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Chapter r 

6 6 
Dynamicc Optimization of Flowsheet and Control Structures 

6.11 Introductio n 

Thiss thesis started with the question 'How to design and optimize complex plants with 

superiorsuperior dynamic behavior and controllability features'. The simulation-based methodology 

thatt is presented in chapter 2 might be used for this purpose. By combination of the 

traditionall  steady state flowsheeting with dynamic flowsheeting and linear controllability 

analyses,, more essential design and operation knowledge is obtained than with the 

explorationn of the operating window only. This was demonstrated in chapter 3 by a case 

studyy about the handling of impurities in a balanced VCM process. Alternative recycle 

structuress for this plant were investigated in chapter 4. This has lead to a better understanding 

off  the interaction between recycle loops and the effect of these interactions on the 

controllabilityy of material balances. In this respect, the systems approach has an added value. 

Unfortunately,, optimization of complex flowsheet structures is not covered by the approach. 

Onee might evaluate several design and control alternatives in order to compare their 

performancee with respect to some objective. However, it is not clear at all how to translate 

resultss from a linear controllability analysis in the frequency domain to modifications in the 

flowsheetflowsheet structure and units design that improve this performance. Optimization of complex 

flowsheetflowsheet structures proceeds in a more straightforward manner using an approach that stays 

closee to physical reality. Such an approach will be introduced in this chapter, using 

optimizationn techniques in combination with nonlinear dynamic models. Flowsheet structure 

andd unit design parameters are potential degrees of freedom for optimization. Plantwide 

controllabilityy criteria, necessary for a controllable plant design, can be added as additional 

constraints. . 
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Thee issue of addressing controllability aspects in early design stages has only scarcely been 

consideredd before, for example in the work of Luyben and Floudas (1994a,b), who suggest a 

multi-objectivee optimization framework. Control structure selection issues are considered in 

thee work of Narraway and Perkins (1993a,b), while Bahri et al. (1996a,b) considered aspects 

off  parametric uncertainty and disturbances in control optimization. Finally, Mohideen et al. 

(1996)) have described a framework for the optimal design of dynamic systems under 

uncertainties.. The approach is illustrated by an example where the objective is to design a 

ternaryy distillation column and the required control scheme at minimum total annualized cost, 

whilee being able to maintain feasible operation in the presence of variability. The number of 

trays,, the location of the feed tray and the control structure are also taken as degrees of 

freedom.. To this end a superstructure tray-by-tray model is constructed, using binary 

variables.. Furthermore, the time-varying variables are parameterized according to the method 

off  Cuthrell and Biegler (1987). This rather small-scale problem results in a mixed-integer 

nonlinearr programming model of considerable size, which nevertheless can be solved. 

However,, applying this method on complete flowsheet structures has not yet been realized. 

Hence,, thiss remains highly challenging. 

Inn this chapter, we will start with a description of two different methods for the optimization 

off  dynamic systems. The first method deals with the dynamics using integration, the second 

onee employs collocation in time. These methods are illustrated with examples and compared. 

Next,, the optimization of mixed-integer problems in itself is discussed. Then the mixed-

integerr character is incorporated in the problem and a solution procedure is proposed in 

combinationn with both the integration and the collocation method. Thus, we finally arrive at a 

methodd to optimize complete flowsheet structures and control systems in the time-domain. 

6.22 Optimization of differential-algebraic systems 

Optimizationn in combination with dynamic flowsheeting cannot be performed with standard 

techniques,, since direct optimization with a model containing differential equations is not 

possible.. Therefore, dynamic simulation (integration) and optimization techniques must be 

combinedd according to newly to be developed algorithms mostly involving a two step 

iterativee approach. 

Onee alternative is to first integrate the dynamic model with fixed values for the optimization 

variables,, subsequently find new values and repeat the integration. The usual trial and error 
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method,, where the engineer just tries some values for the free variables, is in fact such a 

method.. In this approach the optimization is based on experience and heuristics. In a 

systematicc approach a certain algorithm will calculate new values for the optimization 

variables.. An advantage of this approach is that well-known dynamic simulation tools can be 

used.. Fast integration routines are available that can handle large dynamic problems. It is 

possiblee to build in some conditional equations to check whether the solution is still feasible 

andd interesting with respect to the optimization function. If this is not the case, the integrator 

cann be stopped and new optimization variables can be calculated. A disadvantage is that the 

breakdownn described might happen very frequently. So, the optimization variables need to be 

boundedd in a convenient way in order to find feasible solutions without bounding the 

optimizationn space. 

Thiss issue leads to a second alternative, the direct method. According to this the dynamic 

modell  is included in the optimization problem as a set of equality constraints. Thus, solving 

andd optimization of the dynamic system is performed in one step. However, optimization 

algorithmss cannot integrate, so the differential and algebraic equations have to discretized to 

bee able to optimize over a certain time interval. Due to this discretization, which increases the 

numberr of equations considerably, the problem size might become very large. Another 

disadvantagee stems from the highly nonlinear nature of the problem, mostly due to 

thermodynamics,, which strongly complicates optimization. However, an advantage might be 

thatt some optimization algorithms are able to directly deal with binary variables, so direct 

optimizationn of flowsheet and control structures is possible. In the remainder of this chapter 

bothh the iterative and the direct method will be discussed and illustrated with examples. 

Tablee 6.1; Iterativ e and Direct approach 

Iterativ ee approach 

Sett starting point 

Repeat t 
Integratee DAE system 

Calculatee new values for 
optimizationn variables 

Unti ll  convergence 

Directt  approach 

Sett starting point 

Discretizee DAE system and add to 
optimizationn problem as equality 
constraints s 

Solvee constrained nonlinear 
optimizationn problem 
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6.33 Iterativ e approach 

Accordingg to the iterative approach the dynamic model is solved with fixed values for the 

optimizationn variables in an inne» loop, while new values for these optimization variables are 

calculatedd in an outer loop. Table 6.2 gives a schematic overview of the iterative approach as 

itit  can be implemented in MATLAB® . 

Thee MATLAB ® routine constr  finds the constrained minimum of a scalar function of 

severall  variables, starting at an initial estimate. This is generally referred to as constrained 

nonlinearnonlinear optimization, and is mathematically stated as 

minimizee f(X) subject to: G(X) < 0 
X X 

wheree bold uppercase characters indicate that X and G(X) are matrices, and plain lowercase 

characterss indicate that f(X) is a scalar function. 

Thee routine constr  uses a Sequential Quadratic Programming (SQP) method. In this method, 

aa Quadratic Programming (QP) sub-problem is solved at each iteration. A positive-definite 

quasi-Newtonn approximation of the Hessian of the Langrangian is calculated at each iteration 

usingg the formula of Broyden, Fletcher, Goldfarb and Shanno (BFGS). 

AA line search is performed using a merit function similar to that proposed by Han and Powell. 

Thee QP sub-problem is solved using an active set strategy similar to that described in Gill, 

Murray,, and Wright. 

Tablee 6.2; Iterativ e approach in MATLA B 

Problemm setup 

constr(...) ) 

eval(( object function) I rk45( Simulink Model) 

SolveSolve Model = = > < or 

Calc.. Objective 

Calc.. Constraints 

retur n n 

retur n n 

displayy results 

dea(Model,, Jacobian) 

vv .modification ofode45 



Dynamicc Optimization of Flowsheet and Control Structures 129 9 

Thee solver behind dae is a modification of ode45, to solve additional algebraic equations 

simultaneously,, dae in itself is a controlling routine that calls the DAE solver for a number of 

timee intervals and can perform additional calculations between the intervals. In this way, the 

DAEE solver can handle discontinuities in the time profiles. 

Followingg this strategy, first the dynamic model is solved; then the results are used to 

calculatee a value for the objective and additional constraints that are not included in the 

dynamicc model. The optimization problem contains only the variables of the objective and 

thee additional constraints. It does not 'know' the dynamic model. The two problems are 

separatedd and solved sequentially. Therefore the gradient of the objective and constraints to 

thee design variables has to be developed numerically. Expanding the dynamic model with 

additionall  sets of equations containing analytical gradient information might be interesting, 

butt is not implemented in this work. 

Inn principle it should also be possible to take the structure of a flowsheet as a degree of 

freedomm during the design. This may require the use of integer variables, or at least of binary 

variables,, in the problem formulation. The constraint optimization routine in MATLAB ® can 

nott handle discrete variables, but MTNLP routines are available that can be used in another 

environment.. However, such an environment is not available and it might be interesting to 

developp one. 

Next,, the iterative approach will be demonstrated with some examples about the optimal 

operationn of a reactor with a Trambouze reaction scheme (Trambouze and Piret, 1959). The 

dynamicc reactor model, with discontinuities in the operation, will be solved with the DAE-

solverr dae, which is implemented in MATLAB® . The actual optimization is performed with 

thee constraint optimization routine constr  from the MATLAB ® optimization toolbox. 

Examplee 6.1; Trambouze reaction in a batch reactor 

Considerr the Trambouze reaction in a batch reactor: 

A—^->B ,, , A ^ ^ D 

with h 

kll  = 0.025 mole/1 min (zero-order reaction) 

k22 = 0.2 /min (first-order reaction) 

k33 = 0.4 1/mole min (second-order reaction) 

Thee feed concentration is 1 mole/1 pure A, the reactor volume is 1001 and the desired product 

iss component C. 
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InIn this reaction scheme the production of unwanted component B will dominate for low 

concentrationss of component A (Ca <0.125). On the other hand, for high concentrations of 

thee reactant (Ca > 0.5) the production of unwanted component D dominates. Between these 

values,, the production rate of component C will be the highest. Furthermore, when Ca=0.25, 

thee production rate of component B is equal to the production rate of component D, while 

thatt of component C is twice this rate. For lower concentrations of A, relatively more B is 

produced,, for higher concentrations of A relatively more D is produced. So, for a maximum 

productionn rate of component C, Ca=0.25 will be the optimal value of the reactant 

concentration.. Now, when the total amount of feed is added in several steps instead of fillin g 

thee total reactor at once, the concentration of component A can be kept around this optimal 

value.. In this case the production of component C will be higher than in a batch reactor that is 

filledd at once. 

