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Chapter r 

2 2 
Systematicc Approach of Plantwide Controllabilit y 

2.11 Introductio n 

Attemptss to incorporate dynamics in the development of methods for process flowsheet 

synthesiss are only scarce (Mohideen et al., 1996). Clearly, a systematic analysis of plantwide 

dynamicss and controllability is difficult, in part due to the effect of recycles. As Luyben 

noted,, 'Processes with recycle streams are quite common but their dynamics poorly 

understood'understood' (Luyben, 1993). This is crucial in the context of zero discharge plants where 

evenn more material must be recycled. A complex plant may involve strong interactions 

betweenn recycle loops that sometimes lead to a significant influence on the performance of 

individuall  units. Therefore, a real need exists to find a quantitative methodology for 

analyzingg the effects of interactions. Flowsheeting is a well-established technique reflecting 

thee complex system behavior by means of an accurate plant model (Dimian, 1994). The 

currentt practice in the analysis of large plants seems to be limited to the exploration of the 

operatingoperating window by extensive steady state flowsheeting. However, through dynamic 

flowsheetingflowsheeting and by incorporating control features, more and deeper design and operation 

knowledgee is obtained. In addition, large dynamic plant models in principle give access to a 

wholee class of controllability tools that usually are applied on small problems. This does 

requiree an adequate reduction of these models, which is not a trivial problem as will be 

discussedd in chapter S. 

Inn this chapter a methodology will be presented where steady state and dynamic modeling are 

combinedd with controllability analysis tools. The objective of this approach is to have a 

quantitativee measure of the performance of the plant according to reference tracking and 
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disturbancee rejection in an early design stage. A better understanding of dynamic interactions 

betweenn recycles is desired, which reveals design modifications with improved operability 

characteristicss without using complex control strategies. The next chapter will demonstrate its 

usee by means of a practical problem: the dynamics of the plant material balance, particularly 

off  impurities. 

2.22 Systems approach 

Tablee 2.1 presents the systematic approach that we have developed for the combination of 

steadyy state flowsheeting with dynamic simulations and controllability analysis tools. This is 

applicablee to both new design and revamp. Design freedom may be used to improve the 

controllabilityy properties of the plant. 

Thee approach starts with a definition of the objectives of the plant and identification of the 

inputs,, outputs, targets and constraints. Subsequently, a rigorous steady state simulation 

modell  is developed. It is used to find a nominal operating point, where the system meets all 

targetss and constraints. The input/output behavior is studied around this point by exploration 

off  the operating window. At this stage a selection can be made of the variables that have to be 

controlledd during operation and the variables that can be manipulated in a control structure. 

Thesee variables are normally related to the design specifications and the design variables. 

AA very important aspect in the approach is scaling, as it makes model analysis and controller 

designn much simpler. It also gives the possibility to compare different models (flowsheet and 

controll  alternatives). Thus, the engineer is obliged to make a judgement at the start of the 

designn process about the required performance of the final system. Estimations have to be 

madee of the expected magnitudes of disturbances and reference changes, of the allowed 

magnitudee of each input signal, and of the allowed deviation of each output. The disturbances 

andd reference values are scaled between their minimum and maximum expected values. The 

inputss and outputs are scaled on their minimum and maximum allowed values (Skogestad 

andd Postlethwaite, 1996). Thus, all variables obtain values in the interval [-1,1]. This scaling 

simplifiess the interpretation of controllability analysis tools. Apart from this, scaling is 

necessaryy for the tools that evaluate the performance of the closed loop dynamic system, as 

wil ll  be shown in section 2.4.4. A formal description of scaling will be given in section 2.3.3. 

Extensivee steady state simulations around the nominal operating point are performed to 

developp a static gain matrix. Steady state RGA and SVD analyses are used to evaluate the 

plantwidee control structure alternatives. The Relative Gain Array (RGA) is a useful measure 
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Tablee 2.1; Systems Approach 

1.. Problem definition 
-- Operating window 
-- Inputs, Outputs, Targets, Constraints 

2.. Steady state flowsheeting 
-- Rigorous modeling 
-- Detailed material balance around nominal operating point 

3.. Plantwide control objectives 
-- Control variables 
-- Manipulated variables 
-- Disturbances 
-- Scaling 

4.. Steady state analysis 
Staticc Gain calculations 

-- Relative Gain Array (RGA) analysis 
-- Singular Value Decomposition 

Conditionn number 
Morarii  Resiliency Index 

-- Evaluation of control structure alternatives 
5.. Dynamic flowsheeting 

-- Development of a reduced model, incorporating the 
mainn design and dynamic features of the complex 
plantt detected by steady state analysis. 

