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 A B S T R A C T

We propose the continuous updating estimator (CUE) for estimating ex-post risk premia 
from large cross-sections of individual asset returns over limited time periods. We analyze 
its properties while also allowing for an unknown number of unobserved factors. The CUE 
then provides an estimator of its, so-called, pseudo-true value, 𝑖.𝑒., the risk premia on the 
observed factors without assuming that they comprise all priced factors. We develop size-correct 
procedures for testing hypotheses on the estimand of the CUE, which are more precise than 
existing ones. The proposed methodology is used to examine risk factors widely analyzed using 
a small number of portfolios. Our findings are that market, size, and momentum factors carry 
largely positive risk premia, while many other factors much less so. Different factors therefore 
stand out in the cross-section of individual assets.

1. Introduction

A large number of assets, such as the thousands of stocks traded in U.S. markets, provide an enormous amount of data for testing 
finance theories. Over the past decades, it has therefore become ubiquitous to use such rich data. The asset pricing literature, in 
particular, uses the asset returns in the two-pass regression of Fama and MacBeth (FM) (1973) to infer premia on risk factors, which 
has led to hundreds of factors that appear able to explain the cross-section of asset returns; see, e.g., Harvey et al. (2016). The 
validity of these risk factors is, however, typically established by using a limited set of portfolio returns.

We focus on developing inference methods for the (ex-post) risk premia from the cross-section of individual assets, so we utilize 
a large number of assets over short time windows (𝑖.𝑒.,  short panels). First, we propose the continuous updating estimator (CUE) 
from Hansen et al. (1996) for the ex-post risk premia, which Shanken (1992) shows are the object of interest, instead of the 
population risk premia, when the number of time periods is limited for analyzing the cross-section of individual asset returns. 
The CUE has a closed form expression and under the assumption of correct specification, it is a consistent estimator of the ex-post 
risk premia. Current estimators for the ex-post risk premia result either from bias correction (see, e.g., Shanken, 1992, Bai and Zhou, 
2015, Kim and Skoulakis, 2018 and, Raponi et al., 2020) or instrumental variables (see, e.g., Jegadeesh et al. (2019)), while we show 
that the CUE is an appealing alternative. Since we mostly do not observe all relevant risk factors, we also establish the properties 
of the CUE for misspecified beta pricing by allowing for an unknown number of potentially priced unobserved risk factors. The 
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CUE then provides an estimator of its, so-called, pseudo-true value which shows the risk premia on the observed factors without 
assuming that they comprise all risk factors.

Second, we develop inference procedures based on the CUE for testing hypotheses on the ex-post risk premia. Compared to the 
commonly used 𝑡-test, these procedures lead to more precise inference and apply under more general conditions. They are more 
precise since, for example, for one of them, the likelihood ratio (LR) test, we can build on existing work from Andrews et al. (2006) 
and Andrews and Stock (2007) for the linear instrumental variables regression model, to show that it is optimal under beta pricing. 
They apply more generally since the proposed Lagrange multiplier (LM) test is size-correct for hypotheses on the pseudo-true value 
under misspecified beta pricing regardless of the quality of the risk factors. The LM test is a so-called identification-robust test, so 
it is size-correct even when factors are potentially spurious and lead to small betas or betas with limited variation, for which it is 
known that the conventional 𝑡-test is unreliable for inferring risk premia; see, e.g., Kan and Zhang (1999), Kleibergen (2009).

We use our novel methodology to analyze the cross-section of individual asset returns. Specifically, we use the universe of 
stocks from the Center for Research in Security Prices (CRSP) for the asset returns, and consider the risk factors included in the 
classic capital asset pricing model (CAPM), the consumption capital asset pricing model (CCAPM), and the Fama and French (2018) 
six-factor model which encompasses the Fama and French (1993) three-factor model, the Carhart (1997) four-factor model, and 
the Fama and French (2015) five-factor model. These risk factors are widely analyzed using a limited number of portfolio returns, 
e.g., the size and book-to-market sorted portfolios proposed by Fama and French (1993), while we analyze them anew using the 
universe of CRSP stocks. We focus on the extensive Fama and French (2018) six-factor model, because the (ex-post) risk premia 
for a specific factor turn out to be quite robust with respect to the other factors present, 𝑖.𝑒., our findings on risk premia are 
similar when using a smaller number of factors compared to a larger number. Hence, the risk premia of interest can be succinctly 
inferred from a more extensive multi-factor model; see also Lewellen (2023), who emphasizes that including more factors does not 
necessarily jeopardize asset pricing tests. We find that three factors: market, size, and momentum, do well to explain the cross-
section of individual asset returns, while other well-established factors (such as value, investment, profitability) do much less so. 
Hence, different factors stand out in the cross-section of individual asset returns compared to when using small numbers of portfolio 
returns for which hundreds of risk factors have been proposed. Our findings thus call for further investigation of the cross-section 
of individual asset returns.

From a methodological perspective, we complement the sizeable literature on the validity of the FM two-pass regression. For 
the risk premia estimator in the classical FM two-pass regression with limited asset or portfolio returns, Shanken (1992) derives 
its asymptotic standard error, which explicitly accounts for the sampling error in the estimated betas. The 𝑡-test on the risk premia 
using the Shanken (1992) correction is therefore widely used; see also Jagannathan and Wang (1998). Kan et al. (2013) further 
extend Shanken (1992)’s 𝑡-test to allow for model misspecification, leading to a misspecification-robust 𝑡-test; see also Shanken and 
Zhou (2007). Likewise, when using many individual asset returns over limited time periods, Raponi et al. (2020) develop a 𝑡-test 
on the ex-post risk premia, which accompanies the bias-adjusted risk premia estimator of Shanken (1992) and takes both sampling 
errors in estimated betas and model misspecification into account. Unlike Shanken (1992), Jegadeesh et al. (2019) propose an 
instrumental variables approach to account for the bias in estimated betas, which also leads to a consistent estimator for the ex-post 
risk premia. These existing approaches for conducting inference on the ex-post risk premia, however, rely on the quality of observed 
risk factors. For instance, Raponi et al. (2020) assume away useless risk factors (see, e.g., Kan and Zhang (1999)) or factors with 
limited beta spreads (see, e.g., Kleibergen and Zhan (2020)), both of which are empirically relevant. Similarly, the instrumental 
variables approach requires the involved instrumental variables to be strong, which is potentially violated under weak factors (see, 
e.g., Kleibergen (2009), Kleibergen and Zhan (2015)). In contrast, the identification-robust test procedures we propose are robust 
to the quality of both the observed and unobserved risk factors.

Identification-robust inference on risk premia is also studied in, e.g., Kleibergen (2009), Kleibergen and Zhan (2020), Kleibergen 
et al. (2023). We differ from this literature in two ways. First, we use many individual assets and consider a (conditional) asymptotic 
scheme where the cross-sectional dimension 𝑁 goes to infinity while the time-series dimension 𝑇  is fixed. In contrast, both 𝑇  and 
𝑁 are considered small and fixed in Kleibergen et al. (2023) due to their usage of portfolios instead of individual stocks while 
Kleibergen (2009) uses the traditional asymptotic scheme where 𝑇  goes to infinity while 𝑁 is fixed. Second, we analyze the CUE 
for which we propose identification-robust inference procedures. Both the CUE and its inference procedures for the large 𝑁 , fixed 
𝑇  setting are novel which makes for our two-fold contribution. In contrast, Kleibergen et al. (2023) do not propose a risk premia 
estimator. The large 𝑁 , fixed 𝑇  setting is also considered in, e.g., Kim and Skoulakis (2018), Jegadeesh et al. (2019), and Raponi 
et al. (2020), which provide further motivation for our asymptotic scheme, or put differently, the usage of many individual assets 
instead of a limited set of portfolios for asset pricing.

The rest of the paper is organized as follows. Section 2 introduces our new estimator for the ex-post risk premia and pins down its 
pseudo-true value when unobserved potentially priced factors are present. Section 3 discusses our new testing methodology which 
provides size-correct tests. Section 4 contains a simulation study comparing several different estimation and inference procedures. 
Section 5 employs our novel methodology to analyze the universe of asset returns from CRSP for the CAPM, the CCAPM, and 
the Fama and French (1993, 2018) models. Finally, Section 6 concludes. Technical details are relegated to the Internet Appendix, 
where also additional empirical findings (for, e.g., the models of Carhart (1997), Fama and French (2015), and Hou et al. (2015)) 
are presented.
2 
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2. Linear asset pricing model

We represent by 𝑅𝑖𝑡 the return on the 𝑖-th asset at time 𝑡, with 𝑖 = 1,… , 𝑁 , 𝑡 = 1,… , 𝑇 . The number of assets, 𝑁 , is of a larger 
order of magnitude than the number of time-series observations, 𝑇 , which is small, so 𝑁 ≫ 𝑇 . The asset returns result from a linear 
model relating the individual asset return 𝑅𝑖𝑡 to 𝑘 observed risk factors 𝑓𝑗𝑡, 𝑗 = 1,… , 𝑘: 

𝑅𝑖𝑡 = 𝑐𝑖 +
∑𝑘
𝑗=1 𝛽𝑖𝑗𝑓𝑗𝑡 + 𝑢𝑖𝑡, (1)

where 𝛽𝑖𝑗 , 𝑖 = 1,… , 𝑁 , 𝑗 = 1,… , 𝑘, are the betas of the assets with respect to the different observed factors, 𝑐𝑖 is the asset specific 
constant term, and 𝑢𝑖𝑡 is the error component.

In vector notation for the individual asset 𝑖 = 1,… , 𝑁 , the linear model becomes: 

𝑅𝑖 = 𝜄𝑇 𝑐𝑖 + 𝐹𝛽𝑖 + 𝑢𝑖, (2)

with 𝑅𝑖 = (𝑅𝑖1 …𝑅𝑖𝑇 )′, 𝐹 = (𝐹1 …𝐹𝑇 )′, 𝐹𝑡 = (𝑓1𝑡… 𝑓𝑘𝑡)′, 𝑢𝑖 = (𝑢𝑖1 … 𝑢𝑖𝑇 )′, 𝛽𝑖 = (𝛽𝑖1 … 𝛽𝑖𝑘)′, and 𝜄𝑇  is the 𝑇 -dimensional vector of 
ones. We impose on 𝐹  that 𝑄𝐹𝐹 = 1

𝑇
∑𝑇
𝑡=1(𝐹𝑡 − 𝑓 )(𝐹𝑡 − 𝑓 )

′ is positive definite with 𝑓 = 1
𝑇
∑𝑇
𝑡=1 𝐹𝑡, and 𝐸(𝐹𝑡) exists.

We analyze two settings of the above linear model discussed in the next two subsections. For the first one, the expected asset 
returns are linear in the asset betas (so-called beta pricing), and all relevant factors are observed. For the second setting, the expected 
asset returns are not necessarily fully spanned by the betas of the observed risk factors, and there is also an unknown number of 
unobserved potentially priced risk factors.

2.1. Correctly specified beta pricing for large 𝑁 and small 𝑇

For our correctly specified beta pricing model, we assume, similar to existing approaches by, e.g., Raponi et al. (2020) and 
Gagliardini et al. (2016, 2020), a conditional sampling scheme given the realizations of the observed factors.

