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I Proofs of Theorems and Lemmas

A. Proof of Theorem 1

For a general covariance structure, the concentrated likelihood, or continuous updating ob-

jective function, corresponds with

Qoue(N) = §(B— BN (cov(VT(R — BX))) " (R — BA).
To construct the covariance matrix of v/T(R — B)), we note that vT'(R — B\) = VT (R —
BA) —VT(B—B)A = VT(R— B\) —VT(B— )\, since (B—B) = (tn i ) — ey 3 ) = (0

B -5):
R—BX= u=(#tp ® Iy)vec(u)
vee(f — ) = vec(uF(F'F)™Y) = (F'F)"'F' @ Iy)vec(u),

foru= (uy...ur), F=(F1...Fr) —uf, f=FpF = %Zthl F;. Hence,

var(u) = E (E (at'|Fy, ..., Fr)) = 0
var(vec(f — 8)) = E [(F'F)™'F' @ Iy)vec(u)vec(u) (F(F'F)™ @ Iy)]
= (FF)'FeIy)(Ir@Q) (F(F'F) '@ Iy)
- ((F/F)il ® Q) (QFF ® Q)
cov(vec( — B)@) = E[(F'F)"F @ In)vec(u)vec(u) (xir @ Iy)]

= ((F'F)"'F'ir )T ®Q) =0,

for Qrr = %F 'F and where we used that F’tp = 0 and we condition on F. The covariance

matrix of vT(R — B) then equals

— A

cov(vVT(R — BX\)) = Tvar(a) + T\ ® In)var(vec(3 — 8))(A; @ Iy)
= (1+NQppAf)Q

so the CUE objective function becomes:
_ T 1 D rO—1 .
Qcur(A) = N TN, (R — B\Q (R — BM)).

The weight function involved in the CUE objective function depends on the inverse of the

covariance matrix of u,, the, so-called, precision matrix, 2~!. The weak covariance structure



for 2 implies a similar weak structure for the precision matrix. For

with wyg 1 1 X1, Qo = Q1 (N —1) X 1, Qo : (N — 1) x (N — 1), this can be shown using
a Cholesky decomposition of Q1 :

-1 1 1 1
-3 2 2 —1
01— wir Qo _ W12 0 Wir’y  —Wira 2128
s — 1 1 1
-1 -3 -3 2
Qo1 Qoo — oy o1y oy 0 Qyy
-1 -1 -1
Wit —wi1.98212829,

1 1 —1 -1 —1 1
— Q5 Qonwiry oy + Doy Qoywi; 5212805,

with wi12 = wny —Q129521Q21. It shows that, when both wl’llz, which is a scalar, and Q;QI have
a weak covariance structure, then so has Q7! since the off diagonal blocks are proportional
to €215 which is subject to the weak covariance structure. Since we can sequentially apply

this argument using a Cholesky decomposition of €2,,", we obtain that Q! also has a weak

structure.
For
wi e W%N
Qfl — . ,
w}\fl T W}VN

we can then write the CUE objective function as:

— 1 D _ DPYWO-1(D _ L
Qeve(A) = FE v (R— BA)'Q Y (R — B))
= NW [Zfil wii (Ri — Ao — N B,)*+

S SN AWk (R = Ao = NpB) (R — Ao — X}B,)

N ==

so taking the limit of the CUE objective function when N goes to infinity:

Imy oo Qeue(A) = lImy_os “A}Qﬁ% S wh(R = X — }Bz‘)z"‘
: N N = . A
limy e Wﬁ% diet Zj:l,j;ﬁi Wz‘lj<Ri — Ao — }ﬁi)(Rj — Ao — Ifﬁj)

L T AN R\ — V.32
= limy_ —1+A}Q;}Aszi:1wii(Rl Ao fﬁz)’



since the expression on the second line goes to zero because of the weak covariance assump-
tion. We can further simplify the limiting behavior of the CUE objective function by using
1 = 1,..., N. Without loss of

the implications the weak covariance structure has for w};,
. . -1 1, —1 — - -
generality, we consider wl, = wiiy = wWiT +wi Q20 Q1w for Qog 1 = Qoo — Qo s,

The weak covariance assumption implies that

limy_ o0 %ngQZ_;ngl = 0,
which similary applies to w};, i = 2,..., N, because of which
imy oo Qove(A) = limy Wﬁ% Sy wh(Ri — Xo — N B,)?
= limy_o Wﬁ% Zfil wz—ll(}_ﬁ — Ao — /fBz)2

For our specification of the CUE objective function, we use the common approximate variance
assumption, which is of importance for the limiting behavior of the objective function under

correct specification. To show this we use:

VT(R; — B\) = VT(R; — Bi\) — VT(B; — B;))s
= VTiu; — VTu,F(F'F)~'\;
= u;p(Ar)
T(Ri = BN = p(Ap)usuip(Xy)
= p(Ap)'w?Irp(Ap)+
p(A\p) (usu; — wiglr + wily — W Ir)p(Af)
= WL+ NQupA)+
P(Ap) (uivg — widr)p(Ar)+
(Wi — W) (1 + N;QrpAs).

with p(Af) = \/LT(LT — FQ71)\s), so when substituting this into the CUE objective function,

we obtain its limiting behavior:

. . N = 2
limpy oo QCUE(A) = limy_ m% Zizl(Rz‘ — Ao — /f/B’L)Z
— g—z —f- 11mN—>oo %% ﬁil(wii — w2)+
. N
limpy_, o0 m% Zizl p()\f)/(uiufi - WiiIT)p(Af)

w? . N
= F + llmN_wo m% Zi:l p()\f)’(uiug — wiiIT)p()\f).
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The common approximate variance assumption makes the second component on the second
line of the above expression go to zero, so we can establish the limiting behavior of the
sample CUE objective function which results from the last component.

Our sample CUE objective function then results as:

Qove(\) = § XL hi()

(Ri—Xo—N\}3;)?

792 v ~—1 ~ ~ == 1
w2(1+A’fQF},Af)’

for h;(\) = N.

goe ey

B. Proof of Theorem 2

The minimizer of Qcyp(A) with respect to Ay for a given value of Ay is:
5\0()\f) = arg miny er Qcvr(ro, Af) = %LEV(R — BAJ:) —R— B)\f,

for R = %LINR, B = %LQ\;A, so the concentrated objective function for A; is, which results

from imputing 5\0(/\f) in Qcur(Ao, Af) :
Qeve(N ) = Qeur(Mo(Mp), Ap) = %m(é — BAs)' M.y (R — BAy),

with M, = Iy — tn(yen)”'tly. The minimal value of Qeup(As) over Ay equals + 27 times

the smallest root, p,,;,, of the characteristic polynomial:

" ;Q; ~(r )M (R 5) -0

The estimator of A; is such that the CUE objective function equals the smallest root fi ;.

