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1. Supporting Information
1.1. Determination of absolute zero delay / temporal overlap

Using the actively stabilized Mach-Zehnder interferometer (MZI) shown in Fig. 1 of the main
manuscript, we were able to perform highly accurate delay scans with sub-cycle precision. By
analyzing the harmonic signal generated by the two few-cycle NIR pulses as a function of their
relative delay, scanned in increments of 0.2 fs, significantly shorter than the optical period of the
NIR field (i.e., 2.5 fs), we identified the absolute zero-delay position (see Fig. S1). This precise
zero-delay reference enables accurate determination of the delay between the two phase-locked
NIR pulses in subsequent experiments.

1.2. Signal Optimization / Wedge Scan

The few-cycle pulses were characterized using a SEA-F-SPIDER before being focused into the
vacuum chamber for HHG. When harmonics are generated with an almost single-cycle pulse,
the discrete harmonic spectrum broadens into a continuum-like XUV spectrum. Since this
experiment aimed to investigate the variation of the interferometric fringe patterns of individual
harmonics, we slightly detuned the dispersion-control wedges. This adjustment meant that
harmonics were not necessarily generated with the shortest possible pulses from the solid targets.
Nevertheless, the majority of the XUV signal (above-bandgap harmonics) was produced near
the rear surface of the target. The additional dispersion introduced by the samples also required
compensation. To address this, we performed wedge scans of the XUV interferometric spectra to
identify optimal conditions.

1.3. Stability analysis

In attosecond and XUV interferometry measurements, it is essential to ensure that the stability of
the experimental setup, along with the reliability and reproducibility of the data analysis, allows
for the extraction of information with sufficient accuracy. For the setup used here, a thorough
characterization was already performed in a prior study [1], which quantified the stability to
be better than 10 as. In the present work, we re-evaluate the setups’ capability to characterize
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Fig. S1. Experimental determination of the temporal overlap between the two phase-
locked NIR copies. High-Harmonic spectrum generated in SiO; as a function of the
relative delay between the two laser pulses. The vertical dashed lines indicate the
position of an optical period at 750 nm.

sub-cycle phenomena by repeatedly measuring the interferometric XUV signal [similar to
Fig. 2(a)] under identical conditions over a 30 min period. Using the Takeda algorithm [2], we
analyzed the phase variation during this period, with the first measurement serving as a reference.
As shown in Fig. S2, the phase variation was minimal, within the measurement uncertainty, with
values ranging from —71 mrad to 6 mrad for the fifth harmonic, —114 mrad to —18 mrad for the
seventh harmonic, and —109 mrad to 2 mrad for the ninth harmonic. Additionally, examining the
fringe pattern, as obtained by integrating the harmonic signals along the divergence axis [see
Fig. S2(a)], shows no significant shifts in the positions of minima and maxima, thus confirming
that the experimental apparatus is sufficiently stable to perform interferometric measurements
with attosecond precision. A comparable stability of the extracted NIR phase was demonstrated
in Figs. 2 and 3 of the main manuscript.

To characterize the duration and temporal structure of the driving NIR pulse prior to the
interferometer, we performed a SEA-F-SPIDER measurement [3]. The retrieved spectral phase
and amplitude are shown in Fig. S3(a), and the corresponding temporal intensity profile is shown
in Fig. S3(b). The pulse duration is approximately 3.5 fs (FWHM), with weak substructures
surrounding the main peak, as typically observed after hollow-core fiber compression.

The NIR spectral interferometry measurements summarized in Fig. S3(c) and (d) verify that
the two NIR pulses remain temporally separated and non-interacting at the sample position. The
interferograms exhibit high-contrast, well-defined spectral fringes with a phase that remains
constant over the entire intensity range applied in the measurements (see also Figs. 3(c) and 4(c)
in the main manuscript). This stability confirms that the two pulses remain mutually coherent
and non-overlapping in time. Any significant overlap would manifest as an intensity-dependent
phase shift, for example due to self- or cross-phase modulation. The absence of such effects
strongly supports the conclusion that the NIR pulses do not interact within the sample. The beam
waist at the sample position was measured to be approximately 50 um (1/e? radius) using a CCD
beam profiler in ambient air.
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Fig. S2. Control of the stability, reliability and reproducibility of the experimental
procedure. (a) Extracted spectral phase of the harmonics obtained from four consecutive
measurements under identical experimental conditions over a time period of 30 min
for the observed individual odd harmonics. (b) Weighted phase shift as a function of
the measurement number. Phases for HS and H9 are offset vertically by —m and +n,
respectively, for clarity.