Inn the example, two different objective functions will be maximized separately, namely the 

overalloverall fractional yield of C over A and the overall product yield of C in moles, O and y, 

respectivelyy defined as: 

^ ( C c ^ - C c O)) y = Cc(tf)*V(tf ) 
(Ca0-Ca(tf)) ) 

wheree V(tf) is the final volume of the reactor. 

Itt is expected that the sole difference between optimal operation for a maximal overall 

fractionall  yield and optimal operation for a maximal overall product yield is the reaction time 

afterr the last discrete feed charge. When the production of B starts to dominate, the overall 

fractionall  yield of C over A will decrease. So, to maximize this yield, the process should be 

stoppedd when Ca=0.125. However, as long as component A is available, part of it wil l be 

transformedd into component C. So, to maximize the overall product yield of C the process 

shouldd continue til l all A has been depleted. 

Thee optimization problem is formulated as follows: The reactor is initially filled with a first 

amountt of pure component A. Further amounts of fresh feed may be added instantaneously 

duringg the reaction. The discrete charges and the duration of each time interval are treated as 

optimizationn variables. The final volume of the reactor has to be 100 1 as an equality 

constraint.. The studied numbers of intervals are 2, 5 and 10. 
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Thee discrete charges are initially equally distributed and are bounded between 0 and 100 1, 

thee duration of the intervals are bounded between 1 and 10 min., initialized at 3 min. The 

problemm is solved with the two step method in MATLAB® . Every time the constraint 

optimizationn routine evaluates objective and constraints, a dynamic model, containing 

materiall  balances, is solved by integration. 

Thee results are given in Table 6.3. As expected, in both cases the yield becomes higher when 

thee total amount of fresh feed is divided over more intervals. The total duration of the process 

alsoo increases when more intervals are used. Adding small amounts of fresh feed with long 

timee intervals in the beginning and larger amounts with shorter time intervals when the 

reactorr volume becomes larger seems to be the best way to operate the reactor. 

Ass expected, the optimal operation schemes for both objectives are almost equal. Maximizing 

thee overall fractional yield of C over A is also important when the overall product yield of C 

iss maximized. The same amount of fresh feed should be added at the same time. The only 

differencee is the duration of the last interval. When the overall fractional yield of C over A is 

maximized,, the reaction is stopped at a certain time, while the reaction still continues for a 

whilee when the overall product yield of C is maximized. 

Thee reason for this difference can be seen clearly from Figure 6.1 to Figure 6.3, showing the 

concentrationn profiles of component A and C during operation of a process that maximizes 

thee overall fractional yield (left) or the overall product yield (right). It can be seen that fresh 

feedd is added when the concentration of A becomes below 0.125, so when the production of 

BB starts to dominate. After the charge the concentration of A is about 0.5, so that the 

productionn of D does not dominate. 

Iff  the overall fractional yield of C over A is maximized, the reaction is stopped when the 

concentrationn of A becomes 0.125, otherwise the production of B will be dominating and the 

overalll  fractional yield of C over A will decrease. On the other hand, the reaction continues 

untill  all A has been converted if the overall product yield is maximized. Although relatively 

moree B has been produced, also the production of C has increased. Therefore the duration of 

thee last element is different. 
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Tablee 6.3; Trambouze reaction in a batch reactor  with discrete charges 

0.448 8 0.476 6 0.490 0 42.77 7 45.23 3 46.46 6 
discretee charges discretee charges 

1 1 
2 2 
3 3 
4 4 
5 5 
6 6 
7 7 
8 8 
9 9 

10 0 

47.33 3 
52.67 7 

12.50 0 
13.47 7 
19.41 1 
24.84 4 
29.78 8 

3.45 5 
3.74 4 
5.14 4 
6.59 9 
8.35 5 

10.17 7 
12.54 4 
14.47 7 
16.40 0 
19.15 5 

1 1 
2 2 
3 3 
4 4 
5 5 
6 6 
7 7 
8 8 
9 9 

10 0 

47.38 8 
52.62 2 

12.50 0 
13.91 1 
18.70 0 
24.28 8 
30.61 1 

3.33 3 
3.71 1 
4.98 8 
6.46 6 
8.13 3 
9.97 7 

12.00 0 
14.20 0 
16.60 0 
20.62 2 

totall  100.00 100.00 100.00 totall  100.00 100.00 0 100.00 0 
duration n duration n 

1 1 
2 2 
3 3 
4 4 
5 5 
6 6 
7 7 
8 8 
9 9 

10 0 

4.98 8 
3.60 0 

4.96 6 
3.62 2 
3.08 8 
2.57 7 
2.29 9 

4.95 5 
3.58 8 
3.00 0 
2.61 1 
2.30 0 
2.09 9 
1.91 1 
1.70 0 
1.57 7 
1.50 0 

1 1 
2 2 
3 3 
4 4 
5 5 
6 6 
7 7 
8 8 
9 9 

10 0 

4.98 8 
7.24 4 

4.98 8 
3.60 0 
3.00 0 
2.61 1 
6.46 6 

4.98 8 
3.60 0 
3.00 0 
2.60 0 
2.31 1 
2.08 8 
1.89 9 
1.74 4 
1.60 0 
7.21 1 

total l 8.58 8 16.52 2 25.21 1 total l 12.22 2 20.65 5 31.01 1 
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Figuree 6.1; Concentration profiles for  2 charges 

44 6 8 
time(min) ) 

10 0 12 2 

InIn both cases fresh feed is added when Ca becomes low and the production of unwanted 

componentcomponent B becomes dominating. When the overall fractional yield is maximized the 

processprocess is stopped at a certain time, while the reaction continues till  all A is converted in 

casecase the overall product yield is maximized. 
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Figuree 6.2; Concentration profiles for  5 charges 

WhenWhen more intervals are used, the fluctuation of the concentrations becomes smaller. 

1 1 

0.8 8 

20 0 

0.8 8 

c c 
BB 0.6 
2 2 

S.S. 0.4 

8 8 
0.2 2 

I I 
I I 
\ \ 

y y 

- % % 

y y 
' v v 

V V 
\J J 
V V 

\ \ 
K' ' 

\ \ K K ^ ^ 
< < 

N N 
\;' ' 
\ \ ld( ( ĵj  \ 
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Figuree 6.3; Concentration profiles for  10 charges 

ByBy adding many small amounts of fresh feed, the concentration of reactant A is kept best 

aroundaround its optimal value. 

Examplee 6.2; Trambouze reaction with continuous feed 

Ann improved way of operating the reactor is to establish a continuous feed instead of discrete 

charges.. Then the concentration of reactant A can be kept closer to its optimal value. In this 

example,, the feed rate u(t) will be treated as a control variable. Piecewise constant sections 

aree used over 5 elements to approximate the control. The initial volume of the reactor is set to 

10"51.. The control element sizes are bounded between 0 and 20 min, initialized at 3 min each. 

Thee control profile is bounded by 0 and 50 1/min, initially set to a uniform value of 5 1/min. 

Tablee 6.4 shows the optimal feed flowrate and duration of each interval. The flowrate is 

increasedd at each next interval while its duration is shorter, which was also the case with the 
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discretee charges. As expected, both yields are increased relative to the operation with discrete 

charges.. In fact they become close to the absolute maximum values that can be reached, 

whichh is 0.5 for the overall fractional yield and 47.16 for the overall product yield. With a 

constantt feed, the concentration of A can be kept much better around the optimal value of 

0.25,, as can be seen from Figure 6.4. 

Tablee 6.4; Trambouze reaction in a batch reactor  with piecewise constant feed 

overalll  fractional yield: 0.499 
totall  reaction time: 43.76 

overalll  product yield: 47.03 
totall  reaction time: 43.08 

feedd flow rate duration feedd flow rate duration 
1 1 
2 2 
3 3 
4 4 
5 5 

0.11 1 
0.56 6 
1.82 2 
4.65 5 
9.88 8 

14.96 6 
9.85 5 
7.69 9 
6.21 1 
5.05 5 

1 1 
2 2 
3 3 
4 4 
5 5 

0.24 4 
1.23 3 
3.82 2 
9.37 7 
0.00 0 

15.05 5 
9.66 6 
7.37 7 
6.00 0 
5.00 0 

0 8 8 

6 6 
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Figuree 6.4; Concentration profiles for  piecewise constant feed over  5 elements 

ByBy a continuous feed of fresh reactant A, its concentration can be kept better around an 

optimaloptimal value. 

Ass one can see the feed flowrates and time intervals are different for the two objectives, 

whilee they where comparable in the example with discrete charges. However, notice that in 

casee the overall product yield is maximized, the last element is used to complete the reaction 

andd therefore the feed is added during the first four elements only, while five elements are 

usedd in the other case. 
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Tablee 6.5; Trambouze reaction in a batch reactor  with piecewise constant feed 

overalll  product yield: 47.09 
totall  reaction time: 48.30 

feedd flow rate duration 
11 ÖÏ2 Ï5TÖ2 
22 0.61 9.69 
33 1.90 7.37 
44 4.65 6.04 
55 9.83 5.11 
66 0 5.07 

InIn fact, to compare both objectives, we should use an additional element for the maximization 

off  the overall product yield. The results are given in Table 6.5. Now we find indeed almost 

thee same values for the feed flowrate and duration of the first five elements, while no fresh 

feedd is added anymore during the last interval. The overall product yield is almost equal to 

thee value that is reached with five elements, which is not surprisingly, since it is already close 

too the absolute maximum value that can be reached. 

