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Chapter r 

5 5 
Largee Scale Model Reduction 

5.11 Introductio n 

Wastee minimization and flexibility  are key issues in the design of a new chemical plant. The 

developmentt of a 'zero discharge' plant often leads to a complex structure with many recycle 

loopss included. Flowsheeting is a well-established technique reflecting the complexity of 

thesee systems by means of an accurate steady state simulation model. Through dynamic 

flowsheetingg even more design and operation knowledge is obtained. In addition, large 

dynamicc plant models give access to a whole class of controllability tools. A method for the 

combinationn of steady state and dynamic modeling with linear controllability analysis tools 

wass described in chapter 2. 

Byy applying this systems approach on a case study about the handling of impurities in a 

balancedd VCM process, as described in chapter 3 and 4, we observed that the derivation of a 

linearr model for a large, nonlinear dynamic plant is far from trivial. When a dynamic model 

iss available, it is easy to generate a linear state space description by performing a Taylor 

seriess expansion of the nonlinear functions around the nominal point, neglecting second and 

higherr order terms. Dynamic simulation programs like SPEEDUP™ posses such features. 

However,, an automatic linearization procedure will inevitably include all states from the 

complexx nonlinear model and the linear state space realization may become very large and 

difficultt to handle. Therefore there is a real need to reduce a state space realization to lower 

order,, which is the subject of this chapter. 
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5.22 Dynamic modeling 

AA description of dynamic models and linearization was already given in chapter 2. Let's 

recalll  this for a better understanding of the remainder of this chapter. 

5.2.11 Dynamic model 

AA dynamic plant model contains material and energy balances (including reactions), phase 

equilibriumm relations and volume equations. It is a combination of differential equations for 

thee material and energy holdup relations and additional algebraic equations. In general, the 

modell  can be described as: 

x(t)) = f(x(t),u(t)) 

y(t)) = g(x(t),u(t)) 

wheree x = dx/dt, x denotes a vector of n state variables, u a vector of m input variables and y 

aa vector of/ output variables, while f and g are general nonlinear functions. 

Thee first stage of model reduction already takes place during the development of the dynamic 

model.. An important issue is the number of components to be included, since component 

balancess have to be solved for all trays in every column. By including only components being 

importantt for the dynamic behavior and, in addition, lumping impurities and trace 

components,, the number of state variables can be reduced considerably. Another issue is the 

separationn of equipment into units determining the overall dynamic behavior of the plant and 

unitss with minor influence on this behavior, to be omitted. Describing the fast responding 

unitss with instantaneous models reduces the number of state variables further, while the 

overalll  dynamic behavior is almost not affected. However, doing this the final dynamic 

modell  will normally still left with a large number of state variables, all being included in the 

linearr state space realization. 

5.2.22 Linearization 

AA well-known method for the development of a linear model is the curve fitting of 

experimentall  data with standard functions. Simple first and second order transfer functions 

oftenn give already acceptable descriptions of the input-output behavior of complex systems, 

whilee high order polynomials can be used to give an accurate description. Extensive dynamic 

simulationss can be used to generate the input-output data. As an advantage, this method leads 
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too small linear systems being easy to deal with. However, this procedure may be very time 

consuming,, especially when experimental data have to be generated by extensive dynamic 

simulations. . 

Moree conveniently a linear state space realization is derived from a dynamic model. 

Performingg a Taylor series expansion of the nonlinear functions around the nominal operating 

pointt and neglecting second and higher order terms gives: 

dx(t)) df.M öf, M 
——yy--LL = — dx(t) + — du(t) 

dtt öx öu 
TT T *(t) = Ax(t) + Bu(t) 

y(t)=y(t)=ÊÈÊÈMt)+Mt)+ÊÈÊÈMt)Mt) °' y(«)=cx(,)+Du(t) 
öxx da 
CC D 

Noww x, u and y are deviations from the nominal point and A, B, C and D are real matrices. 

Withh a dynamic process simulator like SPEEDUP™, the user may specify the input and 

outputt variables to be included in the linear model. The program will carry out a linearization 

aroundd the nominal point and generates the matrices A, B, C and D. Such a state space 

realizationn contains only input and output variables of interest to the user, but the model 

inevitablyy contains all state variables. For control studies of complex plants, typically only 10 

too 20 input and output variables are concerned, but the number of states easily amounts to 

thousands.. Thus, the state space description has a large size and is difficult to handle. In 

addition,, the matrix A may be numerically ill conditioned. However, realizing that states are 

nott equally important, the possibility exists to reduce the size of the state space realization 

whilee retaining sufficient accuracy in the description of the dynamic input-output behavior. 

Thiss requires special model reduction techniques. 

5.33 Reducing a state space realization 

AA number of algorithmic procedures exist to reduce a linear state space realization to lower 

order.. The simplest method is to discard part of the states from the model, called truncation. 

Anotherr method is residualization, where part of the model is simulated steady state. A 

descriptionn of these methods will be given below and demonstrated on a case. The first step is 

too select states to be truncated or residualized. This may be performed manually for small 

models,, but this is not feasible for models containing over a thousand states. For this reason a 

certainn ordering of the states is required before the realization can be reduced. 
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53.11 Jordan form 

AA well-known method for the ordering of a state space realization is based on its 

correspondingg time constants. To4 this end the A-matrix is transformed into its Jordan form, 

wheree the eigenvalues of the system are put on the main diagonal in descending order. 

Considerr the transformation matrix T with the eigenvectors ti of the nxn matrix A as its 

columnss and the corresponding eigenmatrix A: 

TT = [t, t- t.L L AA = 

0 0 0 0 

0 0 
(5.3) ) 

Now,, introduce the new states z: 

zz = T"'x o x = Tz (5.4) ) 

Substitutingg these in the state space description (5.2) will give the ordered realization: 

(5.5) ) 
Tzz = ATz + Bu o z = Az + T_,Bu 

yy = CTz + Du 

wheree A = T_1AT is the A-matrix in Jordan form. Note that this also produces a new B-

matrixx T ' B and a new C-matrix CT. The D-matrices are identical. The variables x, y, z and u 

aree still time dependent, but for simplicity the notation (t) is omitted here. 

