Ei

]
= E

[
e−θ2T | J (σ) = i

]
= E

[
e−θ2T | J (0) = i

]
= wi(θ2). (3.13)

Remark 9. Observe that, by considering the process {K −Q(t)}t≥0, the results
can be directly applied to fluid queues with a single state where work accumulates.
The same holds for ON-OFF sources with phase-type OFF times and exponential
ON times and doubly reflected risk reserve processes with negative phase-type
jumps. ♦

Proof of Theorem 3.3.1. The proof relies on the decomposition given in (3.10).
Below we analyze the two expectations at the right-hand side of (3.10) separately.
◦We determine zi(θ1), for i = 2, . . . , n+ 1, as the solution of a system of linear

equations; this idea was initially developed in [8, Section 5] and essentially relies
on the Kella-Whitt martingale for Markov additive processes. The Kella-Whitt
martingale for a Markov additive process reflected at the infimum, has, for all
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z ≥ 0, θ1 ≥ 0 and for t ≥ 0, the following form

M(z, t) =

∫ t

0

e−zQ(s)−θ1seJ (s)ds(Q−z∆r − θ1I) + e−zτeJ (0)

− e−zQ(t)−θ1teJ (t) − z
∫ t

0

e−θ1seJ (s)dL(s). (3.14)

The expression above follows from the general form of the Kella-Whitt martingale
given in (3.6) by considering the process Y (·) defined by Y (t) := τ +L(t) + θ1t/z,
for t ≥ 0. This gives Z(t) = τ + X(t) + L(t) + θ1t/z = Q(t) + θ1t/z. The
process Y (·) has paths of bounded variation and is also continuous since the local
time at the infimum L(·) is a continuous process. Hence, M(z, ·) is a zero-mean
martingale. Furthermore, due to the construction of the model we have that
J (0) = 1. Applying the optional sampling theorem for the stopping time σ, we
obtain, for all z ≥ 0,

E
[∫ σ

0

e−zQ(s)−θ1seJ (s)ds

]
(Q−z∆r−θ1I) = e−zτz(θ1)−e−zτe1 +z`(θ1), (3.15)

where

z(θ1) =
(

0,E
[
e−θ1σ1{J (σ)=2}

]
, . . . ,E

[
e−θ1σ1{J (σ)=n+1}

] )
=
(

0, z2(θ1), . . . , zn+1(θ2)
)

and

`(θ1) = E
[∫ σ

0

e−θ1seJ (s)dL(s)

]
=
(
E
[∫ σ

0

e−θ1s1{J (s)=1}dL(s)

]
, 0, . . . , 0

)
=
(
`(θ1), 0, . . . , 0

)
.

The row vector `(θ1) represents the local time at the infimum up to the stop-
ping time σ; the process Q(·) can hit level 0 only on the event {J (s) = 1}.
Consider the n + 1 roots of the equation det (Q−z∆r − θ1I) = 0, denoted by
ρ1(θ1), . . . , ρn+1(θ1), and the corresponding column vectors hk(θ1), for k = 1, . . . , n+
1 as defined in (3.9). Substituting z = ρk(θ1) in (3.15) and taking the inner prod-
ucts with the column vectors hk(θ) we obtain, for k = 1, . . . , n+ 1, the system of
equations

z(θ1) · hk(θ1) + eρk(θ1)τρk(θ1)`(θ1) = 1. (3.16)

Solving this system of equations we obtain the zi(θ1), for i = 2, . . . , n + 1, and
`(θ1) as a by-product.
◦ Next, consider the second expectation in each of the summands at the right-

hand side of (3.10), i.e., the term wi(θ2) = E
[
e−θ2T | J (0) = i

]
. This expectation

represents the transform of the first time the process X(·) hits level τ given that
J (0) = i, for i = 2, . . . , n+ 1. The Kella-Whitt martingale for a MAFP reflected
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at K, has, for all z ≥ 0, θ2 ≥ 0 and for t ≥ 0, the following form:

MK(z, t) =

∫ t

0

e−zQ(s)−θ2seJ (s)ds(Q−z∆r − θ2I) + e−zτeJ (0) − e−zQ(t)−θ2teJ (t)

+ ze−zK
∫ t

0

e−θ2seJ (s)dL̄(s). (3.17)

The expression above follows from the general form of the Kella-Whitt martingale
given in (3.6) by considering the process Y (·) defined by Y (t) := τ − L̄(t) + θ2t/z,
for t ≥ 0. This gives Z(t) = τ + X(t) − L̄(t) + θ2t/z = Q(t) + θ2t/z. A similar
argument as for the stopping time σ and (3.13) yields n systems of linear equations;
for each i = 2, . . . , n+1, we solve for the unknowns wi(·) and ¯̀

j(·), j = 2, . . . , n+1,
using the following system:

wi(θ2)+

n+1∑
j=2

¯̀
j(θ2)

(
e−ρk(θ2)(K−τ)ρk(θ2)hk,j(θ2)

)
= hk,i(θ2) for k = 1, . . . , n+1,

(3.18)
where ¯̀

j(θ2) = E
[∫ T

0
e−θ2s1{J (s)=j}dL̄(s)

]
, j = 2, . . . , n+ 1. We define D as the

(n+ 1)× n dimensional matrix with elements, for i = 1, . . . , n+ 1, j = 1, . . . , n,

D(i, j) = ρi(θ2)hi,j+1(θ2)e−ρi(θ2)(K−τ).

We denote by Dk the matrix D without its k-th row. Using the method of deter-
minants we can write wi(θ2) in the following form:

wi(θ2) = E
[
e−θ2T | J (0) = i

]
=

∑n+1
k=1(−1)1+kck(θ2)hk,i(θ2)

C(θ2)
, (3.19)

where, for k = 1, . . . , n+ 1,

ck(θ2) = det(Dk) and C(θ2) =

n+1∑
k=1

(−1)1+kck(θ2). (3.20)

Substituting the expression found for wi(θ2) in (3.19) into (3.10) yields the result
of Theorem 3.3.1 with the terms zi(θ2), i = 2, . . . , n + 1, given by the system of
equations in (3.16).

3.3.2 Characterisation of the joint transform for the finite
buffer queue

Using the result of Theorem 3.3.1 we can also study the occupation time of the
workload process in a finite-buffer queue with phase-type service time distribution.
Consider a queue where customers arrive according to a Poisson process with rate
λ and have a phase-type service time distribution with representation (n,α0,T).
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Moreover, the queue has finite capacity K and work is served with rate r1. The
workload process {Q(t)}t≥0 is modeled using a reflected compound Poisson pro-
cess with negative drift r1 < 0 and upward jumps with a phase-type (n,α0,T)
distribution. Such a process has Laplace exponent equal to

φ(s) = −sr1 − λ+ λB̂[s] = −sr1 − λ+ λα T
0 (sI−T)−1t, s ≥ 0, (3.21)

where t = −T1. As for the MAFP in Section 3.3.1 we determine the joint trans-
form of the random variables D and U . First, we introduce some notation. Define,
for k = 1, . . . , n+ 1, the vectors hk(·) as:

hk,1(·) = 1, ∀k = 1, . . . , n+ 1 and hk,j(·) = B̂j [pk(·)], j = 2, . . . , n+ 1, (3.22)

where pk(q), k = 1, . . . , n+1, are the n+1 roots of the equation φ(s) = q. Consider
the following system of linear equations

n+1∑
j=2

zj(θ1)hk,j(θ1) + pk(θ1)epk(θ1)τ `(θ1) = 1, k = 1, . . . , n+ 1, (3.23)

and define ck(·), k = 1, . . . , n + 1 and C(·) as in (3.20) above with the difference
that ρk(·) is replaced by pk(·).

Corollary 3.3.1. Consider a compound Poisson process with negative drift r1 < 0
and upward jumps with a phase-type (n,α0,T) distribution. Consider the process
reflected at the infimum and at level K > 0. For θ1, θ2 ≥ 0, the joint transform of
the random variables D and U is given by

E e−θ1D−θ2U =
1

C(θ2)

n+1∑
i=2

zi(θ1)

n+1∑
k=1

(−1)k+1ck(θ2)hk,i(θ2), (3.24)

where ck(θ2), k = 1, . . . , n + 1 and C(θ2) are as above; zi(θ1) for i = 2, . . . , n + 1
are determined as the solution of (3.23) and hk(·), k = 1, . . . , n+ 1 is as in (3.22).

The workload process {Q(t)}t≥0 in the finite-buffer queue can be studied as
the limit of a MAFP in the following sense, see also [10, Section 7]. Follow-
ing the construction presented in Section 3.2 we define, for r > 0, the MAFP
{Xr(t),J r(t)}t≥0 where the Markov process has state space E = {1, . . . , n + 1}
and generator Qr given by

Qr =

[
−λ λαT

0

rt rT

]
,

which is an (n + 1) × (n + 1) matrix. We also let the positive rates be equal, i.e,
r2 = . . . = rn+1 = r and we send r → ∞ later on. The assumptions on λ, t,α0

and T are the same as in Section 3.2. On the event {J r(·) = 1} the process Xr(·)
decreases with rate r1 < 0 and on the event {J r(·) = i}, for i = 2, . . . , n+ 1, the
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process Xr(·) increases with rate r > 0. Such a MAFP decreases linearly with
rate r1 during OFF-times, which are exponentially distributed with parameter
λ, and increases linearly with rate r during ON-times, which have a phase-type
(n,α0, rT) distribution. By multiplying the matrix T with the factor r we see
that the resulting phase-type distribution behaves like a phase-type distribution
with representation (n,α0,T) divided by r. Using the representation in (3.3)
and letting r →∞ we observe that the process (Xr(t),J r(t))t≥0 converges path-
wise to a compound Poisson process with linear rate r1 < 0 and jumps in the
upward direction with phase-type (n,α0,T) distribution. The workload process
{Qr(t)}t≥0 converges to {Q(t)}t≥0, i.e. a reflected compound Poisson process with
a negative linear drift, which follows by the continuity of the reflection operators
with respect to theD1 topology. Hence the joint transform ofD and U is computed
by using the result established in Theorem 3.3.1 and letting r →∞.

3.4 Numerical illustrations
In this section we describe how to numerically evaluate the distribution function
(or the density) of the occupation time. Essential is the joint transform of the
consecutive periods below and above τ , i.e., E e−θ1D−θ2U for θ1 ≥ 0, θ2 ≥ 0. It
enables the computation of the double transform of the occupation time, which
in turn uniquely characterizes the distribution of this occupation time. The idea
is to evaluate P(α(t) ≤ s) by numerically inverting the double transform using
the methodology of [2]. A similar procedure has been carried out in [139] for the
M/M/s queue, where an explicit expression for the double transform can be de-
rived. A (minor) complication is that for the current model the transform is given
implicitly, in that for given θ1, θ2 linear equations need to be solved to obtain the
double transform of the occupation time. The methodology we present is rather
straightforward to implement and yields a highly accurate numerical approxima-
tion for the distribution function of the occupation time. We first present an
algorithm which uses Theorem 3.3.1 in order to evaluate the distribution function
(or the density function) of the occupation time α(·). Then, using the technique
presented above, we can let r → ∞ to obtain the distribution function of the
occupation time α(·) in the M/G/1 queue with a phase-type service distribution.

Algorithm: Input: t ≥ 0, s ∈ [0,∞) Output: The distribution function
P(α(t) ≤ s) (or the density).

(1) Compute L1,2(θ1, θ2) = E e−θ1D−θ2U using Theorem 3.3.1 and by solving the
systems of linear equations given in (3.16) and (3.18).

(2) Compute L1(θ) using Theorem 3.3.1 and setting θ2 = 0.

(3) Compute the double transform of the occupation time α(·) using Theorem
1.2.1.

(4) Use Laplace inversion in order to compute P(α(t) ≤ s) (or the density).
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We first numerically compute the right-hand sides of (3.12) and obtain a highly
accurate numerical approximation of the joint transform E e−θ1D−θ2U , θ1 ≥ 0, θ2 ≥
0. We then use (1.7) and the Laplace inversion techniques presented in [2] to
compute the density function of the occupation time. We used the Euler-Euler
algorithm with M = 10.

In Figure 3.2 below we show the density function of the occupation time α(·)
in a MAFP-driven queue (left panel) and an M/G/1 queue (right panel). For both
cases we consider a time horizon of t = 100 time units. In the M/G/1 the arrival
rate is equal to λ = 1.05, whereas in the MAFP the OFF-time is exponential with
parameter λ = 1.05. The depletion rate has been normalized to 1 in the MAFP
model (i.e., r1 = −1). The parameters of the two models are chosen in such a way
so that the load in the system is the same for all cases and equal to ρ = 0.945; we
define this load in the M/G/1 model in the natural way (i.e., as the product of the
arrival rate and the mean jump size), and in the MAFP model as the product of
λ and the mean increase of the fluid level during the ON-time (for the case that
there would not have been a finite-buffer capacity). We have chosen τ = 0.8 and
K = 2.

We consider MAFPs with ON-times having an Erlang, exponential, and Coxian
distribution, respectively (where we recall that these have a coefficient of variation
less than one, equal to one, and greater than one, respectively). For the exponential
distribution we choose µ = 2 and r2 = 1.8, such that ρ = 1.05 · 1.8/2 = 0.945, as
desired. For the Erlang case we take two phases, corresponding with states 2 and
3 of the Markov process J (·), both having an exponentially distributed duration
with parameter µ2 = µ3 = 6, where the buffer content increases at rates r2 = 1.8
and r3 = 3.6; the load is

ρ = 1.05 ·
(

1.8

6
+

3.6

6

)
= 0.945. (3.25)

For the Coxian case, with two phases (again corresponding with states 2 and 3), we
have with probability p = 0.5 an ON-time which is distributed as the sum of two
exponential distributions with parameters µ2 = 18, µ3 = 2.25 and otherwise an
exponentially distributed ON-time with parameter µ3 = 2.25; with again r2 = 1.8
and r3 = 3.6, the load is

ρ = 1.05 ·
(

0.5 · 1.8

18
+ 0.5 · 3.6

2.25

)
= 0.945. (3.26)

For the M/G/1 queue we consider the cases the jump size has an Erlang, expo-
nential, and Coxian distribution. (A) The exponential distribution has parameter
10
9 = 1.111. (B) For the Erlang distribution we consider m = 2 (where each phase
is exponential with parameter 2.222) as well as m = 4 (where each phase is expo-
nential with parameter 4.444). (C) For the Coxian distribution we takem = 2 (i.e.,
2 phases), p = 0.5 and the exponential phases have parameters 5.555 and 0.694,
respectively. It is easily verified that all these settings lead to ρ = 0.945. We have
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also included an Erlang(4) jump distribution, again chosen such that ρ = 0.945.

Figure 3.2: Distribution function and density of the occupation time.

In Figure 3.3 we vary the buffer capacity K; the process we considered was
the MAFP with OFF-times having a Coxian distribution. The parameters of the
distribution are the same as those that we used above.

Figure 3.3: Distribution function and density of the occupation time as K varies.

In the left panel of Figure 3.4 we consider the M/G/1 queue in which we
vary the arrival rate, so as to study the occupation time for different values of ρ.
The service time has an Erlang distribution with two phases (each exponentially
distributed with parameter 2.222). In the right panel we study the convergence of
the distribution function of the occupation time in the MAFP model to that in the
M/G/1 model. We do so by setting all the positive rates equal (i.e., r2 = r3 = r)
and taking the limit as r →∞, see also Section 3.3.2 (where r1 = −1, as before).
We have used a MAFP with Coxian ON-times with parameters as in Figure 3.2.
For comparison we have also included the case that r2 = 1.8 and r3 = 3.6.
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Figure 3.4: Occupation time as occupation rate varies (left panel) and the occupation
time as r grows (right panel).
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Part II

Equivalence of ensembles
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Introduction to Part II

In Part II of this thesis we study random graphs from a statistical mechanics
perspective. We consider two probability measures (ensembles) on the space of
graphs and compare them using the relative entropy.

For large networks a detailed description of the architecture of the network is
infeasible, therefore, it is typically replaced by a probabilistic description, where
the network is assumed to be a random sample drawn from a set of allowed graphs
that are consistent with a set of empirically observed features of the network,
referred to as constraints. Statistical physics deals with the definition of the ap-
propriate probability distribution over the set of graphs and with the calculation
of its relevant properties [68]. The two main choices1 of probability distribution
are:

(1) The microcanonical ensemble, where the constraints are hard (i.e., are satis-
fied by each individual graph).

(2) The canonical ensemble, where the constraints are soft (i.e., hold as ensemble
averages, while individual graphs may violate the constraints).

For networks that are large but finite, the two ensembles are obviously different
and, in fact, represent different empirical situations: they serve as null-models for
the network after incorporating what is known about the network a priori via the
constraints. Each ensemble represents the unique probability distribution with
maximal entropy respecting the constraints, for a detailed exposition of maximum-
entropy networks we refer the reader to [145]. In the limit as the size of the graph
diverges, the two ensembles are traditionally assumed to become equivalent as a
result of the expected vanishing of the fluctuations of the soft constraints, i.e., the
soft constraints are expected to become asymptotically hard. This assumption of
ensemble equivalence, which is one of the corner stones of statistical physics, we
refer the reader to [55] for a very nice overview of this topic, does however not
hold in general. We refer to [156] for more background.

In [147] the question of the possible breaking of ensemble equivalence was in-
vestigated for two types of constraints:

(I) The total number of edges.

1The microcanonical ensemble and the canonical ensemble work with a fixed number of ver-
tices. There is a third ensemble, the grandcanonical ensemble, where also the size of the graph
is considered as a soft constraint.
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(II) The degree sequence.

In the sparse regime, where the empirical degree distribution converges to a limit
as the number of vertices n tends to infinity such that the maximal degree is o(

√
n),

it was shown that the relative entropy of the microcanonical ensemble w.r.t. the
canonical ensemble divided by n (which can be interpreted as the relative entropy
per vertex) tends to s∞, with s∞ = 0 in case the constraint concerns the total
number of edges, and s∞ > 0 in case the constraint concerns the degree sequence.
For the latter case, an explicit formula was derived for s∞, which allows for a
quantitative analysis of the breaking of ensemble equivalence.

In the present part we analyse what happens in the dense regime, where the
number of edges per vertex is of order n. We consider case (I), yet allow for
constraints not only on the total number of edges but also on the total number of
wedges, triangles, etc. We show that the relative entropy divided by n2 (which,
up to a constant, can be interpreted as the relative entropy per edge) tends to s∞,
with s∞ > 0 when the constraints are frustrated. Our analysis is based on a large
deviation principle for graphons.

Equivalence and nonequivalence of ensembles The importance of equiva-
lence and nonequivalence of ensembles has been observed in the statistical physics
literature in the early 2000s; we refer the reader to the recent work [156] and the
references therein. In this paragraph we present an overview of the main ideas
behind breaking of ensemble equivalence in statistical physics, without elaborat-
ing on all the technical details. Some ideas are intentionally kept vague as we
only want to give the high-level intuition, and show the reader that the theory
of random graphs can benefit significantly from this area. In interacting particle
systems, breaking of ensemble equivalence has been proven to be related to the
non-concavity of the microcanonical entropy [156]. When looking at the thermody-
namic level, we want to determine whether there is a correspondence between the
thermodynamic properties of an N -particle system obtained in the microcanonical
and canonical ensembles via the microcanonical entropy and the canonical free
energy. A first result of [156] is that the canonical thermodynamic behavior of a
system, expressed through the canonical free energy as a function of the inverse
temperature, can always be determined from the microcanonical ensemble know-
ing the entropy. Breaking of ensemble equivalence occurs when there is a set of
values where the microcanonical entropy is not concave and the microcanonical
entropy cannot be retrieved from the canonical ensemble. In this case, we talk
about thermodynamic nonequivalence of ensembles. The physical intuition behind
this result is that in a system with a nonconcave microcanonical entropy we can
encounter thermodynamic properties, as a function of the mean energy, that can-
not be observed in the canonical ensemble, as a function of temperature. In the
following two chapters we want to investigate this interplay between breaking of
ensemble equivalence and nonconcavity of the microcanonical entropy when those
ensembles are defined as probability measures on the space of graphs. Ensemble
equivalence can thus shed light into two important questions regarding random
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graphs:

(a) Which graphs can be observed in the canonical ensemble for a specific choice
of the free parameters?

(b) What information does breaking of ensemble equivalence yield, through the
non-concavity of the microcanonical entropy, for the structure of graphs
drawn from the microcanonical ensemble?

The research presented in the following two chapters aims at answering those
two questions.

Relevant literature While breaking of ensemble equivalence is a relatively new
concept in the theory of random graphs, there are many studies on the asymptotic
structure of random graphs. In the pioneering work [42], followed by [114], the
large deviation principle for dense Erdős-Rényi random graphs was proven and the
asymptotic structure of constrained Erdős-Rényi random graphs was described as
the solution of a variational problem. In the past few years significant progress
has been made regarding sparse random graphs as well. We refer the reader to
[41, 50, 115, 167]. Two other random graph models that have been extensively
studied are the following:

• Exponential random graphs, which are related to the canonical ensemble,
were introduced in the physics literature (see [126] and references therein),
and were subsequently analysed in detail in [23, 40]. In [23] the mixing time
of the exponential random graph model subject to Glauber dynamics was
investigated, and it was shown that for some values of the parameters, ex-
ponential random graphs behave asymptotically like Erdős-Rényi random
graphs with a biased parameter. In [40] this result was generalised with the
help of the machinery developed in [42], resulting in an asymptotic expression
for the logarithm of the partition function in terms of a variational problem.
It was further shown that in the edge-triangle model a phase transition oc-
curs for specific values of the parameters, which is defined as a discontinuity
in the derivative of the logarithm of the partition function. The existence
of phase transitions for exponential random graphs was investigated further
in [135, 159]. An analysis of sparse exponential random graphs was carried
out in [164]. A stream of research that is also relevant to our work relates to
the structure of graphs drawn from the exponential random graph model, for
both fixed and limiting values of the parameters and as the size of the graph
grows large. For the edge-triangle model the extremal cases, i.e. letting the
triangle parameter grow to infinity, have been thoroughly investigated, we
refer to [42, 161, 162, 164]. In [162, 164] the authors define critical parameter
directions and they show that, when the triangle parameter diverges to −∞,
graphs drawn from the exponential random graph model are Turán graphs.
An analysis of the canonical, microcanonical and grand-canonical ensembles
for directed graphs can be found in [6, 163].

59



• Constrained exponential random graphs have received a lot of attention in the
literature. We refer the reader to [5, 91, 95, 160] for a detailed description
and analysis. A stream of research that is relevant for the present paper
concerns the asymptotic description of the structure of graphs drawn from
the microcanonical ensemble with a constraint on the edge density and the
triangle density. In [134] the authors studied the behaviour of random graphs
with edge and triangle densities close to the typical values of the Erdős-Rényi
random graph. The scaling behaviour was studied via a bound on the entropy
function. In one of the results in the present paper, we rigorously prove the
results of [134] and determine the exact structure of constrained random
graphs close to the Erdős-Rényi line. The same question was investigated
in [120] for a constraint on the edge density and the triangle density close
to the lower boundary of the admissibility region. In [92], through extensive
simulations, curves in the admissibility region were determined where phase
transitions occur in the structure of the constrained random graphs.

Structure of Part II In Chapter 4 we formally introduce the two types of
ensembles and we derive an expression for the relative entropy in the limit. We
identify regions where breaking of ensemble equivalence occurs, that is s∞ > 0.
We provide a variational representation of s∞ when the constraint is on subgraph
counts, properly normalised. Our main theorem for ensemble equivalence provides
three examples for which breaking of ensemble equivalence occurs. An important
observation is that breaking of ensemble equivalence occurs when the constraints
are frustrated. In particular, the constraints considered are on the number of edges,
triangles and/or stars. Frustration corresponds to the situation where the canoni-
cal ensemble scales like an Erdős-Rényi random graph model with an appropriate
edge density but the microcanonical ensemble does not. In Chapter 5 we study
the behavior of the relative entropy near the Erdős-Rényi line. We find that the
way in which the specfic relative entropy converges to zero depends on whether the
total number of triangles is slightly larger or slightly smaller than typical. We also
study the asymptotic structure of graphs drawn from the microcanonical ensemble,
it turns out that the structure is different when we approach the Erdős-Rényi line
from above or from below.
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Chapter 4

Ensemble equivalence for dense
graphs

In this chapter we consider a random graph on which topological restrictions are
imposed, such as constraints on the total number of edges, wedges, and triangles.
We work in the dense regime, in which the number of edges per vertex scales
proportionally to the number of vertices n. Our goal is to compare the micro-
canonical ensemble (in which the constraints are satisfied for every realisation of
the graph) with the canonical ensemble (in which the constraints are satisfied on
average), both subject to maximal entropy. We compute the relative entropy of
the two ensembles in the limit as n grows large, where two ensembles are said to
be equivalent in the dense regime if this relative entropy divided by n2 tends to
zero. Our main result, whose proof relies on large deviation theory for graphons, is
that breaking of ensemble equivalence occurs when the constraints are frustrated.
Examples are provided for three different choices of constraints.

The structure of this chapter is as follows: in Section 4.1 we define the mi-
crocanonical and canonical ensembles and we give a definition of when the two
ensembles are said to be equivalent. In Section 4.2 we give an overview of basic
results we will need from the theory of graphons. In Section 4.3 we give a short
literature review regarding large deviations for the Erdős-Rényi random graph and
we restate the large deviations principle. In Sections 4.4 and 4.5 we present our re-
sults and in Sections 4.6 and 4.7 we give the proofs of the results. In the appendix
we elaborate on some technical details.

4.1 Microcanonical ensemble, canonical ensemble,
relative entropy

For n ∈ N, let Gn denote the set of all 2(n2) simple undirected graphs with n
vertices. Any graph G ∈ Gn can be represented by a symmetric n×n matrix with
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elements

hG(i, j) :=

{
1 if there is an edge between vertex i and vertex j,
0 otherwise.

(4.1)

Let ~C denote a vector-valued function on Gn. We choose a specific vector ~C∗,
which we assume to be graphic, i.e., realisable by at least one graph in Gn. For this
~C∗ the microcanonical ensemble is the probability distribution Pmic on Gn with
hard constraint ~C∗ defined as

Pmic(G) :=

{
1/Ω~C∗ , if ~C(G) = ~C∗,
0, otherwise,

G ∈ Gn, (4.2)

where
Ω~C∗ := |{G ∈ Gn : ~C(G) = ~C∗}| (4.3)

is the number of graphs that realise ~C∗. The canonical ensemble Pcan is the unique
probability distribution on Gn that maximises the entropy

Sn(P) := −
∑
G∈Gn

P(G) log P(G) (4.4)

subject to the soft constraint 〈~C〉 = ~C∗, where

〈~C〉 :=
∑
G∈Gn

~C(G) P(G). (4.5)

This gives the formula (see [85])

Pcan(G) :=
1

Z(~θ∗)
eH(~θ∗, ~C(G)), G ∈ Gn, (4.6)

with
H(~θ∗, ~C(G)) := ~θ∗ · ~C(G), Z(~θ∗ ) :=

∑
G∈Gn

e
~θ∗· ~C(G), (4.7)

denoting the Hamiltonian and the partition function, respectively. In (4.6)–(4.7)
the parameter ~θ∗ (which is a real-valued vector the size of the constraint playing
the role of a Langrange multiplier) must be set to the unique value that realises
〈~C〉 = ~C∗. The Lagrange multiplier ~θ∗ exists and is unique. Indeed, the gradients
of the constraints in (4.5) are linearly independent vectors. Consequently, the
Hessian matrix of the entropy of the canonical ensemble in (4.6) is a positive
definite matrix, which implies uniqueness of the Lagrange multiplier.

The relative entropy of Pmic with respect to Pcan is defined as

Sn(Pmic | Pcan) :=
∑
G∈Gn

Pmic(G) log
Pmic(G)

Pcan(G)
. (4.8)
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Example 1 In this example we consider the case of a constraint on the total
number of edges. That is C∗ = λ

(
n
2

)
, for some λ ∈ (0, 1). The microcanonical

ensemble assigns positive probability only to graphs with exactly λ
(
n
2

)
edges. This

probability is equal to 1/ΩC∗ , where ΩC∗ = |{G ∈ Gn : C(G) = λ
(
n
2

)
}|, with

C(G) denoting the number of edges in G. A standard computation shows that
ΩC∗ =

(
N
λN

)
, where N :=

(
n
2

)
. The canonical ensemble assigns probability to all

graphs in Gn according to (4.6). A standard computation shows that the partition
function is equal to

Z(θ) =
∑
G∈Gn

eθ·C(G) =
∑
G∈Gn

eθ·
∑

1≤i<j≤n δij(G) =
∑
G∈Gn

∏
1≤i<j≤n

eθδij(G)

=

N∑
m=0

(
N

k

)
(eθ)m = (eθ + 1)N ,

where N =
(
n
2

)
, as before. From (4.5) we see that the specific Lagrange multiplier

θ = θ∗ has to be chosen such that

d logZ(θ)

dθ

∣∣∣
θ=θ∗

= C∗ = λ

(
n

2

)
. (4.9)

Hence θ∗ satisfies the equation

eθ
∗

eθ∗ + 1
= λ, (4.10)

which yields

θ∗ = log
λ

1− λ
.

The canonical ensemble assigns thus probability equal to λC(G)(1 − λ)N−C(G) to
a graph G ∈ Gn. This corresponds to the Erdős-Rényi probability measure with
parameter λ. As seen above, the microcanonical ensemble assigns probability
1/
(
N
λN

)
to all graphs satisfying the constraint. Hence for a single constraint on the

total number of edges the relative entropy of the two ensembles, defined above in
(4.8), equals

Sn(Pmic | Pcan) = log Pmic(G∗)− log Pcan(G∗)

= − log

(
N

λN

)
− log

(
λC(G∗)(1− λ)N−C(G∗)

)
. (4.11)

A heuristic argument using Stirling’s formula yields(
N

λN

)
≈ 1√

2πλ(1− λ)N
λ−Nλ(1− λ)−N(1−λ). (4.12)
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Moreover, by definition, we have that C(G∗) = λN . Then, from (4.11), we have
that

Sn(Pmic | Pcan) � log n.

In this example the partition function in the canonical ensemble can be explic-
itly computed. Explicit asymptotic formulas are also available when considering
the degree sequence, we refer the reader to [66, 67] for a detailed analysis. But
explicit asymptotic calculations are not always possible as we will see below. We
proceed with the definition of ensemble equivalence.

Definition 4.1.1. In the dense regime, if 1

s∞ := lim
n→∞

1

n2
Sn(Pmic|Pcan) = 0, (4.13)

then Pmic and Pcan are said to be equivalent.

Before proceeding, we recall an important observation made in [147]. For any
G1, G2 ∈ Gn, Pcan(G1) = Pcan(G2) whenever ~C(G1) = ~C(G2), i.e., the canonical
probability is the same for all graphs with the same value of the constraint. We
may therefore rewrite (4.8) as

Sn(Pmic | Pcan) = log
Pmic(G∗)

Pcan(G∗)
, (4.14)

where G∗ is any graph in Gn such that ~C(G∗) = ~C∗ (recall that we assumed
that ~C∗ is realisable by at least one graph in Gn). This fact greatly simplifies
computations.

Remark 10. All the quantities above depend on n. In order not to burden the
notation, we exhibit this n-dependence only in the symbols Gn and Sn(Pmic | Pcan).
When we pass to the limit n → ∞, we need to specify how ~C(G), ~C∗ and ~θ∗ are
chosen to depend on n. This will be done in Section 4.4.1. ♦

4.2 The space of graphons
There is a natural way to embed a simple graph on n vertices in a space of functions
called graphons. Let W be the space of functions h : [0, 1]2 → [0, 1] such that
h(x, y) = h(y, x) for all (x, y) ∈ [0, 1]2. A finite simple graph G on n vertices can
be represented as a graphon hG ∈W in a natural way as (see Figure 4.1)

hG(x, y) :=

{
1 if there is an edge between vertex dnxe and vertex dnye,
0 otherwise.

(4.15)
1In Squartini et al. [147], which was concerned with the sparse regime, the relative entropy

was divided by n (the number of vertices). In the dense regime, however, it is appropriate to
divide by n2 (the order of the number of edges).

64



1

6

2
5

3
4

x

y

1

6

2

6

3

6

4

6

5

6
1

1

6

2

6

3

6

4

6

5

6

1

hG(x, y) = 1, on

hG(x, y) = 0, else

Figure 4.1: An example of a graph G and its graphon representation hG.

The space of graphons W is endowed with the cut distance

d�(h1, h2) := sup
S,T⊂[0,1]

∣∣∣∣∫
S×T

dxdy [h1(x, y)− h2(x, y)]

∣∣∣∣ , h1, h2 ∈W. (4.16)

On W there is a natural equivalence relation ≡. Let Σ be the space of measure-
preserving bijections σ : [0, 1] → [0, 1]. Then h1(x, y) ≡ h2(x, y) if h1(x, y) =
h2(σx, σy) for some σ ∈ Σ. This equivalence relation yields the quotient space
(W̃ , δ�), where δ� is the metric defined by

δ�(h̃1, h̃2) := inf
σ1,σ2

d�(hσ1
1 , hσ2

2 ), h̃1, h̃2 ∈ W̃ . (4.17)

To avoid cumbersome notation, throughout the sequel we suppress the n-depende-
nce. Thus, by G we denote any simple graph on n vertices, by hG its image in the
graphon space W , and by h̃G its image in the quotient space W̃ . Let F and G
denote two simple graphs with vertex sets V (F ) and V (G), respectively, and let
hom(F,G) be the number of homomorphisms from F to G. The homomorphism
density is defined as

t(F,G) :=
1

|V (G)||V (F )| hom(F,G). (4.18)

Two graphs are said to be similar when they have similar homomorphism densities.

Definition 4.2.1. A sequence of labelled simple graphs (Gn)n∈N is left-convergent
when (t(F,Gn))n∈N converges for any simple graph F .

Consider a simple graph F on k vertices with edge set E(F ), and let h ∈ W .
Similarly as above, define the density

t(F, h) :=

∫
[0,1]k

dx1 · · · dxk
∏

(i,j)∈E(F )

h(xi, xj). (4.19)
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If hG is the image of a graph G in the space W , then

t(F, hG) =

∫
[0,1]k

dx1 · · · dxk
∏

(i,j)∈E(F )

hG(xi, xj) =
1

|V (G)||V (F )| hom(F,G) = t(F,G).

(4.20)
Hence a sequence of graphs (Gn)n∈N is left-convergent to h ∈W when

lim
n→∞

t(F,Gn) = t(F, h). (4.21)

We conclude this section with three basic facts that will be needed later on.
The first gives the relation between left-convergence of sequences of graphs and
convergence in the quotient space (W̃ , δ�), the second is a compactness property,
while the third shows that the homomorphism density is Lipschitz continuous with
respect to the δ�-metric.