Assumption 1.  Conditional on the realized values of the observed factors, 𝐹 , we have:
(i) (𝑐𝑖, 𝛽𝑖) are independently and identically distributed, 𝑖 = 1,… , 𝑁 .
(ii) 𝑢𝑖 is independently distributed from (𝑐𝑗 , 𝛽𝑗), 𝑖, 𝑗 = 1,… , 𝑁 .
(iii) 𝑢𝑡 = (𝑢1𝑡… 𝑢𝑁𝑡)′, 𝑡 = 1,… , 𝑇 , is independently and identically distributed over time with conditional mean and variance: 

𝐸(𝑢𝑖𝑡|𝐹 ) = 0, 𝐸(𝑢𝑖𝑡𝑢𝑗𝑡|𝐹 ) = 𝜔𝑖𝑗 , 𝑖, 𝑗 = 1,… , 𝑁, (3)

and 

𝛺 = 𝐸(𝑢𝑡𝑢′𝑡|𝐹 ) =

⎛

⎜

⎜

⎜

⎝

𝜔11 ⋯ 𝜔1𝑁

⋮ ⋱ ⋮

𝜔𝑁1 ⋯ 𝜔𝑁𝑁

⎞

⎟

⎟

⎟

⎠

. (4)

(iv) Weak covariance: the covariance structure for 𝑢𝑡 is weak, 

lim𝑁→∞
1
𝑁

∑𝑁
𝑖=1

∑𝑁
𝑗=1,𝑗≠𝑖

|

|

|

𝜔𝑖𝑗
|

|

|

= 0. (5)

(v) Common variance: There is an approximate common variance across assets, 𝜔2, from which the asset specific variances minorly 
deviate according to 

lim𝑁→∞
1

√

𝑁

∑𝑁
𝑖=1

(

𝜔𝑖𝑖 − 𝜔2) = 0. (6)

Assumption  1(ii)–(v) correspond with Assumptions 3 and 5(i)–(ii) in Raponi et al. (2020). The weak covariance assumption 
implies that any substantial covariance between the different asset returns has to result from the risk factors. Assumption  1 allows 
us to obtain a straightforward approximation of the continuous updating generalized method of moments (GMM) objective function 
of Hansen et al. (1996) in Theorem  1 below, which results in an easy-to-compute estimator of the (ex-post) risk premia stated 
in Theorem  2. Before we provide our proposed estimator, we first describe the existing estimator of Shanken (1992) under the 
Assumption of Beta-pricing, which leads to an expression for the ex-post risk premia in Corollary  1.
Assumption Beta-pricing:. There exists 𝜆𝑝𝑜𝑝 = (𝜆0 ⋮ 𝜆′𝑝𝑜𝑝,𝑓 )

′, with 𝜆0 the scalar zero-beta return and 𝜆𝑝𝑜𝑝,𝑓 = (𝜆𝑝𝑜𝑝,𝑓1 … 𝜆𝑝𝑜𝑝,𝑓𝑘 )
′, the 

population risk premia, for which the (unconditional) expected asset returns are linear in the betas: 

𝐸(𝑅𝑖𝑡) = 𝜆0 + 𝛽′𝑖𝜆𝑝𝑜𝑝,𝑓 , 𝐸(𝑅𝑡) = 𝐵𝜆𝑝𝑜𝑝 (7)

for 𝐵 = (𝜄𝑁 ⋮ 𝛽), 𝛽 = (𝛽1 … 𝛽𝑁 )′, 𝑅𝑡 = (𝑅1𝑡…𝑅𝑁𝑡)′, and 𝜄𝑁  the 𝑁-by- 1 vector of ones.

Corollary 1.  When Assumption Beta-pricing holds, the average value of the asset returns is linear in the betas: 
̄ (8)
𝑅 = 𝐵𝜆 + 𝑢̄,
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with 𝑅̄ = 1
𝑇
∑𝑇
𝑡=1 𝑅𝑡, 𝑢̄ = 1

𝑇
∑𝑇
𝑡=1 𝑢𝑡, 𝜆 = (𝜆0 ⋮ 𝜆′𝑓 )

′, 𝜆𝑓 = (𝜆𝑓1 … 𝜆𝑓𝑘)′, 𝑓 = 1
𝑇
∑𝑇
𝑡=1 𝐹𝑡,and 𝜆𝑓  the ex-post risk premia, see, e.g., Shanken 

(1992)2: 

𝜆𝑓 = 𝜆𝑝𝑜𝑝,𝑓 + 𝑓 − 𝐸(𝐹𝑡). (9)

Bias-adjusted estimator. The traditional manner to estimate the risk premia is by means of the Fama and MacBeth (1973) two-pass 
procedure, which for our setting amounts to:

1. For each asset 𝑖, estimate 𝛽𝑖 by 𝛽𝑖, which is the ordinary least squares estimator resulting from time-series regression estimation 
of: 

𝑅𝑖𝑡 = 𝑐𝑖 + 𝛽′𝑖𝐹𝑡 + 𝑢𝑖𝑡, 𝑡 = 1,… , 𝑇 . (10)

2. Construct 𝛽 = (𝛽1 … 𝛽𝑁 )′ and use it for 𝛽 in an ordinary least squares cross-sectional regression to estimate 𝜆0 and 𝜆𝑓 : 

𝑅̄ = 𝜄𝑁𝜆0 + 𝛽𝜆𝑓 + 𝑢̄. (11)

A fixed small number of time-series observations in the first pass estimation of the FM two-pass procedure leads to inconsistent 
estimation of the betas. When naively using these inconsistently estimated betas in the second pass, the resulting ex-post risk premia 
estimator is similarly inconsistent and biased. Shanken (1992) therefore proposes the bias-adjusted estimator for the ex-post risk 
premia 𝜆𝑓 : 

𝜆̂𝑓,𝑆ℎ𝑎𝑛𝑘𝑒𝑛 =
(

𝛽′𝑀𝜄𝑁 𝛽 −
𝑁
𝑇 𝜔̂

2𝑄−1
𝐹𝐹

)−1
𝛽′𝑀𝜄𝑁 𝑅̄, (12)

where 𝑀𝜄𝑁 = 𝐼𝑁 − 𝜄𝑁 (𝜄′𝑁 𝜄𝑁 )−1𝜄′𝑁 , and 𝜔̂2 is a consistent estimator of the common variance 𝜔2 in Assumption  1.

Continuous updating estimator. We propose the continuous updating estimator (CUE) which is easy to compute and directly consistent 
for the ex-post risk premia under Assumption  1 and Beta-pricing, so it does not need further bias correction. It results from the 
continuous updating objective function of Hansen et al. (1996) whose main difference with the one underlying the FM two-pass 
procedure is that the involved covariance/weight matrix depends on the parameter of interest which is optimized over, as shown 
by Theorem  1.

Theorem 1.  Under Assumption  1 and conditional on the observed factors 𝐹 , the objective function3: 
𝑄𝐶𝑈𝐸 (𝜆) =

𝑇
𝑁𝜔̂2(1+𝜆′𝑓𝑄

−1
𝐹𝐹 𝜆𝑓 )

(𝑅̄ − 𝜄𝑁𝜆0 − 𝛽𝜆𝑓 )′(𝑅̄ − 𝜄𝑁𝜆0 − 𝛽𝜆𝑓 ), (13)

with 𝑄𝐹𝐹 = 1
𝑇
∑𝑇
𝑡=1(𝐹𝑡 − 𝑓 )(𝐹𝑡 − 𝑓 )

′ and 𝜔̂2 a consistent estimator of the common variance 𝜔2 as 𝑁 → ∞, provides an approximation of 
the GMM continuous updating objective function: 

𝑄𝐶𝑈𝐸 (𝜆) =
𝑇
𝑁 (𝑅̄ − 𝐵̂𝜆)′( cov(

√

𝑇 (𝑅̄ − 𝐵̂𝜆)))−1(𝑅̄ − 𝐵̂𝜆). (14)

with 𝐵̂ = (𝜄𝑁 ⋮ 𝛽).

Proof.  See Internet Appendix A.
The CUE of the ex-post risk premia 𝜆𝑓  results from minimizing the CUE objective function (13). An explicit expression of the 

estimator 𝜆̂𝑓  corresponds with the, so-called, k-class expression for the limited information maximum likelihood estimator in the 
linear instrumental variables regression model; see, e.g., Hausman (1983).

Theorem 2.  The continuous updating estimators (CUEs) of 𝜆0 and 𝜆𝑓  that minimize the CUE objective function (13) are: 

𝜆̂0(𝜆̂𝑓 ) =
1
𝑁 𝜄

′
𝑁 (𝑅̄ − 𝛽𝜆̂𝑓 )

𝜆̂𝑓 =
(

𝛽′𝑀𝜄𝑁 𝛽 − 𝜇min𝑄−1
𝐹𝐹

)−1
𝛽′𝑀𝜄𝑁 𝑅̄,

(15)

with 𝑀𝜄𝑁 = 𝐼𝑁 − 𝜄𝑁 (𝜄′𝑁 𝜄𝑁 )−1𝜄′𝑁 , and 𝜇min the smallest root of the characteristic polynomial: 
|

|

|

|

|

|

𝜇

(

1 0

0 𝑄−1
𝐹𝐹

)

−
(

𝑅̄ 𝛽
)′𝑀𝜄𝑁

(

𝑅̄ 𝛽
)

|

|

|

|

|

|

= 0. (16)

2 Eq.  (8) for 𝑅̄ results by substituting (7) into the equation of 𝑅̄ that results from (2).
3 The CUE objective function is proportional to the Gibbons et al. (1989) (GRS) statistic, see Kleibergen and Zhan (2020). The GRS statistic is a quadratic 

form of the pricing errors or alphas, with respect to the inverted covariance matrix of the individual asset returns, so 𝑄𝐶𝑈𝐸 (𝜆) =
𝑇

𝑁𝜔̂2 (1+𝜆′𝑓𝑄
−1
𝐹𝐹 𝜆𝑓 )

𝛼̂(𝜆0 , 𝜆𝑓 )′ 𝛼̂(𝜆0 , 𝜆𝑓 ), 
for 𝛼̂(𝜆 , 𝜆 ) = 𝑅̄ − 𝜄 𝜆 − 𝛽𝜆 ..
0 𝑓 𝑁 0 𝑓
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Proof.  See Internet Appendix B.
For consistency of the bias-adjusted estimator of Shanken (1992) and the CUE, we need to certify that the limit of the inverted 

matrix involved in them is positive definite. To do so, we make an additional assumption on the conditional expectation and variance 
of the betas given the observed factors, which is similar to Assumption 2 in Raponi et al. (2020).

Assumption 2.  The conditional expectation, 𝜇𝛽 , and covariance variance matrix, 𝜇𝛽𝛽 , of 𝛽𝑖, 𝑖 = 1,… , 𝑁 , given 𝐹  are respectively 
finite and a finite positive definite matrix.

Theorem 3.  Under Assumptions  1–2 and Beta-pricing and conditional on the observed factors 𝐹 , the Shanken (1992) bias-adjusted 
estimator 𝜆̂𝑓,𝑆ℎ𝑎𝑛𝑘𝑒𝑛 (12) and the CUE 𝜆̂𝑓 (15) are both consistent estimators of the ex-post risk premia (9), in the sense that they both 
converge to 𝜆𝑓  in probability as 𝑁 → ∞.

Proof.  See Internet Appendix C.

