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I Proofs of Theorems and Lemmas

A. Proof of Theorem 1

For a general covariance structure, the concentrated likelihood, or continuous updating ob-

jective function, corresponds with

QCUE(λ) =
T
N
(R̄− B̂λ)′(cov(

√
T (R̄− B̂λ)))−1(R̄− B̂λ).

To construct the covariance matrix of
√
T (R̄ − B̂λ), we note that

√
T (R̄ − B̂λ) =

√
T (R̄ −

Bλ)−
√
T (B̂−B)λ =

√
T (R̄−Bλ)−

√
T (β̂−β)λf , since (B̂−B) = (ιN

... β̂)− (ιN
... β) = (0

... β̂ − β) :

R̄−Bλ = ū = ( 1
T
ι′T ⊗ IN)vec(u)

vec(β̂ − β) = vec(uF̄ (F̄ ′F̄ )−1) = ((F̄ ′F̄ )−1F̄ ′ ⊗ IN)vec(u),

for u = (u1 . . . uT ), F̄ = (F1 . . . FT )
′ − ιT f̄ , f̄ =

1
T
ι′TF =

1
T

∑T

t=1 Ft. Hence,

var(ū) = E (E (ūū′|F1, . . . , FT )) = 1
T
Ω

var(vec(β̂ − β)) = E
[
((F̄ ′F̄ )−1F̄ ′ ⊗ IN)vec(u)vec(u)

′(F̄ (F̄ ′F̄ )−1 ⊗ IN)
]

= ((F̄ ′F̄ )−1F̄ ′ ⊗ IN) (IT ⊗ Ω) (F̄ (F̄ ′F̄ )−1 ⊗ IN)

=
(
(F̄ ′F̄ )−1 ⊗ Ω

)
= 1

T
(Q−1FF ⊗ Ω),

cov(vec(β̂ − β)ū′) = E
[
((F̄ ′F̄ )−1F̄ ′ ⊗ IN)vec(u)vec(u)

′( 1
T
ιT ⊗ IN)

]

=
(
(F̄ ′F̄ )−1F̄ ′ιT/T ⊗ Ω

)
= 0,

for QFF =
1
T
F̄ ′F̄ and where we used that F̄ ′ιT = 0 and we condition on F. The covariance

matrix of
√
T (R̄− B̂λ) then equals

cov(
√
T (R̄− B̂λ)) = Tvar(ū) + T (λ′f ⊗ IN)var(vec(β̂ − β))(λf ⊗ IN)

= (1 + λ′fQ
−1
FFλf )Ω,

so the CUE objective function becomes:

QCUE(λ) =
T
N

1
1+λ′fQ

−1

FF
λf
(R̄− B̂λ)′Ω−1(R̄− B̂λ).

The weight function involved in the CUE objective function depends on the inverse of the

covariance matrix of ut, the, so-called, precision matrix, Ω
−1. The weak covariance structure
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for Ω implies a similar weak structure for the precision matrix. For

Ω =



 ω11 Ω12

Ω21 Ω22



 ,

with ω11 : 1× 1, Ω21 = Ω′12 : (N − 1)× 1, Ω22 : (N − 1)× (N − 1), this can be shown using
a Cholesky decomposition of Ω−1 :

Ω−1 =



 ω11 Ω12

Ω21 Ω22





−1

=



 ω
− 1

2

11.2 0

−Ω−122 Ω21ω
− 1

2

11.2 Ω
− 1

2

22







 ω
− 1

2

11.2 −ω−
1

2

11.2Ω12Ω
−1
22

0 Ω
− 1

2

22





=



 ω−111.2 −ω−111.2Ω12Ω−122
−Ω−122 Ω21ω−111.2 Ω−122 + Ω

−1
22 Ω21ω

−1
11.2Ω12Ω

−1
22



 ,

with ω11.2 = ω11−Ω12Ω−122 Ω21. It shows that, when both ω−111.2, which is a scalar, and Ω−122 have
a weak covariance structure, then so has Ω−1 since the off diagonal blocks are proportional

to Ω12 which is subject to the weak covariance structure. Since we can sequentially apply

this argument using a Cholesky decomposition of Ω−122 , we obtain that Ω
−1 also has a weak

structure.

For

Ω−1 =






ω111 · · · ω11N
...

. . .
...

ω1N1 · · · ω1NN




 ,

we can then write the CUE objective function as:

QCUE(λ) =
T
N

1
1+λ′fQ

−1

FF
λf
(R̄− B̂λ)′Ω−1(R̄− B̂λ)

= T
N

1
1+λ′fQ

−1

FF
λf

[∑N

i=1 ω
1
ii(R̄i − λ0 − λ′f β̂i)

2+
∑N

i=1

∑N

j=1,j 6=i ω
1
ij(R̄i − λ0 − λ′f β̂i)(R̄j − λ0 − λ′f β̂j)

]

so taking the limit of the CUE objective function when N goes to infinity:

limN→∞QCUE(λ) = limN→∞
T

1+λ′fQ
−1

FF
λf

1
N

∑N

i=1 ω
1
ii(R̄i − λ0 − λ′f β̂i)

2+

limN→∞
T

1+λ′fQ
−1

FF
λf

1
N

∑N

i=1

∑N

j=1,j 6=i ω
1
ij(R̄i − λ0 − λ′f β̂i)(R̄j − λ0 − λ′f β̂j)

= limN→∞
T

1+λ′fQ
−1

FF
λf

1
N

∑N

i=1 ω
1
ii(R̄i − λ0 − λ′f β̂i)

2,
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since the expression on the second line goes to zero because of the weak covariance assump-

tion. We can further simplify the limiting behavior of the CUE objective function by using

the implications the weak covariance structure has for ω1ii, i = 1, . . . , N. Without loss of

generality, we consider ω111 = ω−111.2 = ω−111 +ω
−1
11 Ω12Ω

−1
22.1Ω21ω

−1
11 , for Ω22.1 = Ω22−Ω21ω−111 Ω12.

The weak covariance assumption implies that

limN→∞
1
N
Ω12Ω

−1
22.1Ω21 = 0,

which similary applies to ω1ii, i = 2, . . . , N, because of which

limN→∞QCUE(λ) = limN→∞
T

1+λ′fQ
−1

FF
λf

1
N

∑N

i=1 ω
1
ii(R̄i − λ0 − λ′f β̂i)

2

= limN→∞
T

1+λ′fQ
−1

FF
λf

1
N

∑N

i=1 ω
−1
ii (R̄i − λ0 − λ′f β̂i)

2.

For our specification of the CUE objective function, we use the common approximate variance

assumption, which is of importance for the limiting behavior of the objective function under

correct specification. To show this we use:

√
T (R̄i − B̂iλ) =

√
T (R̄i −Biλ)−

√
T (β̂i − βi)λf

=
√
T ūi −

√
Tu′iF̄ (F̄

′F̄ )−1λf

= u′ip(λf )

T (R̄i − B̂iλ)
2 = p(λf )

′uiu
′
ip(λf )

= p(λf )
′ω2ITp(λf )+

p(λf )
′(uiu

′
i − ωiiIT + ωiiIT − ω2IT )p(λf )

= ω2(1 + λ′fQ
−1
FFλf )+

p(λf )
′(uiu

′
i − ωiiIT )p(λf )+

(ωii − ω2)(1 + λ′fQ
−1
FFλf ).

with p(λf ) =
1√
T
(ιT − F̄Q−1FFλf ), so when substituting this into the CUE objective function,

we obtain its limiting behavior:

limN→∞QCUE(λ) = limN→∞
T

ω̂2(1+λ′fQ
−1

FF
λf )

1
N

∑N

i=1(R̄i − λ0 − λ′f β̂i)
2

= ω2

ω̂2
+ limN→∞

1
ω̂2

1
N

∑N

i=1(ωii − ω2)+

limN→∞
1

ω̂2(1+λ′fQ
−1

FF
λf )

1
N

∑N

i=1 p(λf )
′(uiu

′
i − ωiiIT )p(λf )

= ω2

ω̂2
+ limN→∞

1
ω̂2(1+λ′fQ

−1

FF
λf )

1
N

∑N

i=1 p(λf )
′(uiu

′
i − ωiiIT )p(λf ).
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The common approximate variance assumption makes the second component on the second

line of the above expression go to zero, so we can establish the limiting behavior of the

sample CUE objective function which results from the last component.

Our sample CUE objective function then results as:

QCUE(λ) =
T
N

∑N

i=1 hi(λ)

for hi(λ) =
(R̄i−λ0−λ′f β̂i)2

ω̂2(1+λ′fQ
−1

FF
λf )
, i = 1, . . . , N.

B. Proof of Theorem 2

The minimizer of QCUE(λ) with respect to λ0 for a given value of λf is:

λ̂0(λf ) = argminλ0∈RQCUE(λ0, λf ) =
1
N
ι′N(R̄− β̂λf ) = R̄− β̂λf ,

for R̄ = 1
N
ι′N R̄, β̂ =

1
N
ι′N β̂, so the concentrated objective function for λf is, which results

from imputing λ̂0(λf ) in QCUE(λ0, λf ) :

QCUE(λf ) = QCUE(λ̂0(λf ), λf ) =
T
N

1
ω̂2(1+λ′fQ

−1

FF
λf )
(R̄− β̂λf )

′MιN (R̄− β̂λf ),

with MιN = IN − ιN(ι′N ιN)−1ι′N . The minimal value of QCUE(λf ) over λf equals
T
N

1
ω̂2
times

the smallest root, µmin, of the characteristic polynomial:

∣∣∣∣∣∣
µ



 1 0

0 Q−1FF



−
(
R̄ β̂

)′
MιN

(
R̄ β̂

)
∣∣∣∣∣∣
= 0.

