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Introduction and Outline
1.1

Introduction

Financial markets have long been recognized to have an informational role. The importance
of this function of financial markets is profound given the information asymmetries common to agents in any economy. Prices may aggregate and disclose information, enhancing
the optimality of allocation decisions. If this aggregation ability is perfect, as is contended
by the early neoclassical work, informational differences between agents are dissolved completely, resulting in an optimal allocation of resources. Though evidently desirable because
of the implications for welfare, this idealistic view has changed dramatically over the last
two decades. In fact, the seminal work of Grossman and Stiglitz [1980] has brought about a
consensus within financial economics that the informational efficiency of financial markets
needs to be imperfect in order to disclose private (costly) information. This understanding has
shed a different light on many issues within the theory of financial markets with far-reaching
implications. If the informativeness of prices is limited, the details of market structure - such
as investor preferences and trading mechanisms - impact the degree of informational efficiency and, hence, partly determine the functioning and added value of financial markets in
general. It implies the presence of information frictions between differently informed agents,
which affects risk premia and market robustness. Not surprisingly, it has engendered a strand
of literature, both theoretical and empirical, that studies price formation under asymmetric
information. This line of study has two main objectives. On the one hand, it aims to uncover alternative explanations for phenomena reported by the empirical literature regarding
for instance time series properties of market statistics. On the other hand, it aims to arrive
at normative statements regarding market mechanisms and regulatory issues. Although the
surge in interest and publications in this area has been quite explosive, the field is still fresh
and there are many questions still open. It is to this strand of literature where we seek to
contribute. Specifically, we focus on the dynamics of price formation in financial markets
under asymmetric information. Although our approach is theoretical, we connect to a broad
range of issues, varying from the implications of market growth under costly information to
the explicit derivation of technical trading rules.
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Our principal objective is to gain an understanding of the intertemporal behavior of prices
under information asymmetry. Roughly, our focus can be divided into two parts. One focus
concerns the issue of information friction in markets in which agents can only re-trade the
asset to cash profits. We provide a generic framework of such markets with agents who are
differentially informed and exchange multiple assets across different generations. We consider
how information asymmetry impacts market statistics and performances measures of financial
markets. Additionally, we study the consequences of market growth given a fixed cost for the
acquisition of superior information.
The other focus concerns so-called charting or technical analysis. The usage of technical trading rules in practice is widespread. Whether such activity indeed has added value is
doubted by many. The question whether past prices can be used to predict (future) price realizations to some extent has been and still is the cause of debate among financial economists.
Overwhelming empirical effort has been seen in this area, although the resulting evidence
is still somewhat mixed. In spite of this, relatively little effort has been put in a theoretical
motivation why prices should or should not be predictable. In this thesis we seek to close this
gap. We provide a rationale for the usage of technical analysis, and explicitly derive trading
rules rational chartists would use given a generic specification of the excess liquidity supply
process. Moreover, we try to contribute on this descriptive level of financial markets with
the consideration of the time series properties of stock returns. Having established a rationale
for charting, we address a natural follow-up question: How does the parasitical presence of
chartists impact a financial market and the welfare of its participants?
In short, this thesis aims to contribute to the theory of price formation under information
asymmetry. Against this background, our results have relevance on different levels. On a
descriptive level of financial markets, we derive time series properties of stock returns and the
associated optimal trading strategies for chartists. Additionally, we demonstrate how market
growth under costly information may be to the detriment of liquidity investors, and how the
development of a market determines its sensitivity to information friction. On a normative
level, we show that unrestricted entry of chartists to financial markets may lead to market
breakdowns. Finally, on a theoretical level, we extend the rational expectations paradigm to
re-trade economies, in the form of a generic multi-asset model and a single-asset model that
allows for a higher order autoregressive specification of the supply process.

1.2. Approach and Background

1.2

3

Approach and Background

For this study, we adopt the so-called competitive noisy rational expectations approach. This
popular paradigm within financial economics builds on the innovative work of Grossman and
Stiglitz[1980] and Hellwig[1980], and formalizes the information feedback between prices
and investors. Within this framework, a central role is played by the notion of information
asymmetry or information dispersion. Information asymmetry typically occurs if some investors have an information advantage. Usually, the impact of these informed investors has a
dual character. Their presence introduces an adverse selection problem for less well-informed
investors. Informed investors, however, also enhance the informational efficiency of prices,
allowing uninformed investors to predict fundamentals with more precision. Beliefs, probabilities and conjectures of agents are keywords in such differentially informed markets. The
rational expectations approach provides a natural manner with which to handle the problem
of how individual beliefs are formed. It demands that agents' subjective beliefs about the
distribution of future outcomes and the structure of the market coincide with the actual probabilities of outcomes and the market structure. Hence, it also implies that agents rationally use
the information signal revealed by prices to enhance the quality of their investment decision.
The noisy rational expectations approach is distinguished by its assumption of a source of uncertainty that renders the market incomplete. This assumption resolves the Grossman-Stiglitz
paradox, and is usually incorporated through the introduction of so-called liquidity traders.
The latter derive their trading motives from private liquidity shocks or hedging needs. Finally,
the competitive variant of the rational expectations approach - which we adopt - assumes that
individual agents act as price takers, which may be motivated by assuming they are infinitesimally small compared to the market as a whole. The competitive noisy rational expectations
approach is standard within this strand of literature, and contains the basic ingredients that
are necessary to make a financial market work. It allows one to extract implications for the
informativeness of prices and its impact on market statistics. Moreover, this type of setup
exhibits a certain mathematical elegance and also a reasonable success rate when it comes to
the ability to solve for equilibria. Combined with the fact that it captures the essentials of the
trading process, this setup has been adopted by many researchers over the years, and is the
primary modeling tool in this thesis.
The models we utilize are multi-period models. As such we relate to the work of, inter
alia, Brown and Jennings[1989], Grundy and McNichols[1989], Wang[1993] and Brennan
and Cao[1996]. Our approach is distinguished in that it builds on the idea that financial
markets contain an overlapping generation feature. The motivation for this feature is that
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most financial assets, such as shares in company stock, have a lifetime that exceeds the time
horizon of the common investor. In fact, the time horizon of the average investor is likely to be
much shorter than the time until liquidation of the asset. This applies most directly to those
market participants who play a crucial role in the determination of prices: market makers
and professional traders. Additionally, we focus our attention on steady state economies.
This allows us to extract characteristics of markets unconditionally. Multi-period models that
assume a liquidation date by definition introduce a time-dependency in the properties of the
price-formation process. In particular, it implies that as time progresses, the uncertainty in the
economy is resolved. Absence of uncertainty resolution, however, accords better with reality,
given the continuous stream of random and exogenous innovations to which any economy is
subject. With the application of the rational expectations paradigm to steady-state, overlapping
generations economies, we try to acknowledge these aspects of financial markets.
The information aggregation process in financial markets is a complex one, and as the
reader will observe, the rational expectations approach carries this burden of complexity. The
rational expectations concept is strict in the way it assumes agents to behave. Agents are
rational utility maximizers, perfectly knowing the information-price relation, and perfectly
conditioning their forecasts on information signals. One may object to the sterile environment
and argue that the complexity of financial markets cannot be described by formulas. The key,
however, is that the mathematical framework developed over the years for describing the flow
and feedback of information through prices allows one to think more precisely and with more
focus about the delicate issue of information in financial markets.