Proposition 4.2.1 (Theorem 3.8 in [30]). For a sequence of labelled simple graphs
(Gn)n∈N the following properties are equivalent:
(i) (Gn)n∈N is left-convergent.
(ii) (h̃Gn)n∈N is a Cauchy sequence in the metric δ�.
(iii) (t(F, hGn))n∈N converges for all finite simple graphs F .
(iv) There exists an h ∈ W such that limn→∞ t(F, hGn) = t(F, h) for all finite
simple graphs F .

Proposition 4.2.2 (Lemmas 5.1 and 5.2 in [112] or Theorem 5.1 in [113]). (W̃ , δ�)
is compact.

Proposition 4.2.3 (Theorem 3.7 in [30]). Let G1, G2 be two labelled simple graphs,
and let F be a simple graph. Then

|t(F,G1)− t(F,G2)| ≤ 4|E(F )|δ�(G1, G2). (4.22)

For a more detailed description of the structure of the space (W̃ , δ�) we refer
the reader to [30, 31, 53] and the monograph [111].

4.3 Large deviation principle for the Erdős-Rényi
random graph

In this section we recall a few key facts from the literature about rare events in
Erdős-Rényi random graphs, formulated in terms of a large deviation principle.
Importantly, the scale that is used is n2, the order of the number of edges in the
graph. Before presenting the technical results we start with a short literature
overview on this topic. The first results in this stream of research concern the
tail probability of triangle counts, denoted by T2, in the Erdős-Rényi graph. The
tail probability of triangle counts in an ER-random graph, in the dense regime,
with parameter p, is defined as the probability Pn,p

(
T2 ≥ t

(
n
3

))
, with t > p3. The
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first results on this problem appeared in the early 2000s, while the first paper
where a significant breakthrough was made is [39]. The authors showed that given
p ∈ (0, 1), there exist p3 < t′ ≤ t′′ < 1, such that for all t ∈ (p3, t′) ∪ (t′′, 1),

Pn,p
(
T2 ≥ t

(
n

3

))
= e−n

2Ip(t1/3)(1+o(1)), (4.23)

where for p ∈ (0, 1) and u ∈ [0, 1], the rate function Ip(·) is defined by,

Ip(u) :=
1

2
u log

(
u

p

)
+

1

2
(1− u) log

(
1− u
1− p

)
,

I(u) :=
1

2
u log u+

1

2
(1− u) log(1− u) = I 1

2
(u)− 1

2 log 2,

(4.24)

with the convention that 0 log 0 = 0. In the subsequent work [42], using large
deviations results and the theory of graphons, the authors resolved this problem
for all values of (p, t) and obtained the rate function for the complete regime. In
what follows in this section we summarize the analysis and the results of [42]. For
h ∈W we write, with a mild abuse of notation,

Ip(h) :=

∫
[0,1]2

dxdy Ip(h(x, y)), I(h) :=

∫
[0,1]2

dx dy I(h(x, y)). (4.25)

On the quotient space (W̃ , δ�) we define Ip(h̃) = Ip(h), where h is any element of
the equivalence class h̃.

Proposition 4.3.1 (Lemma 2.1 in [42]). The function Ip is well-defined on W̃
and is lower semi-continuous under the δ�-metric.

Consider the set Gn of all graphs on n vertices and the Erdős-Rényi probability
distribution Pn,p on Gn. Through the mappings G → hG → h̃G we obtain a
probability distribution on W (with a slight abuse of notation again denoted by
Pn,p), and a probability distribution P̃n,p on W̃ . In the following theorem we
restate the large deviations result for the dense ER random graph.

Theorem 4.3.1 (Theorem 2.2 in [42]). For every p ∈ (0, 1), the sequence of
probability distributions (P̃n,p)n∈N satisfies the large deviation principle on (W̃ , δ�)
with rate function Ip defined by (4.25), i.e.,

lim sup
n→∞

1

n2
log P̃n,p(C̃) ≤ − inf

h̃∈W̃
Ip(h̃) ∀ C̃ ⊂ W̃ closed,

lim inf
n→∞

1

n2
log P̃n,p(Õ) ≥ − inf

h̃∈Õ
Ip(h̃) ∀ Õ ⊂ W̃ open.

(4.26)

Using the large deviation principle we can find asymptotic expressions for the
number of simple graphs on n vertices with a given property. In what follows a
property of a graph is defined through an operator T : W → Rm for some m ∈ N.
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We assume that the operator T is continuous with respect to the δ�-metric, and
for some ~T ∗ ∈ Rm we consider the sets

W̃ ∗ :=
{
h̃ ∈ W̃ : T (h̃) = ~T ∗

}
, (4.27)

and
W̃ ∗n :=

{
h̃ ∈ W̃ ∗ : h̃ = h̃G for some G on n vertices

}
. (4.28)

By the continuity of the operator T , the set W̃ ∗ is closed. Therefore, using Theo-
rem 4.3.1, we obtain the following asymptotics for the cardinality of W̃ ∗n .

Corollary 4.3.1 (Corollary 5.2 in [36]). For any measurable set W̃ ∗ ⊂ W̃ , with
W̃ ∗n as defined in (4.27),

− inf
h̃∈int(W̃∗)

I(h̃) ≤ lim inf
n→∞

log |W̃ ∗n |
n2

≤ lim sup
n→∞

log |W̃ ∗n |
n2

≤ − inf
h̃∈W̃∗

I(h̃), (4.29)

where int(W̃ ∗) is the interior of W̃ ∗.

The result in Theorem 4.3.1 is deep and technically challenging to prove but
not unexpected. The authors started by proving a weak-LDP on the graphon
space (W,d�), which they then extend to a full LDP on the space (W̃ , δ�). For
the weak-LDP the key ingredient is the Gärtner-Ellis theorem. An ER random
graph is formed by adding edges independently of each other with probability
p ∈ (0, 1), that is why the relative entropy Ip(·) (the constant 1

2 appearing in
(4.24) is because we devide by n2 instead of

(
n
2

)
in Theorem 4.3.1) of a random

variable with respect to the Bernoulli(p) random variable appears. From (4.25)
we see that the rate function Ip(·) on the graphon space can be written in the
following form

Ip(h) = E[Ip(h(X,Y ))], (4.30)

where (X,Y ) is a uniform random vector on [0, 1]2. The variational problems
on the right-hand sides of the equations in Theorem 4.3.1 say that we need to
minimize the expected relative entropy of a Bernoulli random variable with random
parameter h(X,Y ) with respect to the Bernoulli random variable with parameter
p. The optimizer, denoted by h∗, will represent the limit of an inhomogeneous ER
random graph, in the graphon sense, where the vertices (x, y), represented as points
in [0, 1]2 in the limit, are connected, independently of each other, with probability
h∗(x, y). Hence the characterisation of the tail probability of the triangles count
in (4.23) reduces to solving the following optimisation problem

J(p, t) := inf{Ip(h̃), h̃ ∈ W̃ : T2(h̃) ≥ t}, (4.31)

where T2(·) represents the triangle density of a graphon and was defined in (4.19),
for k = 3 and F a triangle. Of course this question is interesting only for t > p3.
A first interesting result, given in [42, Proposition 4.2], is the following alternative
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representation of the variational formula in (4.31), for t ∈ (p3, 1),

J(p, t) = inf{Ip(h̃), h̃ ∈ W̃ : T2(h̃) = t}. (4.32)

In [42, Theorem 4.3] the authors give a sufficient condition such that the optimiser
of the variational problem J(p, t) is the constant graphon h ≡ t1/3. The condition
they give is that the point (p, t) is a convexity point of the function Ip(t

1/3),
which means that Ip(t1/3) = Îp(t

1/3), with Îp(·) denoting the convex minorant
of the function Ip(·). In addition, it is interesting to note that the variational
problem in (4.31) is not solved by constant functions everywhere. We can see this
by considering the following example, [42, Section 4.5]. Consider a clique with
triangle density equal to t, which is given by the following graphon:

ct(x, y) :=

{
1 if max{x, y} ≤ t1/3
0 else. (4.33)

This graphon has edge density t2/3 and triangle density equal to t, its relative
entropy is equal to − 1

2 t
2/3 log p− 1

2 (1− t2/3) log(1− p) and moreover,

lim
p→0

Ip(ct)

log 1/p
= lim
p→0

(
t2/3

2
− (1− t2/3)

2

log(1− p)
log 1/p

)
=
t2/3

2
<
t1/3

2
:= lim

p→0

Ip(t
1/3)

log 1/p
.

(4.34)
So we see that, for p sufficiently small, Ip(ct) < Ip(t

1/3). Hence for p sufficiently
small, when we condition an ER random graph with parameter p on having triangle
density t, then it is less costly, in terms of relative entropy, to form a clique instead
of an ER random graph with parameter t1/3. In [42, Theorem 4.4] the authors
proved that, for every t ∈ (0, 1), there exists p′ > 0, such that for all p < p′, the
variational problem J(p, t) in (4.31) is not solved by the constant function t1/3.
This result follows immediately from the computation in (4.34). Furthermore,
from (4.32) we get that the optimiser of J(p, t) is not a constant graphon. In the
relevant literature, when J(p, t) is not solved by a constant function, we speak of
replica symmetry breaking. The points (p, t) for which J(p, t) = Ip(t

1/3) are said to
lie in the replica symmetric phase. A combination of the results presented above
yields a slightly more general result than the one proven in [39], which we stated
at the beginning of this section. For all p small enough, there exist t′, t′′ such that
p3 < t′ < t′′ < 1 and J(p, t) = Ip(t

1/3) if t ∈ (p3, t′) ∪ (t′′, 1). Hence for any p
small enough, as t varies, we observe a double phase transition. When considering
the limiting case of a fixed triangle density t and letting p→ 0 it has been proven,
see [42, Theorem 4.6], that the solution to the variational problem J(p, t), see
(4.31), is given by the graphon defined above in (4.33), which represents a clique.
From [42] we have that if Ip(t1/3) = Îp(t

1/3), we remind that Îp(·) denotes the
convex minorant of Ip(·), then the point (p, t) lies in the replica symmetric phase.
In [115, Theorem 1.1] an exact characterisation of the replica symmetric phase is
given. A point (p, t) lies in the replica symmetric phase if and only if the point
(t, Ip(t

1/3)) lies on the convex minorant of the function x 7→ Ip(x
1/2), instead of
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the function x 7→ Ip(x
1/3), as conjectured in [42]. The power 1/2 appears because

a triangle is a 2-regular graph. In general, when conditioning on the density of
a d-regular graph, then we need to look at the convex minorant of the mapping
x 7→ Ip(x

1/d). Hence when (p, t) does not lie in the replica symmetric phase, the
variational problem J(p, t) is not solved by the constant graphon t1/3. In this case
it is possible to construct a graphon, not equal to the constant graphon t1/3, denote
it by h∗(t), such that Ip(h∗(t)) < Ip(t

1/3), see [115, Lemma 3.4]. Determining the
exact structure of the optimal graphon still remains open.

4.4 Variational representation of the relative en-
tropy in the limit

In this section we present a number of preparatory results we will need in Sec-
tion 4.5 to state our theorem on the equivalence between Pmic and Pcan. Our
main result is Theorem 4.4.3 below, which gives us a variational characterisation
of ensemble equivalence. In Section 4.4.1 we introduce our constraints on the sub-
graph counts. In Section 5.2.2 we rephrase the canonical ensemble in terms of
graphons. In Section 5.2.3 we state and prove Theorem 4.4.3.

4.4.1 Subgraph counts

First we introduce the concept of subgraph counts, and point out how the corre-
sponding canonical distribution is defined. Label the simple graphs in any order,
e.g., F1 is an edge, F2 is a wedge, F3 is triangle, etc. Let Ck(G) denote the
number of subgraphs Fk in G. In the dense regime, Ck(G) grows like nVk , where
Vk = |V (Fk)| is the number of vertices in Fk. For m ∈ N, consider the following
scaled vector-valued function on Gn:

~C(G) :=

(
p(Fk)Ck(G)

nVk−2

)m
k=1

= n2

(
p(Fk)Ck(G)

nVk

)m
k=1

. (4.35)

The term p(Fk) counts the edge-preserving permutations of the vertices of Fk, i.e.,
p(F1) = 2 for an edge, p(F2) = 2 for a wedge, p(F3) = 6 for a triangle, etc. The
term Ck(G)/nVk represents a subgraph density in the graph G. The additional
n2 guarantees that the full vector scales like n2, the scaling of the large deviation
principle in Theorem 4.3.1. For a simple graph Fk we define the homomorphism
density as

t(Fk, G) :=
hom(Fk, G)

nVk
=
p(Fk)Ck(G)

nVk
, (4.36)

which does not distinguish between permutations of the vertices. Hence the Hamil-
tonian becomes

H(~θ, ~T (G)) = n2
m∑
k=1

θk t(Fk, G) = n2(~θ · ~T (G)), G ∈ Gn, (4.37)
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where
~T (G) := (t(Fk, G))

m
k=1 . (4.38)

The canonical ensemble with parameter ~θ thus takes the form

Pcan(G | ~θ ) := en
2
[
~θ·~T (G)−ψn(~θ )

]
, G ∈ Gn, (4.39)

where ψn replaces the partition function:

ψn(~θ) :=
1

n2
log

∑
G∈Gn

en
2(~θ · ~T (G)). (4.40)

In the sequel we take ~θ equal to a specific value ~θ∗, so as to meet the soft constraint,
i.e.,

〈~T 〉 =
∑
G∈Gn

~T (G) Pcan(G) = ~T ∗. (4.41)

The canonical probability then becomes

Pcan(G) = Pcan(G | ~θ∗). (4.42)

In Section 4.6.1 we will discuss how to find ~θ∗.

Remark 11. (i) The constraint ~T ∗ and the Lagrange multiplier ~θ∗ in general de-
pend on n, i.e., ~T ∗ = ~T ∗n and ~θ∗ = ~θ∗n (recall Remark 10). We consider constraints
that converge when we pass to the limit n→∞, i.e.,

lim
n→∞

~T ∗n = ~T ∗∞. (4.43)

Consequently, we expect that

lim
n→∞

~θ∗n = ~θ∗∞. (4.44)

Throughout the sequel we assume that (4.44) holds. If convergence fails, then we
may still consider subsequential convergence. The subtleties concerning (4.44) are
discussed in Appendix 4.8.
(ii) In what follows, we suppress the dependence on n and write ~T ∗, ~θ∗ instead of
~T ∗n ,

~θ∗n, but we keep the notation ~T ∗∞,
~θ∗∞ for the limit. In addition, throughout the

sequel we write ~θ, ~θ∞ instead of ~θ∗, ~θ∗∞ when we view these as parameters that do
not depend on n. This distinction is crucial when we take the limit n→∞. ♦

4.4.2 From graphs to graphons

In (4.20) we saw that if we map a finite simple graph G to its graphon hG, then
for each finite simple graph F the homomorphism densities t(F,G) and t(F, hG)
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are identical. If (Gn)n∈N is left-convergent, then

lim
n→∞

~T (Gn) = (t(Fk, h))
m
k=1 (4.45)

for some h ∈ W , as an immediate consequence of Theorem 4.2.1. We further see
that the expression in (4.37) can be written in terms of graphons as

H(~θ, ~T (G)) = n2
m∑
k=1

θk t(Fk, h
G). (4.46)

With this scaling the hard constraint is denoted by ~T ∗, has the interpretation of
the density of an observable quantity in G, and defines a subspace of the quotient
space W̃ , which we denote by W̃ ∗, and which consists of all graphons that meet
the hard constraint, i.e.,

W̃ ∗ := {h̃ ∈ W̃ : ~T (h) = ~T ∗}. (4.47)

The soft constraint in the canonical ensemble becomes 〈~T 〉 = ~T ∗ (recall (4.5)).

4.4.3 Variational formula for specific relative entropy

In what follows, the limit as n → ∞ of the partition function ψn(~θ) defined in
(4.40) plays an important role. This limit has a variational representation that
will be key to our analysis.

Theorem 4.4.1 (Theorem 3.1 in [40]). Let ~T : W̃ → Rmbe the operator defined
in (4.38). For any ~θ ∈ Rm (not depending on n),

lim
n→∞

ψn(~θ) = sup
h̃∈W̃

(
~θ · ~T (h̃)− I(h̃)

)
(4.48)

with I and ψn as defined in (4.25) and (4.40).

Theorem 4.4.2 (Theorem 4.1 in [40]). Let F1, . . . , Fm be subgraphs as defined in
Section 4.4.1. Suppose that θ2, . . . , θm ≥ 0. Then

lim
n→∞

ψn(~θ) = sup
0≤u≤1

(
m∑
i=1

θi u
E(Fk) − I(u)

)
, (4.49)

where E(Fk) denotes the number of edges in the subgraph Fk.

The key result in this section is the following variational formula for s∞ defined
in Definition 4.1.1. Recall that for n ∈ N we write ~θ∗ for ~θ∗n.

Theorem 4.4.3. Consider the microcanonical ensemble defined in (4.2) with con-
straint ~T = ~T ∗ defined in (4.38), and the canonical ensemble defined in (4.39)–
(4.40) with parameter ~θ = ~θ∗ such that, for every n ∈ N, (4.41), (4.43) and (4.44)
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hold. Then

s∞ = lim
n→∞

1

n2
Sn(Pmic | Pcan) = sup

h̃∈W̃

[
~θ∗∞ · ~T (h̃)− I(h̃)

]
− sup
h̃∈W̃∗

[
~θ∗∞ · ~T (h̃)− I(h̃)

]
,

(4.50)
where I is defined in (4.24) and W̃ ∗ = {h̃ ∈ W̃ : ~T (h̃) = ~T ∗∞}.

Proof. From (4.14) we have

s∞ = lim
n→∞

1

n2

[
log Pmic(G∗)− log Pcan(G∗)

]
, (4.51)

where G∗ is any graph in Gn such that ~T (G∗) = ~T ∗. For the microcanonical
ensemble we have

log Pmic(G∗) = − log Ω~T∗ = − logP 1
2 ,n

(
{G ∈ Gn : ~T (G) = ~T ∗}

)
−
(
n

2

)
log 2,

(4.52)
where

Ω~T∗ = |{G ∈ Gn : ~T (G) = ~T ∗}| > 0. (4.53)

Define the operator ~T : W → Rm, h 7→ (t(Fk, h))mk=1. This operator can be
extended to an operator (with a slight abuse of notation again denoted by ~T )
on the quotient space (W̃ , δ�) by defining ~T (h̃) = ~T (h) with h ∈ h̃. Define the
following sets

W̃ ∗ :=
{
h̃ ∈ W̃ : T (h̃) = ~T ∗∞

}
, W̃ ∗n :=

{
h̃ ∈ W̃ ∗ : h̃ = h̃G for some G ∈ Gn

}
.

(4.54)
From the continuity of the operator ~T on W̃ , we see that W̃ ∗ is a compact subspace
of W̃ , and hence is also closed. From Theorem 4.2.3 we have that ~T is a Lipschitz
continuous operator on the space (W̃ , δ�). Since W̃ is a compact space, we have
that

lim
n→∞

1

n2
logP 1

2 ,n

(
{G ∈ Gn : ~T (G) = ~T ∗}

)
= − inf

h̃∈W̃∗
I 1

2
(h̃)

= − inf
h̃∈W̃∗

I(h̃)− 1
2 log 2.

The large deviation principle applied to (4.52) yields

lim
n→∞

1

n2
log Pmic(G∗) = inf

h̃∈W̃∗
I(h̃). (4.55)

Consider the canonical ensemble and a graph G∗n on n vertices such that
~T (G∗n) = ~T ∗. By Definition 4.2.1, Proposition 4.2.1, and (4.43) we may sup-
pose that (G∗n)n∈N is left-convergent and converges to the graphon h∗. Since ~T is
continuous, we have that ~T (G∗n) converges to ~T (h∗) = ~T ∗∞. From (4.39) we have
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that
lim
n→∞

1

n2
log Pcan(G∗n) = ~θ∗∞ · ~T ∗∞ − ψ∞(~θ∗∞). (4.56)

By Theorem 4.4.1,
ψ∞(~θ∗∞) = sup

h̃∈W̃

[
~θ∗∞ · ~T (h̃)− I(h̃)

]
. (4.57)

There is an additional subtlety in proving (4.57) in our setup because ~θ∗ depends
on n. This dependence is treated in Appendix A. Combining (4.55) and (4.57), we
get

s∞ = lim
n→∞

1

n2
Sn(Pmic | Pcan) = inf

h̃∈W̃∗
I(h̃)− ~θ∗∞ · ~T ∗∞ + sup

h̃∈W̃

[
~θ∗∞ · ~T (h̃)− I(h̃)

]
.

(4.58)
By definition all elements h̃ ∈ W̃ ∗ satisfy ~T (h̃) = ~T ∗∞. Hence the expression in the
right-hand side of (4.58) can be written as

sup
h̃∈W̃

[
~θ∗∞ · ~T (h̃)− I(h̃)

]
− sup
h̃∈W̃∗

[
~θ∗∞ · ~T (h̃)− I(h̃)

]
, (4.59)

which settles the claim.

Remark 12. Theorem 4.4.3 and the compactness of W̃ ∗ give us a variational
characterisation of ensemble equivalence: s∞ = 0 if and only if at least one of the
maximisers of ~θ∗∞ · ~T (h̃) − I(h̃) in W̃ also lies in W̃ ∗ ⊂ W̃ . Equivalently, s∞ = 0

when at least one the maximisers of ~θ∗∞ · ~T (h̃)− I(h̃) satisfies the hard constraint.
♦

4.5 Analysis of the variational representation for
s∞

The variational formula for the relative entropy s∞ in Theorem 4.4.3 allows us
to identify examples where ensemble equivalence holds (s∞ = 0) or is broken
(s∞ > 0). We already know that if the constraint is on the edge density alone,
i.e., T (G) = t(F1, G) = T ∗, then s∞ = 0 (see [66]). In what follows we will look
at three models:

(I) The constraint is on the triangle density, i.e., ~T2(G) = t(F3, G) = T ∗2 with
F3 the triangle. This will be referred to as the Triangle Model.

(II) The constraint is on the edge density and triangle density, i.e., ~T (G) =
(t(F1, G), t(F3, G)) = (T ∗1 , T

∗
2 ) with F1 the edge and F3 the triangle. This

will be referred to as the Edge-Triangle Model.

(III) The constraint is on the j-star density, i.e., ~T (G) = t(T [j], G) = T [j]∗ with
T [j] the j-star graph, consisting of 1 root vertex and j ∈ N \{1} vertices
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connected to the root but not connected to each other (see Figure 4.2). This
will be referred to as the Star Model.
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Figure 4.2: A 5-star graph and its graphon representation.

For a graphon h ∈ W (recall (4.19)), the edge density and the triangle density
equal

T1(h) =

∫
[0,1]2

dx1dx2 h(x1, x2), (4.60)

and
T2(h) =

∫
[0,1]3

dx1dx2dx3 h(x1, x2)h(x2, x3)h(x3, x1), (4.61)

while the j-star density equals

T [j](h) =

∫
[0,1]

dx

∫
[0,1]j

dx1dx2 · · · dxj
j∏
i=1

h(x, xi). (4.62)

Theorem 4.5.1. For the three models defined above, we have the following state-
ments:

(I) (a) If T ∗2 ≥ 1
8 , then s∞ = 0.

(b) If T ∗2 = 0, then s∞ = 0.

(II) (a) If T ∗2 = T ∗31 , then s∞ = 0.

(b) If T ∗2 6= T ∗31 and T ∗2 ≥ 1
8 , then s∞ > 0.

(c) If T ∗2 6= T ∗31 , 0 < T ∗1 ≤ 1
2 and 0 < T ∗2 < 1

8 , then s∞ > 0.

(d) If (T ∗1 , T
∗
2 ) lies on the scallopy curve in Figure 4.3, then s∞ > 0.

(e) If 0 < T ∗1 ≤ 1
2 and T ∗2 = 0, then s∞ = 0.
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(III) For every j ∈ N \{1}, if T [j]∗ ≥ 0, then s∞ = 0.

Here, T ∗1 , T ∗2 , T [j]∗ are in fact the limits T ∗1,∞, T ∗2,∞, T [j]∗∞ in (4.43), but in
order to keep the notation light we now also suppress the index ∞.
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2
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1

Figure 4.3: The admissible edge-triangle density region is the region on and between the
blue curves (cf. [134]).

The results in Theorem 4.5.1, which states our main results on ensemble equiv-
alence and which is proven in Sections 4.6–4.7, is illustrated in Figure 4.3. The
region on and between the blue curves corresponds to the set of all realisable
graphs: if the pair (e, t) lies in this region, then there exists a graph with edge
density e and triangle density t. The red curves represent ensemble equivalence,
the blue curves and the grey region represent breaking of ensemble equivalence,
while in the white region between the red curve and the lower blue curve we do
not know what happens. Breaking of ensemble equivalence arises from frustration
between the edge and the triangle density.

Each of the cases in Theorem 4.5.1 corresponds to typical behaviour of graphs
drawn from the two ensembles:

◦ In cases (I)(a) and (II)(a), graphs drawn from both ensembles are asymptot-
ically like Erdős-Rényi random graphs with parameter p = T

∗1/3
2 .

◦ In cases (I)(b) and (II)(e), almost all graphs drawn from both ensembles are
asymptotically like bipartite graphs.
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◦ In cases (II)(b), (II)(c) and (II)(d), we do not know what graphs drawn from
the canonical ensemble look like. Graphs drawn from the microcanonical
ensemble do not look like Erdős-Rényi random graphs. The lower blue curve,
called the scallopy curve, consist of infinitely many pieces labelled by ` ∈
N \{1}. The `-th piece corresponds to T ∗1 ∈ ( `−1

` , `
`+1 ] and a T ∗2 that is a

computable but non-trivial function of T ∗1 , see [129, 133, 134]. The structure
of the graphs drawn from the microcanonical ensemble when the constraint
is as in (II)(d) was determined in [129] and [134]: the vertex set can be
partitioned into ` subsets, the first ` − 1 subsets have size bc`nc, the last
subset has size between bc`nc and 2bc`nc, where

c` := 1
`+1

[
1 +

√
1− `+1

` T ∗1

]
∈ ( 1

`+1 ,
1
` ]. (4.63)

The graph has the form of a complete `-partite graph, with some additional
edges on the last subset that create no triangles within that last subset. The
optimal graphons have the form

g∗` (x, y) :=


1, ∃ 1 ≤ k < ` : x < kc` < y or y < kc` < x,

p`, (`− 1)c` < x < 1
2 [1 + (`− 1)c`] < y or

(`− 1)c` < y < 1
2 [1 + (`− 1)c] < x,

0, otherwise,

(4.64)

where
p` =

4c`(1− `c`)
(1− (`− 1)c`)2

∈ (0, 1]. (4.65)

Figure 4.4 plots c` and p` as a function of T ∗1 for ` ∈ N. In Figure 4.5 we
give an illustration of the graphon in (5.131).

For ` ∈ N, the graphon g∗` defined above in (5.131), has triangle density equal
to

• In case (III), graphs drawn from both ensembles are asymptotically like
Erdős-Rényi random graphs with parameter p = T [j]∗1/j .

Remark 13. Similar results hold for the Edge-Wedge-Triangle Model and the
Edge-Star Model. ♦

4.6 Choice of the tuning parameter

The tuning parameter is to be chosen so as to satisfy the soft constraint (4.41),
a procedure that in equilibrium statistical physics is referred to as the averaging
principle. Depending on the choice of constraint, finding ~θ∗ may not be easy,
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neither analytically nor numerically. In Section 4.6.1 we investigate how ~θ∗ be-
haves as we vary ~T ∗ for fixed n. We focus on the Edge-Triangle Model (a slight
adjustment yields the same results for the Triangle Model). In Section 4.6.2 we
investigate how averages under the canonical ensemble, like (4.41), behave when
n→∞. Here we can treat general constraints defined in (4.38).

For the behaviour of our constrained models, the sign of the coordinates of the
tuning parameter ~θ∗ is of pivotal importance, both for a fixed n ∈ N and asymp-
totically (see [23, 40, 135], and references therein). We must therefore carefully
keep track of this sign. The key results in this direction are Lemmas 4.6.1 and 4.6.2
below.

4.6.1 Tuning parameter for fixed n

Lemma 4.6.1. Consider the Triangle Model with the constraint given by the tri-
angle density T ∗2 . For every n, θ∗ ≥ 0 if and only if T ∗2 ≥ 1

8 .

Proof. The proof is similar to that of Lemma 4.6.2 below.

Lemma 4.6.2. Consider the Edge-Triangle Model. For every n, θ∗2 ≥ 0 if
and only if T ∗2 ≥ 1

8 , irrespective of T ∗1 . Furthermore, θ∗1 ≥ 0 if and only if T ∗1 ≥ 1
2 .

Proof. Define, for θ1, θ2 ∈ R, the function

g(θ1, θ2) :=
∑
G∈Gn

exp
[
n2
(
θ1(T1(G)− 1

2 ) + θ2(T2(G)− 1
8 )
)]
. (4.66)

We first prove that g attains a unique global minimum at (θ1, θ2) = (0, 0). Consider
the canonical ensemble Pcan as defined in (4.39) and (4.42), with ~T as defined
above, and the probability distribution Phom on Gn that assigns probability 2−(n2)

to every graph G ∈ Gn. Since Phom is absolutely continuous with respect to Pcan,
the relative entropy Sn(Phom|Pcan) is well defined:

Sn(Phom | Pcan) =
∑
G∈Gn

Phom(G) log
Phom(G)

Pcan(G)
≥ 0. (4.67)

Using the form of the canonical ensemble we get, after some straightforward cal-
culations, that, for all θ1, θ2 ∈ R,∑

G∈Gn

exp
[
n2
(
θ1T1(G) + θ2T2(G)

)]
≥ 2(n2) exp

[
n2
(
θ1

1
2 + θ2

1
8

)]
, (4.68)

where the term in the right-hand side comes from the relation∑
G∈Gn

1

2(n2)
(θ1T1(G) + θ2T2(G)) = θ1

1
2 + θ2

1
8 . (4.69)
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Observe that the left-hand side represents the average edge and triangle density,
multiplied with θ1, θ2, in an Erdős-Rényi random graph with parameters (n, 1

2 ).
From (4.68) we find that g(θ1, θ2) ≥ 2(n2) = g(0, 0) for all θ1, θ2 ∈ R, and so
g attains a global minimum at (0, 0). In what follows we show that this global
minimum is unique. A straightforward computation shows that ∂θ1g(θ1, θ2) =
∂θ2g(θ1, θ2) = 0 if and only if 〈T1〉 = 1

2 and 〈T2〉 = 1
8 . Furthermore, the Hessian

matrix is a covariance matrix and hence is positive semi-definite. For ~θ = (θ1, θ2) =
(0, 0) we know that 〈T1〉 = 1

2 and 〈T2〉 = 1
8 . Hence, by uniqueness of the multiplier

~θ∗ for the constraint T ∗1 = 1
2 , T

∗
2 = 1

8 , we obtain that g has a unique global
minimum at (0, 0). Moreover, this shows that g has no other stationary points.
Consider the parameter (θ1, θ2) = (θ∗1 , θ

∗
2). We have

∂θ2g(θ∗1 , θ
∗
2) =

(
〈T2〉 − 1

8

)
exp[−n2(θ∗1

1
2 + θ∗2

1
8 )]
∑
G∈Gn

exp
[
n2 (θ∗1T1(G) + θ∗2T2(G))

]
=
(
T ∗2 − 1

8

)
exp[−n2(θ∗1

1
2 + θ∗2

1
8 )]

∑
G∈Gn

exp
[
n2 (θ∗1T1(G) + θ∗2T2(G))

]
.

(4.70)
If T ∗2 ≥ 1

8 , then ∂θ2g(θ∗1 , θ
∗
2) ≥ 0. Because g has a unique stationary point at (0, 0),

which is a global minimum, we get θ∗2 ≥ 0. Similarly, we can show that if T ∗2 < 1
8 ,

then θ∗2 < 0. Suppose that T ∗1 ≥ 1
2 . For the parameter (θ1, θ2) = (θ∗1 , θ

∗
2) we have

∂θ1g(θ∗1 , θ
∗
2)=

(
〈T1〉 − 1

2

)
exp[−n2(θ∗1

1
2 + θ∗2

1
8 )]
∑
G∈Gn

exp
[
n2 (θ∗1T1(G) + θ∗2T2(G))

]
=
(
T ∗1 − 1

2

)
exp[−n2(θ∗1

1
2 + θ∗2

1
8 )]

∑
G∈Gn

exp
[
n2 (θ∗1T1(G) + θ∗2T2(G))

]
.

(4.71)
Arguing in a similar way as before, we conclude that θ∗1 ≥ 0 if and only if T ∗1 ≥
1
2 .

Consider the Edge-Triangle Model and suppose that the constraint (T ∗1 , T
∗
2 ) is

such that T ∗2 = T ∗31 . Then θ∗2 = 0 and θ∗1 matches the constraint on the edge
density only. The following lemma shows that in this case the canonical ensemble
behaves like the Erdős-Rényi model with parameter T ∗1 , a fact that will be needed
later to prove equivalence.

Lemma 4.6.3. Consider the Edge-Triangle Model with the constraint given by
the edge-triangle densities ~T ∗ = (T ∗1 , T

∗
2 ) with T ∗2 = T ∗31 . Consider the canonical

ensemble as defined in (4.42). Then, for every n ∈ N,

θ∗1 =
1

2
log

T ∗1
1− T ∗1

, θ∗2 = 0. (4.72)

Proof. From the definition of the canonical ensemble we have that, for G ∈ Gn,

Pcan(G) = Pcan(G | ~θ∗) = en
2[θ∗1T1(G)+θ∗2T2(G)−ψn(~θ∗)], (4.73)
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where ψn(~θ∗) is the partition function defined in (4.40). For the specific value
~θ = ~θ∗ we have that (recall (4.41))

〈T1〉 = T ∗1 , 〈T2〉 = T ∗2 = T ∗31 . (4.74)

We claim that the correct parameter is ~θ∗ = ( 1
2 log

T∗1
1−T∗1

, 0). The average fraction
of edges is T ∗1 (see Park and Newman [127]). The average number of triangles is

〈T2〉 =

∑
G∈Gn T2(G) exp

[
n2
(

1
2 log

T∗1
1−T∗1

T1(G)
)]

∑
G∈Gn exp

[
n2
(

1
2 log

T∗1
1−T∗1

T1(G)
)]

=

∑
G∈Gn T2(G)(T ∗1 )E(G)(1− T ∗1 )(

n
2)−E(G)∑

G∈Gn(T ∗1 )E(G)(1− T ∗1 )(
n
2)−E(G)

= T ∗31 ,

where the last equation comes from the fact we are calculating the average number
of triangles in an Erdős-Rényi model with probability T ∗1 . Since the multiplier ~θ∗
is unique, the proof is complete.

