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Chapter 2 

Introducing Description Logics 

Esas ambigiiedades. redundancias y deficiencias recuerdan las que el doctor Franz Kuhn 
atribuye a cierta enciclopedia china que se titula Emporio celestial de conocimientos 

benévolos. En sus remotas pdginas estd escrito que los animales se dividen en (a) 
pertenecientes al Emperador, (b) embalsamados, (c) amaestrados, (d) lechones, (e) sirenas, 

(J) fabulosos, (g) perros sueltos, (h) incluidos en esta clasificación, (i) que se agitan como 
locos, (j) innumerables, (k) dibujados con un pincel finwimo de pelo de camello, (I) etcetera, 

(m) que acaban de romper el jarrón, (n) que de lejos parecen moscas. 

from "El Idioma Analitico de John Wilkins," Jorge Luis Borges 

2.1 Structure: the Key to Knowledge 
Knowledge about anything abounds. For a test, think of any single word and run a query 
on a search engine on the Internet. It doesn't matter which word, you will probably get 
(at least) hundreds of hits. The problem of course, is that we are usually not interested 
in any kind of knowledge, and probably only few of the hundreds of hits are actually 
relevant to us. In other words, information should be structured to be useful, so that 
we can decide which part of it is important to our problem. But classifying information 
is a difficult and expensive task. 

Structured representation of knowledge aims to address both conceptual and compu
tational complexity. Conceptual economy amounts to building hierarchical structures, 
where inheritance of attributes through the hierarchy is used to avoid redundancies in 
the representation. Computational economy refers to the efficiency of reasoning upon 
such structures. The idea of developing systems based on a structured representation 
of knowledge has been pursued for a long time in Artificial Intelligence. One of the 
earliest knowledge representation tools has been the Semantic Networks, and the work 
of Quillian [1967] on the Semantic Memory Model. Semantic networks represent knowl
edge in the form of a labeled directed graph. Specifically, each node is associated with 
a concept, and the arcs represent the various relations between concepts. 

In a similar line, the work of Minsky [1974] on the Frame Paradigm, aims to achieve 
structured knowledge. A frame represents a certain concept (usually a class of individ
uals), and is characterized by a number of attributes (called slots) that members of its 
class can have. Each slot contains information about the corresponding attribute, such 
as default values, restrictions on the elements that can fill the attribute (slot fillers), 
attached procedures or methods for computing values when needed, and procedures for 
propagating side effects when the slot is filled. The values of the attributes are either 
elements of a concrete domain (e.g., integers, strings) or identifiers of other frames. A 

_>1 
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frame can also represent a single individual, in this case it is related with the attribute 
instqnce-of to the frame representing the class of which the individual is an instance. 

The main drawback of both proposals was their unclear semantics. As pointed out 
in [Woods, 1975] with respect to semantic networks, the arcs between the nodes and the 
nodes themselves can represent different kinds of information, and making this difference 
explicit can be crucial. Consider the following example. 

locomotion 
GALLOP 

Figure 2.1: Shadowfax the stallion 

The network is meant to encode the following information: Shadowfax is a stallion and 
also a horse, stallions are male, horses gallop, and stallions are horses. 

Woods defines two main types of arcs, that he identifies as encoding either inten-
sional or extensional information. An arc that contributes to the definition of a concept 
carries intensional knowledge. The arc labeled locomotion between HORSE and GALLOP 
is of this kind. On the other hand, the arc from SHADOWFAX to STALLION, labeled is-a, 
asserts the fact that Shadowfax is a stallion, which Woods classifies as extensional knowl
edge. But things are more subtle, because also the nodes carry different information: 
STALLION is a class, while SHADOWFAX is a distinguished individual. And furthermore, 
the "intensional" relation between STALLION and HORSE is of a different kind than the 
relation represented by locomotion. The distinction between extensional and intentional 
links, neither exhausts nor characterizes all the possibilities. 

The need for a formal semantics was clear, and [Brachman, 1977, 1979] are some of 
the early references which aimed to address this problem. The work of Brachman led to 
the development of KL-OXE [Brachman and Schmolze, 1985], one of the first knowledge 
maintainance systems for which some kind of formal semantics was specified. The KL-
ONE system fathered a number of successors such as KRYPTON [Brachman et al., 1985], 
LOOM [MacGregor and Bates. 1987], CLASSIC [Borgida et al., 1989], BACK [Quantz 
and Kindermann. 1990] and KRiss [Baader and Hollunder, 1991]. But, perhaps more 
importantly, this work also gave rise to theoretical research on what were first named 
concept or terminological languages, and which are today called description logics. 