Examplee 6.3; Trambouze reaction in a continuous stirred tank reactor 

Wee may also consider the Trambouze reaction with operation in a continuous stirred tank 

reactor.. With a feed flowrate of 100 1/min pure A, the objective is the overall fractional yield. 

Thee optimization variable will be the reactor volume, initialized at 250 1 and bounded 

betweenn 0 and 1000 1. The results are listed in Table 6.6. With the optimal reactor volume, 

thee concentration of component A is exactly 0.25. Then, an overall fractional yield of 0.5 is 

reached,, which is the maximum value for this Trambouze reaction. 

Tablee 6.6; Trambouze reaction in a continuous stirred tank reactor 

optimall  reactor volume: 749.92 
overalll  fractional yield: 0.5000 

Thee above examples demonstrate that the two step iterative approach can be used for 

optimizationn of dynamic problems. The DAE-solver that is implemented in MATLAB ® can 

bee used to solve the dynamic models with discrete changes. However, the number of 

iterationss may become very large and the time to solve the problem therefore rather long. To 

improvee this, the use of other solvers in another environment may be investigated. This will 

bee a subject for further research. In this thesis, we continue with the direct approach. 
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6.44 An NL P formulatio n for  differential-algebraic optimization problems 

Anotherr way to solve dynamic optimization problems is to include the dynamic model in the 

optimizationn problem as a set of additional equality constraints. A differential-algebraic 

optimizationn problem (DAOP) that includes an ODE model can be posed as: 

minn <D[d,C(t),X(t)] 
d,C(t),X(t ) ) 

s.t. . 

c[d,C(t),X(t)]]  = 0 

g[d,C(t),X(t)]<0 0 

f[X(t),d,C(t),X(t)]]  = 0 

X(0)) = X0 (DAOP) (6.1) 

d L < d ^ du u 

CLL < C < Cu 

X L < X ^ X U U 

wheree O = object function 

cc = equality constraints 

gg = inequality constraints 

ff  = differential equation constraints 

dd = decision (optimization) variable vector 

X(t)) = state profile vector 

C(t)) = control profile vector 

dL,, du = bounds on decision variables 

CL,, Cu = bounds on control variables 

XL,, Xu = bounds on state variables 

6.4.11 Discretization of the state and control profiles 

Too be ablee to solve this problem with optimization routines, the differential equations need to 

bee transferred into algebraic equations. First, we have to write the time profiles as sum of 

knownn time functions. The state and control profiles will therefore be written as Lagrange 

formm polynomials (Cuthrell and Biegler, 1987): 

XK+I( 00 = ) where ^ X ) = f [ ^ \ (6.2) 
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cK(t)) = X>,Mr,(t) where ^ . ( 0= f [ ^L_LL L ( 6.3) 
i=ll  k= l , i ( t i - t k ) 

wheree Xjc+i(t) denotes a (K+l)-th order (degree < K+l) polynomial and cit(t) a polynomial of 

degreee K. The difference in the orders is due to the existence of the initial condition for X(t). 

Thee notation k = 0,i indicates that k = 0,..., i-1, i+1,..., K. 

Thee Lagrange form polynomials have the desirable property that xjc+i(ti) = Yi and CK(ti) = \i\, 

becausee of the Lagrange condition <j>i(tj) = Sy (5jj = kronecker delta). The coefficients in the 

Lagrangee form polynomials are therefore physically meaningful quantities. This becomes 

usefull  when providing variable bounds, initializing profiles or interpreting results. 

Revisitingg the ODE model as presented in the DAOP (6.1), this time written as an initial 

valuee problem with t between 0 and 1, one has: 

X(t)) = F[d,C(t),X(t)] t€[0,l] 

X(0)) = X0 

Substitutionn of the polynomial approximations gives the residual equation: 

R(t)) = t(yA(t)-F[d,cK (t),xK+1(t)] ) (6.5) 

withh Yo=Xo, which remains still a function of time. Discretization of the residuals is next done 

throughh use of the method of collocation, which requires 

l l 

jR(05(t-ti)dtt = 0 i= l , . . . ,K (8 = Dirac delta) (6.6) 
o o 

so, , 

R(t,)) = i(y>j(t,)-FId f cK (t1),xK4l (t i )])=0 i= 1 K (6.7) 
j=0 0 

withh Yo=Xo. 

Withh the Lagrange condition, the polynomials evaluated at a discrete point reduce to the 

coefficientss at that point, and thus: 

R(t|)) = ZYj*j(t|)-F(d.»*i.y. ) = 0 i= l , . . . ,K (6.8) 

withh Yo=Xo. 
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Similarlyy the polynomial approximations when substituted into the DAOP (6.1) and 

evaluatedd at some ti become just the corresponding coefficients. Using this, the DAOP 

becomes: : 

mnKD^u^yj] ] 
<».ni.Ti i 

S.. t. 

c[d,m,Yi]]  = 0 

g [d ,u , ,Y i ]< 0 0 

iy j * j ( t , ) -F[d,Ji | iy I ]]  = 0 

Yo=xo o 

dL < d < du u 

CL <Hj<Cu u 

XXLL<y<yii<X<Xv v 

whichh is a nonlinear programming problem. 

ii  = l,...,K (NLP1) ) (6.9) ) 

Thee locations of the points tj, i = 1,..., K are chosen to correspond to the shifted roots of an 

orthogonall  Legendre polynomial of degree K (hence the term orthogonal collocation): 

PK(t)) = S(-l)K~iy i t
i te[0,l] 

Thee coefficients yi are chosen so, that M»Y = 0, where 

(-DK_i i 
HI; ;;  = J'' i + j + 1 

ii  = 0,l,...,K j = 0,l,...,K-l 

andyoiss 1. 

(6.10) ) 

Tablee 6.7; Shifted roots of Legendre polynomials of order  2,3,4 and 5 

Order r 
2 2 
3 3 
4 4 
5 5 

t j j 
0.21 1 
0.11 1 
0.07 7 
0.05 5 

t2 2 
0.79 9 
0.50 0 
0.33 3 
0.23 3 

t3 3 

0.89 9 
0.67 7 
0.50 0 

t» » 

0.93 3 
0.77 7 

ts s 

0.95 5 
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Figuree 6.5; Lagrange polynomials of order  3 for  state and control profiles 

AtAt each collocation point there is one polynomial with a value of 1 and the other polynomials 

areare zero. States have an initial value and therefore zero is also a collocation point for state 

profilesprofiles while control profiles are only collocated on the shifted Legendre roots. 

Figuree 6.6; Lagrange polynomials of order  4 for  state and control profiles 

6.4.22 Extension of orthogonal collocation to finit e elements 

Forr poorly behaving functions (rapidly changing in some small region) the global collocation 

methodd would require high order polynomials for an accurate approximation of the state and 

controll  profiles. The steep region could then be approximated well at the expense of over-

approximatingg the rest of the function. An alternative to global collocation uses piecewise 

polynomiall  approximations. Here a set of (K+l)-th order state polynomials and K-th order 

controll  polynomials is defined on finite elements. Each finite element Aoti is bounded by two 

knots,, ai and ai+i . The distribution of the elements can now be chosen so that the 

approximationss are done both efficiently and accurately. 
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Thee orthogonal properties obtained with global collocation are preserved by mapping the 

domainn t e [0,1] to each finite element and the locations of the orthogonal Legendre roots are 

mappedd to the points: 

t [ U ] =ai + t j ( ai + i - a i )) i= l , . . . ,NE j = 0 K (6.11) 

wheree [ij ] denotes (i-l)(K+l)+j . NE is the number of finite elements. 

Thee Lagrange polynomials can now be expressed as: 

xic+i(t)) = iy[ij]«t>[U](t) where +pj](t)= ft « ' ^ K (6-12) 
'=00 k=0,jCt[ij ] - t [ i k ] ) 

££ K (t-t f i k ,) 
ZHnflV^Ct)) where V[ij] (t) = n f -

for i=l , . . . ,NE. . 

Thee discretized residuals can be written as: 

R(t[Ht],Aa1)) = SY[u]* [ ij](t [Ik] )-F(d,n[ik] ,yIik] ) = 0 (6.14) 
j=o o 

i= l , . . . ,NEE k= l , . . . ,K 

withydopXo. . 

Thee calculation of the term 4>[ij](t[ik] ) c an be simplified by chain ruling derivatives to obtain: 

W W ^ A V ^ ii  i=l.-.NE j = 0,...,K k=l,...5K (6.15) 

Soo the residuals become: 

KK (|>(tk) R( t[ ik]' Aai) == ?Y[ i j ] - ^ F(d,u[ i k ] ,W = 0 (6.16) 

i= l , . . . ,NEE k= l , . . . ,K 

withy[io]=X0. . 

Too complete the set of equations, each polynomial is extrapolated to the endpoint of its 

elementt to provide an initial condition for the next element (continuity equations) 

Y[io]]  = iy[Hji*j( t = l) i = 2,...,NE (6.17) 
j=0 0 

Eachh overall approximation to the state profile is therefore a continuous and piecewise 

polynomiall  function of order K+l . Control profiles might be discontinuous at the knots. 