(times % ﬁ) so it results from the eigenvector associated with p,,;,. The expression for the
estimator 5\f then corresponds with the, so-called, k-class estimator for the instrumental

variables regression model in econometrics, see, e.g., Hausman (1983):

N . N N _ -1 ., _
Ay = argminy epr Qovp(Ay) = (ﬁ M, B — /%m@p}w) BM,R.



C. Proof of Theorem 3

Under Assumptions 1, 2 and Beta-pricing, the components of the characteristic polynomial

(16) converge according to:

limy oo M R = E(E|F)
limpy_ oo %ﬁMLNR = F (EiTJF

N, N =< =</
th_wo %ﬁ MLN/B - E <615@|F )

with B, = LR, — LN LR, B, =B, — LN, B, and

Ri= Ao+ Bids+ 2l — Xo — % Y0y Bids — 5r Yoy Uty = Bk + Rl
i= B+ (F'E)'F'u; = B+ 1QppF'u;

= NiBiBiAs + ety + 2w B

BRi= BB+ LBadur + LQpLFuBNy + SQuk Pty

BB = BB+ & QupF i FQrp + B0 F Qpl: + +QupF'tisf5;

ye N _ N . . . .
for 5, = B, — % g By Uy = u; — % > i_1 U;, so since u; is conditional on F' independent of

B, E(w;B,|F) =0, E(uu)|F) = w?Ir, +F'F = Qpp, 7F'1p = 0, we have that:

—2 2
E(R|F) = Npgghs + %

The smallest root of the limit of the characteristic polynomial (16) thus equals %2 When
tgp is positive definite, the limit of the CUE then equals ;.
Using the consistent estimator of w?, see Raponi, Robotti, and Zaffaroni (2020):

~2 N
W= (T—k;l—l)N 2 i RiMy - ryRi = (T— k (T—k—1)N Zz VUM s Fyug
N
W (Tfklfl)N > tr(My . py E(uii| F)) =

we similarly have that

. At Nl s 1 gL
/\f,Shanken = <6 MLN/B - %C‘JQQF}?‘) 6 MLNR Z) (Mﬁ,ﬁ + wTQF}?’ - TQF}') :uﬁﬁ)\f - Af’



so it is consistent when fi44 is positive definite.

D. Proof of Theorem 4

To establish the pseudo-true value we explore the matrix present in the characteristic poly-

nomial:
(R 8)Mu (R B) = LR ];,/MLN? ,

which converges according to:

_ _ 2
limy_oo 2RM, R= E (Ri IF, G)
limy_ oo %B/MLNR = F (El§Z|F, G
th—>oo %BIMLNB = K (EZE;’F7 G 9
using:

Bi= Bi+ +QuiF (v + GD;)

—2 _
Ri=7¢ + 200 (0 + FB; + GDy) & + 5ty (v: + FB; + GD;) (v + FB; + GD;) vr
Bibi= BB+ 4 (B (5 + GD) FQph+ Qrb’ (0 + GD:) ) +
- HQuLF' (v 4+ GD;) (v + GDy) FQpk
Bzﬁz = B¢+ %QE%F/ (@ + GDi) ¢ + %/Bz (@‘ + FB; + GDi)/ L+

LQuLF' (v, 4+ GD;) (v + FB; + GD;) ur,
we can specify the conditional population moments as functions of the parameters defined
in Assumption 1*:
—2
E (R,L. 7, G)
— B (& + 2 (0+ FB,+ GD)) & + ety (5 + FB, + GD) (t: + FB, + GDy) 17|, G)
= [l T+ %L’T(Fucﬁ + Gu.p) + ELT (vi + Fugg " + GuppG' + FugpG' + G//ﬁDF’) LT



B (@EQIF, G)

= B (B + % (B (0 +GD:) FQzh + Qik F' (i + GDy) B) +
# Qb (1 + GD) (11 + GD)) FQpLIF,G)

= pigs+ 7 (G FQrp + QupF'Gilsp) +
#=Qrp ' (Qvv + Gupp@) FQrp
E @ﬁAF, G)

_ B (BZ-@ + LQpLF (0, + GD,) & + LB, (v + FB, + GD;) 1o+
#QekF (1 + GD) (1 + FB, + GD,) 1r|F,G)

= tes + 7(QrpF'Gep + pggF'ir + pgpGlir)+
Qe (Qvv + GuppG' + GuspF') ur

E. Proof of Theorem 5

The concentrated CUE objective function of \; reads:

Qcur(Af) = m(é — indo(Ap) = BAP) (R — indo(Af) — BAy)
= m(é BAY (R = BAp) = 0N hiy)

1T RZ\(A) "B;)? (R)\’B N = = - N >
1=1,...,N, R= (R1 . RN) ﬁ (61 BN) . The derivative of h;()\;) with respect to \;
reads:

- (IRVIDE:
_%ihz@\f) = mﬁ'(Af)
~ (Ri—N;B;)
6@( ) B +QFF)\F—1+>\/Qf;)\f
SO:

1.9 (Ri=X;5,)
—z3ax,@\r) = NZ“TM@O@-



F. Proof of Theorem 6

We can express the different components of the score and objective function as:

Ri= Mo+ NjoB;+ 200 FB+ 2ipu; — do — £ S0, 8-
o S g — ki F (w Y. 8)
= 05 + LTE :?LTFBz'
Bi= B+ (F'F)'F'ay = B; + 2Qpr '
Ry — XiB; = NpoBi + wihity — NyB; — N, QprF'G;
= (Aro = Ap)'Bi + grtip(Ay)
Bi(Ap) = Bi+ #QrpF'T + % [()‘f,o —Ap)'B; + \/%p(/\f)'@-]
= []k + H?/L)\f(/\f,o - )‘f)l} Bi+ Zza(N )
TN = (Bl A0) + 3700~ AT+
0\ p) Wlp(Ay)

BB = X5 = [T+ 522 (o = M) | BBiOvo = Ar) + SaO) @B — Ap)+
I [+ TR o — A | Biin () + Tq<Af>'afzp<Af)
BB = |1+ ﬁ%(m = Y] BB [+ R O = A
Ar)
5

!/

] B qw

) _ _ Q7L
with p(Ar)'q(Ar) = 0, p(As) = J7 (1 = FQppAs) . a(Np) = 7mFQpp P\ Ty =

1 Q )—1 ’\f)‘,Q71 . _ .
ou ([/Tﬁ + FQrp <Ik - f—?f)) ,so under Hy : Ay = A ¢

1N QppA
(Bi = XpoB:)* = 3p(\po) Titp(Apo)
Bi(Aro)(Ri = NpoBi) = JBitip(Apo) + 7a(Apo) Wttp(Aso)

Q |

BiAr0)Bi(Aro) = BilB; + J5Bitia(Aso) + Jma(Aro) @B + 1a(Aro) Witia(Aro).