The estimator of λf is such that the CUE objective function equals the smallest root µmin

(times T
N

1
ω̂2
) so it results from the eigenvector associated with µmin. The expression for the

estimator λ̂f then corresponds with the, so-called, k-class estimator for the instrumental

variables regression model in econometrics, see, e.g., Hausman (1983):

λ̂f = argminλf∈Rk QCUE(λf ) =
(
β̂
′
MιN β̂ − µminQ

−1
FF

)−1
β̂
′
MιN R̄.
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C. Proof of Theorem 3

Under Assumptions 1, 2 and Beta-pricing, the components of the characteristic polynomial

(16) converge according to:

limN→∞
1
N
R̄′MιN R̄ = E

(
R̄
2

i |F
)

limN→∞
1
N
β̂
′
MιN R̄ = E

(
β̂iR̄i|F

)

limN→∞
1
N
β̂
′
MιN β̂ = E

(
β̂iβ̂

′
i|F
)
,

with R̄i =
1
T
ι′TRi − 1

N

∑N

i=1
1
T
ι′TRi, β̂i = β̂i − 1

N

∑N

i=1 β̂i, and

R̄i = λ0 + β′iλf +
1
T
ι′Tui − λ0 − 1

N

∑N

j=1 βiλf − 1
NT

∑N

j=1 ι
′
Tuj = β̄

′
iλf +

1
T
ι′T ūi

β̂i = β̄i + (F̄
′F̄ )−1F̄ ′ūi = β̄i +

1
T
Q−1FF F̄

′ūi

R̄
2

i = λ′f β̄iβ̄
′
iλf +

1
T 2
ι′T ūiū

′
iιT +

2
T
ι′T ūiβ̄

′
iλf

β̂iR̄i = β̄iβ̄
′
iλf +

1
T
β̄iu

′
iιT +

1
T
Q−1FF F̄

′ūiβ̄
′
iλf +

1
T 2
Q−1FF F̄

′ūiū
′
iιT

β̂iβ̂
′
i = β̄iβ̄

′
i +

1
T 2
Q−1FF F̄

′ūiū
′
iF̄Q

−1
FF +

1
T
β̄iū

′
iF̄Q

−1
FF +

1
T
Q−1FF F̄

′ūiβ̄
′
i

for β̄i = βi − 1
N

∑N

i=1 βi, ūi = ui − 1
N

∑N

i=1 ui, so since ui is conditional on F independent of

β, E(ūiβ̄
′
i|F ) = 0, E(ūiū′i|F ) = ω2IT ,

1
T
F̄ ′F̄ = QFF ,

1
T
F̄ ′ιT = 0, we have that:

E(R̄
2

i |F ) = λ′fµββλf +
ω2

T

E(β̂iR̄i|F ) = µββλf

E(β̂iβ̂
′
i|F ) = µββ +

ω2

T
Q−1FF .

The smallest root of the limit of the characteristic polynomial (16) thus equals ω2

T
. When

µββ is positive definite, the limit of the CUE then equals λf .

Using the consistent estimator of ω2, see Raponi, Robotti, and Zaffaroni (2020):

ω̂2 = 1
(T−k−1)N

∑N

i=1R
′
iM(ιT : F )Ri =

1
(T−k−1)N

∑N

i=1 u
′
iM(ιT : F )ui

→
p

1
(T−k−1)N

∑N

i=1 tr(M(ιT : F )E(uiu
′
i|F )) = ω2,

we similarly have that

λ̂f,Shanken =
(
β̂
′
MιN β̂ − N

T
ω̂2Q−1FF

)−1
β̂
′
MιN R̄→

p

(
µββ +

ω2

T
Q−1FF − ω2

T
Q−1FF

)−1
µββλf = λf ,
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so it is consistent when µββ is positive definite.

D. Proof of Theorem 4

To establish the pseudo-true value we explore the matrix present in the characteristic poly-

nomial:
(
R̄ β̂

)′
MιN

(
R̄ β̂

)
=



 R̄′MιN R̄ R̄′MιN β̂

β̂
′
MιN R̄ β̂

′
MιN β̂



 ,

which converges according to:

limN→∞
1
N
R̄′MιN R̄ = E

(
R̄
2

i |F,G
)

limN→∞
1
N
β̂
′
MιN R̄ = E

(
β̂iR̄i|F,G

)

limN→∞
1
N
β̂
′
MιN β̂ = E

(
β̂iβ̂

′
i|F,G

)
,

using:

R̄i = c̄i +
1
T
ι′T
(
v̄i + Fβ̄i +GD̄i

)

β̂i = β̄i +
1
T
Q−1FF F̄

′ (v̄i +GD̄i

)

R̄
2

i = c̄2i +
2
T
ι′T
(
v̄i + Fβ̄i +GD̄i

)
c̄i +

1
T 2
ι′T
(
v̄i + Fβ̄i +GD̄i

) (
v̄i + Fβ̄i +GD̄i

)′
ιT

β̂iβ̂
′
i = β̄iβ̄

′
i +

1
T

(
β̄i
(
v̄i +GD̄i

)′
F̄Q−1FF +Q

−1
FF F̄

′ (v̄i +GD̄i

)
β̄
′
i

)
+

1
T 2
Q−1FF F̄

′ (v̄i +GD̄i

) (
v̄i +GD̄i

)′
F̄Q−1FF

β̂iR̄i = β̄ic̄i +
1
T
Q−1FF F̄

′ (v̄i +GD̄i

)
c̄i +

1
T
β̄i
(
v̄i + Fβ̄i +GD̄i

)′
ιT+

1
T 2
Q−1FF F̄

′ (v̄i +GD̄i

) (
v̄i + Fβ̄i +GD̄i

)′
ιT ,

we can specify the conditional population moments as functions of the parameters defined

in Assumption 1∗:

E
(
R̄
2

i |F,G
)

= E
(
c̄2i +

2
T
ι′T
(
v̄i + Fβ̄i +GD̄i

)
c̄i +

1
T 2
ι′T
(
v̄i + Fβ̄i +GD̄i

) (
v̄i + Fβ̄i +GD̄i

)′
ιT |F,G

)

= µcc +
2
T
ι′T (Fµcβ +GµcD) +

1
T 2
ι′T
(
ΩV V + FµββF

′ +GµDDG
′ + FµβDG

′ +Gµ′βDF
′) ιT

7



E

(
β̂iβ̂

′
i|F,G

)

= E
(
β̄iβ̄

′
i +

1
T

(
β̄i
(
v̄i +GD̄i

)′
F̄Q−1FF +Q

−1
FF F̄

′ (v̄i +GD̄i

)
β̄
′
i

)
+

1
T 2
Q−1FF F̄

′ (v̄i +GD̄i

) (
v̄i +GD̄i

)′
F̄Q−1FF |F,G

)

= µββ +
1
T

(
µβDG

′F̄Q−1FF +Q
−1
FF F̄

′Gµ′βD
)
+

1
T 2
Q−1FF F̄

′ (ΩV V +GµDDG
′) F̄Q−1FF

E
(
β̂iR̄i|F,G

)

= E
(
β̄ic̄i +

1
T
Q−1FF F̄

′ (v̄i +GD̄i

)
c̄i +

1
T
β̄i
(
v̄i + Fβ̄i +GD̄i

)′
ιT+

1
T 2
Q−1FF F̄

′ (v̄i +GD̄i

) (
v̄i + Fβ̄i +GD̄i

)′
ιT |F,G

)

= µcβ +
1
T
(Q−1FF F̄

′GµcD + µββF
′ιT + µβDG

′ιT )+

1
T 2
Q−1FF F̄

′ (ΩV V +GµDDG′ +Gµ′βDF
′) ιT .

E. Proof of Theorem 5

The concentrated CUE objective function of λf reads:

QCUE(λf ) =
1

ω̂2(1+λ′fQ
−1

FF
λf )
(R̄− ιN λ̂0(λf )− β̂λf )

′(R̄− ιN λ̂0(λf )− β̂λf )

= 1
ω̂2(1+λ′fQ

−1

FF
λf )
(R̄− β̂λf )

′(R̄− β̂λf ) =
T
N

∑N

i=1 h̄i(λf )

with h̄i(λf ) =
(R̄i−λ̂0(λf )−λ′f β̂i)2

ω̂2(1+λ′fQ
−1

FF
λf )

=
(R̄i−λ′f β̂i)2

ω̂2(1+λ′fQ
−1

FF
λf )
, R̄i = R̄i − 1

N

∑N

i=1 R̄i, β̂i = β̂i − 1
N

∑N

i=1 β̂i,

i = 1, . . . , N, R̄ = (R̄1 . . . R̄N)
′, β̂ = (β̂1 . . . β̂N)

′. The derivative of h̄i(λf ) with respect to λf

reads:

−1
2

∂
∂λf

h̄i(λf ) =
(R̄i−λ′f β̂i)

ω̂2(1+λ′fQ
−1

FF
λf )
β̃i(λf )

β̃i(λf ) = β̂i +Q
−1
FFλF

(R̄i−λ′f β̂i)
1+λ′fQ

−1

FF
λf

so:

−1
2

∂
∂λf

Q(λf ) =
T
N

∑N

i=1

(R̄i−λ′f β̂i)
ω̂2(1+λ′fQ

−1

FF
λf )
β̃i(λf ).
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F. Proof of Theorem 6

We can express the different components of the score and objective function as:

R̄i = λ0 + λ′f,0βi +
1
T
ι′TFβi +

1
T
ι′Tui − λ0 − 1

N
λ′f,0

∑N

j=1 βj−
1
NT

∑N

j=1 ι
′
Tuj − 1

T
ι′TF

(
1
N

∑N

j=1 βj

)

= λ′f,0β̄i +
1
T
ι′T ūi +

1
T
ι′TFβ̄i

β̂i = β̄i + (F̄
′F̄ )−1F̄ ′ūi = β̄i +

1
T
Q−1FF F̄

′ūi

R̄i − λ′f β̂i = λ′f,0β̄i +
1
T
ι′T ūi − λ′f β̄i − 1

T
λ′fQ

−1
FF F̄

′ūi

= (λf,0 − λf )
′β̄i +

1√
T
ū
′
ip(λf )