1.4. Numerical Estimate of NIR Phase Shift

A common parameter used to estimate the accumulated nonlinear phase A¢n of an intense,
ultrashort laser pulse propagating through a solid is the B-integral, defined as

2 L
M= 2 /0 nol(2) dz (1)

with central wavelength A, nonlinear refractive index n,, laser intensity /(z), and sample thickness
L. In the case of loose focusing and thin samples, the z-dependence of the laser intensity can be
neglected, and a constant intensity is assumed across the interaction length L.

Figure S4(a) presents a numerical estimate of the B-integral as a function of intensity for SiO;
(ny ~1.9%10720-2.7x 1072 m?> W~! [4,5]) and MgO (1, ~ 3.9 x 1072°-7.2 x 1072 m> W~!
[5,6]). For the 10 pm SiO, samples, the nonlinear phase remains relatively modest, whereas for
the thicker 100 pm MgO samples, the phase shift can exceed 27 at high intensities.

It is important to note that these values represent upper bounds, as they assume that the full
sample is exposed to the peak pulse intensity. In reality, ultrashort pulses are strongly reshaped
during propagation due to dispersion, particularly in the presence of positive chirp and normal
material dispersion, as is the case in both Si0; and MgO. Consequently, the pulse only reaches
its maximum intensity after a certain propagation distance, and the effective interaction length is
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Fig. S3. Characterization of the few-cycle NIR pulse and IR interferometry. (a)
Spectrum of the NIR pulse after hollow-core fiber pulse compression (red) together
with the spectral phase (blue). (b) Temporal pulse shape with a duration of 3.5 fs, which
is measured at FWHM by SEA-F-SPIDER. (c) NIR Interferometry results in SiO; and
(d) MgO.

shorter than the physical thickness of the sample. Thus, the true nonlinear phase shift is lower
than the B-integral estimate.

In addition to Kerr-type nonlinearities, plasma-induced changes in refractive index contribute
to the overall phase shift. The plasma contribution is described by the Drude model, where the
refractive index change An due to a free carrier population is given by:

e’p

An = P
2nopgom*w

2
with carrier density p, effective mass m*, linear refractive index ng, vacuum permittivity &g, and
laser angular frequency w. The corresponding nonlinear phase shift accumulated over a length L
is:
2 2nLe?
Ap=Zpn. L =-—T2CP 3)
A
In our spectral interferometry measurements, the observable is the differential phase shift
between the two NIR pulses:

Anpgom*w?’

Aprel = Ay — Ap1 = C - (p2 = p1), )
where
_ 2nLé?
© Angsgm*w?’

(&)



Assuming L =10p1m, 4 =800nm, ng = 1.45, and m* = 0.635 - m,, we find:
C~7.83%x10 ! radem™. (6)

For a carrier density difference of Ap = 1 x 10'? cm™3, the resulting differential phase shift is
only A¢re = 0.078 rad, which lies below the experimental detection limit.

This estimate confirms that the absence of a detectable phase shift in the NIR interferometry
is consistent with quasi-symmetric excitation by both NIR pulses and a correspondingly small
Ap. Notably, even in the presence of substantial carrier excitation, the differential carrier density
may remain too small to yield a measurable phase shift in the NIR regime. In contrast, the
high-harmonic phase shifts are sensitive to the absolute carrier density and resulting band
structure modifications, making it a more suitable probe of excitation-induced effects in this
context.

Finally, Fig. S4(b) presents the phase shift induced by fixed refractive index changes of
0.1 % and 1 % for different sample thicknesses, further illustrating the strong dependence on L.
Figure S4(c) shows phase shifts calculated using the Drude model for different carrier densities
and interaction lengths.
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Fig. S4. Numerical estimate of the NIR phase shift. (a) B-integral calculated for 10 pm
SiO, and 100 pm MgO as a function of intensity using reported ny values. (b) Phase
shift due to refractive index changes of 0.1 % and 1 % for SiO, and MgO. (c) Phase
shift estimated from the Drude model for different carrier densities and interaction
lengths.

1.5. Orientation Dependence

To investigate the influence of NIR polarization on the extracted high-harmonic phase shifts, we
performed additional measurements on crystalline MgO with different sample orientations. By
rotating the crystal around the surface normal, we effectively varied the angle between the linear
NIR polarization and the main crystal axes without altering the dispersion or phase stability of
the pulses. This method avoids polarization-dependent detection artifacts and maintains identical
experimental conditions apart from the polarization axis.