4.6.2 Tuning parameter for n→∞
In Lemma 4.6.4 below we show how averages under the canonical ensemble behave
asymptotically when ~θ does not depend on n. In Lemma 4.8.2 we will look at what
happens when ~θ is a one-dimensional multiplier and depends on n.

Lemma 4.6.4. Suppose that the operator ~T : W → Rm is bounded and continuous
with respect to the δ�-norm as defined in (4.17). For ~θ ∈ Rm independent of n,
consider the variational problem

sup
h̃∈W̃

[
~θ · ~T (h̃)− I(h̃)

]
, (4.75)

where I is defined in (4.24). Suppose that the supremum is attained at a unique
point, denoted by h̃∗(~θ). Then

lim
n→∞

∑
G∈Gn

Tk(G) Pcan(G | ~θ ) = Tk
(
h̃∗(~θ)

)
, k = 1, . . . ,m. (4.76)

Proof. The average of Tk under the canonical probability distribution is equal to∑
G∈Gn

Tk(G)Pcan(G | ~θ) =
∑
G∈Gn

Tk(G) en
2[~θ·~T (G)−ψn(~θ)] =: Jn. (4.77)

Pick δ > 0 and consider the δ-ball Bδ(h̃∗) around the maximiser h̃∗ in the quotient
space (W̃ , δ�), i.e.,

Bδ(h̃
∗) :=

{
h̃ ∈ W̃ : δ�(h̃, h̃∗) < δ

}
. (4.78)
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We denote by Gδ a graph on n vertices whose graphon is a representative ele-
ment of the class h̃G. With a slight abuse of notation, we denote by Gδ both
the graph and the corresponding graphon, and by h̃G the corresponding equiva-
lence class in the quotient space (W̃ , δ�). Since (W̃ , δ�) is compact space (recall
Proposition 4.2.2), and the graphons associated with finite graphs form a countable
family that is dense in (W̃ , δ�) (see [53, 112]), there exists a sequence (h̃Gn)n∈N
such that limn→∞ δ�(h̃Gn , h̃∗) = 0. For n large enough the neighbourhood Bδ(h̃∗)
contains elements of the sequence (h̃Gn)n∈N and, due to the Lipschitz property
(recall Proposition 4.2.3), δ�(h̃Gn , h̃∗) < δ implies |Tk(h̃Gn) − Tk(h̃∗)| < Ckδ for
some constant Ck > 0 and k = 1, . . . ,m.

Upper bound for Jn. We decompose the sum over G ∈ Gn into two parts: the
first over G whose graphon lies in Bδ(h̃∗), the second over G whose graphon lies
in Bδ(h̃∗)c =: W̃ δ,#. We further denote by

Gδn :=
{
G ∈ Gn : |Tk(h̃G)− Tk(h̃∗)| < δ, k = 1, . . . ,m

}
, (4.79)

the set of all graphs whose subgraph densities Tk(G) are δ-close to Tk(h̃∗). A graph
from this set is denoted by Gδ. We define the set

Gδ,#n :=
{
G ∈ Gn : h̃G ∈ W̃ δ,#

}
(4.80)

and, for k = 1, . . . ,m, obtain the following upper bound:

Jn =
∑
G∈Gδn

Tk(G) en
2[~θ·~T (G)−ψn(~θ)] +

∑
G∈Gδ,#n

Tk(G) en
2[~θ·~T (G)−ψn(~θ)]

≤
(Tk(Gδ) + δ)

∑
G∈Gδn

en
2~θ·~T (G)

∑
G∈Gδn

en2~θ·~T (G)
+

∑
G∈Gδ,#n

Tk(G) en
2[~θ·~T (G)−ψn(~θ)]

= (Tk(Gδ) + δ) +

∑
G∈Gδ,#n

Tk(G) en
2~θ·~T (G)

∑
G∈Gn

en2~θ·~T (G)
. (4.81)

Next, we further bound the second term in (4.81). By definition, for every n ∈ N
the range of the operator ~T is a finite set

Rn :=
{
~g ∈ [0,∞)m : ~T (G) = ~g, G ∈ Gn

}
. (4.82)

For the set Rn we observe that |Rn| = o(nm
2

). In addition, introduce the sets

G~gn := {G ∈ Gn : ~T (G) = ~g},

Rδ,#n := {~g ∈ [0,∞)m : ~T (G) = ~g,G ∈ Gδ,#n } ⊂ Rn.
(4.83)
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The operator ~T is bounded, and so there exists an M > 0 such that ‖~T (G)‖ ≤M
for all G ∈ Gn. Hence, the second term in (4.81) can be bounded from above by∑

G∈Gδ,#n Tk(G) en
2~θ·~T (G)∑

G∈Gn en2~θ·~T (G)
≤
|Rδ,#n |M exp

[
n2 sup~g∈Rδ,#n (~θ · ~g + 1

n2 log |G~gn|)
]

exp
[
n2 sup~g∈Rn(~θ · ~g + 1

n2 log |G~gn|)
] .

(4.84)
By the large deviation principle in Theorem 4.3.1, we have

1

n2
log |G~gn| = inf

h̃∈W̃~g
I(h) + o(1), (4.85)

where W̃ g = {h̃ ∈ W̃ : ~T (h̃) = ~g}. As a consequence, (4.84) is majorised by

M |R∗n| eo(n
2) exp

[
n2

(
sup

~g∈Rδ,#n

[
~θ · ~g − inf

h̃∈W̃~g
I(h̃)

]
− sup
~g∈Rn

[
~θ · ~g − inf

h̃∈W̃~g
I(h̃)

])]

= M |R∗n| eo(n
2) exp

n2

 sup
~g∈Rδ,#n
h̃∈W̃~g

[
~θ · ~T (h̃)−I(h̃)

]
− sup
~g∈Rn
h̃∈W̃~g

[
~θ · ~T (h̃)−I(h̃)

]


= M |R∗n| eo(n
2) exp

[
n2

(
sup

h̃∈W̃ δ,#

[
~θ · ~T (h̃)− I(h̃)

]
− sup
h̃∈W̃

[
~θ · ~T (h̃)− I(h̃)

])]
.

(4.86)
The last equation can be justified as follows. Define the sets

W̃n =
{
h̃ ∈ W̃ : h̃ = h̃G for some graph G ∈ Gn

}
, W̃ δ,#

n = W̃ δ,# ∩ W̃n.
(4.87)

Since the graphons associated with finite graphs form a countable set that is dense
in (W̃ , δ�), we have that

W̃ = cl

(⋃
n∈N

W̃n

)
, W̃ δ,# = cl

(⋃
n∈N

W̃ δ,#
n

)
, (4.88)

where cl denotes closure. Using (4.88), and recalling that ~T is continuous and I is
lower-semicontinuous, we get

lim
n→∞

sup
~g∈Rδ,#n

sup
h̃∈W̃~g

[
~θ · ~T (h̃)− I(h)

]
= sup
h̃∈W̃ δ,#

[
~θ · ~T (h̃)− I(h̃)

]
, (4.89)

and a similar result can be established for the second supremum in the exponent
in (4.86). The exponent in (4.86) is negative for all δ > 0 and is independent of
n. Moreover, by the left-continuity of the graph sequence (Gδn)n∈N, we have that
limn→∞ Tk(Gδn) = Tk(h̃∗) for every k = 1, . . . ,m and every δ > 0. Combined with
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the inequality in (4.81), we obtain, for k = 1, . . . ,m,

lim
n→∞

∑
G∈Gn

Tk(G) en
2[~θ·~T (G)−ψn(~θ)] ≤ Tk(h̃∗). (4.90)

Lower bound for Jn. We distinguish two cases: Tk(h̃∗) = 0 and Tk(h̃∗) > 0.
For the first case we trivially get the lower bound

lim
n→∞

∑
G∈Gn

Tk(G) en
2~θ·~T (G) ≥ 0 = Tk(h̃∗). (4.91)

For the second case we show the equivalent upper bound for the inverse, i.e.,

lim
n→∞

∑
G∈Gn en

2~θ·~T (G)∑
G∈Gn Tk(G) en2~θ·~T (G)

≤ 1

Tk(h̃∗)
. (4.92)

Using the fact that Tk(h̃∗) 6= 0 is bounded, and using a similar reasoning as for
the upper bound on Jn, the latter is easily verified.

Remark 14. The convergence in (4.76) is not necessarily uniform in ϑ. Our results
in Theorem 4.5.1 (II)(b)-(II)(d) indicate that breaking of ensemble equivalence
manifests itself through non uniform convergence in (4.76). In Lemma 4.8.2 we
show that uniform convergence holds when the constraint is on the triangle density
only, which explains our result in Theorem 4.5.1 (I). ♦

Remark 15. The analogue of Lemma 4.6.4 when the supremum in (4.75) has
multiple maximisers in W̃ is considerably more involved. ♦

As observed in Remark 10, in general the tuning parameter ~θ∗ depends on n.
We discuss this dependence in Appendix 4.8.

4.7 Proof of Theorem 4.5.1

We proceed by computing the relative entropy s∞. In Sections 4.7.1, 4.7.3, 4.7.4,
4.7.5, 4.7.6 and 4.7.8 we treat the limiting regime where all constraints and pa-
rameters are the limiting parameters as in (4.43) and (4.44). In Sections 4.7.2 and
4.7.7 we write T ∗∞,1, T ∗∞,2, θ∗∞,1 for the limiting regime.

4.7.1 Proof of (I)(a) (Triangle model T ∗
2 ≥ 1

8
)

Proof. Theorem 4.4.3 says that

s∞ = sup
h̃∈W̃

[
θ∗T2(h̃)− I(h̃)

]
− sup
h̃∈W̃∗

[
θ∗T2(h̃)− I(h̃)

]
. (4.93)
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Consider the first term in the right-hand side (4.93). From Lemma 4.6.1 we know
that θ∗ ≥ 0 if and only if T ∗2 ≥ 1

8 . From Theorem 4.4.2 it follows that if θ∗ ≥ 0,
then

sup
h̃∈W̃

[
θ∗T2(h̃)− I(h̃)

]
= sup
u∈[0,1]

[
θ∗u3 − I(u)

]
= sup
u∈[0,1]

`3(u; θ∗). (4.94)

From Radin and Yin [135, Proposition 3.2] we know that `3(u, θ∗) attains a unique
global maximum. Let u∗(θ∗) = arg supu∈[0,1] `3(u; θ∗) be the unique global max-
imiser. Using Lemma 4.8.2, we obtain that u∗(θ∗) = T ∗2

1/3, which leads to

sup
u∈[0,1]

`3(u; θ∗) = θ∗u∗(θ∗)3 − I
(
u∗(θ∗)

)
= θ∗T ∗2 − I

(
T
∗1/3
2

)
. (4.95)

As to the second term in the right-hand side of (4.93), we use [42, Proposition
4.2], which states that, for T ∗2 ∈ ( 1

8 , 1],

inf
h̃∈W̃

I(h̃) := inf
{
I(h̃) : h̃ ∈ W̃ , T2(h̃) = T ∗2

}
= inf

{
I(h̃) : h̃ ∈ W̃ , T2(h̃) ≥ T ∗2

}
.

(4.96)
Moreover, I is convex at the point x = T

∗1/3
2 , and hence from [42, Theorem 4.3]

we have that inf h̃∈W̃∗ I(h̃) = I(T
∗1/3
2 ). Combining this with (4.95), we conclude

that s∞ = 0.

4.7.2 Proof of (I)(b) (T ∗
2 = 0)

Consider the Triangle Model with the constraint given by the triangle density
T ∗ = 0. It was proven by Erdős et al. [56] that almost all triangle-free graph have
a bipartite structure. For the case of dense graphs, the condition T ∗ = 0 means
that the number of triangles in the graph is of order o(n2). In the proof we will
see that the two ensembles are equivalent and that graphs drawn from the two
ensembles have a bipartite structure.

Proof. From the construction of the canonical ensemble Pcan in Section 4.4.1, we
observe that Pcan(G) = 0 when T (G) > 0. This is a direct consequence of (4.5).
We write

G0
n := {G ∈ Gn : T (G) = 0} (4.97)

for the collection of all graphs with triangle density equal to zero. From (4.6)
we obtain that Pcan(G) = 0 if G /∈ G0

n and Pcan(G) = |G0
n|−1 if G ∈ G0

n. Hence
Pcan(G) = Pmic(G) when the constraint is given by T ∗ = 0, which yields

Sn(Pmic | Pcan) = 0 ∀n ∈ N (4.98)

and hence s∞ = 0.
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4.7.3 Proof of (II)(a) (Edge-Triangle model T ∗
2 = T ∗3

1 )

For the case T ∗1 = T
∗ 1

3
2 we have shown in Lemma 4.6.3 that the canonical ensemble

essentially behaves like an Erdős-Rényi model with parameter p = T ∗1 . Further-
more, the microcanonical ensemble also has an explicit expression, which is found
by using the following lemma.

Lemma 4.7.1. If T ∗1 = T
∗ 1

3
2 , then

inf
h̃∈W̃∗

I(h̃) = I
(
T
∗ 1

3
2

)
= I
(
T ∗1
)
. (4.99)

Proof. Consider an element h̃ ∈ W̃ ∗ with W̃ ∗ := {h̃ ∈ W̃ : T1(h̃) = T ∗1 =

T
∗ 1

3
2 , T2(h̃) = T ∗2 }. Using the convexity of I on W̃ and Jensen’s inequality, we

get

I(h̃) =

∫
[0,1]2

dx dy I(h(x, y)) ≥ I

(∫
[0,1]2

dx dy h(x, y)

)
= I
(
T1(h̃)

)
= I(T ∗1 ) = I

(
T
∗ 1

3
2

)
.

Hence I(h̃) ≥ I(T
∗ 1

3
2 ) for every h̃ ∈ W̃ ∗, which proves the claim.

Proof of (II)(a). Consider the relative entropy s∞ as defined in (4.13) and (4.14).
Using Lemma 4.6.3, we obtain the expression

s∞ = −1

2
T ∗1 log(T ∗1 )− 1

2
(1− T ∗1 ) log(1− T ∗1 ) + inf

h̃∈W̃∗
I(h̃). (4.100)

From Lemma 4.7.1 we have that inf
h̃∈W̃∗

I(h̃) = I(T ∗1 ), which yields s∞ = 0.

4.7.4 Proof of (II)(b) (T ∗
2 6= T ∗3

1 and T ∗
2 ≥ 1

8
)

Proof. From Lemma 4.6.2 we know that if T ∗1 ≥ 1
2 and T ∗2 ≥ 1

8 , then θ
∗
1 ≥ 0 and

θ∗2 ≥ 0 while if T ∗1 < 1
2 and T ∗2 ≥ 1

8 , then θ
∗
1 < 0 and θ∗2 ≥ 0. An argument similar

as above yields

sup
h̃∈W̃

[
θ∗1T1(h̃) + θ∗2T2(h̃)− I(h̃)

]
= sup
u∈[0,1]

`3(u; ~θ∗), (4.101)

where for θ∗1 ≥ 0 and θ∗2 ≥ 0 the last supremum has a unique solution (see [135,
Proposition 3.2]), while for θ∗1 < 0 and θ∗2 ≥ 0 it either has a unique solution or
two solutions. We treat these two cases separately.

Unique solution. Because of the uniqueness of the solution, not all realisable
hard constraints can be met in the limit (see Lemma 4.6.4). We observe that, if
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T ∗2 ≥ 1
8 and T ∗2 6= T ∗31 , in the limit as n → ∞ the canonical ensemble becomes

Erdős-Rényi with parameter p. This regime is known as the high-temperature
regime (see [23, 40]). In what follows we determine the parameter p of the canonical
ensemble in the limit. From [23, Theorem 7] we have that p = u∗(~θ∗)

1
3 with u∗(~θ∗)

1
3

the unique maximiser of (4.101). The expression in (4.101) thus takes the form

sup
h̃∈W̃

[
θ∗1T1(h̃) + θ∗2T2(h̃)− I(h̃)

]
= sup
u∈[0,1]

`3(u; ~θ∗) = θ∗1u
∗(~θ∗)

1
3 + θ∗2u

∗(~θ∗)− I
(
u∗(~θ∗)

1
3

)
.

(4.102)

Consider the second term in the right-hand side of (4.50). From the definition of
W̃ ∗ it is straightforward to see that

sup
h̃∈W̃∗

[
θ∗1T1(h̃) + θ∗2T2(h̃)− I(h̃)

]
= θ∗1T

∗
1 + θ∗2T

∗
2 − inf

h̃∈W̃∗
I(h̃), (4.103)

where W̃ ∗ = {h̃ ∈ W̃ : T1(h̃) = T ∗1 , T2(h̃) = T ∗2 }. We observe that, due to
T ∗2 6= T ∗31 , the constant function h ≡ u∗(~θ∗) 1

3 does not lie in W̃ ∗. This shows that
s∞ > 0.

Two solutions. The regime in which the right-hand side of (4.101) has two
solutions is known as the low-temperature regime. In this case the hard constraints
(T ∗1 , T

∗
2 ), with T ∗1 ∈ [ 1

4 ,
1
2 ), T ∗2 ≥ 1

8 , lie on a curve on the (T1, T2)-plane in such
a way such that the tuning parameters (θ∗1 , θ

∗
2) lie on the phase transition curve

found in [40, 135]. Denote the two solutions of (4.101) by u∗1, u∗2. Because of the
constraint we are considering, we have that neither of them lies in W̃ ∗. From the
compactness of the latter space we see that s∞ > 0.

4.7.5 Proof of (II)(c) (T ∗
2 6= T ∗3

1 , 0 < T ∗
1 ≤ 1

2
and 0 < T ∗3

2 < 1
8
)

For the case 0 < T ∗1 ≤ 1
2 , T

∗
2 < 1

8 we know from Lemma 4.6.2 that θ∗1 ≤ 0 and
θ∗2 < 0 for every n. Hence, because of (4.44), we have that θ∗1 ≤ 0 and θ∗2 < 0.
This regime is significantly harder to analyse than the previous regimes. Consider
the relative entropy s∞ and the variational representation given in (4.50). We
consider two cases: T ∗2 > T ∗31 and T ∗2 ≤ T ∗31 .

Case T ∗2 > T ∗31 . In this case we have the straightforward inequality

s∞ ≥ θ∗2
(
T ∗31 − T ∗2

)
− I(T ∗1 ) + inf

h̃∈W̃∗
I(h̃). (4.104)

Since T ∗31 < T ∗2 , we have θ∗2
(
T ∗31 − T ∗2

)
> 0. We show that

inf
h̃∈W̃∗

I(h̃) = inf{I(h̃) : h̃ ∈ W̃ , T1(h̃) = T ∗1 , T2(h̃) = T ∗2 } > I(T ∗1 ). (4.105)
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Using the convexity of I on W̃ and Jensen’s inequality, we obtain that I(h̃) ≥ I(T ∗1 )
for all h̃ ∈ W̃ ∗. Hence

inf
h̃∈W̃∗

I(h̃) > inf{I(h̃) : h̃ ∈ W̃ , T1(h̃) = T ∗1 } = I(T ∗1 ), (4.106)

which settles (4.105). Hence s∞ > 0.

Case T ∗2 ≤ T ∗31 . We argue similarly as above. We have the straightforward
inequality

s∞ ≥ θ∗1
(
T
∗ 1

3
2 − T ∗1

)
− I(T

∗ 1
3

2 ) + inf
h̃∈W̃

I(h̃). (4.107)

We have seen above that inf h̃∈W̃ I(h̃) > I(T ∗1 ). We further now that I is decreasing
on [0, 1

2 ], and so I(T ∗1 ) ≥ I(T
∗1/3
2 ). Hence s∞ > 0.

4.7.6 Proof of (II)(d) ((T ∗
1 , T

∗
2 ) on the scallopy curve)

We show that if (T ∗1 , T
∗
2 ) lies on the lower blue curve in Figure 4.3 (referred to

as the scallopy curve), then s∞ > 0. The case where T ∗2 ≥ 1
8 can be dealt with

directly via Theorem (II)(b). The proof below deals with the case T ∗2 < 1
8 .

Proof. We give the proof for ` = 2, the extension to ` > 2 being similar.
Suppose that T ∗1 = 1

2 + ε with ε ∈ (0, 1
6 ), and that T ∗2 is chosen as small as

possible. It is known that graphs with a relatively high edge density and with
a triangle density that is as small as possible have a d-partite structure with
edges added in a suitable way so that the desired triangle density is obtained (see
Radin and Sadun [134] and Pikhurko and Raborov [129]). Consider a graph on
n vertices, denoted by G, with edge density T1 ∈ ( 1

2 ,
2
3 ) and triangle density as

small as possible. The structure of such graphs has been described above before
Section 4.6. The graphon counterpart of such graphs is the optimiser of the second
supremum in the right-hand side of the variational formula for s∞. Using Radin
and Sadun [134, Theorem 4.2], we obtain

sup
h̃∈W̃∗

[
θ∗1T1(h̃) + θ∗2T2(h̃)− I(h̃)

]
= θ∗1T

∗
1 + θ∗2T

∗
2 −

(1− c(ε))2

2
I(p(ε)), (4.108)

where

c(ε) =
2 +
√

1− 6ε

6
, p(ε) =

4c(ε)(1− 2c(ε))

(1− c(ε))2
. (4.109)

In order to lighten the notation, we drop the dependence of c and p on ε. Further-
more, the optimising graphon has the form

h∗ε (x, y) =

 1 if x < c < y or y < c < x,
p if c < x < 1+c

2 < y or c < y < 1+c
2 < x,

0 otherwise,
(x, y) ∈ [0, 1]2,

(4.110)
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which has triangle density

T2(h∗ε ) =
(2 +

√
1− 6ε)2

36

1−
√

1− 6ε

3
= T (ε). (4.111)

Let F̃ε be the set of all maximisers of θ∗1 T1(h̃) + θ∗2 T2(h̃)− I(h̃) on W̃ . We show
that h∗ε /∈ F̃ε, which yields s∞ > 0. From Chatterjee and Diaconis [40, Theorem
6.1] we know that if h̃ ∈ W̃ maximises θ∗1 T1(h̃)+θ∗2 T2(h̃)−I(h̃) on W̃ , then it must
satisfy the Euler-Lagrange equations and it must be bounded away from 0 and 1.
Hence we see that h̃∗ε cannot be a stationary point of θ∗1 T1(h̃) + θ∗2 T2(h̃)− I(h̃) on
W̃ , and hence cannot be a maximiser.

4.7.7 Proof of (II)(e) (0 < T ∗
1 ≤ 1

2
and T ∗

2 = 0)
Proof. Consider the Edge-Triangle Model with constraint given by the edge and
triangle densities T ∗1 ∈ (0, 1

2 ] and T ∗2 = 0. Working as in Section 4.7.2, we find
that the canonical ensemble assigns positive probability only to graphs satisfying
the constraint T ∗2 = 0. Defining G0

n as in (4.97) we obtain

Pcan(G | ~θ) =

{
en

2[θ1T1(G)−ψn(~θ)] if G ∈ G0
n,

0 else,
(4.112)

where ψn(~θ) =
∑
G∈G0

n
en

2θ1T1(G) is the partition function. From (4.112) we ob-
serve that the canonical probability distribution depends only on the edge param-
eter θ1. The parameter θ1 is chosen equal to θ∗1 that matches the soft constraint,
i.e., ∑

G∈G0
n

T1(G) Pcan(G | ~θ∗) = T ∗1 . (4.113)

Arguing as in the proof of Chatterjee and Diaconis [40, Theorem 3.1] we find that
the relative entropy equals

s∞ = sup
h̃∈W̃ 0

[
θ∗∞,1T1(h̃)− I(h̃)

]
− sup
h̃∈W̃∗

[
θ∗∞,1T1(h̃)− I(h̃)

]
, (4.114)

where

W̃ 0 := {h̃ ∈ W̃ : T2(h̃) = 0}, W̃ ∗ := {h̃ ∈ W̃ : T1(h̃) = T ∗∞,1 , T2(h̃) = 0}.
(4.115)

Using Chatterjee and Diaconis [40, Theorem 7.1 and Theorem 8.2], we obtain that
s∞ = 0.

4.7.8 Proof of (III) (Star model T [j]∗ ≥ 0)
Proof. From Chatterjee and Diaconis [40, Theorem 6.4] we have that, for all θ∗∞ ∈
R,

sup
h̃∈W̃

[
θ∗W (h̃)− I(h̃)

]
= sup
u∈[0,1]

[
θ∗u2 − I(u)

]
, (4.116)
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which by Radin and Yin [135, Proposition 3.1] has a unique solution, which we
denote by u∗(θ∗). Using Theorem 4.4.3 we get that

s∞ = θ∗u∗(θ∗)2 − I(u∗(θ∗))− θ∗T ∗ + inf
h̃∈W̃∗

I(h̃), (4.117)

where, by Lemma 4.8.2, we have that u∗(θ∗) = T ∗
1
2 . This yields

s∞ = −I
(
T ∗

1
2

)
+ inf
h̃∈W̃∗

I(h̃). (4.118)

We show that inf h̃∈W̃∗ I(h̃) = I(T ∗
1
2 ). This is done by slightly modifying the proof

of Chatterjee and Diaconis [40, Theorem 6.4]. Indeed, observe that

T [j](h) =

∫
[0,1]

dxM(x)j , M(x) =

∫
[0,1]

dy h(x, y). (4.119)

Since I is convex we have∫
[0,1]2

dxdy I(h(x, y)) ≥
∫

[0,1]

dx I(M(x)), h ∈W, (4.120)

with equality if and only if h(x, y) is the same for almost all y. Since h is a
symmetric function, we get that equality holds if and only if h is constant. For
the constant function h ≡ (Tj)

1/j ∈ W ∗ := {h ∈ W : Tj(h) = Tj}, (4.120) is an
equality. Hence, for any minimiser of I on W̃ ∗ the inequality must be an equality,
and thus any minimiser must be constant. This shows that s∞ = 0.

4.8 Appendix

In this appendix we elaborate on the assumption made in (4.44), i.e., the multiplier
~θ∗n converges to a limit ~θ∗∞ as n → ∞. In order to get a meaningful limit, we
consider constraints ~T ∗n such that

lim
n→∞

~T ∗n = ~T ∗∞. (4.121)

It is straightforward to deduce from Corollary 4.3.1 and (4.37)–(4.41) that if {~T ∗n}
is bounded away from 0 and 1 component-wise, then (~θ∗n)n∈N is bounded away from
−∞ and +∞ component-wise. Such a sequence contains a converging subsequence,
say, (~θ∗nk)k∈N, which in general need not be unique. Thus, as long as the constraint
is component-wise bounded away from 0 and 1, the asymptotic expressions derived
in this chapter exist, but their values may depend on the subsequence we choose.
The value of s∞ depends on the chosen subsequence, but whether it is positive or
zero (i.e., whether there is equivalence) does not. We first extend Theorem 4.4.3
for the case when the tuning parameter ~θ∗ depends on n.
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Lemma 4.8.1. Consider the microcanonical ensemble defined in (4.2) with con-
straint ~T = ~T ∗n defined as in (4.38), and the canonical ensemble defined in (4.39)–
(4.40) with parameter ~θ = ~θ∗n such that (4.41) holds. If the conditions in Remark 11
hold, then (4.50) holds too.

Proof. The proof of Theorem 4.4.3 carries over to the setting in which the param-
eter ~θ∗ depends on n, i.e., ~θ∗ = ~θ∗n. The only non-trivial step is to show that

lim
n→∞

ψn(~θ∗n) = ψ∞(~θ∗∞). (4.122)

In the proof of Theorem 4.4.3 we have shown the pointwise convergence

lim
n→∞

ψn(~θ) = ψ∞(~θ), (4.123)

for every ~θ ∈ Rm, independently of n. A straightforward computation shows that
∇ψn(~θ) = (〈T1〉, . . . , 〈Tm〉), recall (4.41) . Observe that for the specific choice of
the parameter ~θ = ~θ∗n = ~θ∗, we have that ∇ψn(~θ∗n) = (T ∗1 , . . . , T

∗
m), which yields

‖∇ψn(~θ)‖ ≤ m for all n ∈ N and ~θ ∈ Rm. We prove (4.122) under the assumptions
made in Remark 11,

|ψn(~θ∗n)− ψ∞(~θ∗∞)| ≤ |ψn(~θ∗n)− ψn(~θ∗∞)|+ |ψn(~θ∗∞)− ψ∞(~θ∗∞)| (4.124)

≤ ‖∇ψn(~η)‖ ‖~θ∗n − ~θ∗∞‖+ |ψn(~θ∗∞)− ψ∞(~θ∗∞)|

≤ m ‖~θ∗n − ~θ∗∞‖+ |ψn(~θ∗∞)− ψ∞(~θ∗∞)| → 0, n→∞,

where the second inequality follows from the mean-value theorem for some ~η =
c ~θ∗n + (1 − c) ~θ∗∞, c ∈ (0, 1). The rest of the proof of Theorem 4.4.3 carries over
intact.

In the following lemma we extend the result of Lemma 4.6.4 for the case the
operator ~T is the triangle density T2 . This extension is needed in the proof of
Theorem 4.5.1 (I).

Lemma 4.8.2. Consider the operator T2 : W̃ → R which is bounded and contin-
uous with respect to the δ�-norm as defined in (4.17). For n ∈ N, consider the
tuning parameter θ∗n according to (4.41), i.e.,∑

G∈Gn

T2(G) Pcan(G) = T ∗2 . (4.125)

Suppose that T ∗2 ≥ 1
8 and that the limits T ∗∞, θ∗∞ in (4.44) exists. Then

lim
n→∞

∑
G∈Gn

T2(G) Pcan(G) = lim
n→∞

∑
G∈Gn T2(G) en

2θ∗nT2(G)∑
G∈Gn en

2θ∗nT2(G)
= u∗(θ∗∞), (4.126)
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where
u∗(θ) = arg sup

0≤u≤1
[θu3 − I(u)]. (4.127)

Proof. From Lemma 4.6.2, since T ∗2 ≥ 1
8 we have that θ∗n ≥ 0 for all n. Conse-

quently, θ∗ ≥ 0. Define, for θ ≥ 0, the function

fn(θ) :=
∑
G∈Gn

T2(G)Pcan(G | ~θ) =

∑
G∈Gn T2(G) en

2θT2(G)∑
G∈Gn en2θT2(G)

(4.128)

and consider the variational problem in (4.75). From [40] we have that, for θ ≥ 0,

ψ∞(θ) := sup
h̃∈W̃

[
θT (h̃)− I(h̃)

]
= sup

0≤u≤1

[
θu3 − I(u)

]
. (4.129)

From Radin and Sadun [134, Theorem 2.1] we have that the function θ → u∗(θ)
is differentiable on [0,∞). We also observe that

u∗(0) = 1
2 , lim

θ→∞
u∗(θ) = 1. (4.130)

Moreover, for very n, θ 7→ fn(θ) is continuous on [0,∞). Hence, combining
Lemma 4.6.4, the continuity of fn for every n, the analyticity of the limiting
function θ 7→ u∗(θ) and (4.130), we obtain that if the limit θ∞ in (4.44) exists,
then

lim
n→∞

fn(θ∗n) = u∗(θ∗∞) = T ∗∞, (4.131)

which proves the claim.
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Chapter 5

Breaking of ensemble
equivalence for perturbed
Erdős-Rényi random graphs

In Chapter 4 we considered the relative entropy of the canonical and the mi-
crocanonical ensembles. We investigated ensemble equivalence and we found that
breaking of ensemble equivalence occurs when the constraints on the edge and tri-
angle densities are frustrated. We showed that if the edge and triangle densities,
denoted by (T ∗1 , T

∗
2 ), lie either on the ER (Erdős-Rényi) curve, or on the lower

boundary curve for T ∗1 ∈ (0, 1
2 ], then the relative entropy in the limit s∞ is equal

to zero. In this chapter we are interested in the behavior of the relative entropy
near the ER curve. At the same time we study the asymptotic structure of graphs
conditional on the edge and triangle density being close to the ER curve. The
goal of this chapter is to present some ideas and techniques that can be used to
analyse conditional random graphs. We will assume some statements to be true
without proving them rigorously. These assumptions will be supported by intuitive
arguments and by numerical experiments, and are left for future research.

The structure of this chapter is as follows: In Section 5.1 we present our results,
gathered in three theorems and three propositions. Next, in Sections 5.2 and 5.3
we prove the results under an assumption. All the background theory needed for
this chapter can be found in Chapter 4, Sections 4.1-4.5.

5.1 Results

In this section we present our results, which address the following two issues:

◦ In Theorems 5.1.1–5.1.3 we identify the scaling behaviour of s∞ for fixed T ∗1
and T ∗2 ↓ T ∗31 , respectively, T ∗2 ↑ T ∗31 . It turns out that the way in which s∞
tends to zero differs in the two cases.
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◦ In Propositions 5.1.1–5.1.3 we characterise some possible asymptotic struc-
tures of random graphs drawn from the microcanonical ensemble when the
hard constraint is on the edge and triangle density. Our results indicate that
the structure of the graphs differs for T ∗2 ↓ T ∗31 , respectively, T ∗2 ↑ T ∗31 .

In the sequel we make the following two assumptions:

Assumption 1. Fix the edge density T ∗1 ∈ (0, 1) and consider the triangle density
T ∗31 + ε, for some ε either positive or negative. For this pair of constraints we
consider the Lagrange multipliers ~θ∗∞(ε) := (θ∗1(ε), θ∗2(ε)) as defined in Section 4.1
(see also the follow up discussion in Section 4.6). Then, for ε sufficiently small, we
have the representation

sup
h̃∈W̃

[
θ∗1(ε)T1(h̃) + θ∗2(ε)T2(h̃)− I(h̃)

]
= θ1T

∗
1 − I(T ∗1 ) + (γ1T

∗
1 + γ2T

∗3
1 ) ε+O(ε2),

(5.1)
where θ1 := θ1(0), γ1 = θ′1(0) and γ2 = θ′2(0).

In Section 5.2.1 we show that Assumption 1 is true when T ∗1 ∈ [ 1
2 , 1). For

T ∗1 ∈ (0, 1
2 ) we can prove (5.4) and (5.5) below, but with ≥ replacing the equality.

If Assumption 1 is true, then we again obtain (5.4) and (5.5) with equality. If it
fails, then we have strict inequality.