1.3

Outline and Main Results

The models developed in this thesis have a common ground: all can be characterized as
steady-state overlapping generations economies. To be able to contrast our approach with
other contributions in this area, we have incorporated a survey, contained in Chapter 2. It
provides the background within which our efforts should be viewed. The main focus is on the
competitive rational expectations approach, and, in particular, its multi-period extensions. We
describe this concept starting with the innovative work of Grossman, and concluding with the
multi-period noisy rational expectations models that have been developed over the past recent
years. Additionally, this survey proposes a static model that incorporates both the Diamond
and Verrecchia[1982] and the Hellwig[1980] limiting economy. Moreover, we characterize a
generic method of solution for multi-period rational expectations models. We conclude by
explaining and contrasting our approach with the models described.

1.3. Outline and Main Results
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In Chapter 3, we derive the equilibrium conditions for a multi-asset multi-period noisy
rational expectations model in which the assets traded are infinitely long lived. The generality
of the model is emphasized by the fact that it incorporates both Admati's [1985] multi-asset
model, and Grundy and McNichols[1989] multi-period model as special cases. The framework
is unique in the heterogeneity of its agents. Not only are they heterogeneously informed
and endowed, but agents also differ in the length of their time horizon. The generality of
the framework does not, however, allow for easy elaboration on the characteristics of the
economy. In spite of this, its characteristics are found to be quite intuitive. For instance, we
show how the rationality of agents makes prices unbiased predictors of the fundamental value,
even if its liquidation period is infinitely far in the future. Additionally, we can interpret the
key parameters and relate them such notions as the informativeness of a price system and
the risk tolerance of a market. We discuss several special cases of this framework. The main
ambition of this chapter, however, is to contribute on a (rational expectations wise) theoretical
level, and to provide a generic basis for single-asset special cases that are studied in Chapters
4 and 5.
In Chapter 4, we consider how information friction in re-trade economies affects market
statistics. Usually, insider trading has a dual character. On the one hand, the presence of better
informed agents introduces an adverse selection effect that increases the costs of liquidity. On
the other hand, informed investors increase the absolute information quality of prices regarding
fundamentals. If an asset is re-traded, however, information quality only has relevance in its
ability to predict future prices and not in its transparency concerning fundamentals. It creates
a dominant role for information dispersion as opposed to absolute information quality. This
is exemplified by the fact that homogeneously informed markets, be they perfectly informed
or uninformed, have identical values for measures of market performance, such as market
depth and price volatility. We demonstrate an uni-modal dependency of such market statistics
as volume, volatility and market depth on the fraction of informed investors. Volume and
volatility increase in the degree of information friction, while market depth is decreasing
in this quantity. The critical fraction of informed agents, where the extreme points of these
dependencies are realized, is shown to decrease as markets develop. Price variance and volume
are seen to be more resistant to changes in information friction in well-developed markets.
Interestingly, this result is not seen for market depth. Its sensitivity is higher if markets are
more developed. The implication is that in better-developed markets, insider regulations may
be relatively more beneficial to liquidity traders.
In Chapter 5, we use a single asset special case of the framework developed in Chapter 3
to consider how the characteristics of markets change under market growth. We contrast two
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types of markets, one where agents are exogenously endowed with superior information, and
one where agents can acquire this information advantage at a certain cost. When considering
market growth, in the first type of market, the simple implication is that market depth increases given the increased competition between agents. In markets where superior, yet costly,
information can be acquired, the impact of a growing number of traders is found to have two
effects. On the one hand, it increases the competition between agents, which positively impacts the depth of the market. On the other hand, the increased competition decreases the
relative benefits of becoming informed, which in turn increases the degree of information
friction in the market. The latter effect diminishes market depth. The cumulative impact of
the two effects is that with costly information acquisition relative market depth reduces as
the number of traders increases. This implies that the significant increase in market size that
could be observed on many exchanges over the past years, may lead to the undesirable result
of lower market depth which will be to the detriment of liquidity investors.
On a more technical note, in Chapter 5, we also explore a unique feature of the model that is
developed. The market is heterogeneously composed of investors with different time horizons.
As such, a market is represented in which different generations actively exchange the assets,
and where in each period a new generation is born that replaces another generation that has
arrived at its consumption horizon. Using simulations, we consider how the length of time
horizons of investors affects their trading behavior. Generally, investors are shown to trade
more aggressively with increasing time till consumption. The reason is that the possibility
of intermediate trade allows for dynamic diversification and hence for larger positions in the
early stages of an investors' trading career. This also implies that if agents act myopically,
generally they will trade less aggressively.
In Chapter 6, we propose a stationary noisy rational expectations economy in which the aggregation of noise and information in prices motivates the presence of pure technical analysts.
We derive a closed form solution for a quite generic class of economies. In fact, liquidity
supply is allowed to follow an autoregressive process of arbitrary dimensions. We demonstrate
the equilibrium conditions if agents have time horizons that extend over multiple periods in
the spirit of Chapters 3 and 5. Subsequently, we explore in more detail the myopic investor
equilibrium. Specifically, we derive the trading rules technical analysts use, and their related
characteristics. It is argued that even though chartists try to trade against liquidity traders that
have a transitory impact on supplies, they may still behave as trend-followers. Additionally,
we derive formulae for volatility and correlations between lagged price changes. To exemplify our findings, we study an application of the framework. In this special case, we allow
the liquidity supply to be a second-order autoregressive process. Specifically, we consider

1.3. Outline and Main Results
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a market in which the supply level is highly persistent, and its innovations are positively
correlated. It is shown that under these circumstances, the equilibrium exhibits features that
are found in empirical studies of financial markets. For instance, chartists are shown to apply
a trend-following exponential moving average rule, one of the most popular rules observed
in practice. Also, short-term autocorrelations are positive, while longer-term autocorrelations
may be negative. An interesting observation can be made: though technical analysts exploit
correlation patterns in returns, an increase in their presence makes correlation patterns more
profound. This result stems from the fact that technical analysts trade less competitively. A
relatively larger presence of their kind decreases the average competitiveness of the market,
which in turn leads to higher risk premia, price volatility and significant correlation patterns.
We conclude this chapter with an elaboration on the implications of our findings for the efficient market hypothesis. The conventional interpretation of this hypothesis cannot be directly
applied to our model. In fact, whether our model violates the efficient market hypothesis depends on the definition used. However, the technical analysis applied in this model is simply a
means to optimally weight each public signal (in the form of price realizations). In fact, technical analysis is necessary for each agent, irrespective of his type -chartist or fundamentalistin order to optimally determine his demand.
In Chapter 7, we use the generic model of Chapter 6 to study how the presence of technical
analysts impacts market statistics and utilities of rational agents. This study is motivated by
the intriguing observation that chartists owe their existence entirely to the information based
trading activities of other agents. Chartists display a parasitical type of behavior, free-riding on
the information collection efforts of others. Having established a rationale for their existence, a
natural question is to what extent chartists affect market statistics, and in particular, the welfare
of other agents. It is shown that contrary to what one may expect, both fundamentalists and
chartists benefit from a large presence of technical analysts. The reason is that the reduced
competitiveness in their presence gives all traders the possibility to extract larger rents from
liquidity traders. However, there is a limit to the fraction of technical analysts for equilibrium
to be viable. As such, a unique type of market breakdown can occur: the financial market may
fail because informed agents refuse to trade if a market is too uninformed on average. This
is in contrast to the usual association with market breakdowns under information asymmetry,
where uninformed refuse to trade if the market is too dominantly impacted by a presence of
insiders.