-- Dynamic responses of system on perturbations 
6.. Dynamic analysis 

-- Development of a linear dynamic model as: 
sett of transfer functions (identification method) 
statee space description (model based) 

-- Frequency analysis 
Bodee diagrams for stability and crossover frequencies 
RGAA and RGA number for control structure selection 
PRGA,, CLDG and RDG for controllability performance 

Evaluationn of control structure alternatives 
-- Controller Design 

7.. Closed loop simulation 
-- Implementation and (fine)tuning of controllers 
-- Rigorous dynamic closed loop simulation 
-- Evaluation of control structure alternatives 

8.. Design alternatives 
-- Unit operations 

Recyclee structure alternatives 
9.. Conclusions 

Flowsheett structure 
-- Plantwide control strategy 
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off  interactions between control loops. It may be used to select a combination of single-input-

single-outputt controllers (multi-SISO structure) with minimal interaction. The Singular Value 

Decompositionn (SVD) and related indices as the Condition Number (CN) and Morari 

Resiliencyy Index (MRI) give more information about the available control power and its 

directions.directions. It can also be used to evaluate the power and direction of disturbances. An 

extensivee description of these and other controllability tools will be given in section 2.4. 

Afterr exploration of the steady state plant model, the approach continues with the 

incorporationn of dynamic features. To this end a rigorous dynamic simulation model has to be 

developed.. Such a model should incorporate the main design and control features as detected 

byy the steady state analysis. In addition, rigorous dynamic models also require information 

concerningg equipment sizes and basic level and pressure controllers. Thus, certain extra 

decisionn variables are introduced, which are also available for optimization. The simulation 

modell  may be used to study the dynamic responses of the system on perturbations. One may 

detectt time lags, inverse responses, overshoots and especially the different time scales at 

whichh the complex processes in a large plant are operating. 

Thiss preliminary study of the dynamic behavior will be followed by an extensive 

controllabilityy analysis. Since dynamic models usually are too large and complex for a 

controllabilityy analysis, they have to be simplified and linearized. A well-known method that 

iss often used in practice is the curve fitting of experimental data with standard functions. 

Simplee first and second order transfer functions often give already acceptable descriptions of 

thee input-output behavior of complex systems, while high order polynomials can be used to 

givee an accurate description. Extensive dynamic simulations can be used to generate the 

experimentall  data. The advantage of this method is that one can make small linear systems, 

whichh are easy to handle. However, the whole procedure can be very time consuming, 

especiallyy when experimental data have to be generated by extensive dynamic simulations. 

Whenn a dynamic model is available, it is much easier to generate a linear state space 

descriptionn by performing a Taylor series expansion of the nonlinear functions around the 

nominall  operating point, neglecting second and higher order terms. Modern dynamic 

simulationn programs like SPEEDUP™ have such a feature. In a state space description the 

inputt and output variables are interconnected through the states. 

Ann automatic linearization procedure will include all states from the complex nonlinear 

modell  and the linear state space realization may become very large and difficult to handle. 

Thereforee a real need exists to reduce a state space realization to lower order. This topic will 

bee discussed in chapter 5. 
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Thee controllability analysis starts with a study of the Bode diagrams, being representations of 

thee dynamic responses of the linearized system to oscillatory perturbations as a function of its 

frequency.frequency. These plots show the locations where the dynamic behavior of the plant starts to 

differr from steady state as well as the crossover frequencies, up to which feedback control 

shouldd be active. In order to study the closed loop behavior, a certain control structure has to 

bee assumed. In this approach a decentralized control structure is selected, containing only 

controll  loops with one input and one output. Furthermore, the inputs and outputs are arranged 

suchh that the proportional gains in the corresponding controller matrix are on the diagonal, 

whichh explains the synonym 'diagonal' control. The RGA number is used to see whether the 

preferredd diagonal control structure as inferred from the steady state analyses holds well over 

thee whole frequency range of interest. The Performance Relative Gain Array (PRGA), Closed 

Loopp Disturbance Gain (CLDG) and Relative Disturbance Gain (RDG) are used as indicators 

forr the performance of the diagonal control structure according to reference (setpoint) 

trackingg and disturbance rejection. They are also used to design the controllers and find 

appropriatee settings (gains, integral times). Interactions between the controllers in a diagonal 

structuree are also taken into account by these indicators. A detailed description of diagonal 

feedbackk control and the relevant controllability tools, based on Skogestad and Postlethwaite 

(1996)) will be given in section 2.4.4. 

Thee controllability analysis is supposed to produce an optimal control structure. This 

structuree is implemented in the nonlinear dynamic model. The controller settings that are 

indicatedd by the controllability analysis are a good starting value. However, they are based on 

thee linearized model and therefore need to be fine-tuned first. Then a closed loop simulation 

cann be performed to check the conclusions of the controllability analysis. 

