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Chapter 8 

Conclusions 

Begin at the beginning 
and go on till you come to the end; 

then stop. 

from "Alice's Adventures in Wonderland," Lewis Carroll 

We started our work in Part I by discussing the general topic of Logic Engineering, or 
the "subtle art of choosing the proper language." 

In Chapter 1, we argue that first-order logic, which has been the logic for years, 
need not always be the proper choice. We back up this claim by first proving that the 
satisfiability problem for FO is undecidable. This can be reason enough to disqualify FO 
if the problem at hand requires one to deal with logical consequence in an effective way. 
Notice that if instead we would be interested in a problem requiring model checking, 
then FO would again enter the list of candidates. One way to interpret the undecid-
ability result for FO is as a sign that the language is too expressive — it lets us encode 
problems which are too complex. If we were looking for effective reasoning techniques 
then, conceivably, our problem should be simpler, i.e. decidable. But even with all its 
expressive power, FO might just not provide the right kind of expressivity we need. We 
show that this might be the case by proving that FO cannot characterize the transitive 
closure of a binary relation. Once more, the point is this: we don't need the scissors of 
first-order logic when we are watering the roses, but this doesn't imply that they won't 
be handy during the pruning season. 

But Chapter 1 also aimed to introduce a methodology to obtain alternatives to FO. 
We discussed different ways of identifying interesting fragments (and fragments of ex
tensions) of first-order logic. We argued that traditional methods, like prenex normal 
form or finite variable fragments, are not completely satisfactory, and we proposed, in
stead, to capture relevant fragments via translations. The semantics of many formal 
languages (including modal, description and hybrid languages) is given in terms of clas
sical logics, and as such they can be considered fragments of classical languages. But 
now, these fragments come together with an extremely simple representation (modal lan
guages for example are usually introduced as "simple extensions of propositional logic") 
and with novel and powerful proof- and model-theoretical tools (simple tableaux sys
tems, elegant axiomatizations, fine-grained notions of equivalence between models, new 
model-theoretical constructions, game-theoretical characterizations, etc.) which let us 
investigate their properties in detail. 

We chose our case study, description and hybrid logics, starting on the description 
logic side. DLs are the best example we know about of a collection of formal languages 
which have been hand-tailored for specific tasks. The choice of hybrid languages came 
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later, when we searched for the proper "modal counterpart" of description logics. After 
introducing these two kingdoms in Chapters 2 and 3 (one of them built on the realms of 
Computer Science, the other on those of Mathematical Logic), we brought them together 
in Chapter 4 by carefully mapping out the roads that connect them. 

The results in Chapter 4 show that cross-fertilization between hybrid and description 
logics is possible and indeed rewarding. We have devised hybrid languages which work 
nicely as the counterpart of certain description languages, allowing us to account neatly 
for full knowledge bases in a modal way. We can now exploit to their maximum the 
model-theoretical techniques in our modal tool-box in the widely diverse landscape of 
description languages. Going in the other direction, hybrid languages will benefit from a 
computational boost. Description logic provers can easily be adapted to handle certain 
hybrid languages in a very efficient manner. And the two fields will, from now on, 
share their "application space": any given concrete problem will benefit from both a 
description-like and a hybrid-like perspective. 

In Part III we set forth to walk some of the paths we discovered in Chapter 4. In par
ticular, in Chapter 5 we discuss direct resolution methods for modal-like languages. As 
with tableaux, the addition of labels produces a simplification with respect to previous 
proposals. We also gain in terms of flexibility as we have shown how easily extensions of 
the basic labeled resolution method can be obtained. Excellent proof-theoretical behav
ior seems to be a general characteristic of hybrid and description logics, and we argue 
that the presence of nominals/individuals and the satisfiability operator @ (assertions 
in the description logic case) goes a long way towards explaining it. 