β̃i(λf ) = β̄i +
1
T
Q−1FF F̄

′ūi +
Q−1
FF

λf

1+λ′fQ
−1

FF
λf

[
(λf,0 − λf )

′βi +
1√
T
p(λf )

′ūi

]

=
[
Ik +

Q−1
FF

λf

1+λ′fQ
−1

FF
λf
(λf,0 − λf )

′
]
β̄i +

1√
T
q(λf )

′ūi

(R̄i − λ′f β̂i)
2 =

(
β̄
′
i(λf,0 − λf )

)2
+ 2√

T
β̄
′
i(λf,0 − λf )ū

′
ip(λf )+

1
T
p(λf )

′ūiū
′
ip(λf )

β̃i(λf )(R̄i − λ′f β̂i) =
[
Ik +

Q−1
FF

λf

1+λ′fQ
−1

FF
λf
(λf,0 − λf )

′
]
β̄iβ̄

′
i(λf,0 − λf ) +

1√
T
q(λf )

′ūiβ̄
′
i(λf,0 − λf )+

1√
T

[
Ik +

Q−1
FF

λf

1+λ′fQ
−1

FF
λf
(λf,0 − λf )

′
]
β̄iū

′
ip(λf ) +

1
T
q(λf )

′ūiū
′
ip(λf )

β̃i(λf )β̃i(λf )
′ =

[
Ik +

Q−1
FF

λf

1+λ′fQ
−1

FF
λf
(λf,0 − λf )

′
]
β̄iβ̄

′
i

[
Ik +

Q−1
FF

λf

1+λ′fQ
−1

FF
λf
(λf,0 − λf )

′
]′
+

1√
T

[
Ik +

Q−1
FF

λf

1+λ′fQ
−1

FF
λf
(λf,0 − λf )

′
]
β̄iū

′
iq(λf )+

1√
T
q(λf )

′ūiβ̄
′
i

[
Ik +

Q−1
FF

λf

1+λ′fQ
−1

FF
λf
(λf,0 − λf )

′
]
+ 1

T
q(λf )

′ūiū
′
iq(λf ),

with p(λf )
′q(λf ) = 0, p(λf ) =

1√
T

(
ιT − F̄Q−1FFλf

)
, q(λf ) =

1√
T
F̄Q−1FF + p(λf )

λ′fQ
−1

FF

1+λ′fQ
−1

FF
λf
=

1√
T

(
ιT

λ′fQ
−1

FF

1+λ′fQ
−1

FF
λf
+ F̄Q−1FF

(
Ik −

λfλ
′

fQ
−1

FF

1+λ′fQ
−1

FF
λf

))
, so under H0 : λf = λf,0 :

(R̄i − λ′f,0β̂i)
2 = 1

T
p(λf,0)

′ūiū
′
ip(λf,0)

β̃i(λf,0)(R̄i − λ′f,0β̂i) =
1√
T
β̄iū

′
ip(λf,0) +

1
T
q(λf,0)

′ūiū
′
ip(λf,0)

β̃i(λf,0)β̃i(λf,0)
′ = β̄iβ̄

′
i +

1√
T
β̄iū

′
iq(λf,0) +

1√
T
q(λf,0)

′ūiβ̄
′
i +

1
T
q(λf,0)

′ūiū
′
iq(λf,0).
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The conditional expectation of the score given F at λf,0 then becomes:

E (s(λf,0)|F ) = −1
2
E
(

∂
∂λf

Q(λf,0)|F
)

= T
N

∑N

i=1
1

ω̂2(1+λ′f,0Q
−1

FF
λf,0)

E
(
(R̄i − λ′f,0β̂i)β̃i(λf,0)|F

)

= T
N

∑N

i=1
1

ω̂2(1+λ′f,0Q
−1

FF
λf,0)

E
(

1√
T
β̄iū

′
ip(λf,0) +

1
T
q(λf,0)

′ūiū
′
ip(λf,0)|F

)

= 1
N

∑N

i=1
1

ω̂2(1+λ′f,0Q
−1

FF
λf,0)

q(λf,0)
′E (uiu

′
i|F ) p(λf,0)−

2
N2

∑N

i=1
1

ω̂2(1+λ′f,0Q
−1

FF
λf,0)

q(λf,0)
′E
(∑N

j=1 uiu
′
j|F
)
p(λf,0)+

1
N3

∑N

i=1
1

ω̂2(1+λ′f,0Q
−1

FF
λf,0)

q(λf,0)
′E
(
(
∑N

j=1 uj)(
∑N

l=1 ul)
′|F
)
p(λf,0)

= 1
N

∑N

i=1
ωii

ω̂2(1+λ′f,0Q
−1

FF
λf,0)

q(λf,0)
′p(λf,0)−

2
N2

∑N

i=1

∑N
j=1 ωij

ω̂2(1+λ′f,0Q
−1

FF
λf,0)

q(λf,0)
′p(λf,0)+

1
N3

∑N

i=1

∑N
j=1

∑N
l=1 ωjl

ω̂2(1+λ′f,0Q
−1

FF
λf,0)

q(λf,0)
′p(λf,0)

= 0.

G. Lemma 1, Proof, and Corollaries

Lemma 1: Under Assumptions 1, Beta pricing and H 0 : λf = λf,0, the joint limiting

behavior of Q(λf,0), s(λf,0) and
1
N

∑N

i=1 β̃i(λf,0)β̃i(λf,0)
′ as N →∞, is characterized by:

√
N






Q(λf,0)− 1
1√
T
s(λf,0)

vech
(√

T
N

∑N

i=1

(
β̃i(λf,0)β̃i(λf,0)

′ − β̄iβ̄
′
i − ω2

T

[
Q−1FF −

Q−1
FF

λf,0λ
′

f,0Q
−1

FF

1+λ′f,0Q
−1

FF
λf,0

]))






→
d






0

1
ω2(1+λ′f,0Q

−1

FF
λf,0)

(p(λf,0)⊗ Ik)
′

(D′
kDk)

−1D′
k(ITk +KkT )(q(λf,0)⊗ Ik)

′





vec(ξ)+






1
ω2

1
1+λ′f,0Q

−1

FF
λf,0
(p(λf,0)⊗ p(λf,0))

′

1√
T

1
ω2(1+λ′f,0Q

−1

FF
λf,0)

(p(λf,0)⊗ q(λf,0))
′

1√
T
(D′

kDk)
−1D′

k(q(λf,0)⊗ q(λf,0))
′





DTψ,

(L1)

where 1√
N

∑N

i=1 β̄iu
′
i →

d
ξ, vec(ξ) ∼ N

(
0, ω2

(
IT ⊗ µββ

))
, µββ = limN→∞

1
N

∑N

i=1 β̄iβ̄
′
i =

E(β̄iβ̄
′
i|F ), ψ describes the limiting behavior of 1

N

∑N

i=1 uiu
′
i for which we use the vech op-
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erator, which selects the unique components of an m × m symmetric matrix A, vec(A) =

Dmvech(A), vech(A) = (D′
mDm)

−1D′
mvec(A), for Dm the m2 × 1

2
m(m + 1) duplication

matrix:
√
Nvech

(
1
N

∑N

i=1(uiu
′
i − ωiiIT )

)
→
d

ψ ∼ N(0,W ),

with Ψ : T × T, vec(Ψ) = DTψ and

W = limN→∞E
(
1
N

∑N

i=1
1
N

∑N

j=1 vech(uiu
′
i − ωiiIT ))vech(uju

′
j − ωjjIT )

′
)

= limN→∞E
(
1
N

∑N

i=1 vech(uiu
′
i − ωiiIT ))vech(uiu

′
i − ωiiIT )

′
)
,

and KTk is the Tk×Tk dimensional commutation matrix so vec( ξ′) = KTkvec( ξ), p(λf ) =

1√
T

(
ιT − F̄Q−1FFλf

)
, q(λf ) =

1√
T
F̄Q−1FF + p(λf )

λ′fQ
−1

FF

1+λ′fQ
−1

FF
λf
, F̄ = (F1 . . . FT )

′ − ιT f̄ .

Proof of Lemma 1: To obtain the limiting behavior of the CUE objective function and

its score, we use:

p(λf )
′p(λf ) =

1
T

(
ιT − F̄Q−1FFλf

)′ (
ιT − F̄Q−1FFλf

)

= 1 + λ′fQ
−1
FFλf

p(λf )
′q(λf ) = 0

q(λf )
′q(λf ) =

1
T

(
ιT

λ′fQ
−1

FF

1+λ′fQ
−1

FF
λf
+ F̄Q−1FF

(
Ik −

λfλ
′

fQ
−1

FF

1+λ′fQ
−1

FF
λf

))′

(
ιT

λ′fQ
−1

FF

1+λ′fQ
−1

FF
λf
+ F̄Q−1FF

(
Ik −

λfλ
′

fQ
−1

FF

1+λ′fQ
−1

FF
λf

))

=
Q−1
FF

λf

1+λ′fQ
−1

FF
λf

λ′fQ
−1

FF

1+λ′fQ
−1

FF
λf
+
(
Ik −

λfλ
′

fQ
−1

FF

1+λ′fQ
−1

FF
λf

)′
Q−1FF

(
Ik −

λfλ
′

fQ
−1

FF

1+λ′fQ
−1

FF
λf

)

= Q−1FF −
Q−1
FF

λfλ
′

fQ
−1

FF

1+λ′fQ
−1

FF
λf

We next establish the limiting behavior of 1
N

∑N

i=1 ūiū
′
i, for which we have to determine

the order of its different components:
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1
N

