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Abstract. We develop a method to solve, theoretically and numerically, general optimal 
stopping problems. Our general setting allows for multiple exercise rights—that is, optimal 
multiple stopping—for a robust evaluation that accounts for model uncertainty with a 
dominated family of priors and for general reward processes driven by multidimensional 
jump-diffusions. Our approach relies on first establishing robust martingale dual represen
tation results for the multiple stopping problem that satisfy appealing almost sure path
wise optimality properties. Next, we exploit these theoretical results to develop upper and 
lower bounds that, as we formally show, not only converge to the true solution asymptoti
cally, but also constitute genuine prelimiting upper and lower bounds. We illustrate the 
applicability of our approach in a few examples and analyze the impact of model uncer
tainty on optimal multiple stopping strategies.
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1. Introduction
In this paper, we analyze general optimal stopping problems of the following form:

Y∗, L
t :� sup

t≤τ1<⋯<τL
(τ1, : : : , τL)∈T t(L)

sup
Q∈Q

EQ
XL

l�1
Hτl

�
�
�
�
�
F t

" #

, 0 ≤ t ≤ T, (1.1) 

where T t(L) is a family of stopping time vectors, L is a number of exercise rights, T < ∞ is a fixed time horizon, 
Q is a family of probabilistic models, and H is a general F ·-adapted reward process. The operator sup is to be 
understood as ess sup if it applies to an uncountable family of random variables. The Optimal Stopping Problem 
(1.1) features generality along three dimensions: (i) it allows for optimal multiple stopping (when L>1); (ii) it 
allows for a robust evaluation that explicitly takes probabilistic model uncertainty (i.e., ambiguity) into account 
(when Q is not a singleton); and (iii) it allows for general reward processes that will be driven by multidimen
sional jump-diffusion processes. The process Y∗, L

t is referred to as the upper Snell envelope of H due to L exercise 
rights after the seminal work of Snell [80]. Problems of this type, or special cases thereof, occur naturally in a 
wide variety of applications in probability, operations research, economics, and finance.

Our aim is to develop upper and lower bounds on Y∗, L
t that satisfy several desirable properties. We achieve 

this by first establishing suitable martingale dual representations for Problem (1.1) that can be viewed as signifi
cant generalizations of the classical additive dual representations for standard (i.e., Q � {Q}, as opposed to robust) 
optimal stopping problems, developed independently by Rogers [69] and Haugh and Kogan [47] (see also the 
early Davis and Karatzas [33]) and their extension to standard multiple stopping problems in Schoenmakers [76]. 
A multiplicative dual representation for standard optimal stopping problems was proposed by Jamshidian [49]. 
Our dual representations take the form of an infimum over (robust) martingales, with no appearance of stopping 
times.
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An appealing feature—both theoretically and for numerical stability—of the dual representations that we 
establish is their (almost sure) pathwise optimality. Already, when L� 1, these results are new and of indepen
dent interest for robust optimal single stopping. They are developed here in the general setting of robust optimal 
multiple stopping (1.1). Throughout, we assume a fixed reference measure P to which the probabilistic models in 
Q are absolutely continuous. Hence, our dual representation results hold P-almost surely and not quasi surely 
(see, e.g., Soner et al. [81]). While bearing in mind this important distinction, we adopt the common practice (e.g., 
Rogers [70]) of using the term “pathwise” to indicate the pathwise maxima over the exercise dates in the dual 
representation results that we establish. The almost sure nature of the dual representations suggests that finding 
a “good” martingale that is “close” to a “surely optimal” martingale will yield tight and nearly constant upper 
bounds. The target can be the unique (robust) Doob martingale, to be constructed from an approximation to the 
upper Snell envelope, or, more generally, a martingale for which the dual representation’s infimum is attained 
and the almost sure property is satisfied. Although this phenomenon of tightness and constancy is known in the 
case of standard, nonrobust single stopping problems (i.e., when Q � {Q} and L�1, see Rogers [71] and Schoen
makers et al. [77]), we will analyze it in our general setting of robust stopping. We will show, in particular, that a 
low (vanishing in probability) robust variance implies a tight (converging in L1) approximation. The mathemati
cal details of these results are delicate.

These new theoretical results justify and enable us to next develop a numerically implementable method to 
obtain upper and lower bounds to Y∗, L

t with desirable properties. Our lower bound, derived from the proposed 
exercise strategy, will, as we formally show, not only converge to the optimal solution asymptotically, but also 
be “biased low” at the prelimiting level in a Brownian-Poisson filtration. This is not the case for the initially pro
posed upper bound: it converges to the true solution, but is not, in general, “biased high.” We therefore also 
develop a second upper bound that, as we prove, both converges to the true solution asymptotically and is 
biased high in a Brownian-Poisson filtration. It is based on a Lipschitzian L2-approximation, with a Lipschitz con
stant that we explicitly derive, and a suitable (reversed) application of Jensen’s inequality. We will refer to this 
second upper bound as our genuine upper bound. The computational complexity of both upper bounds is only 
linear in the number of exercise rights, and our method does not require nested simulation.

We provide extensive numerical examples, including single and multiple stopping problems, univariate and multi
variate stochastic drivers, increasing and decreasing reward functions, and pure diffusion and jump-diffusion models, 
to illustrate the applicability and generality of our approach. They demonstrate that our approach yields tight upper 
and lower bounds that, due to almost sure properties, moreover, have low standard errors. They also analyze the 
impact of multiple versus single stopping rights and reveal that employing a robust evaluation that takes ambiguity 
into account is highly relevant for optimal stopping, especially in the presence of multiple exercise rights.

When embedded in a Brownian-Poisson filtration, the problems we analyze are naturally represented as stopping 
problems with respect to g-expectations (Peng [64], Peng [65]), leading to backward stochastic differential equations 
(BSDEs). Hence, as a contribution to the BSDE literature of independent interest, we explicitly construct novel genu
ine upper and lower bounds to BSDE solutions with positively homogeneous convex drivers in a Brownian-Poisson 
filtration. Bender et al. [17], when analyzing solutions to discrete-time (reflected) backward stochastic difference 
equations (BS∆Es) rather than the continuous-time BSDEs that we consider, develop upper and lower bounds 
applying techniques different from the techniques that we employ. Bender et al. [15] construct Monte Carlo upper 
and lower bounds for a class of discrete-time stochastic dynamic programs, which includes discretizations of multi
ple stopping problems. Our genuine upper and lower bounds apply directly to the original continuous-time prob
lem. Our genuine lower bound takes advantage of an almost sure property of a “second kind” that we formally 
establish in order to reduce its variance—“second kind” to distinguish it from the additive dual representation’s 
almost sure property. This almost sure property entails that the difference between the BSDEs terminal condition 
and the associated (robust) martingale is constant almost surely. Our genuine upper bound for the continuous-time 
problem is based on forward simulation of an approximate BSDE solution. The construction is somewhat related to 
the a posteriori criterion for error evaluation introduced in Bender and Steiner [14] in a Brownian filtration and 
developed here to obtain explicit genuine upper bounds for BSDEs in a Brownian-Poisson filtration.

The development of numerically implementable methods to obtain approximations to problems of the type 
(1.1), but with Q a singleton (no ambiguity), L�1 (single stopping), and with H multidimensional but satisfying 
strong conditions, started with the regression-based Monte Carlo methods of Carriere [27] and Longstaff and 
Schwartz [58]; see also Tsitsiklis and Van Roy [84] and Clément et al. [31]. These methods yield lower bounds to 
Y∗, 1

t by approximating the optimal stopping time using regression and are commonly referred to as “primal” 
approaches. An important example of a nonregression-based primal approach is the stochastic mesh method of 
Broadie and Glasserman [21] (see, for further details, Glasserman [42] and also Belomestny et al. [13]). “Dual” 
algorithms that exploit additive dual representations to numerically compute upper bounds were first proposed 
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by Andersen and Broadie [1] in the standard single stopping problem and were further developed by, for exam
ple, Belomestny et al. [12] to allow for nonnested simulation. Whereas primal methods rely in a sense on con
structing an appropriate stopping time, dual methods rely on constructing an appropriate martingale. Brown 
et al. [22], in an innovative paper, enlarge the information on which an exercise decision may depend in dual 
optimization, yielding tight upper bounds.

Model uncertainty, and the distinction between risk and ambiguity, has received much attention in recent 
years. Under the Bayesian paradigm, as adopted in Savage’s [75] subjective expected utility model, this distinc
tion is, in a sense, nullified, through subjective probabilities resulting from a subjective prior probability over 
probabilistic models that quantifies model uncertainty. A popular approach beyond the Bayesian paradigm is 
provided by the multiple priors model of Gilboa and Schmeidler [41], which is a decision-theoretic formalization 
of the classical Waldian maxmin decision rule (Wald [85]; see also Huber [48]) and experimentally motivated by 
the Ellsberg [37] paradox. These models are intimately related to coherent, convex, and entropy convex measures 
of risk in financial risk measurement (Föllmer and Schied [38], Föllmer and Schied [39], Frittelli and Rosazza Gia
nin [40], Ruszczyński and Shapiro [73], Ruszczyński and Shapiro [74], and Laeven and Stadje [54]). They explic
itly recognize that probabilistic models may be misspecified and are often referred to as robust approaches 
(Hansen and Sargent [46]). The literature on robust single stopping theory is rapidly growing; it includes Riedel 
[67], Krätschmer and Schoenmakers [52], Bayraktar et al. [9], Bayraktar and Yao [5], Cheng and Riedel [28], 
Øksendal et al. [63], Belomestny and Krätschmer [10], Belomestny and Krätschmer [11], Bayraktar and Yao [6], 
Bayraktar and Yao [7], Bayraktar and Yao [8], Ekren et al. [36], Matoussi et al. [60], Matoussi et al. [61], and Nutz 
and Zhang [62]. However, numerically implementable methods to solve general optimal stopping problems of 
the form (1.1) have not been well-developed as yet. Krätschmer et al. [53] propose a numerically implementable 
method for single stopping problems under uncertainty in drift and jump intensity. Their approach is dual, but 
not pathwise—that is, it does not rely on a dual representation with the appealing (almost sure) pathwise opti
mality property—and cannot handle multiple stopping problems.

The multiple stopping problem can be viewed as L nested single stopping problems, where the decision maker 
first chooses between stopping at time τ1 on the one hand, thus collecting the reward and entering into a new 
contract with L� 1 exercise rights, and retaining L exercise rights on the other hand, and so on. Multiple exercise 
rights occur naturally in many applications across various fields. For example, in environmental economics, a 
swing option gives the investor the right to change his purchased energy quantity a number of times per time 
period; in finance, a flexible interest rate cap gives the investor the right to exercise at each interest rate reset date 
a number of times over the life of the contract; and, in insurance, a partial surrender option provides a payoff to 
the policyholder each time he partially surrenders his life insurance contract; see, for example, Carmona and 
Dayanik [24] and Carmona and Touzi [25] and the references therein. Kobylanski et al. [51] analyze the standard 
multiple stopping problem (without ambiguity), allowing the payoff to be a general functional of an ordered 
sequence of stopping times. Bender et al. [16] develop a dual approach to generalized multiple stopping pro
blems with respect to standard conditional expectations that is intimately related to the information relaxation 
approach of Brown et al. [22]. A primal-dual algorithm for standard multiple stopping with respect to standard 
conditional expectations in the context of flexible interest rate caps has been proposed in Balder et al. [3].

As an important application, our approach may be used for robust no-arbitrage pricing (Hansen and Jagannathan 
[45], Cochrane and Saá-Requejo [32]) of American-style derivatives with possibly multiple exercise rights, via super
hedging. This entails a significant advancement of the standard approach, where in a usually incomplete market, 
the corresponding stopping problem is solved with respect to an arbitrarily chosen (local equivalent martingale) 
measure. Our results can also be applied to indifference valuation (seller’s perspective; Carmona [23], Laeven and 
Stadje [55]) of general optimally stopped reward processes under the multiple priors model. Another application is 
that of robust risk measurement (Ben-Tal and Nemirovski [18], Bertsimas and Brown [19], Föllmer and Schied [39]) 
to determine, for example, the risk capital required to cover optimally stopped reward processes.

From an abstract perspective, single and multiple stopping problems bear similarities with reinforcement 
learning problems and Markov decision processes (in a Markovian setting). There exists by now a large literature 
on reinforcement learning and robust optimization in machine learning and operations research. Markov deci
sion processes in which the parameters are uncertain are studied in Xu and Mannor [87], Wiesemann et al. [86], 
Grand-Clément and Kroer [43], and Liu et al. [57]; see also the references therein. The duality approach devel
oped in this paper may therefore also prove to be fruitful in this related area of research.

The remainder of this paper is organized as follows. In Section 2, we recall some basic notions, establish some 
general properties, introduce the robust optimal multiple stopping problem, and provide some examples. In Sec
tion 3, we present our pathwise dual representations and establish our results on surely optimal (robust) martin
gales. In Section 4, we outline a general primal-dual algorithm and prove its convergence. Section 5 presents 
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explicit upper and lower bounds in a Brownian-Poisson filtration. Section 6 provides extensive numerical results. 
All proofs and several auxiliary results are in the online appendix.