The work in this chapter shows that simple, direct resolution methods for modal 
languages are indeed possible, and that the complexities of previous proposals hinged on 
a certain lack of expressive power. The introduction of labels lets us perform resolution 
at the "top level" only (outside modalities) and greatly simplifies the task of the prover. 

In Chapters 6 and 7 we take a hybrid logic perspective as we dive into model-
theoretical issues. But we have already demonstrated in Chapter 4 how hybrid logic 
results shed their light on description languages. Actually, in Section 4.5 we already 
took advantage of the most important results in these two chapters and analyzed what 
was their interpretation in description logic terms. 

Chapter 6 covers issues related with expressive power. We took the language /Hs(@-
| ) as the main tune, and explored restrictions and extensions as variations on a theme. 
By using a mixture of modal and first-order techniques (a hallmark of hybrid languages), 
we have shown that 'HSCST4-) captures an intrinsically modal first-order fragment: this 
language corresponds to the formulas of FO which are invariant under generated sub
models, mirroring the key modal notion of locality. It is very pleasing that this notion 
can be pinned down so simply. Furthermore, the very general result on interpolation 
for all pure extensions of Hs(@,l) tends to confirm that we are dealing with a natural 
collection of ideas. These new results, complement the general completeness results for 
the language provided in [Tzakova, 1999a]. The model theory of 'Hsi'&ji) is extremely 
elegant. The language seems to be in a state of "perfect equilibrium," much in the same 
way as the first-order language is. Investigating in detail this kind of logical systems 
is always a worthwhile activity: much is to be learned by means of the wide collection 
of tools they offer, and these lessons sometimes transfer to restrictions and extensions. 



L35 

We see this process in action in Chapter 6. where we are able to transfer results from 
Hs(@,.l) to extensions and restrictions. 

The expressive power analysis we have carried out in this chapter tells us where 
the boundaries fall. And for the case of Hs{@,l) we have obtained extremely clear 
boundaries. But the notions of bisimulations we have investigated also show us how 
to delimit the expressive power of weaker languages. The work concerning the inter
polation and Beth definability properties also highlighted an interesting phenomena. 
The interpolation property is usually taken as a "thermometer" for balanced language 
design. Following that guide, Hs(@,i) is indeed well balanced but, as we show in Chap
ter 7, even small fragments of the language are already undecidable. We conjecture, 
though, that the intrinsic locality ofHs{@, I) would translate in more efficient decision 
methods than those available for FO. On the other hand, weaker hybrid languages and 
most description languages are computationally tractable but they usually fail to have 
interpolation. We believe that the results regarding failure of interpolation we prove in 
the chapter points to an expressivity gap. We know from the description logic commu
nity that the addition of counting operators does not disturb the good computational 
behavior and we conjecture that they will provide the needed expressivity to regain 
interpolation. 

Chapter 7 is devoted to complexity. After proving a sharp undecidability result for 
%s(i) a n d showing that decidability can be regained by imposing stringent restriction on 
the binder, we turned to weaker languages in the proximities of Hs(@). These languages 
are very close to standard description languages and hence transfer of results is easy in 
this case. We show that the addition of nominals and @ to the basic modal logic K 
does not modify its complexity. Hence, for this language, hybridization brings extra 
expressiveness at no cost (except perhaps by a polynomial). When we explore the basic 
temporal language Kt instead, things are very different: the addition of a single nominal 
shifts the complexity to EXPTIME. The rest of the chapter is devoted to "taming" 
this complexity jump, and we show that in the most interesting classes of temporal 
models (linear and branching time structures) complexity drops again and coincides 
with the complexity of Kt over these structures. As we discuss in their respective 
sections, the results for linear and branching time are different in nature: the first 
amounts to the realization that certain expressivity was already present in the language 
and the identification of the proper level of abstraction; while the second covers a strict 
increment of expressive power and requires a much more elaborated proof. 