Assumption 2. Fix the edge density T ∗1 ∈ (0, 1) and consider the triangle density
T ∗31 + ε, for some ε either positive or negative. For this pair of constraints we
consider the microcanonical entropy

−J(ε) := sup{−I(h̃) : h̃ ∈ W̃ , T1(h̃) = T ∗1 , T2(h̃) = T ∗31 + ε}. (5.2)

Then for ε sufficiently small the solution of (5.2), denoted by h∗ε , has the following
form

h∗ε = T ∗1 + gε, where gε = g111I×I + g121(I×J)∪(J×I) + g221J×J , (5.3)

with g11, g12, g22 ∈ [−T ∗1 , 1− T ∗1 ] and I, J ⊂ [0, 1].

Assumption 2 is based on the following intuitive argument. Suppose we want
to maximise the microcanonical entropy among all piecewise constant graphons.
Then we expect the entropy to decrease when we add more structure, i.e. more
steps, in the graphon. A piecewise constant graphon with m steps corresponds to
a random graph where the vertices are divided into m groups, and within each
group we make an ER random graph with some probability. We expect that
the microcanonical entropy will decrease as m increases. This statement is also
supported by extensive numerical experiments performed in [93].

The methodology we rely on in order to analyse the variational problem in
(5.2) does not always identify the exact optimal graphon. It identifies a candidate
optimal graphon, which is sufficient in some cases, for the scaling behaviour of the
relative entropy s∞. We call these graphons balance optimal. Informally speaking,
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a balance optimal graphon is obtained when solving the optimisation problem in
(5.2) in a smaller class of graphons than the whole class of graphons that satisfy
the hard constraint. This is the class of graphons satisfying the conditions in
Assumption 1 such that the values g11, g12, g22 all correspond to contributions of
the same order. The precise definition of a balance optimal graphon is given in
Section 5.3. We want to investigate in this chapter whether the global maximizer
of (5.2) lies in this smaller class of graphons. We show that balance optimisers
have specific structural properties. But, for the case of a perturbation upwards,
the unique optimal graphon does not lie in this class, and this happens because
λ(I) gets very small as ε ↓ 0 while g11 stays constant. We refer the reader to
[94]. For the case of a perturbation downwards the exact structure of the unique
optimal graphon is still not known: the only results we are aware of come from
an extensive numerical study [91]. From this numerical study it seems that, at
least for T ∗1 ∈ (0, T̃ ∗1 ), with T̃ ∗1 ≈ 0.44, the unique global optimiser is indeed a
balance optimal graphon. In this chapter we investigate this question further by
identifying the balance optimal graphons and comparing them with the results
established numerically in [91].

Balance optimal graphons are candidate optimisers of J(ε). In what follows,
because all the graphons we derive are balance optimal graphons, we simply speak
of optimal graphons. When at some point a clear distinction is needed we say
so. Another important feature is that balance optimal graphons are in general not
unique. In the following sections we construct various balance optimal graphons,
showing the different structures that can emerge. The variational problem J(ε) in
(5.2) has been solved in [94] for the case T ∗2 > T ∗31 , while the case T ∗2 < T ∗31 still
remains unsolved. In this chapter we consider only a small perturbation around
the typical values, but the advantage of our method is that it is simpler and yields
more intuition about the way the constraint is attained. Moreover, it also applies
for the case ε < 0, which has not been rigorously analysed before. In [91] the
authors identify the maximizers of the microcanonical entropy numerically. The
optimal graphons obtained numerically in [91] agree structurally with the balance
optimal graphons that we find.

Theorem 5.1.1. For T ∗1 ∈ (0, 1) and T ∗1 6= 1
2 ,

lim
ε↓0

ε−1s∞(T ∗1 , T
∗3
1 + 3T ∗1 ε) =

6

1− 2T ∗1
log

T ∗1
1− T ∗1

∈ (0,∞). (5.4)

Theorem 5.1.2. For T ∗1 ∈ (0, 1
2 ],

lim sup
ε↓0

ε−2/3s∞(T ∗1 , T
∗3
1 − T ∗31 ε) ≤ 1

4

T ∗1
1− T ∗1

∈ (0,∞). (5.5)

Theorem 5.1.3. For T ∗1 ∈ ( 1
2 , 1),

lim sup
ε↓0

ε−2/3 s∞(T ∗1 , T
∗3
1 − T ∗31 ε) ≤ f(T ∗1 , T̄

∗
1 ) ∈ (0,∞), (5.6)
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where T̄ ∗1 ∈ (−T ∗1 , 0) is the unique point where the function x 7→ f(T ∗1 , x), defined
by

f(T ∗1 , x) := T ∗21

I(T ∗1 + x)− I(T ∗1 )− I ′(T ∗1 )x

x2
, x ∈ (−T ∗1 , 0), (5.7)

attains its global minimum.

We illustrate these results in Figure 5.8. In the left panel we plot the limits in
the right-hand side of (5.5)–(5.6) as a function of T ∗1 . In the right panel we plot
s∞(T ∗1 , T

∗3
1 + ε) as a function of ε, for ε sufficiently small, and for four different

values of T ∗1 .

Remark 16. We believe, and there is numerical evidence in [91], that the results
in (5.5) and (5.6) hold with equality and that the corresponding limits exist.

-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1

10-3

*
*
*
*

Figure 5.1: Limit of scaled s∞ as a function of ε for ε sufficiently small.

Remark 17. From [134, Theorem 1.1] we also have that

s∞(T ∗1 , T
∗3
1 − T ∗31 ε) ≥ c ε2/3, (5.8)

for some constant c = c(ε) > 0.

In Propositions 5.1.1–5.1.3 below we identify the structure of balance optimal
graphons corresponding to the perturbed constraints in the microcanonical ensem-
ble in the limit as n→∞.
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Proposition 5.1.1. When the ER-line is approached from above, a balance opti-
mal graphon is given by

h = T ∗1 +
√
ε g∗ +O(ε) (global perturbation) (5.9)

with g∗ given by

g∗(x, y) =


2, (x, y) ∈ [0, 1

2 ]2,

0, (x, y) ∈ [0, 1
2 ]× ( 1

2 , 1] ∪ ( 1
2 , 1]× [0, 1

2 ],

−2, (x, y) ∈ ( 1
2 , 1]2.

(5.10)

It is important to mention that the balance optimal graphon determined in
Proposition 5.1.1 is not unique in the sense that there are multiple graphons that
yield the same entropy value. From Proposition 5.1.1 we also see it is possible
that the class of balance optimisers does not contain the actual unique optimiser
of J(ε). For this pair of constraints and from [94] we have that the actual unique
optimiser, denoted by h∗ε , is given by

h∗ε (x, y) =


h11, (x, y) ∈ [0, λ ε]2,

1− T ∗1 + h1 ε, (x, y) ∈ [0, λ ε]× (λ ε, 1] ∪ (λ ε, 1]× [0, λ ε],

T ∗1 + h2 ε, (x, y) ∈ (λ ε, 1]2,

(5.11)

where

λ :=
1

(1− 2T ∗1 )2
, h1 :=

1

2
h2, h2 := − 2

1− 2T ∗1
. (5.12)

The term h11 solves the equation I ′(h11) = 3I ′(1 − T ∗1 ) and is constant as ε ↓ 0.
For details on this issue we refer to [94]. As mentioned above, balance optimal
graphons have the structural property that g11, g12, g22 all contribute equally to
the constraint. This is not the case for the graphon in (5.10), because only g12

and g22 contribute to the constraint, to leading order. The exact computations
are provided in Section 5.3.

From (5.10) and (5.11) we observe that balance optimal graphons can have
structures very different from the optimal graphons.

Proposition 5.1.2. When the ER-line is approached from below and T ∗1 ∈ (0, 1
2 ],

a balance optimal graphon is given by

h = T ∗1 + ε1/3 g∗ +O(ε1/3) (global perturbation) (5.13)
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with g∗ given by

g∗(x, y) =


−T ∗1 , (x, y) ∈ [0, 1

2 ]2,

T ∗1 , (x, y) ∈ [0, 1
2 ]× ( 1

2 , 1] ∪ ( 1
2 , 1]× [0, 1

2 ],

−T ∗1 , (x, y) ∈ ( 1
2 , 1]2.

(5.14)

This g∗ is not unique, in the sense that there are multiple graphons that are balance
optimal.

Proposition 5.1.3. When the ER-line is approached from below and T ∗1 ∈ ( 1
2 , 1),

the unique balance optimal graphon is given by

h = T ∗1 + g∗ε (local perturbation) (5.15)

with g∗ε defined by

g∗ε (x, y) :=



T∗21

T̄∗1
ε2/3, (x, y) ∈ [0, 1− T∗1

|T̄∗1 |
ε1/3]2

T ∗1 ε
1/3, (x, y) ∈ [0, 1− T∗1

|T̄∗1 |
ε1/3]× [1− T∗1

|T̄∗1 |
ε1/3, 1] or

(x, y) ∈ [1− T∗1
|T̄∗1 |

ε1/3, 1]× [0, 1− T∗1
|T̄∗1 |

ε1/3],

T̄ ∗1 , (x, y) ∈ [1− T∗1
|T̄∗1 |

ε1/3, 1]2,

(5.16)
with T̄ ∗1 ∈ (−T ∗1 , 0) defined in Theorem 5.1.3.

In conclusion, Theorems 5.1.1–5.1.3 say that at a fixed density of the edges it
is less costly in terms of relative entropy to increase the density of triangles than
to decrease it. The ER-line represents a crossover in the cost (see Figure 5.8, right
panel). Above the ER-line the cost is linear in the distance, below the ER-line the
cost is proportional to the 2

3 -power of the distance. Propositions 5.1.1–5.1.3 show
that the optimal perturbation of the ER-graphon is global above the ER-line and
below the ER-line when the edge density is less than 1

2 and local below the ER-line
when the edge density is larger than 1

2 .

5.2 Proofs of Theorems 5.1.1-5.1.3

In this section we prove Theorems 5.1.1–5.1.3. Along the way we use the results
given in Propositions 5.1.1–5.1.3, which we prove in Section 5.3.

5.2.1 Proof of Theorem 5.1.1

For ease of notation we drop the superscript ∗ from the constraint on the edge
density and write T1 instead of T ∗1 . Let

T1(ε) = T1, T2(ε) = T 3
1 + 3T1 ε . (5.17)
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The factor 3T1 appearing in front of the ε is put in for convenience. We know
that for every pair of graphical constraints (T1(ε), T2(ε)) there exists a unique pair
of Lagrange multipliers (θ1(ε), θ2(ε)) corresponding to these constraints. For an
elaborate discussion on this issue we refer the reader to [73]. By considering the
Taylor expansion of the Lagrange multipliers (θ1(ε), θ2(ε)) around ε = 0, we obtain

θ1(ε) = θ1 + γ1ε+ 1
2Γ1 ε

2 +O(ε3), θ2(ε) = γ2ε+ 1
2Γ2 ε

2 +O(ε3), (5.18)

where

θ1(0) = θ1 = I ′(T1), γ1 = θ′1(0), Γ1 = θ′′1 (0), θ2(0) = 0, γ2 = θ′2(0), Γ2 = θ′′2 (0).
(5.19)

We denote the two terms in the expression for s∞ in (4.50) by I1, I2, i.e.,

s∞ = sup
h̃∈W̃

[
~θ∞ · ~T (h̃)− I(h̃)

]
− sup
h̃∈W̃∗

[
~θ∞ · ~T (h̃)− I(h̃)

]
= I1 − I2, (5.20)

and we let s∞(ε) denote the relative entropy corresponding to the perturbed con-
straints. We distinguish between the cases T1 ∈ [ 1

2 , 1) and T1 ∈ (0, 1
2 ).

Case I T1 ∈ [ 1
2 , 1): From [73, Section 5], if T1 ∈ [ 1

2 , 1) and T2 ∈ [ 1
8 , 1), then

the corresponding Lagrange multipliers (θ1, θ2) are both non-negative. Hence from
[40, Theorem 4.1] we have that

I1 := sup
h̃∈W̃

[
θ1(ε)T1(h̃) + θ2(ε)T2(h̃)− I(h̃)

]
= sup

0≤u≤1

[
θ1(ε)u+ θ2(ε)u2 − I(u)

]
,

(5.21)
and, consequently,

I1 = sup
0<u<1

[
θ1(ε)u+ θ2(ε)u3− I(u)

]
= θ1(ε)u∗(ε) + θ2(ε)u∗(ε)3− I(u∗(ε)). (5.22)

The optimiser u∗(ε) corresponding to the perturbed multipliers θ∗1(ε) and θ∗2(ε) is
analytic in ε, as shown in [135]. Therefore, a Taylor expansion around ε = 0 gives

u∗(ε) = T1 + δ ε+ 1
2∆ ε2 +O(ε3), (5.23)

where δ = u∗′(0) and ∆ = u∗′′(0). Hence I1 can be written as

I1 = θ1T1 − I(T1) + (γ1T1 + γ2T
3
1 ) ε+O(ε2). (5.24)

Moreover,

I2 =
[
θ1 + γ1 ε+ 1

2Γ1 ε
2 +O(ε3)

]
T1 +

[
γ2 ε+ 1

2Γ2 ε
2 +O(ε3)

]
(T 3

1 + 3T1 ε)

− inf
h̃∈W̃∗ε

I(h̃)

=θ1T1 + γ1T1 ε+ 1
2Γ1T1 ε

2 +T 3
1 γ2 ε+ 1

2Γ2T
3
1 ε

2 +3T1γ2 ε
2−J↓(ε) +O(ε3),

(5.25)
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where

J↓(ε) := inf
h̃∈W̃∗ε

I(h̃), W̃ ∗ε := {h̃ ∈ W̃ : T1(h̃) = T1, T2(h̃) = T 3
1 + 3T1 ε}.

(5.26)
Consequently,

s∞(T ∗1 , T
∗3
1 + 3T ∗1 ε) = J↓(ε)− I(T1) +O(ε2). (5.27)

Denote by h̃
(2)
ε one of the, possibly multiple, balance optimisers of the vari-

ational problem J↓(ε). From Proposition 5.1.1 we know that, for ε sufficiently
small, any graphon in the equivalence class h̃(2)

ε , denoted by h
(2)
ε , has the form

h
(2)
ε = T1 +

√
εg∗ + O(ε) where the graphon g∗ was defined in (5.10). By consid-

ering the Taylor expansion of the function I around ε = 0, we get

I(h(2)
ε ) = I(T1) + I ′(T1)

√
ε

∫
[0,1]2

dx d y g∗(x, y)

+ 1
2I
′′(T1) ε

∫
[0,1]2

dx d y g∗(x, y)2 + o(ε)

= I(T1) + 1
2I
′′(T1) ε

∫
[0,1]2

dx d y g∗(x, y)2 + o(ε)

= I(T1) + I ′′(T1) ε+o(ε)

= I(T1) +
1

2

1

T1(1− T1)
ε+o(ε).

(5.28)

But, from (5.11), a straightforward computation of the entropy of h∗ε shows that

J↓(ε) = I(T1) +
6

1− 2T ∗1
log

T ∗1
1− T ∗1

ε+o(ε). (5.29)

Hence we obtain that the global optimiser is not a balance optimiser and that

s∞(T ∗1 , T
∗3
1 + 3T ∗1 ε) =

6

1− 2T ∗1
log

T ∗1
1− T ∗1

ε+o(ε). (5.30)

Case II T1 ∈ (0, 1
2 ): Consider the term

I1 := sup
h̃∈W̃

[
θ1(ε)T1(h̃) + θ2(ε)T2(h̃)− I(h̃)

]
,

as above. If Assumption 1 applies, then this case is proved in the same way as
Case I. Otherwise, consider the following lower bound

sup
h̃∈W̃

[
θ1(ε)T1(h̃) + θ2(ε)T2(h̃)− I(h̃)

]
≥ sup

0≤u≤1

[
θ1(ε)u+ θ2(ε)u3 − I(u)

]
. (5.31)
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The arguments used in Case I after (5.22) apply, and the result in (5.27) is obtained
with an inequality instead of an equality.

5.2.2 Proof of Theorem 5.1.2

In this section we omit the computations that are similar to those in the proof of
Theorem 5.1.1 in Section 4.4.1. Let

T1(ε) = T1, T2(ε) = T 3
1 − T 3

1 ε . (5.32)

The factor T 3
1 appearing in front of the ε is put in for convenience in the compu-

tations. The perturbed Lagrange multipliers are

θ1(ε) = θ1 + γ1ε+ 1
2Γ1 ε

2 +O(ε3), θ2(ε) = γ2ε+ 1
2Γ2 ε

2 +O(ε3), (5.33)

where

θ1 = I ′(T1), γ1 = θ′1(0), Γ1 = θ′′1 (0) γ2 = θ′2(0), Γ2 = θ′′2 (0).
(5.34)

We denote the two terms in the expression for s∞ in (4.50) by I1, I2, i.e., s∞ =
I1−I2, and let s∞(ε) denote the perturbed relative entropy. The computations for
I1 are similar as before, because the exact form of the constraint does not affect
the expansions in (5.23) and (5.24). For I2, on the other hand, we have

I2 = θ1T1 + γ1T1 ε+ 1
2Γ1T1 ε

2 +T 3
1 γ2 ε+ 1

2Γ2T
3
1 ε

2−T 3
1 γ2 ε

2−J↑1 (ε)

= θ1T1 + γ1T1 ε+T 3
1 γ2 ε−J↑1 (ε) +O(ε2),

(5.35)

where

J↑1 (ε) := inf
h̃∈W̃∗ε

I(h̃), W̃ ∗ε := {h̃ ∈ W̃ : T1(h̃) = T1, T2(h̃) = T 3
1 −T 3

1 ε}. (5.36)

Consequently,
s∞(T ∗1 , T

∗
1 − T ∗31 ε) = J↑1 (ε)− I(T1) +O(ε2). (5.37)

Denote by h̃∗ε one of the, possibly multiple, optimisers of the variational problem
J↑1 (ε). From Proposition 5.1.2 we know that, for T ∗1 ∈ (0, 1

2 ], a balance optimal
graphon in the equivalence class h̃∗ε , denoted by h∗ε for simplicity in the notation,
has the form

h∗ε = T ∗1 + ε1/3 g∗ +O(ε1/3) (5.38)

with g∗ given by

g∗(x, y) =


−T ∗1 , (x, y) ∈ [0, 1

2 ]2,

T ∗1 , (x, y) ∈ [0, 1
2 ]× ( 1

2 , 1] ∪ ( 1
2 , 1]× [0, 1

2 ],

−T ∗1 , (x, y) ∈ ( 1
2 , 1]2.

(5.39)
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Hence
J↑1 (ε) ≤ I(T1) +

1

2
T ∗21 I ′′(T1) ε2/3 ≤ I(T1) +

1

4

T ∗1
1− T ∗1

ε2/3, (5.40)

which gives

s∞(T ∗1 , T
∗
1 − T ∗31 ε) ≤ 1

4

T ∗1
1− T ∗1

ε2/3 +o(ε2/3). (5.41)

5.2.3 Proof of Theorem 5.1.3

The computations leading to the expression for the relative entropy in the right-
hand side of (5.6) are similar as those in Section 5.2.2, and we omit them. Hence
we have

s∞(T ∗1 , T
∗
1 − T ∗31 ε) = J↑2 (ε)− I(T1) +O(ε2), (5.42)

where, for T1 ∈ ( 1
2 , 1),

J↑2 (ε) := inf
h̃∈W̃∗ε

I(h̃), W̃ ∗ε := {h̃ ∈ W̃ : T1(h̃) = T1, T2(h̃) = T 3
1 −T 3

1 ε}. (5.43)

Denote by h̃∗ε one of the, possibly multiple, optimisers of the variational problem
J↑2 (ε). From Proposition 5.1.3 we know that, for T1 ∈ ( 1

2 , 1), a balance optimal
graphon in the equivalence class h̃∗ε , denoted by h∗ε for simplicity in the notation,
has the form

h∗ε = T ∗1 + g∗ε (5.44)

with g∗ε given by

g∗ε (x, y) :=



T∗21

T̄∗1
ε2/3, (x, y) ∈ [0, 1− T∗1

|T̄∗1 |
ε1/3]2

T ∗1 ε
1/3, (x, y) ∈ [0, 1− T∗1

|T̄∗1 |
ε1/3]× [1− T∗1

|T̄∗1 |
ε1/3, 1] or

(x, y) ∈ [1− T∗1
|T̄∗1 |

ε1/3, 1]× [0, 1− T∗1
|T̄∗1 |

ε1/3],

T̄ ∗1 , (x, y) ∈ [1− T∗1
|T̄∗1 |

ε1/3, 1]2.

(5.45)
The term T̄ ∗1 ∈ (−T ∗1 , 0) is defined in Theorem 5.1.3. Hence we have

s∞(T ∗1 , T
∗
1 − T ∗31 ε) ≤ f(T ∗1 , T̄

∗
1 ) ε2/3 +o(ε2/3), (5.46)

where T̄ ∗1 ∈ (−T ∗1 , 0) is the unique point where the global minimum of the function
x 7→ f(T ∗1 , x), defined by

f(T ∗1 , x) := T ∗21

I(T ∗1 + x)− I(T ∗1 )− I ′(T ∗1 )x

x2
, x ∈ (−T1, 0). (5.47)

We need to show that, for every T ∗1 ∈ (0, 1) and for every x ∈ (−T1, 0), f(T1, x) > 0
or equivalently that

I(T ∗1 + x)− I(T ∗1 )− I ′(T ∗1 )x > 0. (5.48)
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From the mean-value theorem we have that there exists ξ ∈ (T ∗1 +x, T ∗1 ) such that
I ′(T ∗1 + x)− I(T ∗1 ) = I ′(ξ)x. Hence we have that

f(T ∗1 , x) = (I ′(ξ)− I ′(T ∗1 ))x > 0, (5.49)

which follows because I ′ is an increasing function, x ∈ (−T1, 0) and ξ ∈ (T ∗1 +
x, T ∗1 ). More detailed arguments are provided in the following section.

5.3 Proofs of Propositions 5.1.1-5.1.3

In this section we prove Propositions 5.1.1-5.1.3. In Section 5.3.1 we prove Propo-
sition 5.1.1 and in Section 5.3.2 we prove Propositions 5.1.2 and 5.1.3. The proof
of Proposition 5.1.3 is similar to the proof of Proposition 5.1.2, only computations
are different. In Section 5.2 the following variational problems were encountered:

(1) For T1 ∈ (0, 1),

J↓(ε) = inf
{
I(h̃) : h̃ ∈ W̃ , T1(h̃) = T1, T2(h̃) = T 3

1 + 3T1 ε
}
. (5.50)

(2) For T1 ∈ (0, 1
2 ],

J↑1 (ε) = inf
{
I(h̃) : h̃ ∈ W̃ , T1(h̃) = T1, T2(h̃) = T 3

1 − T 3
1 ε
}
. (5.51)

(3) For T1 ∈ ( 1
2 , 1),

J↑2 (ε) = inf
{
I(h̃) : h̃ ∈ W̃ , T1(h̃) = T1, T2(h̃) = T 3

1 − T 3
1 ε
}
. (5.52)

In order to prove Propositions 5.1.1–5.1.3, we need to analyse these three varia-
tional problems, for ε sufficiently small, which is the objective of this section. The
variational formula in (5.50) has been rigorously analysed in [94], and hence we
study the variational formulas in (5.51) and (5.52), under the assumption that the
optimiser lies in the class of balance optimal graphons. We remind the reader that
we suppose Assumption 2 to be true. We analyse the variational formulas with the
help of a perturbation argument. In particular, we show that the balance optimal
perturbations are those given in (5.9), (5.13) and (5.15), respectively. The results
in Propositions 5.1.2 and 5.1.3 follow directly from the following two lemmas.

Lemma 5.3.1. Let T1 ∈ (0, 1
2 ]. For ε > 0 consider the variational formula for

J↑1 (ε) given in (5.51). Then, for ε sufficiently small,

J↑1 (ε) ≤ I(T1) +
1

4

T1

1− T1
ε2/3 +o(ε2/3). (5.53)

Lemma 5.3.2. Let T1 ∈ ( 1
2 , 1). For ε > 0 consider the variational formula for
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J↑2 (ε) given in (5.52). Then, for ε sufficiently small,

J↑2 (ε) ≤ I(T1) + f(T1, T̄
∗
1 ) ε2/3 +o(ε2/3), (5.54)

where f(T1, x), x ∈ (−T1, 0), and T̄ ∗1 were defined in Theorem 5.1.3.

Remark 18. As argued in Remark 16, we believe, and there is numerical evidence
in [91], that the results in (5.53) and (5.54) hold with equality.

In what follows we use the notation f(ε) � g(ε), for two functions f, g, when
f(ε)
g(ε) converges to a positive constant, as ε ↓ 0.

5.3.1 Proof of Proposition 5.1.1

In this section we prove Proposition 5.1.1 given that Assumption 2 holds. In order
to find the optimal perturbation when the ER-line is approached from above,
we need to solve J↓(ε) in (5.50). The following construction shows intuitively
why balance optimal perturbations have the form given in (5.9). Consider an
inhomogeneous ER-random graph on n vertices. We split the vertices of the graph
into two parts of equal size, i.e. of size n/2. In one part we connect two vertices
with probability T1+2

√
ε, in the other part we connect two vertices with probability

T1−2
√
ε, and we connect vertices lying in different parts with probability T1. This

graph has expected edge density equal to

1(
n
2

) (T1

(n
2

)2

+ (T1 + 2
√
ε)

(n
2

2

)
+ (T1 − 2

√
ε)

(n
2

2

))
= T1. (5.55)

Similarly, the expexted triangle density is equal to

1(
n
3

) ((n2
3

)
(T1 + 2

√
ε)3 +

n

2

(n
2

2

)
2T 2

1 T1 +

(n
2

3

)
(T1 − 2

√
ε)3

)
= T 3

1 + 3T1
n− 4

n− 1
ε

∼ T 3
1 + 3T1 ε,

for n large. Below when we speak of optimal perturbation we mean balance opti-
mal. In the proof below we will see that the optimal perturbation is indeed given
by the graphon counterpart of the inhomogeneous ER-random graph described
above. We now proceed to the technical details of the proof.

We consider the variational formula J↓(ε), with ε > 0, given in (5.50). We
denote by h̃∗↓ε one of the, possibly multiple, optimisers of J↓(ε). For simplicity
in the notation, in what follows we work with a representative element, denoted
by h∗↓ε , of the equivalence class h̃∗↓ε . We write the optimiser h∗↓ε in the form
h∗↓ε = T1 + ∆Hε for some bounded symmetric function ∆Hε defined on the unit
square [0, 1]2 and taking values in R. This term will be called the perturbation
term. The optimiser h∗↓ε has to satisfy the conditions on the edge and triangle
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densities, i.e.,
T1(h∗↓ε ) = T1, T2(h∗↓ε ) = T 3

1 + 3T1 ε . (5.56)

Hence the perturbation term ∆Hε needs to satisfy the constraints

(G1) :

∫
[0,1]2

dx dy ∆Hε(x, y) = 0 (5.57)

and

(G2) : 3T1

∫
[0,1]3

dxdy dz ∆Hε(x, y)∆Hε(y, z)

+

∫
[0,1]3

dx dy dz ∆Hε(x, y)∆Hε(y, z)∆Hε(z, x) = 3T1 ε .

(5.58)

In what follows we prove the result stated in Proposition 5.1.1, i.e., the optimal
perturbation is a three-step function and is of the order

√
ε.

In Assumption 2 it is stated that it suffices to restrict to graphons that can be
written in the form T1 + ∆H

(2)
ε , where ∆H

(2)
ε is a bounded symmetric function

defined on [0, 1]2, taking three non-zero values. In what follows, for simplicity in the
computations and without loss of generality, we suppose that the optimal graphon
has the form

∆H(2)
ε = g111I×I + g121(I×J)∪(J×I) + g221J×J . (5.59)

Then (G1) above becomes

λ(I)2g11 + 2λ(I)(1− λ(I))g12 + (1− λ(I))2g22 = 0, (5.60)

and the two integrals in (G2) become∫
[0,1]3

dx dy dz ∆Hε(x, y)∆Hε(y, z) = λ(I)3g2
11 + 2λ(I)2(1− λ(I))g11g12

+ 2λ(I)(1− λ(I))2g12g22 + λ(I)(1− λ(I))g2
12

+ (1− λ(I))2g2
22 (5.61)

and∫
[0,1]3

dx dy dz ∆Hε(x, y)∆Hε(y, z) = λ(I)3g2
11 + 2λ(I)2(1− λ(I))g11g12

+ 2λ(I)(1− λ(I))2g12g22 + λ(I)(1− λ(I))g2
12

+ (1− λ(I))2g2
22, (5.62)

and a similar expression can be computed for the second integral in (G2). We now
give the formal definition of a balance optimal graphon:

Definition 5.3.1. For T1 ∈ (0, 1), a graphon T1 + h̃ε, ε > 0, is called balanced if
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it has the structure given in (5.59) and the terms λ(I)2g11, λ(I)(1− λ(I))g12 and
(1− λ(I))2g22 are all of the same order when ε is sufficiently small.

Definition 5.3.2. For ε > 0 a graphon h̃ε is called balance optimal if it solves the
following optimisation problem:

Jbal(ε) := inf{I(h̃), h̃ ∈ W̃ , h̃ is balanced, T1(h̃) = T1, T2(h̃) = T 3
1 + 3T1 ε}. (5.63)

It is straightforward to observe that, for ε > 0,

Jbal(ε) ≥ J(ε). (5.64)

In what follows we essentially determine Jbal(ε) for ε sufficiently small. We distin-
guish two cases, first g12 = 0 and then g12 6= 0.

Case g12 = 0 The values of g+ and g− are such so that T1 + ∆H
(2)
ε satisfies

the conditions in (5.57) and (5.58). We proceed with the condition in (5.58). A
standard computation yields∫

[0,1]3
dx dy dz ∆H(2)

ε (x, y)∆H(2)
ε (y, z) = λ(I)3 g2

+ + λ(J)3 g2
− (5.65)

and∫
[0,1]3

dxdy dz ∆H(2)
ε (x, y)∆H(2)

ε (y, z)∆H(2)
ε (z, x) = λ(I)3 g3

+ + λ(J)3 g3
−.

(5.66)
From (5.57) we obtain the first order condition

λ(I)2g+ + λ(J)2g− = 0. (5.67)

Using the condition in (5.67), we get that (5.58) equals

g2
− 3T1

λ(J)3

λ(I)
(λ(J) + λ(I))− g3

−
λ(J)3

λ(I)3
(λ(I)3 − λ(J)3) = 3T1 ε+o(ε). (5.68)

There are multiple ways in which the condition in (5.68) can be met. We show
that the lowest possible value of the function I is attained when g+ �

√
ε , g− �

−
√
ε and λ(I), λ(J) are constant. To that end we distinguish the following cases:

(I)

g2
− 3T1

λ(J)3

λ(I)
(λ(J) + λ(I)) � ε, g3

−
λ(J)3

λ(I)3
(λ(I)3 − λ(J)3) = o(ε), (5.69)

which splits into three sub-cases:
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(Ia)

g+ � ε1/2, g− � − ε1/2,
λ(J)

λ(I)
� 1. (5.70)

(Ib)

g+ � ε1/2+δ/3, g− � − ε1/2−δ,
λ(J)3

λ(I)
� ε2δ, δ ∈ (0, 1

2 ). (5.71)

(Ic)

g+ � ε1/2−3δ, g− � − ε1/2+δ,
λ(J)3

λ(I)
� ε−2δ, δ ∈ (0, 1

6 ). (5.72)

(1d)
g+ � ε2/3, g− = ḡ ∈ (−T1, 0), λ(J) � ε1/3 . (5.73)

(II)

g2
− 3T1

λ(J)3

λ(I)
(λ(J) + λ(I)) � ε1+δ, −g−

1

λ(I)2
� ε−δ, δ > 0. (5.74)

A simple calculation shows that, in all five cases above, λ(I) + λ(J) � 1 and
λ(I)3 − λ(J)3 � 1, and hence we can omit these two factors from the analysis
below. In what follows we exclude cases (Ib), (Ic) and (II) one by one by comparing
them to graphons of the type given in case (Ia).

Case (Ib) We show that, for ε > 0 sufficiently small, graphons having the struc-
ture indicated in (Ia) yield smaller values of the function I than graphons with the
structure in (Ib). We consider two graphons, denoted by T1 +g∗ and T1 + ĝ∗, where
g∗ is as in Case (Ia) and ĝ∗ is as in Case (Ib). Before giving the technical details of
the proof, we present a heuristic argument why I(T1 + g∗) < I(T1 + ĝ∗). In what
follows we will denote by B(p) a Bernoulli random variable with parameter p. The
function −I(x), x ∈ [0, 1], defined in (4.24) represents the entropy of a B(x) ran-
dom variable with parameter x. On the graphon space the function −I(h), h ∈W ,
defined in (4.25), can be seen as the expectation of the entropy of a Bernoulli ran-
dom variable with a random parameter (the expectation is with respect to the
random parameter), i.e., B(h(X,Y )) with (X,Y ) a uniformly distributed random
variable on [0, 1]2. For h ∈W we have

−I(h) =

∫
[0,1]2

dxdy [−I(h(x, y))] = E[−I(h(X,Y ))]. (5.75)

Hence we have the following equivalence

I(T1 + g∗) < I(T1 + ĝ∗)⇔ E[−I(T1 + g∗(X,Y ))] > E[−I(T1 + ĝ∗(X,Y ))], (5.76)
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where (X,Y ) is a uniformly distributed random vector on [0, 1]2. Instead of work-
ing with entropy, it is intuitively simpler to work with the relative entropy with
respect to the random variable B( 1

2 ). The relative entropy is defined by

I 1
2

(x) := x log
x
1
2

+ (1− x) log
1− x

1
2

, x ∈ [0, 1]. (5.77)

Note that

E[−I(T1 + g∗(X,Y ))] > E[−I(T1 + ĝ∗(X,Y ))]⇔
E[I 1

2
(T1 + g∗(X,Y ))] < E[I 1

2
(T1 + ĝ∗(X,Y ))]. (5.78)

We first give an intuitive argument and afterwards prove that

E[I 1
2
(T1 + g∗(X,Y ))] < E[I 1

2
(T1 + ĝ∗(X,Y ))]. (5.79)

We distinguish between the cases T1 ∈ (0, 1
2 ] and T1 ∈ ( 1

2 , 1). The case T1 ∈ (0, 1
2 ]

follows by using similar arguments as in case T1 ∈ ( 1
2 , 1). We treat in detail only

the case T1 ∈ ( 1
2 , 1).