2. Robust Optimal Multiple Stopping
2.1. Basic Notions and General Properties
We start by considering a general stochastic setup. We let (Ω, (F t)t∈{0, : : : , T},P) be a filtered probability space and 
let X be a linear subspace of L0(Ω,F ,P) with F :� FT. We further assume that X has a lattice structure—that is, X 

is closed under the operations ∧ (min) and ∨ (max)—and that X contains all indicator functions 1A, A ∈ F . We 
emphasize that we work throughout under a given reference probability measure P. (In)equalities between ran
dom variables are understood in the P-almost sure sense, often without explicit mention. Furthermore, conver
gences in L1 and L2 are understood as L1(P)- and L2(P)-convergences.

To represent preferences, we consider a family of mappings ρ :� (ρt)t�0, : : : , T,

ρt : X→ X ∩ L0(Ω,F t,P):

It is referred to as a monotone, regular, recursive, conditional translation invariant dynamic monetary utility func
tional—henceforth DMU for short—if it satisfies the following conditions (abbreviated as C in the online appendix):

Condition 1. ρt(X) ≤ ρt(Y) for all X, Y ∈ X with X ≤ Y and t ∈ {0, : : : , T} (monotonicity).

Condition 2. ρt(1AX) � 1Aρt(X) for all X ∈ X, A ∈ F t, and t ∈ {0, : : : , T} (regularity).

Condition 3. ρt � ρt ◦ ρt+1 for all t ∈ {0, : : : , T� 1} (recursiveness).

Condition 4. ρt(X+Y) � ρt(X) +Y for all X, Y ∈ X with Y ∈ F t and t ∈ {0, : : : , T} (conditional translation invariance).

As additional properties (abbreviated as P in the online appendix), we consider:

Property 1. ρt(X+Y) ≤ ρt(X) + ρt(Y) for all X, Y ∈ X and t ∈ {0, : : : , T} (subadditivity).

Property 2. [X ≤ 0 and ρt(X) ≥ 0] ⇒ X � 0, for all X ∈ X and t ∈ {0, : : : , T} (sensitivity).

Property 3. ρt(λX) � λρt(X) for all X ∈ X, λ ≥ 0 and t ∈ {0, : : : , T} (positive homogeneity).

Conditions 1–4 will always be assumed. In the sequel, we will mention explicitly which of the Properties 1–3 is 
required. Properties 1 and 2 also entail the implication [X ≥ 0 and ρt(X) ≤ 0] ⇒ X � 0; see Lemma A.1 in Online 
Appendix A.1. DMUs that satisfy Properties 1–3, in addition to Conditions 1–4, take the form of robust, or worst- 
case, expectations and have been widely used in applied probability, operations research, economics, and 
finance; see the references in Sections 1 and 2.3.

In this paper, we will frequently use the following implications of Conditions 2 and 4:

Condition 5. ρt(0) � 0 for all t ∈ {0, : : : , T} (normalization).

Condition 6. ρt(X) � X for all X ∈ X with X ∈ F t and t ∈ {0, : : : , T} (F t-invariance).

Let H be the set of adapted processes (Ut)t∈{0, : : : , T} such that Ut ∈ X ∩ L0(Ω,F t,P). A process M � (Mt)t∈{0, : : : , T} ∈

H is said to be a ρ-martingale if
Mt � ρt(Mt+1), 0 ≤ t < T: (2.1) 

We present two auxiliary lemmas. The first lemma provides a generalization of Doob’s optional sampling theo
rem toward our setup:

Lemma 2.1 (Doob). Suppose ρ satisfies Conditions 1–4. Then, for any ρ-martingale M and any stopping time τi, 
i ≤ τi ≤ T, it holds that ρi(Mτi) �Mi, 0 ≤ i ≤ T:

Because of the next lemma, the properties of recursiveness (Condition 3) and conditional translation invariance 
(Condition 4) carry over to stopping times, as we will exploit later:

Lemma 2.2. Let ρ satisfy Conditions 1–4, and let t ∈ {0, : : : , T} be fixed. Consider, for any stopping time τ, t ≤ τ ≤ T, the 
functional

ρτ(X) :�
XT

j�t
1{τ�j}ρj(X):

Then, ρτ acts from FT→ F τ ⊃ F t, and 
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i. ρτ satisfies ρt � ρt ◦ ρτ;
ii. ρτ(X+Y) � X+ ρτ(Y), for X ∈ F τ, Y ∈ FT.

Remark 2.3. We note that common g-expectations (with a positively homogeneous Lipschitz-continuous driver 
g; see Jiang [50]) satisfy our axioms Conditions 1–4 and Properties 1–3. Moreover, in a continuous-time setting, if 
our axioms hold for all t ∈ [0, T] (and an additional domination or weak compactness condition is valid), then ρ 
is necessarily a g-expectation. However, in principle, ρ only needs to be defined in discrete time. In discrete time, 
the class of risk measures satisfying Conditions 1–4 and Properties 1–3 is much larger than the class of g-expecta
tions. Specifically, every conditional coherent one-step risk measure, say, ρt : L2(F t+1) → L2(F t), gives rise to a 
dynamic risk measure, (ρt)t�0, 1, : : : , T : L2(FT) → L2(F t), satisfying Conditions 1–4 and Properties 1–3, by defining 
recursively ρT(X) � X and ρt(X) :� ρt(ρt+1(X)); see Cheridito et al. [29].

2.2. The Stopping Problem
Consider a fixed adapted reward, or (discounted) cash-flow, process H � (Ht)t∈{0, : : : , T} ∈H and a DMU decision 
maker with L exercise rights that have to be exercised at different exercise dates. For each fixed t and L, 
0 ≤ t ≤ T, let T t(L) be the family of stopping vectors (τ1, : : : ,τL) such that τ1 ≥ t and τl ≥ τl�1 + 1 for all l, 
1 < l ≤ L. The decision maker faces the following robust optimal multiple stopping problem:

Y∗, L
t :� ess sup

t≤τ1<τ2<⋯<τL

ρt

XL

l�1
Hτl

 !

, t ∈ {0, : : : , T}, (2.2) 

for a DMU functional ρ that satisfies Conditions 1–4. We note that Problem (2.2) is even slightly more general 
than Problem (1.1), which arises when additionally Properties 1–3 are satisfied. Henceforth, we write sup (and 
inf) instead of ess sup (and ess inf) for convenience, understanding that they apply to an uncountable family of 
random variables. For a clean formulation of the Multiple Stopping Problem (2.2), we extend the cash-flow pro
cess by setting Hj ≡ 0 and F j ≡ FT, for j � T + 1, T + 2, : : : . That is, the subset of rights l, l � 2, : : : , L, not exercised 
by time T becomes valueless. Hence, for any ρ-martingale M, Mj�MT, j>T.

When L ≡ 1, the single stopping problem

Y∗t ≡ Y∗, 1
t � sup

τ∈T t

ρt(Hτ), t ∈ {0, : : : , T}, (2.3) 

occurs as a special case, where the family of stopping times T t ≡ T t(1) takes values in the set {t, : : : , T}.
The multiple stopping problem can be viewed as L nested single stopping problems with only a single exercise 

right. Indeed, setting Y∗, 0 ≡ 0, Y∗, 1 ≡ Y∗ is the upper Snell envelope of H due to a single exercise right. Then, for 
multiple exercise rights L ≥ 1, Y∗, L can be viewed as the upper Snell envelope of the process

Ht + ρt(Y
∗, L�1
t+1 ), t ∈ {0, : : : , T� 1}, 

due to only a single exercise right.
Let us denote the set of ρ-martingales M with M0 � 0 by Mρ

0 . There exists a unique ρ-martingale M∗ρ ∈M
ρ
0 

and a nondecreasing predictable A∗ρ ∈H such that

Y∗t � Y∗0 +M∗ρt �A∗ρt , t ∈ {0, : : : , T}, (2.4) 

which represents the ρ-Doob decomposition of Y∗ � (Y∗t)t∈{0, : : : , T}. It is easy to verify that, for t ∈ {0, : : : , T� 1},

M∗ρt+1 �M∗ρt � Y∗t+1 � ρt(Y
∗
t+1), and A∗ρt+1 �A∗ρt � Y∗t � ρt(Y

∗
t+1): (2.5) 

Henceforth, the ρ-martingale M∗ρ will often be referred to as the ρ-Doob martingale, and we often suppress its 
superscript ρ to simplify notation.

In Online Appendix A.2, we establish some auxiliary results for Problem (2.3) that will be exploited in the 
proofs of the results that follow.

2.3. Examples
We provide the following examples, in which specific versions of the robust optimal multiple stopping problem 
of the General Form (2.2) occur naturally. The probabilistic models in the sets Q considered below are absolutely 
continuous with respect to the reference probability measure P. 
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(a) No-arbitrage pricing: Let Q be the set of local equivalent martingale measures. (Only if markets are complete 
Q is a singleton—that is, Q � {Q}.) Then, the superhedging price πL of a contract with L ≥ 1 exercise rights and asso
ciated payoff 

PL
l�1 Hτl is given by

πL � sup
τ1<τ2<⋯<τL

sup
Q∈Q

EQ
XL

l�1
Hτl

" #

:

Many different approaches to no-arbitrage pricing have been proposed in the literature; see, for example, the 
good-deal bounds of Cochrane and Saá-Requejo [32], Hansen and Jagannathan [45], and Björk and Slinko [20] or 
the acceptable opportunities of Carr et al. [26]. All these approaches yield prices of the form

eπL � sup
τ1<τ2<⋯<τL

sup
Q∈Qrestricted

EQ
XL

l�1
Hτl

" #

, 

where Qrestricted ⊂Q.
Prototypical situations leading to single and multiple stopping problems in economics and finance are the pric

ing and exercising of American-style, Bermudan-style, and swing options. American options give the holder the 
right to exercise the option (once) on any preferred trading day before expiration. Different from American options, 
Bermudan options prescribe a set of trading days on which the option can be exercised (once). Swing options, more 
generally, give the holder the right to exercise the option multiple times, at a prespecified set of exercise dates. 
With L ≥ 1 exercise rights, exercised at τ1 < τ2 <⋯< τL, the payoff equals 

PL
l�1 Hτl for a cash-flow process H ∈H. 

Swing options are particularly popular in energy markets to manage the risk of fluctuations in oil, gas, or electricity 
prices.

(b) Indifference valuation—the seller’s perspective: Suppose that the seller of a contract has a max-min utility 
functional of the form

U(H) � inf
Q∈Q

EQ[H], 

for a family of probabilistic models (i.e., priors) Q and adopts a utility indifference valuation approach (Carmona 
[23], Laeven and Stadje [55]). Then, the value VL of a contract with L ≥ 1 exercise rights and associated payoff PL

l�1 Hτl is determined from the indifference relation

U(0) � inf
τ1<τ2<⋯<τL

U �
XL

l�1
Hτl +VL

 !

� inf
τ1 <τ2 <⋯<τL

inf
Q∈Q

EQ �
XL

l�1
Hτl +VL

" #

:

Hence,
VL � sup

τ1<τ2<⋯<τL

sup
Q∈Q

EQ
XL

l�1
Hτl

" #

:

(c) Robust risk measurement: Suppose that ρ is a robust, or worst case, expectation—that is,

ρ(H) � sup
Q∈Q

EQ[H], (2.6) 

for a family of probabilistic models Q. In financial risk measurement, (2.6) is referred to as a coherent risk measure 
and Q as a set of generalized scenarios (Artzner et al. [2] and Föllmer and Schied [39]); see also Ben-Tal and Nemir
ovski [18] for the intimately connected robust optimization paradigm. It determines the minimal amount of risk 
capital required to be added to the financial position H to make it “safe” from the viewpoint of the regulatory 
authority. Applications of coherent risk measures and generalized scenarios to decision and optimization include 
Lesnevski et al. [56], Bertsimas and Brown [19], Choi et al. [30], Philpott et al. [66], and Tekaya et al. [83]. Assume 
now that Hτl is a payout obligation (i.e., liability) at time τl, where τl is a stopping time, due to, for example, a flexi
ble interest rate cap in interest rate markets or a partial surrender option in life insurance to be paid to a policy
holder who decides to partially surrender his insurance contract. Then, the required amount of risk capital due to 
L ≥ 1 stopping rights is given by

sup
τ1<τ2<⋯<τL

ρ
XL

l�1
Hτl

 !

� sup
τ1<τ2<⋯<τL

sup
Q∈Q

EQ
XL

l�1
Hτl

" #

:
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3. Pathwise Duality
3.1. Pathwise Dual Representation
The following theorem establishes our (almost sure) pathwise additive dual representation for general multiple 
stopping problems of the form (2.2). We emphasize that the pathwise dual representation holds P-almost surely, 
with P the reference measure.

Theorem 3.1. Suppose ρ satisfies Conditions 1–4 and is subadditive (Property 1). Then, for any adapted process H �
(Ht)t∈{0, : : : , T} ∈H and each fixed t ∈ {0, : : : , T}: 

i. We have the dual representation

Y∗, L
t � inf

M(1), : : : , M(L)∈Mρ
0

ρt max
t≤j1<j2<⋯<jL

XL

k�1

�
Hjk +M(k)jk�1

�M(k)jk

�
 !