The resulting intensity-dependent phase shifts (see Fig. S5) exhibit a clear angular dependence
redwith a maximum phase shift along the high-symmetry directions I' — X and I" — M. This
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Fig. S5. Angular dependence of the extracted high-harmonic phase shifts in MgO at
various crystal orientations (6 = 0° (T — X),22.5°,45°(I" - M), 67.5°,90° (T — X)).
(a) H5 (b) H7 (c) HI.

observation confirms that the underlying response is anisotropic and supports the hypothesis
that the observed phase shifts are governed by direction-dependent excitation and recombination
dynamics. While a full mapping of the polarization dependence is beyond the scope of this work,
these results are consistent with previously reported polarization-dependent HHG yields and
excitation probabilities in MgO and other wide-bandgap crystals [7] and provide further support
for a carrier-induced origin of the observed phase modulation.

1.6. Delay-dependent Measurements

To further substantiate the interpretation of the observed high-harmonic phase shifts, we present
additional measurements of the delay-dependent high-harmonic phase shifts for harmonics
HS5-H9. These results are shown in Fig. S6 and provide direct insight into the evolution of the
spectral phase as a function of the NIR-NIR delay.

As discussed in the main text, the observed interference fringes originate from the coherent
superposition of attosecond bursts generated by the first and second NIR pulses. The fringe
spacing reflects the delay between the pulses, while the relative phase shift of the fringes encodes
excitation-induced modifications to the material response.

We have performed measurements at three distinct time delays between the NIR pulses of 30 fs
(left panels), 40 fs (middle panels) and 50 fs (right panels) in SiO; (top row) and MgO (bottom
row). The observed phase variation is strongly suppressed at longer delays in the case of SiO,
while the delay dependence in MgO is much weaker.

We attribute this contrast to the differing relaxation times of the excited electron-hole plasma
in the two materials (i.e. 150fs for SiO, and 50 ps for MgO [8]). Specifically, we interpret
this behavior as further evidence that the observed phase shifts originate from incoherent,
carrier-induced modifications of the electronic structure, rather than from a purely field-driven
(coherent) process.

1.7. Additional Measurements

The high-harmonic spectrum generated in MgO at a NIR peak intensity of 25.3 TW cm™~2, shown
in Fig. S7, exhibits a well-resolved, high-contrast fringe pattern, comparable in quality to the SiO,
data presented in the main manuscript. Harmonic orders 5, 7, and 9 are clearly visible and display
strong interference fringes, indicating excellent phase stability between the two driving pulses.
Slight shifts in photon energy compared to the SiO, spectrum may reflect material-dependent
differences in dispersion and may also be related to the different amount of excitation-induced
blueshift summarized in Fig. 5(a) and (b) of the main manuscript.

As in the main manuscript only excerpts of the intensity-dependent harmonic spectrum are
shown to focus attention on the intensity-dependent shift of the interference maxima, we provide
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Fig. S6. Extracted XUV phase shift obtained in SiO; (top row) and MgO (bottom row)
as a function of intensity at NIR-NIR delays of 30, 40 and 50fs. As in Fig. 3(b) and
4(b) of the main manuscript, the extracted phase shifts are vertically offset by 0.5 rad
for H7 and 1 rad for H9.
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Fig. S7. Spectral interference spectrum obtained in MgO at a NIR peak intensity of
253TWem™2.

here the full detected bandwidth of the recorded harmonic spectra including all visible interference
fringes in Fig. S8.

We have additionally performed a detailed analysis of the harmonic linewidths as a function
of intensity for both MgO and SiO;. As shown in Fig. S9, we do not observe a consistent
or systematic broadening trend across the harmonics. Any variations appear to be minor and
non-universal within our experimental resolution.
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1.8. Summary of the Takeda Algorithm

To extract the intensity-dependent high-harmonic phase shifts from our interferometric measure-
ments, we apply a modified version of the Takeda algorithm [2] to the spectrally resolved
interference fringes. This method allows robust and high-resolution retrieval of spectral phase
differences from two-beam interferograms. Our implementation proceeds in the following steps:

1. Spectral selection of individual harmonic orders:
The XUV spectrum consists of multiple harmonic orders superimposed with a fine spectral
interference pattern. We first isolate a single harmonic order by spectrally cropping a
narrow region around its central energy. This step removes overlap with adjacent harmonics
and ensures that only a single, well-resolved interference pattern is analyzed.