The relative entropy of a random variable with respect to B( 1
2 ) is zero if and

only if that random variable is equal to B( 1
2 ). So, in order to compare the rela-

tive entropies in (5.79), we need to see how close the Bernoulli random variables
with random parameters T1 + g∗(X,Y ) and T1 + ĝ∗(X,Y ) are to B( 1

2 ). We are
considering the case T1 >

1
2 . Hence the random variables B(T1 + g∗(X,Y )) and

B(T1 + ĝ∗(X,Y )) will be close to B( 1
2 ) when the random parameters T1 +g∗(X,Y )

and T1 + ĝ∗(X,Y ) are close to 1
2 . This is the case when g∗(X,Y ) and ĝ∗(X,Y )

are negative. These events occur with probabilities

P(T1 + g∗(X,Y ) < T1) = P(g∗(X,Y ) < 0) = P(g∗(X,Y ) = g−) = λ(J)2 � 1,
(5.80)

because of the properties of the graphon in Case (Ia). Similarly, we have that

P(T1 + ĝ∗(X,Y ) < T1) = P(ĝ∗(X,Y ) < 0) = P(ĝ∗(X,Y ) = g−) = λ(Ĵ)2 � ε4δ/3,
(5.81)

for some δ ∈ (0, 1
2 ], because of the properties of the graphon in Case (Ib). Hence

we see that the random variable B(T1 + g∗(X,Y )) is closer to the random variable
B( 1

2 ) with much higher probability than the random variable B(T1 + ĝ∗(X,Y )).
We can see this by computing the corresponding expectations,

E(g∗(X,Y ) | g∗(X,Y ) = g−)P(g∗(X,Y ) = g−) = g− P(g∗(X,Y ) = g−) � ε1/2,
(5.82)

while

E(ĝ∗(X,Y ) | ĝ∗(X,Y ) = ĝ−)P(ĝ∗(X,Y ) = ĝ−) = ĝ− P(ĝ∗(X,Y ) = ĝ−)

� ε1/2−δ ε4δ/3 = ε1/2+δ/3 .
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In what follows we complete this argument by adding the technical details.
We work out the expressions in the left-hand and right-hand sides of (5.79). The
expression in the right-hand side of (5.79) can be written as

E[I 1
2
(T1 +g∗(X,Y ))] = LI 1

2
(T1 +g+)+KI 1

2
(T1 +g−)+(1−L−K)I 1

2
(T1), (5.83)

for some constants L := P(g∗(X,Y ) = g+) and K = P(g∗(X,Y ) = g−) indepen-
dent of ε. Similarly,

E[I 1
2
(T1+ĝ∗(X,Y ))]=λ(Î)2I 1

2
(T1+ĝ+)+ε4δ/3I 1

2
(T1+ĝ−)+(1−λ(Î)2−ε4δ/3)I 1

2
(T1),

(5.84)
where λ(Î)2 = P(ĝ∗(X,Y ) = ĝ+) � 1 and P(ĝ∗(X,Y ) = ĝ−) � ε4δ/3. Moreover,
we recall that from the properties of the graphons in Case (Ia) and Case (Ib) we
get

g+ �
√
ε, g− � −

√
ε, ĝ+ � ε1/2+δ/3, ĝ− � ε1/2−δ, δ ∈ (0, 1

2 ]. (5.85)

Hence, for T1 ∈ ( 1
2 , 1] and ε sufficiently small, because of (5.85), we obtain the

following inequalities:

I 1
2
(T1 + g+) > I 1

2
(T1 + ĝ+) > I 1

2
(T1 + g−) > I 1

2
(T1 + ĝ−). (5.86)

Using a Taylor expansion of the function I around T1 and the first order conditions

Lg+ +Kg− = 0 and λ(Î)2ĝ+ + λ(Ĵ)2ĝ− = 0, (5.87)

we observe that (5.83) and (5.84) read

E[I 1
2
(T1 + g∗(X,Y ))] = I 1

2
(T1) + 1

2I
′′
1
2
(T1)(Lg2

+ +Kg2
−) + o

(
g2

+ + g2
−
)

(5.88)

and

E[I 1
2
(T1 + ĝ∗(X,Y ))] = I 1

2
(T1) + 1

2I
′′
1
2
(T1)(λ(Î2)ĝ2

+ + λ(Ĵ)2ĝ2
−)

+ o
(
λ(Î2)ĝ2

+ + λ(Ĵ)2ĝ2
−

)
. (5.89)

Using (5.85), we observe that Lg2
+ +Kg2

− � ε and

λ(Î2)ĝ2
+ + λ(Ĵ)2ĝ2

− � ε1+2δ/3 + ε4/3δ ε1−2δ � ε1−2δ/3 . (5.90)

Hence, for ε sufficiently small,

E
[
I 1

2
(T1 + g∗(X,Y ))

]
< E

[
I 1

2
(T1 + ĝ∗(X,Y ))

]
, (5.91)

which proves (5.79).

Similar arguments can be used for the case T1 ∈ (0, 1
2 ) to show that graphons
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having the structure as in Case (Ic), yield larger values of I for ε sufficiently small.
We omit the details.

Case (1d) In this case we have that the optimal graphon is constant on a subset
of the unit square with a size tending to zero as ε ↓ 0. Such a graphon yields

I(T1 + g∗) = λ(I)2I(T1 + g+) + 2(1− λ(I))(1− λ(J))I(T1) + λ(J)2I(T1 + g−)

= λ(I)2(I(T1) + I ′(T1)g+ + o(ε2/3)) + 2(1− λ(I))(1− λ(J))I(T1)

+ λ(J)2I(T1 + g−)

= I(T1)− λ(J)2I(T1)− λ(J)2ḡI ′(T1) + λ(J)2I(T1 + ḡ)

= I(T1) + ε2/3 (I(T1 + ḡ)− ḡI ′(T1)− I(T1)) + o(ε2/3). (5.92)

The second equality follows by considering a Taylor expansion around ε = 0 in the
terms that go to zero as ε ↓ 0, i.e, g+. In the third equality we use (5.67). What
remains is to show that

I(T1 + ḡ)− I(T1)− ḡI ′(T1) > 0, (5.93)

for ḡ ∈ (−T1, 0). From the mean-value theorem we have that I(T1 + ḡ)− I(T1) =
I ′(ξ)ḡ for some ξ ∈ (T1 + ḡ, T1). Since ḡ < 0 and I is a convex function, i.e. I ′ is
an increasing function, we have that I ′(ξ) < I ′(T1). This proves the claim above.
From (5.92) we observe that graphons having the form as in Case (1d) yield larger
values of I, for ε sufficiently small, than graphons as in Case (1a).

Case (II) This case is simpler to exclude than the ones above. Indeed, suppose
that (5.74) holds. Then either λ(I) should become small or −g− should become
large. But g− � − ε−δ is not possible because g− should stay bounded in (−T1, 0)
as ε ↓ 0. Hence the only possibility is λ(I) � εη and g− � − εζ for some η, ζ
such that ζ − 2η = −δ, because of the second condition in (5.74). From the first
condition in (5.74) we have that 2ζ − η = 1 + δ. Solving these two equations we
obtain that η = 1

3 + δ and ζ = 2
3 + δ. From (5.67) we then get that g+ � ε−δ,

which is not possible because g+ should stay bounded in (0, 1− T1) as ε ↓ 0.
At this point we summarise our findings. We considered the variational formula

J↓(ε) given in (5.50) and we assumed that we can restrict ourselves to piece-wise
constant graphons (see Assumption 2) subject to the constraints in (5.57) and
(5.58). Afterwards, without loss of generality, we restricted ourselves to an even
smaller class of graphons, those of the form

g = g+1I×I + g−1J×J (5.94)

for some g+ > 0, g− < 0 and I, J ⊂ [0, 1] with λ(I)2 + λ(J)2 ≤ 1. At the end of
this section we elaborate on the case g12 6= 0. More specifically, we have shown
that the optimal perturbation satisfies g+ � ε1/2, g− � − ε1/2 and λ(I) � 1,
λ(J) � 1. Hence the solution to J↓(ε) has the form T1 + g∗

√
ε + o(ε), where
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g∗ = g+1L×L + g−1K×K , for some g+ > 0, g− < 0, L,K ∈ (0, 1) independent of ε,
is a symmetric function defined on [0, 1]2. From the constraints (5.57) and (5.58)
we have that g+L

2 = −g−K2 and L3g2
+ +K3g2

− = 1. A simple calculation shows
that

I(T1 + g
√
ε ) = I(T1) + I ′(T1)(L2g+ +K2g−)

√
ε+ 1

2I
′′(T1)(L2g2

+ +K2g2
−) ε+o(ε)

= I(T1) + 1
2I
′′(T1)(L2g2

+ +K2g2
−) ε+o(ε).

Hence, in order to find the optimal graphon we need to solve the following opti-
misation problem:

min
(
L2g2

+ +K2g2
−
)

(5.95)

such that L+K ≤ 1, g+L
2 + g−K

2 = 0, L3g2
+ +K3g2

− = 1.

This is equivalent to

min
(

1

K
+

1

L
− 2

K + L

)
such that L+K ≤ 1.

(5.96)

From a standard computation we find that the optimalK,L should satisfyK+L =

1. Hence we need to minimize 1−2L+L2

L(1−L) . This function is convex in L ∈ (0, 1) and
attains a unique minimum at the point L = 1

2 . Having computed L,K we find
g+ = −g− = 2, and so the optimal solution to J↓(ε), for ε sufficiently small, is the
graphon

h∗↓ε (x, y) =


T1 + 2

√
ε, if (x, y) ∈ [0, 1

2 ]2,

T1, if (x, y) ∈ [0, 1
2 ]× ( 1

2 , 1] or ( 1
2 , 1]× [0, 1

2 ],

T1 − 2
√
ε, if (x, y) ∈ ( 1

2 , 1]2.

(5.97)

A standard computation shows that T1(h∗↓ε ) = T1 and T2(h∗↓ε ) = T 3
1 + 3T1 ε.

Case g12 6= 0 By following similar arguments as for the case g12 = 0, we can
show that the optimal values of g11, g12, g22, K and L can be retrieved by solving
the following optimisation problem:

min
(
L2g2

11 +K2g2
22 + 2LKg2

12

)
such that

L+K = 1,

L2g11 +K2g22 + 2LKg12 = 0,

L3g2
11 +K3g2

22 + 2L2Kg12g11 + 2LK2g12g22 + LKg2
12 = 1. (5.98)
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Suppose first that L = K = 1
2 . Then we have the following optimisation problem

min 1
4

(
g2

11 + g2
22 + 2g2

12

)
such that

g11 + g22 + 2g12 = 0,

g2
11 + g2

22 + 2g12g11 + 2g12g22 + 2g2
12 = 8.

Introducing Lagrange multipliers, we obtain the solution g12 = 0 and g11 = −g22 =
2. For arbitrary L,K, substituting

g12 = −1

2

(
L

1− L
g11 +

1− L
L

g22

)
into (5.98), and differentiating the Lagrangian with respect to g12, we obtain g12 =
0. We observe at this point that this argument holds only for the case where g11, g12

and g22 go to zero as ε ↓ 0. This is not the case for the actual optimal graphon in
(5.11).

Case g12 6= 0 and g22 = 0 From (5.93) we observe that g22 = 0 yields an equality.
Hence in this case the microcanonical entropy will be of the order ε instead of ε2/3.
From the first-order constraint in (5.57) we obtain

g12 = −1

2

λ

(1− λ)
g11, (5.99)

where λ := λ(I). Then the second order constraint reads

g2
11

1

4

λ2

(1− λ)2
λ(1− λ) = ε . (5.100)

Following similar arguments as before, we can show that the case g11 � εδ,
λ � ε1/3−δ/3, g12 � − ε2/3+δ/2 is not optimal. The case g11 or g12 are constant,
independently of ε, is also not optimal, since if one of them is constant then the
entropy cost will be ε2/3 instead of ε. A standard computation yields

I(T1 + g∗) = I(T1) +
1

2
I ′′(T1)

(
2 + 4

1− λ
λ

)
ε+o(ε), (5.101)

while for the graphon defined in (5.97) we have

I(h∗↓ε ) = I(T1) + I ′′(T1) ε+o(ε). (5.102)

Hence we see that I(T1 + g∗) > I(T1 + h∗↓ε ) if and only if 1 − λ is constant and
independent of ε. If 1−λ � εδ, then further analysis is needed in order to establish
the optimal graphon. In any case, the graphon h∗↓ε is balance optimal, as desired.
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5.3.2 Proof of Lemma 5.3.1 and Lemma 5.3.2

In this section we provide the technical details leading to the optimal perturbation
of the variational problem in (5.51). We denote one of the, possibly multiple,
optimizers of (5.51) by h̃∗↑ε . In the proof, in order to keep the notation light,
we denote a representative element of this class by h∗↑ε . We start by writing the
optimizer in the form h∗↑ε = T1 + ∆Hε for some perturbation term ∆Hε. The
perturbation term has to be a bounded symmetric function defined on the unit
square [0, 1]2 taking values in R. The optimizer h∗↑ε has to satisfy the constraints

T1(h∗↑ε ) = T1, T2(h∗↑ε ) = T 3
1 − T 3

1 ε, (5.103)

and so the perturbation ∆Hε needs to satisfy the two constraints

(K1) :

∫
[0,1]2

dx d y ∆Hε(x, y) = 0 (5.104)

and

(K2) : 3T1

∫
[0,1]3

dx d y d z ∆Hε(x, y)∆Hε(y, z)

+

∫
[0,1]3

dx d y d z ∆Hε(x, y)∆Hε(y, z)∆Hε(z, x) = −T 3
1 ε .

(5.105)

Again, from Assumption 2, we restrict to graphons having the form T1 + ∆Hε

where
∆Hε = g111I×I + g121(I×J)∪(J×I) + g221J×J , (5.106)

g11, g12, g22 ∈ (−T1, 1− T1) and I ⊂ [0, 1], J = Ic. From (5.104) we get

λ(I)2g11 + 2λ(I)(1− λ(I))g12 + (1− λ(I))2g22 = 0, (5.107)

which yields

g12 = −1

2

(
λ(I)

1− λ(I)
g11 +

1− λ(I)

λ(I)
g22

)
. (5.108)

A standard computation shows that the second order integral in (5.105) is equal
to

λ(I)3g2
11 + (1− λ(I))3g2

22 + 2λ(I)(1− λ(I))g12(λ(I)g11 + (1− λ(I))g22 +
1

2
g12).

(5.109)
By (5.108) this is equal to

1

4
λ(I)(1− λ(I))

(
λ(I)

(1− λ)
g11 −

1− λ(I)

λ(I)
g22

)2

. (5.110)

From (5.105) we observe that, for ε sufficiently small, the first integral will
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dominate the second integral when g11, g12 and g22 depend on ε. Hence in order
to obtain the condition in (5.105), it must be that∫

[0,1]3
dx dy dz ∆Hε(x, y)∆Hε(y, z) = 0. (5.111)

Then (5.110) yields

g11 =
(1− λ(I))2

λ(I)2
g22 (5.112)

and from (5.108) also

g12 = −1− λ(I)

λ(I)
g22. (5.113)

The third order integral in (5.105) then yields

g22
1− λ(I)

λ(I)
= −T1 ε

1/3 . (5.114)

We distinguish three cases,

(1)

g11 � − ε1/3, g12 � ε1/3 g22 � − ε1/3,
1− λ
λ
� 1, (5.115)

(2)

g11 � − ε2/3−δ , g12 � ε1/3, g22 � − εδ,
1− λ(I)

λ(I)
� ε1/3−δ, δ ∈ (0, 1

3 ),

(5.116)

(3)

g11 � − ε2/3 , g12 � ε1/3, g22 = ḡ ∈ (−T1, 0),
1− λ(I)

λ(I)
� ε1/3 . (5.117)

For each of the cases above we compute the value of the function I.
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Case (1): For graphons as in Case 1, we have

I(T1 + ∆Hε) =λ(I)2I(T1 + g11) + 2λ(I)(1− λ(I))I(T1 + g12)

+ (1− λ(I))2I(T1 + g22)

=I(T1) +
1

2
I ′′(T1)

(
λ(I)2g2

11 + 2λ(I)(1− λ(I))g2
12

+ (1− λ(I))2g2
22

)
ε2/3 +o(ε2/3)

=I(T1) +
1

2
I ′′(T1)

(
(1− λ(I))4

λ(I)2
+ 2

(1− λ(I))3

λ(I)
+ (1− λ(I))2

)
g2

22

+ o(ε2/3)

=I(T1) +
1

2
I ′′(T1)

(1− λ(I))2

λ(I)2
g2

22 + o(ε2/3)

=I(T1) +
1

2
I ′′(T1)T 2

1 ε
2/3 +o(ε2/3)

=I(T1) +
1

4

T1

1− T1
ε2/3 +o(ε2/3).

We observe that there exist multiple graphons that can yield this result. The
only constraint we impose is g22

1−λ(I)
λ(I) = −T1 ε

1/3. For example, the graphon
T1 + g∗ ε1/3 with

g∗(x, y) =


−T1, (x, y) ∈ [0, 1

2 ]2,

T1, (x, y) ∈ [0, 1
2 ]× ( 1

2 , 1] ∪ ( 1
2 , 1]× [0, 1

2 ],

−T1, (x, y) ∈ ( 1
2 , 1]2,

, (5.118)

as in (5.14) is balance optimal. In Case (2) below we construct more graphons
that are balance optimal.

Case (2): A similar computation as above shows that

I(T1 + ∆Hε) = I(T1) +
1

2
I ′′(T1)T 2

1 ε
2/3 +o(ε2/3)

= I(T1) +
1

4

T1

1− T1
ε2/3 +o(ε2/3). (5.119)

From cases (1) and (2) we observe that various graphons can be balance optimal.
Hence we need to investigate the higher-order terms in order to determine the
optimal graphon.

115



Case (3): For this case we have

I(T1 + ∆Hε) = λ(I)2
(
I(T1) + I ′(T1)g11

)
+ 2λ(I)(1− λ(I))

(
I(T1) + I ′(T1)g12

)
+ (1− λ(I))2I(T1 + ḡ) + o(ε2/3)

= I(T1) + (1− λ(I))2 (−I ′(T1)ḡ − I(T1) + I(T1 + ḡ)) + o(ε2/3)

= I(T1) + T 2
1

(
I(T1 + ḡ)− I(T1)− I ′(T1)ḡ

ḡ2

)
ε2/3 +o(ε2/3). (5.120)

Therefore, in order to determine the optimal graphon, we need to find, for a given
T1 ∈ (0, 1), the minimum of the function

f(T1, x) := T 2
1

I(T1 + x)− I(T1)− I ′(T1)x

x2
(5.121)

in (−T1, 0). We analyze this function for every T1 ∈ (0, 1) as x varies from −T1 to
0. For x = −T1 we have

f(T1,−T1) = −I(T1) + T1I
′(T1) = −1

2
log(1− T1), (5.122)

while for x ↑ 0 we have

lim
x↑0

f(T1, x) = T 2
1 lim
x↑0

I ′(T1 + x)− I ′(T1)

2x
=

1

2
T 2

1 I
′′(T1) =

1

4

T1

1− T1
. (5.123)

The first derivative is equal to

f ′(T1, x) = T 2
1

(I ′(T1 + x)− I ′(T1))x2 − 2x (I(T1 + x)− I(T1)− I ′(T1)x)

x4

(5.124)
and at the boundary points we have

lim
x↓−T1

f ′(T1, x) = −∞, lim
x↑0

f ′(T1, x) =
1

6
I(3)(T1) = − 1

12

1− 2T1

(T1(1− T1))2
. (5.125)

We observe that I(3)(T1) > 0 if and only if T1 >
1
2 . Consider first the two endpoints

h1(T1) = −1

2
log(1− T1), h2(T1) =

1

4

T1

1− T1
(5.126)

and observe that

h′1(0) =
1

2
> h′2(0) =

1

4
, h′1(1− ε) =

1

2 ε
< h′2(ε) =

1

4 ε2
. (5.127)

Both h1(·) and h2(·) are increasing function on [0, 1]. Hence there is a unique
T̄1 such that h1(T1) > h2(T1) for all T1 ∈ (0, T̄1) and h1(T1) ≤ h2(T1) for all
T1 ∈ [T̄1, 1). Numerically we find T̄1 ≈ 0.715 (see also Figure 5.2). We distinguish
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three cases: T1 ∈ (0, 1
2 ], T1 ∈ ( 1

2 , T̄1] and T1 ∈ (T̄1, 1). The results that follow are
not rigorously proven, but are derived by using numerical approximations.

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
0

0.5

1

1.5

2

2.5

Figure 5.2: Plot of the functions h1(·) (blue line) and h2(·) (red line).

Case T1 ∈ (0, 1
2 ]: We have that h1(T1) = f(T1,−T1) > h2(T1) = limx↑0 f(T1, x).

Moreover, I(3)(T1) ≤ 0, with equality at T1 = 1
2 . Hence from (5.125) we have

that f(T1, ·) decreases away from f(T1,−T1) and decreases towards limx↑0 f(T1, x).
From Figure 5.3 we observe that it is also a decreasing function on (−T1, 0). Hence
we have that

f(T1, x) >
1

4

T1

1− T1
∀x ∈ (−T1, 0). (5.128)

We illustrate this in the following figures, where we plot f(T1, ·) for T1 = 0.1, 0.25, 0.4
and 0.5.

Case T1 ∈ ( 1
2 , T̄1]: In this case we have that I(3)(T1) > 0, also f(T1, x) increases

towards limx↑0 f(T1, x). A similar argument as above in Case 1 shows that there
is at least one stationary point T̄ ∗1 ∈ (−T1, 0), which is also a local minimum.
Uniqueness of this local minimum is verified numerically, as depicted in Figure
5.5.

Case T1 ∈ (T̄1, 1): Using a similar reasoning as in Cases 1 and 2, we get that
there is a stationary point T̄ ∗1 ∈ (−T1, 0), which is a local minimum. Uniqueness
of this minimum is verified numerically in Figure 5.6.
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Figure 5.3: Plot of the function f(T1, ·) for T1 = 0.1 (left panel) and T1 = 0.25 (right
panel).
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Figure 5.4: Plot of the function f(T1, ·) for T1 = 0.4 (left panel) and T1 = 0.5 (right
panel).
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Figure 5.5: Plot of the function f(T1, ·) for T1 = 0.55 (left panel) and T1 = 0.6 (right
panel).
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Figure 5.6: Plot of the function f(T1, ·) for T1 = 0.75 (left panel) and T1 = 0.9 (right
panel).

In Figure 5.7 below we plot T̄ ∗1 on the y-axis, where the unique global minimum
of the function f(T1, x) is attained, for x ∈ (−T1, 1− T1), and T1 on the x-axis.
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Figure 5.7: The point where the global minimum of f(T1, ·) is attained for a given T1.

From the three cases considered above we observe that if T1 ∈ (0, 1
2 ], then

f(T1, x) >
1

4

T1

1− T1
.

On the other hand, if T1 ∈ ( 1
2 , 1), then the function f(T1, ·) attains a global

minimum, denoted by T̄ ∗1 ∈ (−T1, 0), and

f(T1, T̄
∗
1 ) <

1

4

T1

1− T1
.
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We finally return to (5.120). For T1 ∈ (0, 1
2 ] the optimal graphon yields

I(T1 + ∆Hε) = I(T1) +
1

4

T1

1− T1
ε2/3 +o(ε2/3). (5.129)

For T1 ∈ ( 1
2 , 1) the optimal graphon yields

I(T1 + ∆Hε) = I(T1) + f(T1, T̄
∗
1 ) ε2/3 +o(ε2/3), (5.130)

where T̄ ∗1 ∈ (−T1, 0) is the unique minimizer of the function f(T1, ·) defined in
(5.121).

5.4 Appendix

In this appendix we gather some supplementary results we have proven. These
results concern the microcanonical entropy when the edge and triangle densities
lie on the lower boundary curve given in Figure 4.3. Moreover for the perturbed
constraints (T ∗1 , T

∗3
1 −ε) we construct a graphon (which is not optimal) which satis-

fies the perturbed constraints and resembles the optimal graphons on the scallopy
curve. We know that the optimal graphons, i.e. the graphons that minimize the
microcanonical entropy, have, for ` ∈ N, the form

g∗` (x, y) :=


1, ∃ 1 ≤ k < ` : x < kc` < y or y < kc` < x,

p`, (`− 1)c` < x < 1
2 [1 + (`− 1)c`] < y or

(`− 1)c` < y < 1
2 [1 + (`− 1)c] < x,

0, otherwise,

(5.131)

where
p` =

4c`(1− `c`)
(1− (`− 1)c`)2

∈ (0, 1], (5.132)

and
c` := 1

`+1

[
1 +

√
1− `+1

` T ∗1

]
∈ ( 1

`+1 ,
1
` ]. (5.133)

In this case the optimal perturbation depends on the value of `. such graphons
yield the following microcanonical entropy

−I(g∗` ) = −1

2
[1− (`− 1)c`] I(p`). (5.134)

Consider, for ` ∈ N, the perturbed constraints (T ∗1 , T
∗3
1 − (T ∗31 − T`) ε), where

T` :=
(`− 1)

(
`− 2

√
`(`− T ∗1 (`+ 1))

)(
`+

√
`(`− T ∗1 (`+ 1))

)
2

`2(`+ 1)2
, (5.135)
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denotes the minimal triangle density of a gaphon with edge density T ∗1 ∈ ( `−1
` , `

`+1 ],
` ∈ N, see [136]. Consider the following graphon

h = T ∗1 1[0,1]2\�ε′ + g∗�ε′ (local perturbation) (5.136)

with �ε′ = [0, ε′
1/3

]2, ε′ = ε+O(ε4/3) and g∗�ε′ the graphon

g∗�ε′ (x, y) :=


1, ∃ 1 ≤ k < ` : x < kc`ε

′1/3 < y or y < kc`ε
′1/3 < x,

p`, (`− 1)c`ε
′1/3 < x < 1

2 [1 + (`− 1)c`]ε
′1/3 < y < ε′

1/3

or (`− 1)c`ε
′1/3 < y < 1

2 [1 + (`− 1)c`]ε
′1/3 < x < ε′

1/3
,

0, otherwise.
(5.137)

Such a graphon satisfies has edge and triangle densities equal to T ∗1 and T ∗31 −
(T ∗31 − T`) ε respectively. A simple substitution shows that

I(g∗�ε′ )− I(T1) =
(

1
2 (1− (`− 1)c`)I(p`)− I(T1)

)
ε2/3 +o(ε2/3). (5.138)

In what follows we prove that the right-hand side of (5.138) is positive. We con-
sider, for ` ∈ N and T1 ∈ ( `−1

` , `
`+1 ], the function

L`(T1) = 1
2 (1− (`− 1)c`)I(p`), (5.139)

where c` and p` depend on T1 (we suppress this dependence from the notation).
In what follows we prove that, for every ` ∈ N \{1} and T1 ∈ ( `−1

` , `
`+1 ],

L`(T1) = 1
2 (1− (`− 1)c`)I(p`) > I(T1). (5.140)

In the proof we will need the following lemma.

Lemma 5.4.1. For every ` ∈ N, p` as a function of T1 is increasing and concave
on the interval ( `−1

` , `
`+1 ], and maps this interval to (0, 1].

Proof. From (5.132) we have that

p` =
4c`(1− `c`)

(1− (`− 1)c`)2
, (5.141)

where c` is defined in (5.133). A straightforward computation shows that, for
T1 = `−1

` , c` = 1
` and p` = 0. Similarly, for T1 = `

`+1 , c` = 1
`+1 and p` = 1.

Computing the derivative of p` with respect to T1, we obtain

p′` =
4c′`(1− c`(`+ 1))

(1− (`− 1)c`)3
with c′` = − 1

2`

1√
1− `+1

` T1

. (5.142)
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Substituting c′` into the expression for p′`, we obtain

p′` =
2

`

1

(1− (`− 1)c`)3
. (5.143)

Observe that c′` < 0. From (5.133) we have that c` ∈ [ 1
`+1 ,

1
` ). Thus, from

(5.143) we get that p′` > 0 on every interval T1 ∈ ( `−1
` , `

`+1 ] (see Figure 4.4). A
straightforward computation from (5.143) shows that

p′′` =
6(`− 1)

`

c′`
(1− (`− 1)c`)5

< 0. (5.144)

From Lemma 5.4.1 we see that p` is a one-to-one mapping of the interval
( `−1
` , `

`+1 ] to (0, 1]. Hence there is a unique T̃1 ∈ ( `−1
` , `

`+1 ] at which I(p`(T̃1))

is minimised, namely, the unique solution of the equation p` = 1
2 on ( `−1

` , `
`+1 ].

Existence and uniqueness of this solution follows from Lemma 5.4.1. Moreover,
I(p`(T̃1)) = 1

2 log 1
2 . The function L` in (5.140) is just a rescaling of I(p`) on

the interval ( `−1
` , `

`+1 ]. The scaling is due to the multiplication by the factor
1
2 (1 − (` − 1)c`), where 1

2 (1 − (` − 1)c`) ∈ ( 1
2` ,

1
`+1 ]. Hence, for every ` ∈ N and

every T1 ∈ ( `−1
` , `

`+1 ],

L`(T1) >
1

`+ 1
I(p`). (5.145)

Therefore it suffices to show that, for every ` ∈ N and every T1 ∈ ( `−1
` , `

`+1 ],

1

`+ 1
I(p`) > I(T1). (5.146)

On the interval ( `−1
` , `

`+1 ] the function 1
`+1I(p`) attains a minimum at the unique

point T̃1 where p`(T̃1) = 1
2 , with minimum value equal to 1

`+1I( 1
2 ). On the same

interval the function I is increasing because ` ∈ N \{1}, and attains its maximum
value at T1 = `

`+1 . Hence it suffices to show that, for every ` ∈ N \{1},

I

(
1

2

)
> (`+ 1)I

(
`

`+ 1

)
. (5.147)

The function (x+ 1)I( x
1+x ), x ≥ 1, is decreasing because(

(1 + x)I

(
x

1 + x

))′
= I

(
x

1 + x

)
+

1

1 + x
I ′
(

x

1 + x

)
= log

x

1 + x
< 0. (5.148)

Thus, (x+1)I( x
1+x ) < 2I( 1

2 ) < I( 1
2 ), x > 1, which proves (5.147) and consequently

also (5.139).
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Figure 5.8: Limit of scaled s∞ as a function of T ∗1 ∈ (0, 1).
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Part III

Dynamics of and on random
graphs
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Introduction to Part III

Over the past decades, networks have been the subject of an intensive research
effort. As networks offer the right framework to model e.g. social, physical, chem-
ical, biological and technological phenomena, various specific aspects have been
studied in depth. Arguably among the most studied objects is the Erdős-Rényi
graph [57, 69]. In such a random graph G(n, p) there are n vertices, and each of the
N =

(
n
2

)
edges exists with a fixed probability p ∈ (0, 1). By now there is a sizeable

literature on this type of graph, providing detailed insight into its probabilistic
properties, an example of a key result being that if p is larger than log n/n, then
the resulting graph is almost surely connected. An important property of graphs
drawn from the Erdős-Rényi random graph is that they have a uniform local struc-
ture. For every pair of subsets of the vertices S, T ⊂ {1, . . . , n} the number of edges
between vertices in S and vertices in T is on average equal to p|S||T |. As a special
case we obtain the property that every vertex has on average p(n − 1) neighbors
and that the total number of edges is on average equal to p

(
n
2

)
= pn(n−1)

2 . Hence
we observe that Erdős-Rényi random graphs exhibit a uniform local structure.

Besides the various structural properties, an additional feature of many real-life
networks is that the network structure evolves over time with edges appearing and
disappearing. The formation of complex molecules is a typical phenomenon that
can be modeled as a network that evolves in time. Molecules react and connect
with each other through chemical bonds in a random way as time elapses. Edges
may appear and disappear independently of each other or there might be ‘external’
factors that affect all these N processes simultaneously, rendering them dependent.
As an example think of temperature in a chemical network, weather conditions in
a road traffic network, economic conditions in a financial network, etc.

Literature on dynamic random graphs In a few recent contributions, first
results on such dynamic random graphs have been reported, but the analysis of
this class of models is still in its infancy; see e.g. [75, 76, 166], and [16] for an
illustration of its use in engineering. In [166] various dynamic random graph models
are discussed, among them a dynamic Erdős-Rényi graph in which all N edges
evolve independently. In this model, each edge makes transitions from present to
absent and vice versa in a Markovian manner: it exists for an exponential time with
parameter µ (which we refer to as the ‘up-rate’), and disappears for an exponential
time with parameter λ (the ‘down-rate’). For this model various metrics can be
analyzed in closed form. In particular, the distribution of the number of edges
at time t, throughout this part (Chapter 6) denoted by Y (t), can be explicitly
computed. A special case is that in which no edges exist at t = 0: then the
distribution of Y (t) coincides with the number of edges in a static Erdős-Rényi
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graph G(n, p(t)) (with an up-probability that depends on t).

Queueing networks In the introduction of this thesis we have described the
scope of queueing theory and the basic characteristics of a queueing model. Those
characteristics relate to clients who arrive to, possibly multiple, servers and receive
some form of service. After being served a client may depart from the system or
proceed to a next service station. In Chapter 7 we study queueing networks. A
network of queues is a system where customers may visit multiple stations before
departing. Stations are represented by the nodes of the network and links between
nodes represent possible transitions a customer may make before departing from
the system. Queueing networks appear often in applications, think of a produc-
tion system with multiple stations, a network of computers or a communication
network. The first major class of queueing networks was introduced by James
Jackson in [82]. These networks consist of M/M/1 queues with probabilistic rout-
ing between the stations and nowadays they are referred to as Jackson networks.
The most appealing feature of this model is the product-form solution for the pop-
ulation process of customers in the system in equilibrium. When the system is
stable and reaches equilibrium then the joint distribution of the queue lengths in
the nodes of the network is the product of the marginal equilibrium distributions
of the individual nodes. The existence of product-form stationary solutions has
received a lot of attention in the literature and various mathematical models for
queueing networks have been constructed where the stationary content process has
a product-form. It has been proven, see [33], it is related to partial balance and
insensitivity, concepts which are also of pivotal importance in queueing theory.
For details and an elaborate review of the literature we refer to [33]. As we will
show in Chapter 7 the model we consider does not have product-form solutions
and this is due to the dependency between the stations of the network.