; (3.1) 

ii. The dual representation’s infimum is attained:

Y∗, L
t � ρt max

t≤j1<j2<⋯<jL

XL

k�1
Hjk +M∗, L�k+1

jk�1
�M∗, L�k+1

jk

� �
 !

; (3.2) 

iii. if, in addition, ρ is sensitive (Property 2), we have the pathwise dual representation

Y∗, L
t � max

t≤ j1<j2<⋯<jL

XL

k�1
(Hjk +M∗, L�k+1

jk�1
�M∗, L�k+1

jk ), almost surely; (3.3) 

where the ρ-martingales M∗, L�k+1 satisfy

M∗, L�k+1
r+1 �M∗, L�k+1

r � Y∗, L�k+1
r+1 � ρr(Y

∗, L�k+1
r+1 ), (3.4) 

and Y∗, L�k+1 is the upper Snell envelope due to L� k+ 1 exercise rights, satisfying the Bellman principle,

Y∗, L�k+1
r �max[Hr + ρr(Y

∗, L�k
r+1 ),ρr(Y

∗, L�k+1
r+1 )]: (3.5) 

Already, when L ≡ 1, Theorem 3.1 is new and of significant independent interest. In this case, it simplifies to:

Corollary 3.2. Suppose ρ satisfies Conditions 1–4 and Property 1. Then, for any adapted process H ∈H and each fixed 
t ∈ {0, : : : , T}, we have the dual representation

Y∗t � inf
M∈Mρ

0

ρt max
t≤ j≤T

(Hj +Mt�Mj)

� �

, (3.6) 

� ρt max
t≤ j≤T

(Hj +M∗t �M∗j )
� �

, (3.7) 

where M∗ is the ρ-Doob martingale in Equation (2.4). If, in addition, ρ is sensitive (Property 2), we have the almost sure 
property:

Y∗t � max
t≤ j≤T

(Hj +M∗t �M∗j ), almost surely: (3.8) 

Remark 3.3. We note that the single stopping problem also admits an alternative, but nonpathwise, additive 
dual representation for functionals ρ satisfying Conditions 1–4; see Proposition A.2 in the online appendix. In 
Theorem 3.1 and Corollary 3.2, the subadditivity Property 1 of ρ is required and exploited through application of 
Lemma B.1 in the proof of Theorem 3.1. A dual representation theorem in the spirit of Theorem 3.1 and Corollary 
3.2 without assuming Property 1 seems not possible to us.

3.2. Surely Optimal r-Martingales
The ρ-Doob martingale in Equation (2.4) plays a special role in the set of ρ-martingales Mρ

0 , as its appearance in 
Corollary 3.2, Equation (3.7) (and indirect appearance in Theorem 3.1(ii)) confirms. In our numerically implementa
ble method developed and applied in Sections 4–6, we rely on the ρ-Doob martingale. From a theoretical perspec
tive, however, and as a general justification of our pathwise dual, martingale-based approach, we develop in this 
section several results on so-called surely optimal ρ-martingales. To achieve this, we generalize the concept of stan
dard surely optimal martingales (see Schoenmakers et al. [77] in the context of standard conditional expectations 
and optimal single stopping problems) to subadditive DMU functionals. The results in this section show formally 
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that if a general ρ-martingale—not necessarily the ρ-Doob martingale—induces “small” (robust) variance, then the 
associated bounds obtained from the dual representation can be expected to be “tight” and nearly constant.

Our results on surely optimal ρ-martingales can also serve as a diagnostic device to assess the quality of the 
estimated ρ-Doob martingale, derived from an (input) approximation to the upper Snell envelope. If the (robust) 
variance the estimate induces fails to be small, then it must be far from the ρ-Doob martingale. If, on the other 
hand, this variance is small, then the estimate will be close to an optimal ρ-martingale (attaining the dual repre
sentation’s infimum), even though not necessarily close to the ρ-Doob martingale.

For ease of exposition, we focus attention first on optimal single stopping problems. The next theorem gener
alizes the analogous key measurability result for standard conditional expectations and optimal single stopping 
problems to DMU functionals satisfying Conditions 1–4 and Property 1.

Theorem 3.4. Let Y∗i be the upper Snell envelope of the cash-flow process H with respect to a subadditive DMU functional 
ρ satisfying Conditions 1–4 and Property 1 as in Corollary 3.2, and let M be a ρ-martingale. Then, for any i ∈ {0, : : : , T},

max
i≤ j≤T
(Hj�Mj +Mi) ∈ F i⇒ max

i≤ j≤T
(Hj�Mj +Mi) � Y∗i :

The following lemma will later allow for a generalization of the results in this section to multiple stopping.

Lemma 3.5. Let Y∗, H, M, and ρ be as in Theorem 3.4. Then, for any fixed 0 ≤ i < T,

θi+ :� max
i< j≤T
(Hj�Mj +Mi) ∈ F i⇒

(i)θi+ � ρi(Y
∗
i+1) and (ii)Mi+1�Mi � Y∗i+1� ρi(Y

∗
i+1), 

hence, Mi+1�Mi is a ρ-Doob martingale increment. Note the strict first inequality under the max operator. Thus, in partic
ular, if θi+ ∈ F i for every 0 ≤ i < T, then M is the ρ-Doob martingale.

Let us define the conditional ρ-variance as follows:

Varρi
(X) :� ρi((X� ρi(X))

2
): (3.9) 

It admits a conditional Chebyshev inequality, exploited in the proof of Theorem 3.8, as follows:

Proposition 3.6. Assume Conditions 1–4. If ρ is positively homogeneous (Property 3), then

ρi(1{ |X�ρi(X) | ≥ɛ}) ≤
Varρi

(X)
ɛ2 : (3.10) 

Next, we state the following lemma:

Lemma 3.7. Assume Conditions 1–4. Let ρ be subadditive (Property 1) and sensitive (Property 2). Then,
Varρi

(X) � 0 � X ∈ F i:

By virtue of Lemma 3.7, Theorem 3.4 implies that if a ρ-martingale M is such that, for some i ≤ j ≤ T, the condi
tional ρ-variance

Varρi
(θi(M)) :� Varρi

max
i≤ j≤T
(Hj�Mj +Mi)

� �

, 

is zero almost surely (a.s.), then θi(M) � Y∗i a.s. In that case, we say that the ρ-martingale M is surely optimal at i. 
Note that, in particular, the ρ-Doob martingale in (2.4) is surely optimal.

We then present a stability result for ρ-martingales M that are, in loose terms, “close” to being surely optimal, 
in the sense that the conditional ρ-variance Varρi

(θi(M)) is “small.” In particular, for a sequence of ρ-martingales 
(M(n))n≥1 that induces vanishing conditional ρ-variance, we establish weak conditions guaranteeing that the cor
responding upper bounds converge to the upper Snell envelope (in L1), even though the sequence of ρ-martin
gales (M(n))n≥1 itself does not necessarily converge.

Theorem 3.8. Assume Conditions 1–4. Let ρ be subadditive (Property 1) and positively homogeneous (Property 3). Sup
pose that

Varρi
(θ(n)i )→

P 0, with θ(n)i � max
i≤ j≤T

(Hj �M(n)j +M(n)i ):

Laeven et al.: Robust Multiple Stopping—A Duality Approach 
Mathematics of Operations Research, 2025, vol. 50, no. 2, pp. 1250–1276, © 2024 INFORMS 1257 



If, in addition, for every i and every ɛ > 0, there exists Kɛ > 0 such that

sup
n≥1

E ρi |M
(n)
i |1{ |M(n)i |>Kɛ}

� �h i
< ɛ, (3.11) 

then

ρi(θ
(n)
i )→

L1

Y∗i :

Note that, if ρi ≡ EF i —that is, the standard conditional expectation—(3.11) boils down to a standard uniform 
integrability condition. More generally, we have the following:

Proposition 3.9. Assume Conditions 1–4. Let ρ be subadditive (Property 1) and positively homogeneous (Property 3). If, 
for some η > 0,

sup
n≥1

E ρi( |M
(n)
i |

1+η)
h i

< ∞, 

then (M(n)i )n≥1 satisfies (3.11).

Under an additional Lipschitz continuity condition, Theorem 3.8 may readily be applied as follows. Specifi
cally, let us assume that, for some number p,

E[ |ρi(Z) |
p] ≤ CpE[Z‖p], (3.12) 

with Cp> 0. In particular, assuming that (3.12) holds for p� 1, one has

E[Varρi
(X)] :� E[ρi((X � ρi(X))

2
)] ≤ C1E[(X � ρi(X))

2
] � C1E[gVarρi

(X)], (3.13) 

where gVarρi
(X) :� EF i[(X� ρi(X))

2
]. Now, suppose that we achieve in an algorithm that gVarρi

(θ(n)i )→
L1

0, where 
the sequence (M(n)i )n≥1 is uniformly integrable in the standard sense—that is,

sup
n≥1

E |M(n)i |1{ |M(n)i |>Kɛ}

h i
< ɛ:

Then, obviously (by Lipschitzianity), (M(n)i )n≥1 satisfies the notion of ρi-uniform integrability in (3.11) and 
Varρi

(θ(n)i )→
L1

0, due to (3.13). The latter implies Varρi
(θ(n)i )→

P 0, and, then, Theorem 3.8 implies that

ρi(θ
(n)
i )→

L1

Y∗i :

The next theorem generalizes Theorem 3.4 and Lemma 3.5 to multiple stopping:

Theorem 3.10. Assume Conditions 1–4 and Property 1. Let us define for a set of ρ-martingales M(k), k � 1, : : : , L,

Θ
q
i+ :� max

i< j1<j2<⋯<jq

Xq

k�1
(Hjk +M(q�k+1)

jk�1
�M(q�k+1)

jk ) for q � 1, : : : , L, 

with j0 :� i: Note the strict first inequality under the max operator. Then, it holds that

Θ
q
i+ ∈ F i for q � 1, : : : , L, 0 ≤ i < T ⇒

(i) Θq
i+ � ρi(Y

∗, q
i+1)

(ii)M(q)i+1�M(q)i � Y∗, q
i+1� ρi(Y

∗, q
i+1)

for q � 1, : : : , L, 0 ≤ i < T:

8
<

:

Remark 3.11. Without doubt, it is also possible to derive a version of Theorem 3.8 for the multiple stopping set
ting. However, as our algorithm in Section 4 aims at approximative construction of ρ-Doob martingale incre
ments associated with the upper Snell envelopes Y∗, l of the generalized cash-flows

U∗, l
j :�Hj + ρj(Y

∗, l�1
j+1 ), l � 1, : : : , L, (3.14) 

respectively, rather than at approximative construction of merely surely optimal ρ-martingales, we refrain from 
such an analysis.
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4. A General Primal-Dual Pseudo Algorithm
In this section, we develop a primal-dual pseudo algorithm for robust multiple stopping (henceforth called algo
rithm for short). Our treatment in this section applies to DMUs satisfying Conditions 1–4, Property 1, and weak 
continuity conditions and to general reward processes in a Markovian environment; in particular, our treatment 
in this section is not restricted to g-expectations. The following lemma will serve as a cornerstone in our 
construction.

Lemma 4.1. Let ρ satisfy Conditions 1–4, Property 1, and be Lipschitz-continuous in the sense of (3.12) for p� 2. Further
more, let CN ∈ F j, Y ∈ F j+1, and let mN ∈ F j+1 be a ρj-martingale increment; that is, ρj(m

N) � 0, for j � 0, : : : , T� 1, 
N ∈ N, such that

E[(Y �mN � CN)2] → 0, for N→∞: (4.1) 

Then,

CN→
L2

ρj(Y) and mN→
L2

Y � ρj(Y): (4.2) 

In Lemma 4.1, as well as in the following corollary, N can be thought of as the number of Monte Carlo simula
tions, in line with our algorithm below. The corollary shows that, if we consider the ρj-martingale and F j-mea
surable parts in a converging estimator of a given F j+1-measurable target random variable (think of an 
approximation to the upper Snell envelope), then these converge to the ρj-martingale and F j-measurable parts of 
the target, respectively.

Corollary 4.2. Let Yl
j+1 be an already constructed approximation to a random variable Y∗, l

j+1. Furthermore, let ρ, the ρ-martingale 
increment ml, N

j+1 ∈ F j+1, and Cl, N
j ∈ F j be as in Lemma 4.1, such that

E[(Yl
j+1�m

l, N
j+1 � C

l, N
j )

2
] → 0, for N→∞:

Then,

Cl, N
j →

L2

ρj(Y
l
j+1) and Yl

j+1 �ml, N
j+1→

L2

ρj(Y
l
j+1):

Guided by Lemma 4.1 and Corollary 4.2, we now develop a primal-dual algorithm in the context of a Markov
ian underlying process X with state space Rd, possibly in continuous time, that is monitored at the exercise 
dates as Xj, j � 0, : : : , T. We assume that ρj is Markovian in the sense that for any j and any random variable in 
X of the form fj(Xj, : : : , XT) for some measurable fj, we have that ρj(fj(Xj, : : : , XT)) � gj(Xj) for some measurable 
gj : R→ R. The assumption that ρj is Markovian is satisfied, for example, if ρj is conditional law invariant (i.e., 
for each j and H ∈ X , ρj(H) depends only on the (conditional) distribution of H under P |F j ) or if ρj is the solu
tion of a BSDE as in Sections 5 and 6. As usual, we assume that F j is the σ-field generated (directly or, as in the 
next section, indirectly) by the process X up to exercise date j. Furthermore, we assume that the cash-flows are 
of the form

Hj � fj(Xj), for j � 0, : : : , T, 

where fj : Rd→ R≥0, j � 0, : : : , T, are given nonnegative payoff functions such that H ∈H. Note that, because of 
the Bellman Principle (3.5), Y∗, l can be seen as the upper Snell envelope corresponding to the generalized cash- 
flow

U∗, l
j :�Hj + ρj(Y

∗, l�1
j+1 )≕ Hj + c∗, l�1

j (Xj), l � 1, : : : , L, j � 0, : : : , T� 1, (4.3) 

where the so-called “continuation functions” c∗, l�1
j exist by Markovianity. In particular, c∗, l�1

j (x) denotes the value 
at time j in state x due to l�1 remaining exercise rights. We also assume to have a set of Monte Carlo simulated 
training trajectories

X(n) ≡ Xn, n � 1, : : : , N:

A main ingredient of our algorithm is the following three-step procedure, based on an outer loop over exercise 
rights and a backward loop over exercise dates. 