Description logics (DLs) are a family of formal languages with a clearly specified 
semantics, usually in terms of first-order models, together with specialized inference 
mechanisms to account for knowledge classification. It was clearly one of the original 
and main aims of the research in this field to identify the exact fragments of FO and 
extensions able to capture the features needed for representing a particular problem, 
and which can still allow for the design of efficient reasoning algorithms. 

DLs have found a variety of applications in diverse areas. To mention some. [Borgida. 
1995] is a survey of the application of DLs to the problems of information management, 
proposing ways to achieve enhanced access to data and knowledge by using descriptions 
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in languages for schema design and integration, queries, updates, rules, and constraints. 
Another example is [Devanbu and Jones. 1997]. The increasing size and complex

ity of software systems demand every day a greater emphasis on capturing and main
taining knowledge at different levels within the software development process. The 
knowledge-based software engineering (KBSE) paradigm is concerned with systems that 
use formally represented knowledge, with associated inference procedures, to support the 
various sub-activities of software development. Devanbu and Jones investigate the ap
plication of DLs to KBSE. describing their use in three well-developed KBSE systems: 
LaSSIE and KITSS in the telephony domain and COMET in the radar tracking domain. 

PROSE (PRoduct Offerings Expertise) is a knowledge based engineering and or
dering platform that supports sales and order processing at AT&T Network Systems. 
The cornerstone of the PROSE architecture is a product knowledge base written in C-
CLASSIC. PROSE is used to provide configurations for sales proposals and to generate 
factory orders for manufacturing. A fairly detailed description of the system can be 
found in [Wright et al, 1993]. 

DLs have also been used extensively for general information retrieval as is described 
in [Meghini et al., 1993] where the system MlRTL (Multimedia Information Retrieval 
Terminological Logic) is introduced. In [Aiello et al., 1999] we investigated special mixed 
description languages which coordinate satisfiability and model checking to provide ex
pressive image retrieval which can account for topological relations between objects in 
pictures. As a final example, in [Areces et al. 1999b] we use description languages 
to model BCS, the Basic Call System used in telephony domains and formally investi
gate the issue of feature interaction, analyzing the problems arising when merging new 
services like Call Waiting, Call Forwarding, etc. DLs have even found their way into 
general, school level Artificial Intelligence, and they are already discussed in text books 
like [Russell and Norvig, 1995]. 

2.2 Basic Issues in Description Logic 

Probably rooted in the original distinction of Woods, most description languages split 
the available knowledge about a given situation into 

terminological information: definitions of the basic and derived notions and of the 
ways they are inter-related. This information is "generic" or "global," been true 
in every model of the situation and of every individual in the situation. And 
assertional information: which records "specific" or "local" information, being 
true of certain particular individuals in the situation. 

All known information is then modeled as a pair (T, A), where T is a set of formulas 
concerning terminological information (the T-Box) and A is a set of formulas concerning 
assertional information (the A-Box). 

Another way to look at this separation of information is from a database point 
of view: the T-Box is a general schema concerning the classes of individuals to be 
represented, their general properties and mutual relationships, while the A-Box is a 
partial instantiation of this schema, containing assertions relating either individuals to 
classes, or individuals to each other. 
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Constructor 

concept name 
top 
negation (C) 
conjunction 
disjunction (If) 
universal quant, 
existential quant. (£) 
number restr. {J\[) 

one-of (O) 
role filler (B) 

role name 
role conjunction (7?.) 
inverse roles (I) 

Syntax 

c 
T 

C1I-IC2 
C 1 U C 2 
VÜ.C 
3R.C 

(>« R) 
(<n i?) 

{01 , . . . ,a„} 
3i?.{a} 

i? 
i?i ni?2 

fl-1 

Semantics 

CT 

A 2 

A 2 \ C Z 

Cf n C'l 
ci U cf 
{d! | Vd 2eA 2 . ( i? 2 (di ,d 2 ) -> d2 e C J )} 
{di | 3d 2 €A z . ( i ï I (d 1 , d 2 ) Ads 6 C2)} 
{di | | { d 2 | i ? I ( d 1 , d 2 ) } | > n } 
{d, | | { d 2 | f f I ( d i , d 2 ) } | < n } 
{d d = a 2 for some a;} 
{d ^ ( d ^ 1 ) } 

fl>2 

iïf n RJ, 
{ (d i , d 2 ) | i ? I (d 2 , d i ) } 

Table 2.1: Common operators of description logics 

2.2.1 Concepts and Roles 

Let us make things more precise now. 