Analyzingg and understanding the dynamic behavior of a model generates suggestions for 

improvement.. The basic plant design may be modified and several flowsheet alternatives may 

bee generated. The procedure described can be applied on all these alternatives, finally 

yieldingg an optimal flowsheet design and plantwide control strategy. 

2.33 Modeling 

Modelss play a key role in the systems approach that is described in this chapter. Rigorous 

steadyy state and dynamic models are used for simulations and the controllability analysis is 

performedd on their linearized versions. A brief description of models and linearization, 

includingg the scaling procedure, is given in this section. It is beyond the scope of this part to 
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givee a complete description of each unit operation model, steady state or dynamic, and the 

thermodynamicc equations that they use. The models are normally available in simulation 

softwaree tools like Aspen Plus™ and Speedup™. The interested reader is referred to 

specializedd books like 'The Properties of Gases and Liquids' from Reid, Prausnitz & Poling 

orr the 'Chemical Engineering' series of Coulson & Richardson for more details. 

2.3.11 Steady state models 

AA nonlinear steady state model can be represented by the following sets of equations: 

f(x,u)) = 0, y = g(x,u) (2.1) 

wheree f and g are general nonlinear functions, x a vector containing n state variables, u a 

vectorr containing m input variables and y a vector containing / output variables. In general f 

containss the material and energy balances and g contains the output relations. 

Thee static gain matrix G is a linear steady state input-output model around the nominal 

operatingg point. Each element gij in this matrix stands for the change in an output variable yt 

afterr a unit step on an input variable Uj. 

Ayj_ _ 
g i j = ^ i - ,, Ay-gyAUj (2.2) 

JJ AU: 

wheree Ay; = y i - y|,ominal and AUj = Uj - uJom,nat 

Thee static gain matrix does not contain state variables. 

Usually,, the static gain matrix is restricted to controlled variables as outputs and manipulated 

variabless as inputs. Another group of input variables is formed by the disturbances. They may 

bee stored in a vector d of length k. The linear steady state model that connects these 

disturbancess to the outputs is known as the static disturbance gain matrix Gd. Its elements 

gd.kk are given by: 

''  A*=^ Ad"  (23) 

wheree Adk=dk -dr mi"" 1 
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AA complete steady state linear model will be given by: 

yy = Gu+Gdd (2.4) 

wheree y is a vector with the deviations of the controlled output variables Ay„  u a vector with 

thee changes in manipulated variables AUJ and d a vector containing the changes in 

disturbancess Ad*. G and G<j are the static gain, respectively the static disturbance gain matrix. 

Thiss model is expressed in absolute values, centered on the nominal operating point. 

2.3.22 Dynamic models 

AA dynamic nonlinear model can be represented by the following sets of equations: 

xx = f(x,u), y = g(x,u) (2.5) 

wheree x = dx/dt, f and g are general nonlinear functions, x a vector containing n state-

variables,, u a vector containing m input variables and y a vector containing / output variables. 

Inn general f contains the material and energy balances and g contains the output relations. The 

onlyy real difference between the models (2.1) and (2.5) is the time derivative of the state 

variables.. In a steady state model this is zero by definition, while it may and normally will 

havee a non-zero value in a dynamic model. 

AA linear representation of a dynamic model may be given by a state space description: 

x(t)) = Ax(t) + Bu(t) 

y(t)) = Cx(t) + Du(t) 

Heree A, B, C and D are real matrices: 

 B = % - c = % - D = %  < 2 - 7 ) 

andd x, u and y are deviations of a certain nominal value. A state space realization describes 

thee input-output behavior through the states. 

Byy Laplace transformation of the state space realization (2.6), a linear input-output model 

aroundd the nominal operating point may be generated where the states are eliminated: 

y(s)) = G(s)u(s) (2.8) 
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Thee transfer function model G(s) in terms of A, B, C and D is given by: 

G(S)) = C ( S I - A ) " 'B + D (2.9) 

andd s is the Laplace operator. For s = 0, and therefore t = 1/s = oo, the steady state transfer 

functionn model G(0) = G is returned. With s = j o (j2 = -1). the dynamic response of the 

systemm may be calculated as function of the frequency ©. 

Whenn the input variables are divided again into manipulated variables and disturbances, the 

statee space realization (2.6) is extended to: 

x(t)) = Ax(t) + Bu(t) + Ed(t) 

y(t)) = Cx(t) + Du(t) + Fd(t) 

Heree the disturbance terms E and F are defined by: 

Thee disturbance transfer function model G«j(s) in terms of A, C, E and F is given by: 

Gd(s)) = C(sI-A)_1E + F (2.12) 

AA complete dynamic linear model in Laplace form follows as: 

y(s)) = G(s)u(s) + Gd(s)d(s) (2.13) 

Bothh the state space notation and the Laplace form will be used in the remainder of this 

thesis.. They are related to each other by equations (2.9) and (2.12). 