∑N

i=1 ūiū
′
i =

1
N

∑N

i=1 uiu
′
i − 1

N2

∑N

i=1

∑N

j=1 uiu
′
j − 1

N2

∑N

i=1

∑N

j=1 uju
′
i+

1
N3

∑N

i=1

∑N

j=1

∑N

l=1 uju
′
l

= 1
N

∑N

i=1 ωiiIT +
1
N

∑N

i=1(uiu
′
i − ωiiIT ) +

1
N2

∑N

i=1

∑N

j=1 ωijIT−
1
N2

∑N

i=1

(∑N

j=1 uiu
′
j − ωijIT

)
−

1
N2

∑N

i=1

(∑N

j=1 uju
′
i − ωjiIT

)
+ 1

N2

∑N

i=1

∑N

j=1 ωjiIT+

1
N3

∑N

i=1

(∑N

j=1

∑N

l=1 uju
′
l − ωjl

)
− 1

N2

∑N

j=1

∑N

l=1 ωjlIT

=
(
1
N
− 1

N2

)∑N

i=1 ωiiIT − 1
N2

∑N

i=1

∑N

j=1,j 6=i ωijIT+

1√
N

[
1√
N

∑N

i=1(uiu
′
i − ωiiIT )

]
− 1

N
√
N

[
1√
N

∑N

i=1 (uiu
′
i − ωiiIT )

]
−

√
1

2
N(N−1)
N2

[
1√

1

2
N(N−1)

∑N

i=1

(∑N

j=1,j 6=i uiu
′
j − ωijIT

)]
−

√
1

2
N(N−1)
N2

[
1√

1

2
N(N−1)

∑N

i=1

(∑N

j=1,j 6=i uju
′
i − ωjiIT

)]
+

√
1

2
N(N−1)
N2

[
1√

1

2
N(N−1)

∑N

l=1

(∑N

j=1,j 6=l uju
′
l − ωjlIT

)]

=
(
1
N
− 1

N2

)∑N

i=1 ωiiIT − 1
N2

∑N

i=1

∑N

j=1,j 6=i ωijIT+

1√
N

(
1− 1

N

) [
1√
N

∑N

i=1(uiu
′
i − ωiiIT )

]
−

√
1

2
(1−N−1)

N

[
1√

1

2
N(N−1)

∑N

i=1

(∑N

j=1,j 6=i uiu
′
j − ωijIT

)]
.

The rate for the
∑N

i=1

(∑N

j=1,j 6=i uiu
′
j − ωijIT

)
is obtained using the theory on bivariate U-

statistics and results since it consists of the summation of
(
N

2

)
= 1

2
N(N − 1) different mean

zero random variables. Hence,

√
N
(
1
N

∑N

i=1 ūiū
′
i − ω2IT

)
= 1√

N

∑N

i=1(ωii − ω2)IT − 1
N
√
N

∑N

i=1 ωiiIT−
1

N
√
N

∑N

i=1

∑N

j=1,j 6=i ωijIT+√
N
(
1− 1

N

) [
1
N

∑N

i=1(uiu
′
i − ωiiIT )

]
−

√
1

2
(1−N−1)√
N

[
1√

1

2
N(N−1)

∑N

i=1

(∑N

j=1,j 6=i uiu
′
j − ωijIT

)]

= 1√
N

∑N

i=1(uiu
′
i − ωiiIT ) + op

(
N− 1

2

)
.

Assumptions 1(ii)-(iii) imply that the first and third component in the above expression

converge to zero when N goes to infinity. Because of the rates involved in the second and

last components, they converge to zero as well which leads to the above result.

We characterize the limiting behavior of 1
N

∑N

i=1 uiu
′
i using the vech operator which
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selects the unique components of a symmetric matrix, vec(A) = Dmvech(A), vech(A) =

(D′
mDm)

−1D′
mvec(A), for an m × m symmetric matrix A and Dm the m2 × 1

2
m(m + 1)

duplication matrix:

√
Nvech

(
1
N

∑N

i=1(uiu
′
i − ωiiIT )

)
→
d

ψ

ψ ∼ N(0,W ),

with Ψ : T × T, vec(Ψ) = DTψ and

W = limN→∞E
(
1
N

∑N

i=1
1
N

∑N

j=1 vech(uiu
′
i − ωiiIT ))vech(uju

′
j − ωjjIT )

′
)

= limN→∞E
(
1
N

∑N

i=1 vech(uiu
′
i − ωiiIT ))vech(uiu

′
i − ωiiIT )

′
)

Since W is well defined, identical to the weak covariance structure for the ui’s, a similar

weak covariance structure between uiu
′
i and uju

′
j, i, j = 1, . . . , N, is assumed which results

in the expression on the second line above. Note that W is diagonal because of iid ut and

third order moments being zero.

Using the above and under H0 : λf = λf,0, we can construct the limiting distribution for

Q(λf ) :
√
N(Q(λf,0)− 1) =

√
N

[
T
N

∑N

i=1

(R̄i−λ′f,0β̂i)2

ω̂2(1+λ′f,0Q
−1

FF
λf,0)

− 1
]

=
√
N 1

ω̂2

[
T
N

∑N

i=1

(
1

1+λ′f,0Q
−1

FF
λf,0

1
T
p(λf,0)

′ūiū
′
ip(λf,0)− ω̂2IT

)]

= 1
ω̂2

1
1+λ′f,0Q

−1

FF
λf,0

p(λf,0)
′
[

1√
N

∑N

i=1

(
ūiū

′
i − ω̂2IT

)]
p(λf,0)

= 1
ω2

1
1+λ′f,0Q

−1

FF
λf,0

p(λf,0)
′
[

1√
N

∑N

i=1 (uiu
′
i − ω2IT )

]
p(λf,0) + op(1)

=

[
1√
N

∑N

i=1

((
p(λf,0)

′ui√
ω2(1+λ′f,0Q

−1

FF
λf,0)

)2
− 1
)]

+ op(1)

→
d

1
ω2

1
1+λ′f,0Q

−1

FF
λf,0
(p(λf,0)⊗ p(λf,0))

′DTψ

∼ N(0, ωQQ)

with

ωQQ = limN→∞E



 1
N

∑N

i=1

((
p(λf,0)

′ui√
ω2(1+λ′f,0Q

−1

FF
λf,0)

)2
− 1
)2



= 1
ω4

1
(1+λ′f,0Q

−1

FF
λf,0)2

(p(λf,0)⊗ p(λf,0))
′DTWD′

T (p(λf,0)⊗ p(λf,0)),

which equals 2 in case of i.i.d. normal errors.

We next construct the limiting distribution for the sample score: s(λf,0) (= −1
2

∂
∂λf

Q(λf,0))
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under H0 : λf = λf,0 :

√
N
T
s(λf,0) =

√
T
N

1
ω̂2(1+λ′f,0Q

−1

FF
λf,0)

∑N

i=1 β̃i(λf,0)(R̄i − λ′f,0β̂i)

= 1√
N

1
ω̂2(1+λ′f,0Q

−1

FF
λf,0)

∑N

i=1 β̄iū
′
ip(λf,0) +

ω2

ω̂2(1+λ′f,0Q
−1

FF
λf,0)

√
N
T
q(λf,0)

′p(λf,0)+

1
ω̂2(1+λ′f,0Q

−1

FF
λf,0)

√
T
q(λf,0)

′
[√

N
(
1
N

∑N

i=1

(
ūiū

′
i − ω2IT

))]
p(λf,0)

= 1√
N

1
ω̂2(1+λ′f,0Q

−1

FF
λf,0)

∑N

i=1 β̄iu
′
ip(λf,0)+

1
ω2(1+λ′f,0Q

−1

FF
λf,0)

√
T
q(λf,0)

′
[√

N
(
1
N

∑N

i=1 (uiu
′
i − ω2IT )

)]
p(λf,0) + op(N

−− 1

2 )

→
d

1
ω2(1+λ′f,0Q

−1

FF
λf,0)

[
ξ + 1√

T
q(λf,0)

′Ψ
]
p(λf,0)

= 1
ω2(1+λ′f,0Q

−1

FF
λf,0)

ξp(λf,0) +
1√
T

1
ω2(1+λ′f,0Q

−1

FF
λf,0)

(p(λF,0)⊗ q(λf,0))
′DTψ

∼ N
(
0, A+ 1

T
B
)
,

where we used that q(λf,0)
′p(λf,0) = 0 and

1√
N

∑N

i=1 β̄iu
′
i →
d
ξ, vec(ξ) ∼ N

(
0, ω2

(
IT ⊗ µββ

))
,

ξ is independent from ψ, since third order moments are equal to zero, and the variance of ξ

results from ui and βi being independent, so E((ui ⊗ Ik) β̄i) = (E(ui)⊗ Ik) β̄i = 0, and

var ((ui ⊗ Ik) βi) = limN→∞E
(
1
N

∑N

i=1

∑N

j=1 (ui ⊗ Ik) β̄iβ̄
′
j (uj ⊗ Ik)

′
)

= limN→∞E
(
1
N

∑N

i=1

∑N

j=1

(
uiu

′
j ⊗ β̄iβ̄

′
j

))

= limN→∞
1
N

∑N

i=1

∑N

j=1

(
ωijIT ⊗ β̄iβ̄

′
j

)

= limN→∞
1
N

∑N

i=1

(
ωiiIT ⊗ β̄iβ̄

′
i

)
+

limN→∞
1
N

∑N

i=1

∑N

j=1,j 6=i

(
ωijIT ⊗ β̄iβ̄

′
j

)

= limN→∞
ω2

N

∑N

i=1

(
IT ⊗ β̄iβ̄

′
i

)
+ limN→∞

1
N

∑N

i=1

(
ωii − ω2)(IT ⊗ β̄iβ̄

′
i

)

= ω2
(
IT ⊗ µββ

)

with Ωβ = limN→∞
1
N

∑N

i=1 β̄iβ̄
′
i =var(βi), and we have assumed that

limN→∞
1
N

∑N

i=1

∑N

j=1

(
ωijIT ⊗ β̄iβ̄

′
j

)
= 0

limN→∞
1
N

∑N

i=1

(
ωii − ω2)(IT ⊗ β̄iβ̄

′
i

)
= 0.