D E F I N I T I O N 2.1. [Description logic semantics] Let CON = {C\. C2 } be a countable 
set of atomic concepts, ROL = {Ri,R2 } be a countable set of atomic roles and IND = 
{ a i , a 2 , . . . } be a countable set of individuals. For CON. ROL. IND pairwise disjoint, 
S = (CON. ROL, IND) is a signature. Once a signature S is fixed, an interpretation X 
for S is a tuple X = {A1, -1), where 

- A1 is a non empty set. 
•T is a function assigning an element of 6 A 2 to each constant af, a subset Cf C A1 

to each atomic concept Ci\ and a relation iïf C A1 x A1 to each atomic role Rj. 

In other words, a description logic interpretation is no more than a model for a particular 
kind of first-order signature (see Definition 1.4), where only unary and binary predicate 
symbols are allowed and the set of function symbols is empty. 

The atomic symbols in a description logic signature can be combined by means of 
concept and roles constructors, to form complex concept and role expressions. Each 
description logic is characterized by the set of concept and roles constructors they allow. 
Table 2.1 defines the roles and concepts constructors for the description logics we will 
discuss, together with their semantics. 

Historically, a number of description logics have received a special name. The lan
guage TC~ [Brachman and Levesque. 1984] is defined as the description logic allowing 
universal quantification, conjunction and unqualified existential quantifications of the 
form 3i?.T. TL~ was proposed as a formalization of the core notions of Minsky\s 
frames. Concept conjunction is implicit in the structure of a frame, which requires a 
set of conditions to be satisfied. Role quantifications allow one to characterize slots: 
the unqualified existentials state the existence of a value for a slot, while the universal 
quantifier requires that the values of a slot satisfies a certain condition. 
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The logic AC [Schmidt-Schauss and Smolka. 1991] extends T'C~ with negation of 
atomic concepts. It is customary to define systems by postfixing the names of these 
original systems with the names of the added operators from Table 2.1. For example, 
the logic ACC is AC extended with full negation. 

We will not discuss in detail all possible languages which can be obtained by com
bining constructors from Table 2.1. In particular, we will be interested in languages 
having full Boolean expressivity and usually consider ACC and its extensions. For a 
given language C. let CON(£) be the set of complex concept expressions and ROL(£) be 
the set of complex role expressions which can be formed by using the constructors of C. 
It is interesting to notice that the constructs in Table 2.1 are not necessarily indepen
dent of each other. Given a language C and a constructor *, we say that C simulates 
* if for every complex concept of £* there exists an equivalent concept in C. Formally, 
for any C\ 6 CON(£*). there exists C-2 € CON(£) such that for all interpretations I. 
Cf = C\. Given this definition, proving for example that ACEU simulates C or that 
ACEÖ simulates B is straightforward, by means of simple reductions. We will usually 
assume that all constructors which can be simulated in C are already present in the 
language, e.g., we will say that U is one of the constructors of ACC. 

2.2.2 Knowledge Bases and Inference 

In description logics we want to perform inferences given certain background knowledge. 

DEFINITION 2.2. [Knowledge bases] Fix a description language C, a knowledge base E 
in C is a pair S = (T, A) such that 

T is the T(erminological)-Box, a finite, possibly empty, set of expressions of the 
form C\ C C*2 where C\,Ci are in CON(£). C\ = Ci is notation for C\ C C2 and 
C2 E Ci. Formulas in T are called terminological axioms. 
A is the A(ssertional)-Box, a finite, possibly empty, set of expressions of the forms 
a : C or (a, b): R where C is in CON(£). R is in ROL(£) and a, b are individuals. 
Formulas in A are called assertions. 

The definitions of terminological axioms and assertions above are among the most gen
eral in the description logic literature (and we will generalize them even further in 
Chapter 4). Terminological axioms were originally thought of as definitions, and a num
ber of more restrictive conditions were imposed. The two most important restrictions 
were the following. 

1. Simple terminological axioms: in any terminological axiom C\ E C2, C\ is an 
atomic concept in CON. And any atomic concept in CON appears at most once in 
the left hand side of a terminological axiom in the T-Box. 

ii. Acyclic definitions: the graph obtained by assigning a node n_\ to each atomic 
concept A in the T-Box T and drawing an arrow between two nodes UA and ng 
if there is a terminological axiom C\ C. C2 in T such that A appears in C\ and B 
appears in C2, does not contain cycles. 