The conditional expectation of the score given I’ at At then becomes:

E(s(po)l F) = =3B (-Q0\0)F)
N i e B ((Ei _

f,oQFF)‘f 0)

BB o) IF)
X e P (fﬁzuzpwm% o) Tillp(Ao) F )

- %Ezj\il G2 (1+X] - QriAro )q<)\f,0> (u u/‘F)p()‘fO)
O (Q a(Aro)'E (X1, it F) p(Aso)+
5 Y s ) B (S w) (S, w)|F) p(Avo)

Wi,

QFl Afo )q(>\f70)/p()\f70)_

N Zz 1o (1+)\’

E 1 Wij /
N2 Z’L 1 w2(1+)\; OQFF)‘f O)Q()\f’o) p<)‘f,0>+
;v 121 1 Wil

N3 Zz 1 w2(1+/\fOQFF)‘f O)Q()‘ )/p<)\f,0>
= 0.

G. Lemma 1, Proof, and Corollaries

Lemma 1: Under Assumptions 1, Beta pricing and Hy : Ay = Mg, the joint limiting
behavior of Q(Aso), s(Aso) and + ZZ Bi(As0)Bi(A o) as N — oo, is characterized by:

Q(Aro) —1
VN 775(Ar0) ~
N (7 % 23w [ QrrAroN; o Qrr
veeh (N, (BiAvo) Bi(Aso) = BiB; — 5 [Qih — Septoledee] )
0
iy PR @ 1) vee(§)+
(D Dy) ™' Dy (I + Kir)(q(A o) @ Ii)!

ﬁm@()‘f,()) ®p(Aro))
\}TWQ(H-)\' oQFF)\fo ( ()‘ﬁo) ® Q(Aﬁo))/ Dy,

77 (DiDe) "' Di(a(A0) @ a(Ago))

(L1)

where \/—%Zfilﬁluf‘ - &, vee(§) ~ N (0,w® (It ® pg3)) , Hps = limy o %le\il B,B; =
E(B,B,|F), 1 describes the limiting behavior of * SV wudl, for which we use the vech op-
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erator, which selects the unique components of an m X m symmetric matrix A, vec(A) =
Dy,vech(A), vech(A) = (D), D,,) D vec(A), for D, the m* x m(m + 1) duplication
matrix:

VNveeh (% SO, (uit], = wigly)) = 1 ~ N(0, 1),

with ¥ : T x T, vec(V) = Dy and

W= limy_oF (% SV =~ Z;V:l vech(u;u; — wiiIr))vech(uju — WjjIT)I>
= limy_o F (% Zf\il vech(uu, — wi; 7)) vech(u;u, — wn-IT)’) ,

and Kty is the Tk x Tk dimensional commutation matriz so vec(&') = Kryvee(§), p(As) =
_ _ bV Q*l _ _
vz e = FQpphs) s alhy) = FrFQrp +pO) gty £ = (B Fr) = f.

Proof of Lemma 1: To obtain the limiting behavior of the CUE objective function and

its score, we use:

1 )—1 ! y—1
p()‘f),p()‘f> = 7 (LT - FQFF/\f) (LT - FQFF)‘f)
= 1+ XQpp)s
p(Ar)'q(Ap) = 0
1 NQolk — 1 AN Qi !
a0)a0) = (it + FQit (I - oihs-))
.Vick 2 L FORL (1, — AN Qrr
TN QrrAs FE AR T 14N QprAy /
_ _QppAr_ XQrp < _ _ANQpr ) -1 ( AN Qpp )
T N QEpAr 1N Qup Ay + (I 1+N; Qpp s Qrr |1k [ESWoESY

—1 —1
Q—l o QFF‘)‘f)‘}QFF

- T Ty
FF +X;QppAs

We next establish the limiting behavior of % Zf\il TUstly, for which we have to determine

the order of its different components:

11



% i]\il iﬁ; = % Zz]\il i — % ZZN:1 Zjvzl uiu; — ﬁ Zf\il Zjvzl ujui+

N it 2ojet i U]

= L3V walr + & 20 (waf — wilr) + 52 Sy S wilr—
we Tl (9L way = wylr ) -
% Zf\; (Z;V:I uju; — WjiIT> + ﬁ Zf\; Zjvzl wjilr+
Zi]\il (Zjvzl Zl]\il uju; — Wﬂ) - ﬁ Zjvzl Zl]\il wjilr

) Zf:l wiilp — # Zi\il Zé\f:l,#i wijlr+
[\%ﬁ POARI(TITAS wz’z'fT)} v [\%ﬁ >y (i — WiiIT>] -

\/m i 1 N N
N IN(N-1) 21 (Zj:l,j#i iy — Wij[T) -
A/ AIN(N-1) 1 N N
R IN(N-1) D i1 (Za‘:l,#z‘ iy — sz'fT) +
3 N(N-1) 1 N N
N VINNN-1) 2 (ijl,j# iUy — wﬂfT)

N N N
= (¥ — %) Zihiwalr — 52 il it i Wig I+
N
Jo (=) [ S st — wislr)|

1 N N /
N {\/ oo 2= (ZFLJ# ity — wij[T)] '

The rate for the SV, <Z;V:l o Wil — (JJZ']'[T) is obtained using the theory on bivariate U-

statistics and results since it consists of the summation of (1;7 ) = sN(N — 1) different mean

zero random variables. Hence,

VN (358, - wIr) = S S (@i — o)) — 5 SN, walr—
N N
N\l/ﬁ Dim1 Dty Wit
VN (1= %) [# 2 (it = wikr) ] -

TI-N-1)

2 1 N N
) VN [\/éN(N—l) zi:l (Zj:l,j#i ulu; - wij[T)}

= \/L]V Zﬁl(uzu; — wiiIT) + Op <N_%) .

Assumptions 1(ii)-(iii) imply that the first and third component in the above expression
converge to zero when N goes to infinity. Because of the rates involved in the second and
last components, they converge to zero as well which leads to the above result.

We characterize the limiting behavior of % ZZN:1 w;u, using the vech operator which

12



selects the unique components of a symmetric matrix, vec(A) = D,,vech(A), vech(A) =
(D, Dy,) Dl vec(A), for an m x m symmetric matrix A and D,, the m? x im(m + 1)

duplication matrix:

v/Nvech (%Zfl(uzu wﬂT)) ~ (0
Y~ N(0,W),

with U : T x T, vec(V) = Dzt and

W= limy_ . F (% SV ~ Zjvzl vech(u;u; — wiiIr))vech(ujuy — WjjIT)I>
= limy_o F (% Zf\il vech(uu, — wi; 7)) vech(u;u, — wn-IT)’)

Since W is well defined, identical to the weak covariance structure for the wu;’s, a similar
weak covariance structure between w;u; and wu;u}, i,j = 1,..., N, is assumed which results
in the expression on the second line above. Note that W is diagonal because of iid u; and
third order moments being zero.