Theorem  3 states the consistency of both the bias-adjusted estimator and the CUE.4 There is, however, a subtle difference between 
these ex-post risk premia estimators which concerns the element subtracted from 𝛽′𝑀𝜄𝑁 𝛽. Shanken (1992)’s bias-adjusted estimator 
uses 𝑁𝑇 𝜔̂2𝑄−1

𝐹𝐹  while the CUE uses 𝜇min𝑄−1
𝐹𝐹 . It can be proven, see Kleibergen and Zhan (2024), that in sample, 𝛽′𝑀𝜄𝑁 𝛽 exceeds 

𝜇min𝑄−1
𝐹𝐹 , so the matrix whose inverse is taken for the CUE is always positive definite. In contrast, for Shanken (1992)’s bias-adjusted 

estimator, the difference between 𝛽′𝑀𝜄𝑁 𝛽 and 
𝑁
𝑇 𝜔̂

2𝑄−1
𝐹𝐹  is not guaranteed to be positive definite, so the CUE (15) is a more robust 

estimator than Shanken (1992)’s bias-adjusted estimator (12) which especially matters when the model is misspecified as we discuss 
next.

2.2. Misspecified beta pricing with unobserved factors

Under the correct specification of beta pricing discussed previously, the asset returns just depend on the observed factors, and 
the expected asset returns are linear in their betas. We next extend the model in (2) by incorporating an unknown number of 
unobserved risk factors which can similarly be priced. It implies that the expected asset returns are no longer fully spanned by the 
betas of the observed factors, so the beta-pricing model is misspecified. We then have 𝑅𝑖 resulting from a linear asset pricing model 
with a 𝑇 × 𝑘-dimensional observed factor matrix 𝐹  and a 𝑇 × 𝑟-dimensional unobserved factor matrix 𝐺, which can be normalized 
to an orthonormal matrix so 𝐺′𝐺 = 𝐼𝑟, for which both 𝑟 and 𝐺 are unknown: 

𝑅𝑖 = 𝜄𝑇 𝑐𝑖 + 𝐹𝛽𝑖 + 𝐺𝐷𝑖 + 𝑣𝑖, (17)

where the 𝑟-dimensional vector 𝐷𝑖 contains the asset specific unobserved factor loadings for 𝑖 = 1,… , 𝑁 . To accommodate (17), we 
extend the conditional sampling scheme from Assumption  1 to Assumption  1*, so it is not just conditional on the observed factors 
𝐹  but also on the unobserved factors 𝐺; see, e.g., Hall and Heyde (1980) and Andrews (2005).

Assumption 1*.  Conditional on 𝐹  and 𝐺 for the process generating 𝑅𝑖 from (17):
(i) (𝑐𝑖, 𝛽𝑖, 𝐷𝑖) are jointly independently and identically distributed for 𝑖 = 1,… , 𝑁 .
(ii) 𝑣𝑖 is independently distributed from (𝑐𝑗 , 𝛽𝑗 , 𝐷𝑗), 𝑖, 𝑗 = 1,… , 𝑁 .
(iii) 𝐸(|

|

𝑐𝑖|| |𝐹 ,𝐺), 𝐸(||𝛽𝑖|| |𝐹 ,𝐺), 𝐸(||𝐷𝑖
|

|

|𝐹 ,𝐺) and 𝐸(|
|

𝑣𝑖|| |𝐹 ,𝐺) are finite for 𝑖 = 1,… , 𝑁 .
(iv) The conditional expectations given 𝐹  and 𝐺: 

𝜇𝑐𝑐 = 𝐸(𝑐2𝑖 |𝐹 ,𝐺) ∶ 1 × 1, 𝜇𝛽𝐷 = 𝐸(𝛽𝑖𝐷̄′
𝑖 |𝐹 ,𝐺) ∶ 𝑘 × 𝑟,

𝜇𝑐𝛽 = 𝐸(𝑐𝑖𝛽𝑖|𝐹 ,𝐺) ∶ 𝑘 × 1, 𝜇𝐷𝐷 = 𝐸(𝐷̄𝑖𝐷̄′
𝑖 |𝐹 ,𝐺) ∶ 𝑟 × 𝑟,

𝜇𝛽𝛽 = 𝐸(𝛽𝑖𝛽′𝑖 |𝐹 ,𝐺) ∶ 𝑘 × 𝑘, 𝛺𝑉 𝑉 = 𝐸(𝑣̄𝑖𝑣̄′𝑖|𝐹 ,𝐺), ∶ 𝑇 × 𝑇 ,

𝜇𝑐𝐷 = 𝐸(𝑐𝑖𝐷̄𝑖|𝐹 ,𝐺) ∶ 𝑟 × 1,

(18)

where 𝑐𝑖 = 𝑐𝑖 −
1
𝑁

∑𝑁
𝑖=1 𝑐𝑖, 𝛽𝑖 = 𝛽𝑖 −

1
𝑁

∑𝑁
𝑖=1 𝛽𝑖, 𝐷̄𝑖 = 𝐷𝑖 −

1
𝑁

∑𝑁
𝑖=1𝐷𝑖, 𝑣̄𝑖 = 𝑣𝑖 −

1
𝑁

∑𝑁
𝑖=1 𝑣𝑖, are all finite, and because of the 

conditional independence in (ii): 

𝐸(𝑐𝑖𝑣̄′𝑖|𝐹 ,𝐺) = 0, 𝐸(𝛽𝑖𝑣̄′𝑖|𝐹 ,𝐺) = 0, 𝐸(𝐷̄𝑖𝑣̄′𝑖|𝐹 ,𝐺) = 0. (19)

(v) Weak covariance: the covariance structure between 𝑣𝑖 and 𝑣𝑗 is weak, 𝑖, 𝑗 = 1,… , 𝑁 : 

lim𝑁→∞
1

𝑁𝑇 2
∑𝑁
𝑖=1

∑𝑁
𝑗=1,𝑗≠𝑖

|

|

|

𝐸(𝜄′𝑇 𝑣𝑖𝑣
′
𝑗 𝜄𝑇 |𝐹 ,𝐺)

|

|

|

= 0. (20)

4 The estimators are consistent for the ex-post risk premia which depend on the observed factors 𝐹 . This is similar to Theorem 1 in Andrews (2005) which 
shows the consistency of a least squares estimator under an Assumption equivalent to Assumption  1 to an object that depends on the conditioning random 
variable.
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Assumption  1* is agnostic about (𝜇𝑐𝑐 , 𝜇𝑐𝛽 , 𝜇𝛽𝛽 , 𝜇𝑐𝐷, 𝜇𝛽𝐷, 𝜇𝐷𝐷), so it can accommodate beta-pricing, weak observed and 
unobserved factors, pricing of unobserved factors and pricing which is partly unspanned by the factors. It also leaves largely open 
the variance of 𝑣𝑖 given (𝐹 ,𝐺), so it allows for a time-varying conditional variance process with parameters which are common 
across assets. Overall, Assumption  1* generalizes Assumption  1.

The object of interest of the CUE (15) which results from Assumption  1* is the, so-called, pseudo-true value of the ex-post risk 
premia. It results from the limit of the characteristic polynomial (16) when 𝑁 goes to infinity, as shown by Theorem  4.

Theorem 4.  Under Assumption  1* and conditional on 𝐹  and 𝐺 for (17), the components of the characteristic polynomial (16) converge 
according to: 

lim𝑁→∞
1
𝑁 𝑅̄

′𝑀𝜄𝑁 𝑅̄ = 𝐸
(

𝑅̄
2
𝑖 |𝐹 ,𝐺

)

lim𝑁→∞
1
𝑁 𝛽

′𝑀𝜄𝑁 𝑅̄ = 𝐸
(

𝛽𝑖𝑅̄𝑖|𝐹 ,𝐺
)

lim𝑁→∞
1
𝑁 𝛽

′𝑀𝜄𝑁 𝛽 = 𝐸
(

𝛽𝑖𝛽
′

𝑖|𝐹 ,𝐺
)

,

(21)

with 𝑅̄ = 1
𝑇
∑𝑇
𝑡=1 𝑅𝑡 = (𝑅̄1 … 𝑅̄𝑁 )′, 𝑅̄𝑖 = 𝑅̄𝑖 −

1
𝑁

∑𝑁
𝑖=1 𝑅̄𝑖, 𝛽𝑖 = 𝛽𝑖 −

1
𝑁

∑𝑁
𝑖=1 𝛽𝑖, and the pseudo-true value of the CUE denoted by 𝜆∗𝑓  is 

𝜆∗𝑓 =
(

𝐸
(

𝛽𝑖𝛽
′

𝑖|𝐹 ,𝐺
)

− 𝜇min𝑄−1
𝐹𝐹

)−1
𝐸
(

𝛽𝑖𝑅̄𝑖|𝐹 ,𝐺
)

, (22)

with 𝜇min the smallest root of the characteristic polynomial: 
|

|

|

|

|

|

|

|

|

|

𝜇

(

1 0

0 𝑄−1
𝐹𝐹

)

−

⎛

⎜

⎜

⎜

⎜

⎝

𝐸
(

𝑅̄
2
𝑖 |𝐹 ,𝐺

)

𝐸
(

𝛽𝑖𝑅̄𝑖|𝐹 ,𝐺
)′

𝐸
(

𝛽𝑖𝑅̄𝑖|𝐹 ,𝐺
)

𝐸
(

𝛽𝑖𝛽
′

𝑖|𝐹 ,𝐺
)

⎞

⎟

⎟

⎟

⎟

⎠

|

|

|

|

|

|

|

|

|

|

= 0, (23)

and 

𝐸
(

𝑅̄
2
𝑖 |𝐹 ,𝐺

)

= 𝜇𝑐𝑐 +
2
𝑇 𝜄

′
𝑇 (𝐹𝜇𝑐𝛽 + 𝐺𝜇𝑐𝐷)+

1
𝑇 2 𝜄′𝑇

(

𝛺𝑉 𝑉 + 𝐹𝜇𝛽𝛽𝐹 ′ + 𝐺𝜇𝐷𝐷𝐺′ + 𝐹𝜇𝛽𝐷𝐺′ + 𝐺𝜇′𝛽𝐷𝐹
′
)

𝜄𝑇

𝐸
(

𝛽𝑖𝑅̄𝑖|𝐹 ,𝐺
)

= 𝜇𝑐𝛽 +
1
𝑇 (𝑄

−1
𝐹𝐹𝐹

′𝐺𝜇𝑐𝐷 + 𝜇𝛽𝛽𝐹 ′𝜄𝑇 + 𝜇𝛽𝐷𝐺′𝜄𝑇 )+

1
𝑇 2𝑄−1

𝐹𝐹𝐹
′
(

𝛺𝑉 𝑉 + 𝐺𝜇𝐷𝐷𝐺′ + 𝐺𝜇′𝛽𝐷𝐹
′
)

𝜄𝑇

𝐸
(

𝛽𝑖𝛽
′

𝑖|𝐹 ,𝐺
)

= 𝜇𝛽𝛽 +
1
𝑇

(

𝜇𝛽𝐷𝐺′𝐹𝑄−1
𝐹𝐹 +𝑄−1

𝐹𝐹𝐹
′𝐺𝜇′𝛽𝐷

)

+

1
𝑇 2𝑄−1

𝐹𝐹𝐹
′ (𝛺𝑉 𝑉 + 𝐺𝜇𝐷𝐷𝐺′)𝐹𝑄−1

𝐹𝐹 ,

(24)

where 𝐹 = 𝐹 − 𝜄𝑇 𝑓 , so 𝑄𝐹𝐹 = 1
𝑇 𝐹

′𝐹 .