5.3.22 Splitting 

Iff  the A-matrix is in Jordan form, the states are ordered such that the first state is connected to 

thee fastest process and the last state to the slowest one. The states are then readily partitioned 

intoo two groups, the first containing fast and the second slow modes. 

xx = (5.6) ) 

Thee corresponding state space description becomes: 

x,, = A, [X, + A12x2 + Btu 

L2IA1 1 22A2 2 (5.7) ) 

yy = C,x, +C2x2 +Du 
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wheree the matrices A,B and C are split up as follows: 

A nn A12 

AA A ' 
LA211 rt22_ 

BB = 
LB2J J 

,, c=[c, c2] (5.8) ) 

5 333 Truncation 

Whenn regarding fast dynamics the slow part of the system can be discarded, yielding the state 

spacee description: 

where e 

xTT = ATxT + BTu 

yy = CTxT + DTu 

x T =x ,,, A T = A n , BT =B,, CT=C,, DT =D 

(5.9) ) 

(5.10) ) 

Discardingg states from a system that is ordered by its eigenvalues (Jordan form) is called 

modall  truncation. 

53.44 Residualization 

Regardingg slow processes, it should be realized that the fast processes are almost 

instantaneouss as relative to the slow ones and therefore the states associated with the fast part 

off  the system may be modeled as steady state: 

00 = AnX[ + A12x2 + BjU 

yy = C,x, + C2x2 + Du 

Fromm the above system xi can be solved, resulting in 

* R = A R X R + B R U U 

yy = CRxR+DRu 

where e 

x R - x 22 AR -A22-A2 1A nA 12 BR-B 2-A 2 1A 1 1B I 

CRR =C2-C,Ar;A 12 DR = 0 - 0 ^ 1 6, 

Residualizationn of a system in Jordan form is called modal residualization. 

(5.11) ) 

(5.12) ) 

(5.13) ) 
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AA typical and important property of residualization is that it retains the steady state gain of 

thee system by putting derivatives to zero, which obviously represents steady state. This is in 

sharpp contrast to modal truncation that on the contrary retains the systems behavior at infinite 

frequency.. For this reason modal truncation should be used when accuracy is required at high 

frequencies,, whereas modal residualization is preferred for low frequency modeling. 

XM.X XM.X 

. . 
-<è -<è 

<LC) <LC) 

Examplee 5.1; Modal Truncation 

Considerr a dynamic vapor-liquid flash drum with 

pressuree and level control, where a 3-component mixture 

iss separated into a vapor and a liquid. The feed flowrate 

andd composition may fluctuate and therefore the partial 

componentt flowrates are selected as input variables of 

thee linear model. The purity of the top and bottom - i 

productss have to be controlled and therefore the fraction 

off  component 1 in the outlet streams are selected as the Figure 5.1; Flash with control 

outputt variables of the linear model. The pressure and temperature of the flash are 

manipulatedd to control the output variables so they also serve as input variables. 

Thee state space realization, generated with the CDI interface from SPEEDUP™, contains 5 

inputt variables, two output variables and 10 state variables; the material holdup of each of the 

threee component, the total energy holdup and three states for each PID controller. The states 

inn this realization can be ordered by transforming the A-matrix into its Jordan form, where 

thee eigenvalues are put on the diagonal in descending order. These eigenvalues are: 

eig(A)) = [-3215, -62.0, -18.9, -10.5, -10.0, -10.0, -5.0, -1.0, -1.0, -0.001] 

Sincee the last eigenvalue is much smaller than the other ones, this state might be truncated 

whenn considering fast dynamics. Regarding slow dynamics only, the first state might be 

residualized. . 

Unfortunately,, littl e is known a priori about the effect of these reductions on the quality of the 

descriptionn of the overall input-output behavior. In a large and complex plant the input-output 

behaviorr is often determined by a combination of fast and slow processes, so the Jordan form 

iss not optimal in ordering states. Apparently, it is more appropriate to order the states 

accordingg to their contribution to the input-output behavior. This is the outline of the 

balancedd realization to be described next. 
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5.44 Balanced realizations 

AA balanced realization is an asymptotically stable minimal realization with controllability and 

observabilityy Gramians being equal and diagonal [Skogestad and Postlethwaite, 1996]. This 

iss to be explained as follows. Firstly, a system is stable if it reaches a new steady state within 

finitee time after a disturbance. This occurs when the A-matrix of the state space realization 

onlyy contains negative eigenvalues, as was the case in the flash drum introduced above. Then, 

aa minimal realization only contains states that do contribute to the input-output behavior. 

Non-controllablee and/or non-observable states are omitted. Following this line of thought is 

seemss proper to introduce the concepts of state controllability and state observability now. 

5.4.11 State controllabilit y 

TheThe dynamic system x(t) = Ax(t) + Bu(t), or equivalently the pair (A,B), is said to be state 

controllablecontrollable if, for any initial state x(0) = xo, any time tj>0 and any final state X], an input 

u(t)u(t) exists such that x(tj) = xj. Otherwise the system is state uncontrollable. 

Inn other words, if a system is state controllable it can be moved from any initial state to any 

finall  state within a given finite time by using its inputs u. 

Manyy ways exist for checking whether a system is state controllable. One option is based on 

thee controllability matrix (? for the system pair (A,B), being defined as: 

0=[B0=[B  AB A2B - An_,B] (5.14) 

Thee system (A,B) is state controllable if and only if the controllability matrix has rank n (full 

roww rank), where n is the number of states. 

Accordingg to an alternative method of checking controllability, the input profile u(t) is 

consideredd moving a state from its initial value xo to a value xi in time ti, given by: 

A T ( t , - t )) / A t "\ 
u(t)) = - B T

e ' W ^ r ^ e ' x 0 - x , J (5.15) 

wheree Wc(t) represents the Gramian matrix at time t, 

Wc(t)== jfeAtBBTeATTdx (5.16) 
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andd T is used to specify the transpose of a matrix. The system (A,B) is state controllable if 

andd only if the Gramian matrix has full rank for any t > 0. 

Ass regards stable systems only the Gramian matrix at infinite time needs to be considered, 

AT^nT.A'x . . Wc(oo)) = P = re
r t T B B 1 eA Tdi (5.17) ) 

PP is called the controllability Gramian and plays an important role in the balancing of a state 

spacee realization. Matrix P may also be obtained as solution to the following Lyapunov 

equation: : 

APP + PAT+BBT=0 (5.18) 

Solvingg this Lyapunov equation is not always a trivial task. Standard algorithms may fail for 

largee systems, so special techniques are required. This will be discussed in section 5.5 . 