2.3.33 Scaling 

AA very important aspect of the approach is scaling, which simplifies model analysis and 

controllerr design and gives the possibility to compare different flowsheet and control 

alternatives.. The scaling procedure is presented in this section, followed by a discussion on 

thee controllability analysis tools in section 2.4 . 

Lett the unsealed linear model of the process in deviation variables be 

yy = Gü + Gdd, c = y - f (2.14) 
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wheree u are the inputs, d the disturbances, y the outputs, e the errors and r the reference 

values.. G represents the input-output model and Gd the disturbance model. They may be 

eitherr static gain matrices or dynamic transfer functions. The scaling procedure is indifferent 

too that. A hat (A) is used to show that the variables are in their unsealed units. 

AA useful approach for scaling is to make the variables less than one in magnitude by dividing 

eachh variable through its maximum allowed or expected change. For manipulated variables 

andd disturbances, we use the scaled variables: 

uu = u/ümax, d = d/dnux (2.15) 

wheree umax is the largest allowed change of the manipulated variable and dmax is the largest 

expectedd change in disturbance. As the largest change allowed the smallest absolute value of 

thee maximum increase and the maximum decrease relative to the nominal operating value is 

taken,, while for the maximum expected change the largest value of the two is assumed. 

Thee variables y, ê and f are in the same units, so the same scaling factor should be used. 

Twoo alternatives are possible: 8max is the largest allowed control error, rmax is the largest 

expectedd change in reference value (setpoint). Since a major objective of control is to 

minimizee the control error e, one usually chooses to scale with respect to the maximum 

controll  error: 

yy = y/êmax» e = ê / êmax> « = f / ê
m ax (2-1 6) 

Too formalize the scaling procedure, the following scaling factors are introduced: 

D u= üm a x,, D d= dm a x, D e= êm a x, VI=i max (2.17) 

Forr MIMO systems each variable in the vectors ü, d, ê and f may have different maximum 

values,, in which case D„, Dd, De and Dr become diagonal scaling matrices. 

Thee corresponding scaled variables to use for control purposes are thus: 

dd = Dd 'd, u = D"1Ü, y = Dj'y e = D;'ê r = D;lf (2.18) 

andd introducing the scaled transfer functions 
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GG = D ; , G D U and Gd=D; ,GdD - (2.19) 

yieldss the following model in terms off  scaled deviation variables: 

yy = Gu + Gd d, e = y - r (2.20) 

Here,, u, d and e should be less than or equal to 1 in magnitude. 

Usee of the scaling factors from (2.17) and Dx as scaling factor of the states will result in the 

followingg scaling procedure for the state space matrixes: 

AA  = D ; 1A D X B = D ; I B D U E = D;'ÊDd 

CC = D;1CDV D = D:1DD„  F = D: !FD 

Scalingg of the state variables may improve the model, but normally this step will be omitted. 

Insteadd of De one might use Dr for scaling on reference values. Then r should be less than or 

equall  to 1 in magnitude. 

2.44 Controllabilit y tools 

Oncee the plant model, either steady state or dynamic, is linearized and scaled, a 

controllabilityy analysis may be performed. The use of controllability measures as evaluation 

toolss in Conceptual Design has been promoted by several authors (Barton et al., 1991, 

Mizseyy and Fonyo, 1991, Lyman and Georgakis, 1995, Morud and Skogestad, 1993, Wolff 

andd Skogestad, 1992). They may give valuable information of the (dynamic) behavior and 

controllabilityy of a system that is hard to find with simulations only. The tools being used in 

thee systems approach will be described in this section. It is mainly based on the book of 

Skogestadd and Postlethwaite (1996), presenting an overview of multivariable feedback 

controll  and relevant controllability analysis tools. 

2.4.11 The Relative Gain Arra y 

AA useful measure of interaction between input and output is given by the relative gain. 

Considerr the open loop static gain, the change Ayi in output ys relative to a change AUJ in 

inputt Uj where all other inputs remain constant. 
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Au u 
(2.22) ) 

uu .=0 m*j j 

Inn this case the other outputs may or may not change. Another open loop gain is defined as 

thee change Ay; in output y\ relative to a change AUJ in input Uj where all other outputs remain 

constant.. Again, the other inputs may or may not have to be changed. 