Dynamicc Optimization of Flowsheet and Control Structures 141 1 

Includingg the ODE model, discretized on finite elements, and the continuity equations at the 

knots,, the NLP formulations becomes: 

a.M[ik]»Y[ik ] ] 

S.t. . 

c[d,u[ik] ,y[ik] ]]  = 0 

g[<U[ik]>Y[ik]]^ ° ° 

hm^T^-W^m-ym^hm^T^-W^m-ym^00 i = U- ,NE k = l,...,K 
j=00 A d j 

Y l l 0 I ~K °° (NLP2) (6.18) 

Y[iojj  = lY[Mi]<l>j( t = 1) i = 2,...,NE 

d L < d ^ du u 

CL <M ( i k ] <Cu u 

X L <y I i k ] <X u u 

6.44 J Derivatives and integrals of Lagrange polynomials 

Ass shown before, the derivative of a state variable when written in Lagrange polynomial 

formulationn and discretized on finite elements reduces to: 

XK+i(ti k)) = ! : Y [ y ] ^ i= l , . . . ,NE k= l , . . . ,K (6.19) 
j=00 AOlj 

wheree the term <j>j(tk)only depends on the degree of the polynomial and can be calculated 

beforee the NLP problem is solved. 

Integrationn of a continuous variable will also be reduced when Lagrange polynomial 

formulationn and discretization on finite elements are used. Chain ruling an integral results in 

multiplicationn by the size of the element, so 

JXK+1(t)dtt = Aai i;y [ i j ] f+jdt i= l , . . . ,NE k= l , . . . ,K (6.20) 
t[ik ]]  J = 0 «k 

Gauss-- Jacobi quadrates can be used for integration over a whole element. 

M+ll  K 

JXK+1(t)dtt = Sy^Wj i = 1,..., NE-1 (6.21) 
t;; J=o 
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6.4.44 Knot placement 

Insteadd of using equally spaced finite elements, one can consider an error minimization 

strategyy by optimal knot placement (Cutrell and Biegler, 1987). A theoretical bound on the 

approximationn error is given by: 

EK+11 {X(t);[ ai ,ai+ I ]}  < CAa^1 |x(K+, ) ( t )| (6.22) 

 EK+1 {X(t);[cCj ,ai+1 ]}  represents the local error between an optimal approximation 

polynomiall  of (K+l)-th order and the function X(t) over some region [cii, ctj+i] 

 C is a calculable constant dependent only upon K 

 Aaf+l  is the (K+l)-th power of the z'-th finite element length 

 X(K+1)(t) I is the max-norm of the (K+l)-th derivative of X(t) in the interval [at, a,+\] 

Too minimize the approximation error, the following NLP can be formulated 

|il/(K.+l ) ) 
MinMaxAajX ( lc+,)(t) ) 

aii  j 
ii  = 2, ...,NE j = l,...,NE 

s.. t. Aai>e i= l , . . . ,NE (NLP3) 

withh ai = 0, OINE+I
 = 1, e = a small positive number. 

(6.23) ) 

Thiss problem can be simplified by noting that, as long as Aa; > E , the necessary and 

sufficientt optimality condition for NLP3 becomes: 

r(K+l ) ) i|l/(K+l) ) 
Aa;; X^+U(t) I = constant i = 1,..., NE (6.24) ) 

Ass an approximation s-, for the unknown term X(K+1) (t) is introduced: 

r r 
2A0(a3//) ) 

on(ai,a2] ] 

>-< >-< 

a 33 - a j 

A9(a.^) ) 

o t i + 11 - C X i _ , 

: A 9 ( a K P - l / ) ) 

A9(aj+K ) ) 

a i + 2 - a i i 

m-/m-/22< < 

V V 
aNE+ll  aN E - l 

onn [a„  otj+i]; i = 2,..., NE-1 (6.25) 

onn [aNE, «NE+I] 
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wheree A e( a
i + ^ ) = e( a

i + % )"  e ( a \+y2) 

== the highest nonzero derivative of X'K+ICO in Aai 

Thenn the knot placement equations become: 

h;; = 
 M -|l/2 r  M -|l/2 

2>2'<K+,>)JJ Aat- Z(s£5K+,))J Aai+l =0 (6.26) 
.m=II  J Lm=l J 

Thiss can be included in the N L P formulation of the DAOP (6.18), which becomes: 

minn 0 [d ,n[ i k ] ,Y [ i k ] ] 
<i,M{ik].Ttik ] ] 

s.. t. 

c[d,H[ik] ,y[ik] ]]  = 0 

g[d^[ik]'Y[ik]]^ ° ° 

iY [ i J ] ^7^ - F [ d ' ^ ] ^ [«c ] ]]  = ° i - l . - . N E k = l,...,K 
j=oo Aa ; 

Y[io ]]  = ^ o 

Y t i o j ^ E W j ^ 1 )) i = 2,- ,NE (NLP4) (6.27) 
j=0 0 

h i=00 i = l,...,NE-l 

ai + 1>a j+ee i=l,...,NE 

dL < d < du u 

c L<^ [ ik ] <c u u 

x L <Y [ i k ] <x u u 

Thiss type of dynamic optimization is illustrated with an example next. 

Examplee 6.4; The car  problem 

Considerr the problem of a car that has to move from point A to point B, 300 m further, in the 

shortestt time. It starts with zero speed and it also has to end with zero speed. Furthermore the 

maximumm acceleration is 1 m/s2 and the maximum break power is 2 m/s . 
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Thee problem can be formulated as: 

minn (tend) 

s.. t. 

dx/dtt = v x(to) = 0 

dv/dtt  = U X(tend) = 300 

Thee optimal solution will be maximum acceleration till a certain time and then maximum 

break.. The question is when to change? The mathematical proof is very complex, but the 

answerr is easily found when the problem is formulated as an NLP problem with optimal knot 

placement.. We have done that in MATLAB® . 

Thee problem contains two differential equations, the initial and final conditions for distance x 

andd speed v are fixed and there are constraints on the acceleration u. We expect one 

discontinuity,, so we need two elements. For both elements, the acceleration will be constant, 

thee speed linear and the distance quadratic, so two interior collocation points per element will 

bee enough. Figure 6.7 shows the result. At 20 s. the speed is 20 m/s, the driven way 200 m, 

stilll  100 m to go and with a break of 2 m/s2 the speed will be zero at 300 m, reached at 30 s. 

CARR problem 
3000 . , , , 

2000 -

00 L ^  i i i i i  \ > 
00 5 10 15 20 25 30 

11 . , , , , 

00 -

-11 -

-22 I i i i I  i 
00 5 10 15 20 25 30 t t 

Figuree 6.7; Car  problem with two elements and two collocation points 

Uminn

Umaxx ~ 1 
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Whenn we introduce a speed limit of 15 m/s, full acceleration is only possible for 15s., then 

thee second element will have no full break. Final time is 40 s. (Figure 6.8). 

CARR problem with s p e ed limit 

00 5 10 15 20 25 30 35 40 
t t 

Figuree 6.8; Car  problem with speed limit , two elements and two collocation points 

Withh three elements, one may have an intermediate part with full speed and zero acceleration, 

til ll  24 s. Final time will be 31.3 s. (Figure 6.9). 

CARR problem with s p e ed limi t 
300 0 

200 0 

100 0 

0 0 

15 5 

10 0 

> > 

5 5 

0 0 

1 1 

0 0 
3 3 

-1 1 

-2 2 
10 0 15 5 22 0 25 5 30 30 35 5 

Figuree 6.9; Car  problem with speed limit , three elements and two collocation points 



146 6 Chapterr 6 

6.55 Comparing the dynamic optimization methods 

Thee example with the car demonstrates that dynamic optimization problems can be easily 

solvedd if the dynamic model is included in the optimization problem formulation as a set of 

equalityy constraints, collocated on finite elements. Then the optimal solution of the dynamic 

profilee can be found directly without the use of integration programs. To compare this direct 

approachh with the two step iterative method, the Trambouze reaction from Example 6.1 is 

solvedd using this direct method. 

Thee objective is to maximize the overall fractional yield of component C over component A. 

Theree are five discrete feed charges, so the total operation time is divided into five reaction 

intervals.. Therefore, collocation of this problem should be done on five finite elements. 

Furthermore,, since the highest order in the dynamic model is two (component D is produced 

byy a reaction that is second order in reactant A), three collocation points per finite element 

aree required. Additionally, the continuity equations have to take the effect of the discrete 

chargess on the concentrations of the different components into account. 

Thee result of this optimization problem compares well to the result found using the two step 

approach.. However, there are major differences in the number of iterations and in simulation 

time. . 

Tablee 6.8; Problem characteristics of Trambouze reaction with 5 discrete charges 

Twoo step iterative method 
55 discrete charges 
55 reaction intervals 
11 Objective 
11 Constraint on Final volume 
Separatee Dynamic model 
Initialization n 

44 component balances 
11 volume balances 

Integration n 
44 component balances 

Re-initializationn after each discrete charge 

11 equality constraint 
100 optimization variables 

16922 function evaluations 
1422 gradient evaluations 
2011 s used for total problem 
1944 s used for dynamic model 

Directt  method with collocation 
55 discrete charges 
55 reaction intervals 
11 Objective 
11 Constraint on Final volume 
Collocatedd Dynamic model 
55 elements, 3 collocation points 

600 Residual equations (4x5x3) 
166 Continuity equations (4 x (5-1)) 
44 End condition equations (4x1) 
55 Volume balance equations (1x5) 

855 additional equality constraints 
855 additional variables 
866 equality constraints 
955 optimization variables 

4388 function evaluations 
1844 gradient evaluations 
1044 s used for total problem 

onn a Pentium II 400 MHz PC. 
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AA great advantage of the direct method is that an analytical gradient function can be derived 

fromfrom the optimization model. This is in contrast with the two step method, where the gradient 

functionn has to be developed numerically. This requires a lot of additional function 

evaluations,, including integration of the dynamic model. For this specific example, Table 6.8 

showss that with the two step method most function evaluations are used for updating the 

numericall  gradient (142 gradient evaluations x 10 optimization variables requires 1420 

functionn evaluations). Furthermore, most of the simulation time is used to solve the dynamic 

problem.. Therefore, although the optimization problem for the direct method contains many 

moree variables, the optimal solution is found faster than with the two step iterative method. 