Models of Intertemporal Trade under Information
Asymmetry
2.1

Introduction

Prices in financial markets should obviously reflect information. However, to what extent
prices reflect information, has been and still is the cause of debate among financial economists.
It is understood, nowadays, that the price-information relation is not as simple as contented
by the efficient market hypothesis, or the neoclassical work on price formation. Besides the
empirical support for a more subtle nature of the information role of prices, theoretical work
on price formation has yielded many insights. The mechanics of most of these theoretical
models are driven by the rational expectations paradigm. This concept captures the flow of
information from agents to prices and vice versa. Since its introduction to the area of finance
by Grossman[ 1976,1977], this notion has become the primary modeling tool for trade under
differential or asymmetric information. In particular, the CARA-Gaussian subclass of noisy
rational expectations models has proven to be useful in the characterization of price formation.
Within this thesis we adopt this approach as well, and additionally try to capture the dynamics
of trade under information asymmetry. The extension toward multi-period variations is not a
trivial task however. As Huang and Litzenberger stated in 1988,
'..We also know very little about the rational expectations equilibria in multiperiod economies.[...] the multi-period extension is a formidable task. This extension, when successful, will give rise to a much richer model. Questions such as to
what extent historical prices contain information about future prices and whether
volume of trade can play any informational role can only be answered in models
of a multi-period economy.'
In spite of the apparent technical difficulty, over the last decade, the literature has seen many
successful attempts. This literature is the main focus of this survey. It provides a background
against which our efforts in this area are to be evaluated.
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It should be noted that this survey does not have the intention to be complete or cover
the whole strand of literature concerning the topic1. The literature has grown to be extremely
rich in this area. Hence, we abstain from elaborate discussions on the variety of subfields that
have arisen, and we restrain ourselves to the competitive noisy rational expectations approach.
Within this area our attention is drawn to the more recent multi-period models, where we have
tried to include the most relevant contributions.
This chapter is set up as follows. In section two, we start with the illustration of the difference between the conventional Walrasian market-clearing mechanism and the rational expectations paradigm. We discuss the problem with fully revealing equilibria, and motivate the need
for noise. We proceed by solving explicitly a static noisy rational equilibrium. The generic
structure of the model allows us to subsequently derive the Diamond and Verrecchia[1982]
model, and the Hellwig[1980] limiting economy. We conclude the section with discussion of
the Admati[1985] multi-asset extension. In section three, we focus on multi-period rational
expectations models. We start the section with a discussion of the general problem involved
in solving for these equilibria. Subsequently, we discuss the various multi-period models that
have been suggested, starting with the early two period models, and concluding with the
infinite period models by Wang. The final section of this chapter elaborates on the differences
between the models discussed, and the approach that is adopted in this thesis.

2.2

The Informational Feedback from Prices: Rational Expectations

In a market where assets are traded whose future payoff is uncertain, agents need to make
forecasts for an optimal allocation decision. The expectations formed by agents thus play
a crucial role in the formation of prices. If information is dispersed throughout the economy the prior expectations of agents will generally differ. Prices may, however, aggregate
individual pieces of information through the demands of agents and consequently provide a
signaling function to investors. Hayek [1945] considered this informational role of prices. In
his view, the price system should serve as a communication device, resolving informational
differences between agents. Agents' investment decisions are then optimal, as if their actions
are coordinated by an invisible hand.
The neoclassical framework is insufficiently rich to capture this role of the price system. To
x

There are excellent reviews available that do encompass a larger scope of the literature on trade under

differential information. The reader is referred to 0'Hara[1994] for an overview of the market microstructure
literature, and to Brunnermeier[1998] for more emphasis on competitive rational expectations models.
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illustrate this, consider how the classical Walrasian framework would cope with differentially
informed agents. Assume that an asset is traded with uncertain payoff ü. N agents are present,
with agent i initially endowed with z{ of the asset. Information dispersion is present through
the assumption that each agent receives a private signal yt regarding ü. Given a utility function
U(W), agents choose their demand such that they maximize their expected utility conditional
on their private information. Their demand schedule, di(P,yi),
di(P,yi)

= 'aigmaxE[U{W{d,ü,zi))\yi\,

is formally represented by

s.t. ztP = dtP + M

d

where M is the amount of consumption good invested in the riskless asset. If agents have
CARA utility functions with Arrow-Pratt risk measure pit the solution to this maximization
problem is straightforward, and given by
di(P,y1)

2

=

r—rPivsx[u\yi\

(2.1

The equilibrium price P then follows by demanding that the market clears. That is, P is the
solution to

Using (2.1), one finds that the market-clearing condition can be written as
P

1

E-

TV 'Y P*var[«|y,]
Ar £—)

1 ^
V[u\yi]
N Y pivar[w|yi]

z

This equilibrium price may at first sight be appealing. It indeed aggregates information. In
fact, each individual influences the price with his expectation of w. The magnitude of this
impact is determined by both the precision of his information, and his risk aversion level;
Individuals with more precise information have a stronger impact. We also observe a risk
premium: if the excess supply Z is large, price will be low, and hence the expected excess
return will be high. Moreover, this price discount is determined by the both the risk aversion
and the information precision level of the economy. If the average individual is less risk
averse, or has better private information, the risk adjustment factor is smaller. An equilibrium
such as the above was studied by Lintner (1969).
2

This solution can be simply found as follows. Since

E[U(M + diü)\yi]

=

-E[exp(-pi(M
-exp(-p,M

Maximizing with respect to d{ yields the expression.

+ diü))\yi\
- pidiE[ü\yi] + -p?c%vax[ü\yi])
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However, there is a problem with this formulation. Although agents know the marketclearing price upon submitting their demands, they do not use the information reflected in
prices. In fact, with hindsight agents would generally want to re-contract, in light of this
additional information. Hence, this equilibrium is not market clearing conditional on the information contained in prices. The rational expectations concept resolves this difficulty. In
a rational expectations framework, the requirement is that agents optimally use all information available, and, in particular, the information displayed through prices. Agents' demand
schedules are thus formed conditional on the market-clearing price in conjunction with private and/or public information. Returning to our example, this implies that the maximization
problem is replaced by
di{P, Vi) = argmaxE[f/(M + du)\yu P] subject to zzP = dtP + M.
d

Hence, in contrast to the classical Walrasian models, market prices not only influence the
demand of each agent through their budget constraint, but also through their conditional
expected utility function. Accordingly, the market-clearing condition changes to

Indeed, the solution to this pricing problem depends on the functional relation between P
and the expectation of ü. The rational expectations approach demands that all agents conjecture
the same pricing functional, and, that agents' (subjective) beliefs about the price function and
the probability of outcomes coincides with the actual market-clearing price and probabilities.
The advantage of this approach, first proposed by Muth[1960,1961], is that systematic errors
or biases in the inference of agents, are ruled out, leading to a plausible means to the handling
of expectations.
The determination of equilibrium under rational expectations can be considered as a fixedpoint problem in the space of functions that map supplies and information signals to prices.
Denote this space of functions by P. For an economy with a set J\f of agents, each endowed
with information set P , and endowment zt, we have V/ € P, ƒ : ( { P } , {zz}) —> R + . Given
a realization of the price P, agents can derive a conditional distribution regarding the signals
that span the information set of each agent. Consequently, agents' demands are formed using
this conditional distribution. If agents conjecture a price function ƒ, their demand d;(.) can
therefore be written as d, = d(P, yf,f).

The market-clearing price P is then implied through

the requirement that the market clears, i.e. P solves Z = Y^d^P, yï,f).