This next implies the expressions for A and B :

A = 1
ω2(1+λ′f,0Q

−1

FF
λf,0)2

(p(λf,0)
′p(λf,0)⊗ Ωβ)

B = 1
ω4(1+λ′f,0Q

−1

FF
λf,0)2

(p(λf,0)⊗ q(λf,0))
′DTWD′

T (p(λf,0)⊗ q(λf,0)).
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The covariance of the limiting distribution of Q(λf,0) and
∂
∂λf

Q(λf,0) then results as, since ξ

and ψ are independent:

limN→∞E

((√
N(Q(λf,0)− 1)

)(√
Ns(λf,0)

)′)
=

limN→∞
1
ω4

1
(1+λ′f,0Q

−1

FF
λf,0)2

E
(
1
N

∑N

i=1

(
(p(λf,0)

′ui)
3 u′iq(λf,0)

))
=

1
ω4

1
(1+λ′f,0Q

−1

FF
λf,0)2

(p(λf,0)⊗ p(λf,0))
′DTWD′

T (p(λf,0)⊗ q(λf,0)).

The variances and covariances of the limiting behavior of the objective function and its score

can all be computed using non-parametric covariance matrix estimators. For example, an

estimator for A+ 1
T
B straightforwardly results as:

V̂A+B(λf ) =
T
N

1
ω̂4(1+λ′f,0Q

−1

FF
λf,0)2

∑N

i=1

[
β̃i(λf )(R̄i − λ′f β̂i)− b(λf )

] [
β̃i(λf )(R̄i − λ′f β̂i)− b(λf )

]′

b(λf ) =
1
N

∑N

i=1 β̃i(λf )(R̄i − λ′f β̂i)

Same applies to the covariance matrix for the objective function.

var = 1
N

∑N

i=1

((
R̄i − λ′f,0β̂i − x

)2
− ω̂2

)2

ω̂2 = 1
N

∑N

i=1

(
R̄i − λ′f,0β̂i − x

)2

x = 1
N

∑N

i=1 R̄i − λ′f,0β̂i

If the errors are elliptical, the covariance between the objective function and the score equals

zero.

We next construct the limiting behavior of
∑N

i=1 β̃i(λf,0)β̃i(λf,0)
′ :

1√
N

∑N

i=1

(
β̃i(λf,0)β̃i(λf,0)

′ − β̄iβ̄
′
i − ω2

T

[
Q−1FF −

Q−1
FF

λf,0λ
′

f,0Q
−1

FF

1+λ′f,0Q
−1

FF
λf,0

])

= 1√
TN

∑N

i=1 β̄iū
′
iq(λf,0) +

1√
TN

∑N

i=1 q(λf,0)
′ūiβ̄

′
i+

1
T
q(λf,0)

′
(√

N
(
1
N

∑N

i=1

(
ūiū

′
i − ω2IT

)))
q(λf,0)

= 1√
TN

∑N

i=1 β̄iu
′
iq(λf,0) +

1√
TN

∑N

i=1 q(λf,0)
′uiβ̄

′
i+

1
T
q(λf,0)

′
(√

N
(
1
N

∑N

i=1 (uiu
′
i − ω2IT )

))
q(λf,0) + op(N

− 1

2 )

→
d

1√
T
ξq(λf,0) +

1√
T
q(λf,0)

′ξ′ + 1
T
q(λf,0)

′Ψq(λf,0),

Summarizing, for the joint limiting behavior of Q(λf,0), s(λf,0) and
1
N

∑N

i=1 β̃i(λf,0)β̃i(λf,0)
′,
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we have:

√
N






Q(λf,0)− 1
1√
T
s(λf,0)

vech
(√

T
N

∑N

i=1(β̃i(λf,0)β̃i(λf,0)
′ − β̄iβ̄

′
i − ω2

T

[
Q−1FF −

Q−1
FF

λf,0λ
′

f,0Q
−1

FF

1+λ′f,0Q
−1

FF
λf,0

]
)
)






→
d






0

1
ω2(1+λ′f,0Q

−1

FF
λf,0)

(p(λf,0)
′ ⊗ Ik)

(D′
kDk)

−1D′
k(ITk +KkT )(q(λf,0)

′ ⊗ Ik)





vec(ξ)+






1
ω2

1
1+λ′f,0Q

−1

FF
λf,0
(p(λf,0)⊗ p(λf,0))

′

1√
T

1
ω2(1+λ′f,0Q

−1

FF
λf,0)

(p(λf,0)⊗ q(λf,0))
′

1√
T
(D′

kDk)
−1D′

k(q(λf,0)⊗ q(λf,0))
′





DTψ

where we used that

vec(ξq(λf,0)) + vec(q(λf,0)
′ξ′) = (q(λf,0)

′ ⊗ Ik)vec(ξ) + (Ik ⊗ q(λf,0)
′)vec(ξ′)

= (q(λf,0)
′ ⊗ Ik)vec(ξ) + (Ik ⊗ q(λf,0)

′)KTkvec(ξ)

= (ITk +KkT )(q(λf,0)
′ ⊗ Ik)vec(ξ)

vech(ξq(λf,0)) + q(λf,0)
′ξ′) = (D′

kDk)
−1D′

k(ITk +KkT )(q(λf,0)
′ ⊗ Ik)vec(ξ)

vec(q(λf,0)
′Ψq(λf,0)) = (q(λf,0)⊗ q(λf,0))

′vec(Ψ)

vech(q(λf,0)
′Ψq(λf,0)) = (D′

kDk)
−1D′

k(q(λf,0)⊗ q(λf,0))
′DTψ

with KTk the Tk × Tk dimensional commutation matrix so vec(ξ′) = KTkvec(ξ).

Remark 1: The joint limiting behavior in Lemma 1 is similar to the joint limiting behavior

of these components for the linear instrumental variables regression model when the number

of instruments goes to infinity as described in Andrews and Stock (2007). An important

difference between their approach and ours is that we have a fixed number of time-series ob-

servations, while in their case the equivalent of this component also goes to infinity. Because

of this subtle difference, not all of the components of the joint limiting behavior in (L1) are

independently distributed as would be the case when the number of time-series observations

goes to infinity as well.

Corollary 1: Since p(λf,0) and q(λf,0) are orthogonal and cov(vec( ξ)) = ω2
(
IT ⊗ µββ

)
, the

two components of the limiting distribution (L1) that depend on ξ are independent.

Corollary 2: When the number of time-series observations goes to infinity or if the errors ui
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are elliptically distributed, the limiting behaviors of the three different components depending

on ψ in (L1) are independent.

Remark 2: Because of the independence of the components depending on ξ in the lim-

iting distribution (L1), the overall dependence of their limiting behavior can only result

because, for both, it depends on ψ. When T gets larger this dependence diminishes, be-

cause it is proportional to T−
1

2 . When the errors ui are elliptically distributed, q(λf,0)
′ui

and p(λf,0)
′ui are independently distributed conditional on a mixing random variable. While

E(q(λf,0)
′uiu

′
ip(λf,0)) = 0 under just Assumption 1, this conditional independence implies

that also the expectation of particular higher order combinations equals zero, which leads to

the independence of the three different components in (L1). The elliptical distribution as-

sumption is commonly made in portfolio theory and factor analysis; see, e.g., Kan, Robotti,

and Shanken (2013).

Remark 3: When the variation of the β’s is small, so Ωβ is small or close to rank deficient,

the variance of ξ becomes small as well. The overall joint limiting behavior in (L1), however,

remains valid even when we assume that the variance Ωβ drifts to a reduced rank value

as in the weak instrument and weak factor literature; see, e.g., Staiger and Stock (1997)

and Kleibergen (2009). The limiting behavior then mainly results from ψ. This is unlike

the limiting behavior in Raponi, Robotti, and Zaffaroni (2020), which depends on their

Assumption 2 to assume a full rank value for Ωβ.

Remark 4: In Lemma 1, we characterize the joint limiting behavior of the objective function,

Q(λf ), its score function, s(λf ), and the sum of the quadratic forms of the recentered β̃i(λf )

under H0 : λf = λf,0. Their joint limiting distribution allows us to construct test statistics

on the ex post risk premia in Theorem 7. The joint limiting behavior is a function of

independently normally distributed random variables, whose covariance matrices depend

on the unknown variance of β and ωii, i = 1, . . . , N. Instead of using explicit estimators

of these covariance matrices, we opt for directly estimating the overall combined covariance

matrices of the different components using non-parametric (Eicker-White) covariance matrix
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estimators:

V̂Q(λf ) =
1
N

∑N

i=1

(
T

(R̄i−λ′f β̂i)2

ω̃2(1+λ′fQ
−1

FF
λf )
− 1
)2

V̂s(λf ) =
1
N

∑N

i=1

T
[
β̃i(λf )(R̄i−λ′f β̂i)−b(λf )

][
β̃i(λf )(R̄i−λ′f β̂i)−b(λf )

]′

(ω̃2)2(1+λ′fQ
−1

FF
λf )2

V̂β̃β̃(λf ) =
1
N

∑N

i=1

[
vec
(
β̃i(λf )β̃i(λf )

′ − d(λf )
)] [

vec
(
β̃i(λf )β̃i(λf )

′ − d(λf )
)]′

with

d(λf ) =
1
N

∑N

i=1 β̃i(λf )β̃i(λf )
′

b(λf ) =
1
N

∑N

i=1 β̃i(λf )(R̄i − λ′f β̂i)

ω̃2 = 1
N

∑N

i=1(R̄i − λ′f β̂i − µ̂)2

µ̂ = 1
N

∑N

i=1(R̄i − λ′f β̂i)

where V̂Q(λf ), V̂s(λf ), V̂β̃β̃(λf ) are the covariance matrix estimators for Q(λf ), s(λf ), and

the sum of the quadratic forms of the recentered β̃i(λf ), respectively, for which d(λf ), b(λf ),

ω̃2, µ̂ are used.