These restrictions were rooted in the idea of considering terminological axioms as (par
tial) definitions of concepts. An axiom of the form A C. C was meant to represent 
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the fact that C encoded necessary conditions for .4 to be the case. A = C indi
cated that C encoded both necessary and sufficient conditions. From this point of 
view, conditions i) and ii) above are very natural. In particular, restriction ii) was 
aimed at avoiding circular definitions, where a concept is defined in terms of itself. 
It was argued that this kind of definitions called for some sort of special semantics, 
like for example fixed points or non-well-founded sets [Nebel. 1990a: Baader. 1990: 
Dionne et al., 1992], But general terminological axioms as introduced in Definition 2.2 
act naturally as constraints on models of the knowledge base, without any need for a 
special semantics; this way of interpreting terminologies is usually called "descriptive 
semantics" in the DL literature. 

More importantly from an application point of view, restrictions i) and ii) have a 
strong impact on the reducibility of certain reasoning tasks into others as we will discuss 
in Section 2.3. Clearly, this kind of syntactic restrictions undercut the expressive power 
of the language, but they simplify the definition of decision algorithms. As we discuss 
in Chapter 4, the complexity results we prove in Chapter 7 show that in many cases we 
can actually introduce a more general notion of knowledge base than the one given in 
Definition 2.2 without modifying the worst case complexity of the reasoning tasks for 
the language. 

It is time to define the appropriate notion of inference for description logics. 

DEFINITION 2.3. Let I be an interpretation and tp a terminological axiom or an asser
tion. Then 1 models tp (notation, X \= tp) if 

V> = Ci E C2 and C? C C2
Z, or 

- tp = a.C and a1 G Cx. or 
<p= (a, 6): .Rand (a 1 , ^ ) G R1. 

Let E = (T, A) be a knowledge base and I an interpretation, then 1 models E (notation, 
I \= E) if for all tp G TuA, I \= tp. We say in this case that I is a model of the knowledge 
base E. Given a knowledge base E and a terminological axiom or assertion tp, E |= tp if 
for all models I of E we have I \= tp. 

The notion of semantic consequence we have just defined, E (= tp, is central in modern 
logic. Notice that if a deduction theorem fails for the logic, it needs not be reducible 
to "tautology hood," i.e., to a given formula in the language being satisfied under any 
interpretation I . We will return to this in Section 4.2.1. 

2.3 Reasoning Tasks 

In description logics the term T-Box reasoning is used to refer to the ability to perform 
inferences from a knowledge base E = (T, A) where T is non-empty, and similarly, A-Box 
reasoning is inference for A non-empty. 

EXAMPLE 2.4. Let E be a knowledge base (T. A) where 

T = {STALLION = HORSE n VSex.MALE} 

A = {shadowfax:STALLION}. 
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Informally, the formula in T says that male horses are called stallions, while the formula 
in A says that a particular horse, named Shadowfax, is a stallion. The formal semantics 
we gave in Definition 2.3 lets us verify that E has at least a model (i.e.. it is consistent). 
And from £ we can infer further information like, for example, that the concept HORSE is 
consistent with respect to E (there exists some interpretation satisfying E which assigns 
a non-empty extension to HORSE: 

E Y= HORSE = _L. 

Notice though, that we cannot express the stronger (true) fact that in any model of 
(T, A), the extension of HORSE is non-empty. 

E |= (̂HORSE = _L), 

because of syntactic limitations in the standard definition of assertions. In Chapter 4 
we will further discuss this issue, and clarify why E \= -i(H0RSE = _L) is not equivalent 
to E \f= HORSE = _L. 

We can actually map out a set of reasoning tasks or reasoning services which can be 
provided by a knowledge representation system. The following are some of the standard 
reasoning tasks usually considered in description logics. 

DEFINITION 2.5. [Reasoning tasks] Let E be a knowledge base, CUC2 e CON(£), R e 
ROL(£) and a, b e IND. we define the following reasoning tasks 

- Subsumption, E |= C\ C C-j-
Check whether for all interpretations X such that X (= E we have Cf C C1. 
Instance Checking. E \=a:C. 
Check whether for all interpretations X such that X |= E we have a1 £ C1. 
Relation Checking, a |= (a,b):R. 
Check whether for all interpretations X such that I ^ E w e have (a1, bx) € Rx. 

- Concept Consistency, E =̂ C == _L. 
Check whether for some interpretation I such that 1 \= E we have C1 ^ {}. 
Knowledge Base Consistency, E y= J_. 
Check whether there exists X such that X |= E. 

Subsumption is one of the classical reasoning tasks performed in most knowledge repre
sentation systems. It is directly related to the quest for information classification: it is 
useful to organize concepts into "is-a" hierarchies, finding for each class the most specific 
other classes that subsume it. This classification algorithms relies directly on the sub
sumption check. The subsumption relation implicitly defines a taxonomy of concepts, 
which can actually be used to solve some of the other reasoning tasks; for example, a 
concept is unsatisfiable if it is subsumed by the empty concept _L. 