The lessons to learn in this chapter are related to the methods we employed in our 
proofs. We obtained the complexity results we discussed above in a very homogeneous 
way. We basically used encodings of satisfiability problems of known complexity for 
lower bounds, and model construction games and encodings for upper bounds. In many 
cases we "power-uped" translations by means of the spy-point technique (i.e., the use of 
a single irreflexive point which have full access to a part of the model). The Spypoint 
Theorem (Theorem 7.9) is a clear example of the strengths of this method. These tools 
and methodologies are so powerful and versatile that it is usually possible to adapt them 
to many diverse situations. 

To complete Chapter 8 we will take up description and hybrid logics as separate 
fields again, and discuss some of the main lines we touched on and clarified in our work. 
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8.1 On Description Languages 

It takes time for a modal logician to get used to how things are done in the description 
logic community (we know by experience). And one of the reasons for this is the shift 
from a local to a global perspective. The basic notion of validity in modal languages 
is truth of a modal formula at a point in a model. Description logicians instead, are 
interested in global notions (definitions and assertions) which are true throughout the 
model, and hence take global consequence as basic. 

In Chapter 4 we carefully analyzed this issue and explained how the local and global 
notions of consequence interrelate. We also designed the hybrid logic counterparts of 
description languages so that we can investigate this issue, and results like Theorems 4.8 
and 4.9 or the discussion in Section 4.5.2 exploit this fact. By means of the existential 
modality E we made available modal model-theoretical tools to the investigation of 
properties of inference in terms of non-empty T-Boxes. The work also turned out to be 
fruitful in pure hybrid logic terms as we were able to identify a useful normal form for 
hybrid languages without binders (Proposition 4.2). The issue of globality vs. locality 
has deep roots and can impact heavily on, for example, complexity issues. It is well 
known that instance checking in ACC is in PSPACE for empty T-Boxes and E X P T I M E 

without this restriction; or similarly in modal terms, the addition of E to the basic 
modal language produces an exponential blow-up in the local satisfiability problem. 
Notice though that this behavior is not because of "globality." The modal logic S5 is 
globality itself and its local satisfaction problem falls inside NP! We need both locality 
"to tell things apart" and globality "to spread these differences throughout the model." 
We can witness the same behavior on the issue of transitivity vs. transitive closure we 
discussed in Section 4.2. Languages with the ability to refer to the transitive closure 
of a relation are usually computationally more expensive than those which can simply 
define a relation to be transitive. In the former case we have two kinds of expressivity 
(local and global), while we only have globality in the latter. 

The work of this thesis has also brought more light to the relation between the A-
Box and T-Box in a description logic knowledge base. As we explained in Chapter 2, 
there are methodological reasons why it is worth to attempt such a separation on the 
available information we aim to model. And there are also important reasons which have 
to do with implementations: enforcing this separation can lead to simple and efficient 
reasoning algorithms. Some provers, like for example RACE, are actually able to classify 
the T-Box component of a knowledge base independently of its A-Box. thus allowing 
for inference in terms of different instantiations at a lower computational cost. But 
enforcing this separation also has its price. As we showed in Section 4.5.3. only by 
allowing the interplay of T- and A-Box information we can prove that a certain notion 
of definability holds for the language. Furthermore, results like Theorem 7.15 show that 
T- and A-Box information can indeed "live together" without further complexity costs. 

Description logics seem to be finding their way in more and more diverse environ
ments each day, and this is a trend that will not stop in the immediate future, on the 
contrary. They offer a wide range of inference services to chose from, and they deliver 
their goods in the form of extremely fast and optimized provers. together with a wealth 
of expertise concerning how to better structure and exploit complex information. 



8.2. On Hybrid Languages 137 

8.2 On Hybrid Languages 

In their long (if sparse) history, hybrid languages have attracted a number of enthusiastic 
advocates. Some have claimed that hybridization is a natural way to increase the ex
pressive power of modal languages, others have been impressed by the proof-theoretical 
options they open up, or the ease with which general results can be proved. Underneath 
most of this work lies a simple idea: that by exploiting the notion of formulas as terms 
to the full, we will be able to define systems combining the best of modal and classical 
techniques. 