5.4.22 State observability 

TheThe dynamic system x(t) = Ax(t) + Bu(t), y(t) = Cx{t) + Du(t) or the pair (A, C), is said to be 

statestate observable if, for any time ti>0, the initial state x(0) = XQ can be determined from the 

timetime history of the input u(t) and the output y(t) in the interval [O.tJ. Otherwise the system is 

statestate unobservable. 

Hence,, a system is state observable if the value of all individual states can be obtained by 

measuringg the output y(t) over a period of time. 

Inn order to check whether a system is state observable, the observability matrix Ö for the 

systemm pair (A,C) has to be considered: 

A A 

04 04 

c c 
CA A 

CA A n-l l 

(5.19) ) 

Thee system (A,C) is state observable if and only if the observability matrix has rank n (full 

columnn rank), where n is the number of states. 
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Onn the other hand, analogously to state controllability it is found that the Gramian matrix 

W0(t)) at time t is equal to, 

W0(t)) = f eATTCTCeATdx (5.20) 

Thee system (A,C) is state observable if and only if the Gramian matrix has full rank in the 

intervall  [0,t], 

Againn regarding stable systems one should consider: 

W0(oo)) = Q = f eATTCTCeATdx (5.21) 

QQ is called the observability Gramian and may also be obtained as solution to the following 

Lyapunovv equation: 

ATQ+QAA + CTC = 0 (5.22) 

5.4.33 Minima l realization 

Itt should be noted that only controllable and observable states contribute to the input-output 

behaviorr of the system. If a state is uncontrollable, it is not affected by the inputs u. If a state 

iss unobservable, is does not affect any output y. This leads to the statement that a state space 

realizationn is minimal if and only if (A,B) is state controllable and (A,C) is state observable. 

Thiss means that A has the smallest possible dimension (i.e. the fewest number of states). 

Examplee 5.2; Minima l realization 

Considerr the state space realization of the flash problem from above. Since the eigenvalues of 

thee A-matrix are all negative, the realization is stable and only the controllability and 

observabilityy Gramians have to be considered. These are obtained by solving the Lyapunov 

equationss 5.18 and 5.22. Both, the controllability Gramian P and the observability Gramian Q 

aree of full rank, so the state space realization is minimal. 

5.4.44 Hankel norm 

Beforee describing the balanced realization in a more formal way, one additional concept has 

too be introduced, the Hankel norm and the associated Hankel singular values. 
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Thee Hankel norm of a stable system G(s) is obtained when an input u(t) is applied up to t = 0 

andd the output y(t) is measured for t > 0. Furthermore u(t) is selected to maximize the ratio of 

thee 2-norms of the output- and input -signal: 

yCOlidT T 
|G(s)|LL = mn V " "z (5.23) 

HH u ( t ) > / 0 ^ 
Thee Hankel norm may be interpreted as an induced norm from past inputs to future outputs 

andd is defined as the maximum Hankel singular value G\ 

||G(s)|H^a,, (5.24) 

Itt may be shown (Skogestadt and Postlethwiate, 1996) that the Hankel norm is equal to 

| G ( S ) |H = V P ( P Q)) (5-25) 

wheree p is the spectral radius (maximum eigenvalue), P is the controllability Gramian and Q 

thee observability Gramian. The corresponding Hankel singular values are the positive square 

rootss of the eigenvalues of the product PQ, so one obtains: 

<Tii  = A ( P Q) (5-26) 

Thee name "Hankel" is used because the matrix PQ has the special structure of a Hankel 

matrixx (which has identical elements along the "wrong-way" diagonals). 

Thee Hankel norm has a special property; it is less than or equal to twice the sum of the 

Hankell  singular values: 

|G(s) | |H<2iaii (5.27) 
i=I I 

Thiss property can be used as error criterion for model reduction of a balanced realization. 

5.4.55 Balanced realization 

Now,, the definition of a balanced realization is revisited in a more formal way. Let (A,B,C,D) 

bee a minimal realization of a stable, rational transfer function G(s), then (A,B,C,D) is called a 

balancedd realization if the solutions to the related Lyapunov equations 5.18 and 5.22 are 

equall  and therefore diagonal, so 
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PP = Q = 

0 0 
a2 2 

.... 0 

' \\ 0 

00 a„ 

A A 
(5.28) ) 

withh aj > a2 > . . .>an >0. 

PP and Q are the controllability and observability Gramian respectively, while oi are the 

orderedd Hankel singular values, given by 5.26. Since the controllability and observability 

Gramianss of a balanced system are equal, we simply refer to the Gramian of the system by S. 

Typically,, in a balanced realization each state is just as observable as controllable. 

Furthermore,, <J\ is a relative measure for the contribution of the related state Xi of the 

balancedd realization to the input-output behavior of the system. States corresponding to small 

singularr values have a small contribution and may be discarded by truncation. 

Sincee the Hankel norm is always less than or equal to twice the sum of the singular values, 

thiss may be used as a measure of the error introduced by discarding states. The Hankel norm 

off  the difference between the full and the reduced model is less than or equal to twice the sum 

off  the Hankel singular values that correspond to the discarded states. 

||Fn(s)-Fm(s)||H<22 Z^i (5.29) ) 
i=m+l l 

5.4.66 Balancing 

Next,, the balancing of a state space realization is discussed. Normally the controllability 

Gramiann P and observability Gramian Q of a stable minimal realization (A,B,C,D) are not 

equal.. It is known that the joint controllability and observability Gramian of the balanced 

systemm should be a special matrix with the Hankel singular values on the main diagonal and 

withh its non-diagonal entries being all zero. Now, if P and Q are the solutions to the 

correspondingg Lyapunov equations 5.18 and 5.22, they may be decomposed into their 

Choleskyy factors R and S, defined as: 

PP = RTR and 

Thenn equation 5.26 can be written as: 

QQ = STS (5.30) ) 
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fi?Q-yl\fi?Q-yl\TTKSKSTTss - W ST S RT "CTSRT (5-31> 

wheree a T are the singular values of SRT. These values may be obtained by Singular Value 
SK. . 