Using the above and under Hy : Ay = Af, we can construct the limiting distribution for

Q(Ar) :

_ (Ri=Xy 08,2
\/N(Q()\f,o) - ]') — \/_ [N Zz 142 1+)\}0Q;}:)‘f,0) B 1:|
= VNz: [% > <mﬂ?(>\ﬁo) Up(Aso) — fszfTﬂ
N (== ~2
= oym p(Aro) [\;ﬁ Zi:l (“zuz —Ww ]T)} P(As0)
p(

Aol [F5 S (wi = wIr)| pAs0) + 0,(1)

2
_ | P(Ar,0) i 1
VN ~i=1 V@2 (14N, (QrpAf.0)
7 e, PAr) ®p(hso)) Drd

+ 0p(1)

with

2
2
— 1 1NN P(Ar0) ui _
wQQ limy oo & N Zi:l <(\/w2(1+)‘3’,0QF}1p')\f,0)) 1)

- 1 —11—)( p(Ar0) @ p(Af0)) DrW Dip(p(Aro) @ p(Aro)),

W (142} 0QppAr.0)2
which equals 2 in case of i.i.d. normal errors.

We next construct the limiting distribution for the sample score: s(Aso) (= —1 %Q()\ 7.0))

13



under Hy : Ay = Ao :

Y 75\ r0) = % (1+)\f0QFF)\fO Zz 16 ()‘fo)( r0D:)
_ 1 N
= VNG 2(1+>\f0QFF>\f0) Zina Bitip(Ao) + 1+A;0QFFAfo \/; >‘f° (Aso)+
N — _/
1 1 N 7
T 2(1+>‘f OQFF>‘f 0) Zi:1 62u1p<)\f70)+
N _1
w2(1+,\}OQ;;,\LO)\/TQ()‘LO)I [\/N (% >imr (wiug — w?Ir) )] (Ar0) +0p(N772)

1 1
P 0QrpAr0) €+ JraOol 2] prso)

~ ]

1 1 1 l
@) P M) T U ariage PAR0) © 1A0)) Drv
~ N(0,A+ £B),

where we used that ¢(Af0)'p(Afo) = 0 and \/Lﬁ SV B, - &, vee(§) ~ N (0,w? (It ® pgg))
¢ is independent from 1, since third order moments are equal to zero, and the variance of &

results from u; and 3, being independent, so E((u; ® I},) 3;) = (E(u;) ® I}) B; = 0, and

var (u; @ I,) 8,) = limy 00 E (% SN SN (@ 1) BB (@ Ik)'>
= limy_o F ( S (uzu ® BB, ))
= lmyoce 5 D1ty Dony <WUIT ® B;8 )
= limy_ o % Zfil (wn']T ® Bﬁi)
VRS D Dl DA (%‘IT ® Bﬁ;)
= limy_o S 3V, ([T ® Bﬁ;) + My oo & S, (Wiz' —w)(Ir ® B¢B§>
= W (Ir @ pgp)

with Q5 = limy_e0 & ZZ L B 3, =var($3;), and we have assumed that

limy oo X2, S0 (wislr @ BB)) = 0
limy o 2 SV, <w ) @ BiB’i) — 0
This next implies the expressions for A and B :
_ 1
A= w2(1+/\/f,0Q;w}:/\f,0)2 (p(Af,O)/p(/\f,O) ® Qﬁ)
B = ; 5(P(Ar0) ® 4(Ar0)) DrW Dp(p(Aso) @ 4(Aro))-

w4(1+/\f OQFF)‘f 0)?

14



The covariance of the limiting distribution of Q(\f) and %Q(/\ 0) then results as, since &

and 1 are independent:

limy oo <<\/N(Q()\f,0) — 1)) (\/NS(/\f,O)>/> =
limpy_ oo %WE (% sz\il ((p()‘f,oyui)g ué‘l@‘fﬁ») =
2 (P(Ar.0) @ p(A10)) DrW Dp(p(Aro) @ q(Aro0))-

1
wt (1+A}0QFFAf0

The variances and covariances of the limiting behavior of the objective function and its score
can all be computed using non-parametric covariance matrix estimators. For example, an

estimator for A + 7B straightforwardly results as:

V() = % oy S S [R50 80| [0 R = x50 -]
b<)‘f) = N Zi:1 ﬁi(/\f)( i )‘/fﬁz)

Same applies to the covariance matrix for the objective function.

2
2
1 N fo ~2
var = NZi:l (( - lf,OB’L’ _x) W )
2
~9 1 N
= NZi:l( i 06 )
1 N B
T = NZi:lRi_ /f,Oﬁi

If the errors are elliptical, the covariance between the objective function and the score equals

Zero.

We next construct the limiting behavior of 321 8;(Ar.0)B:(As0)’ :

LS (BBl — B — £ [k — Sekyaait )
i=1 j )+ ﬁ Zz 1a(Ay, 0)/@‘52"‘
ool (VN (32X, (@7, — w*1r) ) ) a(rro)
= \/%W Zfil Biuia(Ao) + \/%W Zz’zl Q()‘f,O)/UiB;"‘
L) (VA (3 S G — w212)) ) alvra) + 0o (V)
— \/LfoO\f,o) % (Ar0)'€ + 7a(Ar0) Ta(A o),

Summarizing, for the joint limiting behavior of Q(As), s(Az0) and + SN BiAr0)Bi (Ao,
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we have:

Q(Aro) — 1
\/N \/LTS )\fo) 7
VT N (75 7 27w QrrAr.oNtoQri
vech (X S, (Bi(Ar0)Bi(hso) = BB — 4 Qi — Splielen )
0
w2<1+A},§Q;;Af,o> (P(Ar0) @ Ii) vee(§)+

(D} Dr) ™ DIk + Kir)(a(A0) @ 1)
1 1
DTN gas s (P(Ar0) @ P(Aro))
oy P a0 | Dro
77 (D D) "' Di(a(As0) ® a(As0))

where we used that

vec(§q(Aro)) + vec(q(Aro)'€") = (a(Ago) ® Ix)vee(§) + (I @ q(Azo))vee(s)
4(Ar0)' @ Ie)vec(§) + (L @ q(Aro)') Krpvec(E)

(
(
Ik + Krr)(q(Ag0)' @ Ii)vec(§
(
(
(

vech(Eq(Aro)) + q(As0)'E)
vec(q(Ar0) Wq(Aso))
Vech(q()\f,o)/q"Q()\f,O))

D} Dy) ' Dj(Irk + Kyr)(q(Aro)' ® Ix)vec(§)
a(Ar0) @ q(Afp)) vec(¥)
D;.Dy,) *D;(q(Ar0) ® q(Apo)) Drip

with K7y, the Tk x Tk dimensional commutation matrix so vec(¢') = Kryvec(€).