'V V 
A U j , , 

(2.23) ) 

"1*1=

Thee ratio between these two open loop gains defines the relative gain A,y, between output y\ 

andd input UJ: 

Ay,. . 
'AUj j 

*%-*%-
m*j j =0 0 

AXi , , 
'Au, , 

(2.24) ) 

'\*Y '\*Y 

Iff  A,jj = 0, then yj does not respond to UJ and U] should not be used to control yj. On the other 

hand,, if Xy = 1, then yj does not respond to any other iWj and the loop between yj and Uj is not 

affectedd by other loops. This is the preferred case. If 0 < X,y < 1 or A.y > 1, then interaction is 

presentt between yi and the other IWJ. The stronger Xy deviates from 1, the larger the 

interaction.. If X,y < 0, then y\ is strongly affected by the other IWJ in opposite direction, 

causedd by Uj. This may give rise to instabilities and therefore one should avoid such pairing. 

Thee Relative Gain Array (RGA) is a square matrix containing the relative gains between all 

inputss and outputs. It can be shown that the sum of the relative gains in any row or column of 

thee array is equal to 1. From the RGA we select the control loops by pairing the controlled 

outputss yj with the manipulated inputs UJ in such a way that the relative gains A,y are positive 

andd as close as possible to unity. 

AA = 
12 2 

u,, u2 

A.. I j  A. 

X.2i i 

n n yi i 

yn n 

(2.25) ) 
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Iff  we have the static gain matrix G of a system, the relative gain array of this system, 

RGA(G),, can be calculated as: 

RGA(G)) = A(G) = G X ( G " 1 ) T (2.26) 

wheree the operation x stand for element by element multiplication and T for the matrix 

transpose.. The relative gain array is independent of scaling. For non-square systems, the 

systemm has to be split into a number of square subsystems each to be evaluated separately. 

2.4.1.12.4.1.1 RGA number 

Usingg the steady state relative gain array for selecting control loops does not warrant that the 

dynamicc interaction between the loops is also minimal. Therefore the dynamic relative gains 

havee to be examined, i.e. the relative gains as a function of frequency. 

Calculatingg relative gain elements as a function of frequency leads to complex numbers to be 

dealtt with either by taking the absolute value of the complex relative gains or taking the real 

partt only. Since the real parts of the relative gains in any row or column obey the summation 

equall  to one, as it is in the steady state RGA, it seems logical to take the real parts as measure 

off  the interaction between control loops and ignore the imaginary part. On the other hand, the 

magnitudee of the gains is given by the absolute value. However, the sign is lost in that case 

meaningg a loss of information about the direction of the interactions. 

Thesee problems are overcome when using the RGA number, defined as the sum norm (sum 

off  the absolute values of all elements) of the RGA matrix minus the identity matrix: 

||| RGA-1 | U (2.27) 

Thee identity matrix is the ideal RGA matrix if the inputs and outputs are arranged such that 

thee preferred parings are on the diagonal. The RGA number therefore gives a quantitative 

measuree of non-ideality of the RGA matrix and can be used to check whether the steady state 

pairingg holds well over that part of the frequency range where control is needed. 

2.4.22 Singular  Value Decomposition 

Anyy complex / x m matrix G may be factorized into a singular value decomposition: 

GG = UEVH (2.28) 
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Thee / x / unitary matrix U contains the output singular vectors Uj, the m x m unitary matrix V 

containss the singular input vectors Vj, and the / x m matrix E contains a diagonal matrix of k = 

min{/,m}}  real non-negative singular values, a\, arranged in a descending order. The other 

singularr values are zero. 

Thee singular values are the positive square roots of the eigenvalues of GHG, where GH is the 

complexx conjugate transpose (Hamiltonian) of G. 

cri(G)) = ^ i ( G H G) (2.29) 

Thee columns of U, denoted Ui, represent the output directions of the plant and the columns of 

V,, denoted Vj, represent the input directions. These input and output directions are related 

throughh the singular values. Since V is unitary, we have VHV = I, so (2.28) may be written as 

GVV = US, which for column i becomes 

Gv^o-jUjj  (2.30) 

wheree v, and u; are vectors and <j\  is a scalar. That is, when considering an input in the 

directionn Vj, then the output is in the direction Uj and the gain of the matrix G in this direction 

iss given by the singular value o\. 

Thee largest gain for any input direction d is therefore equal to the maximum singular value: 

CT(G)CT(G) = <71(G) = max1- ] i —= 1 - T - (2.31) 

andd the smallest gain for any input direction d is equal to the minimum singular value: 

,r >> „  ,r.  llGdll2 _. l
Gvkl 2 n-iy\ 

a(G)) = ak (G) = mm „ „ * = -?.—zr— \J~$£) 

™™ lldll2 K l 2 
wheree k = min{/,m} . Thus, for any input vector d we have: 

HGdlL L 
^ G)^nüir-- S(G^^  (2-33) 

Il dll 2 2 

Definee u! = ü, v, = v, uk = u and vk = v. Then it follows that 

Gvv = ffü, Gy = ffu (2.34) 
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Thee vector v corresponds to the input direction with the largest amplification, and ü is the 

correspondingg output direction in which the inputs are most effective. The directions 

involvingg v and ü are sometimes referred to as the "strongest", "high-gain" or "most 

important""  directions. The "least important", "weakest" or "low-gain" directions are 

associatedd with y. and u. 