Decomposition: : 

S R TT =U S R ^ S R TV S RT (5-32) 

Now,, the following operations will balance the system: 

A M = U J R T S A R ' V S R T T 

B-" =uSR-fSBB
 (5.33) 

CbaJJ =CR V S RT 

Db a t=D D 

Examplee 5.3; Balanced truncation 

Thee balanced truncation is demonstrated on the flash drum example. Since the controllability 

andd observability Gramians of the minimal realization are known, the system may be 

balanced.. Table 5.1 shows the Hankel singular values that are positioned on the main 

diagonall  of the joint controllability and observability Gramian of the balanced realization. 

Theyy form a measure of the contribution of the corresponding states to the input-output 

behavior.. The table also shows the maximum error if the system is truncated after the state 

concerned.. According to equation 5.29 this is equal to twice the sum of the discarded Hankel 

singularr values. 

Tablee 5.1; Hankel singular  values and error  bound for  the balanced state space 

realizationn of the 3-component flash with level and pressure control. 

State e 
1 1 
2 2 
3 3 
4 4 
5 5 
6 6 
7 7 
8 8 
9 9 
10 0 

Hankell  singular value 
2.03e+01 1 
2.80e+00 0 
1.35e+00 0 
1.45e-03 3 
3.37e-04 4 
1.71e-14 4 
1.68e-15 5 
5.49e-16 6 
6.45e-17 7 
1.03e-18 8 

Max.. modeling error 
8.32e+00 0 
2.71e+00 0 
3.58e-03 3 
6.74e-04 4 
3.88e-14 4 
4.60e-15 5 
1.23e-15 5 
1.31e-16 6 
2.05e-18 8 

0 0 
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Itt is clearly seen that the last five states have hardly any contribution and may be discarded 

withoutt affecting the quality of the input-output description significantly. If less accuracy is 

required,, the balanced system might even be truncated after the third state. 

Thiss example clearly illustrates that balancing is a more elegant way of ordering the states 

thann the Jordan form. Especially for large and complex systems, where the input-output 

behaviorr depends on processes operating at different time scales, the Jordan form is not 

useablee while discarding states from a balanced system proceeds in a straightforward manner. 

5.55 Solving Lyapunov equations 

Itt should be recalled that the solution to the Gramians might be obtained by solving the 

Lyapunovv equations. In case of low dimensional problems (w < 50) numerous solution 

techniquess are available. One of the most efficient and widely used procedures is the Bartles-

Stewardd algorithm (Bartles and Steward, 1972). In this algorithm the A-matrix is transformed 

intoo a real Schur form H = UTAU in which U is orthogonal and H is quasi upper triangular. 

Thiss gives the modified Lyapunov equation: 

HPP + PH+UTBBTU = 0 (5.34) 

inn which P = UTPU, and this equation is easily solved by back substitution. 

Unfortunately,, this method is unsuitable for solving large Lyapunov equations, since the 

computationn time and storage requirements become prohibitive, while the method suffers 

fromm numerical instability too. In order to resolve this problem, Jaimoukha [Jaimoukha et al., 

1992;; Jaimoukha and Kasenally 1994] presented an algorithm to compute low rank 

approximatee solutions to the Lyapunov equations for large systems using classical Krylov 

subspacee methods. 

5.5.11 Low rank approximations 

Thee solutions of the Lyapunov equations are normally used to balance the state space 

realizationn in order to select the states to be discarded from the model. This does not require 

ann exact solution. Since the dominant eigenspace of P is known to be associated with the 

dominantt modes of the system, only the dominant eigenspace of the solution P is of interest, 
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ratherr than P itself. Therefore, in practice, solutions to large Lyapunov equations frequently 

admitt good low rank approximations. 

Thee idea is to approximate the solution to the Lyapunov equation (5.18) by projecting the 

statee space matrices A and B on an orthogonal matrix Vm e 9tnxra of low rank (Oblique 

projection)) and calculating the exact solution Xm to the reduced order Lyapunov equation: 

( V > V J X mm +X m ( V > T V m ) + V ^ B B X =0 (5.35) 

Thee estimate of P is then given by Pm = VmXmV^. 

Inn the same manner, the approximate solution to the Lyapunov equation (5.22) can be found 

byy projecting AT and CT on an orthogonal basis Wm e ST""1 and solving the reduced order 

Lyapunovv equation: 

(W>TWm)Y mm + Ym(Wr;AWm) + W:CTCWm =0 (5.36) 

Thee estimate of Q is then given by Qm = WmYmW^. 

Thee remainder of this section is focussed on the approximation Pm and the basis Vm, but this 

alsoo is a valid procedure for the approximation Qm and the basis Wm. 

5.5.1.15.5.1.1 The basis 

Thee problem of obtaining a good approximate solution Pm to the full order Lyapunov 

equationn 5.18 is focussed on the selection of the orthogonal matrix Vm serving as a basis for 

thee projection of the state space matrices A and B. In order to obtain the dominant modes of 

thee system, mis basis should contain at least the dominant eigenspace of P. 

Too this end the mp-dimensional Krylov space Km is defined as a subspace of the 

controllabilityy matrix & for the system pair (A,B): 

K m=span{[BABA2B-A m" ,B] }}  (5.37) 

Thee matrix Vm may be selected then to be an orthonormal basis of this subspace. 

5.5.1.22 Arnoldi process 

Thee orthonormal basis Vm for the Krylov subspace Km may be calculated with the well-

establishedd Arnoldi algorithm. This algorithm starts with the orthogonalization of the state 
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spacee matrix B by a standard QR factorization and then adds directions that are associated 

withh AB, A 2B,... A^'B. It is basically outlined as follows: 

 Compute B = QtRi and set pi := number of columns of Qi. (QR factorization) 

 Doj = l , . . . ,m 

(a)SetVjj  = [Q,Q2 -Qj] 

'A, , 

(b)) Compute 
A 2 j j 

A --LL  a J 

== V/AQ j 

(c)) Q j ^ A j ^ A Q j - i c V ^ , (QR factorization) and 
k=l l 

Pj-t-ii  := number of columns of Qj+i-

Endd Do. 

Thee QR factorization in the Arnoldi algorithm may be performed, for example, according to 

thee modified Gram-Smidt orthogonalization process. 