Literature on random processes on random graphs In classical queueing
networks, the underlying infrastructure is typically assumed to be static: the net-
work’s resources (i.e., the links that connect the nodes) are assumed to be always
functioning. In many real-life networks, however, links may be temporarily down,
entailing that the infrastructure should instead be considered as dynamic. The
main objective of our work is to study the performance of a queueing network
whose links alternate between being ‘up’ and ‘down’. Leading examples in which
our model can be used include communication networks, road traffic networks and
various physics-motivated networks. The queueing model we study can be seen
as an instance of a stochastic process (viz. a queueing process) on a dynamically
evolving graph. Examples of papers on random processes on (dynamic) random
graphs are [12, 19, 20]. The systematic study of queueing processes on such a
randomly evolving graph has hardly been looked at, a notable exception being
the recent study [63]. The model considered in [63] complements the one studied
in the present work. Most notably, the framework of [63] in particular facilitates
modelling the effect of nodes going down every now and then, where the present
work has a focus on links going down.
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Structure of Part III In Chapter 6 we introduce two models of dynamically
evolving random graphs. In both cases the process of interest is (Y (t))t≥0 which
denotes the number of active edges at time t. For both models we present the fol-
lowing results: (a) a system of partial differential equations that describes the prob-
ability generating function corresponding to the time-dependent behavior of the
process (Y (t))t≥0 (and a system of ordinary differential equations for its station-
ary counterpart), (b) an algorithm to evaluate the (time-dependent and stationary)
moments, (c) a diffusion limit for the process (Y (t))t≥0. Numerical illustrations
that verify our theoretical results are also provided.

In Chapter 7 we introduce a model of a population process on a dynamically
evolving random graph. The underlying graph process resembles the models intro-
duced in Chapter 6 but now the focus lies on the additional dynamics on the graph.
For these networks we present the following results: (a) a system of coupled par-
tial differential equations that describes the joint probability generating function
corresponding to the queues’ time-dependent behavior (and a system of ordinary
differential equations for its stationary counterpart), (b) an algorithm to evaluate
the (time-dependent and stationary) moments, and procedures to compute user-
perceived performance measures which facilitate the quantifcation of the impact
of the links’ outages, (c) a diffusion limit for the joint queue length process. We
include explicit results for a series relevant special cases, such as tandem networks
and symmetric fully connected networks. Numerical illustrations of our finding
are also provided.
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Chapter 6

Dynamic Erdős-Rényi random
graphs

In this chapter we introduce two models of dynamically evolving random graphs.
Both models share the feature that the edges evolve dependently with each other. In
the first model, the up-rate and the down-rate of each of the edges are determined
by an external, autonomously evolving Markov process X(t), in the sense that
at time t these rates (for all edges) are λi and µi if X(t) = i; this mechanism
is usually referred to as regime switching. In the second model, the up-rate and
the down-rate (say, Λ and M) are resampled every ∆ > 0 time units (and these
sampled values then apply to all edges).

In more detail, in this chapter we focus is on the probabilistic properties of the
process Y (t) that records the number of edges present at time t. For the two models
mentioned above we manage to uniquely characterize its transient and stationary
behavior, albeit in a somewhat implicit way: for the first model in terms of a
pde for the corresponding probability generating function (pgf), for the second
model in terms of a recursion for the pgf. Then we use these characterizations to
point out how transient and stationary means can be computed. The next step is
to consider scaling limits; under a particular scaling, the process Y (t) satisfies a
functional central limit theorem. More specifically, after centering and scaling it
converges to an Ornstein-Uhlenbeck (ou) process; interestingly, in [155] it is shown
that for certain dynamic Erdős-Rényi graphs a particular clique-complex related
quantity (the ‘Betti number’) is described in the limit by an ou process as well.

The structure of this chapter is as follows: in Section 6.1 we define and study
the model with regime switching and in Section 6.2 we define and study the model
with resampling. In Section 6.3 we present some numerical experiments.
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6.1 Erdős-Rényi graphs under regime switching

We consider the following random graph model. Let (X(t))t>0 be an irreducible
continuous-time Markov process, typically referred to as the regime process or
background process, living on the state space {1, . . . , d}. The transition rate ma-
trix corresponding to (X(t))t>0 is denoted by Q = (qij)

d
i,j=1 and the corresponding

invariant distribution by the (column) vector π. As before, we consider the sit-
uation of N possible vertices. Let µi > 0 be the hazard rate of an existing edge
becoming inactive when the regime process is in state i; likewise, λi > 0 is the
hazard rate corresponding with a non-existing edge becoming active. In the fol-
lowing sections we study the properties and the evolution of the process (Y (t))t≥0

denoting the number of edges that are present at time t.

6.1.1 Probability generating function and moments

Probability generating function We start our exposition by studying the
(transient and stationary) pgf s

φi(t, z) := E
(
zY (t) 1{X(t)=i}

)
, φi(z) := E

(
zY 1{X=i}

)
. (6.1)

We do so by first analyzing pi(m, t) := P(Y (t) = m,X(t) = i), by following
classical procedures; later we also point out how pi(m) := P(Y = m,X = i) can
be found. Setting up the Kolmogorov equations, with qi := −qii > 0,

pi(m, t+ ∆t) =
∑
j 6=i

pj(m, t)qji ∆t

+ pi(m+ 1, t)µi(m+ 1)∆t+ pi(m− 1, t)λi(N −m+ 1)∆t

+ pi(m, t)
(
1− qi∆t− µim∆t− λi (N −m) ∆t

)
+ o(∆t),

leading to the linear system of differential equations

p′i(m, t) =

d∑
j=1

pj(m, t)qji + pi(m+ 1, t)µi (m+ 1)

+ pi(m− 1, t)λi (N −m+ 1)− pi(m, t)µim− pi(m, t)λi (N −m),

where pi(−1, t) and pi(N +1, t) are set to 0. Multiplying by zm and summing over
m = 0 up to N , we arrive at the pde

∂

∂t
φi(t, z) =

d∑
j=1

φj(t, z)qji + µi(1− z)
∂

∂z
φi(t, z) +

λiN(z − 1)φi(t, z) + λiz(1− z)
∂

∂z
φi(t, z).

132



In stationarity, the left-hand side of the previous display can be equated to 0, thus
leading to an ode. We obtain

0 =

d∑
j=1

φj(z)qji + µi(1− z)φ′i(z) + λiN(z − 1)φi(z) + λiz(1− z)φ′i(z).

Moments Following a standard procedure, we can find explicit expressions for
all (factorial) moments. To this end, we define ei,k := E((Y )k1{X=i}), with (x)k
denoting x(x−1) · · · (x−k+1). We obtain the factorial moments by differentiating
with respect to z and plugging in z = 1: in self-evident matrix/vector notation,
with Λ := diag{λ} and M := diag{µ},

0T = eT
1 Q− eT

1 M + πTΛN − eT
1 Λ. (6.2)

This leads to EY = eT
1 1, with eT

1 = N · πTΛ(Λ + M − Q)−1; observe that the
mean is proportional to N , as expected. This procedure can be found to find a
recursion for all factorial moments: by differentiating k times and inserting z = 1,
we obtain, for k = 2, 3, . . . , N ,

0T = eT
kQ− k eT

kM + kN eT
k−1Λ− k eT

kΛ− k(k − 1) eT
k−1Λ, (6.3)

and consequently

eT
k = k (N − k + 1) · eT

k−1 Λ(kΛ + kM −Q)−1. (6.4)

Observe that this recursion can be explicitly solved, as we know eT
1 ; the following

result now straightforwardly follows.

Proposition 6.1.1. For k = 1, . . . , N ,

eT
k = k! (N)k · πTΛ(Λ +M −Q)−1Λ(2Λ + 2M −Q)−1 · · ·Λ(kΛ + kM −Q)−1,

whereas eT
k = 0 for k = N + 1, N + 2, . . ..

Following standard techniques, we can now evaluate all stationary probabilities
as well. First, pi(N) follows from the identity ei,N = E((Y )N1{X=i}) = N ! pi(N).
We can recursively find the other probabilities pi(m); applying

ei,N−1 = E((Y )N−11{X=i}) = (N − 1)! pi(N − 1) +N ! pi(N),

we can express pi(N−1) in terms of pi(N) (and ei,N−1 and ei,N ). In general pi(m)
can be found from pi(m+ 1), . . . , pi(N) using

ei,m =

N∑
k=m

(k)mpi(k). (6.5)

Remark 19. In addition, the transient factorial moments E((Y (t))k 1{X(t)=i}) can
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be (recursively) found; in every step of the recursion a system of linear differential
equations (rather than a linear-algebraic equation) needs to be solved; see [118] for
a similar procedure in the context of infinite-server queues under regime switching.
♦

6.1.2 Diffusion approximation under scaling

In this subsection we impose the scaling Q 7→ NαQ, entailing that the regime
process is sped up by a factor Nα, with the objective to prove a functional central
limit theorem for the resulting limiting process. To get a feeling for how this
scaling affects the system’s behavior, we first compute the mean and variance of
the stationary number of edges. To this end, we use the following lemma, which
is proven in [116]. In the sequel D := (1πT − Q)−1 − 1πT denotes the deviation
matrix. Also x? := xTπ for x ∈ Rd and Γ := diag{γ} = Λ + M . Let γ := λ+ µ
be componentwise positive.

Lemma 6.1.1. Define FN,k := (k Γ−NQ)−1 for k ∈ N. Then, as N →∞,

FN,k =
1

k

1

γ?
1πT +

1

N
E +O(N−2), E :=

(
I − 1

γ?
1πTΓ

)
D

(
I − 1

γ?
γ πT

)
.

Let us first evaluate the mean of Y under this scaling; in the steps below we
use πTΛ 1 = λ? and D1 = 0. From the above lemma, we find, with %̄ := λ?/γ?,

EY = NπTΛ(Λ +M −NαQ)−11 = NπTΛFNα,11

= NπTΛ

(
1

γ?
1πT1 +N−αE1 +O(N−2α)

)
= N %̄+O(N1−α).

Along the same lines,

(EY )2 = N2%̄ 2 −N2−α 2

γ?
πT(Λ− %̄Γ)D %̄Γ1 + o(Nmax{1,2−α}).

In addition, ignoring sublinear terms,

EY (Y − 1) = 2N(N − 1)πTΛ(Λ +M −NαQ)−1Λ(2Λ + 2M −NαQ)−11

= 2N(N − 1)πTΛFNα,1 ΛFNα,21

= 2N(N − 1)πTΛ

(
1

γ?
1πT +

1

Nα
E

)
Λ

(
1

2γ?
1πT +

1

Nα
E

)
1.
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Using the following equalities

πTΛ

(
1

γ?
1πT

)
Λ

(
1

2γ?
1πT

)
1 =

%̄ 2

2
,

πTΛEΛ

(
1

2γ?
1πT

)
1 =

1

2γ?
πT(Λ− %̄Γ)D(Λ− %̄Γ)1,

πTΛ

(
1

γ?
1πT

)
ΛE1 = − 1

γ?
πT(Λ− %̄Γ)D %̄Γ1,

we arrive at

EY (Y − 1) = N(N − 1) %̄ 2 +N2−α 1

γ?
πT(Λ− %̄Γ)D(Λ− 3 %̄Γ)1 + o(Nmax{1,2−α}).

By virtue of the identity VarY = EY (Y − 1) + EY − (EY )2, we thus find

VarY = N %̄(1− %̄) +N2−α v + o(Nmax{1,2−α}), (6.6)

with
v :=

1

γ?
πT(Λ− %̄Γ)D(Λ− %̄Γ)1.

It can be checked that this formula is symmetric, in the sense that it is invariant
under swapping λ and µ, which is in line with VarY = Var (N − Y ); note that
Λ− %̄Γ = (1− %̄)Λ− %̄M .

Upon inspecting the asymptotic shape of VarY , we observe a dichotomy. For
α > 1 the regime process jumps so fast that all edges essentially behave indepen-
dently, experiencing an ‘effective up-rate’ of λ?, and an ‘effective down-rate’ of µ?,
so that in this regime Y is approximated with a Binomial random variable with
parameters N and %̄. For α < 1 the regime process is relatively slow, and hence
affects the variance (which is, as a result, superlinear in N).

We now prove a functional central limit theorem. Let P1(·) and P2(·) be two
independent unit-rate Poisson processes. With Zi(s) := 1{X(s)=i}, and Y (0) = 0
(remarking that any other starting point can be dealt with similarly),

Y (t) = P1

(
d∑
i=1

∫ t

0

λiZi(s)(N − Y (s))ds

)
− P2

(
d∑
i=1

∫ t

0

µiZi(s)Y (s)ds

)
. (6.7)

Define
Ȳ (t) :=

Y (t)−N%(t)

Nβ
, (6.8)

where %(t) := %̄(1 − e−γ
∗t) and β = 1

2 max{1, 2 − α}. We prove the following
theorem

Theorem 6.1.1. As N →∞, Ȳ (·) converges weakly to Ȳ∞(·), which is the solu-
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tion to the stochastic differential equation

dȲ∞(t) = −γ? Ȳ∞(t) dt+
√
g′(t)1{α≤1} + h′(t)1{α≥1} dB(t), (6.9)

with

g(t) := 2

∫ t

0

πT(Λ− %(s)Γ)D(Λ− %(s)Γ)1ds (6.10)

and

h(t) :=

∫ t

0

λ?(1− %(s))ds+

∫ t

0

µ?%(s)ds. (6.11)

Before proceeding with the proof of this theorem we prove the following lemma

Lemma 6.1.2. Y (t)/N converges to y(t), defined as the solution of the integral
equation

y(t) = λ?
∫ t

0

(1− y(s))ds− µ?
∫ t

0

y(s)ds, (6.12)

i.e., y(t) = %(t) := %̄ · (1− e−γ?t).

Proof. From the law of large numbers we have that

lim
N→∞

Y (t)

N
= EY (t) := y(t).

Consider the moment generating function G(z) := Ez
Y (t)
N for |z| < 1 and t ≥ 0.

Then we have that as N → ∞, G(z) converges to zy(t). From [47, page 226] and
the representation of Y (t) in (6.7) we have that

G(z) = E

[
exp

(
(z − 1)

d∑
i=1

∫ t

0

λiZi(s)(1−
Y (s)

N
)ds

)]

· E

[
exp

(
(z − 1)

d∑
i=1

∫ t

0

µiZi(s)
Y (s)

N
ds

)]
. (6.13)

Letting N → ∞ and using the ergodic theorem and the law of large numbers we
get the following equation

zy(t) = exp

(
(z − 1)

d∑
i=1

∫ t

0

λiπi(1− y(s))ds

)
· exp

(
(z − 1)

d∑
i=1

∫ t

0

µiπiy(s)ds

)
.

(6.14)
Differentiating with respect to z and plugging in z = 1 we obtain the equation in
(6.12). Using Grönwall’s lemma we get that y(t) = %̄ · (1− e−γ∗t).

Proof of Theorem 6.1.1. We follow the ideas presented in [26, Section 5], which
in turn uses intermediate results of [77]. We know from (6.7) that there exists a
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martingale K(t) such that,

dY (t) = λTZ(t)(N − Y (t))dt− µTZ(t)Y (t)dt+ dK(t), (6.15)

and therefore

dȲ (t)=N1−β((1−%(t))λT−%(t)µT
)
Z(t)dt−γTZ(t)Ȳ (t)dt+

dK(t)

Nβ
−N1−β%′(t)dt.

(6.16)
Now define W (t) := eZ+(t)Ȳ (t), where Z+(t) :=

∫ t
0
γTZ(s)ds, so that,

dW (t) = eZ+(t)

(
N1−β((1− %(t))λT − %(t)µT

)
Z(t)dt+

dK(t)

Nβ
−N1−β%′(t)dt

)
.

Observing that
(
(1 − %(t))λT − %(t)µT

)
π = %′(t), and recalling that γ = λ + µ,

the equality in the previous display simplifies to

dW (t) = eZ+(t)

(
N1−β(λT − %(t)γT

)
(Z(t)− π)dt+

dK(t)

Nβ

)
. (6.17)

We now consider the two terms in the previous display separately. As was estab-
lished in [26, 77], for the first term, as N →∞,∫ ·

0

Nα/2eZ+(s)
(
λT − %(s)γT

)
(Z(s)− π)ds→

∫ ·
0

eγ
?sdG(s),

where G(·) satisfies

〈G〉t = g(t) := 2

∫ t

0

πT(Λ− %(s)Γ)D(Λ− %(s)Γ)1ds. (6.18)

We observe that the first term on the right-hand side of (6.17) scales like N1−β−α/2

hence when we let N →∞ it converges to zero if α > 1 and to a non-zero limit if
α ≤ 1. Also as in [26, 77], the second term obeys, as N →∞,∫ ·

0

N−α/2eZ+(s)dK(s)→
∫ ·

0

eγ
?sdH(s),

where H(·) satisfies (using the relation between K(·) and the Poisson processes
P1(·) and P2(·))

〈H〉t = h(t) :=

∫ t

0

λ?(1− %(s))ds+

∫ t

0

µ?%(s)ds. (6.19)

We observe that the second term on the right-hand side of (6.17) scales like
N−β+α/2 hence when we let N → ∞ it converges to zero if α < 1 and to a
non-zero limit if α ≥ 1. Combining the two terms studied above, it thus follows
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that, as N → ∞, W (·) weakly converges to W∞(·), which is the solution to the
stochastic differential equation, with B(·) a standard Brownian motion,

dW∞(t) = eγ
?t
√
g′(t)1{α≤1} + h′(t)1{α≥1} dB(t). (6.20)

Translating this back in terms of a stochastic differential equation, again mimicking
the line of reasoning of [26, 77], we obtain the desired result.

Remark 20. Using the behavior of g′(t) and h′(t) for t large, we conclude that
for large values of t (‘in stationarity’), this stochastic differential equation reads

dȲ∞(t) = −γ? Ȳ∞(t) dt+
√

2γ? %̄ (1− %̄) + 2γ? v dB(t),

which defines an ou process with mean 0 and variance %̄ (1− %̄) + v; note that this
aligns with what we found, plugging in α = 1, in (6.6). ♦

6.2 Erdős-Rényi graphs with resampling

An alternative dynamic Erdős-Rényi model (in discrete time) to the one studied
in Section 6.1 can be defined as follows; we refer to it as a Erdős-Rényi graph with
resampling. Let the N =

(
n
2

)
edges alternate between two states: the edge has the

value 0 when the corresponding edge is absent and 1 when it exists. In slot m, let
the transition matrix of the presence of any of the N edges be given by(

Pm 1− Pm
1−Rm Rm

)
,

where the sequence (Pm, Rm)m∈N consists of i.i.d. vectors in (0, 1)2; we note that
Pm and Rm (for a given time m, that is) are not necessarily assumed independent.
It is stressed that the samples in slot m, i.e., Pm and Rm, hold for any of the
edges — as a consequence, the individual edges (each of them alternating between
absent and present) evolve dependently, as intended. In this section we find the
counterparts for the resampling model of all results that we derived for the regime
switching model of Section 6.1. To make notation compact, let (P,R) denote a
generic sample of (Pm, Rm).

6.2.1 Probability generating function and moments

Probability generating function: Let us now analyze the object ϕk(z) :=
E
(
zYm |Ym−1 = k

)
. Realize that Ym is the sum of (i) the edges that were present

at time m− 1 and still are at m, and (ii) the edges that were not there at m− 1
but do appear at m. Both obey a binomial distribution (with appropriately chosen
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parameters). More precisely,

ϕk(z) = E

(
N−k∑
`=0

(
N − k
`

)
(1− Pm)`PN−k−`m z` ·

k∑
`=0

(
k

`

)
R`m(1−Rm)k−`z`

)
,

(6.21)
which simplifies to

E
(

((1− Pm)z + Pm)
N−k · (Rmz + 1−Rm)

k
)
. (6.22)

Now consider the stationary random variable Y , through its z-transform ϕ(z) :=
E zY . Based on the above computation, we have found the following fixed-point
equation:

ϕ(z) = E
(

((1− P )z + P )N ϕ

(
Rz + 1−R

(1− P )z + P

))
. (6.23)

In what follows we compute the mean, variance and correlation in stationarity.

Mean: Let us first compute EY , by differentiating both sides to z and plugging
in z = 1. To this end, we define

ψ1(z) := ((1− P )z + P )N , ψ2(z) := ϕ

(
Rz + 1−R

(1− P )z + P

)
. (6.24)

We first compute a number of quantities that we need in the sequel. It takes
routine calcutations to conclude that

ψ′1(z) = (1− P )N((1− P )z + P )N−1,

ψ′′1 (z) = (1− P )2N(N − 1)((1− P )z + P )N−2,

ψ′2(z) =
P +R− 1

((1− P )z + P )2
ϕ′
(
Rz + 1−R

(1− P )z + P

)
,

and

ψ′′2 (z) = −2
(P +R− 1)(1− P )

((1− P )z + P )3
ϕ′
(
Rz + 1−R

(1− P )z + P

)
+

(P +R− 1)2

((1− P )z + P )4
ϕ′′
(
Rz + 1−R

(1− P )z + P

)
.

As a consequence,

ψ′1(1) = (1− P )N, ψ′′1 (1) = (1− P )2N(N − 1), ψ′2(1) = (P +R− 1)ϕ′(1),

and
ψ′′2 (1) = −2(P +R− 1)(1− P )ϕ′(1) + (P +R− 1)2ϕ′′(1).

Regarding the first moment of Y , we obtain the equation α := ϕ′(1) = Eψ′1(1) +
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Eψ′2(1), or equivalently α = N(1− EP ) + α(EP + ER− 1), and hence

α = N
1− EP

2− EP − ER
. (6.25)

Variance: We now evaluate the quantity

β := EY (Y − 1) = ϕ′′(1) = Eψ′′1 (1) + 2Eψ′1(1)ψ′2(1) + Eψ′′2 (1).

We thus obtain that β equals

N(N − 1)E
(
(1− P )2

)
+ 2(N − 1)αE ((P +R− 1)(1− P )) +β E

(
(P +R− 1)2

)
,

and therefore

β =
N(N − 1)E

(
(1− P )2

)
+ 2(N − 1)αE ((P +R− 1)(1− P ))

1− E ((P +R− 1)2)
.

As a consequence, VarY equals

α− α2 +
N(N − 1)E

(
(1− P )2

)
+ 2(N − 1)αE ((P +R− 1)(1− P ))

1− E ((P +R− 1)2)
.

It takes an elementary but tedious computation to verify that if P and R equal
(deterministically) p and r, respectively, then this variance reduces to Nπ0π1, as
desired. We also conclude that VarY grows essentially quadratic in N . Indeed, it
follows by standard computations that, with P̄ := 1− P and R̄ := 1−R,

VarY = γ1N
2 + γ2N, (6.26)

where

γ1 =
E(R̄2)(E P̄ )2 − 2E(P̄ R̄)E P̄ E R̄+ E(P̄ 2)(E R̄)2(

1− E
(
(P̄ + R̄− 1)2

)) (
E P̄ + E R̄

)2 , (6.27)

and

γ2 =
−E(R̄2)E P̄ + 2E P̄ E R̄− E(P̄ 2)E R̄(

1− E
(
(P̄ + R̄− 1)2

)) (
E P̄ + E R̄

) . (6.28)

Notice that γ1 and γ2 are symmetric in P and R, as desired, and observe that
γ1 ≥ 0 (with equality only if P and R are deterministic). We conclude that no
standard CLT applies (which would require that VarY grows linearly in N) unless
P and R are deterministic.

Correlation We now focus on computing the limit of the covariance
Cov(Ym, Ym+1) as m→∞. Observe that

lim
m→∞

Cov(Ym, Ym+1) = lim
m→∞

N∑
k=0

kE(Ym+1 |Ym = k)P(Ym = k)− (EY )2,

140



which, in self-evident notation, reads

N∑
k=0

kE(Bin(k,R))P(Y = k) +

N∑
k=0

kE(Bin(N − k, 1− P ))P(Y = k)− (EY )2.

This reduces to

ER
N∑
k=0

k2 P(Y = k) + (1− EP )

N∑
k=0

k(N − k)P(Y = k)− (EY )2,

so that we obtain

lim
m→∞

Cov(Ym, Ym+1) = (EP + ER− 1)E(Y 2) + (1− EP )N EY − (EY )2, (6.29)

which we can evaluate from the expressions for EY and VarY.

6.2.2 Diffusion approximation under scaling

We now consider the following scaling: for some α > 0 we put

P = 1− η/Nα, R = 1− ζ/Nα, (6.30)

where η and ζ are non-negative random variables. The resulting model has some
built-in ‘inertia’: for N large, the process has the inclination to stay in the same
configuration. The mean number of vertices is N %̄, with

%̄ :=
E η

E η + E ζ
, (6.31)

irrespective of the value of α. When analyzing the variance, however, the reveal-
ing issue is that the value of α has crucial impact. More specifically, a minor
computation tells us that VarY essentially reads

N %̄ (1− %̄ ) +N2−αE(ζ2)(E η)2 − 2E(ηζ)E η E ζ + E(η2)(E ζ)2

2(E η + E ζ)3
. (6.32)

Note that, due to the inertia that we incorporated, the variance is smaller than
in the unscaled model, where the variance was effectively proportional to N2.
Observe from the above expression that there is a dichotomy that resembles the
one we came across in Section 6.1.2, with some sort of transition at α = 1. For
α > 1 the standard deviation scales as

√
N , whereas for α < 1 it scales as N1−α/2.

An intuitive explanation is that in the regime of relatively few transitions (i.e.,
α > 1) the system’s inertia is so strong that its steady-state essentially behaves
as an Erdős-Rényi graph with the probability that an edge exists being given by
%̄. In the regime with relatively many transitions (i.e., α < 1), on the contrary,
the (co-)variances play a role, in the sense that the increased variability caused by
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the resampling has impact; the limiting object is not of Erdős-Rényi-type. Along
the same lines, an elementary computation yields that the covariance between the
numbers of edges at two subsequent epochs (in stationarity) behaves as

VarY

(
1− E η + E ζ

Nα

)
;

this correlation coefficient essentially reads 1− (E η + E ζ)N−α (for N large).

A related continuous-time model: In the remainder of this subsection we
consider a specific explicit continuous-time model in which we can embed the
discrete-time model discussed above, and in particular the scaling (6.30). To this
end, we first describe the model without scaling, and then include the scaling. Let,
at time s, M(s) > 0 be the hazard rate of an existing vertex becoming inactive;
likewise, Λ(s) > 0 is the hazard rate corresponding with a non-existing vertex
becoming active. Here M(s) and Λ(s) are piecewise constant stochastic processes:
for some ∆ > 0,

Λ(s) = Λi 1{(i−1)∆6s<i∆}, M(s) = Mi 1{(i−1)∆6s<i∆}, (6.33)

where (Mi,Λi)i∈N is a sequence of i.i.d. bivariate random vectors such that both
Var Λ and VarM are finite. Let Y (t) be the number of vertices at time t, and Y
its stationary counterpart. As it turns out, we can reuse quite a few results from
the previous subsections, using the identification Y (m∆) = Ym. In particular, it is
seen that ϕ(z) := E zY satisfies (6.23), with

P :=
M

Λ +M
+

Λ

Λ +M
e−(Λ+M)∆, R :=

Λ

Λ +M
+

M

Λ +M
e−(Λ+M)∆. (6.34)

We thus obtain from (6.25)

EY = N E
(

Λ

Λ +M

(
1− e−(Λ+M)∆

))/
E
(

1− e−(Λ+M)∆
)

(6.35)

Similarly, we can compute the variance by (6.26). Now we describe how to scale
this model. The idea is to scale ∆ 7→ 1/Nα, and to consider the regime in which
we let N grow large, i.e., the transition rates are frequently resampled (and si-
multaneously the number of potential edges N grows). It is immediate that
P and R fulfill (6.30) with η = Λ and ζ = M. We obtain that EY tends to
%̄ := EΛ/EΓ, where Γ := Λ + M . In addition, VarY satisfies the expansion
N %̄ (1− %̄ ) +N2−αv + o(Nmax{1,2−α}), where

v :=
1

2EΓ

(
%̄ 2 VarM − 2 %̄ (1− %̄ )Cov (Λ,M) + (1− %̄ )2 Var Λ

)
=

1

2EΓ
Var (Λ− %̄Γ) .
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The proof of a functional central limit theorem is quite similar to the one for
the regime switching model in Section 6.1.2. With P1(·) and P2(·) denoting two
independent rate one Poisson processes we have that Y (t) can be written as follows,

Y (t) = P1

(∫ t

0

Λ(s)(N − Y (s))ds

)
− P2

(∫ t

0

M(s)Y (s)ds

)
, (6.36)

so that, for some martingale K(t),

dY (t) = Λ(t)(N − Y (t))dt−M(t)Y (t)dt+ dK(t). (6.37)

Then Ȳ (t) is defined as in (6.8), with %(t) := %̄ · (1− exp(−tEΓ)). We define, with
Γ(s) = Λ(s) +M(s),

W (t) := eΓ+(t)Ȳ (t), with Γ+(t) :=

∫ t

0

Γ(s)ds. (6.38)

After a few steps, this leads to the stochastic differential equation,

dW (t) = eΓ+(t)

(
N1−β ((Λ(t)− EΛ)− %(t)(Γ(t)− EΓ)) dt+

dK(t)

Nβ

)
. (6.39)

Consider the two terms in the previous display. For the first term, as N →∞,∫ ·
0

Nα/2eΓ+(s)
(
(Λ(s)− EΛ)− %(s)(Γ(s)− EΓ)

)
ds→

∫ ·
0

esEΓdG(s),

where G(·) satisfies

〈G〉t = g(t) :=

∫ t

0

Var (Λ− %(s)Γ)ds; (6.40)

to see this note that, almost surely, uniformly on compacts, as N →∞,

eΓ+(s) = exp

(
1

N

sN∑
i=1

(Λi +Mi)

)
→ exp (sEΓ) ,

and use this in combination with the (classical) functional central limit theorem
for the random walk with i.i.d. increments [157, Thm. 4.3.5]. For the second term,
as N →∞, due to the definition of the martingale K(·),∫ ·

0

1

Nα/2
eΓ+(s)dK(s)→

∫ ·
0

eγ
?sdH(s),
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where H(·) is such that

〈H〉t = h(t) := EΛ

∫ t

0

(1− %(s))ds+ EM
∫ t

0

%(s)ds. (6.41)

Combining the two terms studied above, it thus follows that, as N → ∞, W (·)
weakly converges toW∞(·), which is the solution to the stochastic differential equa-
tion (6.20), but now with the g(·) and h(·) given by (6.40) and (6.41), respectively.
We obtain the following result.

Theorem 6.2.1. Ȳ (·) converges weakly to Ȳ∞(·), which is the solution to the
stochastic differential equation (6.9), with g(·) and h(·) given by (6.40) and (6.41),
respectively.

Remark 21. For large t (‘in stationarity’), this stochastic differential equation
essentially behaves as

dȲ∞(t) = −EΓ · Ȳ∞(t) dt+
√

2EΓ · %̄(1− %̄)1{α≤1} + 2EΓ · v1{α≥1} dB(t),

corresponding with an ou process with mean 0 and variance %̄ (1 − %̄)1{α≤1} +
v1{α≥1}. ♦

6.3 Numerical illustrations
In this section we include a number of illustrative examples that assess the ap-
plicability of the diffusion limits. We consider two situations; in both cases we
take α = 1. (A) In the first situation we consider the regime switching model of
Section 6.1. The background process has two states, with q12 = 2 and q21 = 3; in
addition λ1 = 0.3, λ2 = 0.5, µ1 = 1, and µ2 = 0.1. Using the formulae we derived
in Section 6.1.1, we find EY = 0.762N and VarY = 0.182N . (B) The second
situation corresponds to the resampling model of Section 6.2. More, specifically,
M has a uniform distribution on [0, 3] and Λ a uniform distribution on [0, 5]. It is
readily checked that EY = 0.625N and VarY = 0.308N.

In Figure 6.1 histograms are presented for the random variable

Ȳ :=
Y − EY√
VarY

.

Each simulation experiment starts with an empty system, and is then run for a
sufficiently long time such that the process has reached equilibrium. The red curves
in Figure 6.1 correspond to the density of the standard Normal distribution. The
figures show the convergence to the Normal distribution.

In Figure 6.2 typical sample paths are depicted, illustrating the ou-like mean-
reverting behavior. The red curves correspond to the mean of Y (t).
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Figure 6.1: Left panel: histogram of Ȳ for situation (A). Right panel: histogram
of Ȳ for situation (B). In both cases we took N = 45.

Figure 6.2: Left panel: sample path of Y (·) for situation (A). Right panel: sample
path of Y (·) for situation (B). In both cases we took N = 45.
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Chapter 7

Queues on dynamical random
graphs

In this chapter we introduce a model of a queueing process on a dynamically
evolving network. The dynamics of the underlying network are similar to the
dynamics of the random graph models analyzed in Chapter 6. The network is a
graph with nodes, where clients arrive and depart, and links, along which clients
travel. At any node, external arrivals occur according to a Poisson process with a
node-specific rate. Service times at the nodes are exponentially distributed (with
a node-specific parameter); when a customer has been served at a node, he selects
a next node through some routing mechanism (where it is also an option to leave
the network). Suppose the client resides at node i and he wants to be routed to
node j; assume that each link’s up- and down-times are exponentially distributed.
Then, depending on the situation at hand, the following two options arise. If the
link from i to j is up, then the client jumps from node i to node j. If, on the
contrary, the link from i to j is down, then either the client is lost (which happens
with a node-specific probability), or he waits an exponentially distributed amount
of time at node i and tries again.

The queueing mechanism studied in this chapter is infinite-server, making our
analysis particularly useful for situations in which there is no (or hardly any) in-
terference between the clients at each individual queue, in the sense that they can
be served essentially in parallel. It is noted that in this chapter we use queueing-
theoretic terminology, but infinite-server queues are frequently used in other do-
mains as well. As a model in which particles move on a dynamically evolving
graph, it can be seen as an object relevant to statistical physics (cf., for instance,
the model considered in [48]), but there are applications in chemical reaction net-
works [14], (cell) biology [142], and population dynamics [110] also. In operations
research, the infinite-server model we have defined can be used to study e.g. the
numbers of clients simultaneously using (somewhat larger) segments in a road
traffic network, or numbers of clients simultaneously visiting connected websites.

There is also a relation with the classical work [119], where the Poisson-arrival-
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location model (PALM) is introduced. In this model customers arrive according
to an inhomogeneous Poisson process and move independently through the net-
work according to some random location process (with a fixed routing matrix). A
consequence of the way the model is constructed is that, for instance, the number
of customers at each node follows a Poisson distribution. The major difference
with our model, is that in our setup the topology of the network is determined by
a modulating process (meaning that the routing matrix is random); consequently
the positions of different clients (during their path through the network) are in
our model no longer independent, thereby also destroying the ‘Poisson properties’.
Observe that it is this dependence structure that considerably complicates the
analysis. It also explains why we pursue scaling limits for obtaining insight in the
network population distribution (which is obviously not needed in the setup of
[119], as there closed-form expressions are available).

This chapter is organized as follows: in Section 7.2 we describe our model.
Section 7.3 presents our analysis, in terms of exact results for the probability
generating function and moments; we restrict ourselves to the case that clients
who wish to jump but the corresponding link is down, are lost with probability
1. Section 7.4 concerns the weak convergence to a Gaussian process, for the same
model. In Section 7.5 we consider a number of extensions, including the one in
which blocked customers are not necessarily lost but retry. In Section 7.6 we
discuss a number of special cases for which the calculations can be done explicitly.
Some concluding remarks are found in Section 7.7.