2. Fourier transform and sideband isolation:
The cropped interference spectrum is Fourier transformed to the pseudo time-domain. In
this representation, the central (zero-frequency) component corresponds to the incoherent
background, while the sidebands carry the phase information arising from the fixed time
delay T between the two phase-locked driving pulses. We apply a spectral filter to isolate
one of the sidebands and suppress all other components.

3. Inverse Fourier Transform and Relative Phase Extraction
Applying an inverse Fourier transform to the filtered temporal sideband yields a complex-
valued fringe envelope in the frequency domain from which we extract the relative spectral
phase: A¢(w, I) = ¢2(w, I)— ¢ (w, I) where ¢ and ¢, are the harmonic phases generated
by the first and second pulse, respectively, at photon energy w and NIR intensity /.



4. Extraction of the intensity-dependent phase shift

The above procedure is repeated independently for each NIR intensity /. We compute the
intensity-dependent relative phase shift by subtracting the phase at the lowest intensity /¢
which serves as a reference: 6¢(w, I) = Ap(w, I) — AP(w, ILt)-

This approach eliminates static and intensity-independent contributions and isolates the
carrier-induced high harmonic phase shifts. At the lowest NIR intensity the excited
carrier density is minimal, and hence the material remains close to its ground-state band
structure. We therefore consider this condition a natural baseline for assessing photoinduced
modifications. The resulting phase shift therfore reflects only the changes induced by the
excitation, and not absolute harmonic phases.

1.9. Detailed description of numerical models
1.9.1. Density Functional Theory (DFT)

All calculations were performed using VASP 6.4.3 [9-12] with the HSEO6 hybrid functional [13,
14], representing the current state of the art in electronic structure theory for wide-bandgap oxides
such as MgO and SiO,. The band structure calculations were carried out on both the bulk primitive
cell and a MgO(100) surface slab comprising 11 crystallographic layers. High-symmetry k-points
were determined using the SeekPath utility [15, 16]. To ensure Koopmans compliance, linearity
corrections were applied following the methodology and parameterization of Wing et al. [17].
To simulate excited-state effects, the conduction band occupations were incrementally increased
from 10'7 to 10> cm~3, and the electronic structure was re-relaxed. This approach isolates the
influence of carrier injection on the band edges while avoiding structural rearrangements. The
band edge positions were referenced to the vacuum level, extracted from the electrostatic potential
in the surface calculation, providing an absolute energy scale for the extracted shifts. While this
method does not aim to reproduce the full bulk—surface band structure [18], it offers a reliable
reference for comparing relative bandgap modifications between the ground and excited states.
The numerical convergence of the band structures was ensured with respect to k-point density,
plane-wave cutoff, and self-consistency criteria. Within this level of theory, convergence errors
are typically on the order of meV or below and therefore negligible in comparison to the observed
excitation-induced bandgap shifts of ~140 meV. Although systematic limitations of DFT (e.g.,
neglect of excitonic effects or light propagation) may affect absolute energies, they are common
to both ground- and excited-state calculations and thus cancel out in the relative shifts. We note
that similar or less advanced DFT-based methods (e.g., LDA, PBE, or meta-GGA functionals)
have successfully described strong-field phenomena in solids [19, 20], whereas our use of the
hybrid HSEO6 functional offers higher accuracy and predictive power. As such, the extracted
bandgap shifts represent a robust and well-converged result within current best practices.

1.9.2. Semiconductor Bloch Equations

The simulation framework follows the methodology detailed in Ref. [21], with additional specifics
provided in [7,22]. For completeness, a brief summary is presented here. To model HHG along
a particular crystal axis, we utilize the semiconductor Bloch equations (SBEs) in the context of a
one-dimensional two-band approximation. This framework effectively represents the valence
and conduction bands of MgO along the I'-X direction. The material parameters include a direct
optical bandgap of E, =7.8 eV [23], with the valence and conduction band heights set to 3.39 eV
and 5.25 eV, respectively. We did this to partly span the second-highest valence band. This yields
enough absolute energy difference such that H9 of 800 nm does not lie past the cut-off [24].