5.5.1.35.5.1.3 Rank deficiency 

Thee QR factorization of B € 9fv will normally produce a unitary matrix Q e <RffXp and an 

upperr triangular matrix R e W"*".  Problems might occur when B does not have full column 

rank.. In that case, let the QR factorization be given by: 

BÖ Ö == [Qi Q 2 ] 
R l ll  R12 

00 0 
(5.38) ) 

wheree n is a permutation matrix so that R,, is upper triangular. Now set Qj :=Qi and 

Rjj  := [RU Ri2)iï
T. Then p\ = rank(Qi) = rank(B) and Vt has only px columns. The upper-

triangularr structure of Rt is lost because of the permutation with n, but this does not affect 

thee Arnoldi process. In the same manner a rank drop of AQj - 2]QkAkj i n m e m a in l o oP o f 

k=l l 

thee Arnoldi process is resolved. 



112 2 Chapterr 5 

Valuess on the main diagonal of R being lower than a certain tolerance may also be treated as 

zero.. This may prevent the Arnoldi process from adding vectors to the basis Vm that do not 

correspondd to directions of the Krylov subspace, but rather to directions of the residue being a 

resultt of numerical errors. 

5.5.1.45.5.1.4 Residual error 

Afterr m steps of the Arnoldi process associated with >?rm(A,B), an orthonormal basis Vm is 

produced.. Then the exact solution Xm of the reduced order Lyapunov equation (5.35) can be 

computedd and an approximate solution Pm to the original Lyapunov equation (5.18) can be 

found.. The question then rises whether this low rank approximation is acceptable. 

Thiss regards the residual error of the full order Lyapunov equation (5.18) in terms of the 

orthonormall  basis Vm and the exact solution Xm of the reduced order Lyapunov equation 

(5.35),, given by: 

Rm(X m)) = A(V mXmV:) + (VmXmV r;)A
T

+VmBmB:V l (5.39) ) 

wheree Bm := ,, i is the number of inputs and k = ]£ u2Pj, so B = VmBm. 

Now,, with the mpxmp block upper Hessenberg matrix Am, defined as: 

A—,, — 

L l ll rtl2 
L211 rt22 

Llm m 

00 A 3 2 A 3 3 

00 Am,m-1 A mm 

(5.40) ) 

wheree An, ..., Amm originate form step b of the Arnoldi Process, it is easy to verify that 

AV__ — V - . i A —— *m^ m + Qm+1 ̂ r m+l,rlm+l,mm vm,rvm ~ Vm+lrvm+l,m'Lj m (5.41) ) 

and d 

A m = V m A V m m (5.42) ) 

wheree Em is a matrix of the last p columns of an identity matrix with the same size as Vm and 

Vm+ii  = [Vm Qm+i]. Substituting (5.41) into (5.39) gives: 

Rm(xm)=vm+1 1 
Am^ mm + X m A i n + B m B m XnjEjuAm+i ^ 

Am+l,mI} mXmm 0 
fm+l l (5.43) ) 
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Withh Am sVjAV mand Bm = Vj[B , it is verified that the upper left element between the 

bracketss equals zero, since Xm is the exact solution to the reduced order Lyapunov equation 

(5.35). . 

Noww it is interesting to take the Frobenius norm of this residue, defined as: 

||Rm|F=Vtr(RmR^)) (5.44) 

Sincee Vm+i is part of an orthonormal basis, the Frobenius norm of the residual error becomes: 

|Rm(Xm)||F:=V2JAm+li inEiXm|FF (5.45) 

Thiss residual error norm does not require the computation of the approximate solution Pm at 

eachh iteration, but it is computable using low dimensional matrix products. This provides a 

usefull  stopping criterion in a practical implementation of the algorithm. It allows evaluating 

thee quality of the low rank approximation in an economic way. 

Thee key points of the above method are summarized as follows. Firstly, that the Lyapunov 

equationn 5.35 is of low dimension and can be solved accurately using the Bartels-Steward 

algorithm.. Secondly Pm may be efficiently stored as the product of low matrices. Thirdly, the 

residuall  error norm is calculated via low dimensional matrix products. However, a drawback 

off  the method is that manipulations with Vm become expensive and storage requirements 

excessivee with increasing m. 

Examplee 5.4; Approximatin g Gramians 

Inn the previous example, the Bartels-Steward algorithm is used to solve the Lyapunov 

equationss of the flash system, which yield P and Q. They may also be approximated with the 

Obliquee projection method yielding Pm and Qm. In this example the reduced order Gramians 

andd residual errors have been calculated after each Amoldi step to show the progress of the 

approximationss (Table 5.2 and Table 5.3). For large systems several Arnoldi steps (typically 

33 or 4) may be executed before calculating the reduced order Gramian and residual error. 

Fivee input variables are to be selected for the flash problem, but the B-matrix does not have 

fulll  column rank. This rank drop is tackled in the way described above, so the approximation 

off  the controllability Gramian starts in iteration 1 with an order 4. In the second Arnoldi step, 

anotherr rank drop occurs while the residual error already becomes small. In the third step two 
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moree directions are added to the basis Vm and the residual error is now sufficiently small to 

ensuree a good approximation of the controllability Gramian. 

Thee approximation of the observability Gramian starts with an order 2, which is the rank of 

matrixx C that contains two output directions. Again, in the second Arnoldi step a rank drop 

occurs.. The residual error is already small this time. Adding another direction (the third step), 

thee residual error norm is almost zero implying that the approximated solution to the 

observabilityy Gramian has been found. 

Noww the approximated Gramians Pm and Qm may be compared with the exact solutions P and 

Q,Q, calculated with the Bartels-Steward algorithm. Taking the 2-norm of the differences yields 

||P-Pm||22 = 1.77e-6 and ||Q-Qm||2 = 2.76e-ll, which proves that the low rank approximations 

aree acceptable solutions to the full order Lyapunov equations. 

Tablee 5.2; Progress of the controllabilit y Gramian approximation 

Iterationn Order of the Residual error 
approximationn norm 

ÏÏ  4 2.97e-01 
22 6 1.34e-04 
33 8 2.42e-06 

Tablee 5.3; Progress of the observability Gramian approximation 

Iterationn Order of Residual error 
approximationn norm 

11 2 3.46e-01 
22 4 1.38e-04 
33 5 1.61e-ll 

5.66 Krylo v Space Model Reduction 

Thee Oblique projection method described in the previous section is used to find approximate 

solutionss to the Lyapunov equations. These solutions are needed to generate a balanced 

realizationn of a state space description, which can then be reduced to lower order. For large 

systemss this procedure may be rather expensive. Although low rank approximate solutions to 

thee Lyapunov equations are realized, the balancing procedure is performed on the full order 

model.. More conveniently it seems to directly use Krylov subspace techniques providing 

computationallyy efficient model reduction schemes for large-scale state space systems. 