Proof.  See Internet Appendix D.
The expression for the pseudo-true value of the CUE denoted by 𝜆∗𝑓  in Theorem  4 allows us to study the limit behavior of the 

CUE for several cases of interest stated in Corollaries  2, 3, and 4.
Corollary  2 shows that the pseudo-true value of the CUE denoted by 𝜆∗𝑓  in Theorem  4 corresponds with the true value of the 

ex-post risk premia 𝜆𝑓  under Assumptions  1, 2 and Beta-pricing.

Corollary 2.  When 𝐷𝑖 = 0 and 𝛺𝑉 𝑉 = 𝜔2𝐼𝑇 , (17) reduces to (2) with 𝑢𝑖 = 𝑣𝑖 , 𝜇𝑐𝐷 = 0, 𝜇𝛽𝐷 = 0, 𝜇𝐷𝐷 = 0. Under Assumptions  1, 2 and 
Beta-pricing with 𝑐𝑖 = 𝛽′𝑖 (𝜆𝑓 − 𝑓 ), 𝜇𝑐𝑐 = (𝜆𝑓 − 𝑓 )′𝜇𝛽𝛽 (𝜆𝑓 − 𝑓 ), 𝜇𝑐𝛽 = 𝜇𝛽𝛽 (𝜆𝑓 − 𝑓 ), 𝜇𝛽𝛽 =var(𝛽𝑖|𝐹 ): 

lim𝑁→∞
1
𝑁

(

𝑅̄ 𝛽
)′𝑀𝜄𝑁

(

𝑅̄ 𝛽
)

=
⎛

⎜

⎜

⎝

𝜆′𝑓𝜇𝛽𝛽𝜆𝑓 + 𝜔2

𝑇 𝜆′𝑓𝜇𝛽𝛽

𝜇𝛽𝛽𝜆𝑓 𝜇𝛽𝛽 +
𝜔2

𝑇 𝑄
−1
𝐹𝐹

⎞

⎟

⎟

⎠

, (25)

so the smallest root of (23), 𝜇min =
𝜔2

𝑇 , and from (22) we have 𝜆∗𝑓 = 𝜆𝑓 .
Corollary  3 reveals that when there is a common approximate variance as in (6) and the observed, unobserved factors are orthogonal, 

the pseudo-true value of the CUE in (27) corresponds with the usual expression of a least squares regression estimator which is subject to 
omitted variable bias.

Corollary 3.  Under Assumptions  1*, 2, and when the missing factors are priced with risk premia denoted by 𝜆𝐺, so 𝑐𝑖 = 𝛽′𝑖 (𝜆𝑓 −𝑓 )+𝐷̄
′
𝑖(𝜆𝐺−

𝑔̄), with 𝑔̄ = 𝐺′𝜄 ∕𝑇 , 𝜇 = (𝜆 − 𝑓 )′𝜇 (𝜆 − 𝑓 ) + (𝜆 − 𝑔̄)′𝜇 (𝜆 − 𝑔̄) + 2(𝜆 − 𝑓 )′𝜇 (𝜆 − 𝑔̄), 𝜇 = 𝜇 (𝜆 − 𝑓 ) + 𝜇 (𝜆 − 𝑔̄), 𝜇 =
𝑇 𝑐𝑐 𝑓 𝛽𝛽 𝑓 𝐺 𝐷𝐷 𝐺 𝑓 𝛽𝐷 𝐺 𝑐𝛽 𝛽𝛽 𝑓 𝛽𝐷 𝐺 𝑐𝐷
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𝜇′𝛽𝐷(𝜆𝑓 − 𝑓 ) + 𝜇𝐷𝐷(𝜆𝐺 − 𝑔̄), and 𝛺𝑉 𝑉 = 𝜔2𝐼𝑇 , 𝐺 orthogonal to 𝐹 : 

lim𝑁→∞
1
𝑁

(

𝑅̄ 𝛽
)′𝑀𝜄𝑁

(

𝑅̄ 𝛽
)

=

⎛

⎜

⎜

⎝

𝜆′𝑓𝜇𝛽𝛽𝜆𝑓 + 𝜆′𝐺𝜇𝐷𝐷𝜆𝐺 + 2𝜆′𝑓𝜇𝛽𝐷𝜆𝐺 + 𝜔2

𝑇 𝜆′𝑓𝜇𝛽𝛽 + 𝜆
′
𝐺𝜇

′
𝛽𝐷

𝜇𝛽𝛽𝜆𝑓 + 𝜇𝛽𝐷𝜆𝐺 𝜇𝛽𝛽 +
𝜔2

𝑇 𝑄
−1
𝐹𝐹

⎞

⎟

⎟

⎠

,
(26)

and 

𝜆∗𝑓 =
(

𝜇𝛽𝛽 + (𝜔
2

𝑇 − 𝜇min)𝑄−1
𝐹𝐹

)−1
(𝜇𝛽𝛽𝜆𝑓 + 𝜇𝛽𝐷𝜆𝐺). (27)

Using the consistent estimator of 𝜔2, see Raponi et al. (2020), 𝐺 orthogonal to 𝐹 , and 𝐺′𝐺 = 𝐼𝑟: 
𝜔̂2 = 1

(𝑇−𝑘−1)𝑁
∑𝑁
𝑖=1 𝑅

′
𝑖𝑀(𝜄𝑇 ∶ 𝐹 )𝑅𝑖 =

1
(𝑇−𝑘−1)𝑁

∑𝑁
𝑖=1(𝐺𝐷𝑖 + 𝑣𝑖)′𝑀(𝜄𝑇 ∶ 𝐹 )(𝐺𝐷𝑖 + 𝑣𝑖)

→
𝑝

𝜔2 + 1
𝑇−𝑘−1 𝑡𝑟(𝑀(𝜄𝑇 ∶ 𝐹 )𝐺𝜇𝐷𝐷𝐺′) = 𝜔2 + 1

𝑇−𝑘−1 𝑡𝑟(𝜇𝐷𝐷),
(28)

we can also derive the pseudo-true value of the bias-adjusted estimator of Shanken (1992) for the setting of Corollary  3: 

𝜆∗𝑓,𝑆ℎ𝑎𝑛𝑘𝑒𝑛 =
(

𝜇𝛽𝛽 −
1

𝑇 (𝑇−𝑘−1) 𝑡𝑟(𝜇𝐷𝐷)𝑄
−1
𝐹𝐹

)−1
(

𝜇𝛽𝛽𝜆𝑓 + 𝜇𝛽𝐷𝜆𝐺
)

. (29)

The pseudo-true value of the bias-adjusted estimator provided in (29) indicates potential negative definiteness of the inverted matrix 
involved in it, especially when the observed factors are weak or irrelevant while the unobserved ones are strong.

Corollary  4 further shows that when unobserved factors are much stronger than the weak observed factors, the pseudo-true value 
of the CUE is unidentified while the pseudo-true value of the Shanken (1992) bias-adjusted estimator has issues with the positive 
definiteness of the inverted matrix involved in it. Our proposed inference procedures for the pseudo-true value of the CUE remain 
reliable even when it is not identified. Inference procedures for the pseudo-true value of the Shanken (1992) bias-adjusted estimator 
are then unreliable.

Corollary 4.  Under Assumption  1* and when the observed factors are irrelevant and not priced but the unobserved ones are: 𝜇𝑐𝑐 =
(𝜆𝐺 − 𝑔̄)′𝜇𝐷𝐷(𝜆𝐺 − 𝑔̄), with 𝑔̄ = 𝐺′𝜄𝑇 ∕𝑇 , 𝜇𝑐𝐷 = 𝜇𝐷𝐷(𝜆𝐺 − 𝑔̄), 𝐺′𝐹 = 0, 𝜇𝑐𝛽 = 0, 𝜇𝛽𝛽 = 0, 𝜇𝛽𝐷 = 0, and 𝛺𝑉 𝑉 = 𝜔2𝐼𝑇 : 

lim𝑁→∞
1
𝑁

(

𝑅̄ 𝛽
)′𝑀𝜄𝑁

(

𝑅̄ 𝛽
)

=

⎛

⎜

⎜

⎝

𝜆𝐺 ′𝜇𝐷𝐷𝜆𝐺 + 𝜔2

𝑇 0

0 𝜔2

𝑇 𝑄
−1
𝐹𝐹

⎞

⎟

⎟

⎠

,
(30)

and the smallest root of (23), 𝜇min =
𝜔2

𝑇 , implies that 𝜆∗𝑓  is not identified because: 

𝐸
(

𝛽𝑖𝛽
′

𝑖|𝐹 ,𝐺
)

− 𝜇min𝑄−1
𝐹𝐹 = 0. (31)

Also the to-be-inverted matrix in the expression of the pseudo-true value of the Shanken (1992) bias-adjusted estimator converges to a 
negative definite matrix: 

1
𝑁 (𝛽′𝑀𝜄𝑁 𝛽 −

𝑁
𝑇 𝜔̂

2𝑄−1
𝐹𝐹 ) →

𝑝
− 1
𝑇 (𝑇−𝑘−1) 𝑡𝑟(𝜇𝐷𝐷)𝑄

−1
𝐹𝐹 . (32)

Overall, Corollaries  2–4 illustrate some of the robustness properties the CUE has compared to Shanken (1992)’s bias-adjusted 
estimator under Assumption  1*. The robustness properties provided by the CUE for asset pricing in the traditional 𝑇 ≫ 𝑁 setting 
have previously been alluded to by, e.g., Peñaranda and Sentana (2015) so it is interesting to observe that such robustness properties 
are also present when 𝑁 ≫ 𝑇 .

3. CUE-based inference on ex-post risk premia

In this section, we propose inference methods for the (pseudo-true value of the) ex-post risk premia based on the CUE under 
correct and misspecified beta pricing. We do so by establishing the limit behavior of the CUE objective function and statistics based 
on its score as well as the involved recentered estimator of the betas. For ease of exposition, we start with correctly specified beta 
pricing and extend to misspecified beta pricing thereafter.

3.1. Correctly specified beta pricing

The difference between the CUE objective function (13) and its FM two-pass counterpart just concerns the (1 + 𝜆′𝑓𝑄
−1
𝐹𝐹 𝜆𝑓 )

component in the denominator, which is absent in the FM two-pass objective function. It implies that the derivative or score of 
the CUE objective function involves a recentered estimator of the betas, as stated in Theorem  5 below.
7 



F. Kleibergen and Z. Zhan Journal of Econometrics 252 (2025) 106108 
Theorem 5.  The derivative or score of the concentrated CUE objective function of 𝜆𝑓 , 

𝑄(𝜆𝑓 ) =
𝑇

𝑁𝜔̂2(1+𝜆′𝑓𝑄
−1
𝐹𝐹 𝜆𝑓 )

(𝑅̄ − 𝛽𝜆𝑓 )′(𝑅̄ − 𝛽𝜆𝑓 ), (33)

with 𝑅̄ = (𝑅̄1 … 𝑅̄𝑁 )′, 𝛽 = (𝛽1 … 𝛽𝑁 )′, 𝑅̄𝑖 = 𝑅̄𝑖−
1
𝑁

∑𝑁
𝑖=1 𝑅̄𝑖, 𝛽𝑖 = 𝛽𝑖−

1
𝑁

∑𝑁
𝑖=1 𝛽𝑖, (𝑅̄𝑖−𝜆′𝑓 𝛽𝑖)2 = (𝑅̄𝑖− 𝜆̂0(𝜆𝑓 )−𝜆′𝑓 𝛽𝑖)

2, 𝑖 = 1,… , 𝑁 , reads: 

𝑠(𝜆𝑓 ) = − 1
2

𝜕
𝜕𝜆𝑓

𝑄(𝜆𝑓 ) =
𝑇
𝑁

∑𝑁
𝑖=1

(𝑅̄𝑖−𝜆′𝑓 𝛽𝑖)

𝜔̂2(1+𝜆′𝑓𝑄
−1
𝐹𝐹 𝜆𝑓 )

𝛽𝑖(𝜆𝑓 ), (34)

with 𝛽𝑖(𝜆𝑓 ) = 𝛽𝑖 +𝑄−1
𝐹𝐹 𝜆𝑓

(𝑅̄𝑖−𝜆′𝑓 𝛽𝑖)

1+𝜆′𝑓𝑄
−1
𝐹𝐹 𝜆𝑓

.