1. Initialize M0 
� Y0 

� c0 � 0, for l�0.
2. Suppose that, for a particular l with 0 ≤ l < L: 
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i. We have constructed a set of (approximate) continuation functions cl′
j : Rd→ R≥0, 1 ≤ j ≤ T, 0 ≤ l′ ≤ l, 

hence, an (approximate) continuation value process (for up to l exercise rights) of the form

Cl′
j � cl′

j (Xj), 0 ≤ l′ ≤ l;

ii. We have constructed a (true) ρ-martingale Ml
j; and

iii. We have constructed, on each trajectory n, a path

Yl, n
j :� max[Ul, n

j , cl
j(X

n
j )] if j ∈ {0, 1, : : : , T}, where (4.4) 

Ul, n
j :�

fj(Xn
j ) + cl�1

j (Xn
j ) if l > 0

0 if l � 0
, 0 ≤ j ≤ T,

(

(4.5) 

as an approximation to Y∗, l, n.
3. Now, construct, using these trajectories, a subsequent (true) ρ-martingale Ml+1, a subsequent set of continua

tion functions cl+1
j , j � 0, : : : , T, and subsequent trajectories Yl+1, n, n � 1, : : : , N (as approximations to M∗, l+1 and 

Y∗, l+1, respectively) such that (4.4) holds for l+1. To this end, we carry out the following backward procedure, or 
“backward subroutine,” at level l+1: 

� As initialization, set Yl+1
T �HT, cl+1

T � 0. (We also set c0
T � 0.)

� Suppose that, for 0 < j+ 1 ≤ T, the values Yl+1, n
j+1 , n � 1, : : : , N, the set of ρ-martingale increments 

(Ml+1
r �Ml+1

j+1)j+1< r≤T (which is empty if j+ 1 � T), and the continuation function cl+1
j+1 have been constructed.

� Then, construct, according to the regression subroutine in Section 4.1, a continuation function cl+1
j , a 

ρ-martingale increment ml+1
j+1 ∈ F j+1 with ρj(m

l+1
j+1) � 0, and set (Ml+1

r �Ml+1
j ) � (M

l+1
r �Ml+1

j+1 +ml+1
j+1), for

Yl+1, n
j �max[Ul+1, n

j , cl+1
j (X

n
j )], with

Ul+1, n
j � fj(Xn

j ) + cl
j(X

n
j ), and n � 1, : : : , N: (4.6) 

With these three steps explained, we now summarize our general primal-dual pseudo algorithm:

General Primal-Dual Pseudo Algorithm
(a) Working forward from l � 0, : : : , L yields a family of continuation functions cl and a family of (true) ρ-martin

gales Ml, respectively:

cl
j(·), and Ml

j :�
Xj

r�1
ml

r, l � 1, : : : , L, j � 0, : : : , T:

(b) An upper bound for the solution to the robust multiple stopping problem at t� 0 due to L exercise rights is 
now given by (cf. Theorem 3.1(ii)):

Yupp, L
0 :� ρ0 max

0≤ j1< j2<⋯< jL

XL

l�1

�
fjl(Xjl)�ML�l+1

jl +ML�l+1
jl�1

�
 !

, (4.7) 

which needs to be estimated by a separate (Monte Carlo) procedure.
(c) A lower bound for the solution to the robust multiple stopping problem at t� 0 due to L exercise rights may 

next be obtained from the family of stopping times

τl :� min{j : τl�1 < j ≤ T, fj(Xj) + cl�1
j (Xj) ≥ cl

j(Xj)}, (4.8) 

via a (Monte Carlo) estimation of:

Ylow, L
0 :� ρ0

XL

l�1
fτl(Xτl)

 !

: (4.9) 

4.1. Regression Subroutine
In this subsection, we describe some technical details pertaining to Step 3 of the three-step procedure introduced 
above. Let there be given, for each j � 0, : : : , T� 1, some parametric collection of “elementary” F j+1-measurable 
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ρj-martingale increments Eβj+1 � E
β
j+1(ω) with ρj(E

β
j+1) � 0, β � (β1, : : : ,βK′ ) ∈ R

K′ , K′ ∈ N. We assume that the set

L2
j+1, 0 :� {E ∈ L2(Ω,F j+1,P) : ρj(E) � 0}, 

for j � 0, : : : , T� 1, has a countable dense subset, say, Dj+1, 0 :� {E
(k)
j+1 : k ∈ N}. Proposition 4.3 provides a sufficient 

condition for the existence of such a dense subset. We then consider for each j � 0, : : : , T� 1, β � (β1, : : : ,βK′ ) ∈

RK′ , K′ ∈ N, the ρj-martingale increments

E
β
j+1 :�

XK′

k�1
βkE
(k)
j+1� ρj

XK′

k�1
βkE
(k)
j+1

 !

, 

that is, Eβj+1 � E
β
j+1(ω) ∈ F j+1 with ρj(E

β
j+1) � 0. Because we obviously have Ee(k)

j+1 � E
(k)
j+1 with e(k) ∈ RK′ being the standard 

K′-dimensional unit vector in RK′ , the family

{E
(β1, : : : ,βK′ )

j+1 : β ∈ RK′ , K′ ∈ N}, (4.10) 

for j � 0, : : : , T� 1, is dense in L2
j+1, 0.

Proposition 4.3. If L2(Ω,F j+1,P) is separable and ρj satisfies (3.12) with p � 2, then L2
j+1, 0 has a countable dense subset.

Furthermore, we consider a “rich enough” collection of basis functions ψ1, : : : ,ψK′′ : Rd→ R and then solve, for 
fixed N, K′, and K′′, the minimization problem

MSE :�
XN

n�1

�
Yl+1, n

j+1 � E
β
j+1(ω

n)� γψ(Xn
j )
�2

→ arg min
β∈RK′ ,γ∈RK′′

�: [βl+1, j, K′, N,γl+1, j, K′′, N], (4.11) 

where we use vector notation γ � (γ1, : : : ,γK′′ ) and ψ � (ψ1, : : : ,ψK′′ )
⊤. We will later prove that the mean squared 

error (MSE) above converges to zero as K′, K′′ →∞ for our choice of β and γ, which is actually sufficient for the 
algorithm to converge. We will suppress the superscripts K′, K′′, and N whenever there is no ambiguity. We set

ml+1
j+1 :�ml+1

j+1(X) :� E
βl+1, j

j+1 , cl+1
j (·) :�

XK′′

k�1
γl+1, j

k ψk(·):

4.2. Convergence Theorem
We state the following theorem:

Theorem 4.4. Let ρ be subadditive (Property 1) and Lipschitz continuous in the sense of (3.12) for p� 2. We set K �
min{K′, K′′} and denote by Ml, K, N

j :�Ml
j, cl, K, N

j :� cl, K, N
j (Xj) :� cl

j, and Yl, K, N
j :� Yl, K, N

j (Xj) :� Yl, N
j the functions con

structed in the algorithm above. Then,

lim
K→∞

lim
N→∞

Ml, K, N
j �M∗, l

j in L2, (4.12) 

lim
K→∞

lim
N→∞

cl, K, N
j � c∗, l

j in L2, (4.13) 

lim
K→∞

lim
N→∞

Yl, K, N
j � Y∗, l

j in L2, (4.14) 

for all j � T, T� 1, : : : , 0 and l � 1, : : : , L. Furthermore,
�
�
�
�
�
Y∗, l

j � ρj max
j≤ r≤T

(Ul
r�Ml

r)

� ���
�
�
�
≤ ρj max

j≤ r≤T
|M∗, l

r �Ml
r |

� �

+ ρj max
j≤ r≤T

|cl�1
r � c∗, l�1

r |

� �

→K→∞, N→∞0:

4.3. Complexity
At first sight, the pathwise maximum in (4.7) would require the evaluation of T!=(L!(T� L)!) terms. Fortunately, 
because of the following proposition, it only requires O(LT) evaluations.
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Proposition 4.5. Define, for 1 ≤ q ≤ L and 0 ≤ i ≤ T,

Θ
q
i :� max

i≤ j1<j2<⋯< jq

Xq

l�1

�
fjl(Xjl)�Mq�l+1

jl +Mq�l+1
jl�1

�
, with j0 � i, 

and, naturally, Θq
i � 0, i>T. Then,

Θ
q
i �max[fi(Xi) +Mq�1

i �Mq�1
i+1 +Θ

q�1
i+1 , Mq

i �Mq
i+1 +Θ

q
i+1]: (4.15) 

Thus, the evaluation of (4.7) may be described as follows:

Recursive Evaluation of (4.7). 
1. Initialize Θ0

i � 0, for i � 0, : : : , T;

2. Suppose that, for 0 ≤ q� 1 < L and for i � 0, : : : , T, the construction of Θq�1
i has been conducted;

3. Backward subroutine: Initialize Θq
T � fT(XT). When Θq

i+1 has been constructed for i+ 1 ≤ T, compute Θq
i via (4.15).

The workload of computing the coefficients βK′ and γK′′ for all exercise rights l and times j via the Minimization 
Problem (4.11) is of order O(LTNmax(K′, K′′)2), provided (4.11) can be cast into a least-squares problem. The lat
ter applies in our numerical settings, in which the functionals ρj are constructed via (jump)-BSDEs on a fine time 
grid. Once these coefficients have been determined, one may construct an exercise policy and a dual estimator 
and compute a lower and upper bound (in expectation), respectively. If Nlow and Nupp simulations are used for 
the lower bound and upper bound, respectively, the computational costs required will be O(LTNlowmax(K′, K′′))
and O(LTNuppmax(K′, K′′)), respectively. The cost estimate for the upper bound is based on the Recursion (4.15). 
Taking all together, we thus arrive at a workload of order

O(LT(N max(K′ , K′′)2 +Nlowmax(K′, K′′) +Nuppmax(K′, K′′))), 

for the entire primal-dual procedure.

5. Explicit Construction in a Brownian-Poisson Filtration
In the sequel, we assume that we have a completed continuous-time filtration F � (F t)t∈[0, T] on a filtered probability 
space (Ω,F ,F,P) generated by a d1-dimensional standard (i.e., zero mean and unit variance) Brownian motion W �
(W1, : : : , Wd1)

T and a d2-dimensional Poisson process N � (N1, : : : , Nd2)
T with arrival intensity λP � (λ1

P, : : : ,λd2
P )

T. As 
usual, we define the compensated counterpart of N as eNt �Nt�λPt. The components of the processes W and N are 
assumed to be independent. The stochastic drivers W and N generate the underlying Markovian adapted reward 
process (Xt)t∈[0, T] with state space Rd of Section 4.

Furthermore, we assume that ρ satisfies (the continuous-time analogs of) Conditions 1–4 and Properties 1–3. 
This means, in particular, that ρ is a coherent risk measure. By classical duality results (e.g., Föllmer and Schied 
[39]), the robust multiple stopping problem at time t is then given by

Y∗, L
t � sup

t≤τ1<⋯< τL
(τ1, : : : , τL)∈T t(L)

ρt

XL

l�1
Hτl

 !

� sup
t≤τ1<⋯<τL
(τ1, : : : , τL)∈T t(L)

sup
Q∈Q

EQ
XL

l�1
Hτl

�
�
�
�
�
F t

" #

, 0 ≤ t ≤ T, (5.1) 

with T t(L) our family of stopping vectors and Q a closed convex set of probability measures absolutely continu
ous with respect to P and satisfying a stability assumption. In such a continuous-time setting, it is known that 
every recursive coherent risk measure can be identified with a solution to a backward stochastic differential 
equation, also called a g-expectation, modulo a compactness assumption; see Section 5.1 for the precise defini
tions and results. Exploiting our algorithm presented in Section 4, this section constructs explicit upper and 
lower bounds to Y∗, L with desirable properties.