A lattice constant of @ =4.19 A is used, and the transition dipole moment dj is estimated



using first-order k - p theory [25,26]:
Eg

e—
€~

di = do (M

Here, dy = 0.78 a.u. represents the transition dipole moment at the I"-point, and ez(h) denotes the
single-particle energies of the conduction (valence) band. To calculate the dipole moment at the
I'-point, we utilize Quantum Espresso with the generalized gradient approximation, specifically
employing Perdew-Zunger functionals [27]. Since the dipole moment is more sensitive to
simulation parameters than to properties like energy bands, we confirmed the stability of our
simulation results under small perturbations in dy.

The simulations use a Gaussian laser pulse defined as:

E(t) = Egcos(wqt) exp ( - (2 1n(2)£)2) ()

where Ej is the peak electric field, wg the central laser frequency, and 7 the pulse duration.
The semiconductor Bloch equations are solved while neglecting both carrier recombination and
beyond mean-field Coulomb interactions: .

9 h
ihapk = (E;f +e - iTz)Pk = (1= f¢ = fIHdkE(t) +ieE(t) - Vipr, 9)
0 . \ e
hafk(h) = 2 Im[diE(1)p}] + eE(t) - Vi fi ™ (10)

using sparse spectral methods [28] on a one-dimensional complex Fourier basis to compute the
microscopic polarization py and microscopic population fke ") We used 129 points in k-space,
a dephasing time of 7, =10fs, and a propagation time-step of 10 as to reach convergence in our
calculations.

We calculate the HHG spectra from the macroscopic interband polarization

P(1) = Y [dkpi(t) +c.c] (11)

k

and the macroscopic intraband current

J(@) = > evifi ) (12)
Lk
with A € {e, h} and group velocity
1d
Ve =T rk (13)

By summing the individual contributions from the interband polarization and the intraband
current we obtain the complex-valued amplitude of the spectrum emitted as [29]:

And(w) « W*P(0) +iw] (w). (14)

Lad (@) o [Agaa(w)]*. (15)

To generate an interference pattern of the high-harmonic emission with transiently modified
bandgaps, we calculate the complex-valued amplitudes (Eq.14) separately for a pristine bandgap
and for shifted bandgap configurations. The emission amplitude for the shifted bandgap is
modulated by a phase factor e IWTNR-NR | where TnR-NIR represents the delay between the



two phase-locked laser pulses. The resulting complex-valued amplitudes are then added, and
the interference pattern is determined using Eq.15 from the combined complex amplitude.
SBE-results for showing interference maps of the fifth and the ninth order in MgO at a NIR peak
intensity of 30 TW cm™2 are displayed in Fig. S10 and exhibit a similar trend to the numerical
results shown and discussed in the main manuscript.

In our simulations based on the semiconductor Bloch equations (SBEs), we include a
phenomenological dephasing time of 7, = 10fs to account for electron-hole decoherence due
to interactions not explicitly included in the model, such as carrier—phonon and carrier—carrier
scattering. This treatment is common in open quantum system modeling and provides a practical
approach for simulating the coherent response of solids under strong-field excitation.

Our choice of T, is supported by convergence tests showing that the extracted high-harmonic
phase shifts, our primary observables, remain robust for different dephasing times and momentum
grid densities. The simulations were performed with a 129-point grid in momentum space, which
was found sufficient to prevent artificial coherence buildup and ensure physical spectral features.

We note that recent studies [30,31] have emphasized the importance of avoiding unrealistically
short or infinite dephasing times. Specifically, Brown et al. [31] demonstrate that neglecting
decoherence entirely (7, — o0) can lead to unphysical spectral sharpening and exaggerated
coherence buildup. Our moderate choice of 75 reflects a balance between capturing relevant
decoherence effects and maintaining numerical stability.
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Fig. S10. Additional SBE results for the spectral interferometry shifts of the fifth (a)
and the ninth (b) harmonic in MgO.