7.1 Overview of the results

For this class of models of queueing processes on a randomly evolving network,
we are interested in various performance measures. The most important one is
the joint distribution of the (time-dependent and stationary) queue lengths at all
nodes, together with the number of lost clients (i.e., clients who leave the network
because of link failures).

◦ In the first part of the chapter we derive a series of exact results. (i) Our first
class of results is in terms of a system of coupled partial differential equations
for the probability generating function pertaining to the joint queue length
distribution. (ii) In the second place, this system of differential equations
can be used to recursively determine all (time-dependent and stationary)
moments. (iii) Thirdly, we assess the impact of the network’s down-times on
the service quality that is perceived by its users.

◦ Then we consider scaling limits: by scaling the external arrival rates and the
up- and down-times, we present a diffusion limit. This result entails that the
joint queue-length process weakly converges to a mean-reverting Gaussian
process (viz. a multivariate Ornstein-Uhlenbeck process). An important fea-
ture of the scaling chosen is that the speed at which the external arrival rates
are scaled may differ from the speed at which the up- and down-times are
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scaled. This creates the flexibility to cover networks in which the alternation
between up- and down times is relatively slow (think of road networks) or
relatively fast (think of the channel conditions in a wireless network); also
time-scale separation ideas (as often relied on in chemical reaction networks)
can thus be modeled.

Our analysis will be based on casting our model as a network of infinite-server
queues under Markov modulated arrival and service rates. Explicit results on
(single-node) Markov modulated infinite-server queues (primarily in terms of dif-
ferential equations for the probability generating function, and the corresponding
moments) can be found in e.g. [17, 47, 64, 86, 125]. Diffusion limits for such single-
node systems have been derived in e.g. [3, 26]; we also refer to [84] for a recent
contribution with such diffusion results for a broad class of networks of Markov
modulated infinite-server queues. For general background on queueing networks,
we refer to [90, 102, 143].

7.2 Description of the model

We start by providing a detailed model description, and then introduce quantities
of our interest. The network that we consider consists of n nodes that are connected
through n̄ :=

(
n
2

)
links. Let λi be the rate of the Poissonian arrival process at

node i. The time spent at node i is exponentially distributed with parameter µi
(where we discuss in Section 7.5.1 how our setup extends to the case of phase-type
service times). After having been served at node i, the probability that the served
customer wishes to jump to node j (where j 6= i) is pij , where pi0 is the probability
of leaving the network. We obviously assume that

∑
j 6=i pij = 1, and we write

µij = µipij . It is noted that this setup does not necessarily mean that we assume
that the network be a complete graph; if a node pair (i, j) is not connected, we are
to set the corresponding µij equal to 0. Observe that the dynamics as described
above entail that the number of clients evolves as an infinite-server queue: the
clients are served in parallel, and hence do not interact. We assume that the
routing mechanism gives rise to an irreducible structure, entailing that the µij are
such that for a client residing at a specific node with positive probability it visits
any other node before leaving the network. In addition, for at least one node i
it holds that µi0 is strictly positive, thus guaranteeing that the network is stable.
The arrival processes and service/routing processes are assumed independent.

We now describe how the links alternate between being ‘up’ and ‘down’. To
this end, we let the underlying graph dynamics be determined by a K-dimensional
background process (X(t))t>0, assumed to be independent of the arrival processes
and the serving/routing processes, that is defined as follows. The n̄ links are
partitioned into K mutually disjoint sets, which are denoted by A1, . . . , AK , which
we refer to as blocks. All links that lie in a specific block, say Ak, alternate between
‘up’ and ‘down’ simultaneously; Xk(t) = 1 means that at time t the links in block
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k are ‘up’, and 0 otherwise. We define

Q(k) =

(
−q(k)

0 q
(k)
0

q
(k)
1 −q(k)

1

)
;

the down-time (up-time, respectively) of block k is exponentially distributed with
parameter q(k)

0 (q(k)
1 ). The ‘graph process’ is given through

(X(t))t>0 = (X1(t), . . . , XK(t))t>0,

which attains values in {0, 1}K . The two extreme scenarios are on one hand the
case that we have just one block consisting of all n̄ links, or on the other hand the
case that we have n̄ independently evolving blocks that consist of one link each.
The transition rate matrix ofX(·) is of dimension K̄×K̄ with K̄ := 2K , and given
by

Q :=

K⊕
k=1

Q(k) =

K∑
k=1

I2k−1 ⊗Q(k) ⊗ I2K−k ,

where In denotes the n-dimensional identity matrix and B1 ⊗ B2 denotes the
Kronecker product of the two matrices B1 and B2. We let qk` be the (k, `)-th
entry of Q.

We now explain what happens to a client who wants to jump from i to j when
the link is not present. As long as the link is down, at any attempt the client is lost
with probability fij ∈ [0, 1], and he remains at the node with probability 1− fij .
While being at the node the mechanism that we defined above is in place: after
an exponentially distributed amount of time with mean µ−1

ij (with j = 0, . . . , n)
he wishes to jump to node j. To keep the notation compact, in Sections 7.3 and
7.4 we assume that fij = 1 for all i, j = 1, . . . , n (i.e., all clients are lost who wish
to jump from i to j when the link between i and j is absent); in Section 7.5.1 we
point out how to adapt the results to include situations with fij ∈ [0, 1).

We consider the n-dimensional queue length process

(M(t))t>0 = (M1(t), . . . ,Mn(t))t>0, (7.1)

whereMi(t) ∈ N0 represents the number of clients in the queue at node i at time t.
Our objective is to characterize the distribution ofM(t); as we will see below, this
is possible, albeit in implicit terms, viz. in terms of a partial differential equation
for the corresponding joint probability generating function. Observe that by itself
(M(t))t>0 is not a Markov process, but the joint process (M(t),X(t))t>0 is.

As we want to keep track ofM(t) as well as the number of lost clients, we work
with the probability generating function

ϕk(w, z, t) = E
[
wL(t)z

M1(t)
1 · · · zMn(t)

n 1{X(t)=k}
]
,

with L(t) defined as the number of lost clients due to a link being ‘down’ during
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the interval [0, t] and k be an element in {0, 1}K .

Remark 22. In the model described all links are bidirectional: if the link between
i and j is ‘down’, then clients can jump neither form i to j nor from j to i. The
unidirectional variant of our model works in the precise same way; then there are
n(n− 1) (instead of 1

2n(n− 1)) possible links. ♦

7.3 Prelimit results

In this section we first set up a system of coupled partial differential equations
for ϕ(w, z, t) (i.e., the 2K-dimensional vector with elements ϕk(w, z, t)). We then
point out how these can be used to determine moments. The next subsection
presents ways to quantify the effect of the graph dynamics on the performance as
perceived by the network’s users.

7.3.1 Probability generating function and moments

Probability generating function and moments The main idea is to express
ϕ(w, z, t + ∆t), for ∆t small, in terms of ϕ(w, z, t). We follow the precise same
procedure as in e.g. [118]: we first set up the Kolmogorov equations for the state
(L(t),M(t)) = (m0, . . . ,mn) at time t > 0, then multiply with wm0zm1

1 · · · zmnn ,
and sum over m0, . . . ,mn. We recognize probability generating functions and their
derivatives. More specifically, with I(i, j, k) being 1 if the link (i, j) is ‘up’ when
X(·) is in state k and 0 otherwise, we thus obtain,

ϕk(w, z, t+ ∆t) =ϕk(w, z, t) +

n∑
i=1

ϕk(w, z, t)(zi − 1) · λi ∆t+

n∑
i=1

n∑
j=1,j 6=i

∂ϕk(w, z, t)

∂zi
(zj − zi) · I(i, j, k) · µij ∆t+

n∑
i=1

n∑
j=1,j 6=i

∂ϕk(w, z, t)

∂zi
(w − zi) ·

(
1− I(i, j, k)

)
· µij ∆t+

n∑
i=1

∂ϕk(w, z, t)

∂zi
(1− zi) · µi0 ∆t+∑

` 6=k

ϕ`(w, z, t) · q`k ∆t−
∑
` 6=k

ϕk(w, z, t) · qk` ∆t+ o(∆t).

The next step is to subtract ϕk(w, z, t) from both sides, divide by ∆t, and send
∆t ↓ 0. In matrix-vector form, the resulting system of coupled partial differential
equations reads, with IK̄(i, j) := diag{I(i, j, 1), . . . , I(i, j, K̄)} and JK̄(i, j) := IK̄−
IK̄(i, j), as follows. The function ϕ(z) denotes the probability generating function
of the stationary counterpart M of (M(t))t>0.
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Proposition 7.3.1. The joint probability generating function ϕ(w, z, t) satisfies

∂ϕ(w, z, t)

∂t
=

n∑
i=1

ϕ(w, z, t)λi(zi − 1) +

n∑
i=1

n∑
j=1,j 6=i

∂ϕ(w, z, t)

∂zi
IK̄(i, j)µij (zj − zi)

+

n∑
i=1

n∑
j=1,j 6=i

∂ϕ(w, z, t)

∂zi
JK̄(i, j)µij (w − zi)

+

n∑
i=1

∂ϕ(w, z, t)

∂zi
µi0(1− zi) +ϕ(w, z, t)Q.

The probability generating function of the stationary counterpart ϕ(z) satisfies

0 =

n∑
i=1

ϕ(z)λi(zi − 1) +

n∑
i=1

n∑
j=1,j 6=i

∂ϕ(z)

∂zi
IK̄(i, j)µij (zj − zi)

+

n∑
i=1

n∑
j=1,j 6=i

∂ϕ(z)

∂zi
JK̄(i, j)µij (1− zi)

+

n∑
i=1

∂ϕ(z)

∂zi
µi0(1− zi) +ϕ(z)Q.

First moment: In this section we exploit Proposition 7.3.1 to determine the first
moments; we first point out how this procedure works for the stationary queue
length M , but later indicate how the corresponding transient moments can be
found. We let X denote the stationary version of the background process. Define,
for i = 1, . . . , n,

vi := (EMi1{X=1}, . . . ,EMi1{X=K̄}) = lim
z↑1

∂ϕ(z)

∂zi
. (7.2)

Let π be the invariant probability measure ofQ, i.e., the K̄-dimensional row-vector
such that πQ = 0 and whose entries sum to 1. By differentiating the differential
equation featuring in Proposition 7.3.1 with respect to zi and letting z ↑ 1, we
obtain, for i = 1, . . . , n,

0 = πλi −
n∑

j=1,j 6=i

vi µij +

n∑
j=1,j 6=i

vj µjiIK̄(j, i)− vi µi0 + viQ. (7.3)

We now explain how to set up a computational procedure with which the vi
can be found. The n sets of K̄-dimensional systems of linear equations can be
cast into a single set of nK̄ linear equations (in equally many unknowns). Let
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v ≡ (v1, . . . ,vn). Also, let λ the row-vector (λ1, . . . , λn), and

νi :=

n∑
j=1,j 6=i

µij .

In addition, we define the matrices

M+ :=


ν1IK̄

ν2IK̄
. . .

νnIK̄

,

M− :=


0 µ12IK̄(1, 2) . . . µ1nIK̄(1, n)

µ21IK̄(1, 2) 0 µ2nIK̄(2, n)
...

. . .
µn1IK̄(n, 1) µn2IK̄(n, 2) 0

,
and

M0 :=


µ10IK̄

µ20IK̄
. . .

µn0IK̄

, Q :=


Q

Q
. . .

Q

.
We thus arrive at the linear system

λ⊗ π = v(M+ −M− + M0 −Q),

so that v = (λ⊗ π)N −1, with N := M+ −M− + M0 −Q.

The transient first moment follows immediately by solving the corresponding
system of linear differential equations. Let (M(0), X(0)) = (m, k0), and let ek
the k-th unit vector. Then, in self-evident notation, and with π(t) = eT

k0
eQt,

v′(t) = λ⊗ π(t)− v(t)N ,

which is solved by

v(t) = m e−N t +

∫ t

0

(λ⊗ π(s)) e−N (t−s)ds. (7.4)

This approach can be extended in a straightforward fashion to also include the
mean of the number of clients lost.

Remark 23. The relation (7.4) can be regarded as the expected-value version of
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the distributional identity

M(t)
d
= m e−N t +

∫ t

0

(λ⊗X(s)) e−N (t−s)ds,

cf. the relation used for our model’s single-queue counterpart in [27]. The above
distributional equality has an insightful interpretation: the first term on the right-
hand side corresponds to the contribution to M(t) of clients that were already
present at time 0, whereas the second term represents the contribution of arrivals
in [0, t] which are then appropriately ‘thinned’. As pointed out in [27], this rep-
resentation in principle also provides a method to evaluate the covariance matrix
of M(t), using the law of total variance; in the following paragraph (Higher
moments) we will rely on an alternative approach, though. ♦

Remark 24. In the fully symmetric situation, the formulas simplify considerably.
Let λ be the arrival rate at each of the n nodes. The service rate is σ := ν + µ0,
where the client leaves the network with probability µ0/σ and wants to move to
another node (which is then picked uniformly at random) with probability ν/σ.
Let all blocks alternate independently between being ‘up’ and ‘down’. The up-
and down rates are denoted by q0 and q1, respectively (i.e., the down-time is ex-
ponentially distributed with mean q−1

0 , and the up-time exponentially distributed
with mean q−1

1 ). Assume that the queues start empty at time 0, while all links are
in stationary state (i.e., each of them is ‘up’ with probability π := q0/(q0 + q1)).
Then, for each of the nodes the mean number of clients present satisfies

v′(t) = λ+ (n− 1) v(t)
νπ

n− 1
− v(t)σ = λ− (ν(1− π) + µ0)v(t).

We thus find that

v(t) =
λ

ν(1− π) + µ0

(
1− e−(ν(1−π)+µ0)t

)
,

which converges to v := λ/(ν(1− π) + µ0) as t→∞. ♦

Higher moments: We now point out how (mixed) higher moments can be eval-
uated. We work here, for obvious reasons, with the factorial moments, from which
the regular moments can be recovered in an evident manner. We recall the stan-
dard notation (m)r := m!/(m−r)! form, r ∈ N withm > r; this notation is the so-
called Pochhammer symbol. The objective here is to compute, for r ≡ (r1, . . . , rn)
with ri ∈ N0,

ψk(r, t) := E

((
n∏
i=1

(Mi(t))ri

)
1{X(t)=k}

)
= lim
w↑1,z↑1

∂r1+···+rnϕk(w, z, t)

∂zr11 · · · ∂z
rn
n

. (7.5)

We will show that the ψk(r, t) can be recursively evaluated. To this end, we first
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introduce the following differential operator: for f : R× Rn × R 7→ R,

Dr[f(w, z, t)] :=
∂r1+···+rnf(w, z, t)

∂zr11 · · · ∂z
rn
n

.

Now the idea is to impose the operator Dr[·] on both sides of the partial differential
equation given in Proposition 7.3.1. In addition considering the limit w ↑ 1, z ↑ 1,
we thus obtain, with ei the i-th n-dimensional unit vector, and µ+

ijk := I(i, j, k)µij
and µ−ijk := (1− I(i, j, k))µij ,

lim
w↑1,z↑1

Dr[
∂ϕk(w, z, t)

∂t
] = lim

w↑1,z↑1

(
n∑
i=1

riDr−ei [ϕk(w, z, t)]λi 1{ri 6=0}

+

n∑
i=1

n∑
j=1,j 6=i

rjDr−ej+ei [ϕk(w, z, t)]µ+
ijk 1{rj 6=0}

−
n∑
i=1

n∑
j=1,j 6=i

riDr[ϕk(w, z, t)]µ+
ijk

−
n∑
i=1

n∑
j=1,j 6=i

riDr[ϕk(w, z, t)]µ−ijk

−
n∑
i=1

riDr[ϕk(w, z, t)]µi0 +

K̄∑
`=1

Dr[ϕ`(w, z, t)]q`k

)
;

these computations rely on the evident relation

lim
z↑1

∂r

∂zr
f(z)(z − 1) = lim

z↑1
rf (r−1)(z) = rf (r−1)(1).

Observe that in the above differential equation the indicator functions 1{ri 6=0} (first
term on the right-hand side) and 1{rj 6=0} (second term on the right-hand side) can
be left out: if the indicator function is 0, the corresponding term equals 0 anyway.
Consequently, the transient mixed reduced moments can be alternatively expressed
in compact notation as follows. Here it is used that µ+

ijk + µ−ijk = µij .

Proposition 7.3.2. For r ∈ Nn0 , k ∈ {1, . . . , K̄} and t > 0,

∂ψk(r, t)

∂t
=

n∑
i=1

riψk(r − ei, t)λi +

n∑
i=1

n∑
j=1,j 6=i

rjψk(r − ej + ei, t)µ
+
ijk

−
n∑
i=1

n∑
j=1,j 6=i

riψk(r, t)µij −
n∑
i=1

riψk(r, t)µi0 +

K̄∑
`=1

ψ`(r, t)q`k.

(7.6)

To obtain the stationary mixed reduced moments, one has to set the left-hand
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side equal to 0.
The reduced moments can be determined recursively, by solving a non-homogeneous

system of linear differential equations. To verify this claim, define ξ(r) as the sum
of the entries of r, i.e., r1 + · · · + rn. Let Sr be all vectors r such that ξ(r) = r.
Observe that

ξ(r) = ξ(r − ej + ei) = ξ(r − ei) + 1.

The idea now is to use (7.6) to evaluate (ψ1(r, t), . . . , ψK̄(r, t)) recursively: for r
such that ξ(r) = r this vector is computed using the corresponding expressions for
r such that ξ(r) = r − 1. In more detail, this procedure works as follows.

◦ For r = 0, we find the ψk(0, t) = P(X(t) = k) = (eQt)k0,k.

◦ For r = 1, we find the ψk(ei, t) (for i = 1, . . . , n) by appealing to Eqn.
(7.6), using the ψk(0, t) that we found for r = 0. This amounts to solving
K̄n coupled linear differential equations (where it can be checked that this
system is equivalent to the one set up in Section 7.3.1).

◦ We now consider r = 2. It is readily checked that #{S2} = n+ 1
2n(n− 1) =

1
2n(n+ 1), and that there are equally many equations of the type (7.6). As a
consequence, using the ψk(ei, t) that we found for r = 1, Eqn. (7.6) reveals
that we have to solve a non-homogeneous system of K̄ · 1

2n(n + 1) linear
differential equations.

◦ One can proceed in a similar way with r > 3; e.g. for ξ(r) = 3 we have that

#{S3} = n+ 2 · 1
2n(n− 1) + 1

6n(n− 1)(n− 2) = 1
6n(n+ 1)(n+ 2).

The cases with ξ(r) > 3 are solved very similarly to the case ξ(r) = 2. Using
(7.6) it can be inductively verified that in the r-th step we have a system of
Kr := K̄ ·#{Sr} non-homogeneous linear differential equations, where

#{Sr} =

(
n+ r − 1

r

)
=

1

r!
· n(n+ 1) · · · (n+ r − 1).

For the stationary reduced means a similar recursive procedure can be set up; in
the r-th step a Kr-dimensional system of linear equations needs to be solved.

The above procedure can be extended in an evident way to include also the
number of customers lost, focusing on the object

ψ̄k(r, t) := E

((
(L(t))r0

n∏
i=1

(Mi(t))ri

)
1{X(t)=k}

)
= lim
w↑1,z↑1

∂r0+···+rnϕk(w, z, t)

∂wr0∂zr11 · · · ∂z
rn
n

,

with r ≡ (r0, . . . , rn).
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7.3.2 User perceived performance

In this subsection we study the impact of the links’ outages on the performance
as perceived by the users. As it turns out, this can be done relying on classical
arguments. We start by analyzing the fraction of clients that are lost (i.e., clients
who leave the network because of a link being down, and not because of a service
completion), denoted by ω. To this end, let ωik be the probability that a client
who enters the network at node i while the background process is in state k, is
lost. Then, with qk := −qkk and σik := νi + µi0 + qk,

ωik =
∑
j 6=i

(
µ+
ijk

σik

)
ωjk +

∑
` 6=k

(
qk`
σik

)
ωi` +

∑
j 6=i

(
µ−ijk
σik

)
, (7.7)

or, in a more convenient form,

−
∑
j 6=i

µ−ijk = −σikωik +
∑
j 6=i

µ+
ijkωjk +

∑
` 6=k

qk`ωi`. (7.8)

These equations constitute an nK̄-dimensional diagonally dominant system of lin-
ear equations (actually even strictly diagonally dominant as there is at least one i
such that µi0 > 0), which is known to yield a unique solution. Let, as before, π`
denote the stationary probability that the background process X(·) is in state `
(i.e., π solves πQ = 0). Then, with λ̄ :=

∑n
i=1 λi, the loss probability equals

ω =

K̄∑
k=1

πk

(
1

λ̄

n∑
i=1

λiωik

)
. (7.9)

As an aside we mention that the loss probability ω can alternative be evaluated,
using the methodology of the previous subsections, as

lim
t→∞

EL(t)

λ̄t
.

Along the same lines, we can determine the mean time (to be denoted by τ) the job
remains in the network, jointly with the client being eventually lost (i.e., leaving
the network because of a link failure). Define τik to be this quantity for a client
who enters the network at node i while the background process is in state k. Then

τik =
∑
j 6=i

(
µ+
ijk

σik

)(
1

σik
+ τjk

)
+
∑
` 6=k

(
qk`
σik

)(
1

σik
+ τi`

)
+
∑
j 6=i

(
µ−ijk
σik

)(
1

σik

)
.

(7.10)
Again this system of linear equations is diagonally dominant. As above,

τ =

K̄∑
k=1

πk

(
1

λ̄

n∑
i=1

λiτik

)
. (7.11)
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7.4 Scaling limit and functional central limit the-
orem

In this section we study the system under a particular scaling, under which there
is convergence to a Gaussian process (viz. a multivariate Ornstein-Uhlenbeck pro-
cess). We consider the following scaling: λ 7→ Nλ and q

(k)
i 7→ Nαq

(k)
i for some

α > 0 (for k = 1, . . . ,K and i = 0, 1). The model is thus parametrized by N ;
to stress the dependence on N , we throughout write M(N)(t) and X(N)(t). We
focus on a functional central limit theorem for a centered and appropriately scaled
version of M(N)(t). For the moment we concentrate on the (more involved) case
α = 1; in Remark 26 we point out how this provides us with the limit result for
α ∈ (0,∞) \ {1} as well. We restrict ourselves to highlighting the main steps of
the proof. For a rigorous derivation of the functional central limit theorem, based
on martingale arguments in combination with the continuous mapping theorem,
for a class of network models that is substantially broader than the one studied
in this chapter, we refer to [84]. Below we by and large follow the structure that
we used in [26] for a single Markov modulated infinite-server queue (with a crucial
step stemming from [84]).

Deviation matrix We now introduce some notions that we need across this
subsection. For ease, we define them here for the unscaled system, but for the
scaled system they can be adapted in a straightforward manner.

Define by pk`(t) := P(X(t) = ` |X(0) = k) = (eQt)k` the transition prob-
abilities of X(·). The equilibrium probability that block m is ‘up’ is given by
π(m) = q

(m)
0 /(q

(m)
0 + q

(m)
1 ), for m = 1, . . . ,K. An important role in the analysis is

played by the deviation matrix D (of dimension K̄ × K̄), whose (k, `)-th entry is
given by

Dk` =

∫ ∞
0

(pk`(t)− π`)dt =

∫ ∞
0

((eQt)k` − π`)dt, (7.12)

with π, as before, the solution to πQ = 0 with entries summing to 1. Let Uk be
the set of blocks that is ‘up’ when X(t) = k, and Dk := {1, . . . ,K} \ Uk. Define,
with q(m) := q

(m)
0 + q

(m)
1 ,

p
(m)
00 (t) := 1− π(m) + π(m)e−q

(m)t, p
(m)
11 (t) := π(m) + (1− π(m))e−q

(m)t; (7.13)

in addition p(m)
01 (t) := 1 − p(m)

00 (t) and p(m)
10 (t) := 1 − p(m)

11 (t). Then, as is readily
verified,

pk`(t) =

( ∏
m∈Uk∩U`

p
(m)
11 (t)

)
·

( ∏
m∈Uk∩D`

p
(m)
10 (t)

)

·

( ∏
m∈Dk∩U`

p
(m)
01 (t)

)
·

( ∏
m∈Dk∩D`

p
(m)
00 (t)

)
,
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and

π` =

( ∏
m∈U`

π(m)

)
·

( ∏
m∈D`

(1− π(m))

)
.

From the explicit expressions for the p(m)
ij (t), we conclude that p(m)

j0 (t)− (1−π(m))

and p(m)
j1 (t)− π(m) can be written as a linear combination of terms of the type

exp

(
−t
∑
m∈S

q(m)

)
,

where S is a non-empty set. This entails that, for non-empty sets Sm′(k, `) that
depend on m′, k, and `,

pk`(t)− π` =
∑
m′

αm′(k, `) exp

−t ∑
m∈Sm′ (k,`)

q(m)

 . (7.14)

As a consequence, for coefficients αm′(k, `) that are straightforward to evaluate
but that do not allow an explicit expression,

Dk` =
∑
m′

(
αm′(k, `)∑

m∈Sm′ (k,`)

q(m)

)
.

As an example, we work out the D matrix for the case of one block (i.e., K = 1,
or, equivalently, K̄ = 2). Put q := q(1), qi := q

(1)
i (for i = 0, 1), and π := π1. Then

D =

∫ ∞
0

(
πe−qt −πe−qt

−(1− π)e−qt (1− π)e−qt

)
dt =

1

q2

(
q0 −q0

−q1 q1

)
. (7.15)

Time-changed Poisson process representation: In this section we repeat-
edly use the following representation. We throughout use the definition µijk :=
µijI(i, j, k) if j = 1, . . . , n and

µi0k := µi0 +

n∑
j=1,j 6=i

µij(1− I(i, j, k)). (7.16)

With all Pij(·) (for i, j = 0, . . . , n) independent unit rate Poisson processes, it is
directly verified that with the above definition of the rates µijk the numbers of
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customers in the respective queues satisfy

M
(N)
i (t) = P0i(Nλit) +

n∑
j=1,j 6=i

Pji

∫ t

0

M
(N)
j (s)

K̄∑
k=1

µjikZ
(N)
k (s)ds

 −
n∑

j=0,j 6=i

Pij

∫ t

0

M
(N)
i (s)

K̄∑
k=1

µijkZ
(N)
k (s)ds

 , (7.17)

with Z(N)
k (t) := 1{X(N)(t)=k}. This type of Poisson processes with random time-

change, and their applications in obtaining scaling-limits, have been described in
great detail in e.g. [4].

SDE for centered and normalized system: The idea is to first set up an
SDE for M (N)(t), which is then translated into an SDE for its centered and nor-
malized version M̃ (N)(t). For i = 1, . . . , n, by (7.17),

dM
(N)
i (t) =Nλidt+

n∑
j=1,j 6=i

K̄∑
k=1

M
(N)
j (t)µjikZ

(N)
k (t) dt−

M
(N)
i (t)

n∑
j=0,j 6=i

K̄∑
k=1

µijkZ
(N)
k (t) dt+ dκ

(N)
i (t), (7.18)

for some n-dimensional martingale κ(N)(·). In the functional central limit theorem,
fluctuations around an average are considered; this n-dimensional average vector
%(t) solves the following system of linear differential equations:

%′i(t) = λi +

n∑
j=1,j 6=i

%j(t)

K̄∑
k=1

µjikπk − %i(t)
n∑

j=0,j 6=i

K̄∑
k=1

µijkπk,

for i = 1, . . . , n. As shown in [84, Section 3], this %(·) can be considered as the
fluid limit [157] corresponding to M (N)(·). Keeping in mind we aim at deriving
results for the central-limit regime, we consider a centered and normalized process
whose i-th component is defined by

M̃
(N)
i (t) := N−1/2 ·

(
M

(N)
i (t)−N%i(t)

)
. (7.19)
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It is direct that

dM̃
(N)
i (t) =N1/2λidt+N−1/2

n∑
j=1,j 6=i

M
(N)
j (t)

K̄∑
k=1

µjikZ
(N)
k (t) dt−

N−1/2M
(N)
i (t)

n∑
j=0,j 6=i

K̄∑
k=1

µijkZ
(N)
k (t) dt−N1/2%′i(t)dt

+N−1/2dκ
(N)
i (t).

The idea now is to plug in the differential equation that is obeyed by %(t); the re-
sulting stochastic differential equation resembles the one featuring in [26]: omitting
a few elementary steps, using the compact notation Z̄(N)

k (t) := Z
(N)
k (t)− πk,

dM̃
(N)
i (t) =N−1/2

n∑
j=1,j 6=i

K̄∑
k=1

µjik
(
M

(N)
j (t)Z

(N)
k (t)−N%j(t)πk

)
dt−

N−1/2
n∑

j=0,j 6=i

K̄∑
k=1

µijk
(
M

(N)
i (t)Z

(N)
k (t)−N%i(t)πk

)
dt

+N−1/2dκ
(N)
i (t)

=

n∑
j=1,j 6=i

K̄∑
k=1

M̃
(N)
j (t)µjikZ

(N)
k (t) dt−

n∑
j=0,j 6=i

K̄∑
k=1

M̃
(N)
i (t)µijkZ

(N)
k (t) dt+

√
N

 n∑
j=1,j 6=i

K̄∑
k=1

%j(t)µjikZ̄
(N)
k (t) dt−

n∑
j=0,j 6=i

K̄∑
k=1

%i(t)µijkZ̄
(N)
k (t) dt


+N−1/2dκ

(N)
i (t), (7.20)

or in integral form

M̃
(N)
i (t) =

∫ t

0

n∑
j=1,j 6=i

K̄∑
k=1

M̃
(N)
j (s)µjikZ

(N)
k (s) ds

−
∫ t

0

n∑
j=0,j 6=i

K̄∑
k=1

M̃
(N)
i (s)µijkZ

(N)
k (s) ds+

√
N

∫ t

0

(
n∑

j=1,j 6=i

K̄∑
k=1

%j(s)µjikZ̄
(N)
k (s)

−
n∑

j=0,j 6=i

K̄∑
k=1

%i(s)µijkZ̄
(N)
k (s)

)
ds +N−1/2κ

(N)
i (t). (7.21)
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A simplification: The next step is to verify that as N →∞, M̃ (N)
i (t)−M̌ (N)

i (t)

converges to the zero process as N → ∞ (cf. [84, Lemma 4.4]); here M̌ (N)
i (t) is

defined as M̃ (N)
i (t) in the previous display, but now with the Z(N)

k (t) in the first
two terms in the right-hand side replaced by πk. To this end, observe that [84,
Thm. 5.2] entails that∫ t

0

M̃
(N)
i (t)

(
Z

(N)
k (t)−πk

)
dt =

∫ t

0

(
M

(N)
i (t)−N%i(t)

N

)
√
N
(
Z

(N)
k (t)−πk

)
dt→ 0,

using the law-of-large-numbers property that M (N)
i (t)/N converges in probability

to %i(t).

We have thus arrived at, with µ̄ij :=
∑K̄
k=1 µijkπk, the following system of

SDE’s:

dM̌
(N)
i (t) =

n∑
j=1,j 6=i

M̌
(N)
j (t)µ̄ji dt−

n∑
j=0,j 6=i

M̌
(N)
i (t)µ̄ij dt

+
√
N

 n∑
j=1,j 6=i

K̄∑
k=1

%j(t)µjikZ̄
(N)
k (t) dt−

n∑
j=0,j 6=i

K̄∑
k=1

%i(t)µijkZ̄
(N)
k (t) dt


+N−1/2dκ

(N)
i (t). (7.22)

Functional central limit theorem: The following steps echo those in [26,
Section 4]. They rely on the transformation

Y (N)(t) = exp
(
−M t

)
M̌ (N)(t), (7.23)

with for i 6= j the (i, j)-th entry of the (n×n)-dimensional matrix M being given
by µ̄ji, whereas the (i, i)-th entry is −

∑n
j=0,j 6=i µ̄ij . It thus follows that

dY (N)(t) = exp
(
−M t

) (√
NM ◦(t)Z̄(N)(t)dt+N−1/2dκ(N)(t)

)
,

where the (i, k)-th entry of the (n× K̄)-dimensional matrix M ◦(t) is given by

(M ◦(t))ik :=
n∑

j=1,j 6=i

%j(t)µjik −
n∑

j=0,j 6=i

%i(t)µijk. (7.24)

In the next step we analyze the terms
√
NM ◦(t)Z̄(N)(t) and N−1/2dκ(N)(t) sep-

arately. As in [26], with G(N)(t) :=
√
NM ◦(t) Z̄(N)(t), it follows that G(N)(·)→

G(·) as N →∞, where G(·) satisfies

〈G〉t = V (t) :=

∫ t

0

M ◦(s) Σ (M ◦(s))Tds,
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with Σ := diag{π}D+DTdiag{π}. It entails thatG(N)(·)→M ◦(·)B̄(·), with B̄(·)
a K̄-dimensional zero-mean Brownian motion with covariance matrix Σ. Using the
precise same argumentation as in [26], for independent standard Brownian motions
Bij(·), with i, j = 0, . . . , n,

1√
N
κ

(N)
i (·)→

√
λiB0i(·) +

n∑
j=1,j 6=i

√
%j(·)µ̄jiBji(·)−

n∑
j=0,j 6=i

√
%i(·)µ̄ijBij(·),

cf. (7.17); the processes Bij(·) are independent of B̄(·).
Now recall the relation between Y (N)(t) and M̌ (N)(t), and the fact that M̃ (N)(·)−

M̌ (N)(·) converges to the zero process as N →∞. Based on the weak convergence
results established above, we thus obtain the following functional central limit the-
orem. It states that the process under study converges to a (multivariate) process
of Ornstein-Uhlenbeck type.

Proposition 7.4.1. As N → ∞, M̃ (N)(·) weakly converges to M̃(·), satisfying
the following system of coupled stochastic differential equations: for i = 1, . . . , n,

dM̃i(t) =

n∑
j=1,j 6=i

M̃j(t)µ̄ji dt−
n∑

j=0,j 6=i

M̃i(t)µ̄ij dt

+
√
λi dB0i(t) +

n∑
j=1,j 6=i

√
%j(t)µ̄jidBji(t)−

n∑
j=0,j 6=i

√
%i(t)µ̄ijdBij(t)

+ (M ◦(t)dB̄(t))i.