2.4.2.12.4.2.1 Condition Number 

AA system is said to be well-conditioned if all output directions can be realized with roughly 

thee same effort of the inputs. This can be quantified by the condition number (CN); the ratio 

betweenn the gains in the strong and weak directions. 

CNN = ^ / (2.35) 
/CTT  v ' 

AA high condition number means that the system is ill conditioned, that is, some combinations 

off  the inputs have a strong effect on the outputs, whereas other combinations have a weak 

effectt on the outputs. A condition number close to one is therefore preferable. 

2.4.2.22.4.2.2 Morari Resiliency Index 

Thee minimum singular value of the plant, 2(G), is a useful measure for evaluating the 

feasibilityy of achieving acceptable control. If the inputs and outputs have been scaled between 

[-1,1]]  (SVD is scaling dependent), then with an input of unit magnitude an output magnitude 

off  at least s(G) may be achieved in any output direction. In particular, if s(G) > 1, the 

completee operating range of any output is covered within that of the operating range of any 

input.. Preferably, 2(G) is as large as possible. The quantity s(G) is known as the "Morari 

resiliencyy index". 

2.4.2.32.4.2.3 Disturbances 

Thee static disturbance gain matrix Gd is defined as a linear model that connects the 

disturbancess to the outputs. If G<j is factorized into its singular values, a measure is obtained 

off  the effect of the disturbances on the outputs. A large disturbance condition number means 

thatt some combinations of disturbances strongly affect the outputs whereas other 

combinationss of disturbances only slightly affect the outputs. If all singular values of a 

properlyy scaled Gd are below one, then not any combination of disturbances exists that will 

bringg the outputs outside their upper and lower values and therefore no disturbance rejection 

controll  is needed. 
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2.4.2.42.4.2.4 Non-square systems 

Thee SVD is also useful for non-square systems. If there are more outputs than inputs, the 

remainingg output singular vectors indicate in which directions the system cannot be 

controlledd or which output directions are not affected by the disturbances. If there are more 

inputss than outputs, the remaining input singular vectors show in which directions the input 

wil ll  have no effect. 

2.4.2.52.4.2.5 Dynamic systems 

Forr dynamic systems the singular values and their associated directions vary with frequency. 

Thee singular values are usually plotted as function of frequency in a Bode magnitude plot 

withh a log-scale for magnitude and frequency. 

2.4.33 Feedback control 

Considerr the linear dynamic plant model from (2.13): 

y(s)) = G(s)u(s)+Gd(s)d(s) (2.13) 

wheree G(s) is the input-output system, u a vector with inputs, Gd(s) is the disturbance system, 

dd a vector with disturbances and y a vector with outputs. Consider also a controller model 

K(s)) with input r(s) - y(s), where r is the reference value (setpoint) and y is the measured 

output.. The input to the plant is then given by: 

u(s)) = K(s)(r(s)-y(s)) (2.36) 

Substitutionn of (2.36) in (2.13) and rearrangement gives the closed-loop model: 

y(s)) = (I + G(s)K(s))"1 G(s)K(s)r(s) + (I + G(s)K(s))-1 Gd (s)d(s) (2.37) 

or,, in shorter notation: 

yy = Tr + SGdd (2.38) 

Thee error becomes then: 

ee = y - r = -Sr + SGdd (2.39) 

wheree use is made of the following notation and terminology: 

LL = GK loop transfer function 

SS = (I + GK)"1 = (I + L)"1 sensitivity function 
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TT = (I + GK)_1GK = (I + L)" ^ complementary sensitivity function 

andd the fact that S + T = I. S can be identified as the closed loop transfer function from the 

disturbancess to the outputs, while T is the closed loop transfer function from the reference 

signalss to the outputs. By using controllers, the error e should become as small as possible 

andd therefore the sensitivity function S should be small for feedback control to be effective. 

2.4.3.12.4.3.1 Bandwidth 

Thee frequency range [o>i, ©2] over which feedback control will be effective is called the 

bandwidth.. Normally, tight control at steady state is needed, so toi =0 and then ©2 = ct>b *s 

simplyy called the bandwidth. 