Proof.  See Internet Appendix E.

Theorem 6.  When Assumption  1 and Beta-pricing hold and evaluated at the true value of the ex-post risk premia, the conditional expectation 
of the score (34) given the observed factors, F, equals zero.

Proof.  See Internet Appendix F.
The score of the FM two-pass objective function does not involve the recentered estimator of the betas, so its conditional 

expectation does not equal zero at the true value of the ex-post risk premia. It explains the bias of the FM two-pass estimator 
of the ex-post risk premia, because of which it has to be bias-corrected. Since the conditional expectation of the score of the CUE 
objective function equals zero, the CUE, which puts the score of the CUE objective function to zero, provides a consistent estimator 
of the ex-post risk premia. The objective function in (33) and its score in (34) make up the building blocks for our proposed tests 
on the ex-post risk premia.

3.1.1. FAR, LM and LR tests
We use the objective function in (33) and its score in (34) to establish the analogs of the identification-robust factor Anderson–

Rubin (FAR) and Lagrange multiplier (LM) statistics as well as their limiting distributions; see also Anderson and Rubin (1949), 
Kleibergen (2002, 2009) and Kleibergen and Zhan (2020). As shown in Theorem  7 below, the FAR statistic is based on the 
standardized CUE objective function, while the LM statistic is based on the standardized score function.

Theorem 7.  We define the factor Anderson–Rubin (FAR) and Lagrange multiplier (LM) statistics for testing H0 ∶ 𝜆𝑓 = 𝜆𝑓,0 whose limiting 
behaviors for 𝑁 → ∞ under Assumption  1, Beta-pricing, H0 and conditional on the observed factors F, are characterized by: 

FAR(𝜆𝑓,0) =
√

𝑁
𝑉𝑄(𝜆𝑓,0)

(

𝑄(𝜆𝑓,0) − 1
)

→
𝑑
𝜓 FAR ∼ 𝑁(0, 1),

LM(𝜆𝑓,0) =
𝑁
𝑇 𝑠(𝜆𝑓,0)

′𝑉𝑠(𝜆𝑓,0)−1𝑠(𝜆𝑓,0) →
𝑑
𝜓LM ∼ 𝜒2(𝑘).

(35)

Proof.  Results directly from Lemma 1 of Internet Appendix G and its 4th remark on consistency of the covariance matrix estimators 
𝑉𝑄(𝜆𝑓,0), 𝑉𝑠(𝜆𝑓,0) defined in the Internet Appendix.

In case of i.i.d. elliptically distributed errors (or larger number of time-series observations), the limiting behaviors of the different 
elements in Lemma 1 of Internet Appendix G are independent (see Corollary  2 of Internet Appendix G) and also the limit of the 
covariance estimator 𝑉𝑠(𝜆𝑓,0) factorizes. It implies that we can then also construct a (conditional) likelihood ratio (LR) statistic for 
testing H0 ∶ 𝜆𝑓 = 𝜆𝑓,0. For expository purposes, we only define the LR statistic for a single factor setting in Theorem  8 below, which 
combines the FAR and LM statistics from Theorem  7.

Theorem 8.  Under Assumption  1, Beta-pricing, 𝑘 = 1, conditional on the observed factors F and when H0 ∶ 𝜆𝑓 = 𝜆𝑓,0 holds, we define 
(
√

𝑁 times) the likelihood ratio (LR) statistic: 
√

𝑁LR(𝜆𝑓,0)

= 1
2

[

FAR(𝜆𝑓,0) − 𝑟(𝜆𝑓,0) +
√

(

𝑟(𝜆𝑓,0) − FAR(𝜆𝑓,0)
)2 + 4LM(𝜆𝑓,0)

]

,
(36)

whose conditional limiting behavior given 𝐹  and 𝑟(𝜆𝑓,0) = 𝑟 as 𝑁 → ∞ is described by: 
√

𝑁LR(𝜆𝑓,0)|𝑟(𝜆𝑓,0) = 𝑟, 𝐹 )→
𝑑

1
2

[

𝜓FAR − 𝑟 +
√

(

𝑟 − 𝜓FAR
)2 + 4𝜓LM

]

, (37)

where 𝜓FAR and 𝜓LM are independent 𝑁(0, 1) and 𝜒2(1) distributed random variables, and 𝑟(𝜆𝑓 ) =
√

𝑁𝑉𝐶𝛽𝛽 (𝜆𝑓 )
− 1

2
(

𝐶̂(𝜆𝑓 )𝑑(𝜆𝑓 )𝐶̂(𝜆𝑓 )′

−𝐼𝑘
) with 𝑉𝐶𝛽𝛽 (𝜆𝑓 ) = 𝐶̂(𝜆𝑓 )′𝑉𝛽𝛽 (𝜆𝑓 )𝐶̂(𝜆𝑓 ), 𝑉𝛽𝛽 (𝜆𝑓 ) = 1

𝑁
∑𝑁
𝑖=1

[

vec
(

𝛽𝑖(𝜆𝑓 )𝛽𝑖(𝜆𝑓 )′ − 𝑑(𝜆𝑓 )
)] [

vec
(

𝛽𝑖(𝜆𝑓 )𝛽𝑖(𝜆𝑓 )′ − 𝑑(𝜆𝑓 )
)]′,

𝐶̂(𝜆𝑓 ) =
[

𝜔̂2
(

𝑄−1 −
𝑄−1
𝐹𝐹 𝜆𝑓 𝜆

′
𝑓𝑄

−1
𝐹𝐹

′ −1

)]− 1
2
, 𝑑(𝜆𝑓 ) = 1 ∑𝑁

𝑖=1 𝛽𝑖(𝜆𝑓 )𝛽𝑖(𝜆𝑓 )
′.
𝑇 𝐹𝐹 1+𝜆𝑓𝑄𝐹𝐹 𝜆𝑓 𝑁

8 
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Proof.  See Internet Appendix H.

The LR statistic in (36) and its limiting behavior in (37) are identical to those for the LR statistic in the homoskedastic linear 
instrumental variables regression model with many instrumental variables and one, so-called, included endogenous variable, see 
Andrews and Stock (2007) and also Moreira (2003). This LR statistic is optimal in the sense that it has the most discriminatory 
power amongst invariant two-sided tests of H0 ∶ 𝜆𝑓 = 𝜆𝑓,0 when the assumptions hold. This optimality therefore similarly applies 
to the LR statistic in Theorem  8 for the single factor model under Assumption  1 and elliptically distributed errors or larger values 
of 𝑇 .

3.1.2. CUE-based 𝑡-test
Alongside inference on the ex-post risk premia 𝜆𝑓  based on the FAR, LM or LR statistics stated previously, we can also conduct 

inference using traditional 𝑡 and Wald tests. For these traditional tests, we need the CUE to be a consistent estimator so Assumption 
2 has to hold. Assumption  2 can be compromised by useless factors (Kan and Zhang, 1999), weak factors (Kleibergen, 2009), or 
factors with little variation of 𝛽 (Kleibergen and Zhan, 2020). Since the traditional 𝑡 and Wald tests rely on Assumption  2, these 
tests are not fully robust to the quality of the factors. Theorem  9 states the limiting distribution of the CUE 𝜆̂𝑓 .

Theorem 9.  When Assumptions  1, 2, Beta-pricing, and H0 ∶ 𝜆𝑓 = 𝜆𝑓,0 hold and conditional on the observed factors F, the limiting behavior 
of the CUE 𝜆̂𝑓 (15) accords with: 

√

𝑁
(

𝜆̂𝑓 − 𝜆𝑓,0
)

→
𝑑
𝑁

(

0, 𝑉𝐻𝛽 (𝜆𝑓,0)−1𝑉𝑠(𝜆𝑓,0)𝑉𝐻𝛽 (𝜆𝑓,0)−1′
)

, (38)

where 𝑉𝐻𝛽 (𝜆𝑓,0) and 𝑉𝑠(𝜆𝑓,0) are the population values of the derivative of the score (34) and the probability limit of 𝑉𝑠(𝜆𝑓,0), defined in 
Internet Appendix G, respectively.

Proof.  This is the usual textbook expression of the limiting behavior of a GMM estimator based on the moment equation (34) and 
the sandwich expression of its covariance matrix; see, e.g., Newey and McFadden (1994).

Theorem  9 implies that we can conduct inference on the ex-post risk premia using the traditional 𝑡 and Wald statistics which will, 
however, not be robust to smallish values of 𝛽 and a small or close to reduced rank value of its conditional covariance matrix given 
𝐹 . In contrast, the FAR, LM and LR tests stated in Theorems  7 and 8 are so-called identification-robust tests, i.e., they do not require 
Assumption  2, or in other words, their validity does not depend on the quality of 𝛽. From this perspective, the identification-robust 
FAR, LM, LR tests are recommended over traditional 𝑡 and Wald tests; see, e.g., Staiger and Stock (1997) and Kleibergen (2009) for 
their discussion on weak identification as well as identification-robust tests, although their focus is not on our considered 𝑁 ≫ 𝑇
setting.

3.2. Misspecified beta pricing

For misspecified beta pricing models, the FAR and LR tests introduced previously no longer provide size-correct tests of 
hypotheses on the pseudo-true value of the CUE. Because of its usage of a robust covariance matrix estimator, the LM test from 
Theorem  7, however, remains size-correct for testing hypotheses on the pseudo-true value of the CUE.

Theorem 10.  Under Assumption  1*, (17), and conditional on the observed factors F and unobserved factors G, the limit behavior of the 
LM statistic (35) for testing hypotheses on the pseudo-true value of the CUE (22) H0 ∶ 𝜆∗𝑓 = 𝜆∗𝑓,0 is characterized by5: 

LM(𝜆∗𝑓,0) =
𝑁
𝑇 𝑠

∗(𝜆∗𝑓,0)
′𝑉 ∗
𝑠 (𝜆

∗
𝑓,0)

−1𝑠∗(𝜆∗𝑓,0) →
𝑑
𝜓LM ∼ 𝜒2(𝑘) (39)

with 𝑠∗(𝜆𝑓 ) = 1
𝑁

∑𝑁
𝑖=1 𝑠

∗
𝑖 (𝜆𝑓 ) =

1
𝑁

∑𝑁
𝑖=1 𝛽𝑖(𝜆𝑓 )(𝑅̄𝑖 − 𝜆

′
𝑓 𝛽𝑖), 𝑉 ∗

𝑠 (𝜆
∗
𝑓,0) =

1
𝑁

∑𝑁
𝑖=1

(

𝑠∗𝑖 (𝜆𝑓 ) − 𝑠
∗(𝜆𝑓 )

) (

𝑠∗𝑖 (𝜆𝑓 ) − 𝑠
∗(𝜆𝑓 )

)′.