Remark 25. The distribution of M̃(t) (for a given value of t > 0, that is) can be
explicitly found from known results for multivariate Ornstein-Uhlenbeck processes.
If M̃(0) is constant, then it is an n-dimensional Normal distribution with mean 0
and covariance matrix

Cov(M̃(t),M̃(t)) =

∫ t

0

eM (t−s)M ◦(s) Σ (M ◦(s))T
(
eM (t−s))Tds+

∫ t

0

Σ̄(s)ds,

(7.25)
where Σ̄ij(s) = 0 for i 6= j and

Σ̄ii(s) = λi +

n∑
j=1,j 6=i

%j(s)µ̄ji −
n∑

j=0,j 6=i

%i(s)µ̄ij . (7.26)

Observe that, as Σ̄ii(s) = %′i(s) by definition,
∫ t

0
Σ̄ii(s)ds = %i(t). With standard

theory on multivariate Ornstein-Uhlenbeck processes also the Cov(M̃(t),M̃(t +
u)), i.e., the covariance matrix pertaining to the system’s time-dependent behavior,
can be determined. ♦

Remark 26. As we mentioned, the above result corresponds to the case α = 1.
Precisely following the line of reasoning of [26, 84], for arbitrary α > 0, we have
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to define M̃ (N)
i (t) through

M̃
(N)
i (t) := N−β ·

(
M

(N)
i (t)−N%i(t)

)
,

with β := max{ 1
2 , 1−

α
2 }. Then the recipe is to go through precisely the same steps

as in the proof for α = 1, but it will turn out that for α > 1 a specific part of the
resulting SDE cancels, whereas for α < 1 another part cancels.

More specifically, it can be argued that for α > 1 the limiting system of differ-
ential equations reduces, for i = 1, . . . , n, to

dM̃i(t) =

n∑
j=1,j 6=i

M̃j(t)µ̄ji dt−
n∑

j=0,j 6=i

M̃i(t)µ̄ij dt

+
√
λidB0i(t) +

n∑
j=1,j 6=i

√
%j(t)µ̄jidBji(t)−

n∑
j=0,j 6=i

√
%i(t)µ̄ijdBij(t).

Observe that this entails that for α > 1 the limiting system depends on the ser-
vice rates µijk only through their time averaged counterparts µ̄ij ; this reflects the
relatively fast alternating link state process. The system essentially behaves as
a network of non-modulated infinite-server queues; in particular, Remark 25 indi-
cates that the centered and normalized versions of the individual queues, i.e., the
processes M̃ (N)

i (·), become independent as N →∞.
For α ∈ (0, 1) the limiting system of differential equations becomes, for i =

1, . . . , n,

dM̃i(t) =

n∑
j=1,j 6=i

M̃j(t)µ̄ji dt−
n∑

j=0,j 6=i

M̃i(t)µ̄ij dt + (M ◦(t)dB̄(t))i.

In this case, the link state process is relatively slow, such that the scaling limit
contains detailed information on the transition rates. In this regime, the individual
queues are not asymptotically independent. ♦

Remark 27. At the expense of some additional notation and administration, the
loss process L(N)(t) can be added to vector M (N)(t), in that a functional central
limit theorem for the centered and normalized version of (L(N)(t),M (N)(t)) can
be established using the same techniques. ♦

7.5 Extensions and ramifications
In this section we discuss two extensions. In the first subsection we describe how
to adapt the model to incorporate phase-type distributed up- and down-times and
phase-type service times. In the second subsection we point out how to adapt
the model so as to cover the situation in which blocked customers (i.e., customers
wishing to jump from i to j when the link between i and j is down) potentially
retry.
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7.5.1 Phase-type service distribution

In case the up- and down-times are of phase-type, this is easily incorporated in
the transition rate matrix Q. The background process now keeps tracks of each of
the links being up or down, but in addition, it gives the phase of the current up-
or down-time. If the up-time (down-time, respectively) of the link between i and
j is phase-type of degree δ(u)

ij (δ(d)
ij , respectively), then the dimension of X(·) is∏
i 6=j

(δ
(u)
ij + δ

(d)
ij ).

Likewise, the service times can be made phase-type, by keeping track of an infinite-
server queue of all clients at any specific node being in a specific phase of the
phase-type service time.

7.5.2 Model in which blocked customers retry

The previous two section considered the case that all fij are equal to 1. It is not
hard to generalize the results to the situation in which fij ∈ [0, 1) are allowed
as well, but it comes at the price of having to introduce a substantial amount of
additional notation. For this reason, we restrict ourselves in the subsection of just
pointing out how the results have to be adapted to accommodate fij ∈ [0, 1).

It is readily verified that now the joint probability generating function ϕ(w, z, t)
satisfies

∂ϕ(w, z, t)

∂t
=

n∑
i=1

ϕ(w, z, t)λi(zi − 1) +

n∑
i=1

n∑
j 6=i

∂ϕ(w, z, t)

∂zi
IK̄(i, j)µij (zj − zi)

+

n∑
i=1

n∑
j 6=i

∂ϕ(w, z, t)

∂zi
JK̄(i, j)µij fij (w − zi)

+
n∑
i=1

∂ϕ(w, z, t)

∂zi
µi0(1− zi) +ϕ(w, z, t)Q. (7.27)

The probability generating function of the stationary counterpart M follows as
before, i.e., by plugging in w = 1 and equating the right-hand side to 0. The time-
dependent moments can be evaluated from the next result; again, the stationary
counterpart follows by equating the right-hand side to 0.
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Proposition 7.5.1. For r ∈ Nn0 , k ∈ {1, . . . , K̄} and t > 0,

∂ψk(r, t)

∂t
=

n∑
i=1

riψk(r − ei, t)λi +

n∑
i=1

n∑
j=1,j 6=i

rjψk(r − ej + ei, t)µ
+
ijk

−
n∑
i=1

n∑
j=1,j 6=i

riψk(r, t) (µ+
ijk + fijµ

−
ijk)−

n∑
i=1

riψk(r, t)µi0 (7.28)

+

K̄∑
`=1

ψ`(r, t)q`k. (7.29)

An interesting special is case is fij = 0 for all i, j, i.e., the case in which there
are no clients lost. If in addition full symmetry is assumed, cf. Remark 24, the
mean allows an explicit expression. It is directly seen that for each of the links the
mean number of clients present at time t, denoted as before by v(t), satisfies

v′(t) = λ+ (n− 1) v(t)
νπ

n− 1
− v(t)

(
(n− 1)

νπ

n− 1
+ µ0

)
= λ− µ0v(t). (7.30)

It thus follows that
v(t) =

λ

µ0

(
1− e−µ0t

)
,

which converges to v := λ/µ0 as t → ∞. Observe that v(t) is in this case not
affected by π, due to the fact that parts of the in-flux and out-flux cancel, as
observed in (7.30).

Regarding the functional central limit theorem, the result for fij = 1 carries
over to that for fij ∈ [0, 1), but with

µi0k := µi0 +

n∑
j=1,j 6=i

µijfij(1− I(i, j, k)).

Recall that in this model with a probability 1 − fij a customer wishing to jump
from node i to node j retries when the link is not available (and hence stays at
node i).

7.6 Examples

In this section we work out a couple of relevant examples, starting with a tandem
network in which the link between the nodes is subject to failure. In the first
subsection we consider the case that all blocked customers are lost (i.e., f12 = 1),
whereas in the second subsection all blocked customers retry (i.e., f12 = 0). Section
7.6.3 presents the FCLT for the two-node tandem. In Section 7.6.4 we consider
the FCLT for the case of a symmetric fully connected n-node network in which
blocked customers are lost (where it is noted that the case in which they retry is
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dealt with fully analogously); Section 7.6.5 deals with its ring-shaped counterpart.

7.6.1 Two-node tandem, with blocked customers being lost
We consider a two-node tandem, where traffic arrives at the first node, is sent
to the second node after having been served at the first node, and leaves the
network after having been served at the second node. Jobs arrive at the first node
according to a Poisson process with rate λ and have exponentially distributed
service times with mean µi at node i (i = 1, 2). The link between node 1 and 2 is
up (down, respectively) during an exponentially distributed time with mean q−1

1

(q−1
0 , respectively). In this subsection we consider the case that f12 = 1: clients

who wish to jump from node 1 to node 2 when the link is down, are lost. In this
case,

Q =

(
−q0 q0

q1 −q1

)
.

Define by vij(t) the mean number of clients at node i (i = 1, 2) when the
background process is in state j (j = 0, 1). Using our expression for the transient
first moment, with p0(t) (p1(t), respectively) the probability the link is down (up,
respectively),

v′10(t) = λp0(t) + q1v11(t)− q0v10(t)− µ1v10(t),

v′11(t) = λp1(t) + q0v10(t)− q1v11(t)− µ1v11(t),

v′20(t) = q1v21(t)− q0v20(t)− µ2v20(t),

v′21(t) = µ1v11(t) + q0v20(t)− q1v21(t)− µ2v21(t).

This system can be solved in closed form, realizing that the first two differential
equations can be solved in isolation first (leading to explicit expressions for v10(t)
and v11(t)), and then the last two differential equations (using the expression
found for v11(t)). As these are standard computations involving systems of non-
homogeneous linear differential equations, we do not include the expressions here.
The stationary expectations can be found along the same lines. Let ∆a be a (two-
dimensional) diagonal matrix, whose diagonal elements are all equal to a ∈ R. Then
the steady-state means are, with π0 = 1− π1 = q1/(q0 + q1) and π = (π0, π1),

(v10, v11) = λπ(∆µ1
−Q)−1, (v20, v21) = (0, µ1v11)(∆µ2

−Q)−1. (7.31)

The number of clients lost per unit of time is µ1v10.

7.6.2 Two-node tandem, with blocked customer retrying
The model in which f12 = 0 has more intricate interactions, as the link between
the nodes being down has impact on the number of clients at node 1. It means
that in the set of differential equations that we set up for f12 = 1, the first one has
to be replaced by v′10(t) = λp0(t) + q1v11(t)− q0v10(t). Again the time-dependent
means can be found in closed form by solving two 2-dimensional systems of linear
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differential equations, and the stationary means by solving two pairs of linear
equations. As it turns out, however, we can also explicitly find the distribution
of the stationary number of clients residing at node 1, as follows; the resulting
formulae reveal the effect of the link failures on the performance experienced at
this node.

Let ϕ0(z) be the probability generating function of the stationary number of
customers at node 1 jointly with the event that the link is down, and ϕ1(z) its
counterpart jointly with the link being up. The following (differential) equations
apply:

λ(z − 1)ϕ0(z)− q0ϕ0(z) + q1ϕ1(z) = 0,

λ(z − 1)ϕ1(z)− µ1(z − 1)ϕ′1(z)− q1ϕ1(z) + q0ϕ0(z) = 0.

Inserting ϕ0(z) = q1ϕ1(z)/(q0 + λ(1− z)) into the second equation, we obtain

λ(z − 1)ϕ1(z)− µ1(z − 1)ϕ′1(z)− q1ϕ1(z) + q0
q1ϕ1(z)

(q0 + λ(1− z))
= 0,

or, equivalently,
ϕ′1(z)

ϕ1(z)
=

λ

µ1

(
1 +

q1

q0 + λ(1− z)

)
.

Up to an additive constant, we thus obtain that

logϕ1(z) =
λ

µ1
z − q1

µ1
log(q0 + λ(1− z)),

and using that ϕ1(1) = π1,

ϕ1(z) = π1 exp

(
λ

µ1
(z − 1)

)(
q0

q0 + λ(1− z)

)q1/µ1

. (7.32)

Using the relation between ϕ0(z) and ϕ1(z), we find that the transform of the
stationary number at the first node equals

168



ϕ0(z) + ϕ1(z) = exp

(
λ

µ1
(z − 1)

)(
π0

(
q0

q0 + λ(1− z)

)q1/µ1+1

+π1

(
q0

q0 + λ(1− z)

)q1/µ1
)
.

This expression has the following nice interpretation. Let A be Poisson with mean
λ/µ1, and let B with probability π0 be a negative binomial random variable with
parameters r := q1/µ1 + 1 and p := q0/(q0 +λ) and with probability π1 a negative
binomial random variable with parameters r−1 and p. Then the stationary number
of customers at the first node is distributed as the sum of two independent random
variables A and B (which are both non-negative and integer-valued). Note that if
the link would never be down (i.e., π1 = 1 and q1 =∞), the number of customers
at node 1 is just Poisson with mean λ/µ1 (like in the ordinary M/M/∞ queue);
the additional random variable B (which is a mixture of two negative binomial
random variable) thus represents the effect of the link failures.

A numerical illustration is shown in Figure 7.1, where we have estimated the
stationary random variable M by simulation. We have fixed the parameters λ =
20, µ1 = 3, µ2 = 2, q0 = 1 and f = 0, and have varied the parameter q1. These
experiments visualize the impact of the link failures on the random variable M ;
the left graph corresponds with the upstream queue, and the right graph to the
downstream queue. We choose q1 = 0.01, 0.5, 1, and 3. The simulated numbers
in the left panel align with the distribution identified above.

Figure 7.1: Stationary probability density function.
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7.6.3 FCLT for two-node tandem

In this example we derive the FCLT for the two-node tandem. Clients wishing
to jump from node 1 to node 2 while the link is down are lost with probability
f := f12, and stay at node 1 with probability 1 − f. First we determine the fluid
limit (which is to be used as the ‘centering function’ in our FCLT). We use the same
notation as in the above examples, and in addition we define κ := µ1(π+(1−π)f)
with π := π1 = q0/(q0 + q1). Then

%′1(t) = λ− κ%1(t), %′2(t) = µ1π%1(t)− µ2%2(t).

Assuming the system starts empty, we thus obtain

%1(t) =
λ

κ
(1− e−κt), %2(t) =

µ1πλ

κ

(
1− e−µ2t

µ2
− e−κt − e−µ2t

µ2 − κ

)
. (7.33)

It can be checked that

M =

(
−κ 0
µ1π −µ2

)
, M ◦(s) =

(
−%1(s)µ1f −%1(s)µ1

−%2(s)µ2 %1(s)µ1 − %2(s)µ2

)
.

In addition, with q := q0 + q1,

Σ :=
1

q2

(
2(1− π)q0 −(1− π)q0 − πq1

−(1− π)q0 − πq1 2πq1

)
.

With
eM t =

(
e−κt 0

µ1π(e−µ2t − e−κt)/(κ− µ2) e−µ2t

)
,

the matrix Cov(M̃(t),M̃(t)) can be evaluated using the expressions presented in
Remark 25.

In Figure 7.2 below we present, as an illustration, two sample paths of the
population process (M(t))t≥0 = (M1(t),M2(t))t≥0. We want to assess the ap-
plicability of the diffusion limit as an approximation to the original population
process. We consider the scaling parameter N = 100 and the parameters λ =
25, µ1 = 10, µ2 = 20 and f = 0. In the two simulations we varied the transition
rates: they are q0 = 0.2, q1 = 0.6 in the left sample path, and q0 = 30, q1 = 20 in
the right sample path. We pick α = 1, so that the arrival rate λ(N) is Nλ, whereas
transition rates are set to q(N)

0 = Nq0 and q(N)
1 = Nq1.

The red curves appearing in Figure 7.2 above correspond to the functions
N%1(·) and N%2(·), where %1(·) and %2(·) are the two ‘centering functions’ that
were computed above. The blue and green curves are the corresponding sample
paths. In Figure 3 below histograms are presented for the centered and scaled pop-
ulation process in each queue. The parameters are chosen as above. The transition
rates of the background process are chosen q0 = 30 and q1 = 20.
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Figure 7.2: Sample paths and centering functions.

Figure 7.3: Histograms for centered and scaled population process.
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7.6.4 FCLT for symmetric fully connected one-block net-
work

In this subsection we consider the functional central limit theorem for a network
with just a single block (i.e., all links alternate between being ‘up’ and ‘down’
simultaneously), and all parameters chosen symmetrically; blocked customers are
assumed lost (but the case in which they retry works analogously). More con-
cretely, the situation considered is the following. The arrival rate at each node is
Nλ. The down-time of all links is exponentially distributed with mean (Nq0)−1,
whereas the up-time is exponentially distributed with mean (Nq1)−1. As in Re-
mark 24, the service rate is σ := ν + µ0; after service completion a client leaves
the network with probability µ0/σ and wants to move to another node (picked
uniformly at random) with probability ν/σ. Define π := q0/(q0 + q1).

First we find the ‘centering function’ %(·):

%′(t) = λ+ (n− 1)%(t)
νπ

n− 1
− %(t)σ, (7.34)

solved by, assuming the queues start empty and defining κ := ν(1− π) + µ0,

%(t) =
λ

κ

(
1− e−κt

)
. (7.35)

Recalling that µ̄ij :=
∑K̄
k=1 µijkπk, for i 6= j and i, j ∈ {1, . . . , n}, we find that

M (i, j) = µ̄ji = νπ/(n− 1). In addition, M (i, i) = µ̄i0 = −σ. As a consequence,
with En an n× n all-ones matrix,

M = ω1En + ω2In, ω1 :=
νπ

n− 1
, ω2 := −

(
νπ

n− 1
+ σ

)
.

It is readily checked that

eM t =

(
En

(
eω1nt − 1

n

)
+ In

)
eω2t. (7.36)

The matrix M ◦(s) is an (n × 2)-dimensional matrix whose entries in the first
column (which are corresponding to the links being down) are allm0(s) := −%(s)σ,
and whose entries in the second column (which are corresponding to the links being
up) are all m1(s) := −%(s)µ0. The matrix Σ is as in Section 7.6.3. Using the
expressions from Remark 25, we obtain, with 1n the n-dimensional all-ones vector
and m(s) := (m0(s),m1(s))T,

Cov(M̃(t),M̃(t)) =

∫ t

0

eM (t−s)1n(m(s))T Σm(s) 1T
n

(
eM (t−s))Tds+ diag{%(t)}.

(7.37)
The next step is to explicitly evaluate the integral. To this end, we first observe
that eM t 1n = e(ω1n+ω2)t 1n = e−κt 1n. We now evaluate (m(s))T Σm(s). With
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x ∈ RK̄ , α ∈ R, and 1 ≡ 1K̄ ,

(x− α1)TΣ(x− α1) = (x− α1)T(diag{π}D +DTdiag{π})(x− α1)

= (x− α1)Tdiag{π}Dx+ xTDTdiag{π}(x− α1)

due to D1 = 0. In addition, πTD = 1Tdiag{π}D = 0, so that

(x− α1)TΣ(x− α1) = xTdiag{π}Dx+ xTDTdiag{π}x = xTΣx.

We therefore have that, when evaluating (m(s))T Σm(s), we can replacem(s) by
m(s) + %(s)µ0 1, and consequently

(m(s))T Σm(s) = q−2(−%(s)ν, 0)·(
2(1− π)q0 −(1− π)q0 − πq1

−(1− π)q0 − πq1 2πq1

)
·
(
−%(s)ν

0

)
= 2q−2 (%(s))2 ν2(1− π)q0 = 2q0q1 (%(s))2 ν2/q3. (7.38)

Noting that 1n 1T
n = En, we conclude that (7.37) can be written as ξn(t)En +

diag{%(t)}, where

ξn(t) := 2q0q1
λ2ν2

κ2q3

∫ t

0

(1− 2e−κs + e−2κs)e−2κ(t−s)ds

= 2q0q1
λ2ν2

κ2q3

(
1− e−2κt

2κ
− 2e−κt

1− e−κt

κ
+ t e−2κt

)
.

With % := λ/κ, we also obtain

lim
t→∞

Cov(M̃(t),M̃(t)) = q0q1
λ2ν2

κ3q3
En + diag{%}.

7.6.5 FCLT for symmetric ring-shaped one-block network

The setting considered is the same as in the previous subsection, with the only
exception that a job served at queue m moves to queue m + 1 (where n + 1 is
to be understood as 1). More specifically, the service rate is σ := ν + µ0; after
service completion a client leaves the network with probability µ0/σ and wants
to move to the next node with probability ν/σ. We concentrate on the case that
fi,i+1 = fn,1 = 1 (i.e., during outages jobs that wish to jump to the next queue
are lost), but we remark that the case of retry can be handled analogously. The
shape of the centering function %(·) is as in the previous subsection, with the same
κ = ν(1 − π) + µ0. It is verified that µ̄i,i+1 = µ̄n,1 = νπ (for i = 1, . . . n − 1) and
µ̄ii = −(νπ + σ). As a consequence, with Fn denoting an n× n matrix with ones
on the subdiagonal and at entry (1, n),

M = ω1Fn + ω2In, ω1 := νπ, ω2 = −(νπ + σ). (7.39)
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The matrix M ◦(s) is, analogously to what we found in Section 7.6.4, an (n× 2)-
dimensional matrix whose entries in the first column are all m0(s) := −%(s)σ, and
whose entries in the second column are all m1(s) := −%(s)µ0. The matrix Σ is as
defined in Section 7.6.3.

Observe that Fn1n = 1n (as Fn is a permutation matrix), and therefore
F k
n 1n = 1n, so that

eω1Fnt1n =

∞∑
k=0

F k
n 1n
k!

(ω1t)
k = eω1t1n. (7.40)

This allows us to conclude that eM t1n = e−σt1n. The remaining computations
are as in the previous subsection.

7.7 Concluding remarks
In this chapter we have considered networks of infinite-server queues with faulty
links. Clients that wish to jump from one queue to another while the required link
is down are with a given probability lost (and otherwise stay at the origin node
to retry after an exponentially distributed amount of time). For this model we
derived prelimit results (in terms of differential equations uniquely characterizing
the probability generating function, as well as a recursion by which all moments can
be determined) as well as a functional central limit theorem (after appropriately
scaling the arrival rates and the links’ failure and repair rates).

Several alternative models can be considered; we mention a few here. (i) In our
work all queues were of infinite-server type. In many applications, one would rather
be interested in the queueing discipline being single-server of many-server. (ii) Our
probabilistic analysis covers means and diffusion limits, but extreme behavior (‘far
away from the mean’) is not included. Such a rare-event analysis sheds light on
the probability that the queueing process attains values in remote sets. (iii) In
dynamically evolving networks, typically measures are taken when links fail; think
of rerouting mechanisms. This makes the systematic study of the efficacy of such
rerouting protocols a relevant topic for further study.
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Samenvatting

Het werk gepresenteerd in dit proefschrift ligt op het snijvlak van twee sleutel-
gebieden in de kansrekening, namelijk de wachtrijtheorie en de theorie van com-
plexe netwerken. Naast de inleiding, is het proefschrift opgebouwd uit drie de-
len die onafhankelijk van elkaar kunnen worden gelezen, waar elk deel meerdere
hoofdstukken bevat. In Deel I bestuderen we verschillende stochastische processen,
waaronder het werklastproces in een wachtrij met één bediende. In Deel II worden
complexe netwerken beschouwd (of ‘ensembles’, in de terminologie van de statistis-
che mechanica). In Deel III combineren we de wachtrijtheorie en de theorie van de
complexe netwerken. Het object van studie is een wachtrijproces op een evoluerend
complex netwerk. In elk deel is een afzonderlijke inleiding toegevoegd om de lezer
de vereiste achtergrond over het onderwerp te bieden.

Deel I is verdeeld in drie hoofdstukken; Hoofdstukken 2 en 3 bouwen voort
op de theorie die in Hoofdstuk 1 wordt gepresenteerd. We richten ons op de tijd
die specifieke stochastische processen in gegeven verzamelingen doorbrengen, zgn.
bezettingstijden. Onze belangrijkste motivatie komt uit de wachtrijtheorie, waarin
de bezettingstijd in verschillende toepassingen een natuurlijke prestatiemaat is. In
Hoofdstuk 1 zijn we geïnteresseerd in een veelomvattende klasse van processen,
waarvan de paden de structuur hebben van een alternerend vernieuwingsproces.
We leiden een uitdrukking af voor de dubbele transformatie van de bezettingstijd;
we bewijzen een centrale limietstelling alsmede asymptotiek behorende bij grote
afwijkingen. In Hoofdstukken 2 en 3 beschouwen we spectraal positieve Lévy
processen, spectraal positieve Lévy processen gereflecteerd op hun infimum, en
vloeistof processen gereflecteerd op hun infimum en op een vaste bovengrens. Deze
processen verschijnen op natuurlijke wijze wanneer men wachtrijen met één be-
diende bestudeert. De reflectie op het infimum dwingt af dat het werklastpro-
ces niet negatief kan worden, terwijl reflectie op een bovengrens correspondeert
met een werklastproces met eindige buffer capaciteit. Een bijzonder aspect van
de resultaten in Hoofdstuk 3 is dat, voor processen met tweezijdige reflectie, de
dubbele transformatie van de bezettingstijd niet expliciet gegeven wordt, maar als
de oplossing van een stelsel lineaire vergelijkingen. In zowel Hoofdstuk 2 als 3
lichten we onze resultaten toe met behulp van numerieke experimenten.

Deel II van dit proefschrift is volledig gewijd aan de theorie van complexe
netwerken. We richten ons hierbij op de canonieke en de microcanonieke ensem-
bles, twee kansmaten op de ruimte van grafen. We beschouwen zgn. ‘dichte’ grafen,
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d.w.z. grafen waarin het aantal kanten ruwweg proportioneel is met het maximaal
mogelijke aantal kanten. We zeggen dat de twee ensembles equivalent zijn, in het
dichte regime, wanneer hun relatieve entropie gedeeld door het totale aantal kanten
convergeert naar nul naarmate de graaf groeit. Anders spreken we van het ‘breken
van ensemble-equivalentie’. In Secties 4.1-4.4 geven we alle achtergrondkennis die
nodig is voor beide hoofdstukken. Het belangrijkste resultaat van Hoofdstuk 4 is
een variationele uitdrukking voor de limiet van de relatieve entropie van de twee
ensembles. Essentieel om dit resultaat af te leiden is de theorie van graaf-limieten,
of graphons, en de theorie van grote afwijkingen voor de willekeurige graaf van
het Erdős-Rényi type. We analyseren deze variationele uitdrukking voor het geval
dat er beperkingen opgelegd zijn op de kant- en driehoekdichtheid. We identifi-
ceren waarden van de constraints waarvoor het breken van ensemble equivalentie
optreedt. Een interessante observatie is dat het breken van ensemble equivalen-
tie optreedt wanneer de constraints ‘gefrusteerd’ zijn, of, met andere woorden,
wanneer het relatief lastig is om tegelijkertijd aan beide te voldoen.

Vervolgens bestuderen we in Hoofdstuk 5 het gedrag van de relatieve entropie
wanneer we een kleine perturbatie doen rond de typische waarden voor de kant-
en driehoekdichtheid, waarbij de typische waarden overeenkomen met de Erdős-
Rényi willekeurige graaf. We beschouwen een kleine perturbatie naar boven en naar
beneden op de driehoekdichheid. Ons resultaat geeft aan dat de ‘entropie kosten’
relatief hoog zijn wanneer we de driehoekdichtheid omlaag brengen (i.e., wanneer
we proberen de driehoekdichtheid te verlagen bij gelijkblijvende kantdichtheid).
Naast het schalingsgedrag van de relatieve entropie, identificeren we ook (ten dele)
de asymptotische structuur van de ‘meest waarschijnlijke graphons’. Wanneer we
de kantdichtheid constant houden en de driehoekdichtheid verhogen, krijgen we een
inhomogene graaf die we een ‘lokale perturbatie’ noemen. Anderzijds, wanneer we
de kantdichtheid constant houden en de driehoekdichtheid verlagen, ontstaan er
verschillende structuren afhankelijk van de waarden van de kantdichtheid. Als de
kantdichtheid minder is dan 1

2 dan krijgen we een ‘globale perturbatie’, terwijl als
de kantdichtheid groter is dan 1

2 dan krijgen we een combinatie van een globale en
een lokale perturbatie.

Deel III analyseert in de tijd evoluerende complexe netwerken, en wachtrijpro-
cessen op zulke evoluerende complexe netwerken. De twee hoofdstukken in dit
deel kunnen onafhankelijk van elkaar worden gelezen. In Hoofdstuk 6 introduc-
eren en analyseren we twee modellen van evoluerende complexe netwerken. In
beide modellen verschijnen en verdwijnen de kanten van de onderliggende graaf op
afhankelijke wijze. In het eerste model, een continue-tijdsmodel, wordt de afhanke-
lijkheid tussen de kanten gereguleerd door een modulerend proces. In het tweede
model, een discrete-tijdsmodel, worden de intensiteiten waarmee de kanten verschi-
jnen en verdwijnen periodiek opnieuw getrokken. In beide modellen bestuderen we
het ‘kant proces’ dat het aantal kanten als functie van de tijd beschrijft. We leiden
een systeem van partiële differentiaalvergelijkingen af voor de moment-genererende
functie, dat ons in staat stelt momenten te bepalen. Vervolgens leiden we, onder
een geschikte schaling, een functionele centrale limietstelling af die inzicht geeft in
de dynamiek van het proces naarmate de graaf groter wordt.
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In Hoofdstuk 7 beschouwen we een wachtrijproces op een evoluerend com-
plex netwerk. In zo’n netwerk vertegenwoordigt elk knooppunt een wachtrij met
oneindig veel bedienden. Wanneer een klant volledig bediend is, gaat hij naar een
ander knooppunt in het netwerk volgens een stochastisch routeringsmechanisme
(of verlaat het netwerk). We bestuderen het (vectorwaardige) populatieproces dat
het aantal klanten per wachtrij bijhoudt. Ten aanzien van het transiënte gedrag
van dit populatieproces, leiden we een systeem van partiële differentiaalvergeli-
jkingen af voor zijn moment-genererende functie, en een recursieve procedure om
de bijbehorende transiënte momenten te bepalen. Met gebruikmaking van een
vergelijkbare schalingstechniek als in Hoofdstuk 6, bewijzen we een functionele
centrale limietstelling voor het populatieproces. Dit resultaat geeft inzicht in de
dynamiek van het populatieproces naarmate de populatiegrootte groeit terwijl het
netwerkgrootte eindig blijft.
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Summary

The work presented in this thesis lies on the interface of two key areas in probabil-
ity theory, namely queueing theory and random graph theory. In addition to the
introduction, the thesis is structured in three parts which can be read indepen-
dently, and each part contains multiple chapters. In Part I we study the workload
process in a single-server queue. In Part II random graph models are considered
(or ensembles, a term that is often encountered in the statistical mechanics liter-
ature). In Part III we combine queueing theory and random graph theory. The
object of interest is a queueing process on a randomly evolving network. In ev-
ery part a separate introduction has been added to provide the reader with the
required background on the topic.

Part I is divided into three chapters, Chapters 2 and 3 build upon the theory
presented in Chapter 1. We consider the occupation time of a stochastic process.
Our main motivation originated from queueing theory, where the occupation time
arises naturally as a performance measure in various applications. In Chapter
1 we are interested in a rather general class of processes, whose paths have the
structure of an alternating renewal process. We derive an expression for the double
transform of the occupation time, and we prove a central limit theorem and large
deviations asymptotics. In Chapters 2 and 3, we consider spectrally positive Lévy
processes, spectrally positive Lévy processes reflected at their infimum, and fluid
processes reflected at their infimum and at an upper boundary. These processes
appear naturally in the study of single-server queues when considering the workload
process, or virtual waiting time process. The reflection at the infimum represents
the non-negativity of the workload process whereas reflection at an upper barrier
is considered when an upper bound on the workload is imposed. The additional
feature of Chapter 3 is that, for doubly reflected processes, the double tranform of
the occupation time is not given in closed form, but determined through a system
of linear equations. In both Chapters 2 and 3, we present numerical experiments
to gain insight.

Part II of this thesis is fully devoted to random graph theory. The objects
of interest are the canonical and the microcanonical ensembles, two probability
measures on the space of graphs. We consider dense graphs where the degree of
each vertex scales as the total number of vertices. We define the two ensembles to
be equivalent, in the dense regime, when their relative entropy divided by the total
number of edges converges to zero as the graph size grows. Otherwise, we speak of
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breaking of ensemble equivalence. In Sections 4.1-4.4 we provide all the background
knowledge needed for both chapters. The main result of Chapter 4 is a variational
expression for the limiting relative entropy of the two ensembles. This result relies
heavily on the theory of graph limits, or graphons, and on large deviations theory
for the dense Erdős-Rényi random graph. We analyse the variational expression
for the relative entropy in the limit in detail for the case of two constraints, on
the edge and triangle densities. We manage to identify values of the constraints
where breaking of ensemble equivalence occurs. An interesting observation is that
breaking of ensemble equivalence occurs when the constraints are frustrated or, in
other words, when they correspond to atypical values.

Next, in Chapter 5, we study the behavior of the relative entropy when we
do a small perturbation around the typical values for the edge and triangle den-
sities, with the typical values corresponding to the Erdős-Rényi random graph.
We consider a small perturbation upwards and downwards on the triangle density.
Our result indicates that the entropy cost is much higher when we perturb the
triangle density downwards, that is when we try to decrease the triangle density
and keep the edge density constant. Additional to the scaling behavior of the rel-
ative entropy, we also partially identify the asymptotic structure of graphons in
the microcanonical ensemble subject to the perturbed constraints. Keeping the
edge density constant and increasing the triangle density will result in an inho-
mogeneous graph which we call a local perturbation. On the other hand, keeping
the edge density constant and decreasing the triangle density will yield different
structures depending on the values of the edge density. If the edge density is less
than 0.5 then we obtain a global perturbation, while if the edge density is larger
than 0.5 then we obtain a combination of a global and a local perturbation.

In Part III the objects of interest are randomly evolving graphs and queueing
processes on randomly evolving graphs. The two chapters in this part can be read
independently of each other. The contribution of Part III is twofold. First, in
Chapter 6, we introduce and analyse two models of randomly evolving graphs. In
both models the edges appear and disappear dependently of each other. In the first
model, which is a continuous time model, the dependency between the edges is due
to a random environment or a modulating process, which determines the rates at
which edges appear and disappear. In the second model, which is a discrete time
model, we resample the rates at which edges appear and disappear in every time
interval. In both models we study the edge process, i.e., the process representing
the number of edges present at every moment in time. We derive a system of
partial differential equations for the moment-generating function and we obtain
an expression for the factorial moments. Next, using an appropriate scaling, we
derive a functional central limit theorem which gives insight in the dynamics of
the process as the size of the graph grows large.

In Chapter 7 we consider a queueing process on a randomly evolving network.
In such a network each node represents an infinite-server queue and has an arrival
process of customers. When a customer has completed his service, he proceeds to
another node in the network according to some routing mechanism, which changes
randomly in time. The object of interest is the vector-population process which
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records the number of customers per queue in the network. We study the tran-
sient behavior of the population process, we derive a system of partial differential
equations for its moment-generating function, and a recursive procedure for the
factorial moments. Using a similar scaling technique as in Chapter 6, we prove
a functional central limit theorem for the population process. This result gives
insight in the dynamics of the population process when the population size grows
large while the network size stays finite.
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