Inn conclusion, when the dynamic optimization problem can be collocated on a restricted 

numberr of elements and collocation points, like the car and Trambouze problems, then the 

directt method is preferable. Whether this conclusion holds for large and complex problems to 

bee collocated on many finite elements as well, will be discussed in section 6.8. 

6.66 Mixed Integer  Programming 

AA mixed integer optimization problem can be formulated as: 

minn /(x,y) 
xx y 

s.t.. ' (MINLP1) (6.28) 
h(x,y)) = 0 
g(x,y)<0 0 
x e X c M " " 
yy e Y integer 

wheree x is a vector of n continuous variables and y is a vector of m integer variables, ƒ is the 

objectt function, h are the equality constraints and g are the inequality constraints. 

Oftenn one reduces the problem to 0-1 integer variables: y e Y = {0,1} . 

minn /(x,y) 
xx y 

s.tt ' (MINLP2) (6.29) 
h(x,y)) = 0 
g(x,y)<o o 
x e X c i R" " 
y e Y = { 0 , l } } 
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Thee simple minded approach of solving the (non)linear optimization problem for all 

combinationss of 0-1 variables is normally not an option, since the number of combinations 

increasess exponentially with the number of binary variables (2m). Another simple approach is 

relaxationn of the binary variables between 0 and 1. However, only special cases will yield an 

integerr optimum. Non-integer solutions can be rounded to nearest integer bounds, but this 

mayy give infeasible or sub-optimal solutions. So another approach is required. 

6.6.11 Branch and Bound 

Thee most widely used method to solve a mixed integer linear problem is the branch and 

boundd approach. The basic idea is to partition successively the integer space and solve 

relaxedd linear problems to determine whether subregions can be eliminated. First the binary 

variabless are relaxed between 0 and 1 and a linear problem is solved. This relaxed LP gives a 

lowerr bound to the MILP problem. Then, at subsequent iterations, more and more integer 

variabless are fixed on 0 or 1 and the remaining relaxed problem is solved. If this remaining 

problemm is infeasible, the sub-region can be eliminated. If the solution is feasible, the node 

cann be further exploited. A special case is formed when the remaining problem has an integer 

solution.. Then the solution forms an upper bound. 

Thee first question is which variable to partition at each node. One may use a fixed priority or 

selectt the binary variable that is closest to 0.5. A better branching rule is the cost penalty, 

introducedd by Driebeek (1966). If a relaxed binary variable is set on 0, the objective will 

increase.. This is called the down penalty. Setting the relaxed binary variable on 1 gives the up 

penalty.. Both penalties can be calculated with one dual simplex iteration. The smallest 

degradationn for this binary variable is the minimum of these two. The rule is now to partition 

thee variable for which the degradation is largest. 

Anotherr question is which node to enumerate next. When a variable is partitioned and the 

relaxedd LP is solved, then a new subproblem should be selected. One can go into depth first. 

Thee most recent node is expanded until the remaining problem becomes infeasible or an 

integerr solution is found. Then the path is backtracked. This method is simple, only littl e 

memoryy is needed and it is cheap to update the LP. When one goes into breadth first, all 

nodess are expanded at each level and the one with the lowest bound is selected. This method 

iss expected to examine fewer nodes, but it requires more memory and the optimal basis for 

thee relaxed LP must be recreated at each node. Therefore, most common in practice is a 

combinationn of both. Consider both branches at a node and proceed as depth first. 
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Examplee 6.5; MIL P problem 

Considerr the following minimization problem: 

minn z = x + yi + 2 y2 + 3 y3 

s.tt - x + 3y i+2y2 + y3<0 

- 5 y i - 8 y 2 - 3 y 3 < - 9 9 

xx £ 0 y i , y2, ys = 0,1 

Solvingg the relaxed LP gives: 

1.. z=5.8, x = 2.6, yi = 0.2, y 2= l , y3 = 0 

Itt is clear that yi should be partitioned first, since this is the only relaxed binary variable with 

aa non-integer solution. This results in: 

2.. z = 6, x = 2.33, y i = 0, y 2 = l , y3 = 0.33 

3.. z = 6.5, x = 4, y i = l , y2 = 0.5, y3 = 0 

Nodee 2 has the lower bound, so this should be enumerated next. On this node, y3 should be 

partitionedd further. 

4.. infeasible yi = 0, y3 = 0 

5.. z = 6.75, x = 2.5, yi = 0, y2 = 0.75, y3 = l 

Whenn yi and y3 are both fixed on 0, the remaining problem becomes infeasible. Since y2 is 

boundedd between 0 and 1, the second constraint cannot be reached. When y3 is fixed on 1, we 

gett a feasible solution. In case of depth first, we should proceed with this node, but now we 

wil ll  proceed with node 3, since this node provided the lowest bound. On mis node, y2 should 

bee partitioned further. 

6.. infeasible yi = 1, y2 = 0 

7.. z = 9, x = 5, y i - 1 , y2 = l , y3 = 0 

Nodee 6 is infeasible again and node 7 has an integer solution, providing an upper bound. Now 

nodee 5 is the only one that is left. Partitioning this node gives: 

8.. infeasible y i=0, y2 = l , y3 = 0 

9.. z = 8, x = 3, yi = 0, y2 = l , y 3 = l 

Nodee 8 is infeasible but node 9 is feasible and in this case also the optimal solution since it is 

ann integer solution and the objective is lower than the upper bound provided by node 7. 
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6.6.22 Mixed Integer  Nonlinear  Programming 

Thee majority of optimization problems in chemical engineering will contain equations that 

aree nonlinear in their continuous variables. The branch and bound method can also be used to 

solvee these problems. If the relaxed problem gives an integer solution, only one NLP has to 

bee solved but in general large numbers of NLP's may have to be solved. Because this is 

expensivee in terms of computation time, there are algorithms developed that subsequently 

solvee an NLP subproblem with fixed binary variables that provides an upper bound and an 

MIL PP master problem that gives a lower bound. One of these methods is the outer 

approximationn method (Duran and Grossmann, 1986). The nonlinear equations in the MINLP 

problemm are simply expanded in a Taylor series, neglecting second and higher order terms. 

Thiss works fine for convex problems, but with non-convexities, the master problem can cut 

offf  the global optimum. Therefore Viswanathan and Grossmann (1990) introduced slack 

variabless to allow for violations in linearizations. A weighted sum of the slacks is added to 

thee objective as a penalty function. This method has been tested with many problems and 

threee to five major iterations are normally enough to find the optimal solution of the MINLP 

problem. . 

6.77 Optimal design of flowsheet structures and control systems 

Thee ultimate goal of this work is to develop an approach for the simultaneous design and 

optimizationn of flowsheet structures, while taking dynamic behavior and controllability 

featuress into account. To deal with dynamic variables in an optimization problem, the method 

off  orthogonal collocation on finite elements can be used, while superstructures of flowsheets 

andd control systems can be constructed by using binary variables. In fact, this means that the 

directt optimization method described before will be combined with a technique to deal with 

thee discrete character of the optimization problem. Thus, one obtains a mixed-integer 

nonlinearr programming model of considerable size, which can be solved using the outer 

approximationn method with the branch and bound algorithm for the MILP master problems 

andd an SQP type solver for the NLP subproblems. A combination of these solvers is available 

inn the programming environment GAMS, which will be used henceforth to solve dynamic 

optimizationn problems of flowsheet structures and control systems. 

Unfortunately,, GAMS does not contain a library with unit operation models, neither an 

automaticc collocation method. Hence, dynamic models for unit operations, collocated on 

finitee elements, should be developed first, before a flowsheet superstructure can be built. 
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Sincee the overall convergence behavior is very sensitive to the quality of these models, it is 

relevantt to address some aspects of "good modeling" first. Then, also quite unexpectedly, 

speciall  attention has to be paid to the vapor-liquid equilibrium model. The usual equilibrium 

modell  is only valid in the two-phase region, which might cause problems when used in 

dynamicc models for optimization. This particular integer-like problem requires a 

modificationn of the common two-phase equilibrium model to be implemented in the model 

describingg the dynamics of a flash drum with controllers. Using GAMS these steps have to be 

takenn first, before the overall optimization model can be constructed and run. The following 

descriptionn contains all the relevant steps. 

6.7.11 Good modeling 

Solvingg optimization problems can be very difficult. Writing a "good" model can help the 

solver.. Some tips for "good" modeling: 

 Simple expression 

>> Avoid nonlinear functions of expressions, divisions by expressions and products of 

expressions s 

>> Define intermediate variables that are equal to the expressions. The model becomes 

larger,, but the complexity is reduced, especially when the intermediate expressions 

aree linear. 

>> Make equalities of binding constraints 

 Initial values 

>> Select reasonable values for some variables that are important 

>> Use the equations to derive values for the other variables 

 Bounds 

>> Model bounds, representing constraints on the reality; e.g. a variable must be positive 

>> Algorithmic bounds, preventing the algorithm to move away from any optimal 

solutionn and into regions with singularities in the nonlinear functions or unreasonable 

largee function or derivative values. 

>> Use variable bounds instead of simple inequalities 

>> Bounds can slow the solution process down 
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 Scaling 

>> Basic variables have expected solutions around 1, e.g. between 0.01 and 100 

>>  Non basic variables are at a bound, not larger than say 100 

>> Dual variables of active constraints are expected to be around 1, from 0.01, to 100 

>> Dual variables of non-binding constraints are of course zero 

>> Derivatives (or Jacobian elements) are expected to be around 1, between .01 and 100 

>> Scaling starts with the choice of the units of measurement; e.g. pressure in bar 

>> Next step is to use scaling factors for variables; e.g. 300 for the temperature in Kelvin 

>> Scale also equations if needed 

6.7.22 Vapor-liqui d equilibriu m model 

Thee mostly used technique for separation in large chemical plants is distillation, which is 

basedd on the equilibrium between components in the vapor and the liquid. To construct a 

modell  describing this piece of equipment the first step is to develop a vapor-liquid 

equilibriumm model that can be used in these models. 