Denote the solution of

this problem by ƒ', i.e. Z = £;d;(/', yt; ƒ). Next, define the transformation T that transforms
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= ƒ'. A rational expectations equilibrium is then defined as a fixed point

of this transformation, that is Tfree = free. The functional form that is usually considered,
certainly in the CARA-Gaussian framework, imposes linearity in the state variables. In the
above framework, one would for instance assume that P — no + n{ J], yt.
Grossman 3 [1976] was the first4 to use the rational expectations concept to consider the
aggregation of information through prices. He shows that this aggregation can be perfect, and
ultimately lead to a Pareto optimal equilibrium. In fact, a social planner with complete knowledge of the economy could not achieve a better allocation than in the fully revealing rational
expectations equilibrium. This result is exactly what Hayek[1945] had contented. Agents need
not to look further than market prices to know all they need to know to act optimally. This
type of equilibrium is called informationally efficient. The signal provided by the price is a
sufficient statistic for individual private signals. Beside the information aggregation function
of markets, another informational role for prices is in the form of a transmitter of information. Typically, this could occur, when one group of traders possesses superior information
compared to the other group. Prices then transmit information from better-informed agents to
uninformed agents, rather than to aggregate individual pieces of information. Grossman[1977]
explores such a situation explicitly within the context of futures markets for commodities
(wheat). A so-called fully revealing equilibrium results, where the private signals of informed
agents are completely revealed through the market-clearing price. As Grossman[1977] notes
'spot prices act like a xerox machine, freely distributing the information of the informed firms
to the uninformed firms'.
This type of full revelation of private information always occurs if the uncertainty about
fundamentals is spanned by the information signals available to agents. In the Grossman[1977]
model, the single source of uncertainty is revealed through the observation of the price realization. Generally, if there are as many assets as sources of noise, a rational expectations
equilibrium exists that resolves all uncertainty5 (Allen[1982]). Though Grossman[ 1976,1977]
showed that such revelation may lead to an optimal allocation, fully revealing equilibria have
several conceptual problems. In case of the aggregation of information, prices' being sufficient
3

For an overview of the contributions of Sanford Grossman to the rational expectations literature, see

Admati[1991].
4

Another early contribution to this literature is Green[1977].

5

Apart from the number of assets, the type of assets also influences its informational content. As such,

financial innovations may be driven by enhancing informational efficiency of financial markets (see for instance
Boot and Thakor[1993], Duffie and Rahi[1995], Allen and Gale[1994]).
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statistics for the aggregate knowledge in the market, makes agents' demands independent of
their private signal. A paradox is the result: if agents' demands do not depend on private
signals, how can information be incorporated in prices? In case of disclosure of private information, a problem arises when information is costly. If prices are fully revealing, agents will
never have an incentive to acquire costly information, because they cannot exploit their initial
comparative advantage if prices freely distribute all information. Grossman and Stiglitz[1980]
point out this problem in their seminal work 'On the Impossibility of Informationally Efficient Markets'. To resolve the problem of fully revealing prices, Grossman and Stiglitz[1980]
assume that another source of uncertainty is present that distorts the signal displayed through
prices. The result is that prices are only partially revealing. This gives informed traders the
opportunity to exploit their private information, such that they can offset the cost of information acquisition. Grossman and Stiglitz[1980] also consider the interior equilibrium that
arises when agents have the choice to acquire costly information. Given the diminishing returns when the number of informed traders grows, they show that an interior equilibrium may
exist. The equilibrium allows them to consider the informativeness of the price system, and
to elaborate on several conjectures. The most important observation concerns the efficient
market hypothesis. Grossman and Stiglitz[1980] argue that
'Efficient market theorists seem to be aware that costless information is a
sufficient condition for prices to fully reflect all available information (..); they
are not aware that it is a necessary condition. But this is a reducto ad adsurdum,
since price systems and competitive markets are important only when information
is costly'.
The implication is that a price system should only partially reveal private information
in order to reveal information at all. This has come to be known as the Grossman-Stiglitz
paradox 6 .
Full revelation of information can be precluded through the incorporation of additional
noise. That noise in an economy may play a profound role in general is emphasized by
6

A related problem with fully-revealing equilibria is the so-called Hirshleifer effect. Hirshleifer[1971] shows
how full resolution of uncertainty may preclude trade, that otherwise would have improved risk sharing. If risk
averse agents face uncertainty, where one group of traders is better off in one state and the other group is
better off in the other, trade may improve risk sharing. However, under full revelation of uncertainty the group
that is better off, will not want to trade anymore. Hence, no trade occurs in the full revelation equilibrium.
Moreover, with the anticipation of no-trade, trade will not take place, leading to no resolution of uncertainty,
while pertaining the inefficient allocation of risk.
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Black[1986] in his infamous 'Noise' paper. Noise introduces an additional degree of freedom
rendering the market incomplete. In the standard CARA-Gaussian framework, noise typically
enters the market-clearing condition in the following fashion
y^ dj oc x
i

where X represents the noise term. In words, the excess demand scales with noise. The
existence of such noisy excess supply can be motivated through the presence of liquidity
traders, who trade on the basis of non-informational reasons, perhaps motivated by private
liquidity shocks, or a hedging need given some random endowment with the risky asset.
An alternative is proposed by Wang[1994], who introduces noise through informed agents
who have the availability over a private production technology that causes their demand for
the public risky asset include a non-informational component. In Campbell, Grossman and
Wang[1993] noise is incorporated through the assumption of a stochastic average risk aversion
level of the economy. From a strict mathematical viewpoint, all of these approaches are
equivalent. More complex specifications of additional uncertainty (such as in Romer[1993])
often impair the CARA-Gaussian elegance by introducing non-linearities. In these cases, the
only means to extract results is by numerical procedures.
A criticism specific to the CARA-Gaussian framework is that the distributional properties
of the state variables allows for unrealistic outcomes in the form of negative stock prices and
risk aversion levels. In spite of this flaw, the normality assumption is common in this strand
of literature. One justification is that it should be considered a first order approximation to a
more complex distribution. Alternatively, one can argue that the CARA-Gaussian framework
is equivalent to a model where more complex distributions are allowed, and agents have
mean-variance utility functions (see Campbell, Grossman and Wang[1993]).

Though the inclusion of additional noise by Grossman and Stiglitz[1980] resolves the conceptual difficulties with informationally efficient equilibria, their model implies a schizophrenia of rational investors. Though agents rationally anticipate the complex relation between
information and prices, they neglect their individual impact on the market-clearing price. In
Hellwig[1980], this problem is resolved under the assumption of a large market, rendering
individuals with an infinitesimally small impact on prices. Another novel feature in Hellwig[1980] is that it studies the information aggregation ability of financial markets, endowing
each agent with a private piece of information. Another approach that considers an economy
with dispersed information can be found in Diamond and Verrecchia[1981]. In the following
we consider a generic framework that incorporates both of these approaches.
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Assume that there are N traders, which we index by i 6 J\f = {1, 2,..., N}. Each individual
is endowed with a private endowment given by zt. Investors can trade a riskless asset yielding
a fixed gross return of unity, and a risky asset with uncertain payoff which we denote by ü,
with ü ~ yVfwc/io1]- They do so with the objective of maximizing the expectation of their
exponential utility at the consumption date that coincides with the liquidation date. We denote
the risk aversion coefficient of investor i by p;. Each trader receives a private information
signal y{ regarding v.. These information signals are imperfect through the perturbation of a
normally distributed error term unique to each investor, i.e. yz = ü + ër, with ê,: ~ N[0, s,"1'].
The initial endowments {zi}i<=M are distributed normal with mean z0 and variance V =

f1.

Additionally, there is a group of liquidity traders that adds noise to the per capita excess supply.
This extra per capita supply noise is represented by X, with X ~ N[0,x]. We assume that
the random vector (X, z0l ...,zN,è0,

...,êjv) has a non-singular variance-covariance matrix.