Proof.  See Internet Appendix I.
Theorem  10 shows that, under Assumption  1* the LM test provides an identification-robust test for the pseudo-true value of the 

CUE because there are no additional assumptions on the parameters defined in Assumption  1* We can similarly use the Wald or 
𝑡-statistic from Theorem  9, but have to make the assumption of identification of the pseudo-true value by adapting Assumption  2. 
A test for Assumption  2* is proposed in Guo and Kleibergen (2025).

Assumption 2*.  Under Assumption  1∗ and (17), the conditional expectation given 𝐹  and G: 

𝐸
(

𝛽𝑖𝛽
′

𝑖|𝐹 ,𝐺
)

− 𝜇min𝑄−1
𝐹𝐹 , (40)

with 𝜇min the smallest root of (23), is a positive definite matrix.

5 While the expression of the score in the LM statistic (39) has changed compared to (34), the overall expression of the LM statistic is identical to (35).
9 
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Theorem 11.  When Assumptions  1*, 2*, (17), H0 ∶ 𝜆∗𝑓 = 𝜆∗𝑓,0 hold and conditional on the observed factors F and unobserved factors G, 
the limiting behavior of the CUE 𝜆̂𝑓 (15) accords with: 

√

𝑁
(

𝜆̂𝑓 − 𝜆∗𝑓,0
)

→
𝑑
𝑁

(

0, 𝑉𝐻𝛽 (𝜆∗𝑓,0)
−1𝑉𝑠(𝜆∗𝑓,0)𝑉𝐻𝛽 (𝜆

∗
𝑓,0)

−1′
)

, (41)

where 𝑉𝐻𝛽 (𝜆𝑓,0) and 𝑉𝑠(𝜆𝑓,0) are the population values of the derivative of the score (34) and the probability limit of 𝑉𝑠(𝜆𝑓,0), defined in 
Internet Appendix H, respectively.

Theorem  11 shows both consistency of the CUE as well as its asymptotic normality. While Theorem  10 shows that the LM test 
provides a valid test of the pseudo-true value of the CUE even when it is weakly (or not) identified, Theorem  11 shows that Wald 
and 𝑡-tests on the pseudo-true value of the CUE are only valid when it is strongly identified.

Raponi et al. (2020) also provide a 𝑡-test on a pseudo-true value which results from misspecified beta pricing. It conducts tests 
on the pseudo-true value of the Shanken (1992) bias-adjusted estimator. Corollaries  3 and 4 show that this pseudo-true value is 
sensitive to unobserved strong factors. These corollaries also show that the condition for identification of the pseudo-true value of 
the Shanken (1992) bias-adjusted estimator under Assumption  1* is more stringent than that for the pseudo-true value of the CUE.

Giglio and Xiu (2021) provide an estimation procedure for the pseudo-true value of risk premia in asset pricing models with 
priced factors. They start out by extracting (strong) unobserved factors via principal components. To establish the pseudo-true values 
of the risk premia, they thereafter project the observed risk factors on the extracted unobserved ones. The approach of Giglio and 
Xiu (2021) is for a large 𝑁 and 𝑇  setting, so not for ex-post risk premia, and assumes both observed and unobserved factors to be 
strong.

3.3. Individual ex-post risk premia

The LM test in Theorems  7 and 10 is for conducting tests on the full vector of (pseudo-true values of) ex-post risk premia. For 
testing a single ex-post risk premium in a multi-observable factor model using the LM test, we consider, without loss of generality, 
the partition of 𝜆𝑓 = (𝜆𝑓1 … 𝜆𝑓𝑘)′ = (𝜆𝑓1, 𝜆′2)

′, where 𝜆2 = (𝜆𝑓2 … 𝜆𝑓𝑘)′. For testing H0 ∶ 𝜆∗𝑓1 = 𝜆∗𝑓1,0, the resulting subset LM test 
statistic LM(𝜆𝑓1,0) under Assumptions  1*, 2* and (17) then converges according to: 

LM(𝜆∗𝑓1,0) =
𝑁
𝑇 𝑠

∗((𝜆∗𝑓1,0, 𝜆̂2(𝜆
∗
𝑓1,0)

′)′)′𝑉 ∗
𝑠 ((𝜆

∗
𝑓1,0, 𝜆̂2(𝜆

∗
𝑓1,0)

′)′)−1𝑠∗((𝜆∗𝑓1,0, 𝜆̂2(𝜆
∗
𝑓1,0)

′)′)

→
𝑑

𝜒2(1),
(42)

with 𝜆̂2(𝜆∗𝑓1,0) the restricted CUE of 𝜆2 under H0 ∶ 𝜆∗𝑓1 = 𝜆∗𝑓1,0 ∶

𝜆̂2(𝜆∗𝑓1,0) =
(

𝐵̂′
2𝑀𝜄𝑁 𝐵̂2 − 𝜇min𝑄

−1
𝐹𝐹 ,22

)−1
(𝐵̂′

2𝑀𝜄𝑁 (𝑅̄ − 𝐵̂1𝜆
∗
𝑓1,0) + 𝜇min𝑄

−1
𝐹𝐹 ,21𝜆

∗
𝑓1,0), (43)

where 𝜇min is the smallest root of the characteristic polynomial:
|

|

|

|

|

|

𝜇

(

1 + 𝜆∗′𝑓1,0𝑄
−1
𝐹𝐹 ,11𝜆

∗
𝑓1,0 −𝜆∗′𝑓1,0𝑄

−1
𝐹𝐹 ,12

−𝑄−1
𝐹𝐹 ,21𝜆

∗
𝑓1,0 𝑄−1

𝐹𝐹 ,22

)

− (𝑅̄ − 𝐵̂1𝜆∗𝑓1,0 ⋮ 𝐵̂2)′𝑀𝜄𝑁 (𝑅̄ − 𝐵̂1𝜆∗𝑓1,0 ⋮ 𝐵̂2)
|

|

|

|

|

|

= 0,

for 𝑄−1
𝐹𝐹 =

(

𝑄−1
𝐹𝐹 ,11 𝑄−1

𝐹𝐹 ,12
𝑄−1
𝐹𝐹 ,21 𝑄−1

𝐹𝐹 ,22

)

, 𝛽 = (𝐵̂1, 𝐵̂2) corresponding to the partition 𝜆𝑓 = (𝜆𝑓1, 𝜆′2)
′ and 𝐵2 needs to similarly satisfy the 

conditions in Assumption  2* for 𝛽; see also Kleibergen (2009).

4. Simulation study

We illustrate the properties of the CUE, the Shanken (1992) bias-adjusted estimator, an instrumental variable estimator and our 
proposed inference procedures, for a number of simulation settings that cover both beta pricing and misspecified beta pricing.

4.1. Bias and MSE of the CUE and other estimators

We first, in Table  1, focus on the bias and mean squared error (MSE) of the CUE compared to the bias-adjusted estimator of 
Shanken (1992) and an instrumental variable (IV) estimator where the IV is inspired by Jegadeesh et al. (2019).6

Table  1 shows the results for beta pricing as well as misspecified beta pricing for which there is an unobserved factor (𝐺) as 
discussed previously. Using the simulated data for the observed factor (𝐹 ) and asset returns, we repeatedly calculate the three 
estimators listed in Table  1. The reported bias and MSE result from 5000 Monte Carlo replications.

For the correct specification of beta pricing, Table  1 shows that the CUE clearly outperforms the bias-adjusted estimator of 
Shanken (1992) because of its much smaller bias and MSE. When 𝑇 = 120, the performance of the IV estimator appears comparable 

6 The IV estimator depends on the involved instrumental variables, which are not unique in the existing literature. In our simulation experiment, we use the 
estimated betas from a previous non-overlapping time period as the instrumental variable for the estimated betas in the time period of interest.
10 
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Table 1
Comparison of three estimators by simulation.
 Correct specification Misspecification

 𝑇 = 40 𝑇 = 120 𝑇 = 40 𝑇 = 120

 Bias MSE Bias MSE Bias MSE Bias MSE  
 Panel A: 𝑁 = 1000  
 CUE .0050 .0087 .0007 .0016 .0205 .0099 −.0050 .0017 
 Shanken (1992) .0164 .0221 .0019 .0023 .0708 .0339 .0118 .0026 
 IV estimator .0073 .0118 .0014 .0020 .0264 .0134 −.0422 .0039 
 Panel B: 𝑁 = 4000  
 CUE .0013 .0021 .0001 .0004 .0050 .0022 −.0012 .0004 
 Shanken (1992) .0042 .0050 .0004 .0006 .0160 .0055 .0028 .0006 
 IV estimator .0014 .0027 .0001 .0005 .0061 .0028 −.0107 .0006 
Notes: The reported bias is the simulated average of the difference between each estimator and the (pseudo-) true value of the CUE for the ex post risk premia, 
while the reported MSE is the simulated average of the squared difference. In the data generating process, we consider the sample sizes 𝑇 = 40 or 𝑇 = 120, with 
𝑁 = 1000 or 𝑁 = 4000, 𝑘 = 1, and 𝑟 = 1 if misspecified. The number of Monte Carlo replications is 5000. The detailed description of the data generating process 
is provided in the Internet Appendix.

to that of the CUE. However, for 𝑇 = 40, which implies a weaker IV because of fewer time periods, the CUE performs better than 
the IV estimator.

Similarly, under misspecified beta pricing, the CUE remains to yield relatively smaller bias and MSE. As discussed previously 
in Section 2, under misspecification the pseudo-true value of the bias-adjusted estimator of Shanken (1992) depends on 𝑇  and 
differs from that of the CUE. Therefore, the reported large bias and MSE of the bias-adjusted estimator of Shanken (1992) under 
misspecification also reflects that its estimand differs from that of the CUE.

As 𝑁 increases from 1000 in Panel A to 4000 in Panel B, Table  1  shows that the bias of the CUE moves towards zero, and its 
MSE shrinks. This indicates that the CUE is consistent for estimating the (pseudo-true value of the) ex-post risk premia as 𝑁 gets 
large. Similarly, the performance of the bias-adjusted estimator of Shanken (1992) and the IV estimator also improve in Panel B 
when compared to Panel A, although these two estimators still tend to be outperformed by the CUE.

Overall, Table  1 suggests that the CUE is an appealing estimator for the (pseudo-true value of the) ex-post risk premia.

4.2. CUE-based inference

We next illustrate the size and power properties of the different test statistics for conducting inference on the (pseudo-true 
value of the) ex-post risk premia, including: (i) the 𝑡-statistic associated with the bias-adjusted estimator of Shanken (1992), 
whose misspecification-robust standard error results from Raponi et al. (2020), (ii) the 𝑡-statistic based on the CUE, and the 
identification-robust (iii) FAR, (iv) LM, (v) LR statistics, stated in Theorems  7–11.

To compare these five test statistics, we show simulated size and power curves in Figs.  1 and 2 for various scenarios. Specifically, 
we consider both weak and strong values of 𝛽, so the strength of identification of the risk premia varies, leading to weak identification 
in the left hand side panels and strong identification in the right hand side panels of Figs.  1–2. In addition, we impose beta 
pricing in Fig.  1, while Fig.  2 shows the results for misspecified beta pricing. The detailed description of the simulation design with 
𝑁 = 1000, 𝑇 = 40 is provided in the Internet Appendix, which also contains an additional simulation experiment with parameters 
calibrated to real data.