Remark 1: The joint limiting behavior in Lemma 1 is similar to the joint limiting behavior
of these components for the linear instrumental variables regression model when the number
of instruments goes to infinity as described in Andrews and Stock (2007). An important
difference between their approach and ours is that we have a fixed number of time-series ob-
servations, while in their case the equivalent of this component also goes to infinity. Because
of this subtle difference, not all of the components of the joint limiting behavior in are
independently distributed as would be the case when the number of time-series observations

goes to infinity as well.

Corollary 1: Since p(Aso) and q(Arp) are orthogonal and cov(vec(§)) = w? (Ir @ puz3) , the
two components of the limiting distribution that depend on & are independent.

Corollary 2: When the number of time-series observations goes to infinity or if the errors u;
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are elliptically distributed, the limiting behaviors of the three different components depending
on Y in are independent.

Remark 2: Because of the independence of the components depending on ¢ in the lim-
iting distribution , the overall dependence of their limiting behavior can only result
because, for both, it depends on ¥. When T gets larger this dependence diminishes, be-
cause it is proportional to T-2. When the errors u; are elliptically distributed, g(Aso)w;
and p(Afo)'u; are independently distributed conditional on a mixing random variable. While
E(q(Afo)uwuip(Asp)) = 0 under just Assumption 1, this conditional independence implies
that also the expectation of particular higher order combinations equals zero, which leads to
the independence of the three different components in . The elliptical distribution as-
sumption is commonly made in portfolio theory and factor analysis; see, e.g., Kan, Robotti,

and Shanken (2013).

Remark 3: When the variation of the 8’s is small, so {25 is small or close to rank deficient,
the variance of £ becomes small as well. The overall joint limiting behavior in , however,
remains valid even when we assume that the variance €2 drifts to a reduced rank value
as in the weak instrument and weak factor literature; see, e.g., Staiger and Stock (1997)
and Kleibergen (2009). The limiting behavior then mainly results from . This is unlike
the limiting behavior in Raponi, Robotti, and Zaffaroni (2020), which depends on their

Assumption 2 to assume a full rank value for €23.

Remark 4: In Lemma 1, we characterize the joint limiting behavior of the objective function,
Q()\y), its score function, s()\;), and the sum of the quadratic forms of the recentered 3;(\;)
under Hy : Ay = Aso. Their joint limiting distribution allows us to construct test statistics
on the ex post risk premia in Theorem 7. The joint limiting behavior is a function of
independently normally distributed random variables, whose covariance matrices depend
on the unknown variance of § and w;;, ¢ = 1,..., N. Instead of using explicit estimators
of these covariance matrices, we opt for directly estimating the overall combined covariance

matrices of the different components using non-parametric (Eicker-White) covariance matrix
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estimators:

9 _ (Ri—N,B,)?
VQ(Af) - N Zz 1 ( ~2 1+)‘/fQF}:')\f) 1)

70 = T (B i B) b )] [B: ) (Ri=X; B b )|
0= ¥ i (@) (LN QppAs)

Vi) = &5 [vee (BB —d0n)] [vee (BB - doy)]

with
d(/\f) - % Zizl Bz()‘f)Bi(/\f)/ _
b(/\f) = % Zi:1 Bi()‘f)(ﬁ_l_ /\}Az)
&= N DL R = XpBy — )?
ﬂ = % Zi:l (}_3% - AIfB’L)

where Vo(As), Va(As), VBB()‘f> are the covariance matrix estimators for QQ(As), s(As), and
the sum of the quadratic forms of the recentered 3;()\;), respectively, for which d();), b();),

&2, [ are used.

H. Proof of Theorem 8

The construction of the limiting distribution of the LR statistic follows along the lines of
Moreira (2003), Andrews and Stock (2007) and Andrews et al. (2006). It starts with the
definition of the LR statistic which equals the concentrated CUE at the hypothesized value

of Ay minus its minimal value:
LR(Af) = Qeve(Ar) — minepr Qcvr(l).
The minimal value of Qcyg(A) equals the smallest root of the characteristic polynomial:
(hots) o (7 5) (7 7)) =0

We specify this smallest root as a function of the FAR, LM and r();) statistics. In
order to do so, we first pre multiply by the transpose and post multiply by

1 0
—)\f ]k
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the matrices in the above expression. Since the determinant of this matrix equals one, this

does not alter the smallest root. The resulting characteristic polynomial reads:
LHN;QppAs —NpQpp | _ T ( B_A\y. A )’ < S_A\v. A ) _
We conduct the same operation once more using the matrix

-1
)‘}QFF
1+A;Q;;A,-
0 I,

to obtain the characteristic polynomial:

r =1 0 D P A3 , R B 5
y ( ) - (R=By B ) (R=By 0w >‘ -

1+>\’J,Q;,}:>\f

For k =1, it results in

u(l—}—)\’fQ;},)\f)—#(E—E)\fy(E—E)\f) —z (R-BAr) B(A) 0 o
2y V(BB L, QpEapNQpk L -
sy (R-BAy) o @b )t v

ap’ +bp+c =0 &
a(p*+qu+y) =0

with
a= (L+ XQpky) (Qph — SErsiet )
[ FFAf FE  14XN,Qpp)s /
_ ~ ~ _ Q—l A )\/ Q—l g - — -
b= —(L+ XQrkA) 55BN BO) — (Qrp - T55EE ) < (R-BX) (R-B))

c= L <§—E>\f>’ (ﬁ—EAf) 5B BO) = s ((E—@f)/mf)y
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I

b2
a2

1

QFF

142/
Ay

_ 4 —

a

)‘f)‘fQFF

Q—l

< e QFFAf
1

(1+A}QF;Af) N

)

(R 5)‘f) <§—E)\f> (

2
(A1) + Gomperta v - (7 ”f) (F-v)| -

r —12 D) B+

b

QEF’\f*;fQFF

1+,\’J,QF},,\f

—1
QFF

<T(1+/\}QF11T/\]«)

>N2 & ((R 5>\f> »3(/\f))
-

(Ar) (f__? - EM)

2

BAf) +

Ekf), (ﬁ—_

-1 T
(1+N;QppAp) No®

AYBO) B

4 1 1
(14N} QrpAr) Q—liQFF)‘f)‘fQFF
FE 14N QFFAf
— 1
®2<Q 1 QFF’\f*'QFF>
T FF 140/ QFF’\f
158 (R-Bxr) B0v)
1 po A o
22 Q—liQ;}«‘)‘f)‘/fQFF B< f) B< )
" LRSS Y
2
= | - @0y -1 +

N LM (\y) [

F=r(A\p) + 1] :