Given the distribution of imperfect information signals across investors, the collective
knowledge in the economy is superior to any individual information set. Therefore, the signal
present in the market-clearing price can provide agents with information beyond their private
signals. Rational expectations enters through the requirement that agents extract information
from prices, and do so optimally. Their demand is based on their conjecture of a price function, assumed to be linear in the state variables. Explicitly, we assume that agents conjecture
a price function of the form7
N

N

P - TTn + J2 KW - lZ = 7ro + nu + J2 ndi - lZ

(2.2)

where Z = i £ 2 , + X, and 7r = J^=l TTJ. The form of the demand schedule of agent i is
standard and given by
di{P,zi,yi)=

'
'1^
.
PiVa,r[u\P, Zi,yi\
The equilibrium is determined by the solution to the market-clearing condition

(2.3)

±-Y.di{P,~Zi,Vi)=Z
The next step in the usual approach for solving rational expectations equilibria is the derivation
of the conditional expectations and variances of each investor concerning ü. In this case, we
7

Note that we have made a simplifying assumption in this structure. We assume that the individuals' endowment Z{ affects prices in a manner independent of his preferences. This is good enough for the derivation of both
Hellwig[1980] and Diamond and Verrecchia[1982]. Generally, one should replace the term 7Z by jLX+J^-jiZi
in order to find a solution. This extension is straightforward, though more tedious.
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do so by means of the projection theorem. First note that the vector (u,z,;, j/^, P) has mean
(uo, zo, uo, Tfo +
/

nu

o — JZo) and variance-covariance matrix

hö1

0

0

1

Mi

/lg

r
1

\ nhô1

0

-lt/t

K1

7T/JÔ 1

0
1

hö

-7,/i

+ S"

1

Tïhö

1

+ TViS'1

nhô1 + 7T.S-1 ^hö1 + Ef=o ^ V + l2(l/tN

+ l/x)

)

This expression can be used to determine the conditional expectation of trader i. Applying
the projection theorem (see appendix A), the conditional expectation of investor i is linear in
his information signals,
(2.4)

E[u\P, Vi, zt] = a0i + auVi + a-i^P + a3lZi,
with the coefficients axj given by

b-lu0h0 \\Lf\

Q0.

+72^-.1 - s-1^ +72(1 - AT 1 )/^

(2.5)
(2.6)

+6~ 1 (72:o -7T 0 ) (TT-TTi)

(2.7)

OL\.

«2z

= ft,-1 (TT - -ïïi)

Q 3î

=

£

^

bf-yN'1

(2.8)
(2.9)

(TT - TT.,)

where

3=1

S

+ 7 2 (1 - i V - 1 ) / ^ + 7 V - 1 - TT,2«:

(s, + /7,0) + (TT - nt)2

(2.10)

J

The individual i's conditional variance of the liquidation value is represented by ßt
ßi

=

(2.11)

var[ü|P, Zi,yi]
AT

Kl*7

£-

_ 2

N

"j \

, ..2„-l

_2„-l

1 „,2h

•yi^-Trfs^ + ^

Rj-l-i

t(l-N-l)/tN

(2.12)

Inserting (2.11) and (2.4) in the demand schedule of investor i (2.3), the market-clearing
condition gives us the following equation specifying the equilibrium:

-y

=z
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This implies that the market-clearing price has the structure
1

Nh

JV

1

Nh

Pißi

Z

Pißi

Rational expectations requires that the conjecture of agents concerning the pricing functional,
given by relation (2.2), coincides with this functional form8. Moreover, this conjecture should
be valid for all realizations of the random vector (P, { j / * } ^ , {zi}i£^,

X). Imposing these

requirements leads to the following specification for the constants of the pricing functional
-I
TTO

N

1 yV 1 - a2t

Nh
1 N
TR

t„ » 0Ny 11

i

i

Pißi

1 ^ l - « 2 ,
N
Pißi

E-

i

Ai

A Er

-

Oi2l

i ~]

aiiVi
N^Pißi
1

N

„

^ h pißi

These relations are the starting point for the discussion of two special cases of this model
that can be found in Diamond and Verrecchia[1981] and Hellwig[1980].
To enhance tractability, Diamond and Verrecchia[1981] make some simplifying assumptions. First, each trader is assumed to have a risk tolerance of unity, i.e. p{ — 1 V i e V . Second,
traders receive information signals that, though different, have the same precision, i.e. st = s
V,s_v. Finally, the exogenous liquidity component is absent, i.e.

0. Given the equivalence across traders, these assumptions imply that the pricing functional should be symmetric

in 7T,;. In accord with this, we impose that 7r, = TT/N. Observe that within this setup, each
trader has four sources of information: the prior that he shares with all other traders, his
private information signal, the market-clearing price, and his own endowment. The latter also
benefits the precision of his estimates, as it can explain part of the error in the market-clearing
price.
Diamond and Verrecchia[1981] solve the pricing problem explicitly using the standard
approach (i.e. by means of the projection theorem). We can apply the above relations to
derive the equilibrium immediately. It is easily shown9 that upon implementing the specifics
of their assumptions, the following expressions for the equilibrium pricing coefficients are
8

Note that this requirement can only be met, if we let a3i/(pi/3i) be independent of i. In both Diamond and
Verrecchia[1982] and Hellwig[1980] this is indeed the case. See previous footnote.
9

Using the expressions (2.5)-(2.11 ), the update rule of each trader is characterized by the following coefficients
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found:
u0h0(ts + l) +tszQ(N - 1)
ts(Ns + /in) + s + h0
stN + 1
'ts(Ns + ho)'+s + ho'
stN+l
ts(Ns + h0) + s + h0

7I"0

7

The corresponding pricing functional is given by
P = K~1 u0h0{ts + 1) + tsz0{N - 1) + s(stN + l)jjJ2Vi-

(stN

+ l)jT E

*

where
X = ts(JVs + h0) + s + / i 0
Observe that the price is a weighted average of the common prior of the market u 0 and the
information signals of each agent, TV-1 YlieNVii distorted by the uncertain per capita excess
supply

jjEzi-

Recall that the ex ante information of each trader is given by h0 with mean tin. After
observing the market-clearing price, each trader now has a better estimate with mean
stxt + s(yt - ufj)

Nst

-

^ = Uo + st(Ns + h0) + (hQ + s)+ N^TÏ{P

-

Uo)

(dropping the indices)
a0

= b-'uoho (TV - 1) n ^+J

a2

= ft"1

a3

=

(TT

S

+ b-\-yz0 - 7r0)(7r - TT/N)

- ir/N)

b-^/N-^TT-ir/N)

where b = (JV - 1) s " 1 * " 1 ^ ^ 2 * + S72) + s(7r2iVi + s 7 2 )) and ß = ft-'s"1 (TV - 1) **$// . Indeed, all Q'
s are independent of i. We can thus safely drop the subscripts i. The equations that pin down the equilibrium,
are then given by

TO

1
- ("first - ir2t — sj2)
2
JV N(h0(w t + S72) + s(?r2iVt + S72)) - stw
1_
sV
N N(h0(ir2t + sj2) + s{ir2Nt + S72)) - str
u0h0N~1(-Kit + 72s) + st(jz0 - TT0)W
N(h0(ir2t + sj2) + s(ir2Nt + sj2)) - stir

Though of' third order, the solution to the above equation is simple (and unique), and given by the coefficients
presented in the text.
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and precision h = er,"2 = h0 + ^j^~à.