4.2.1. Beta pricing
Fig.  1 shows the rejection frequencies of the different statistics when the moment conditions imposed by beta pricing hold. In 

particular, for the ideal setting of strong identification, Fig.  1b shows that all tests are size-correct (𝑖.𝑒., rejection frequencies are 
near the nominal 5% at the null 𝜆𝑓 = 1) with the LM and LR statistics being the most powerful, while the 𝑡-test based on the CUE 
also exhibits better power than the 𝑡-test based on the bias-adjusted estimator of Shanken (1992).

In contrast, for a setting of weak identification, Fig.  1a shows that the FAR, LM and LR tests remain size-correct, but the two 
𝑡-tests based on either the bias-adjusted estimator of Shanken (1992) or CUE are size distorted (𝑖.𝑒., rejection frequencies are above 
the nominal 5% at the null 𝜆𝑓 = 1). Fig.  1a also shows that the LR test is the most powerful amongst the size-correct tests, which 
is as expected since it is optimal.7 The LM and LR tests thus appear to dominate the 𝑡-test by Raponi et al. (2020) when the risk 
premia are well identified.

The power decline of the LM test in Fig.  1a away from the true value results because the expected value of the score equals zero 
both at the minimizer and maximizer of the population objective function. The second minimum of the power curve of the LM test 
is therefore located at the maximizer of the population objective function where the expected value of the score also equals zero. 

7 The minor domination of the power of the LR test by the FAR test results because of the sampling variation within the simulation experiment and because 
of the simulated critical value function of the LR test. It can therefore not be interpreted as an indication that the LR test might not be optimal.
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Fig. 1. Rejection frequencies of tests of H0 ∶ 𝜆𝑓  = 1 for beta pricing.
Notes: 𝑁 = 1000, 𝑇 = 40. The level of significance is 5%. Dashed black: 𝑡-statistic based on the bias-adjusted estimator of Shanken (1992) and 
the standard error of Raponi et al. (2020); solid green: LM; dashed blue: FAR; dashed purple: 𝑡 -statistic based on CUE; dashed red: LR. The data 
generating process is provided in the Internet Appendix.

Fig. 2. Rejection frequencies of tests of H0 ∶ 𝜆𝑓 = 1 for misspecified beta pricing.
Notes: 𝑁 = 1000, 𝑇 = 40. The level of significance is 5%. Dashed black: 𝑡-statistic based on the bias-adjusted estimator of Shanken (1992) and 
the standard error of Raponi et al. (2020); solid green: LM; dashed blue: FAR; dashed purple: 𝑡 -statistic based on CUE; dashed red: LR. The data 
generating process is provided in the Internet Appendix.

The LR test results from a weighted average of the LM and FAR tests, where the weights are such that it corresponds with the LM 
test around the minimizer of the population objective function and with the FAR test around the maximizer. This explains why the 
power curve of the LR test does not have a secondary minimum away from the true value in case of beta pricing.

4.2.2. Misspecified beta pricing
Fig.  2 shows the rejection frequencies of the different tests for a setting of misspecified beta pricing. The involved data generating 

process is such that the pseudo-true value is at a value of 𝜆𝑓  equal to one.
The pseudo-true value for the 𝑡-test of Raponi et al. (2020) differs from the one for the other statistics, which explains why the 

minimizer of its power curve under strong identification differs from the minimizer of the power curves of the other tests in Fig.  2b. 
The misspecification also explains the size distortion of the FAR test for the well identified setting, which is less so in the weakly 
identified setting; see also Gospodinov et al. (2017). The Raponi et al. (2020) misspecification-robust 𝑡-test does not indicate size 
distortion in the well identified setting of Fig.  2b, but is clearly size distorted for the weakly identified case in Fig.  2a. The LM test 
remains size-correct both for the weakly and strongly identified settings in Fig.  2.

Summarizing, Figs.  1–2 illustrate the size and power properties of the five tests on the (pseudo-true value of the) ex-post risk 
premia, which are in line with the discussion in Section 3. In particular, the proposed LM test is size-correct for all considered 
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settings, while the 𝑡-test associated with the bias-adjusted estimator of Shanken (1992) is not. In addition, the LM test also appears 
to have good power, especially under strong identification. The Internet Appendix contains additional simulation findings, which 
show that the LM test remains valid under GARCH (Generalized AutoRegressive Conditional Heteroskedasticity) errors and useless 
factors. We will therefore mainly use the LM test in Section 5 to analyze the ex-post risk premia from the cross-section of individual 
assets.

5. Time-varying risk premia from individual assets

We use the robust testing framework based on the CUE to analyze (time-varying) risk premia that result from the cross-section 
of individual assets with 𝑁 ≫ 𝑇  for some well-studied risk factors that are traditionally analyzed in a 𝑇 ≫ 𝑁 setting. While the CUE 
provides point estimates of the ex-post risk premia, the LM test associated with it can be inverted to construct confidence sets. To 
facilitate comparison, we contrast the CUE with the bias-adjusted estimator of Shanken (1992) to highlight that these estimators can 
lead to substantially different estimates of the ex-post risk premia. Likewise, we also compare the LM test with the 𝑡-test associated 
with the bias-adjusted estimator of Shanken (1992) to show that the LM test leads to more informative confidence sets of factor risk 
premia.

We use our estimation and inference procedures to analyze the ex-post (time-varying) risk premia from the universe of CRSP 
stocks in a rolling time window, so 𝑁 ≫ 𝑇 . The considered risk factors include those in the influential CAPM, the CCAPM, the Fama 
and French (1993) three-factor model (FF3), and the Fama and French (2018) six-factor model (FF6). Since the Carhart (1997) 
four-factor model (C4), and the Fama and French (2015) five-factor model (FF5) are nested within FF6, similar findings for these 
models are relegated to the Internet Appendix.

We first consider the well-known market and consumption growth factors, which correspond with the CAPM and the CCAPM, 
respectively, and discuss the three-factor and six-factor models thereafter. Since macroeconomic factors such as consumption growth 
are typically just available at a low frequency, we use quarterly data for 1963Q1–2013Q4 from Lettau et al. (2019) to facilitate 
comparison of the market and consumption growth factors. Monthly data are involved for the six-factor model. We use a rolling 
window over the latest ten years for the two-pass regression so 𝑇 = 40 for quarterly data, to show the variation of the risk premia 
over time.8 Because of this ten-year window, our results for the factor risk premia are from 1973Q1 onwards.

For ease of exposition, we report the resulting 95% confidence sets of factor risk premia (shaded areas), within which the point 
estimates of the factor risk premia are shown (dashed lines). Since beta pricing models are likely misspecified,9 we construct these 
confidence sets by inverting two of the aforementioned tests: the misspecification-robust 𝑡-test of Raponi et al. (2020) for the bias-
adjusted estimator of Shanken (1992), and our LM test based on the CUE. For brevity reasons, we refrained from using the 𝑡-test 
based on the CUE or any of the other proposed tests, since the 𝑡-test is not robust to weak identification, while the other tests are 
only applicable under beta pricing, which is considered unlikely given the vast number of individual assets.

5.1. Market risk premium in CAPM

For the market factor of the CAPM, Figs.  3a and 3b show mostly similar 95% confidence sets resulting from the 𝑡 and LM tests 
as well as comparable estimates of the (ex-post) market risk premium resulting from the bias-adjusted estimator and the CUE. The 
95% confidence sets from the 𝑡-test result from the bias-adjusted estimator of Shanken (1992) plus/minus 1.96 times its standard 
error, so they are centered around the point estimates (dashed black). In contrast, the 95% confidence sets from the LM test result 
from inverting the LM statistic proposed in Section 3, which are around the point estimates (dashed red) from the CUE. To facilitate 
comparison, the Y-axes of Figs.  3a and 3b cover the same range: 0–7 percent.

Comparing Figs.  3a and 3b, the LM test leads to considerably tighter 95% confidence sets than the 𝑡-test, especially for the time 
periods around 1995. In addition, the 95% confidence sets from the LM test in Fig.  3b all contain significantly positive values for 
the market risk premium. These findings are in line with the common view that the market factor explains part of the cross-section 
of asset returns, while they also indicate the different power of the 𝑡 and LM tests.10

Fig.  3c jointly shows the estimated (ex-post) market risk premium from the bias-adjusted estimator (dashed black) and from 
the CUE (dashed red) as reported in Figs.  3a and 3b. In addition, Fig.  3c also shows the average market return (solid blue) from 
a ten-year rolling window, where the data within each window is similarly used for computing the depicted (ex-post) market risk 
premium estimates. Because the market factor is a traded factor, we can also gauge its risk premium by using its average.

Fig.  3c highlights that the estimated (ex-post) market risk premium using the CUE (dashed red) differs from the bias-adjusted 
estimator (dashed black), although they often line up nicely. When the CUE and the bias-adjusted estimator differ substantially, 
the CUE remains comparable to the observed average market return (solid blue), while the bias-adjusted estimator is then quite 
different from the other two. Furthermore, the large difference between the CUE and the bias-adjusted estimator occurs at the same 
time the wide 95% confidence sets resulting from the 𝑡-test occur which are shown in Fig.  3a.

8 We use all CRSP stocks with available monthly returns to construct quarterly returns. Since we use a rolling window, the number of involved stocks varies 
when the time window moves. The maximum number of involved stocks exceeds three thousand (3334). Instead of 𝑇 = 40, we also consider alternative values 
such as 𝑇 = 30 in the Internet Appendix.

9 The FAR statistics at the CUE suggest misspecification of FF3 and FF6 models, as presented in Figure A15 of the Internet Appendix.
10 It is unlikely that the market factor is the only factor influencing asset returns. Theorems  4 and 10 state that we can interpret the CUE as an estimator 

of the pseudo-true value in a more extensive model with unobserved potentially priced factors resulting from Assumption  1* and (17) for which the LM test 
provides a size-correct test.
13 



F. Kleibergen and Z. Zhan Journal of Econometrics 252 (2025) 106108 
Fig. 3. Market risk premium in CAPM.
Notes: The shaded areas are the 95% confidence sets of factor risk premia. The 𝑡-test is based on the bias-adjusted estimator (dashed black) of 
Shanken (1992), while the LM test is based on the CUE (dashed red). The average market return (solid blue) results from the average of the 
market factor during the ten-year rolling window. The quarterly data of the market factor during 1963Q1–2013Q4 are taken from Lettau et al. 
(2019), while the CRSP stocks with return data available during this period are used.

Overall, Fig.  3 illustrates the robustness and improved interpretability of the CUE and its associated LM test for analyzing the 
market risk premium resulting from the cross-section of individual asset returns, compared to the bias-adjusted estimator and its 
associated 𝑡-test.

5.2. Consumption risk premium in CCAPM

To compare with the market factor, we next consider the consumption growth factor in the classic consumption capital asset 
pricing model (CCAPM) in Fig.  4.