1 ~
where we used that V,(\;) = Mﬁ (Ar)'B(Af)+0,(1) when the errors are elliptically

distributed or 7' is larger and with

1

T()\f) = \/N % S
= (QF%
Because
Q) = :
min;cpk Q(l) = —%3 3

we then have

(1+,\}QF;,\f) Nw

1
2

QppAsA fQFF

1+)\}QFF)\f

>B()\f),5(>‘f) —1

(75 (733
— 48,
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LR(As) = Q(y) — minez: Q1)

-1 -1
1_ QFFAfA,fQFF

Qrr

- 3 m%y(ﬁ—w'(ﬁ—%)—( s >N223<Af>'6@f>]+

1N Qs
7 2
— - Ay — —_-
1 1 1 po 17 1 T D e D Vo
2) | N2 (1 Qe VQrk B BAs) = (14N} QppAs) No? (R_BAO (R_ﬁ’\f) +
L T\ @rr A QppAs

-1

e (R=5s) BOv) (F2050050)) - A0y) (R -By)

N

= %[(Q(Af)—l)—%ﬁr(kf)]+%{{%ﬁr(kf)—(Q(Af)—l)rJr‘lLM(Af)% [ﬁrwﬂ]} ,

VNLR(y) = W [(Q0y) = 1) = r(Ag)] +

)
%\/N{ [\/%T(Af) —(Q(y) — 1)]2 +4LM (N )y [\/%T(Af) + 1} }2

[NIES

VN@QOy) = 1) =r(A)] +3 { [r(0) = V@)~ D] +4LM () [Forh) + 1] }

[NIES

V@O =1 =r0)] + 4 [0 - V@O — 1]+ azat0n 4 0,0

SO

\/NLR(Af,O)V()\f,O) =7 % |:1/)FAR, —T+ \/(T - 1/)FAR,)2 + 4¢LM] .

I. Proof of Theorem 10

Under Assumptions 1* and (17) , we have, conditional on F' and G, the central limit theorem,

see Hall and Heyde (1980) and Andrews (2005):
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& Lee Ve
évec(3;) vec(fiqs) Vs
vec(B,/3;) vec(figs) vec(Uggs)
¢ivec(D;) vec(tep) vec(¥ep)
vec(;D5) vec(ligp) vec(¥sp)

\/LN T vec(D; D)) N Vec(,uzD) K V= VeC(\I’ZD) 7
vec(T;0;) vec(Qyy) vec(Wyy)
vec (3,7, 0 vec(Wgv)
vec(c;v;) 0 Vey
vec(v; D)) 0 vec(U,p)

with ¢, I X1, ¢¥5: kX1, Vg kX k, Wgp:kXr, Wepp:r X1, Upp:rxr, Uyy: T xT,
Way : ExT, v, : T x1, ¥,p: T x r dimensional mean zero normally distributed random
variables, so ) ~ N(0,Qy) : g x 1, q=T*+r* + k> +Tk+Tr +kr+T +r+k+ 1. This

central limit theorem next implies that:

(5 Op) =5 () —
QrpA Qrt
[fk——m;gF;fX} (s — Baohy) N (Y — o) +
1 QrpA / Qrpf /
VT - 1+,\;(5F£,\f)‘ ] (UspG" + ¥g) + H,\gigﬁ (VepG' + %V)) p()‘f)"‘
T24(A\p) (Yoy + Gl — G'Uhp Ay — T A p) +

q( ) (\I/VV -+ \IIUDG’ + G\If/D + G\IIDDG) ()\f)
A<)‘f7F7 GaT)¢7

i

with ps*(Af) the conditional expectation of the score given (F, G):

&

ps*(Ar) = E(s" (M) |F,G)
QFF)‘f

QrpAs /
U 1+>\55;})\f )\f] (’uﬁc - 'uﬁﬂAf) 14+X,Qp 1 Sy (ucc :ulﬁc)‘f) +

—

k
Q—l A 1
\/L’f <[]k o 1+>\;5;£>\f X] Hsp + 1+)\' 1)\ NCD) G'p(Ap)+
\/LTQ()‘]()IG (M/CD - MDBAf)

q(Ap) (v + GuppG') p(Ay),

bl
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and A\, F,G,T) : k x q:

QrpAf Q / QrpAf /
ARG = (it (b2t ] (e b - 25 v))
QprpA Qb
(r1) G®1+;5F£Af> + F U8 G) K (G0 [l ZECN]) F (00)G @ a(0)6)

1 _Qepdy 1) L '@ —Qrrd
L) @a0)) (IT® [Jk W}FS;MAJC]) L (Ir@q\)) + 4 (p(/\f) ® 1+Afc§;;xf)

\/_:7 (p(Af) @ q(A\f)'G) Ky, + \/_T (p(Af)'G ® q(A)) )

where K, is the Im X [m dimensional commutation matrix.

The pseudo-true value A} is such that ps(\}) = 0. Because

Ol
=0

@'I
™!
T

<
3

2

o

=0

- — = 5.0’
) = BN - NB) = Ap. ey | )

ps*(Ap) = AQAy, F,G,T)
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the White covariance matrix estimator:

Vi) = Xl lsi(y) ~ s Al (y) = s*(Ar))'

é;ivec(;) cjvec(f3;)
vee(B;5;) vee(3,5;)
¢ivec(D;) ¢;vec(D;)
— 1 N vec(; ;) I Vec(ﬁj ;)
= A\, F,G,T) i > i VeC(Di 7;) - N Zj:l VeC(Dj 7;)
vec(T;0;) vec (@5; )
veel5,7) vee )
vec(c;v;) vec(¢;7)
_ L wee@ny )\ ey
c; 4
civee(f3;) ijec(ﬁj)
vee(B,B;) vee(B,5;)
EiveC( 71') EjveC(Dj)
winon | V5| i [ 10RO
vec(T;0;) vec@ﬁ;-)
vec(,U;) vec(B,7))
vec(c;vy ) vec(¢;7;)
vec(v; DY) vec(@D; ) -

~—

— A()\f,F,G,T QwA()\f,F, G, T)I
p

thus provides a consistent estimator for the covariance matrix of the score statistic for testing

hypotheses on the pseudo-true value )\}.
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II Simulation Design

In this section, we provide the description of our simulation design. In particular:

— In Part A, we describe the baseline simulation design, which leads to Table 1 and
Figures 1-2 in the paper.

— In Part B, we consider 7' = 60 in an alternative simulation experiment, which leads to
Figure A1 in this Internet Appendix.

— In Part C, we consider a simulation setting of GARCH errors, which leads to Figure
A2 in this Internet Appendix.

— In Part D, we consider a simulation setting of useless factors, which leads to Figure A3
in this Internet Appendix.

— In Part E, we update the simulation design by calibrating its parameters to real data,

which leads to Figure A4 in this Internet Appendix.