5.1. Bellman’s Principle, the Set of Priors, and BSDE Drivers
A probability measure change from P to an absolutely continuous measure Q ∈Q admits an explicit representa
tion in our Brownian-Poisson setting. Consider the Radon-Nikodym derivative

Dt :� E
dQ
dP

�
�
�
�
�
F t

" #

, t ∈ [0, T]:
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As is well known, Dt has the Doléans-Dade exponential form

Dt � exp
Z t

0
qsdWs +

Z t

0
log λs

λP

� �

dNs �

Z t

0

|qs |
2

2 + λs � λP

� �

ds
� �

, (5.2) 

where q is a predictable, Rd1 -valued, stochastic drift, and λ is a positive, predictable, Rd2 -valued process with λs
λP

:�
� λ1

s
λ1
P

, : : : , λ
d2
s

λ
d2
P

�T, which jointly uniquely characterize Q. From Girsanov’s theorem, we know that WQ
t :�Wt�

R t
0qsds 

is a standard Brownian motion under Q, whereas the process Nt has arrival intensity λt. In particular, the refer
ence model P corresponds to q ≡ 0 and λ ≡ λP. The stochastic drift q may be given the interpretation of a drift in 
the diffusive component that is misspecified to be absent by the reference model P. Similarly, λs�λP represents a 
deviation from the misspecified arrival intensity λP under P.

In our dynamic setting, with DMU evaluations satisfying the continuous-time analogs of Conditions 1–4 and 
Properties 1–3, time-consistency of choice under uncertainty is satisfied, as it is equivalent to recursiveness or 
Bellman’s dynamic programming principle. Time-consistency of a dynamic evaluation (ρt(H))t∈[0, T] requires— 
according to its usual definition, also referred to as “strong” time-consistency—that ρs(H1) ≥ ρs(H2) whenever 
ρt(H1) ≥ ρt(H2), t ≥ s. That is, if H2 is preferred over H1, in each state of nature at time t, then the same preference 
necessarily applies prior to time t; see, for example, Riedel [68]; Ruszczyński and Shapiro [74]; Shapiro et al. [79], 
chapter 6; Ruszczyński [72]; and Shapiro [78]. Indeed, requiring recursiveness or Bellman’s dynamic program
ming principle is equivalent to requiring time-consistency for ρt(H) � sup

{Q~P |Q�P on F t}
EQ[H |F t], t ∈ [0, T], which 

is, in turn, equivalent to the set of priors Q being m-stable; see Delbaen [34]. More formally, the following state
ments are equivalent (see lemma 11.11 of Föllmer and Schied [39] for the equivalence (i) and (ii); Delbaen [34] 
and Delbaen et al. [35] for (ii) and (iii) in a Brownian setting; and Tang and Wei [82] and Laeven and Stadje [55] 
for (ii) and (iii) in a general semimartingale setting): 

i. ρ is recursive—that is, ρ satisfies Bellman’s dynamic programming principle ρ0(ρt(H)IA) � ρ0(HIA) for every 
t ∈ [0, T], A ∈ F t, and bounded H.

ii. ρ is time-consistent over bounded rewards.
iii. There exists a closed, convex, set-valued predictable mapping C taking values in Rd1 × (�λ1

P,∞) ×⋯×
(�λd2

P ,∞) such that
ρt(H) � sup

(q,λ)∈C
EQ[H |F t], t ∈ [0, T]:

As in our continuous-time Brownian-Poisson setting recursiveness (Condition 3) is equivalent to (iii), we assume 
henceforth:

Assumption 1. C � (Ct)t∈[0, T] ⊂ [0, T] × Rd1 × (�λ1
P + ε,∞) ×⋯× (�λd2

P + ε,∞) with ε > 0 is compact.

We note that Assumption 1 also implies that ρ is recursive and time-consistent over square-integrable 
rewards.

For t ∈ [0, T], z ∈ R1×d1 and ez ∈ R1×d2 , and C satisfying Assumption 1, let us define a function g via Fenchel’s duality:

g(t, z,ez) :� sup
(q,λ�λP)∈Ct

{zq+ez(λ�λP)}: (5.3) 

One easily verifies that g is convex, positively homogeneous, and Lipschitz continuous. Then, from Krätschmer 
et al. [53], we have the following statement, which is essentially (with Assumption 1) equivalent to (i)–(iii) above: 

iv. For every H ∈ L2(F j+1), there exists a unique square-integrable predictable (Z, eZ) such that

dρt(Hj+1) ��g(t, Zt, eZt)dt+ZtdWt + eZtdeNt, for t ∈ [j, j+ 1], j ∈ {0, : : : , T� 1}:

In particular, there exists a unique square-integrable predictable (Z∗, eZ∗) such that

dρt(Y
∗
j+1) ��g(t, Z∗t , eZ

∗
t)dt+Z∗tdWt + eZ∗tdeNt, for t ∈ [j, j+ 1], j ∈ {0, : : : , T� 1}: (5.4) 

Furthermore, for t ∈ [0, T], the (Z∗, eZ∗) in (5.4) recover—and later allow to practically compute—the ρ-Doob mar
tingale as follows (cf. Equations (2.4) and (2.5)):

M∗t � ρt(M
∗
T) ��

Z t

0
g(s, Z∗s, eZ

∗
s)ds+

Z t

0
Z∗s dWs +

Z t

0
eZ∗s deNs: (5.5) 

Here, j � 0, : : : , L� 1 should be interpreted as exercise dates and t ∈ [j, j+ 1] as the continuous embedding.
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Because ρj+1(Y∗j+1) � Y∗j+1, by (iv), for t ∈ [j, j+ 1],

ρt(Y
∗
j+1) � Y∗j+1 +

Z j+1

t
g(s, Z∗s, eZ

∗
s)ds�

Z j+1

t
Z∗sdWs�

Z j+1

t
eZ∗sdeNs: (5.6) 

Equation (5.4) is referred to as a backward stochastic differential equation. Formally, given a terminal payoff H ∈
L2 and a function g : [0, T] × Rd1 × Rd2 → R, referred to as a driver, the solution to the corresponding BSDE is a tri
ple of square-integrable and suitably measurable processes (Y, Z, eZ) that satisfies

dYt ��g(t, Zt, eZt)dt+ZtdWt + eZtdeNt, and YT �H:

The solution is often referred to as a (conditional) g-expectation; see, for example, Peng [65].
As a means of illustrating the generality of our setup given by (5.1) with Assumption 1, we provide a few examples.

Example 5.1
1. Ball scenarios: Consider a decision maker endowed with a set of priors constituting a small ball environment 

surrounding P, all deemed equally plausible. Then,

Q � {Q(q,λ) ≪ P | |qt | ≤ δ1, |λt�λP | ≤ δ2, for Lebesgue-a:s: all t}, δ1,δ2 > 0, 

and Ct � {(q,λ) | |q | ≤ δ1, |λ�λP | ≤ δ2}. Suppose without losing generality that |λP | ≥ δ2. Then, from (5.3), in ex
plicit form, g(t, z,ez) � δ1 |z | + δ2 |ez | .

2. Discrete scenarios: Imagine a decision maker who considers, at each time t> 0, finite-dimensional families 
{q1, t, : : : , qm, t} and {λ1, t, : : : ,λm, t}, m ∈ N, with all elements deemed equally plausible. Then,

Q � {Q(q,λ) ≪ P | (qt,λt) ∈ {(qi, t,λj, t), i, j ∈ {1, : : : , m}}, for Lebesgue-a:s: all t}, 

and Ct � {(q,λ) | (q,λ) ∈ conv({(qi, t,λj, t), i, j ∈ {1, : : : , m}})}, with conv(·) the convex hull. We can assume that 0 ∈
conv({(qi, t,λj, t), i, j ∈ {1, : : : , m}}) without losing generality, upon redefining the reference measure. Furthermore, 
g(t, z,ez) �maxi�1, : : : , mqi, tz+maxj�1, : : : , mλj, tez.

To obtain genuine upper and lower bounds to the optimal solution of the Stopping Problem (5.1), we hence
forth impose the following additional assumption:

Assumption 2. Ht � ft(Xt) and we can simulate independent and identically distributed (i.i.d.) copies of (Xt)t∈[0, T].

Once we have constructed a “good” family of ρ-martingales M, we are faced with the computation of Yupp, L
0 in 

(4.7). An important advantage of this dual approach for numerical stability is that we have, in fact, the pathwise 
dual representation

Y∗, L
0 :� max

0≤ j1< j2<⋯< jL

XL

l�1
(fjl(Xjl)�M∗, L�l+1

jl +M∗, L�l+1
jl�1

), almost surely:

Indeed, we will obtain an estimate with “low” variance provided the ρ-martingale M is “good.” Furthermore, to 
obtain a lower bound, we employ Ylow, L

0 in (4.9). By the results discussed in this subsection, for a square- 
integrable payoff U, ρ has a representation of the form

ρt(U) � sup
(q,λ)∈C

EQ(q,λ) [U |F t], (5.7) 

�U+
Z T

t
g(s,Zs, eZ s)ds�

Z T

t
ZsdWs�

Z T

t
eZ sdeNs: (5.8) 

Let us now first consider the question of how to explicitly obtain a “good” family of ρ-martingales M in our 
Brownian-Poisson filtration with Conditions 1–4, Properties 1–3, and Assumptions 1 and 2. Next, we develop in 
Sections 5.3 and 5.4 explicit genuine lower and upper bounds.

5.2. Parameterization of the r-Martingale Increments
As in Section 4, we assume that (Xj)0≤ j≤T is an F j-adapted d-dimensional underlying Markovian process, now in 
a Brownian-Poisson filtration, and that our cash-flow process has a structure of the form Hj � fj(Xj), j � 0, : : : , T 
such that H ∈H. We further assume that the resulting random variables Hj are square integrable.

We are going to construct a ρ-martingale backwardly. To this end, we consider, between two exercise dates j 
and j+ 1, the (fine) grid πj � {s(j�1)n0 � j, sj1, : : : , sjn0 � j+ 1}, where sjp � j+ p∆ with ∆ � n�1

0 . We also define
Π :� {s00 � 0, s01, : : : , s0n0 � 1, s11, : : : , s(T�2)n0 � T� 1, s(T�1)1, : : : , s(T�1)n0 � T}, 
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and sometimes use the notation Π � {t0 � 0, t1, t2, : : : , tn1 � T}, where the ti are simply the enumerated sjp. For our 
numerical schemes we always assume that Assumption 2 is in place, next to Assumption 1. In particular, we can 
also simulate i.i.d. copies of the (Zsjp , eZsjp)sjp∈Π.

We formally initialize (Ml+1
j �Ml+1

T )j≥T as a vector of zeros. Suppose that for some (fixed) j<T, an approximation 
Yl+1

j+1 to the upper Snell envelope Y∗, l+1
j+1 and the set of ρ-martingale increments (Ml+1

q �Ml+1
j+1)j+1≤q≤T have been con

structed. Then, we carry out the following loop. For p � n0, we initialize 0 ≤ Un0 � Yl+1
j+1 ≈ ρj+1(Y

∗, l+1
j+1 ). Now, if 

0 ≤ Up+1, p < n0, has been constructed, we solve the piecewise linear minimization problem

[γN1
sjp

,βN1
sjp

,eβN1
sjp
] � argmin
γ,β,eβ∈RK1

1
N1

XN1

n�1

 

Un
p+1�

XK1

k�1
γkψk(sjp, Xn

sjp
)

+ g

 

sjp,
XK1

k�1
βkφk(sjp, Xn

sjp
),
XK1

k�1

eβkeφk(sjp, Xn
sjp
)

!

(sj(p+1)� sjp)

�
XK1

k�1
βkφk(sjp, Xn

sjp
)∆Wn

sjp
�
XK1

k�1

eβkeφk(sjp, Xn
sjp
)∆eNn

sjp

!2

, (5.9) 

for certain basis functions (ψk), (φk), and (eφk), K1 ∈ N, and N1 trajectories. Alternatively to (5.9), we can solve

[γN1
sjp

,βN1
sjp

,eβN1
sjp
] � argmin
γ,β, β̃∈RK1

1
N1

XN1

n�1

 

Un
p+1�

XK1

k�1
γkψk(sjp, Xn

sjp
)

�
XK1

k�1
βkφk(sjp, Xn

sjp
)∆Wn

sjp
�
XK1

k�1

eβkeφk(sjp, Xn
sjp
)∆eNn

sjp

!2

, (5.10) 

which has a closed-form solution.

Remark 5.2. We note that in the case that the filtration is generated by a one-dimensional process (either a 
Brownian motion or a Poisson process), the Minimization Problem (5.9) corresponds to a linear programming 
problem. This is seen as follows. As ρ is a coherent risk measure, it follows that g is positively homogeneous. 
Thus, there exist f+sjp

, f�sjp
≥ 0 such that g(sjp, z) � f+sjp

z+ + f�sjp
z�. Hence, the function

z ⊢→ h(sj(p+1) , z)2 :� (Un
p+1 + g(sjp, z)(sj(p+1) � sjp)� (Wn

sj(p+1)
�Wn

sjp
)z)2, 

is convex, as Un
p+1 ≥ 0. The reason is that h(sjp, ·) is linear on its negative part. Thus, the Minimization Problem 

(5.9) is convex. Because any piecewise linear function that is convex can be written as a supremum of finitely 
many linear functions, the minimization problem can be expressed as a linear programming problem.