Instance checking is used to verify whether the knowledge base entails that an indi
vidual is an instance of a concept, while relation checking determines if two individuals 
in the knowledge base stand in a given relation. These two operations can be considered 
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the central reasoning tasks for retrieving information about individuals from a knowl
edge ha<?p Finally, consistency is used for verifvin0" whether the information contained 
in a knowledge base is coherent. 

As we already said, the basic reasoning tasks can be used to define more complex 
ones. In particular 

Retrieval: given a concept, find all the individuals mentioned in the knowledge 
base that are instances of the concept. 
Realization: given an individual mentioned in the knowledge base, find the most 
specific concepts, with respect to the subsumption relation, of which the individual 
is an instance. 

Let's start by defining the following notation. For any set S of formulas let IND(S) 
and CON(S) be, respectively, the set of individuals and atomic concepts appearing 
in formulas in S. Then, the retrieval problem can be formulated as follows: given a 
knowledge base E and a concept C, find the set {a e IND(E) | S |= a:C}; and it can 
be performed simply by iterating instance checking for all the individuals in E. The 
realization problem can be solved by finding the set {C € CON(E) E |= a:C & VC" G 
CON(E).(E (= a:C' =>• E \= C tZ C')}: this can be done in terms of instance checking 
and subsumption. 

Research on description logics has focused mainly on understanding the relations be
tween the reasoning tasks mentioned above, and on establishing their computational 
complexity. The study of the computational behavior of DLs has provided a good un
derstanding of the properties of the language constructs and their interaction. This is not 
only valuable from a theoretical point of view, but also provides insight to the designer 
of deduction procedures, with indications of which language constructs are difficult to 
handle and general methods to cope with the computational problems. 

Complexity analyses of subsumption originated with the seminal paper of Brachman 
and Levesque [1984], where they provide a polynomial algorithm to decide subsumption 
for TC~. In the early days of description logics, the emphasis was on mapping out the 
tractable reasoning tasks, with an upper bound of polynomial complexity. Clearly, only 
very weak (non-Boolean) languages were able to survive the test, as already the satisfi
ability problem of mere propositional logic is NP-complete. The U and £ constructors 
were identified as the main culprits of "intractability," the first one introducing non-
determinism while the second can be used to force big models [Baader and Hollunder, 
1991: Schmidt-Schauss and Smolka, 1991; Donini et al., 1992, 1997; Buchheit et al. 
1993]. Notice that with a bound of polynomial complexity, almost no exploration is 
possible. In a sense, this is at odds with the intuitive notion of inference, which calls for 
considering all possible outcomes given the present information. 

Interestingly, the technological developments that took place in the intervening years 
have moved the boundaries of "tractability" further away. During a discussion at the 
1998 Description Logic Workshop, Franz Baader put forward a bold claim. Nowadays, 
he argued, with the advances in both computing power and theorem proving techniques, 
tractability means something very near to E X P T I M E . Of course, this completely changes 
the perspective. The claim is supported by the performance of new theorem provers, as 
standard test beds like those proposed in [Heuerding and Schwendimann. 1996: Balsiger 
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and Heuerding. 1998] have become too easy and fall in disuse. They are no longer 
appropriate for measuring the performance of state of the art provers (see [Horrocks et 
al, 2000a] for an overview). 

In sufficiently expressive languages, like ACC and extensions, all reasoning tasks we 
introduced can be reduced to instance checking (see [Donini et al.. 1994]). Let C be 
a language containing the C and U constructors, then subsumption and consistency in 
C can be reduced to instance checking. If C contains the B constructor, then relation 
checking can be reduced to instance checking. 

PROPOSITION 2.6. [Reductions] Given a knowledge base E, Ci,C2 <E CON(£). R e 
ROL(£) and a.b € IND. the following equivalences hold 

i. E \=Ci C C2 iffH \=a:{^Ci UC2). for some a G IND\IND(E U {d.C2}). 
ii. E \=C = ± iff E \=a:^C, for some a E IND\IND(E U {C}). 

in. S \= _L iffH \= a:C. for some C € CON\CON(S). 
w. S \= (a.b):R iff E \=a:3R.{b}. 

A more delicate reduction is related to the transformation of T-Box and A-Box reasoning 
into pure reasoning, i.e., inference from an empty knowledge base. This is similar to 
what in classical logic is known as a deduction theorem. For example, for first-order 
logic the following property holds. 