H. Proof of Theorem 8

The construction of the limiting distribution of the LR statistic follows along the lines of

Moreira (2003), Andrews and Stock (2007) and Andrews et al. (2006). It starts with the

definition of the LR statistic which equals the concentrated CUE at the hypothesized value

of λf minus its minimal value:

LR(λf ) = QCUE(λf )−minl∈Rk QCUE(l).

The minimal value of QCUE(λ) equals the smallest root of the characteristic polynomial:

∣∣∣∣µ
(
1
0

0
Q−1
FF

)
− T

Nω̂2

(
R̄ β̂

)′ (
R̄ β̂

)∣∣∣∣ = 0.

We specify this smallest root as a function of the FAR, LM and r(λf ) statistics. In

order to do so, we first pre multiply by the transpose and post multiply by



 1 0

−λf Ik





18



the matrices in the above expression. Since the determinant of this matrix equals one, this

does not alter the smallest root. The resulting characteristic polynomial reads:

∣∣∣∣µ
(
1+λ′fQ

−1

FF
λf

−Q−1
FF

λf

−λ′fQ
−1

FF

Q−1
ff

)
− T

Nω̂2

(
R̄− β̂λf β̂

)′ (
R̄− β̂λf β̂

)∣∣∣∣ = 0.

We conduct the same operation once more using the matrix



 1
λ′fQ

−1

FF

1+λ′fQ
−1

FF
λf

0 Ik



 ,

to obtain the characteristic polynomial:

∣∣∣∣∣
µ

(
1+λ′fQ

−1

FF
λf

0

0

Q−1
FF
−
Q
−1
FF

λfλ
′

f
Q
−1
FF

1+λ′
f
Q
−1
FF

λf

)

− T

Nω̂2

(
R̄− β̂λf β̃(λf )

)′ (
R̄− β̂λf β̃(λf )

)
∣∣∣∣∣
= 0.

For k = 1, it results in

∣∣∣∣∣∣



µ(1+λ′fQ
−1

FF
λf )− T

Nω̂2

(
R̄−β̂λf

)′(
R̄−β̂λf

)

− T

Nω̂2
β̃(λf )′

(
R̄−β̂λf

)
− T

Nω̂2

(
R̄−β̂λf

)′
β̃(λf )

µ

(

Q−1
FF
−
Q
−1
FF

λfλ
′

f
Q
−1
FF

1+λ′
f
Q
−1
FF

λf

)

− T

Nω̂2
β̃(λf )′β̃(λf )





∣∣∣∣∣∣
= 0 ⇔

aµ2 + bµ+ c = 0 ⇔
a
(
µ2 + b

a
µ+ c

a

)
= 0

with

a = (1 + λ′fQ
−1
FFλf )

(
Q−1FF −

Q−1
FF

λfλ
′

fQ
−1

FF

1+λ′fQ
−1

FF
λf

)

b = −(1 + λ′fQ−1FFλf ) T

Nω̂2
β̃(λf )

′β̃(λf )−
(
Q−1FF −

Q−1
FF

λfλ
′

fQ
−1

FF

1+λ′fQ
−1

FF
λf

)
T

Nω̂2

(
R̄− β̂λf

)′ (
R̄− β̂λf

)

c = T

Nω̂2

(
R̄− β̂λf

)′ (
R̄− β̂λf

)
T

Nω̂2
β̃(λf )

′β̃(λf )− T 2

N2ω̂4

((
R̄− β̂λf

)′
β̃(λf )

)2

b
a
= −




 1(

Q−1
FF
−
Q
−1
FF

λfλ
′

f
Q
−1
FF

1+λ′
f
Q
−1
FF

λf

) T

Nω̂2
β̃(λf )

′β̃(λf ) +
1

(1+λ′fQ
−1

FF
λf )

T

Nω̂2

(
R̄− β̂λf

)′ (
R̄− β̂λf

)




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b2

a2
− 4 c

a
=




 1(

Q−1
FF
−
Q
−1
FF

λfλ
′

f
Q
−1
FF

1+λ′
f
Q
−1
FF

λf

) T

Nω̂2
β̃(λf )

′β̃(λf ) +
1

(1+λ′fQ
−1

FF
λf )

T

Nω̂2

(
R̄− β̂λf

)′ (
R̄− β̂λf

)





2

−

4 1
(1+λ′fQ

−1

FF
λf )

T

Nω̂2

(
R̄− β̂λf

)′ (
R̄− β̂λf

)
1(

Q−1
FF
−
Q
−1
FF

λfλ
′

f
Q
−1
FF

1+λ′
f
Q
−1
FF

λf

) T

Nω̂2
β̃(λf )

′β̃(λf )+

4 1
(1+λ′fQ

−1

FF
λf )

1(

Q−1
FF
−
Q
−1
FF

λfλ
′

f
Q
−1
FF

1+λ′
f
Q
−1
FF

λf

) T 2

N2ω̂4

((
R̄− β̂λf

)′
β̃(λf )

)2

=




 1
N

1

ω̂2

T

(

Q−1
FF
−
Q
−1
FF

λfλ
′

f
Q
−1
FF

1+λ′
f
Q
−1
FF

λf

) β̃(λf )
′β̃(λf )− 1

(1+λ′fQ
−1

FF
λf )

T

Nω̂2

(
R̄− β̂λf

)′ (
R̄− β̂λf

)





2

+

4 T 2

ω̂2N2

(
R̄− β̂λf

)′
β̃(λf )

(
T (1+λ′fQ

−1

FF
λf )

N
β̃(λf )

′β̃(λf )
)−1

β̃(λf )
′
(
R̄− β̂λf

)

1

ω̂2

T
N

(

Q−1
FF
−
Q
−1
FF

λfλ
′

f
Q
−1
FF

1+λ′
f
Q
−1
FF

λf

) β̃(λf )
′β̃(λf )

=
[

1√
N
r(λf )− (Q(λf )− 1)

]2
+ 4

N
LM(λf )

[
1√
N
r(λf ) + 1

]
,

where we used that V̂s(λf ) =
T (1+λ′fQ

−1

FF
λf )

N
β̃(λf )

′β̃(λf )+op(1) when the errors are elliptically

distributed or T is larger and with

r(λf ) =
√
N




 1

N
1

ω̂2

T

(

Q−1
FF
−
Q
−1
FF

λfλ
′

f
Q
−1
FF

1+λ′
f
Q
−1
FF

λf

) β̃(λf )
′β̃(λf )− 1






Because

Q(λf ) =
1

(1+λ′fQ
−1

FF
λf )

T

Nω̂2

(
R̄− β̂λf

)′ (
R̄− β̂λf

)

minl∈Rk Q(l) = −1
2
b
a
− 1

2

√
b2

a2
− 4 c

a
,

we then have
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LR(λf ) = Q(λf )−minl∈Rk Q(l)

= 1
2




 1
(1+λ′fQ

−1

FF
λf )

T

Nω̂2

(
R̄− β̂λf

)′ (
R̄− β̂λf

)
− 1(

Q−1
FF
−
Q
−1
FF

λfλ
′

f
Q
−1
FF

1+λ′
f
Q
−1
FF

λf

) T

Nω̂2
β̃(λf )

′β̃(λf )




+

1
2









 1
N

1

ω̂2

T

(

Q−1
FF
−
Q
−1
FF

λfλ
′

f
Q
−1
FF

1+λ′
f
Q
−1
FF

λf

) β̃(λf )
′β̃(λf )− 1

(1+λ′fQ
−1

FF
λf )

T

Nω̂2

(
R̄− β̂λf

)′ (
R̄− β̂λf

)





2

+

4 T 2

ω̂4N2

(
R̄− β̂λf

)′
β̃(λf )

(
T (1+λ′fQ

−1

FF
λf )

N
β̃(λf )

′β̃(λf )
)−1

β̃(λf )
′
(
R̄− β̂λf

)

1

ω̂2

T
N

(

Q−1
FF
−
Q
−1
FF

λfλ
′

f
Q
−1
FF

1+λ′
f
Q
−1
FF

λf

) β̃(λf )
′β̃(λf )






1

2

= 1
2

[
(Q(λf )− 1)− 1√

N
r(λf )

]
+ 1

2

{[
1√
N
r(λf )− (Q(λf )− 1)

]2
+ 4LM(λf )

1
N

[
1√
N
r(λf ) + 1

]} 1

2

,

√
NLR(λf ) =

1
2

√
N
[
(Q(λf )− 1)− 1√

N
r(λf )

]
+

1
2

√
N

{[
1√
N
r(λf )− (Q(λf )− 1)

]2
+ 4LM(λf )

1
N

[
1√
N
r(λf ) + 1

]} 1

2

= 1
2

[√
N(Q(λf )− 1)− r(λf )

]
+ 1

2

{[
r(λf )−

√
N(Q(λf )− 1)

]2
+ 4LM(λf )

[
1√
N
r(λf ) + 1

]} 1

2

= 1
2

[√
N(Q(λf )− 1)− r(λf )

]
+ 1

2

{[
r(λf )−

√
N(Q(λf )− 1)

]2
+ 4LM(λf )

} 1

2

+ op(1)

so
√
NLR(λf,0)|r(λf,0) = r →

d

1
2

[
ψFAR − r +

√
(r − ψFAR)

2 + 4ψLM

]
.