AA vapor-liquid equilibrium is generally described by: 

y ^ K ^ P / T ^ ^ 
NCC (6.30) 
E(yi-Xi )) = 0 
i = l l 

wheree Xj is the liquid mole fraction and yx the vapor mole fraction of component i, Ki(P,T) the 

equilibriumm constant of component i as function of pressure and temperature and NC the total 

numberr of components. 

Raoult'ss Law gives a simple expression for the equilibrium constant: 

K.(P,T)) = ME) (6.31) 

Thee partial pressure pi as function of T can be calculated with the Antoine equation: 

pi(T)) = A i + - J ? i- (6.32) 

'' Cj+T 

A,BB and C are component specific constants. 
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Thiss simple, but already nonlinear model can be used to describe the vapor-liquid equilibrium 

inn a two-phase system. However, problems will occur if just one phase exists, either vapor or 

liquid.. The equilibrium may still be calculated, but the component mole fractions of the non-

existingg phase do not sum up to one anymore and therefore the sum-equation becomes 

infeasible.. Hence, a special provision has to be made to render this equation feasible in the 

casee of one-phase situations. 

Inn our technique to deal with this problem, first the bubble and dew point temperatures of the 

mixturee have to be calculated. The bubble point temperature is the temperature where, at the 

givenn pressure, the mixture is at the liquid bound. Above this temperature only vapor exists. 

Thee dew point temperature indicates the vapor bound, below which only liquid exists. 

Betweenn these temperatures the system is in two-phase equilibrium and the sum equation is 

valid.. Outside these bounds, the sum equation should be reduced to a summation of the 

componentt mole fractions of the existing phase only, which should be equal to 1. This results 

intoo the sum equation: 

fZ(yi)-l]-phasevv = f l (x , ) - l j .phasel (6.33) 

wheree phasev and phasel indicate whether the vapor respectively the liquid phase either (1) or 

nott (0) exists. If both phases exist, this equation reduced to the original equation. If only one 

phasee exists, the sum of the mole fractions should be equal to 1. 

Whatt remains is an expression for phasev and phasel. This can be related to the temperature. 

Iff  the temperature is above the bubble point temperature, phasev is 1, otherwise phasev is 0. 

Iff  the temperature is below the dew point temperature, phasel is 1, otherwise phasel is 0. 

Unfortunately,, simple 'if then else' statements cannot be implemented in a collocation model. 

Therefore,, we use an arctan function to switch from 0 to 1. The following expressions are 

used: : 

phasevv = arctan((T - Tbub)c)/ pi + 0.5 (6.34) 

phasell  = arctan((Tdew - T)c)/ pi + 0.5 (6.35) 

Forr large constants C the arctan function switches from -pi to pi within a small temperature 

intervall  around the bubble respectively dew point temperature. These continuous functions 

cann therefore be used to calculate the existence or non-existence of the vapor and liquid 

phases.. This is illustrated by the following example. 
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Examplee 6.6; Vapor-liqui d equilibriu m of a benzene-toluene mixtur e 

Too demonstrate the vapor-liquid equilibrium model, consider the vapor-liquid equilibrium of 

aa 50/50 mole-% Benzene/Toluene mixture at 1 bar to move through a rising temperature 

profile,, starting in the liquid phase and passing the two-phase region to the vapor phase. The 

resultss are given in Table 6.9 and Figure 6.10. 

Tablee 6.9; Vapor-liqui d equilibriu m of a benzene-toluene mixtur e 

Bubblee temperature 364.8 K Y Benzene 0.71 
Deww temperature 371.5 K X Benzene 0.29 

c c 
o o 

u u 

Temperatur ee (K) 

.. X benzene - • _ Y benzene _*— Liquid fraction 

Figuree 6.10; Vapor-liqui d equilibriu m of a benzene-toluene mixtur e at 1 bar. 

AtAt temperatures below the bubble point there is only liquid and above the dew point there is 

onlyonly vapor. At temperatures between the bubble and dew point, the material is distributed 

overover two phases being in equilibrium. 

Thiss example shows that the modified vapor-liquid equilibrium model applies to situations 

wheree vapor and liquid are in equilibrium, but also to one-phase systems, either liquid or 

vapor.. The accuracy of the phase transition modeling lies within a temperature range of 

0.11 K, which is practically sufficient for most problems. To increase the accuracy and reduce 

thiss range, the constant used in the model is only to be increased. We have implemented this 

vapor-liquidd equilibrium model in a dynamic unit operation model. 
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6.7.33 Dynamic optimization problems 

Inn addition to the vapor-liquid equilibrium model, a dynamic unit operation model contains 

materiall  balances for each component, a total energy balance, enthalpy relations and 

additionall  models for vapor and liquid volumes. All of these equations have to be discretized, 

forr which the technique of collocation on finite elements can be used. Subsequently, the 

modell  can be used in an optimization problem, after formulating an object function and 

additionn of constraints. 

Now,, a number of dynamic optimization sub-problems around the model of a boiler will be 

considered.. The first example concerns an open vessel containing a liquid mixture that is 

heated.. There is no feed and the vapor produced will leave the system immediately, so a 

vaporr holdup does not exist. The model contains the modified vapor-liquid equilibrium 

relations,, material and energy balances and Rackett liquid volume relations to be able to 

calculatee the liquid height in the vessel. Collocation is on finite elements and the solution 

proceduree runs with fixed settings first. Subsequently, a number of optimization exercises 

wil ll  be explored using this system. The Conopt2 routine of GAMS is used to solve the 

optimizationn problems. 

Examplee 6.7; Dynamic simulation of a liquid Boiler 

Considerr an open vessel containing 1 m3 of a 50/50 mole-% Benzene/Toluene liquid mixture 

att 1 bar and a temperature that lies 5 K below the bubble point. The mixture is heated with a 

constantt duty of 0.1 GJ/h. 

Thee model is discretized on four elements and two collocation points per element. The first 

knott is initially placed such that the temperature is on the bubble point. The last knot is 

placedd such that the vessel is empty and the other two are placed in between so that the same 

amountt of material is vaporized during each of the latter three intervals. Each element is 

initializedd separately. The last element cannot be initialized if the knot is placed exactly on 

thee empty vessel. For this reason a small amount of material at the end is allowed during the 

initializationn of this element. During solution of the model, the amount of material in the 

vessell  on the last knot is minimized. 

Thee boiler model contains 639 equations/variables, the Jacobian contains 1792 non-zero 

elements,, of which 756 are nonlinear. The problem is solved in 18 iterations, taking a few 

secondss on a Pentium 133 MHz PC. This is so mainly since the initialization is close to the 

optimall  solution. Without initialization the solver will not find a feasible solution at all. 



156 6 Chapterr 6 

Sincee control variables might be discontinuous at the knot points, they are not solved on the 

boundss of an element. Instead, their values at these points are extrapolated from the values at 

thee intermediate collocation points, according to the Lagrange function. However, even if no 

discontinuitiess occur, the value of a control variable at the end of an element may slightly 

differr from its value at the beginning of the next element. This is due to the inaccuracy of the 

collocationn method, but the differences can be minimized by optimal knot placement. The 

resultss of this example, described below, show that these differences are small compared to 

thee absolute values and are therefore within acceptable limits. 

Tablee 6.10; Time intervals (h) 

Alpha(Il) ) 
Alpha(I2) ) 
Alpha(I3) ) 
Alpha(I4) ) 

Total l 

Initial l 
0.078 8 
1.022 2 
1.037 7 
0.504 4 
2.641 1 

Final l 
0.078 8 
1.682 2 
0.905 5 
0.515 5 
3.180 0 

.. F Total 

.. F Benzene 

.. F Toluene 

Figuree 6.11; Holdup profiles 

TheThe markers are placed on the collocation points. 

Thee first knot is kept on its initial value. The temperature in the first time interval is below 

thee bubble point, so no vapor is produced and the holdup profiles are constant. At the first 

knott the temperature of the liquid is equal to the bubble point temperature. In the next 

intervalss vapor is produced to keep the pressure constant. The time intervals are slightly 

changed,, such that all material is vaporized at the last knot. Since Benzene is more volatile 
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thann Toluene, its vapor fraction at the first knot is higher and its holdup initially decreases 

faster.. For this reason the fraction of toluene in the vessel increases and both bubble and dew 

pointt temperatures rise. Because the vapor holdup is neglected, the temperature wil l be equal 

too the bubble point temperature. The Toluene fraction in the vapor also increases. The 

enthalpyy of vaporization increases accordingly and the vapor production decreases, but only 

slightly.. At the last knot, almost pure Toluene is removed. Bubble and dew point become 

nearlyy equal and close to the boiling point of Toluene at 1 bar (383.78K). 