THEOREM 2.7. [Deduction theorem for first-order logic] Let E U {cp, tp} be a set of sen
tences of first-order logic, then 

If E is a finite set or if the logic is compact, then E |= ip can be reduced to {} (= tp1 by 
iterating the application of the deduction theorem. But a property like the deduction 
theorem does not necessarily hold. Here is where the restriction to simple and acyclic 
definitions we discussed in Section 2.2.2 comes to help. Clearly, with such restricted 
definitions we can do the following. 

Let E = (T U {B C C},A) be a knowledge base and let B' £ CON(S). then 

(TU{BQC},A) (=a:Diff {TU {B = C n B'}.A) ^a:D. 

This is known as completion of definitions. 

Let E = (T U {B = C}.A) be a knowledge base, then 

(TU{B = C}.A) \= a:D iff (T[B/C}. A[B/C]) \=a:D[B/C\. 

This is known as unfolding of definitions. 
By repeatedly applying completion and unfolding of definitions we can transform E \= ~p 
into an equivalent task E' |= ip' where E' has an empty T-Box, provided that definitions 
in E are simple and acyclic [Nebel, 1990b]. Notice, though, that the sizes of E' and ip' can 
be exponential with respect to the original E and tp. In certain languages, unfolding can 
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be done "on the fly" avoiding this complexity explosion (see [Baader et al.. 1994: Lutz, 
1999a. 1999b]). It is also straightforward to see that we have a "deduction theorem" for 
A-Boxes 

({},A(j{b:B}) ^c:Ciff{{}..4) (= -,(b:B) U c:C. (2.1) 

And similarly for assertions (a. 6): R. But notice that standard description languages 
do not allow the Boolean combination of assertions as we did in (2.1). As before, we 
run into problems with some of the syntactical restrictions imposed by DLs. We will 
analyze the matter in detail in Chapter 4. 

2.4 Constraint Systems 

Even though we have formally discussed the different reasoning tasks, up to now we 
have said nothing about algorithms to decide any of them. Given that we will focus on 
languages extending ACC. and the properties we listed in Proposition 2.6. we only need 
an algorithm to decide instance checking. 

Calculi based on constraint systems were introduced by Schmidt-Schauss and Smolka 
in [1991] to decide satisfiability for empty knowledge bases in ACC and its sublanguages. 
Later, the framework was extended to decide different reasoning tasks for a variety of 
languages [Donini et al.. 1991, 1992. 1997; Baader and Hollunder. 1991]. Constraint 
systems are generalizations of tableau calculi [Ladner, 1977; Fitting, 1983: Rautenberg, 
1983; Gore, 1999]. The constraint system we present below is from [Schaerf, 1994]. 

We assume without loss of generality that roles and concepts are given in negation 
normal form (i.e., negation is applied only to atomic concepts or to expressions of the 
form {ÖI, . . . , an}) and, furthermore, that the _ 1 operator is only applied to atomic 
roles. Let VAR be a countably infinite set disjoint from IND, a constraint is a formula 
of one of the following forms 

s:C | {s,t):R \s£t \Vx.x:C, 

where s.t £ IND U VAR. C G CON(£) and R e ROL(£). 
Let 1 be an interpretation, an 1-assignment is a function a that maps every variable 

in VAR to an element of A1 and every individual a in IND to a1. We use pairs (I, a) to 
define satisfiability of constraints. Let ,s<z'Q> be s1 if s e IND and a(s) if s G VAR. 

(l.a) H : C i f f s M eC2, 
(I. a) HM):fliff(s< I , a ! > ,*< 2 : , 0 >)€i?z , 
( J . Q ) |= s f t iff S<X'Q> £ t<X<a>, 
(I. a) \= Vx.x : C iff C1 = A1. 

A constraint <p is satisfiable if there is an interpretation X and an I-assignment a such 
that (I, a) |= ip. A constraint system S is a finite, non-empty set of constraints. A pair 
(I, Q) satisfies S if (I, a) satisfies every constraint in S. in which case we say that S is 
satisfiable. A knowledge base E = (T. A) in a language with the C and U constructors 
can be easily translated into a constraint system Ss by taking 

5 E = A u {Wx.x-.-~C UD\CQDeT}. 

The following proposition is immediate (notice the relation with Proposition 2.6). 

http://%7bWx.x-.-~C
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PROPOSITION 2.8. Given a knowledge base E, C,D £ CON(£). R £ ROL(£). a.b £ 
IND, and x € VAR. the following equivalences hold 

i. S |= C C D iff iSv U {x:C n -i.D} zs unsatisfiable. 
li. £ |= C = -L «jj 5 E U {x: C} is unsatisfiable. 

in. T, \= -L iff Sz is unsatisfiable. 
iv. E |= (a,b):R iff S^ U {a:-i37?.{6}} is unsatisfiable. 
v. T, \= a:C iff S^U {a:^C} is unsatisfiable. 