I. Proof of Theorem 10

Under Assumptions 1∗ and (17) , we have, conditional on F and G, the central limit theorem,

see Hall and Heyde (1980) and Andrews (2005):
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1√
N

∑N

i=1











c̄2i

c̄ivec(βi)

vec(β̄iβ̄
′
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vec(β̄iD̄
′
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′
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vec(v̄iv̄
′
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′
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vec(c̄iv̄
′
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vec(v̄iD̄
′
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




−






µcc
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vec(µβD)

vec(µDD)

vec(ΩV V )

0

0

0











→
d

ψ =






ψcc

ψcβ

vec(Ψββ)

vec(ΨcD)

vec(ΨβD)

vec(ΨDD)

vec(ΨV V )

vec(ΨβV )

ψcv

vec(ΨvD)






,

with ψcc, 1× 1, ψcβ : k × 1, Ψββ : k × k, ΨβD : k × r, ΨcD : r × 1, ΨDD : r × r, ΨV V : T × T,

ΨβV : k × T, ψcv : T × 1, ΨvD : T × r dimensional mean zero normally distributed random

variables, so ψ ∼ N(0,Ωψ) : q × 1, q = T 2 + r2 + k2 + Tk + Tr + kr + T + r + k + 1. This

central limit theorem next implies that:

1√
N
(s∗ (λf )− ps∗(λf ))→

d[
Ik − Q−1

FF
λf

1+λ′fQ
−1

FF
λf
λ′f

] (
ψcβ −Ψββλf

)
+

Q−1
FF

λf

1+λ′fQ
−1

FF
λf

(
ψcc − ψcβλf

)
+

1√
T

([
Ik − Q−1

FF
λf

1+λ′fQ
−1

FF
λf
λ′f

]
(ΨβDG

′ +Ψβv) +
Q−1
FF

λf

1+λ′fQ
−1

FF
λf
(ΨcDG

′ + ψ′cV )
)
p(λf )+

1√
T
q(λf )

′ (ψcV +G′Ψ′cD −G′Ψ′βDλf −Ψ′βvλf
)
+

1
T
q(λf )

′ (ΨV V +ΨvDG
′ +GΨ′vD +GΨDDG

′) p(λf )

= A(λf , F,G, T )ψ,

with ps∗(λf ) the conditional expectation of the score given (F, G):

ps∗ (λf ) = E(s∗ (λf ) |F,G)
=

[
Ik − Q−1

FF
λf

1+λ′fQ
−1

FF
λf
λ′f

] (
µβc − µββλf

)
+

Q−1
FF

λf

1+λ′fQ
−1

FF
λf

(
µcc − µ′βcλf

)
+

1√
T

([
Ik − Q−1

FF
λf

1+λ′fQ
−1

FF
λf
λ′f

]
µβD +

Q−1
FF

λf

1+λ′fQ
−1

FF
λf
µCD

)
G′p(λf )+

1√
T
q(λf )

′G
(
µ′CD − µDβλf

)
+

1
T
q(λf )

′ (ΩV V +GµDDG
′) p(λf ),
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and A(λf , F,G, T ) : k × q :

A(λf , F,G, T ) =
(

Q−1
FF

λf

1+λ′fQ
−1

FF
λf

[
Ik − 2 Q−1

FF
λf

1+λ′fQ
−1

FF
λf
λ′f

] (
λ′f ⊗
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FF
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1+λ′fQ
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FF
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])

(
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′G⊗ Q−1
FF

λf
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−1

FF
λf

)′
+ 1√

T
(Ir ⊗ q(λf )

′G′)Krr

(
G⊗

[
Ik − Q−1

FF
λf

1+λ′fQ
−1

FF
λf
λ′f

])
1
T
(p(λf )

′G⊗ q(λf )
′G)

1
T
(p(λf )

′ ⊗ q(λf )
′) 1√

T

(
IT ⊗

[
Ik − Q−1

FF
λf

1+λ′fQ
−1

FF
λf
λ′f

])
1√
T
(IT ⊗ q(λf )

′) + 1√
T

(
p(λf )

′ ⊗ Q−1
FF

λf

1+λ′fQ
−1

FF
λf

)

1√
T
(p(λf )

′ ⊗ q(λf )
′G)KTr +

1√
T
(p(λf )

′G⊗ q(λf )
′)
)

where Klm is the lm× lm dimensional commutation matrix.

The pseudo-true value λ∗f is such that ps(λ
∗
f ) = 0. Because

s∗i (λf ) = β̃i(λf )(R̄i − λ′f β̂i) = A(λf , F,G, T )






c̄2i

c̄iβ̄i

vec(β̄iβ̄
′
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vec(β̄iD̄
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′
i)
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




,

ps∗(λf ) = A(λf , F,G, T )






µcc

vec(µcβ)

vec(µββ)

vec(µcD)

vec(µβD)

vec(µDD)

vec(ΩV V )

0

0

0






,
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the White covariance matrix estimator:

V̂ ∗
s (λf ) =

1
N

∑N

i=1 [s
∗
i (λf )− s∗(λf )] [s

∗
i (λf )− s∗(λf )]

′

= A(λf , F,G, T )
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
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


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

′




A(λf , F,G, T )
′

→
p

A(λf , F,G, T )ΩψA(λf , F,G, T )
′

thus provides a consistent estimator for the covariance matrix of the score statistic for testing

hypotheses on the pseudo-true value λ∗f .
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II Simulation Design

In this section, we provide the description of our simulation design. In particular:

— In Part A, we describe the baseline simulation design, which leads to Table 1 and

Figures 1-2 in the paper.

— In Part B, we consider T = 60 in an alternative simulation experiment, which leads to

Figure A1 in this Internet Appendix.

— In Part C, we consider a simulation setting of GARCH errors, which leads to Figure

A2 in this Internet Appendix.

— In Part D, we consider a simulation setting of useless factors, which leads to Figure A3

in this Internet Appendix.

— In Part E, we update the simulation design by calibrating its parameters to real data,

which leads to Figure A4 in this Internet Appendix.

A. Baseline

We consider a baseline factor model for conducting the simulation study reported in the

paper:

Rt = β(Ft + λf ) +D(Gt + λG) + ut,

where ut ∼ N(0, IN), Ft ∼ N(0, 1), Gt ∼ N(0, 1). The simulated data of Rt and Ft will be

used for the CUE and its related tests, while Gt is the unobserved (missing) factor which

reflects model misspecification.

Weak or strong identification: The N × 1 vector β affects the strength of identifi-

cation. For the scenario considered in Table 1 and Figure 1.2, we start with N elements

uniformly distributed between 0 and 1, and re-scale the N elements by a constant 0.4. For

weak identification in Figure 1.1, we re-scale the N elements by a constant 0.08 to introduce

smaller variation of betas. Similarly, for Figure 2.2, we first draw βi ∼ N(0, 1) and re-scaled

it by 3/N0.4 for strong identification, while for weak identification, we re-scale the β for
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strong identification by a constant 0.3.

Correct specification, misspecification: The value of D is used to control the mag-

nitude of misspecification, and is set to zero for correctly specified models in Table 1 and

Figure 1. For the misspecification case in Table 1, we draw D from the null space of β for

convenience and re-scale Gt by a constant 5. For misspecification in Figure 2, we further

allow for different values by setting D = β × 0.18 +N(0, IN)/N0.4 × 6.

The value of λf is set to 1. Similarly, λG is set to 0.1 except for the misspecification case

in Table 1 where λG is set to 1.

In the data generating process (DGP) for Table 1, we consider N = 1000 or N = 4000,

T = 40 or T = 120 with 5000 replications. For Figures 1-2, we consider N = 1000 and

T = 40.We then test the pseudo-true value corresponding to λf = 1. The reported rejection

frequencies in Figures 1-2 are the average of 1000 Monte Carlo replications.

The IV estimator in Table 1 uses a separately simulated sample for estimating betas,

which serve as the instrumental variable.

B. T = 60

Instead of T = 15 used in the earlier version of the paper, we set T = 60 for which we

consider a single factor model for conducting the simulation study reported in Figure A1:

Rt = ιNα + β(Ft + λf ) + ut,

where ut ∼ N(0, IN), Ft ∼ N(0, 1).

Weak or strong identification: For the N × 1 vector β, we start with N elements

uniformly distributed between 0 and 1. For strong identification, we re-scale the N elements

by a constant 0.5. Similarly, for weak identification, we re-scale the N elements by a constant

0.08 to introduce smaller variation of betas.

Correct specification, weak or strong misspecification: The value of α reflects
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misspecification, and is set to zero for correctly specified models. For misspecification, we

set α to 0.6.

In the DGP, we consider a sequence of values for λf with N = 1000 and T = 60. We

then test the pseudo-true value corresponding to λf = 1. The reported rejection frequencies

in Figure A1 are the average of 1000 Monte Carlo replications.

As shown by Figure A1 below, the resulting size and power curves also favor the LM test.

Figure A1: Rejection frequencies of tests of H0 : λf = 1, T = 60
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A1.1: Weak identification
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A1.3: Weak identification, misspecification
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A1.2: Strong identification

0 0.5 1 1.5 2
0

0.2

0.4

0.6

0.8

1

t CUE

t RRZ

LM

LR

FAR

A1.4: Strong identification, misspecification

Notes: N = 1000, T = 60. The level of significance is 5%. Dashed black: t-statistic based on the

bias-adjusted estimator of Shanken (1992) and the standard error of Raponi, Robotti, and Zaffaroni

(2020); solid green: LM; dashed blue: FAR; dashed purple: t-statistic based on CUE; dashed red:

LR. The data generating process is provided in the Internet Appendix. Figures A1.1-A1.2 impose

correct specification, while Figures A1.3-A1.4 allow for misspecification.
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C. GARCH Error

The proposed LM test allows the error components to have a conditional variance structure.

To illustrate this, Figure A2 presents the simulated power curve of the LM test for which

the error terms are generated from a GARCH(1,1) process. The beta pricing model is either

correctly specified (Figure A2.1) or misspecified (Figure A2.2), while the rest of the DGP is

the same as Figure 1.2 and Figure 2.2 in the paper, respectively.

Figure A2 shows that the LM test remains size-correct since it rejects at the nominal

5% level under the imposed GARCH errors both for correct beta pricing as well as for

misspecified beta pricing.

Figure A2: Power curve of the LM test at 5% under GARCH(1,1) errors
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A2.1: Beta pricing
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A2.2: Misspecified beta pricing

Notes: For the DGP of GARCH(1,1) errors, we set three values, i.e., 0.05 (constant), 0.7 (GARCH

coefficient), 0.25 (ARCH coefficient). The rest of the DGP is the same as Figure 1.2 and Figure

2.2 in the paper. The tested risk premium corresponds to the horizontal value of one, while the

vertical axis is for the rejection frequency at the 5% level. The benchmark 5% line is also plotted.