Figur ee 6.12; Vapor  and Liqui d mole fractions 

Tablee 6.11; Temperatures and vapor  production 

I1J0 0 
I1J1 1 
I1J2 2 
I1JE E 
I2J0 0 
I2J1 1 
I2J2 2 
I2JE E 
I3J0 0 
I3J1 1 
I3J2 2 
I3JE E 
I4J0 0 
144 J1 
I4J2 2 
I4JE E 

T T 
K K 

359.84 4 
360.89 9 
363.78 8 
364.84 4 
364.55 5 
365.63 3 
368.57 7 
369.64 4 
369.97 7 
371.34 4 
375.09 9 
376.45 5 
377.09 9 
378.41 1 
382.01 1 
383.33 3 

Tbub b 
K K 

364.83 3 
364.83 3 
364.83 3 
364.83 3 
364.55 5 
365.63 3 
368.57 7 
369.64 4 
369.97 7 
371.34 4 
375.09 9 
376.45 5 
377.09 9 
378.41 1 
382.01 1 
383.33 3 

Tdew w 
K K 

371.46 6 
371.46 6 
371.46 6 
371.46 6 
371.29 9 
372.21 1 
374.74 4 
375.66 6 
375.92 2 
376.79 9 
379.17 7 
380.04 4 
380.36 6 
380.99 9 
382.71 1 
383.34 4 

Vaporr out 
kmol/hr r 

0.00 0 
0.00 0 
0.00 0 
0.00 0 
3.10 0 
3.09 9 
3.05 5 
3.04 4 
3.03 3 
3.02 2 
2.99 9 
2.98 8 
2.98 8 
2.97 7 
2.97 7 
2.96 6 
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Examplee 6.8; Boiler  with constraints on vapor purit y 

Now,, two additional constraints are added to the boiler model from me previous example. 

Duringg the second interval, the Benzene fraction of the vapor should be at least 

0.66 kmol/kmol and during the fourth interval the Toluene fraction of the vapor should be at 

leastt 0.7 kmol/kmol. The amount of vapor being produced during these two elements is 

maximized. . 

Inn the optimal solution, the second knot is placed in such a way that the benzene fraction in 

thee vapor is exactly 0.6 kmol/kmol and at the third knot the Toluene fraction in the vapor is 

exactlyy 0.7 kmol/kmol. During the first interval, no vapor is produced and at the last knot the 

vessell  is empty, so the vapor production in the second and fourth intervals are maximal with 

respectt to the two constraints on the component fractions. 

Tablee 6.12; Time intervals (h) Table 6.13; Vapor  produced (kmol) 

Alpha(Il) ) 
Alpha(I2) ) 
Alpha(I3) ) 
Alpha(I4) ) 

Total l 

0.078 8 
1.393 3 
1.182 2 
0.527 7 
3.180 0 

Total l 
elementt 2 
Benzene e 
Toluene e 
Elementt 4 
Benzene e 
Toluene e 

5.85 5 
4.28 8 
2.83 3 
1.45 5 
1.57 7 
0.23 3 
1.34 4 

Examplee 6.9; Boiler  with vapor  collection 

Now,, it is assumed that the vapor produced during the second interval is collected in a vessel 

andd that produced during the fourth interval in another vessel. Constraints are put on the 

fractionn of Benzene in the first vessel (min. 0.7 kmol/kmol) and the fraction of Toluene in the 

otherr vessel (min. 0.9 kmol/kmol). The total amount of material in the two vessels is 

maximized. . 

Inn the optimal solution the second knot is placed in such a way that the benzene fraction in 

thee vessel is exactly 0.7 kmol/kmol and the third knot is placed such that the Toluene fraction 

inn the other vessel becomes exactly 0.9 kmol/kmol, while all material is vaporized at the last 

knot.. Thus, the vapor production in the second and fourth interval becomes maximal with 

respectt to the two constraints on the component fractions. 
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Tablee 6.14; Time intervals (h) Table 6.15; Vapor  produced (kmol) 

Alpha(Il) ) 
Alpha(I2) ) 
Alpha(I3) ) 
Alpha(I4) ) 

Total l 

0.078 8 
0.423 3 
2.204 4 
0.475 5 
3.180 0 

Total l 
Vessell  1 
Benzene e 
Toluene e 
Xbenzcnc c 

Vessell  2 
Benzene e 
Toluene e 
XX toluene 

2.68 8 
1.30 0 
0.91 1 
0.39 9 
0.7 7 

1.38 8 
0.14 4 
1.24 4 
0.9 9 

6.7.44 Dynamic system with control 

Thee examples concerning the boiler system show that the vapor-liquid equilibrium model can 

bee incorporated in a dynamic model where material and energy balances are collocated on 

finitee elements. The transition from one (liquid) phase stage to a two-phase stage, during 

whichh vapor is generated, is positioned at one knot. The other knots are placed such that the 

objectivee function is maximal (or minimal) with respect to the constraints. . 

AA next step towards the simultaneous optimization of flowsheet and control structures is the 

introductionn of a continuous dynamic flash model with controllers on temperature, pressure 

andd liquid level. This in fact is already a simple flowsheet, although the structure still is fixed. 

Thee flash model is quite similar to the boiler model with as a major difference that the vapor 

holdupp is taken into account now. There is a continuous feed and vapor and liquid in 

equilibriumm will leave the system separately. 

Thee controller model contains an error equation, which is a collocated differential equation to 

calculatee the integral error, and a relation to determine the action. An additional equation is 

addedd to keep the action between a minimum and a maximum value. This relation again 

employss the arctan function: 

Outt = Min + (Action - Min) * ( arctan((Action - Min)*C)/pi + 0.5 ) -

(Actionn - Max) * (arctan((Action - Min)*C)/pi + 0.5 ) 

Boundingg the controller output might be useful, especially when flowrates are manipulated. 

Theyy cannot assume negative values, but Action might be negative and using this relation the 

outputt can be bounded on zero in this situation. 
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Examplee 6.10; Dynamic flash with control 

AA 50/50 mole-% Benzene/Toluene liquid mixture at 2 bar and 350 K is feed to a flash, 

operatingg at 1 bar and 367 K. The liquid level is controlled with the liquid outlet, the pressure 

withh the vapor outlet and the temperature with the duty. To change the product quality, the 

temperaturee setpoint is changed to 370 K. The objective of this optimization problem is fast 

setpointt tracking, while keeping the pressure to its original setpoint. Therefore, the sum of the 

integrall  square errors of the pressure and temperature controllers is minimized by modifying 

controllerr gain and integral time. The level controller is not taken into account since it has 

anotherr objective, namely keeping the level within bounds instead of on setpoint. 

Tablee 6.16; Steady state operating points 

Initiall  steady 
Temperature e 
Pressure e 
Pressuree drop 
Duty y 
Vapor/Feed d 

Benzene e 
Toluene e 

Stream m 
F(kmol/h) ) 

Benzene e 
Toluene e 

ZZ Benzene 
Toluene e 

LIQ Q 
T(C) ) 
P(bar) ) 
HH (MJ/kmol) 

state e 
367.00 C 
1.000 bar 
1.000 bar 
0.133 GJ/h 
0.33 3 
0.43 3 
0.23 3 

IN N 
10.00 0 
5.00 0 
5.00 0 
0.50 0 
0.50 0 
1.00 0 

350.0 0 
2.00 0 

31.16 6 

VAP P 
3.29 9 
2.13 3 
1.16 6 
0.65 5 
0.35 5 
0.00 0 

367.0 0 
1.00 0 

71.39 9 

LIQ Q 
6.71 1 
2.87 7 
3.84 4 
0.43 3 
0.57 7 
1.00 0 

367.0 0 
1.00 0 

30.99 9 

Finall  steady state 
Temperature e 
Pressure e 
Pressuree drop 
Duty y 
Vapor/Feed d 

Benzene e 
Toluene e 

Stream m 
F(kmol/h) ) 

Benzene e 
Toluene e 

ZZ Benzene 
Toluene e 

LIQ Q 
T(C) ) 
P(bar) ) 
HH (MJ/kmol) 

370.00 C 
1.000 bar 
1.000 bar 
0.288 GJ/h 
0.77 7 
0.84 4 
0.69 9 

IN N 
10.00 0 
5.00 0 
5.00 0 
0.50 0 
0.50 0 
1.00 0 

350.0 0 
2.00 0 

31.16 6 

VAP P 
7.66 6 
4.22 2 
3.44 4 
0.55 5 
0.45 5 
0.00 0 

370.0 0 
1.00 0 

68.19 9 

LIQ Q 
2.34 4 
0.78 8 
1.56 6 
0.33 3 
0.66 6 
1.00 0 

370.0 0 
1.00 0 

27.71 1 

Beforee the dynamic optimization problem can be solved, a number of initialization 

calculationss have to be done. First the two steady state operating points are calculated with a 

steadyy state flash model. At given feed stream and operating pressure and temperature the 

steadyy state flash model is completely fixed (71 fixed equations / free variables). Some pre-

calculationss for the vapor-liquid equilibrium and enthalpy relations are performed and then 

thee model can be solved quite easily. The results are given in Table 6.16. 

Next,, a dynamic problem is formulated where the flash is operated at the first steady state. 

Thee model is discretized on an arbitrary number of 100 elements of 0.04 hours with 3 internal 

collocationn points each. This time it contains over 40000 equations/variables. By assigning 
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valuess to the controller settings, this system is completely fixed. It can be initialized with the 

resultss of the first steady state calculation and solved. Since the problem is initialized now at 

thee solution, it is solved in one iteration. 

Noww the setpoint of the temperature is modified and the problem can be solved again, still 

withh fixed controller settings. Unfortunately, the solver will not find a solution in this case. 

Thee first steady state is not a good initial guess of the solution to this dynamic problem. So, 

wee have to develop the dynamic profile over the time domain. 

Startingg with the first element, it can be initialized at the initial steady state if the element 

lengthh is close to zero, hence for a short time interval. Then the length of this element can be 

maximized,, taking into account the error bound constraints on the collocated differential 

equations.. The continuity equations can be used to initialize the next element and the 

completee time profile can be developed. 

Applyingg this initialization method to the flash problem yields an initially feasible solution 

withinn a few minutes. Furthermore, it turned out that the final time of four hours is reached in 

elementt 35. The other elements are initialized on zero but they can as well be discarded from 

thee model. Hence, this initialization method also determines the minimum number of 

elementss required for collocation of the dynamic model. In this case, instead of selecting an 

arbitraryy number of 100 elements, a minimum number of 35 elements can be used. This has 

reducedd the size of the problem from 40000 to 15000 equations / variables. 