Next, define

Cp(Xn
sjp
) :�

XK1

k�1
γN1

sjpkψk(sjp, Xn
sjp
), Zl+1, N1

sjp
(Xn

sjp
) :�

XK1

k�1
βN1

sjpkφk(sjp, Xn
sjp
), 

and Z̃ l+1, N1
sjp

(Xn
sjp
) similarly. We set

Up(Xn
sjp
) :�max(Cp(Xn

sjp
) + g(sjp,Zl+1, N1

sjp
(Xn

sjp
), Z̃ l+1, N1

sjp
(Xn

sjp
))(sj(p+1)� sjp), 0):

We then obtain the desired ρ-martingale increments Ml+1, K1, N1
sjp

�Ml+1, K1, N1
j by defining

Ml+1, ∆, K1, N1
sjp

(Xn
sjp
)�Ml+1, ∆, K1, N1

j (Xn
sjp
) ≡Ml+1, K1, N1

sjp
(Xn

sjp
)�Ml+1, K1, N1

j (Xn
sjp
)

:��
Xp�1

u�0

Z sj(u+1)

sju

g(u,Zl+1, N1
sju

(Xn
sju
), Z̃ l+1, N1

sju
(Xn

sju
))du

+
Xp�1

u�0
Zl+1, N1

sju
(Xn

sju
)∆Wn

sju
+
Xp�1

u�0
Z̃ l+1, N1

sju
(Xn

sju
)∆eNn

sju
: (5.11) 

In the end, when we have arrived at p� 0, we define cl+1, K1, N1
j (·) :� C0(·) and Yl+1, K1, N1

j (·), according to Equation 
(4.6). This way, we have recursively constructed the parameterized space of ρ-martingale increments. The follow
ing proposition establishes convergence of our construction.
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Proposition 5.3. The ρ-martingale increments constructed in (5.11) are dense in L2 and, in particular,

lim
∆→0

lim
K1→∞

lim
N1→∞

Ml+1, ∆, K1, N1
t �M∗, l+1

t :

We finally note that (5.11) gives rise to a true discrete-time ρ-martingale (Ml+1
j )j∈{0, 1, 2, : : : , T}. The thus constructed 

(Ml+1
j )j∈{0, 1, 2, : : : , T} will be exploited to establish an upper bound to the upper Snell envelope via (4.7), while (Ml+1

sjp
)j, p 

(living on the finer grid Π) is needed for the numerical approximation.

5.3. Converging Genuine Lower Bound
This subsection develops an explicit lower bound that converges to the upper Snell envelope asymptotically and 
constitutes a genuine (biased low) lower bound at the prelimiting level. Consider (5.8) with U �

PL
l�1 fτl(Xτl) and τl 

constructed by (4.8). From, for example, Barrieu and El Karoui [4], we know that the supremum in (5.7) is attained 
in

dQg

dP
�D

Z T

0
HsdWs +

Z T

0
eHsdeNs

� �

, with (Hs, eHs) ∈ ∂g(s,Zs, eZ s), (5.12) 

where D denotes the Doleans-Dade exponential, and ∂g(s, ·) denotes the mapping of subdifferentials of the con
vex driver g(s, ·). We shall exploit this to compute the lower bound numerically. For simplicity, assume that g(s, ·)
is differentiable. If that is not satisfied, then our approach may still be applied by considering elements in the 
subgradient.

Let N2 ∈ N, simulate paths (Wn
sjp
), (Nn

sjp
) and (Xn

sjp
) for n � 1, : : : , N2, and also consider (the true, nonsimulated) 

(Wsjp), (Nsjp), and (Xsjp). Then, define and construct

Z
N2
t :� zN2

t (sjp, Xsjp) :� β
N2
sjp
φ(sjp, Xsjp) for sjp ≤ t < sj(p+1),

eZ
N2
t :� ezN2

t (sjp, Xsjp) :�
eβN2

sjp
eφ(sjp, Xsjp) for sjp ≤ t < sj(p+1), 

using least-squares Monte Carlo regression, as described in Section 5.2 with K2 basis functions and terminal con
dition given by U �

PL
l�1 fτl(Xτl). Henceforth, we suppress K2 in the notation. Furthermore, define and construct, 

using N3 ∈ N new i.i.d. simulations,

ZN2, n
t :� zN2

t (sjp, Xn
sjp
) :� βN2

sjp
φ(sjp, Xn

sjp
) for sjp ≤ t < sj(p+1), n � 1, : : : , N3,

eZN2, n
t :� ezN2

t (sjp, Xn
sjp
) :� eβN2

sjp
eφ(sjp, Xn

sjp
) for sjp ≤ t < sj(p+1), n � 1, : : : , N3, 

and, moreover, the partial derivatives

qn
sjp

:� gZ(sjp,ZN2, n
sjp

, eZN2, n
sjp
), n � 1, : : : , N3,

λn
sjp
�λP :� geZ (sjp,ZN2, n

sjp
, eZN2, n

sjp
), n � 1, : : : , N3:

Next, define N3 i.i.d. simulations of the measure dQ
approx

dP via the Radon-Nikodym derivative

Dn :� exp
 
X

0≤ sjp

qn
sjp

∆Wn
jp +

X

0≤ sjp

log
λn

sjp

λP

 !

∆Nn
jp

�
X

0≤ sjp

1
2 |q

n
sjp
| 2 +λn

sjp
�λP

� �

∆jp

!

, n � 1, : : : , N3:

Finally, set

eYlow, L
0 :�

1
N3

XN3

n�1
Dn
XL

l�1
fτl, n(Xn

τl, n), (5.13) 

with fτl,n(Xn
τl,n ), n � 1, : : : , N3, simulated copies of fτl(Xτl) constructed by applying the numerical scheme of 

Section 5.2.
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Recall from (4.9) that ρ0(U) gives a lower bound to the upper Snell envelope. Thus, it follows from (5.7), (5.12), 
and the definition of U that

E[eY low, L
0 ] � E

1
N3

XN3

n�1
Dn
XL

l�1
fτl,n (Xn

τl,n)

" #

� EQapprox
XL

l�1
fτl(Xτl)

" #

≤ ρ0

XL

l�1
fτl(Xτl)

 !

≤ Y∗, L
0 : (5.14) 

That is, our estimator (5.13) constitutes a genuine lower bound. This means that, on average, we indeed obtain a 
lower bound to the optimal solution given by the upper Snell envelope. Furthermore, as a consequence of Propo
sition 5.3 and Theorem 4.4, the lower bound converges to the optimal solution.

Our lower bound algorithm can be summarized as follows:

Lower Bound Algorithm. Given a time grid Π, our explicit numerical construction of the lower bound consists of 
the following steps: 

1. Select K1 basis functions and run N1 Monte Carlo simulations to determine MK1, N1 and cK1, N1 . To describe their 
evolution, it is sufficient to store the corresponding (γN1

sjp
)j, p, (βN1

sjp
)j, p, and (eβN1

sjp
)j, p.

2. Use (γN1
sjp
)j, p, (βN1

sjp
)j, p, and (eβN1

sjp
)j, p to estimate 

PL
l�1 fτl(Xτl). Select K2 basis functions and run N2 Monte Carlo 

simulations to determine (ZN2 , Z̃N2) using the estimated 
PL

l�1 fτl(Xτl) as terminal condition. To describe the evolution 
of this process, it is sufficient to store the corresponding (βN2

sjp
)j, p and (eβN2

sjp
)j, p.

3. With (βN2
sjp
)j, p and (eβN2

sjp
)j, p at hand from Step 2, simulate N3 copies of dQ

approx

dP . Furthermore, with (γN1
sjp
)j, p, (βN1

sjp
)j, p, 

and (eβN1
sjp
)j, p at hand from Step 1, simulate N3 copies of 

PL
l�1 fτl,n (Xn

τl,n). Using (5.13), a genuine lower bound to the 
upper Snell envelope is then obtained.

In this algorithm, Step 1 corresponds to Step a in our General Primal-Dual Pseudo Algorithm of Section 4, 
whereas Steps 2 and 3 fill in details on how to implement the “primal” Step c of that algorithm. Note that the 
Monte Carlo simulations are done consecutively and are not nested, so that the total computation time depends 
only on N1 +N2 +N3. We summarize the results of this subsection in the following theorem:

Theorem 5.4. The estimator eYlow, L
0 defined in (5.13) is a genuine lower bound to the upper Snell envelope—that is, E[eYlow, L

0 ]

≤ Y∗, L
0 . Furthermore, eYlow, L

0 converges to Y∗, L
0 as N1, N2, N3, K1, and K2 tend to infinity and ∆ tends to zero—that is,

lim
∆→0

lim
Ki→∞, i�1,2

lim
Ni→∞, i�1,2,3

eYlow, L
0 � Y∗, L

0 :

5.3.1. Subtracting the Associated r-Martingale in Equation (5.13): Reducing the Variance While Not Inducing a 
Bias. Let (ZN, eZN) be approximations of the “true” solution to the BSDE with terminal condition U. Denote by Q 
a probability measure defined by

dQ
dP �D

Z T

0
HsdWs +

Z T

0
eHsdeNs

� �

, with (Hs, eHs) ∈ ∂g(s,ZN
s , Z̃N

s ): (5.15) 

By (5.7), EQ[U] yields a lower bound to ρ0(U). If the ZN and eZN were exact, then Q �Qg and EQ[U] � EQg[U]
� ρ0(U).

The following proposition will help to reduce the variation in our numerical scheme.

Proposition 5.5. Let MN be the ρ-martingale defined by

MN
t :��

Z t

0
g(s,ZN

s , eZN
s )ds+

Z t

0
ZN

s dWs +

Z t

0
eZN

s deNs:

Then, subtracting the ρ-martingale from the terminal condition does not induce a bias—that is,

EQ[U �MN
T ] � EQ[U]:

We finally note that if we would have that Q �Qg from Equation (5.12), then, by the definition of MN
t , U�MN

T �

EQg[U] � ρ0(U) were constant a.s. Hence, if Q is approximately Qg, then U�MN
T is approximately constant. 

Laeven et al.: Robust Multiple Stopping—A Duality Approach 
Mathematics of Operations Research, 2025, vol. 50, no. 2, pp. 1250–1276, © 2024 INFORMS 1267 



More formally, if MN
T converges to MT in L2, we have that

lim
N→∞

U�MN
T �U�MT � constant, 

where the convergence should be understood in L2. In particular, if MN
T →MT in L2, then Var(U�MN

T ) → 0 as 
N→∞.

Inspired by this theoretical result, which may be referred to as an almost sure property of a second kind to dis
tinguish it from the additive dual representation’s almost sure property, we will in our numerical analysis sub
tract the associated ρ-martingale from the right-hand side of Equation (5.13) when computing the genuine lower 
bound: it will reduce the variance without inducing a bias.

5.4. Converging Approximate and Genuine Upper Bounds
This subsection develops an explicit approximate upper bound that converges to the upper Snell envelope asymp
totically and an explicit genuine upper bound that not only converges to the upper Snell envelope, but is also 
biased high at the prelimiting level. To obtain an upper bound with Theorem 3.1, we set

U :� max
0≤ j1< j2<⋯< jL

XL

l�1
fjl(Xjl)�M∗, L�l+1

jl +M∗, L�l+1
jl�1

� �
:

Because we cannot compute (M∗) exactly, we approximate, in view of (4.7), the terminal condition U by the 
ρ-martingale (MK1, N1

) constructed in Section 5.2—that is, we set

UN1 :� max
0≤ j1< j2<⋯< jL

XL

l�1
fjl(Xjl)�ML�l+1, K1, N1

jl +ML�l+1, K1, N1
jl�1

� �
:

Next, we define

X
N1
ti

:� Xti , MK1, N1
ti

, max
k≤ L:0≤ j1<j2<⋯< jk≤⌊ti⌋

Xk

l�1

�
fjl(Xjl)�ML�l+1, K1, N1

jl +ML�l+1, K1, N1
jl�1

�
 !

:

Clearly, the terminal condition UN1 depends only on XN1
T . Next, note that, for every ti, we have that Hti is a function 

of Xti , and, for every r> i, MK1, N1
tr 

only depends on MK1, N1
ti

, (Xtl)i≤ l≤ r, (Wtl �Wti)i≤ l≤ r, and (Ntl �Nti)i≤ l≤ r, where 
both of the latter are independent of F tr . From this, we may conclude that XN1 is a Markov process on the time 
grid Π.