Jaimoukhaa described such a method (Jaimoukha and Kasenally, 1995) to be discussed next. 
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Whenn considering the transfer function G(s) in terms of the state space matrices (A,B,C,D): 

(5.46) ) 
"A A 

C C 

B" " 

D D 
G(s)) = C(sI-A)_1B+D= 

Equationn 5.46 may be rewritten as G(s) = CGB(s) + D = Gc(s)B + D, where GB(s) = (sI-A)"^ 

andd Gc(s) = C(sl-A)"1. Consequently, GB(s) and Gc(s) can be considered as solutions to the 

coupledd linear systems: 

(sI-A)GB(s)) = B and Gc(s)(sI-A) = C (5.47) 

Noww G(s) is approximated by obtaining approximate solutions GB,m(s) and Gc,m(s) to these 

linearr systems leading too two different realizations: 

Gm)1(s)) = CGB>m(s) + D, Gm>2(s) = GCim(s)B + D (5.48) 

Goodd approximations of G(s) should contain states contributing to the input-output behavior. 

Thesee states should be both controllable and observable. In order to select controllable states, 

thee approximate solution GB,m(s) of GB(s) should be a part of the Krylov subspace 2rm(A,B) of 

thee controllability Gramian <£ In the same manner, the approximation Gc,m(s) should be part 

off  the Krylov subspace ̂ m(AT,CT) of the observability Gramian 0. 

Inn order to include all states contributing to the input-output behavior, the residue of the 

approximationn GB,m(s), given by (si - A)GB>m(s) - B, should not contain observable states and 

thereforee should not be a part of the Krylov subspace ^m(AT,CT), so 

^m(A T,CT)l{(sI-A)G Bim(s)-BB (5.49) 

Forr the same reason, the residue Gc,m(s)(sl - A) - C should not contain controllable states 

andd therefore should not be a part of the Krylov subspace 3Tm(A,B)}  so 

^m(A,B)l{G c,m(sXsI-A)-CC (5.50) 

Thee Arnoldi process may be used to find the orthogonal basis Vm for the Krylov subspace 

3Tm(A,B)) and the orthogonal basis Wm for the Krylov subspace ^m(AT,CT). Then the problem 

iss to find approximate solutions GB,m(s) = VmHm(s) and Gc,m(s) = Fm(s)Wm
T that satisfy the 

Galerkin-typee conditions: 
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w;{(sI-A)V mHm(s)-B}}  = 0 Vs (5.51) 

and d 

{F m(s)Wr;(sI-A)-c}v m=00 Vs (5.52) 

Itt has been observed before that from the Arnoldi process associated with ^Tm(A,B) an upper 

Hessenbergg matrix Hm can be produced and that: 

BB = VmBm and AVm = VmHm + VmHm (5.53) 

,, where i is the number of inputs, k = £™2Pj > Vm = Qm+] and 

Hmm = Hm+, mEm, where E m are the last/? columns of the identity matrix. 

Similarly,, associated with ^m(AT,CT), the Arnoldi process produces a lower Hessenberg 

matrixx Fm and 

CTT = WmC^ and A T W m = W ^ + WmFj; (5.54) 

inn which Cm := |s, 0oxk J , where o is the number of outputs, k = l ^ ^ j > ^m = Ora+i an<^ 

pTT _ p pT 

Withh these results the following matrices can be defined: 

Hmm -T^WlAV,, , :=Hm +T"1W^VmHm (5.55) 
mm m m m m m m m m \^.^-r j 

and d 

KK  W ^ A V ^ 1 := Fm + F .W^V^-1 (5.56) 

forr nonsingular Tm := W^Vm while noticing that Hm and Fm are upper and lower 

Hessenberg,, respectively. 

Noww it is readily verified that the Galerkin-type conditions 5.51 and 5.52 are satisfied if and 

onlyy if Hm(s) = (sI-Hm)_1Bm and Fm(s) = Cm(sI-Fm)~1. Under these conditions the 

residuall  error norms are: 

inn which Bm := R, , 
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, H m ( sH [ T * ? V m m HraHm(s s IMsI-AjV , , 

| |C-Fm(s)w;(sI-A4=||Fm(s)Fm[w;V mTm
,, Iq] | 

andd the approximations, given by: 

Gra,1(s)=CVraHm(s)+D= = 

Gm,2(s)=Fm(s)Wr!;B+Di i 

T-T-llK*VK*Vm m 

CV„ „ 

W TAVV T - 1 

T^B B 

- i i CVV T 

D D 

WlB B 

Hr r Br r 

D D 

CC T 

TT R 

D D 

L c m m D D 

(5.57) ) 

(5.58) ) 

(5.59) ) 

(5.60) ) 

aree different low order realizations of the transfer function G(s). 

5.6.11 Minima l realization 

Whenn m steps of the Arnoldi process have been taken and Hm+î  = 0, then the matrix Vm 

formss an orthogonal basis for the controllable space. This implies that the low order 

realizationss Gm>i(s) and Gmi2(s) are equivalent to the high order model G(s). This holds also if 

Fm+i,mm = 0 and Wm forms an orthogonal basis for the observable space or when both 

Hm+i>mm = 0 and Fm+i,m = 0. An important implication of these types of breakdowns of the 

modell  reduction schemes is that the reduced order realizations turn out to be just minimal 

realizationss of the high order model G(s). 

5.6.22 Breakdown 

Supposee that after m steps of the Arnoldi process a basis Vm of order mp and a basis Wm of 

orderr mq are produced, such that mp * mq. This means that the number of observable 

directionss is not equal to the number of controllable directions. Then the matrix Tm = WT
mVm 

iss non-square and T^1 is undefined. This type of breakdown will occur after a partial 

breakdownn of the block Arnoldi process, or when p * q. In that case the smaller base should 

bee expanded executing some extra Arnoldi steps such that Vm and Wm wil l become equal in 

size. . 
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Anotherr breakdown of the reduction algorithm occurs if Tm becomes singular. In this case 

theree are observable directions that are uncontrollable and controllable directions that are 

unobservable.. Expanding both Vm and Wm with some additional Arnoldi steps may resolve 

thiss problem. 

AA practical solution to deal with the above problems is replacing T,,,1 in the equations 5.57 to 

5.600 by the pseudo-inverse T„  =pinv(Tm). The computation is based on a Singular Value 

Decompositionn of Tra and any singular value less than a certain tolerance is treated as zero. 