1.9.3. Discussion and supporting analytical model

Beyond the SBE calculations, we detail the analytical model employed in this study. In this
approach, classical trajectories are calculated within a two-band system under the assumption
of low carrier inversion, using the SBEs as a starting point. The semi-classical description
is obtained by applying the interband saddle point approximation to the SBEs [32] and thus
neglecting imperfect recollisions [33]. The analytical model employs the same band structure and
transition dipole moment as those used in the SBE simulations. Electron wavepacket trajectories
are computed for a driving laser field within a single optical cycle. The external field dictates the
effective carrier crystal momentum k for a given excitation time ¢; via,

k(t) = A(t) — A(¢;) + ko. (16)

with vector potential A(#) and initial crystal momentum k(¢;) = k. Assuming a cosine driving
field the vector potential reads:

A(t) = —/ E(t) dt = —fTZSin(wot). a7



Excitation is restricted to the I'-point, where kg = 0, to ensure the unambiguous separation of
long and short trajectories. Such distinct trajectories are not found using the SBEs, as these allow
for excitation along the entire band structure [34]. From a classical perspective, the results of the
SBEs can be understood as a weighted average over all possible electron wavepacket trajectories.
Consequently, a direct match between the SBE results and either the long or short trajectory
results is not expected. Instead, the results from the long and short trajectories are anticipated
to define upper and lower bounds for the SBE predictions. Electron and hole (1 € {e, h})
wavepacket trajectories x(¢) for different excitation times are determined through classical
integration of the group velocity:

x'(1) = /t ve(k(r)) dr. (18)

Recombination is assumed to occur when the spatial displacement between the electron and hole
reaches zero,
Ax(ty) = x¢(1,) — x"(1,) = 0. 19)

Here ¢, represents the recombination time of the trajectory, with only recombining trajectories
contributing to the interband current. The photon energy emitted by a given trajectory corresponds
to the energy difference between the charge carriers at the moment of recombination. The
semi-classical model is limited to evaluating trajectories associated with harmonics above the
band gap and below the cutoff. To analyze the impact of band gap renormalization on the phase of
the interband current, we evaluate the phase of the emitted light using the semi-classical action:

S(t,) = / " Ae(k (D) dr, (20)

with Ae(k(t,)) being the energy difference at recombination. From the semi-classical action, the
dipole phase is evaluated [35],

¢ =N (wot; +3) = S(1,). @1

Here, N denotes the harmonic order. Both the numerical and analytical models reveal a linear
relationship between the phase and the bandgap variation. For small bandgap changes, the
trajectories, along with their excitation and recombination times, are only minimally affected.
Assuming moderate bandgap variations, the dipole phase can be approximated as follows:

Ap ~ —AE At with At =t, —t;, (22)

and AE, being the bandgap variation. This rather simple linear relationship matches the numerical
results of Ref. [21] and further indicates that A¢ depends on the Az of the different harmonic
orders. As the SBEs do not include any classical trajectories, we should consider Az to be the
characteristic excursion time of the harmonic rather than the trajectory time. From comparison
of the semi-classical analytical model with the two-band SBE results we found that the effective
excursion times are close to the average value of the long and short trajectory times which is
~1.5 fs for the seventh harmonic order in the present case.

1.9.4. Additional numerical results

To evaluate the validity of using a constant excursion time At =1.5fs in Eq. (6) of the main
manuscript, we performed semiclassical simulations of electron excursion times for the long and
short trajectories as a function of laser intensity and harmonic order.

Figure S11 summarizes the extracted recombination times for the long and short trajectories, as
well as their average, across a range of intensities. We observe that the short trajectory excursion



time decreases with increasing intensity, while the long trajectory excursion time increases
with intensity. The average recombination times, however, remain approximately constant over
the relevant intensity range for all three harmonic orders. This justifies the use of a constant
effective excursion time in the main analysis. Also, the trajectory picture becomes increasingly
ambiguous in solids due to k-dependent interband transition probabilities. For instance, excitation
across the bandgap occurs over a finite region of k-space, not only at the I'-point, making it
difficult to associate harmonics with well-defined electron wavepacket trajectories. Therefore,
the trajectory-based excursion times are interpreted here as an effective parametrization rather
than a strict quantum-mechanical assignment.
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Fig. S11. Calculated intensity- and order-dependent excursion times in MgO for H5 (a),
H7 (b) and H9 (¢).

To further assess the robustness of this approximation across different materials, we calculated
the excursion times as a function of the conduction band effective mass, spanning a range from
0.2 m, to 1.5 m,, which includes typical values for both MgO and SiO,. These simulations were
performed for a fixed field strength of F = 0.75 V/A using the same semiclassical model.

As shown in Fig. S12, even substantial variations in the conduction band curvature induce only
minor changes in the excursion times. The average return times for the harmonics under study
stay almost constant across the full range of effective masses. This confirms that recombination
times are largely insensitive to moderate changes in the band curvature and justifies the use of a
fixed value across the two materials.
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Fig. S12. Numerical simulation of the excursion times for different effective masses.
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