Next, we solve numerically the BSDE (5.8) with UN1 . To do so, we will consider an approximation scheme. We 
can simulate paths of the adapted process

(X
N1, n
ti
)i �

 

Xn
ti
, MK1, N1, n

ti
, max

k≤L:0≤ j1< j2<⋯< jk≤⌊ti⌋

Xk

l�1

�
fjl(X

n
jl )�ML�l+1, K1, N1, n

jl +ML�l+1, K1, N1, n
jl�1

�
!

i

, 

for n � 1, : : : , N4. To compute the BSDE with terminal condition UN1 , let K4 be the number of basis functions in 
the least-squares Monte Carlo regression. Employing the algorithm described in Section 5.2, we can construct the 
coefficients γN4

sjp
, βN4

sjp
, and eβN4

sjp 
and processes

(YN4, L,ZN4 , Z̃N4): (5.16) 

Note that by applying Proposition 5.3 and Theorem 4.4 twice, we may conclude that, in L2,

lim
∆→0

lim
Ki→∞, i�1, 4

lim
Ni→∞, i�1, 4

(YN4, L, ZN4 , Z̃N4) � (Y∗, L, Z∗, Z̃ ∗): (5.17) 

In particular, YN4, L constitutes a converging approximate upper bound to the upper Snell envelope. From now 
on, we assume that we have already estimated YN4

0 , (βN4
sjp
)j, p, and (eβN4

sjp
)j, p.
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Next, let us develop a genuine upper bound. It is well-known that under Assumption 1, the functional ρ is 
Lipschitz continuous (cf. Peng [64]). Define

ÛN4
: � YN4, L

0 �

Z T

0
g(s, ZN4

s , eZN4
s )ds +

Z T

0
ZN4

s dWs +

Z T

0
eZN4

s deNs

� YN4, L
0 �

X

j, p
g(sjp, βN4

sjp
ψ(sjp, XN1

sjp
), eβN4

sjp
eψ(sjp, XN1

sjp
))∆sjp

+
X

j, p
βN4

sjp
ψ(sjp, XN1

sjp
)∆Wsjp +

X

j, p

eβN4
sjp
eψ(sjp, XN1

sjp
)∆eNsjp : (5.18) 

Then, by Theorem 3.1 and the Lipschitz continuity of ρ, we have that

Y∗, L
0 ≤ ρ0(U

N1) ≤ ρ0(Û
N4
) +K‖ÛN4

�UN1‖2

� YN4, L
0 +K‖ÛN4

�UN1‖2, (5.19) 

for a Lipschitz constant K analyzed later. We will exploit Inequality (5.19) to develop our genuine upper bound. 
By Proposition 5.3 and Theorem 4.4, YN4, L

0 converges to Y∗, L
0 , (ZN4 , eZN4) converges to (Z∗, eZ ∗) in L2(dP × ds), and 

‖ÛN4
�UN1‖2 converges to zero, as N1, N4, K1, and K4 tend to infinity and ∆ tends to zero.

For N5 ∈ N, simulate i.i.d. copies of UN1 through

UN1
n � max

0≤ j1< j2<⋯< jL

XL

l�1

�
fjl(X

n
jl )�ML�l+1, K1, N1, n

jl +ML�l+1, K1, N1, n
jl�1

�
, n � 1, : : : , N5:

Next, using (5.18), simulate i.i.d. copies ÛN4
1 , ÛN4

2 , : : : , ÛN4
N5 

of ÛN4 . Recall that YN4, L
0 , (βN4

sjp
)j, p, and (eβN4

sjp
)j, p are 

already available. Then, (5.19) suggests to estimate the upper bound ρ0(UN1) by

YN4, L
0 +K

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1
N5

XN5

n�1
|ÛN4

n �UN1
n |2

v
u
u
t :

Note that 1
N5

PN5
i�1 |Û

N4
i �UN1

i |
2 is an unbiased estimator of E[ |UN1 � ÛN4

|2]. However, taking the square root of 
an estimator gives rise to a possible downward bias. If we wish to eliminate the downward bias, we need to 
develop one step further, as follows. We simulate independent (ÛN4

i )i�1, : : : , 2N5
. Then, we set

eYupp, L
0 :� YN4, L

0 +K

1
N5

XN5

n�1
|ÛN4

n �UN1
n |

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

N5

X2N5

n�N5+1
|ÛN4

n �UN1
n |2

r : (5.20) 

Because

E
1

N5

XN5

n�1|Û
N4
n �UN1

n |
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

N5

X2N5

n�N5+1
|ÛN4

n �UN1
n |2

r

2

6
6
4

3

7
7
5

� E
1

N5

XN5

n�1
|ÛN4

n �UN1
n |

2

" #

E
1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

N5

X2N5

n�N5+1|Û
N4
n �UN1

n |2
r

2

6
6
4

3

7
7
5

≥ ‖ÛN4
n �UN1

n ‖
2 1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

N5

X2N5

n�N5+1
E[ |ÛN4

n �UN1
n |2]

r

� ‖ÛN4
n �UN1

n ‖
2 1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

E[ |ÛN4
n �UN1

n |2]

q � ‖ÛN4
n �UN1

n ‖, 
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eYupp, L
0 thus defined is biased high. Note that the first equality follows from independence, and the inequality is 

due to a suitable (reversed) application of Jensen’s inequality. As before, as a consequence of Proposition 5.3 and 
Theorem 4.4, we have that eYupp, L

0 converges to Y∗, L
0 as N1, N4, N5, K1, and K4 tend to infinity and ∆ tends to zero.

Our upper bound algorithm can be summarized as follows:

Upper Bound Algorithm Given a time grid Π, our explicit numerical construction of the upper bound consists of 
the following steps: 

1. Select K1 basis functions and run N1 Monte Carlo simulations to determine MK1, N1 and cK1, N1 . To describe their 
evolution, it is sufficient to store the corresponding (γN1

sjp
)j, p, (βN1

sjp
)j, p, and (eβN1

sjp
)j, p.

2. (γN1
sjp
)j, p, (βN1

sjp
)j, p, and (eβN1

sjp
)j, p give rise to a terminal condition UN1 and a Markov process XN1 defined above. 

Select K2 basis functions and run N4 Monte Carlo simulations to calculate (YN4, L,ZN4 , eZN4) as the solution to the 
corresponding BS∆Es with the Markov process XN1 and terminal condition UN1 . Store the corresponding YN4, L

0 , 
(βN4

sjp
)j, p, and (eβN4

sjp
)j, p.

3. With YN4, L
0 , (βN4

sjp
)j, p, and (eβN4

sjp
)j, p at hand from Step 2, simulate N5 copies of ÛN4 defined by (5.18). Furthermore, 

with (γN1
sjp
)j, p, (βN1

sjp
)j, p, and (eβN1

sjp
)j, p at hand from Step 1, simulate N5 copies of UN1 . Using (5.20), a genuine upper 

bound to the upper Snell envelope is then obtained.

In this algorithm, Step 1 corresponds to Step a in our General Primal-Dual Pseudo Algorithm of Section 4, 
whereas Steps 2 and 3 fill in details on how to implement the “dual” Step b of that algorithm. When both an 
upper bound and a lower bound are computed, using this algorithm and the Lower Bound Algorithm described 
above, then Step 1 needs to be executed only once, as the two algorithms have it in common. Note again that the 
Monte Carlo simulations are done consecutively and are not nested, so that the total computation time depends 
only on N1 +N4 +N5. We summarize the results of this subsection in the following theorem:

Theorem 5.6. The estimator eYupp, L
0 defined in (5.20) is a genuine upper bound to the upper Snell envelope—that is, 

E[eYupp, L
0 ] ≥ Y∗, L

0 . Furthermore, eYupp, L
0 converges to Y∗, L

0 as N1, N4, N5, K1, and K4 tend to infinity and ∆ tends to zero— 
that is,

lim
∆→0

lim
Ki→∞, i�1,4

lim
Ni→∞, i�1,4, 5

eYupp, L
0 � Y∗, L

0 :

Moreover, the estimator YN4, L
0 defined in (5.16) also converges to Y∗, L

0 as N1, N4, K1, and K4 tend to infinity and ∆ tends to 
zero.

We finally state the following proposition on the precise Lipschitz constant K appearing in (5.19).

Proposition 5.7. Let ξ and ξ′ be square-integrable terminal conditions and denote by (Y, Z, eZ) and (Y′, Z′, eZ′) the associ
ated BSDE solutions. Then,

|Y0�Y′0 |2 ≤ exp(L2T)E[ |δξ |2], (5.21) 

where δξ :� ξ� ξ′ and with L the Lipschitz constant of the driver g.

6. Numerical Examples
In this section, we analyze our approach in numerical examples, including single and multiple stopping, univari
ate and multivariate stochastic drivers, increasing and decreasing reward functions, and pure diffusion and 
jump-diffusion models. As a general observation, we recall that the computational complexity of the numerically 
implementable method proposed in this paper is linear in the number of exercise rights and that it does not 
require nested simulation.

6.1. Single Stopping: Bermudan Option in a Diffusion Model
The first example studied in this subsection is the pricing problem for a Bermudan-style option in a single risky- 
asset Black-Scholes model with dividends in the presence of ambiguity. This example goes back to Andersen and 
Broadie [1] in a setting without ambiguity, which can serve as a benchmark case. Throughout this subsection, we 
consider the dynamics dXi

t
Xi

t
� µidt+ σidWi

t, i � 1, : : : , d, with µi ∈ R and σi ∈ R>0, where Xi
t is the price of asset i at 

time t. Following this literature, we assume that there is a risk-free interest rate of ρ � 0:05 and that the option’s 
underlying is a single dividend-paying stock X with constant volatility σ � 0:2 and dividend rate δ � 0:1, 
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resulting in a risk-neutral drift of µ � ρ� δ ��0:05. The first product we study is a call option with strike price 
K�100 and maturity T�3. The stock price at time 0 is varied between x0 ∈ {90, 100,110}. Exercise dates are speci
fied as tj �

jT
10 , j � 0, 1, : : : , 10—that is, there are 9 intermediate exercise dates, and the trivial ones at time t�0 and 

at maturity. We allow for ambiguity in the drift and consider g(t, z) � δ1 |z | , δ1 > 0; cf. Example 5.1.
The three BSDEs—ρ-martingale, lower, and upper bounds—are solved with two sets of simulations. We con

sider one set of simulations with 100,000 trajectories and 1, 000 time steps for the initial ρ-martingale BSDE and a 
second set of simulations with 100,000 trajectories and 1, 000 time steps for the BSDEs associated with the lower 
and upper bounds. The number of basis functions is always 52 for Y and 52 for Z. These are 1, x, (x� qit)

+, where 
the qit are 1, 3, 5, : : : , 99 percent quantiles of Xt estimated from the trajectories in the initial run of least-squares 
Monte Carlo. Thus, we approximate all unknown functions by linear splines. Notice that this function basis is 
not problem-dependent and that its precision can be controlled by the chosen grid of quantiles. Numerically, this 
basis works much better in our experiments than a locally linear approximation, which would also include the 
discontinuous terms 1{x>qit}. In all our numerical experiments, the implementation of the regression is based on 
(5.10).

For the evaluation of the lower bound, we draw a new sample with a larger number of 400,000 trajectories. 
For the evaluation of the upper bound, we need a very fine time discretization to obtain a small “tracking error,” 
defined as 

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

N5

PN5
i�1 |Û

N4
i �UN1

i |
2

q

; cf. (5.20). We need, however, fewer trajectories because the pathwise dual 
representation leads to a very small variance, as expected from the theoretical results in Section 3.2. We thus 
choose the number of trajectories to be 1, 000 and increase the number of time steps by a factor 100 to 100, 000. 
Here, we do not run new regressions, but simply repeat each set of coefficients 100 times. This device of 
increasing the time discretization and extrapolating regression coefficients is due to Belomestny et al. [12], in a 
standard stopping setting without ambiguity. However, because of the additional nonlinearity from the 
BSDE, it is not sufficient in our setting to just run the regressions at exercise times only; we need them at our 
fine grid Π.

Tables 1–3 summarize lower and upper bounds for different degrees of ambiguity (δ1) and different values of 
the initial stock price (x0). The first four columns display lower bounds along with their standard errors. Here, 
“LB without M” is the lower bound in Equation (5.13) without subtraction of the ρ-martingale, while “LB” is the 
definitive lower bound that subtracts the ρ-martingale, as discussed in Section 5.3.1. As the results confirm, sub
traction of the ρ-martingale leads to a substantial variance reduction. The next three columns correspond to the 
upper bound. Here, YN4

0 is the solution to the upper bound BSDE—that is, the approximate upper bound—“TE” 
is the tracking error defined above, and “UB” combines the two to obtain the genuine upper bound in Equation 
(5.20). The final two columns display the mean of YN4

T �UN1 together with its standard error. The point here is 
to illustrate that having only 1, 000 trajectories in the upper bound simulation is already sufficient because the 

Table 1. Bounds for x0 � 90.

1=δ1 LB without M s.e. LB s.e. YN4
0 TE UB E[YN4

T ] s.e.

10 5.4901 0.0197 5.4635 0.0107 5.4833 0.0843 5.5689 5.4679 0.0026
30 4.7384 0.0158 4.7161 0.0096 4.7326 0.0836 4.8163 4.7184 0.0025
100 4.5005 0.0147 4.4795 0.0093 4.4962 0.0812 4.5775 4.4830 0.0025
300 4.4349 0.0144 4.4143 0.0092 4.4310 0.0806 4.5116 4.4180 0.0024
1,000 4.4121 0.0143 4.3917 0.0092 4.4084 0.0804 4.4888 4.3955 0.0024
10,000 4.4030 0.0142 4.3827 0.0092 4.3997 0.0803 4.4800 4.3868 0.0024
∞ 4.4024 0.0142 4.3821 0.0092 4.3987 0.0803 4.4790 4.3859 0.0024

Table 2. Bounds for x0 � 100.

1=δ1 LB without M s.e. LB s.e. YN4
0 TE UB E[YN4

T ] s.e.