T;; wil l have the dimension of T j , t T . ^ = l £ , TmT;Tm = Tm and T .X and T ^ are 

Hermitian.. We have found such realizations to be good low order approximations to the full 

orderr model G(s). However, Gm>i(s) and Gm,2(s) are not automatically minimal realizations. If 

thee number of non-zero singular values of Tm is less then mp then Gm,i(s) will contain 

redundantt states, and if this number is less than mq, Gm,2(s) is not minimal. However, since 

bothh approximations are only different realizations of the same transfer function, the smaller 

onee may be considered as the reduced system. Moreover, since the reduced systems are much 

smallerr than the original set, it is often possible to use a standard method to transform the 

largerr one into a minimal realization. 

Examplee 5.5; Krylo v space model reduction 

Thee flash problem is reconsidered to demonstrate the Krylov model reduction scheme. 

Previously,, it was shown that the controllability Gramian P could be approximated with the 

orthogonall  basis Vm for the Krylov space Xm (A,B) of order eight, while the orthogonal basis 

Wmm for the Krylov space £m (AT,CT) of order five was used to approximate the observability 

Gramiann Q. The Krylov model reduction scheme uses the same Arnoldi process, so identical 

basess are developed. Table 5.4 shows these bases Vm to be of order eight and Wm of order 

five,, as developed after three Arnoldi steps, and to give an approximate realization Gm>2 of 

orderr five with a residual error norm close to zero. This is comparable to the result of the 

balancedd realization being truncated after five states. 

Noticee that the approximate realization Gm,i, which should be just another realization of the 

samee transfer function, is yet of higher order than Gm,2 as a result of the different order of the 

basess Vm and Wm. This implies that the realization Gm,i contains redundant states not 

contributingg to the input-output behavior of the system. However, the basis Vm should be 
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developedd to an order 8 before it contains all observable directions needed for a good 

approximatee solution Gm>2. Certain controllable directions being added in the first Arnoldi 

stepss could be omitted, as they are not observable but that option does not exist in the Arnoldi 

process.. Therefore, in this example, Gm,2 is the realization that should be used as reduced 

model,, although the redundant states that Gm,i contains can be removed by transforming this 

approximationn to a minimal realization. 

Tablee 5.4; Progress of the Krylo v model reduction of the flash system 

Iteration n 

1 1 
2 2 
3 3 

Orderr of Vm 

4 4 
6 6 
8 8 

Orderr of Wm 

2 2 
4 4 
5 5 

Residuall  error 
normofGm,i i 

1.92e+03 3 
2.24e-03 3 
3.38e-03 3 

Residuall  error 
normm of Gm̂  

2.39e-01 1 
2.97e-04 4 
5.68e-ll l 

5.77 Decomposition 

Usually,, only the dominant modes of a system are of interest and since the dominant 

eigenspacee of P is known to be associated with the dominant modes of the system, Vm is 

selectedd to be the orthogonal basis of the Krylov subspace ^Tm(A,B) and Wm the orthogonal 

basiss of the Krylov subspace ^m(AT,CT). However, situations might exist where the input-

outputt behavior cannot be described by dominant modes only. Suppose that the state space 

realizationn describes a system with many processes, operating at different time scales. The 

dominantt modes are related to the fast processes and they are included in the reduced model 

first.. Processes operating on longer time scales only are included in the reduced system if the 

basess Vm and Wm are developed to further extent. However, due to numeric problems the 

Arnoldii  scheme is probably unable to find the required directions. 

Yett another situation exists where this problem could rise. If the most controllable states are 

hardlyy observable and the most observable states are hardly controllable, the bases Vm and 

Wmm should be developed almost to completeness before obtaining common directions. If such 

directionss cannot be found, matrix Tm := Wj[Vm becomes singular and it is concluded that 

nott any state exist contributing to the input-output behavior, although in fact this is only 

causedd by an improper Arnoldi scheme. 
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Inn order to resolve the problems mentioned, the system should be separated into smaller 

fragments.. Each of the subsystem should contain a group of states associated to processes 

operatingg at similar time scales. The Amoldi process may subsequently be used to develop 

orthogonall  bases and reduce each subsystem separately. Combining the reduced subsystems 

wil ll  give a reduced system that describes the complete input-output behavior. In other words, 

thee system is decomposed into a number of subsystems with similar eigenvalues. 

InIn order to decompose the system into two parts, the stable / anti-stable decomposition 

algorithmm will be used. The A-matrix has to be transformed to its ordered real Schur form 

first,, so the states are grouped according to their eigenvalues. This procedure will return a 

transformationn matrix with which new B and C matrices can be generated: 

A„ „ A !2 2 

.. 0 A22J 

"B t" " 

. B 2 . . 

[Ci i 

-\ -\ 

== UTB 

C2]=l l cu u 

(5.61) ) 

Ass regards the decomposition in itself, the Sylvester equation A nX-XA 22 +A12 =0 is 

solvedd using Kronecker products. Subsequently, two subsystems can be formed. 

Asii  = A,, As2 = A22 

B s l=B t -XB 22 Bs 2=B2 (5.62) 

Cs,, = C, Cs2 = CjX + C2 

Iff  states are grouped in such a way that Ai i contains all negative eigenvalues of A and A22 the 

non-negativee ones, then the subsystem formed by (Asi, Bsi, Csi, D) will contain the stable 

modes,, while the subsystem formed by (As2, Bs2, C&, D) will be the unstable part. Now, when 

Ann is selected to contain the large eigenvalues of Asi and A22 to contain the smaller, the 

stablee part may be decomposed to further extent. By repeating this procedure several times a 

numberr of smaller subsystems are created. 

Thee Arnoldi algorithm more easily deals with the subsystems and they may be reduced 

separately.. However, apart form the additional time required to create subsystems, a 

drawbackk of this method is that reduced subsystems might contain common directions. In that 

casee the reduced model is not a minimal realization and still contains redundant states. 
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Examplee 5.6; Krylo v space model reduction with decomposition 

Thee eigenvalues of the state space realization from the flash system of example 1 are: -3215, 

-62.0,, -18.9, -10.5, -10.0, -10.0, -5.0, -1.0, -1.0 and -0.001. A very large number appears, a 

veryy small one and an intermediate part exists, so it is beforehand to decompose the system 

intoo three subsystems that are reduced separately using the Krylov model reduction scheme. 