Forr reference tracking performance of a SISO system, the relative error is |e(ja>)| / |r(j(o)| = 

|S(jca)|| (see 2.39), and the bandwidth is taken as the frequency where |S(jco)| first crosses 1/V2 

«« 0.707 («-3 dB) from below. A large bandwidth corresponds to a faster rise time, since high 

frequenciess are more easily passed on to the outputs. With a small bandwidth, the time-

responsee will be slow, but the system will usually be more robust. 

Forr MIMO systems, the ratio ||e(jtü)||2 / ||r(jö>)||2 is considered, where r is a vector containing 

thee reference values, e is a vector containing the control errors and ||. H2 is the vector 2-norm. 

Thee ratio depends on the direction of r(jto) and according to (2.33) it is bounded by the 

maximumm and minimum singular values of S, 

g(S),gf^(S)) (2.40) 

Inn terms of performance, it is reasonable to require that the ratio is small for any direction of 

r(cö),, including the "worst-case" direction, which gives a ratio equal to the maximum singular 

valuee of S. The bandwidth will depend on the directions and we have a bandwidth region 

betweenn a lower frequency where the maximum singular value reaches 0.7, and a higher 

frequencyfrequency where the lower singular value reaches 0.7. 

2.4.3.22.4.3.2 Crossover frequency 

Anotherr important frequency is the phase crossover frequency, coigo, defined as the first 

frequencyfrequency where the phase lag of the response to an oscillatory input is half a period. This 

frequencyfrequency is used in the definition of the gain margin: 

GM=l/|L(jü)i8o)|| (2-41) 
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Thee gain margin is the factor by which the loop gain |L(jco)| may be increased before the 

closed-loopp system becomes unstable. Notice that L = GK, so the loop gain may be increased 

byy increasing the controller gain K and therefore the gain margin is the maximum controller 

gain.. The question is whether this gain will be enough for reference tracking and disturbance 

rejection,, keeping the error below its bounds. Therefore we need to know the minimum 

controllerr gain that is needed to keep the error below its bounds under reference changes and 

disturbances.. This will be discussed next. 

2.4.44 Decentralized feedback control 

AA special structure of feedback controllers is formed when each output is controlled with only 

onee input and each input is used to control only one output. This combination of single-input 

single-outputt controllers is called a decentralized feedback control structure. Usually, the 

inputss and outputs are arranged such that the models in the corresponding controller matrix 

aree on the diagonal, which explains the term diagonal control. 

Considerr again the m x m square plant G(s) that has to be controlled using a diagonal 

controllerr structure: 

K(s)) = diag{ki(s)}  = 

k,(s) ) 
k2(s) ) 

Ms). . 

(2.42) ) 

Iff  G(s) is rearranged such that the paired elements are along the diagonal of G(s), then: 

"gnOO O 

G(s)) = diag{gij(s)}  = g22(s) ) 

gmm(s) ) 

(2.43) ) 

Thee loop transfer function in loop / is denoted Lj = gukj, while L = GK. 

Thee magnitude of the off-diagonal elements of G(s) (the interactions) relative to its diagonal 

elementss are given by the matrix 

EE = (G-G)G - i i (2.44) ) 
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AA very important relationship for decentralized control is given by the following factorization 

off  the return difference operator: 

(II  + GK) = (I + GK) (I + ET) (2.45) 
overalll  individual loops interactions 

or,, in terms of the sensitivity function S = (I + GK)"1, 

where e 

SS = S(I + ET)-1 (2.46) 

SS = (I + GK)_1 =diag-{  - \ and T = I - S (2.47) 
11 + giikj 

aree the sensitivity and complementary sensitivity functions for the individual loops. It is 

importantt to notice that the elements of these two matrices are different from the diagonal 

elementss of the full sensitivity and complementary sensitivity functions S and T in 

themselves. . 

2.4.4.12.4.4.1 Performance Relative Gain Array 

Ann alternative factorization is given by: 

SS = (I + S(r - I ) ) " 'Sr (2.48) 

wheree V is the performance relative gain array (PRGA): 

r(s)) = G(s)G_1(s) (2.49) 

whichh is a scaled inverse of the plant. Notice that, in terms of the PRGA, E = F1 - 1. 

Thee diagonal elements of the PRGA are equal to the diagonal elements of the RGA, but the 

off-diagonall  elements are dependent on the relative scaling of the outputs, whereas RGA is 

scalingg independent. On the other hand, the PRGA measures also one-way interactions, 

whereass the RGA only measures two-way interactions. 

2.4.4.22.4.4.2 Closed Loop Disturbance Gain 

Relatedd to the PRGA is the closed loop disturbance gain (CLDG) matrix, defined as: 

Gdd (s) = r(s)Gd (s) = G(s)G-1 (s)Gd (s) (2.50) 

Thee CLDG depends on both output and disturbance scaling. 
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2.4.4.32.4.4.3 Closed loop error 

Att frequencies where feedback control is active, S « 0, and from (2.48) we have S » ST. 