We believe that the results we have presented confirm the interest of hybridization. In 
writing this thesis it has become very clear that working with hybrid languages involves 
a genuine interplay of modal and classical methods. For example, both Ehrenfeucht 
games (or back-and-forth systems) and bisimulations were involved in the expressivity 
results of Chapter 6, and the general interpolation result in Theorem 6.27 was proved 
by combining the modal notion of canonical models with the classical idea of Henkin 
models. The natural way these methods blend bodes well for further developments. 

Nominals seem to add a new dimension to modal logic (like filling a hole that only 
now we notice was there). And as we discussed in Chapter 3 they "cure" an asymmetry 
at the heart of modal logic. Modal logic is locality itself, and once a local point of view 
is adopted, once we evaluate formulas at a particular point in a model, the concept of 
"terms as formulas" comes very naturally. And the existential modality E can simply be 
added if we need to shift to a global perspective. But nominals are only an instance of 
a more general theme which deserves much further analysis: sorting. Hybrid languages 
are obtained from modal languages by extending the language with a new collection of 
symbols together with a restriction on the interpretation this symbols will receive on 
models. But the denotation of nominals (i.e., singletons) is probably just the most simple 
extension. What about exploring more complex sorts like paths, connected components, 
etc? And how do these sorts interact with one another? A neat example of sorted modal 
logics are the computational tree logics CTL and CTL*. In a very general perspective, 
hybrid logics as we know them today are just our first steps towards investigating the 
more general class of sorted modal logics. 

And of course there is the issue of binders. The classical quantifiers V and 3 are 
clearly interesting and a straightforward alternative, but the modal perspective gives rise 
to new options like I, a truly modal binder. And there are other possibilities (like the j , 1 

of [Blackburn and Tzakova, 1998b] or, more generally, the | " hierarchy), and of course 
the many combinations of different binders for different sorts. These operators let us 
capture powerful and natural new fragments of first-order logic without the complexities 
of actually moving into first-order modal languages. But actually, we can also hybridize 
first-order modal languages, and some recent preliminary results in our ongoing work 
seem to indicate that again hybridization would lead to general results concerning for 
example completeness and interpolation. 

Hybrid logics will probably continue to play a role in the future. They offer high 
expressive power, an elegant proof theory and plenty of connections with other fields 
like temporal reasoning and knowledge representation. For the moment they taught us 
a bit more about the structure of the landscape of fragments we are exploring. 
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8.3 What the Future Brings 
It is always difficult, and perhaps unwise, to cast bold predictions about what the future 
will bring. But it doesn't seem risky at all to say that in a number of years we will be 
able to chose from a very broad menu of language options when working on a given 
computational logic enterprise. And we will know in advance what the properties of 
these languages are: which are the boundaries of the expressive range they offer, which 
are their complexity prices, which are the available reasoning tools they offer, etc. 

As the Queen says to Alice, on her trip on the other side of the looking-glass, 'It's 
a poor sort of memory thai only works backwards.' It would be more satisfying to 
remember today a bit of what is to come. To remember (even if vaguely) of when we 
will be able to understand how to identify the correct language for a given, specific need. 

Some beautiful results have already been given to us, like the guarded fragments of 
Andréka, van Benthem and Németi [1995] ("if a logic can be mapped here then it is 
decidable") or the work on complexity of modal logics of Spaan [1993] ("if a logic is 
able to express this then it has at least this complexity"). The conditions for failure of 
interpolation provided in [Areces and Marx, 1998] are in a similar line. The discussions 
on robust decidability of Vardi [1997] and Gradel [1999] are another example. 

What are the well behaved fragments and. more interestingly, what are the reasons 
of their good properties? These are indeed important questions which the new field of 
Logic Engineering is only just starting to unravel. 