In particular, Fig.  4a shows the bias-adjusted (ex-post) consumption risk premium estimates and the 95% confidence sets resulting 
from the 𝑡-test, while Fig.  4b shows the counterparts from the CUE and the LM test. The consumption risk premium estimates in 
Figs.  4a and 4b are mostly of different signs for identical time periods. It indicates that the 𝛽′𝑀𝜄𝑁 𝛽 − 𝑁

𝑇 𝜔̂
2𝑄−1

𝐹𝐹  component in the 
bias-adjusted estimator (12) is mostly negative, so the requirement that this component is positive is violated. The relevance of 
the market factor shown in Fig.  3 indicates that an asset pricing model which just uses the consumption growth factor has priced 
unobserved components which is in line with Assumption  1* and (17). Corollaries  3 and 4 show that this can lead to a negative value 
of 𝛽′𝑀 𝛽 − 𝑁 𝜔̂2𝑄−1  as stated in (32). In contrast, the CUE is constructed such that its comparable component, 𝛽′𝑀 𝛽 −𝜇 𝑄−1 , 
𝜄𝑁 𝑇 𝐹𝐹 𝜄𝑁 min 𝐹𝐹
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Fig. 4. Consumption risk premium in CCAPM.
Notes: The shaded areas are the 95% confidence sets of factor risk premia. The 𝑡-test is based on the bias-adjusted estimator (dashed black) of 
Shanken (1992), while the LM test is based on the CUE (dashed red). The quarterly data of the consumption growth factor during 1963Q1–2013Q4 
are taken from Lettau et al. (2019), while the CRSP stocks with return data available during this period are adopted. The power improvement 
rule of Kleibergen and Zhan (2025) is used for the LM test.

is positive by construction, so the positive requirement cannot be violated. This difference makes the CUE a more robust estimator 
than the bias-adjusted estimator, as discussed previously in Section 2.

Interestingly, the 95% confidence sets from the LM test are mostly quite tight, indicating that the consumption risk premium 
is well identified but still many times not significantly different from zero. The consumption risk premium resulting from portfolio 
returns is notoriously weakly identified. When using identification-robust tests, the 95% confidence sets for the consumption risk 
premium are then often unbounded; see, e.g., Kleibergen (2009) and Kleibergen and Zhan (2020). The (mostly) boundedness 
indicates proper identification of the consumption risk premium, which is in contrast to its identification when using the twenty-five 
size and book-to-market sorted portfolios. It nicely illustrates the improved identification resulting from using the cross-section of 
individual assets compared to the limited set of portfolios, which provides an important motivation for the 𝑁 ≫ 𝑇  setting.

In their Table 3, Lettau and Ludvigson (2001) report the estimated consumption risk premium as 0.22 by using the traditional 
twenty-five Fama–French portfolios. This value is thus in line with the CUE (dashed red) in Fig.  4b which results from individual 
stocks.

5.3. Market risk premium in Fama and French (1993)

Fig.  5 shows the market risk premium in the Fama and French (1993) three-factor model (FF3) which is to be compared with 
Fig.  3 for the CAPM. It similarly shows that the CUE mostly yields positive values for the market risk premium, while the LM test 
provides informative 95% confidence sets in Fig.  5b. Similar to Figs.  4, 5 also shows that Shanken (1992)’s bias-adjusted estimator 
(dashed black) could substantially differ from the CUE (dashed red), sometimes with opposite signs. This massive difference, as 
explained previously, is due to the violated positive definiteness of 𝛽′𝑀𝜄𝑁 𝛽 − 𝑁

𝑇 𝜔̂
2𝑄−1

𝐹𝐹  for the bias-adjusted estimator, while the 
CUE counterpart 𝛽′𝑀𝜄𝑁 𝛽 − 𝜇min𝑄−1

𝐹𝐹  is positive definite by construction. In the Internet Appendix (Figure A6), we further plot the 
smallest eigenvalues of these two matrices, which helps explain the seemingly striking difference between Figs.  5a and 5b. Like Figs. 
3c, 5c also shows that the CUE is more in line with the observed average market return (solid blue).

5.4. Fama and French (2018) six factors

The Fama and French (2018) six-factor model (FF6) adds the profitability (RMW), investment (CMA), and momentum (UMD) 
factors to the classic FF3 model with market, size (SMB), and value (HML) factors. It also nests the four-factor model of Carhart 
(1997, C4), and the five-factor model of Fama and French (2015, FF5). All in all, we discuss the (ex-post) risk premia for the FF6 
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Fig. 5. Market risk premium in FF3.
Notes: For this figure, we consider the FF3 model. The shaded areas are the 95% confidence sets of factor risk premia. The 𝑡-test is based on 
the bias-adjusted estimator (dashed black) of Shanken (1992), while the LM test is based on the CUE (dashed red). The average market return 
(solid blue) results from the average of the market factor during the ten-year rolling window. The quarterly data of the market factor during 
1963Q1–2013Q4 are taken from Lettau et al. (2019), while the CRSP stocks with return data available during this period are used.

factors: market, SMB, HML, RMW, CMA, and UMD, while the other models just mentioned are covered in the Internet Appendix. 
We do so because the (ex-post) risk premia for a specific factor are found to be quite robust with respect to other factors present 
in the respective model. Hence, the risk premia of interest are similar when using a smaller number of factors compared to a larger 
number. While the models with fewer factors could be misspecified, our findings show that their pseudo-true values of the risk 
premia are comparable to those from larger models with potentially less misspecification which indicates robustness. The main 
results can thus directly be inferred from such more extensive multi-factor models, like, the FF6 model.

To emphasize this point, Fig.  6 shows the time-varying (ex-post) market risk premia that result from the CAPM in Fig.  6a, 
compared to FF6 in Fig.  6b, using monthly data from July 1963 to December 2013. Figs.  6a and 6b display the CUE and the 95% 
confidence sets from the LM test, while Fig.  6c contrasts the CUEs of the (ex-post) market risk premium in both CAPM and FF6: it 
shows how strikingly similar they are. In the Internet Appendix, we show that it likewise holds for the (ex-post) risk premia of the 
other factors in FF6 when we analyze them in a less extensive factor model. It explains why we, for expository purposes, therefore 
just discuss them in the Internet Appendix and focus on the risk premia from the cross-section of individual assets for the FF6 factors.
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Fig. 6. Market risk premium in CAPM (blue) vs FF6 (red), monthly data.
Notes: The shaded areas are the 95% confidence sets of factor risk premia from the LM test based on the CUE in CAPM (dashed blue) and FF6 
(dashed red). The monthly data of the risk factors during July 1963–December 2013 are taken from Kenneth R. French’s online data library, 
while the CRSP stocks with return data available during this period are adopted.

For the involved monthly data from July 1963 to December 2013, the mean market return is 0.50 with 95% confidence interval 
(0.14, 0.86), which largely overlaps with the 95% confidence sets constructed using the LM test in Figs.  6a and 6b. If the confidence 
sets resulting from the monthly data in Figs.  6a–6b are multiplied by 3, they also become comparable to their quarterly counterparts 
in Fig.  3b. Moreover, the 95% confidence sets from the LM test in Figs.  6a–6b generally contain positive values for the market risk 
premium, which therefore show support for the market factor.

Next, we present our findings for all FF6 factors in Figs.  7 and 8, which show the time varying (ex-post) risk premia estimates 
from the CUE and 95% confidence sets from the LM test. These figures show that the risk premia of three factors stand out with 
respect to how much they exceed zero: market, size (SMB) and momentum (UMD), and especially so for market and momentum. 
This is much less so in the traditional 𝑇 ≫ 𝑁 setting using a limited set of portfolio returns. Hence, different factors stand out in 
the cross-section of individual assets compared to the traditionally used limited number of portfolios.

The Internet Appendix (see Figures A7–A10) contains similar findings that show market, size, and momentum factors stand out, 
when applying our methodology to FF3, C4, FF5, and an extended model that contains the 𝑞-factors of Hou et al. (2015).

In the same fashion as for the market factor, we also compare the risk premia of the size and momentum factors presented in 
Figs.  7–8 with their factor means. For the adopted monthly data, the mean of the size (SMB) factor is 0.28 with the associated 95% 
confidence interval (0.04, 0.52). Likewise, the mean of the momentum (UMD) factor is 0.70 with the associated 95% confidence 
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Fig. 7. Risk premia from the CUE and the LM test in FF6, monthly data.
Notes: The shaded areas are the 95% confidence sets of factor risk premia from the LM test based on the CUE (dashed red) in FF6. The monthly 
data of the risk factors during July 1963–December 2013 are taken from Kenneth R. French’s online data library, while the CRSP stocks with 
return data available during this period are adopted.

interval (0.36, 1.04). These values are thus largely in line with the empirical findings in Figs.  7b and 8c for SMB and UMD, 
respectively.11

On the other hand, the value (HML), profitability (RMW) and investment (CMA) factors similarly have significantly positive 
mean values, but Figs.  7c, 8a and 8b for HML, RMW and CMA show that these factors mostly do not yield ex-post risk premia that 
are in line with their factor means. These findings thus cast doubt on the value, profitability and investment factors for explaining 
individual asset returns.

Our results therefore call for further investigation into the cross-section of individual asset returns. Although hundreds of risk 
factors and various factor models have been proposed in the asset pricing literature, they are rarely examined on the cross-section of 
individual asset returns, so their suitability for explaining it, is largely unclear. Indeed, our results are therefore two fold (see Figs. 
3–8, and those in the Internet Appendix). While three existing factors: market, size, and momentum, remain to perform well, many 
others do much less so. Hence, it is important to identify the risk factors that are appropriate for the cross-section of individual 
asset returns; see, e.g., Fortin et al. (2025).

11 The tight confidence sets on SMB in Fig.  7b reflects informative inference provided by the LM test based on the CUE in the large 𝑁 framework, which 
tends to be powerful as illustrated by our simulation study. In addition, the risk premium on SMB is typically better identified compared to the market risk 
premium, so confidence sets on SMB in Fig.  7b are generally tighter than those on the market factor in Fig.  7a. See also Figures A14 and A16 in the Internet 
Appendix.
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Fig. 8. Risk premia from the CUE and the LM test in FF6, monthly data.
Notes: The shaded areas are the 95% confidence sets of factor risk premia from the LM test based on the CUE (dashed red) in FF6. The monthly 
data of the risk factors during July 1963–December 2013 are taken from Kenneth R. French’s online data library, while the CRSP stocks with 
return data available during this period are adopted.

Furthermore, we use the instrumental variables approach of Gagliardini et al. (2016) to examine ex-ante risk premia, in order to 
gauge the pricing performance of the FF6 model. In particular, Gagliardini et al. (2016) consider the FF4 model, while we extend 
their empirical study to allow for the FF6 model. As reported in Table A1 of the Internet Appendix, the resulting findings show 
significantly positive risk premia on market, size, and momentum factors, but not on value, profitability, and investment factors, 
which are therefore consistent with our findings.

Finally, it is worth noting that our objective is not to emphasize the performance of market, size, and momentum factors in 
cross-sectional tests. There is a zoo of factors established in the literature using the 𝑇 ≫ 𝑁 setting, so some other factors are 
also expected to be informative for explaining the cross-section of individual asset returns. For example, in the Internet Appendix, 
Figure A14 shows that the volatility factor of Chordia et al. (2001) also does so, jointly with the market, size, momentum factors 
in a four-factor model. Further exploring the zoo of factors using short panels is, however, outside our current scope, so we leave 
it for future research.

6. Conclusions

We develop novel estimation and inference procedures for assessing risk premia from the cross-section of individual assets where 
the number of assets vastly exceeds the rather limited number of time-series observations. These inference procedures improve upon 
existing ones because they are valid for a wider set of conditions, and have more discriminatory power under the same conditions 
as existing procedures. We use them to analyze the cross-section of individual asset returns using CRSP data for the CAPM, the 
CCAPM and the Fama and French (1993, 2018) models. We find that market, size, and momentum factors stand out because of 
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largely positive risk premia. For the remaining value, profitability, and investment factors, this is much less so. Hence, different 
factors stand out in the cross-section of individual asset returns compared to the traditionally used cross-section based on a limited 
number of portfolio returns. Our findings show the importance of further investigation of the cross-section of individual assets to 
determine other relevant risk factors.
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