A. Baseline

We consider a baseline factor model for conducting the simulation study reported in the
paper:
Ry = B(Fy + Ap) + D(Gy + Ag) + uy,

where u; ~ N(0,Ix), Fi ~ N(0,1), Gy ~ N(0,1). The simulated data of R; and F; will be
used for the CUE and its related tests, while G; is the unobserved (missing) factor which
reflects model misspecification.

Weak or strong identification: The N x 1 vector [ affects the strength of identifi-
cation. For the scenario considered in Table 1 and Figure 1.2, we start with N elements
uniformly distributed between 0 and 1, and re-scale the N elements by a constant 0.4. For
weak identification in Figure 1.1, we re-scale the N elements by a constant 0.08 to introduce
smaller variation of betas. Similarly, for Figure 2.2, we first draw 5, ~ N(0, 1) and re-scaled

it by 3/N%* for strong identification, while for weak identification, we re-scale the 3 for
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strong identification by a constant 0.3.

Correct specification, misspecification: The value of D is used to control the mag-
nitude of misspecification, and is set to zero for correctly specified models in Table 1 and
Figure 1. For the misspecification case in Table 1, we draw D from the null space of /3 for
convenience and re-scale GG; by a constant 5. For misspecification in Figure 2, we further
allow for different values by setting D = 3 x 0.18 + N (0, Iy)/N%* x 6.

The value of Ay is set to 1. Similarly, Ag is set to 0.1 except for the misspecification case
in Table 1 where Ag is set to 1.

In the data generating process (DGP) for Table 1, we consider N = 1000 or N = 4000,
T = 40 or T' = 120 with 5000 replications. For Figures 1-2, we consider N = 1000 and
T = 40. We then test the pseudo-true value corresponding to Ay = 1. The reported rejection
frequencies in Figures 1-2 are the average of 1000 Monte Carlo replications.

The IV estimator in Table 1 uses a separately simulated sample for estimating betas,

which serve as the instrumental variable.

B. T =60

Instead of 7" = 15 used in the earlier version of the paper, we set 7' = 60 for which we

consider a single factor model for conducting the simulation study reported in Figure Al:

Rt = iya + 6<Ft + )\f) + U,

where u; ~ N(0,Iy), Fy ~ N(0,1).

Weak or strong identification: For the N x 1 vector [, we start with N elements
uniformly distributed between 0 and 1. For strong identification, we re-scale the N elements
by a constant 0.5. Similarly, for weak identification, we re-scale the N elements by a constant
0.08 to introduce smaller variation of betas.

Correct specification, weak or strong misspecification: The value of « reflects
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misspecification, and is set to zero for correctly specified models. For misspecification, we

set a to 0.6.

In the DGP, we consider a sequence of values for Ay with N = 1000 and 7" = 60. We
then test the pseudo-true value corresponding to Ay = 1. The reported rejection frequencies
in Figure A1l are the average of 1000 Monte Carlo replications.

As shown by Figure A1 below, the resulting size and power curves also favor the LM test.

Figure Al: Rejection frequencies of tests of Hy : Ay =1, T'= 60
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A1.3: Weak identification, misspecification =~ Al.4: Strong identification, misspecification

Notes: N = 1000, T = 60. The level of significance is 5%. Dashed black: t-statistic based on the
bias-adjusted estimator of Shanken (1992) and the standard error of Raponi, Robotti, and Zaffaroni
(2020); solid green: LM; dashed blue: FAR; dashed purple: t-statistic based on CUE; dashed red:
LR. The data generating process is provided in the Internet Appendix. Figures A1.1-A1.2 impose
correct specification, while Figures A1.3-A1.4 allow for misspecification.
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C. GARCH Error

The proposed LM test allows the error components to have a conditional variance structure.
To illustrate this, Figure A2 presents the simulated power curve of the LM test for which
the error terms are generated from a GARCH(1,1) process. The beta pricing model is either
correctly specified (Figure A2.1) or misspecified (Figure A2.2), while the rest of the DGP is
the same as Figure 1.2 and Figure 2.2 in the paper, respectively.

Figure A2 shows that the LM test remains size-correct since it rejects at the nominal
5% level under the imposed GARCH errors both for correct beta pricing as well as for

misspecified beta pricing.

Figure A2: Power curve of the LM test at 5% under GARCH(1,1) errors
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A2.1: Beta pricing A2.2: Misspecified beta pricing

Notes: For the DGP of GARCH(1,1) errors, we set three values, i.e., 0.05 (constant), 0.7 (GARCH
coefficient), 0.25 (ARCH coefficient). The rest of the DGP is the same as Figure 1.2 and Figure
2.2 in the paper. The tested risk premium corresponds to the horizontal value of one, while the
vertical axis is for the rejection frequency at the 5% level. The benchmark 5% line is also plotted.

D. Useless Factor

We consider the scenario of a useless factor in the simulation study, where the useless factor

is independently drawn from N(0,1). Figure A3.1 shows that the CUE using the useless
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factor with 7" = 40 is centered around zero with a large variance, which reflects that the
risk premium on useless factors is unidentified. In addition, Figure A3.2 shows that the LM
test using the useless factor for testing zero risk premium is size-correct, i.e., the rejection
frequencies are near the nominal 5%, so the LM test based on the CUE is unlikely to over-
reject, for the sequence of T" values ranging from 40 to 120. In other words, Figure A3 shows

that the CUE and its associated LM test are unlikely to spuriously support useless factors.

Figure A3: CUE using a useless factor, and size of 5% LM for testing zero risk premium
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Notes: The useless factor is independently drawn from N(0,1). N = 1000,7 = 40 for Figure
A3.1, where the DGP of assets is as for the correct specification case in Table 1 of the paper.
T = 40 ~ 120 for Figure A3.2, where the magnitude of misspecification is as in Figure Al. The
level of significance is 5%.

E. Calibration to Real Data

Alternatively, we use real data for the calibration of the parameters used for simulation, and
the resulting simulation outcome is presented in Figure A4. In particular, we mimic the
empirical studies reported in Section 5 of the paper, where the existing ¢-test is compared
with the LM test. We thus make the following changes to the DGP described above for the

single factor model:
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— For each of the NV elements in the error term wu;, we calibrate its variance to the residual
variance estimated by using empirical data, instead of unity;

— For the factor F}, we calibrate its variance to the sample variance of the market factor,
instead of unity;

— For the vector 3, we calibrate it to the market betas estimated by using empirical data;

— We set T' = 40 instead of T' = 15;

— We use the estimated misspecification vector to replace ¢ya;

— We compare the existing ¢-test with the LM test, since only these two tests are adopted
for the empirical studies in the paper.