Indeed, the updated expectation is a weighted average

of the common prior, the traders private signal, and the prevailing price P, corrected with
the traders knowledge of the prices' error. Observe that the precision of the ex post update
diminishes with increasing noise, and increases with the number of traders and the precision
of the private signal. In the limiting economy, where the number of traders approaches infinity,
uncertainty is resolved completely. The reason is that supply shocks are uncorrelated: upon
applying the law of large numbers, the variance of the supply noise vanishes. In Grundy
and McNichols[1989], agents are also endowed with random supply shocks. They, however,
assume that as the limit of traders grows, additionally the variance of individual supply shocks
grows. This results in an equilibrium in which the variance of the per capita excess supply
remains non-zero.
Diamond and Verrecchia[1981] report two limiting cases that are of interest. First, consider
the limit in which the variance of supply noise, t, goes to infinity. In that case, the ex post
information precision becomes, lim t ^ 0 h = h0 + s which equals the ex ante level. In other
words, there is no information contained in the price, and agents can only use their private
information signal. Second, consider the limit of no supply noise. The ex post information
precision now becomes lim^oo h = h0 + Ns, which equals the information precision of the
combined knowledge in the market. Indeed, here, prices convey information perfectly, as if
each trader additionally receives the signals of all other traders. However, as Diamond and
Verrecchia[1981] note, this result can only be seen as a limiting case of a partially revealing
equilibrium. In fact, it is impossible to exist. In their words, 'But when price is fully revealing,
individuals' beliefs are fixed by aggregate information. This precludes beliefs from depending
on private data, which in turn precludes price from depending on private data'.

Although Diamond and Verrecchia[ 1981 ] show how an economy may aggregate information, the price taking behavior of agents contrasts with their knowledge of their impact on
price. This so-called schizophrenia of investors, is resolved in Hellwig[1980], by considering
the actions of traders within the context of a very large (infinitely large) market. Individual
agents can consequently not influence the price due to their mere smallness. Though Hellwig[1980] also considers existence of a finitely sized economy, his limiting economy has
been used widely in the literature, and is the focus of the following discussion.
Hellwig[1980] does not include shocks to private endowments of investors. In our generic
economy, an identical situation occurs when we impose t~l = aM = 0. The equations speci-
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fying the regression coefficients of investor i then become
a0i

K^oho

au

= 6/

+TV1 - «

E 3=1

sa2x

x

+ b-\1Zo - n0) (TT - Wi)

S

'J

' ^
+ Si ( E
S

j=i

J

where

fc

E - ^ +7• • v
3=1

S

1

-*?^

(s, + ho) + {n-

IT,)2

J

and

ft = &rV ;E= 1 ^J +r*
S

-^

Again we can identify our parameters

1 Al-tt2,

7

=

7Tj

=

7

7T0

=

7

1 C*ii

i

TV

Explicitly the relation for 7T; becomes
7 S,

ftiV

S 2

^ + S, f £ƒ=! ^ ) X ~ X7r7r'

s* ( E™=i ^ ) i + sa2

(2.13)

- X1T2

Of interest to us are the asymptotic properties of this price coefficient. As Hellwig shows,
for large JV, the fraction Qt = 7^/7 is given by10 Q»(iV) = - ^ +o(l/7V 2 ). Armed with these
°First we define, following Hellwig[1980], Qi = 7^/7 and Q = 71-/7. Relation (2.13) can then be written as

Given Qt > 0 and Q > Qi for all i, we have that
PiN
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asymptotic properties of 7r,:, we can approximate the relations for a y and ßit up to zeroth
order in N^1. It follows that we can write
»(K

b{ XU0h0rfx

=

au

=

a2l

b-^rfx-

=

l

1

+bl1{-/Z0-

7To)7T + o(N

l

)

1

+o(N~ )
1

b^TT +

oiN- )

with
h = 'fx~1{si

+ HQ) + TV2 +

oiN-1)

and
bi1s~1-/2x-1+o(N-1)

ßi =

Hence, the equations specifying the pricing coefficients become
*i

=

%(JV

+

o(l/N))

Pi

j

2

St + j2h0

+ xir2
Ptl

— XTX

N
- , U o / l o 7 2 + X7Z07T - XTT0TT
7T0

=
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/L

•o(l/N)

2

—2
PiV

+ °(l/N)

Before we proceed to the limiting case, note that for large N, the fraction 7^/7^ —>

^1 .

In other words, the relative importance of each agents' information is proportional to his
risk tolerance and the precision of his information. Indeed, where in the Grossman[1977]
model of information aggregation, this weight was only determined by the precision of each
agents' information signal, here, his risk tolerance also contributes to the impact on the pricing
functional. Observe that this means that for finite N, information is aggregated in a suboptimal
way, since the most efficient estimator is given by y = J2siViMoreover, we also have that

Qi

(EjLi %r)x + s ' - xQ> - xQ< £ j * Q
PiN
xQi E , Qj

ft7V
S!

s,

PiN
Hence, for large N, Qi(N)
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The economy that results, taking the limit of N -> oo, is characterized by the relations

7
7T 0

where we defined11 r = ƒ -di,

(xs2r2 + s)
s + h0 + xs2r2
xsr + r" 1
- s + ho + xs2r2
u0h0 + xz0sr
—
s + ho + xs2r2

and s = \ ƒ ^ d i . These constants can be interpreted as the

average risk tolerance and a proxy for the average information precision in the economy,
respectively. Next, consider the pricing functional
N

P = 7T0 + 1TÙ + ^2 7Tj£i - 7-Z
i=\

Applying the law of large numbers, in the limit iV -> oo, the term £ £ i TT,^ has zero mean,
and since 12

g*?«? - £ $ ( * + oii/NWsi < £(^)) 2 * 2 < £ [ | «
converges to zero when taking the limit, also has zero variance. Hence, the pricing functional
converges in probability to
P = TTo+TTÜ — jZ
A very simple and elegant structure indeed. The private errors of individuals do not appear in
this equilibrium price, given their infinitesimally small impact on the price. However, prices
only imperfectly transmit information. This follows from inspecting the ex post informedness
of agent i, as measured through var_1[ü|'(/;, P],
v a r " 1 ^ , P] = ßil

= st + h0 + s2r2x

"These definitions are standard. The aggregation of a random variable zl (i e M) over Af is denoted by the
intregal ƒ zidi. A formal definition of this aggregation requires the definition of the triple (J\f, g(N),p),

where

8(JV) denotes the collection of all subsets of M and \i : g(N) -» E + is a finitely additive measure (Jordan
measure) with the property that p(A) = limV-oo #(A{1, 2 . -,N\)
integral is then defined through

12

We define s = sup i€A ^ s; and p = inf i e ^ p,-

V A Ç A" for which the limit exists. The

24

2. Models of Intertemporal Trade under Information Asymmetry

which remains finite. Furthermore, note how the informativeness of prices (represented through
s2r2x)

depends on the preferences of agents in the economy. It implies that the larger rs,

the more reliable the market is in terms of communication. In words, the more risk tolerant,
and the higher the precision of private information, the better the information that is revealed
through trading.
The conditional estimate of the future payoff is given by
E[ü\yuP}

= a0i + auyi + a2iP
=

b~l~f2x-l(u0h0

+ sim) + b~\{P

-j

0

-

jz0)