In what follows, we will introduce a set of completion rules which, when applied to a 
constraint system S, returns a constraint system S' such that S is satisfiable if and only 
if S' is. Furthermore, by repeatedly applying completion rules we will eventually either 
reach a complete constraint system where no further rules can be applied (implying 
that the system is satisfiable), or we will reach a clash (signaling that the system is 
contradictory). We first need some general definitions. 

DEFINITION 2.9. Let S be a constraint system, x £ VAR, s,t £ VAR U IND, and R £ 
ROL(£). Then S[x/s] is the constraint system obtain by replacing each occurrence of 
x by s. We say that t is a direct R-successor of s in <S, if (s, t): R £ S, and we define 
direct R-predecessors similarly. Furthermore, t is a direct successor (direct predecessor) 
of s in S if it is a direct i?-successor (direct i?-predecessor) for some R. The successor 
(predecessor) relation is defined as the transitive closure of the direct successor (direct 
predecessor) relation. We say that s and t are separated in S if s =£ t £ S. Finally, we 
say that t is a filler of R for s in S if either t is an A-successor of s in 5, or one of the 
following conditions holds 

- R is an atomic role and (t, s): R~x £ S, 
- R is of the form S~l and (t, s): S € S, or 
- R is 7?! n R2 and t is a filler of Ri and R2 for s in S. 

Figure 2.2 lists the different completion rules. The full set of rules handles the lan
guage ACCNÖ31ZX with non-empty T- and A-boxes, and can, therefore, also handle 
sublanguages and simpler forms of knowledge bases. 

What remains to do is to define the notion of a clash in a constraint system. 

DEFINITION 2.10. [Clash] We say that a constraint system S contains a clash if one of 
the following conditions holds. 

i. For some s, s:J_ G S. 
ii. For some s and some atomic concept A, {s:A, s:->A} C S. 

in. For some s, {s : (<n R)} U {(.s. U): R \ 1 < i < n + 1} U {U =£ tj \ 1 < i < j < 
71+1} C S. 

iv. For some s and n > m, {s:(>n R),s:(<m R)} C S. 
v. For some s, s: {ai , . . . . a„} £ S. and s / a_, for all j . 

vi. For some s. s:-i{a,i,... . an} £ S. and s = Q_, for some j . 

In [Schaerf, 1994], the following completeness result is stated. 
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S-*n{s:Ci,s:C2}US 
if s:C\ n C2 is in S, and either s :C\ or s:C-2 is not in S: 

S - H J { s : D } u 5 
if s: Ci U C2 is in 5 . neither s: C\ nor s: C-2 is in S. 

and D = d or D = C2; 

5 - 4 3 { ( « , v ) : f l , y : C } U 5 
if s:3i?.C is in S, there is no r such that t is a direct i?-successor 

of s in 5 and t:C is in 5 , and y is a new variable; 

S^w{t:C}uS 
if s:\/R.C is in 5 . Ms a filler of i? for s, and r : C is not in <S: 

S ^ > {(«,1ft):«, . .- , (« ,»») : f i}U{i fc# t f i | l < i < j < n}uS 
if s: (>n R) is in 5 , there do not exist n pairwise separated fillers 

of R for s in S, and j/i . yn are new variables: 

- S-><S[t/z] 
if s: (<n i?) is in <S, s has more than n fillers of R for s 

and t, z are two fillers of R for s that are not separated: 

S -^o S[x/a.i] 
if a ; :{oi , . . . , a n } is in <S and 1 < i < n; 

5 - ^ e {{s.a):R}uS 
if s: 3R.{a} is in 5 , and (s, a ) : i? is not in «S: 

- 5 ^ { ( M ) : ^ ( s . ( ) : i ? 2 } U 5 
if (s. t): Ri n i?2 is in 5 , and either (s, i ) : /?! or (s, t ) : /?2 is not in <S; 

5 - ) - - i { ( t , s ) : i ? } U 5 
if (s, t ) : / Ï - 1 is in 5 , and (t, s):R is not in 5; 

S-h/x{s:C}US 
if Vx.a;: C is in 5 , s appears in «S, and s: C is not in S. 

Figure 2.2: Completion rules 

T H E O R E M 2.11. Let S be a constraint system, then it contains a clash only if S is not 
satisfiable, and a complete constraint system S is satisfiable if it contains no clash. 