With the changes described above, we consider two scenarios: first, we consider the single
factor model as correctly specified, so the misspecification component is set to zero in the
DGP; second, we consider the model as misspecified, for which the nonzero misspecification
component is imposed in the DGP. The resulting rejection frequencies of ¢ and LM tests
for the pseudo-true value corresponding to Ay = 1 are reported in Figures A4.1 and A4.2,
which show that the LM test has the size near the nominal 5%, while the t-test exhibits size
distortion.

In order to further check the performance of ¢ and LM tests when the betas are small (i.e.,
weak identification), we further re-scale the betas used for Figures A4.1 and A4.2 by 0.1,
which leads to their counterparts in Figures A4.3 and A4.4. Consistent with our expectation,
the LM test remains to perform well under small betas, while the t-test does not.

Overall, the simulation outcome in Figure A4 is in line with those presented in Figures A1-
A3 and Figures 1-2: they all show that the proposed LM test remains trustworthy regardless

of misspecification and/or weak identification.
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Notes: N = 1000, T = 40. The level of significance is 5%. Dashed black: t-statistic based on
the bias-adjusted estimator of Shanken (1992) and the standard error of Raponi, Robotti,
and Zaffaroni (2020); solid green: LM. Y-axis: rejection frequencies; X-axis: ;. The data

Figure A4: Rejection frequencies of ¢ and LM tests of Hy: Ay =1
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A4.1: Correct specification
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generating process is described in the text of the Internet Appendix.
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IIT Additional Empirical Results

A. Figures A5-A16
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Notes: See Figure 3 in the paper. For this figure, we consider the FF5 model using monthly
data, while Figure 3 is for CAPM using quarterly data. The shaded areas are the 95%
confidence sets of factor risk premia. The t-test is based on the bias-adjusted estimator
(dashed black) of Shanken (1992), while the LM test is based on the CUE (dashed red). The
average market return (solid blue) results from the average of the market factor during the
ten-year rolling window. The monthly data of the FF5 factors during July 1963 - December
2013 are taken from Kenneth R. French’s online data library, while the CRSP stocks with

Figure A5: Market risk premium in FF5, monthly data
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return data available during this period are adopted.
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Figure A6: Eigenvalue comparison of Shanken (1992) and CUE in FF3
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Figure A7: Risk premia from the CUE and the LM test in FF3, monthly data
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- December 2013 are taken from Kenneth R. French’s online data library, while the CRSP
stocks with return data available during this period are adopted.
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Figure A8: Risk premia from the CUE and the LM test in C4, monthly data
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Notes: See the notes of Figure A7. For this figure, we use the C4 model instead of FF3.
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Figure A9: Risk premia from the CUE and the LM test in FF5
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Figure A10:

Risk premia from the CUE and the LM test in an augmented ¢-factor model
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Notes: See the notes of Figure A7. For this figure, we use g-factors from https://global-q.org
and the momentum factor. The monthly data of g-factors start from January 1967, so the
reported risk premia start from January 1977.
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Figure A11: 95% confidence sets of risk premia from the ¢-test with shrinkage
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Notes: For this figure, we use the t-test with shrinkage of Raponi, Robotti, and Zaffaroni
(2020) to construct 95% confidence sets of factor risk premia; see their Footnote 22. Figures

Al11.1, A11.2, A11.3, A11.4 correspond to Figures 3.1, 5.1, A5.1, 4.1, respectively, for which
the t-test does not use shrinkage.
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Figure A12: 95% confidence sets of risk premia in CAPM and FF3 using monthly data
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A12.4: Market risk premium in FF3 from the LM test

Notes: For this figure, we use the monthly data to construct 95% confidence sets of factor
risk premia in CAPM and FF3, while the corresponding Figures 3 and 5 use the quarterly
data.
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Figure A13: 95% confidence sets of factor risk premia with alternative T'
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A13.4: Consumption risk premium in CCAPM from the LM test

Notes: For this figure, we consider T" values that differ from those used in the main text.
Figures A13.1, A13.2 using 7' = 60 correspond to Figure A5 using T" = 120, while Figures
A13.3, A13.4 using T" = 30 correspond to Figure 4 in the main text using 7" = 40.
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Figure A14: Risk premia from the CUE and the LM test in a four-factor model
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Notes: The shaded areas are the 95% confidence sets of factor risk premia from the LM
test based on the CUE (dashed red). The monthly data of the Market, SMB, UMD, and
Volatility of liquidity (share turnover) factors are taken from Feng, Giglio, and Xiu (2020),
which start from July 1976, so Figure A14 starts from July 1986.
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Figure A15: FAR statistics at CUE for FF3, FF6
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Notes: The same data and setting as for Figures 7-8 in the paper are adopted. For FF3 and
FF6 models, Figure A15 reports their FAR statistics at the CUE.

Figure A16: Variances of betas on four factors
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Notes: The same data and setting as for Figure A14 in the Internet Appendix are adopted.
For each of the four factors, Figure A16 reports the cross-sectional variances of their betas.
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B. Table A1

Gagliardini, Ossola, and Scaillet (2016, GOS) apply their proposed approach to a four-factor
model (FF4) with market, size, value, and momentum factors. We replicate their empirical
study on the ex-ante risk premia in FF4, and the resulting findings are reported in Table A1l
below: all the numbers are annualized as in GOS, so they appear larger in magnitude than
the monthly and quarterly findings provided in our paper. However, as shown by the table
for FF4, GOS find significantly positive risk premia on market and momentum factors, while
the risk premium on the size factor is marginally positive; on the other hand, the estimated
risk premium on the value factor is negative.

To further compare GOS’s findings with ours, we extend GOS’s study to allow for the FF6
model, as reported in Table A1l below. It is clear that for the FF6 model, GOS’s approach
also leads to significantly positive risk premia on market, size, and momentum factors, but
not on value, profitability, and investment factors. All these findings are therefore consistent

with those documented in our paper, although Table A1 uses a different approach.

Table Al: Application of Gagliardini, Ossola, and Scaillet (2016) to FF4 and

FF6 models
)\m )\smb )\hml /\rmw )\cma )\mom
FF4 8.14 2.86 -4.60 7.16
(3.26, 13.02)  (-0.50, 6.22) (-8.06, -1.14) (2.56, 11.76)
FF6 7.56 3.46 -4.90 0.01 -2.85 6.49

(2.67,12.43)  (0.11, 6.82) (-8.37,-1.44) (-2.60, 2.63) (-5.23, -0.47)  (1.89, 11.09)

Notes: The FF4 model uses market, size, value, and momentum factors. The FF6 model
aguments the FF4 model with profitability (RMW) and investment (CMA) factors. The
estimated risk premia and associated 95% confidence intervals for the FF4 model are repli-
cated from Gagliardini, Ossola, and Scaillet (2016) using individual stocks; see their Table
1. We extend the empirical study to the FF6 model using the same setting as Gagliardini,
Ossola, and Scaillet (2016).
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