Another appealing feature arises: agents also use their own signal when forming their demand.
This resolves the conceptual problem of prices being sufficient statistics. Many researchers
have adopted the Hellwig[1980] framework. It allows for a very generic structure of information distribution across investors, yet, at the same time it results in an elegant and tractable
equilibrium.
In Hellwig[1980]'s model all agents are endowed with a certain information precision independent of their preferences and initial endowments. If the information acquisition efforts
are determined endogenously, however, it is likely that information precision levels and preferences are correlated. Verrecchia[1982] addresses this issue. As he indicates, the decisions of
each agent will not only depend on his own preferences, but also on the precision of information revealed through prices. Since the latter quantity depends on the information acquisition
efforts of all other agents, the information acquisition problem depends on the degree of information revelation and vice versa. Hence, these problems have to be solved simultaneously.
Verrecchia adopts the model developed by Hellwig[1980], and considers the maximization
problem for each investor given the cost for each precision level, represented by c(s). By
means of a fixed-point argument he shows that an equilibrium exists in which the amount
of information acquisition is endogenously determined. Additionally, Verrecchia[1982] shows
that the level of precision a trader acquires is a non-decreasing function of his risk tolerance.
This result can be understood by realizing that more risk tolerant traders will generally have
larger positions, and hence are inclined to acquire more information to protect their riskier
positions with higher accuracy. Verrecchia[1982] also shows that the informativeness of price
increases as noise decreases. This result does not coincide with the findings of Grossman
and Stiglitz[1980]. In their model, a decrease in noise leads to a reduction in the information
gathering efforts of agents, such that the two effects exactly offset one another. In Verrecchia's
model, this is not the case. Instead, the informativeness of price increases as noise decreases.
This happens because the direct impact of the decrease in noise on the informativeness is
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always larger than the impact of the corresponding reduction in information acquisition13.
The foregoing analysis discussed economies in which a single risky asset is traded. Of
course, the reality is that many assets can be traded, and that investors hold portfolios of assets.
Admati[1985] extends the elegant framework of Hellwig[1980] to a multi-asset securities
market. Her work is a straightforward, though tedious, extension of the Hellwig[1980] model.
Admati, as Hellwig, first studies the finite agent economy, and then considers explicitly its
limiting special case. The latter is the focus of the following discussion. As in Admati[1985],
assume that n assets are traded. The vector of asset payoffs is denoted by F. Each agent
receives a signal vector, regarding this quantity, of the following form: Y, = F + £,. Each
asset has a liquidity component, which we represent through a vector of per capita excess
supplies, denoted by Z. Furthermore, we denote the means of F and Z by F and Z, and
the variance-covariance matrices of F, Z, and e,, by HQ1, X - 1 , and Sf1 respectively. We
conjecture an equilibrium in which the pricing functional is linear in F and Z, i.e. the vector
of prices is given by
P — 7Tn + TT\F — jZ

Additionally, define the following constants:
r = / r,di
Jo
where r\ is the risk tolerance level of trader i, and
Q =

Jo

riSjdi

a proxy for the average risk tolerance weighted information precision in the economy.
Observe that conditional on their private information and the pricing functional, agent i
updates his beliefs regarding the vector of future payoffs according to
E[F\Yi,P}=B0i

+ BliYi + B2iP

Denoting the variance-covariance matrix of this estimate by V,, if follows immediately that
the demand of agent i is given by
di(Yi, P) = rzV-l{B0l
13

+ BltYt + {B2l -

RI)P)

If information can be bought, an information seller is obviously necessary. Admati and Pfleiderer[ 1986,1988]

show how information may be exploited by an information owner, if the latter has the possibility to sell it
directly, use it himself to trade, or sell it indirectly trough a mutual fund. The optimal strategy of a monopolistic
information owner depends on his preferences. Be they risk averse, they tend to sell information. If instead they
are risk neutral, information owners will trade on their own account.
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The market-clearing condition thus becomes

jriV-\B0i

+ BuYi + {B2i - RI)P)di = Z

This is a rational expectations equilibrium if the following conditions hold:

Tl
•

jr,y-l(RI-B2l)di

=
K

X

=

7T0 =

7

I

'

7 ƒ

r

.

y

-

1

B

u

d

i

r,VrlB0ldi

and if
ƒ riV~1BizEidi

= 0 a.s.

Note that the latter equation is guaranteed by the law of large numbers. The derivation of
equilibrium needs some tedious algebra, which can be found in the appendix to chapter 3.
The equilibrium price coefficients that ultimately follow this effort, are given by

Tio = ^(rHo + rQXQ + Qf^HoF
m

+ QXZ)

= ~(rH0 + rQXQ + Q)-l(Q + pQXQ)
K

7 =

^(rHo + rQXQ + Qy'il

+ pQX)

Indeed, the expressions are very similar to the ones derived by Hellwig[1980], However, the
multi-asset market does have properties that cannot be directly captured by the single-asset
market.
In the multi-asset market under information dispersion given certain conditions, interesting
phenomena can be observed. As Admati[1985] shows, the prediction of an asset's payoff may
be decreasing with its price, and assets can be Giffen14 goods. These counter-intuitive dependencies derive from the regression analysis agents apply in order to update their beliefs. In
fact, these results hold only ceteris paribus. Due to correlation between payoffs and supplies,
agents use other price movements to update their beliefs about a certain asset. If one asset
provides a strong information signal, but does not change value, while another low informative asset increases in value, agents are inclined to infer that this movement is caused by a
supply innovation, and hence assume that the fundamental has decreased. Another interesting
observation concerns the comparison with the conventional homogenous multi-asset markets
4

A Giffen good has the property that the demand for it is increasing with its price.
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considered by Sharpe[1964] and Linter[1965]. Similar to these symmetric information models,
in Admati[1985] agents form their portfolios using an asset pricing model in which the risk
premium on holding the asset is proportional to the covariance of its return and the return of a
"benchmark" portfolio on the agent's mean-variance frontier. The price of risk is the expected
excess return on the benchmark portfolio divided by the variance of this return. However, the
fundamental difference is that expectations and covariances are conditional on an investor's
individual information set. Hence, each agent applies a different asset pricing model. The
individual benchmark portfolios do not aggregate in a simple manner with the dramatic implication that the term market portfolio has no meaning in this economy. Market portfolios
are generally not mean-variance efficient across different information sets. The capital asset
pricing model (CAPM) therefore is of no value under information asymmetry 15 .

2.3

Multi-period Noisy Rational Expectations Models

The models described in the previous sections are static; trading takes place in only one
period. A natural extension includes a multi-period setting that permits an examination of
the intertemporal behavior of prices under information asymmetry. Unfortunately, extending
the rational expectations paradigm to multi-period environments has been proven to be very
difficult. The informational feedback from prices introduces a complexity that limits the
tractability and transparency of multi-period studies. In spite of this, many researchers have
been successful in performing this extension.
A primary difficulty in the derivation of multi-period equilibria, concerns the maximization
problem of investors. The simplicity of the demand function encountered in the static NREE
15

In Admati and Ross[1985] the model is used to consider the issue of performance evaluation. Measuring

the performance of portfolio managers is important given the amount of capital that is affected through their
investment decisions. Hence, many performance criteria have been put forward. Examples are the reward-tovariability ratio or the reward-to-volatility ratio. Admati and Ross[1985] utilize the Admati[1985] model to
consider how a fund manager who receives private information is evaluated under such criteria. They show
that these performance criteria may yield incorrect results. For instance, the reward-to-variability ratio may be
a decreasing function of precision of the information of the fund manager. The reason is the more aggressive
trading actions of better informed agents, leading to more volatile return patterns. With the failure of conventional
performance measures the need arises for alternative statistics. The only true measure of superior performance
is the precision matrix of the private information of the fund manager. Admati and Ross[1985] suggest a
few guidelines that may help extracting this precision matrix. Related work can be found in Dybvig and
Ross[1985a,b].
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framework generally does not carry over to multi-period environments. The early work on
multi-period models by Brown and Jennings[1989] and Grundy and McNichols[1989], therefore, assumes myopia of agents to derive the properties of the equilibria. In the past years,
however, much progress has been made, through the work of Wang[1993], Slezak[1994],
Vives[1995] and Brennan and Cao[1996], who allow agents to rationally take into account
the possibility of intermediate trade.
Before we discuss the models proposed in the recent literature, we first consider a generic
approach to the dynamic pricing problem under information asymmetry assuming a CARAGaussian structure. Though the equations that specify the equilibrium cannot be solved explicitly, it allows us to demonstrate a few basic properties of this framework.
For ease of exposition, we adopt the following notation. We introduce the state variable tyt
which is a sufficient statistic for all information up to and including time t, including investors'
signals, liquidity shocks and private endowments, i.e. $ , e f ! , = R x ( \JieM X4W) x I ( (p)
x Aft- T{ represents the information set private to investor i, I t ( p ) represents the information
public to all investors, and J\ft represents the noise space. Note that we include a constant
dimension to ease notation. The state variable is assumed Gaussian-Markov. Specifically, it
is to evolve in time according to