Thee closed loop error (2.39) then becomes: 

ee = SGdd-Sr *SGdd-Srr (2.51) 

andd the response on output i to a single disturbance dk and a single reference input q is 

ei*S,gdi k dk-stf ikrkk (2-5 2) 

wheree sj =l/( l + gijki) is the sensitivity function for loop i by itself. For acceptable 

disturbancee rejection, |ei|<l for |dk|=l, so we must require | ^gdikdk |< 1 and therefore: 

|ll  + L,|>|gdl|Vi (2.53) 

Similarly,, to achieve reference tracking, |ei|<l for |rj|=|Rj|, so we must require |^yikRj |<1 

andd therefore: 

lll  + LjI^YjjI-lRjIV i (2.54) 

Fromm these two inequality constraints, the minimum controller gains can directly be 

determinedd to achieve acceptable reference tracking and disturbance rejection, since L=GK. 

Meanwhile,, it should be kept in mind that in the same time the gain margin has to be 

respectedd to assure that the closed loop system will be stable. 

2.4.4.42.4.4.4 Relative Disturbance Gain 

Thee relative disturbance gain (RDG) Pi is the ratio between gd. (CLDG) and gd., where gd. 

iss the effect of a disturbance gd on output i with no control. 

Thuss pi, which is scaling independent, gives the change in the effect of the disturbance 

causedd by decentralized feedback control. If pi is small, the interactions are such that they 

reducee the apparent effect of the disturbance in such a way that high gains in the individual 

loopss are not required. 
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Thee discussion above shows that PRGA, CLDG and RDG are important indicators in 

analyzingg the closed loop performance of decentralized control systems. A discussion about 

thee interpretation of these indicators will be given in the next chapter, where their use is 

illustratedd by an example. 

2.55 Controllabilit y analysis 

Whenn considering decentralized (diagonal) control of a plant, the first step is to compute the 

RGA-matrixx as a function of frequency and to determine an adequate set of input-output 

pairs,, while keeping in mind the following aspects: 

 Prefer pairings yielding the RGA-matrix close to identity at frequencies around crossover 

too ensure that interactions from other loops do not cause instability. 

 Avoid a pairing with a negative steady state relative gain to assure tight control at low 

frequencies. . 

 Prefer a pairing i j where gy puts minimal restrictions on the achievable bandwidth. 

Specifically,, the phase crossover frequency of gy should be as large as possible. This gives 

thee largest possible gain margin on Li and therefore more easily achieves acceptable 

disturbancee rejection and reference tracking while in the same time realizing stability. 

Thee transfer function matrix G should then be rearranged to have the pairings along the 

diagonal,, so a controllability analysis can be performed. 

1.. Compute the PRGA and the CLDG, and plot these as function of frequency. 

2.. For systems with many loops, it is best to analyze one loop at a time. So, for each loop i, 

plott gd. (CLDG) for each disturbance k and plot \y-A (PRGA) for each reference j 

(assumingg here that each reference is of unit magnitude). For performance, [l + Lj | needs 

too be larger than each of these. 

Performance:: |l + Lj | >max{|gdjk |,|Yij|> (2.56) 
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InIn order to achieve stability of each individual loop, the performance bandwidth must be 

feasible.. The attainable bandwidth in each loop will be limited by the phase crossover 

frequencyy in the bode-plot of gü(s) (Zg;, is -180°). 

3.. In order to avoid input constraints, the input magnitude should be large enough to reject all 

disturbancess and therefore 

Inn order to avoid input constraints: |gi; | > gd.k , V k (2.57) 

att frequencies where control is needed ( gdjk larger than 1). 

Iff  the plant is not controllable, then one may consider another choice of pairings and 

performm a controllability analysis of the new pairings. 

4.. If the pairing is controllable then (2.56) directly yields the required magnitude of 

|Lj|| = |gjjkj|, which can be used as a basis for designing the controller k;(s) for loop i. 

2.66 Conclusions 

Thee simulation-based methodology that is presented in this chapter may be used during the 

conceptuall  design to develop an optimal flowsheet structure of a complex chemical plant 

withh good plantwide controllability properties. The objective of this systems approach is to 

havee a quantitative measure of the performance of the plant according to reference tracking 

andd disturbance rejection in an early design stage. A better understanding of dynamic 

interactionss between the units and recycle streams may lead to suggestions for design 

modificationss with improved operability characteristics without using complex control 

strategies.. This will be demonstrated in the next chapter by a practical problem: the dynamics 

off  the plant material balance, particularly of impurities. 