We can prove that instance checking (and hence all other reasoning tasks we have in
troduced) for the full language ACCXOBU1 is decidable (actually solvable in NEXP-
T I M E ) . We will reduce it to satisfiability in C2 (recall our discussion in Section 1.2.2) 
by providing a pair of mutually recursive translation functions STX and STy as we did 
in Definition 1.19, and following ideas from [Borgida, 1996]. 

P R O P O S I T I O N 2.12. The instance checking problem for ACCA'OBTZl is decidable, as 
it can be reduced to satisfiability in C2. 

P R O O F . We define STX, STy being identical but swapping the positions of x and y. 
We first translate complex roles as follows. Remember that we assumed that the inverse 



2-4- Constraint Systems 33 

operator ~l was applied only to atomic roles. We consider each atomic role R in ROL 
as a binary predicate symbol in the first-order language. 

STX{R) = R(x,y), fori? an atomic role 

STx(R~l) = R(y,x), for R an atomic role 

STx(R1nR2) = STx(Rl)ASTx(R2). 

We can now provide the translation of complex concepts. Many constructs can be 
simulated in ACCNOB1U. and we do not need to translate them. We consider each 
atomic concept C in CON as a unary predicate symbol. 

STX(C) = 

STx(-iC) = 

STx(dnC2) = 

STX(3R.C) = 

STx(>nR) = 

STx{{au... ,a„}) = 

Finally we translate terminological axioms and assertions ((a. b):R can be simulated as 
a:3R.{b}). 

STX(CQD) = Vy.(STy(C) -> STy(D)) 
STx(a:C) = STx(C)[x/a]. 

It is easy to prove that for a knowledge base E = (T. ,4) and an assertion a:C. 

Z\=a:Ci$t= f\ (STx(ip)) -»• STx(a:C). 
tpeTUA 

As the formula on the right hand side is in C2 we are done. QED 

The reduction above also makes explicit how DLs are fragments of first-order logic. 
Another interesting fact that comes out from the reduction is that reasoning tasks 
in description logics are recast as validity of sentences. Or in other words, the local 
evaluation which is traditional in modal languages (satisfiability of a formula with a free 
variable at a given point in the model) has not received attention in the DL community. 
This is another point we will investigate in Chapter 4. 

Going back to constraint systems, we should point out that the completion rules in 
Figure 2.2 do not constitute a decision method, as an infinite sequence of applications 
can arise (for example, the trivial interaction between the -»< and ->> rules where a 
new variable is generated and immediately identified with an existing one). 

But the rules of the calculus can be carefully specialized, even to the point of obtain
ing not only decidability but also very sharp complexity results. For example, replacing 
the —>a and —>> rules by trace versions —>TB and —>T>-

S^T3{(s.y):R-y-C}uS 
if s: 3R.C is in S. there is no t such that t is an ^-successor of s 

in S and t: C is in S. y is a new variable, and for all constraint 
(t, x): R in S. t is a predecessor of s or s = f: 

C(x). for C an atomic concept 

^STX(C) 

STx(d) A STX(C2) 

3y.(STx(R)ASTy(C)) 

3^y.STx(R) 

Vi<i<„(z = °i)-
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S^T> {(s,yi):R («,!*•) :£}<-){»£% \l<i<j<n}US 
if s:(>n R) is in S. there do not exist n pairwise spparatpH fillers 

of R for s in 5, 2/1,. . . . yn are new variables, and for all 
constraint (t, x): R in S, t is a predecessor of s or s = t: 

the decidability of concept satisfiability and subsumption for empty knowledge bases 
in ACCNR can be proved [Donini et al, 1997]. In a similar way, the complexity of 
the different reasoning tasks for sublanguages of ACCO has been carefully mapped out 
(see [Schaerf. 1994]). In [Tobies, 2000b] the constraint system approach is used to prove 
that pure concept satisfiability, i.e., with respect to empty knowledge bases, in ACCQTZ 
is PSPACE-complete. The constructor Q of qualified number restrictions is an extension 
of M and we will discuss these results further in Section 4.5.5. And in [Horrocks et al, 
1999, 2000b. 2000c; Tobies, 2000a] the decidability of both T-Box and A-Box reasoning 
is proved for very expressive description logics together with a complexity analysis of 
sublanguages, also by means of constraint systems. 

But perhaps the most important characteristic of constraint systems, from a compu
tational logic perspective, is that they readily provide implementations. Implementing 
the completion rules of Figure 2.2 is simple, and many DL theorem provers, like for ex
ample FACT [Horrocks, 1999], DLP [Patel-Schneider, 1998] or RACE [Haarslev and Möller, 
1999], are based on this technique. These systems have been highly optimized and are 
able to cope with extensive knowledge bases in very expressive description languages. 