Thiss leads to a first subsystem containing the mode with eigenvalue -0.001. The Krylov 

modell  reduction scheme did not find any common directions for this subsystem, so this part 

cann be omitted completely. The second subsystem, containing the states corresponding to the 

intermediatee eigenvalues, between -1 and -62, are reduced to a realization with four states. 

Thee last subsystem, containing the state corresponding to the large eigenvalue and 

consequentlyy describing the fastest process in the system, cannot be reduced according to the 

Krylovv model reduction scheme. Hence combining the reduced subsystems again yield a 

reducedd state space realization of order five. This demonstrates that the decomposition may 

bee used in combination with the Krylov model reduction scheme without affecting results. 

5.88 Reduction of a large scale model 

Thee described concepts of model reduction are applied now on a large system, the dynamic 

modell  of the balanced VCM process. The model that is used in chapter 3 is a simplified 

versionn of the complete system. The plant contains a liquid phase reactor that is modeled 

rigorously,, including dynamics, while the two gas phase reactors are modeled as simple 

steadyy state conversion reactors, assumed to act instantaneous. Five important distillation 

columnss are present, described by rigorous dynamic models considering individual sieve 

trays.. The other units are combined to three simplified separation blocks. We have selected 

sixx important components to be taken into account in the rigorous dynamic distillation 

columnn models and another seven components only regarded in reactors and simplified 

separationn blocks. The simplified dynamic model still contains 4384 equations. 

Inn order to perform a controllability analysis, a linear state space description has been 

generatedd with the CDI interface from SPEEDUP™. The control problem involves three 

impuritiess to be controlled and five variables are identified to be useful as manipulated 

variables.. These variables are from different units. The linear model contains 668 states. 

Performingg a controllability analysis with this model is expensive and storage requirements 

aree excessive. Therefore it is an obvious need to reduce the system to lower order. 
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Tablee 5.5; VCM plant state space model reduction 

Subsystemm Range of eigenvalues Full order Reduced order 
1 1 
2 2 
3 3 
4 4 
5 5 
6 6 
7 7 
8 8 
9 9 
10 0 

0 0 
0:-l l 
-11 :-10 
-10:-50 0 
-500 : -100 
-1000 : -500 
-500:: -1000 
-le33 : -5e3 
-5e33 : -le4 
-le44 : -oo 

2 2 
9 9 
30 0 
64 4 
45 5 
206 6 
156 6 
56 6 
29 9 
68 8 

0 0 
3 3 
13 3 
21 1 
15 5 
33 3 
21 1 
9 9 
0 0 
0 0 

Fulll  system 668 8 115 5 

frequencyy [rad/h] 

Figuree 5.2; Frequency responses of full (-) and reduced (...) order  models. 

TheThe state space realization of the dynamic VCM model with 668 states is reduced to a 

realizationrealization with 115 states using the Krylov space model reduction scheme on subsystems. 

TheThe magnitudes of the input-output responses of both models as function of frequency are 

comparable. comparable. 
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Dynamicc simulations showed that a broad range of time constants exist in the system, ranging 

fromfrom a few minutes to several days. Therefore the system will be decomposed into a number 

off  subsystems, 10 in total, while each subsystem will be reduced separately by applying the 

Krylovv subspace model reduction technique. The results are given in Table 5.5. 

Mostt subsystems can be reduced considerably, while the subsystems with the highest 

eigenvalues,, corresponding to the fastest processes, can be even skipped completely. This is 

nott surprising since control of impurities in a large and complex plant is a slow process. The 

completee reduced state space realization only contains 115 states, being less than 20% of the 

originall  system, while the description of the input-output behavior is sufficiently accurate 

acrosss the whole frequency range of interest (Figure 5.2). So the order of the state space 

descriptionn of this problem can be reduced significantly. 

5.99 Conclusions 

Ass an essential part of designing chemical plants with complex structures and intricate 

dynamicc characteristics the performing of controllability analyses on linearized models is 

required.. The linearization of full dynamic plant models often leads to large state space 

descriptions,, being difficult to use as such. In order to examine the dynamic behavior in an 

efficientt way, linear dynamic models of a reduced order have to be generated. In this chapter 

itt is explained how a state space description may be reduced to lower order without affecting 

thee quality in describing the input-output behavior by truncation of a balanced realization. 

Inn order to balance a state space realization, the Lyapunov equations have to be solved first. 

Theree are several techniques available for this, like the Bartles-Steward algorithm. However, 

theyy cannot be used to solve large order Lyapunov equations («>50). For these systems, 

anotherr method is more appropriate to find low order approximate solutions to the Lyapunov 

equations.. An Arnoldi algorithm is used to develop low rank orthogonal bases for certain 

Krylovv subspaces, which are subsystems of the controllability and observability matrices. 

Thee state space matrices (A,B) respectively (AT,CT) are projected on these bases to reduce the 

orderr of the corresponding Lyapunov equations. The low order Lyapunov equations may 

subsequentlyy be solved by a standard algorithm and the solutions are transformed back to 

yieldd approximate solutions of the full order controllability and observability Gramians. With 

aa dynamic flash drum example is has been shown that the approximate solutions are nearly 

identicall  to the solutions of the original system. 
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Thee orthogonal bases for the Krylov subspaces can also be used to generate low order 

approximatee state space realizations without solving Lyapunov equations and balancing state 

spacee systems. This Krylov model reduction scheme works properly for most systems. A 

possiblee problem arising from large systems is the fact that the Arnoldi process is not able to 

findd all directions of the Krylov subspaces needed to give a good approximation. This 

problemm especially occurs if only weak relations exist between inputs and outputs of a state 

spacee description. Decomposition of such systems into small subsystems with similar 

eigenvaluess is a simple way to resolve these problems. The reduction of each subsystem may 

bee performed then with the Krylov model reduction scheme and the reduced subsystems can 

bee combined again to form a complete state space realization of low order. Although the 

decompositionn is relatively time-consuming, the overall process is still an economic 

procedure.. As an extensive case study, the dynamic model of the VCM problem from chapter 

33 is reduced by this approach from 668 states to 115 states, while the description of the input-

outputt behavior is preserved with an acceptable accuracy. Calculations with this reduced 

realizationn are about 25 times faster than with the full order linear system. This proves that 

modell  reduction might be useful before a controllability analysis is applied. 