10 9.4387 0.0244 9.4069 0.0143 9.4331 0.0721 9.5063 9.4110 0.0021
30 8.4419 0.0199 8.4161 0.0132 8.4445 0.0700 8.5146 8.4232 0.0020
100 8.1305 0.0186 8.1068 0.0129 8.1316 0.0678 8.1994 8.1113 0.0019
300 8.0426 0.0183 8.0195 0.0128 8.0450 0.0678 8.1127 8.0249 0.0019
1,000 8.0152 0.0182 7.9923 0.0128 8.0150 0.0678 8.0828 7.9949 0.0019
10,000 8.0039 0.0181 7.9811 0.0127 8.0034 0.0678 8.0712 7.9833 0.0019
∞ 8.0030 0.0181 7.9802 0.0127 8.0022 0.0678 8.0699 7.9821 0.0019
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terminal condition has a (very) small variance. In general, we observe that the gaps between LB on the one hand 
and YN4

0 and UB on the other hand are (very) small. When 1=δ1 ≡∞ (i.e., in the no-ambiguity case), we can com
pare our results to benchmark values—for example, from Andersen and Broadie [1]. With x0 � 100, the true 
value is 7.98. This should be compared with our genuine lower bound of 7.98, our approximate upper bound of 
8.00, and our genuine upper bound of 8.07, corresponding to gaps of 0.2% and 1.0% of the option value, 
respectively.

In Figure 1, we analyze exercise boundaries. These boundaries are theoretically independent of the starting 
values of x0. In order to obtain accurate exercise boundaries already for early time points, we need to make sure 
that the simulated trajectories are sufficiently spread out over the entire time span from zero to T and are not con
centrated around a fixed value of x0 close to time 0. To this end, we start simulating trajectories at time –1 and set 
the drift of X to zero over the interval [�1, 0]. Moreover, we double the number of basis functions by choosing a 
finer grid of quantiles, 0:005, 0:0015, : : : , 0:995, and double the number of trajectories to 200,000, to account for 
the fact that we now have a wider space over which we approximate.

In the left panel of Figure 1, we plot the threshold value that the stock price has to exceed to make stopping 
optimal (i.e., the continuation value), for different degrees of ambiguity (δ1), as a function of the exercise dates. 
The solid line depicts exercise boundaries without ambiguity (1=δ1 �∞), while the dashed line corresponds to 
1=δ1 � 100, and the dotted line corresponds to 1=δ1 � 10. In all cases, continuation values increase as we move 
away from the no-ambiguity case (1=δ1 �∞). Thus, with more ambiguity, the decision maker stops later. Intui
tively, for a call option’s payoff function, the possibility of a (prosperous) deviation from the reference model 
that accumulates over time makes the option more valuable at later dates. Hence, the decision maker will stop 
later.

A similar pattern emerges when we replace the call option payoff function by a put option, with strike price 
K� 100 and x0 � 100. To make exercise decisions nontrivial, we set the dividend rate equal to zero in this case, all 
else equal. Table 4 and Figure 1 (right panel) display the corresponding price bounds and exercise boundaries. 
For the put option, contrary to for the call option, exercise becomes optimal when the stock price falls below the 

Table 3. Bounds for x0 � 110.

1=δ1 LB without M s.e. LB s.e. YN4
0 TE UB E[YN4

T ] s.e.

10 14.7691 0.0279 14.7380 0.0179 14.7718 0.0682 14.8411 14.7460 0.0020
30 13.6662 0.0228 13.6414 0.0166 13.6814 0.0669 13.7484 13.6570 0.0019
100 13.3221 0.0214 13.2994 0.0163 13.3400 0.0658 13.4058 13.3164 0.0019
300 13.2257 0.0211 13.2037 0.0162 13.2459 0.0658 13.3116 13.2225 0.0019
1,000 13.1924 0.0209 13.1706 0.0162 13.2133 0.0657 13.2790 13.1900 0.0019
10,000 13.1791 0.0209 13.1574 0.0162 13.2007 0.0657 13.2664 13.1775 0.0019
∞ 13.1774 0.0209 13.1556 0.0162 13.1994 0.0657 13.2650 13.1761 0.0019

Figure 1. Exercise boundaries (left panel: call; right panel: put; solid: 1=δ1 �∞; dashed: 1=δ1 � 100; and dotted: 1=δ1 � 10). 
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exercise boundaries in the right panel of Figure 1. Similar to the call option, with more ambiguity, the decision 
maker stops later. In this case, the possibility of an unfavorable deviation from the reference model that accumu
lates over time makes the option more valuable at later dates.

Next, we consider a two-dimensional version of this example. We suppose that there are two risky assets, X1 

and X2, which are assumed to be independent and identically distributed with the same dynamics as the single 
dividend-paying stock in the univariate case. The function g is now chosen to be g(t, z) � δ1 |z1 | + δ1 |z2 | . For the 
processes qt that determine our uncertainty set, this implies that |qi

t | ≤ δ1 for i�1, 2. The payoff function we con
sider is a max-call—that is, stopping at time t yields a reward of (max(X1

t , X2
t )�K)+. We set X1

0 � X2
0 � 100 and 

K�100 and allow for 11 equidistant exercise opportunities, including 0 and T, as before. All other problem para
meters and specifications remain the same.

Regarding the numbers of trajectories and time steps in the different stages of the algorithm, we maintain the 
same specifications as in the univariate case. The function basis is constructed as follows. We always use the 
same set of 441 basis functions for Y and for (Z, eZ). These consist of the constant 1, 20 univariate basis functions 
φ(1)i (x1), i � 1, : : : , 20, which only depend on X1; 20 univariate basis functions φ(2)j (x2), j � 1, : : : , 20, which only 
depend on X2; and all products φ(1)i (x1)φ(2)j (x2), i, j � 1, : : : , 20. The 20 univariate basis functions are constructed as 
in the univariate case, but with a slightly coarser grid—that is, for d�1, 2, we choose xd and (xd� q(d)it )

+, where 
the q(d)it are the 5, 10, : : : , 95% quantiles of Xd

t estimated from the trajectories in the initial run of least squares 
Monte Carlo. This bivariate basis of linear splines is relatively large, but fairly generic—that is, it exploits addi
tional knowledge about the problem far less than, for example, the 2d-implementations in Belomestny et al. [12] 
or Krätschmer et al. [53], which rely on prices of European max-call options. In principle, one could increase effi
ciency by including a variable selection step in the first regression.

We observe from Table 5 that the gaps between the genuine lower bound and the approximate upper bound 
are fairly small, corresponding to about only 0.4% of the option value. The presence of ambiguity amplifies in 
the multivariate setting, and its impact is more pronounced than in the univariate case.

6.2. Multiple Stopping: Swing Option in a Two-Factor Jump-Diffusion Model
Supported by the accuracy and stability of our pathwise duality approach for optimal single stopping, we now 
proceed to multiple stopping. In this subsection, we analyze a canonical multiple stopping problem, that of 
swing option pricing in electricity markets, in the presence of ambiguity. For this purpose, we consider a two- 
factor jump-diffusion model for the electricity log-price process, which has been suggested by Hambley et al. 
[44] to be a more realistic extension of the one-factor Gaussian model proposed by Lucia and Schwartz [59] and 
implemented, for example, by Bender et al. [16].

Table 4. Bounds for x0 � 100 (put option).

1=δ1 LB without M s.e. LB s.e. YN4
0 TE UB E[YN4

T ] s.e.

10 9.8647 0.0202 9.8810 0.0105 9.8767 0.0482 9.9256 9.8678 0.0015
30 8.9584 0.0169 8.9749 0.0101 8.9723 0.0480 9.0204 8.9622 0.0015
100 8.6643 0.0160 8.6808 0.0100 8.6785 0.0478 8.7264 8.6684 0.0014
300 8.5832 0.0157 8.5997 0.0100 8.5967 0.0476 8.6443 8.5865 0.0014
1,000 8.5540 0.0156 8.5705 0.0100 8.5683 0.0475 8.6157 8.5581 0.0014
10,000 8.5437 0.0156 8.5603 0.0100 8.5573 0.0475 8.6048 8.5471 0.0014
∞ 8.5427 0.0156 8.5593 0.0100 8.5561 0.0475 8.6036 8.5459 0.0014

Table 5. Bounds for x1
0 � x2

0 � 100 (bivariate case).

1=δ1 LB without M s.e. LB s.e. YN4
0 E[YN4

T ] s.e.

10 16.5275 0.0352 16.5257 0.0196 16.5958 16.5722 0.0231
30 14.7579 0.0268 14.7519 0.0172 14.8068 14.7998 0.0217
100 14.1999 0.0246 14.1923 0.0167 14.2421 14.2367 0.0212
300 14.0435 0.0240 14.0350 0.0166 14.0862 14.0808 0.0210
1,000 13.9916 0.0238 13.9830 0.0165 14.0322 14.0268 0.0210
10,000 13.9700 0.0238 13.9618 0.0165 14.0115 14.0061 0.0210
∞ 13.9679 0.0237 13.9597 0.0165 14.0092 14.0038 0.0210
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Specifically, we assume that the electricity price Xt at time t> 0 is given by Xt � X0 exp(f (t) + ut + vt), where the 
two stochastic factors ut and vt are mutually independent, and f(t) is a deterministic function of time that can be 
used to calibrate the model. The factor u is Gaussian and follows the stochastic differential equation (SDE)

dut ��κuut + σudWt, 

with u0 � 0, κu,σu > 0, and Wt a standard Brownian motion. The jump component v follows the SDE

dvt ��κvvt� + JdNt, 

where v0 � 0, N is a (noncompensated) Poisson process with arrival rate λP, and κv and the (deterministic) jump 
size J are positive constants. In the special case κu ≡ κv, this model reduces to a mean-reverting one-factor jump- 
diffusion model for the log-price process. For κv≫ κu, the model combines a mean-reverting Gaussian component, 
like in the Lucia-Schwartz model, with occasional highly transitory spikes; see Hambley et al. [44] for further dis
cussion. Using their equation (3), the processes u and v can be simulated forward in time without discretization 
error.

In our illustration, we consider a swing option contract that gives the owner the right to purchase electricity at 
a strike price K and consider L exercise rights, in the time interval [0, T]. We assume a fixed number of equidis
tant exercise opportunities. We set the parameters of the price process as S0 � 10, f ≡ 0, κu � 10, σu � 0:25, 
κv � 50, λP � 1, and J ∈ {0, 0:06}. Furthermore, we set the contract parameters as K�10, T�5 and consider 21 
equidistant exercise opportunities (including one at time 0 and one at time T). We allow for varying degrees of 
ambiguity toward the Gaussian and the jump components of the price process and consider g(t, z,ez) �
δ1 |z | + δ2 |ez | , δ1,δ2 > 0; cf. Example 5.1.

The overall numerical implementation is very similar to the previous optimal single stopping example. The 
three BSDEs—ρ-martingale, lower, and upper bounds—are solved with two sets of simulations. We consider 
one set of simulations with 100,000 trajectories and 1,000 time steps for the initial ρ-martingale BSDE and a sec
ond set of simulations with 100,000 trajectories and 1,000 time steps for the BSDEs associated with the lower 
and upper bounds. We choose the same basis functions as in the single stopping example and, thus, obtain 52 
basis functions for Y and 52 for Z, and now also 52 basis functions for eZ. Note that these functions depend 
only on X, but not on u and v. For the evaluation of the lower bound, we draw a new sample of 100,000 trajec
tories and 1,000 time steps. For the evaluation of the upper bound, we again artificially create a finer time dis
cretization, by repeating each set of coefficients 100 times, and reduce the number of trajectories to 1,000.

Tables 6 and 7 and E.1–E.6 (in the online appendix) summarize lower and upper bounds for different numbers 
of exercise rights, different values of δ1 and δ2, and for different values of J (i.e., without and with jump compo
nent). Upon comparing the results for one exercise right to those for multiple exercise rights, we readily observe 
that the impact of ambiguity is even more pronounced in the multiple stopping case.

Table 6. Bounds for δ1 � 0 and J � 0.

L 1 2 3 4 5

LB 0.9526 1.7020 2.3178 2.8290 3.2539
s.e. 0.0012 0.0018 0.0023 0.0027 0.0030
YN4, L

0 0.9599 1.7138 2.3319 2.8453 3.2717
TE 0.0315 0.0407 0.0484 0.0526 0.0568
UB 0.9914 1.7546 2.3803 2.8979 3.3284

Table 7. Bounds for δ1 � 0:2 and J � 0.

L 1 2 3 4 5

LB 0.9796 1.7572 2.4040 2.9293 3.3946
s.e. 0.0027 0.0048 0.0065 0.0079 0.0092
YN4, L

0 1.0129 1.8174 2.4851 3.0470 3.5205
TE 0.0331 0.0426 0.0469 0.0520 0.0562
UB 1.0495 1.8644 2.5370 3.1045 3.5826
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[74] Ruszczyński A, Shapiro A (2006) Conditional risk mappings. Math. Oper. Res. 31:544–561.
[75] Savage LJ (1972) The Foundations of Statistics, 2nd ed. (Dover, New York).
[76] Schoenmakers J (2012) A pure martingale dual for multiple stopping. Finance Stochastics 16:319–334.
[77] Schoenmakers J, Zhang J, Huang J (2013) Optimal dual martingales, their analysis and application to new algorithms for Bermudan pro

ducts. SIAM J. Financial Math. 4:86–116.
[78] Shapiro A (2016) Rectangular sets of probability measures. Oper. Res. 64:528–541.
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