Startingg at the feasible solution allows the problem to be optimized. The objective is to 

minimizee the sum of the integral square errors of the temperature and pressure controllers by 

modifyingg the controller gains and integral times. The system is modeled for a period of four 

hourss total,, hence sufficient time is available to reach the new steady state. 

Afterr 366 iterations, taking about 90 minutes on a Pentium 133 MHz computer, an optimal 

solutionn is found. Unfortunately, this solution is just a local optimum, restricted by the 

collocationn scheme. After re-arranging the knots, the objective function can be further 

reduced.. It sometimes occurs that the optimizer also stops at an infeasible solution. Then re-

initializationn using the most recent controller setting usually helps continuation. Repeating 

thiss procedure several times finally yields a solution that is no longer improvable, although 

thiss still might not be the global optimum. Starting from a completely different set of initial 

valuess probably leads to another local optimum. However, analyzing the area around the 

optimumm by fixing the pressure controller settings and varying the temperature controller gain 

andd integral time shows that there is a large area where the value of the objective is low 

(Figuree 6.13). Zooming in at this area a real minimum is found. 
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50000 1 o 

Figuree 6.13; Optimization area in dynamic flash problem 

Tablee 6.17; Optimal controller  setting for  the Dynamic flash problem 

Initiall  settings 
Levell  Controller 
(Liquidd flow out) 
Setpoint t 
Bias s 
Gain n 
Tau u 
Min n 
Max x 
ISE E 

0.50 0 
6.71 1 

-25.00 0 
0.75 5 
0.00 0 

20.00 0 
6.36 6 

Pressuree Controller 
(Vaporr flow 
Setpoint t 
Bias s 
Gain n 
Tau u 
Min n 
Max x 
ISE E 

out) ) 
1.00 0 
3.29 9 

-50.00 0 
0.01 1 
0.00 0 

20.00 0 
0.11 1 

Temperature e 
(Duty) ) 
Setpoint t 
Bias s 
Gain n 
Tau u 
Min n 
Max x 
ISE E 

Controller r 

370.00 0 
0.13 3 
0.025 5 
0.10 0 
0.00 0 
0.50 0 

162.45 5 
Summ of integral square errors: 168.9 

Optimall  settings 
Levell  Controller 
(Liquidd flow out) 

Pressuree Controller 
(Vaporr flow out) 

Temperaturee Controller 
(Duty) ) 

Setpoint t 
Bias s 
Gain n 
Tau u 
Min n 
Max x 
ISE E 

0.50 0 
6.71 1 

-25.00 0 
0.75 5 
0.00 0 

20.00 0 
5.87 7 

Setpoint t 
Bias s 
Gain n 
Tau u 
Min n 
Max x 
ISE E 

1.00 0 
3.29 9 

-150.00 0 
0.35 5 
0.00 0 

20.00 0 
4.51 1 

Setpoint t 
Bias s 
Gain n 
Tau u 
Min n 
Max x 
ISE E 

370.00 0 
0.13 3 
2.60 0 
1.10 0 
0.00 0 
0.50 0 
3.48 8 

Summ of integral square errors: 13.87 
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Figuree 6.14; Level profil e in dynamic flash problem 
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Figuree 6.15; Pressure profil e in dynamic flash problem 

Figuree 6.16; Temperature profil e in dynamic flash problem 
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Forr this example, it is shown that the optimal settings are a major improvement as compared 

too the initial settings. The sum of the integral errors is reduced from 170 to 14. Figure 6.14 to 

Figuree 6.16 show the dynamic profiles of the controlled variables. The markers in the 

followingg plots are placed on the collocation points. It is clear that the new steady state is also 

reachedd much faster. The temperature rises almost instantaneously to its new setpoint, while 

thee pressure has only a slightly higher offset. 

6.88 Revisiting the comparison between the dynamic optimization methods 

Thee comparison between the two step and the direct method as applied to the Trambouze 

reactionn problem (section 6.5) demonstrated that the latter one is preferable. In this direct 

method,, the dynamic model is discretized and added to the optimization problem as equality 

constraints,, which enlarges the problem size. However, since the gradient function can be 

developedd analytically, the optimum is found much faster than with the two step method. In 

thiss two step method, the dynamic model is solved separately and the gradient function can 

onlyy be developed numerically, requiring many additional function evaluations. So, if a 

dynamicc optimization problem contains many optimization variables while the dynamic 

modell  can be collocated on a reduced number of finite elements, the direct method is 

preferable. . 

Withh these results in mind it was decided to use the discretization method of orthogonal 

collocationn on finite elements in the approach for optimization of flowsheet structures and 

controll  systems. The first examples with this method, concerning a boiler, collocated on four 

finitee elements, indeed turned out to be easily solvable. However, many difficulties arose 

withh the dynamic flash problem. Collocation of this model required an extremely large 

numberr of finite elements, resulting in a very large optimization problem. On the other hand, 

inn fact only four real optimization variables are present: the gains and integral times of the 

pressuree and temperature controller. Therefore, before continuing with the introduction of 

integerr variables, it seems relevant to re-compare the dynamic optimization methods, this 

timee for the flash drum problem with controllers. 

Tablee 6.18 shows the characteristics of both methods for the dynamic flash problem. While 

thee direct method requires many elements to collocate the dynamic model, in the two step 

method,, the integration routine simply takes many small steps. This requires a large number 

off  dynamic model evaluations which is time consuming indeed, but it does not enlarge the 

sizee of the optimization problem. There are only four optimization variables. Each numerical 
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updatee of the gradient function therefore only requires four function evaluations. On the 

wholee a moderate number of iterations is needed to find the optimum controller settings using 

thee two step method. 

Inn conclusion, dynamic optimization problems with complex dynamic models and only few 

freee optimization variables are preferably solved using the two step iterative method, since it 

takess advantage of the small size of the optimization problem in combination with the fast 

integrationn routine. If on the contrary the number of optimization variables is large and the 

dynamicc model can be collocated on a reduced number of finite elements, it may be more 

appropriatee to use the direct method. Adding the collocated dynamic model as equality 

constrainss enlarges the size of the optimization problem. However, the gradient function can 

bee developed analytically, which considerably reduces the number of function evaluations. 

Forr this reason, this alternative might be faster than the two step method. 

Tablee 6.18; Problem characteristics of dynamic flash with control 

Twoo step iterative method 
11 Objective 
Separatee Dynamic model 

99 differential equations 
677 algebraic equations 

Noo constraint 
44 optimization variables 

3733 function evaluations 
422 gradient evaluations 

7019522 dynamic model evaluations 
90988 s used for total problem 

Directt  method with collocation 
11 Objective 
Collocatedd Dynamic model 
355 elements 
33 collocation points 
89166 equality equations 
6300 inequality equations 
89200 optimization variables 
192844 iterations 

355 re-arrangements of elements 
33 re-initializations 

593011 s used for total problem** 
MATLA BB 5 on a Pentium II400 MHz PC GAMS 2.50 on a Pentium 133 MHz PC 

6.99 Conclusions 

Thee simultaneous design and optimization of complex flowsheets, taking dynamic behavior 

andd controllability features into account, requires the solution of a dynamic optimization 

problem.. In this chapter two different techniques have been developed to solve this type of 

problems.. In the first approach, a dynamic model is solved by standard integration at each 

iterationn of the optimization routine, placed in an outer loop. The optimization problem in 

itselff  contains the object function and additional constraint to ensure a controllable plant 

design.. This two step approach has the advantage that the optimization problem is small, 
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whilee fast integration routines can be used to solve the dynamic model. However, a 

disadvantagee is that the gradient function of the optimization problem can only be developed 

numerically.. This requires many additional function evaluations, including the integration of 

thee dynamic model. Therefore, in some cases it might be better to add the dynamic model 

directlyy to the optimization problem as additional constraints. This requires the discretization 

off  the model equations for which the method of orthogonal collocation on finite elements can 

bee used. A disadvantage of this method is that the size of the optimization problem is 

enlargedd considerably. However, since the gradient function can be developed analytically, 

thee number of function evaluations is reduced and therefore the optimal solution might be 

foundd more efficiently. 

Applyingg both methods on several examples clearly showed that this direct method is indeed 

moree appropriate for problems with many optimization variables, while the dynamic model 

cann be collocated on a reduced number of finite elements. Optimizing the operation of a 

Trambouzee reaction system in a batch reactor with the total feed divided over several discrete 

chargess by the two step method requires many function evaluations to update the gradient 

function.. Using the direct method to solve this problem, collocated on a few elements, less 

iterationss are needed and the optimal solution is found much faster. On the other hand, 

collocationn of the flash model with its complex dynamic behavior requires many finite 

elements,, resulting in a very large optimization problem. The solver stopped at intermediate 

infeasiblee or non-optimal solutions and a lot of restarts were required before the optimal 

controllerr settings were found. In this case, the two step method is the better alternative. The 

integrationn routine simply takes many small steps to solve the complex dynamic model. The 

solutionn might still be infeasible with respect to the optimization problem constraints for 

controllability,, but since the optimization problem is much smaller, the optimization routine 

iss better able to find a feasible solution and finally an optimal one. 

InIn conclusion, a method for the simultaneous design and optimization of complex flowsheet 

structuress that takes dynamic behavior and controllability features into account can be based 

onn a two step iterative or a direct method. When the dynamic model can be collocated on a 

reducedd number of finite elements, it is more beforehand to try the direct method. For 

systemss with a complex dynamic behavior it is better to use the two step method. What has 

nott yet been investigated in this chapter is the effect of using integer variables in flowsheet 

superstructuress on the performance of both methods. That is a subject for further research. 