D. Useless Factor

We consider the scenario of a useless factor in the simulation study, where the useless factor

is independently drawn from N(0, 1). Figure A3.1 shows that the CUE using the useless
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factor with T = 40 is centered around zero with a large variance, which reflects that the

risk premium on useless factors is unidentified. In addition, Figure A3.2 shows that the LM

test using the useless factor for testing zero risk premium is size-correct, i.e., the rejection

frequencies are near the nominal 5%, so the LM test based on the CUE is unlikely to over-

reject, for the sequence of T values ranging from 40 to 120. In other words, Figure A3 shows

that the CUE and its associated LM test are unlikely to spuriously support useless factors.

Figure A3: CUE using a useless factor, and size of 5% LM for testing zero risk premium
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A3.1: Density of CUE
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A3.2: Size of LM

Notes: The useless factor is independently drawn from N(0, 1). N = 1000, T = 40 for Figure

A3.1, where the DGP of assets is as for the correct specification case in Table 1 of the paper.

T = 40 ∼ 120 for Figure A3.2, where the magnitude of misspecification is as in Figure A1. The

level of significance is 5%.

E. Calibration to Real Data

Alternatively, we use real data for the calibration of the parameters used for simulation, and

the resulting simulation outcome is presented in Figure A4. In particular, we mimic the

empirical studies reported in Section 5 of the paper, where the existing t-test is compared

with the LM test. We thus make the following changes to the DGP described above for the

single factor model:
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— For each of the N elements in the error term ut, we calibrate its variance to the residual

variance estimated by using empirical data, instead of unity;

— For the factor Ft, we calibrate its variance to the sample variance of the market factor,

instead of unity;

— For the vector β, we calibrate it to the market betas estimated by using empirical data;

— We set T = 40 instead of T = 15;

— We use the estimated misspecification vector to replace ιNα;

— We compare the existing t-test with the LM test, since only these two tests are adopted

for the empirical studies in the paper.

With the changes described above, we consider two scenarios: first, we consider the single

factor model as correctly specified, so the misspecification component is set to zero in the

DGP; second, we consider the model as misspecified, for which the nonzero misspecification

component is imposed in the DGP. The resulting rejection frequencies of t and LM tests

for the pseudo-true value corresponding to λf = 1 are reported in Figures A4.1 and A4.2,

which show that the LM test has the size near the nominal 5%, while the t-test exhibits size

distortion.

In order to further check the performance of t and LM tests when the betas are small (i.e.,

weak identification), we further re-scale the betas used for Figures A4.1 and A4.2 by 0.1,

which leads to their counterparts in Figures A4.3 and A4.4. Consistent with our expectation,

the LM test remains to perform well under small betas, while the t-test does not.

Overall, the simulation outcome in Figure A4 is in line with those presented in Figures A1-

A3 and Figures 1-2: they all show that the proposed LM test remains trustworthy regardless

of misspecification and/or weak identification.
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Figure A4: Rejection frequencies of t and LM tests of H0 : λf = 1
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Notes: N = 1000, T = 40. The level of significance is 5%. Dashed black: t-statistic based on
the bias-adjusted estimator of Shanken (1992) and the standard error of Raponi, Robotti,
and Zaffaroni (2020); solid green: LM. Y-axis: rejection frequencies; X-axis: λf . The data
generating process is described in the text of the Internet Appendix.
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III Additional Empirical Results

A. Figures A5-A16

Figure A5: Market risk premium in FF5, monthly data
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A5.1: 95% confidence sets from the t-test
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A5.2: 95% confidence sets from the LM test
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A5.3: Point estimates vs. average market return

Notes: See Figure 3 in the paper. For this figure, we consider the FF5 model using monthly
data, while Figure 3 is for CAPM using quarterly data. The shaded areas are the 95%
confidence sets of factor risk premia. The t-test is based on the bias-adjusted estimator
(dashed black) of Shanken (1992), while the LM test is based on the CUE (dashed red). The
average market return (solid blue) results from the average of the market factor during the
ten-year rolling window. The monthly data of the FF5 factors during July 1963 - December
2013 are taken from Kenneth R. French’s online data library, while the CRSP stocks with
return data available during this period are adopted.
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Figure A6: Eigenvalue comparison of Shanken (1992) and CUE in FF3
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Notes: See Figure 5 in the paper. The smallest eigenvalue of (β̂
′
MιN β̂ − N

T
ω̂2Q−1FF )/N is

plotted in the upper panel, together with its CUE counterpart, i.e., the smallest eigenvalue

of (β̂
′
MιN β̂−µminQ−1FF )/N. The lower panel plots ω̂2 together with its CUE counterpart, i.e.,

µminT/N.
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Figure A7: Risk premia from the CUE and the LM test in FF3, monthly data
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Notes: The shaded areas are the 95% confidence sets of factor risk premia from the LM test
based on the CUE (dashed red). The monthly data of the FF3 factors during July 1963
- December 2013 are taken from Kenneth R. French’s online data library, while the CRSP
stocks with return data available during this period are adopted.
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Figure A8: Risk premia from the CUE and the LM test in C4, monthly data
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Notes: See the notes of Figure A7. For this figure, we use the C4 model instead of FF3.
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Figure A9: Risk premia from the CUE and the LM test in FF5
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Notes: See the notes of Figure A7. For this figure, we use the FF5 model instead of FF3.
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Figure A10: Risk premia from the CUE and the LM test in an augmented q-factor model
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Notes: See the notes of Figure A7. For this figure, we use q-factors from https://global-q.org
and the momentum factor. The monthly data of q-factors start from January 1967, so the
reported risk premia start from January 1977.
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Figure A11: 95% confidence sets of risk premia from the t-test with shrinkage
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A11.2: Market risk premium in FF3
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Notes: For this figure, we use the t-test with shrinkage of Raponi, Robotti, and Zaffaroni
(2020) to construct 95% confidence sets of factor risk premia; see their Footnote 22. Figures
A11.1, A11.2, A11.3, A11.4 correspond to Figures 3.1, 5.1, A5.1, 4.1, respectively, for which
the t-test does not use shrinkage.

38



Figure A12: 95% confidence sets of risk premia in CAPM and FF3 using monthly data
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A12.1: Market risk premium in CAPM from the t-test
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A12.2: Market risk premium in CAPM from the LM test
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A12.3: Market risk premium in FF3 from the t-test
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A12.4: Market risk premium in FF3 from the LM test

Notes: For this figure, we use the monthly data to construct 95% confidence sets of factor
risk premia in CAPM and FF3, while the corresponding Figures 3 and 5 use the quarterly
data.
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Figure A13: 95% confidence sets of factor risk premia with alternative T
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A13.1: Market risk premium in FF5 from the t-test
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A13.2: Market risk premium in FF5 from the LM test
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A13.3: Consumption risk premium in CCAPM from the t-test
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A13.4: Consumption risk premium in CCAPM from the LM test

Notes: For this figure, we consider T values that differ from those used in the main text.
Figures A13.1, A13.2 using T = 60 correspond to Figure A5 using T = 120, while Figures
A13.3, A13.4 using T = 30 correspond to Figure 4 in the main text using T = 40.

40



Figure A14: Risk premia from the CUE and the LM test in a four-factor model
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Notes: The shaded areas are the 95% confidence sets of factor risk premia from the LM
test based on the CUE (dashed red). The monthly data of the Market, SMB, UMD, and
Volatility of liquidity (share turnover) factors are taken from Feng, Giglio, and Xiu (2020),
which start from July 1976, so Figure A14 starts from July 1986.
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Figure A15: FAR statistics at CUE for FF3, FF6
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Notes: The same data and setting as for Figures 7-8 in the paper are adopted. For FF3 and
FF6 models, Figure A15 reports their FAR statistics at the CUE.

Figure A16: Variances of betas on four factors
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Notes: The same data and setting as for Figure A14 in the Internet Appendix are adopted.
For each of the four factors, Figure A16 reports the cross-sectional variances of their betas.
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B. Table A1

Gagliardini, Ossola, and Scaillet (2016, GOS) apply their proposed approach to a four-factor

model (FF4) with market, size, value, and momentum factors. We replicate their empirical

study on the ex-ante risk premia in FF4, and the resulting findings are reported in Table A1

below: all the numbers are annualized as in GOS, so they appear larger in magnitude than

the monthly and quarterly findings provided in our paper. However, as shown by the table

for FF4, GOS find significantly positive risk premia on market and momentum factors, while

the risk premium on the size factor is marginally positive; on the other hand, the estimated

risk premium on the value factor is negative.

To further compare GOS’s findings with ours, we extend GOS’s study to allow for the FF6

model, as reported in Table A1 below. It is clear that for the FF6 model, GOS’s approach

also leads to significantly positive risk premia on market, size, and momentum factors, but

not on value, profitability, and investment factors. All these findings are therefore consistent

with those documented in our paper, although Table A1 uses a different approach.

Table A1: Application of Gagliardini, Ossola, and Scaillet (2016) to FF4 and

FF6 models

λm λsmb λhml λrmw λcma λmom
FF4 8.14 2.86 -4.60 7.16

(3.26, 13.02) (-0.50, 6.22) (-8.06, -1.14) (2.56, 11.76)

FF6 7.56 3.46 -4.90 0.01 -2.85 6.49
(2.67, 12.43) (0.11, 6.82) (-8.37, -1.44) (-2.60, 2.63) (-5.23, -0.47) (1.89, 11.09)

Notes: The FF4 model uses market, size, value, and momentum factors. The FF6 model
aguments the FF4 model with profitability (RMW) and investment (CMA) factors. The
estimated risk premia and associated 95% confidence intervals for the FF4 model are repli-
cated from Gagliardini, Ossola, and Scaillet (2016) using individual stocks; see their Table
1. We extend the empirical study to the FF6 model using the same setting as Gagliardini,
Ossola, and Scaillet (2016).
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