where r]l+1 is normal with mean zero, and covariance matrix E 4 + 1 . The matrix L projects the
(smaller) noise space Aft onto the (larger) state space Qt. A risky asset can be traded, that
does not generate any dividends. The true value of the asset depends solely on fundamentals.
Its price varies stochastically, due to the arrival of new information, and the occurrence of
liquidity trades. We assume that the price is measurable with respect to i't. Additionally, we
assume that it is affine in the state variables. Hence, the price at time t is a projection of Qt
onto K + i.e.

Pt =

p't^ty^imt

Furthermore, a riskless asset is present that yields a gross return of R in each period. Both
assets are infinitely divisible.
A continuum of investors is present, which we index by i e N = {1, 2,...}, who can take
positions in the assets and act competitively. Each investor has a information set X) which
includes all public signals, his private signals, and prices including Pt, i.e. X\ = xf1 x 2, (p) . It
is measurable with respect to Vlt, and can be expressed as a projection of $t onto a subspace.
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Given the Gaussian-Markov property of if>t, conditional on this information, the investor has
a belief regarding the future state of the economy, tft+i, characterized by
E [ ¥ m | Z Ï ] = tfnjl* = # * (

(2.14)

where we implicitly defined b\'. Define the uncertainty vector lit of investor i implicitly as
follows
ft+i - tft+i|( =

M%Ml

where M[ maps noise onto the state space. The variance-covariance matrix of êj t is required to
be non-singular and given by 0\. Note that this implies that for any inner product A'^t+i,
uncertainty of this inner product for investor i is given by cov[i4'tf t +i|2t] =

me

A'M[0)+lMiA.

Regarding the preferences of the investors, there are basically two possibilities that are of
interest. If we allow for intertemporal consumption, we end up with a model like Wang[1993,
1994]. A more common assumption, however, is that agents maximize their utilities over some
future date. This is the approach we discuss here. Consider therefore agent i who maximizes
his expected utility at time 7*. Denote the current time by t. Given a total wealth W\ at time
t, agent i has a maximization problem of the form
T,

Vl{Wf, %;t) = m a x E [ l ^ \Tt\ = m a x - E [ e x p
dt

AWl

dt

*

where AW? = (Pt — RP^ijd^^,

Pi \Wl + £

K]

with d\_x the demand of the investor at time t — 1. Note

that we can write

Aw? = ( P ;$ t -ijj/ ( _ 1 $ w K_ 1
The maximization problem can also be represented through a Bellman equation, i.e. the value
function V*(W^;tft;t) should solve
0 = max [E[V!(W^+1; * t + i ; t ) K ] - V(Wn

9t;t)]

under the constraints that
Wl+1 = Wl + (p't+1%+1

- Rp't%)4,

and V(W^^;Tt)

=

-e~p^

By backward induction it can be shown that the following theorem applies to the solution.
Theorem 2.1 The value function of investor i at time t can be written as a exponent of
quadratic form in tf(, i.e.
V i (W7;tf t ;t) = - Q e x p r -PiWl C(_! a constant, independent of {^t}t<T-

^%l\%
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In the following we prove this theorem. Assume that the theorem holds for t + 1. At t, the
investor is faced with the optimization problem

d\ = arg max— C\ E \

4

exp

-PiWl -Pi(p't+1%+i

- Rp'^tK

- -M>;+l7tViM>m

This expectation can be calculated readily. In terms of the uncertainty vector of investor i,
£ij.+i, we obtain

+ (pt+A+p-H+^t+^M^

+

±.ë'it+iMill+iM>ëht+l

Define

Then consider the expectation of - exp [-p4\+1]
one obtains

E[-exp[-Pi4+1}\2i]
-C\ exp

• Using a standard formula (see appendix),

=

-Pi {(PUI*«-IIï - Rp't^t) 4 + ^-%+i\H+i*t+i\i

-2Pi {Pt+A + PTH+i^+ilO'G^ (ft+1dj +ft Sm^+ilî)}] (2.15)
with

cî = iojr i i(^r i +M i 7 î + 1 Ki-*
The maximum value is attained for
dl

i

=

(p'm^+ii; - ^ w ) -p;+1G;+17;+1^t+1|;

PiP't+iG\+1pt+l

l

where we used (2.14). Upon substitution, the expression in the theorem follows, with 7>
recursively determined by
7t

=

brt+i(l-Gi+1~fi'+1)bt
l

(pj+i (i - Gi^ti) tf - m)' (p't+1 (i - g;+17r+1)fef~ Rp't)
Pt+iG't+iPt+i
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The boundary condition at the consumption horizon of the investor is satisfied by imposing
that 7J, = 0 .
Note that even in this generic setup, due to the linearity assumptions, the value function
keeps a relatively simple form. Also observe that the relative increase in utility due to trading
is independent of the risk aversion level.
Next consider how the pricing coefficients could be determined. Armed with the optimal
demand schedule of each agent, we next need market clearing. Assume that at time t the per
capita supply is given by Zt. The market-clearing condition is given by
p[+1{\ - G\+l^+l)b)'

ƒ** =ƒ

- R ^

^

Hence, the pricing coefficients are recursively determined through
p't = R-

1

PiPt+\G\+\Pt+\

-*
p1Pt+iGtt+1pt+i

di

This expression somewhat downplays the complexity involved in solving for an equilibrium.
The regression coefficients, b\, will generally depend on pt+ï.

Similarly, the uncertainty matrix

G't+1 will depend on the informativeness of prices, and consequently on pt as well.
This approach obviously is too generic to extract meaningful implications. The successful
multi-period models derived in the literature impose additional structure to maintain tractability. Especially, the dependency of agents' beliefs on the complete history of state variables
is cumbersome. Most multi-period models therefore impose an informational structure that
keeps the updating of beliefs tractable.

In the following subsections, we discuss the main contributions to the multi-period rational expectations literature. We start with the two-period models and. in particular, the
dynamic models by Brown and Jennings[1989] and Grundy and McNichols[1989]. More recently, multi-period models have been proposed that allow for an arbitrary number of periods.
Examples are the Brennan and Cao[1996] model, and the He and Wang[1996] model. We
conclude our overview with the infinite horizon models proposed in Wang[ 1993,1994].
2.3.1

Two

PERIOD

MODELS

Grundy and McNichols[1989] and Brown and Jennings[1989] were the first that extended
the noisy rational expectations approach to a multi-period environment. In these models, it
is shown that the consideration of past price realizations may yield additional information
above the information reflected in current price levels. As such, they provide a rationale
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for technical analysis. Agents can enhance the precision of their prediction by including
past market statistics in their estimation of the ultimate payoff. Both models extend the
Hellwig[1980] model to two periods. The structure of noise and information signals differs
significantly however.
In Brown and Jennings[1989] the focus is on the determination of the value of technical
analysis. As in Hellwig[1980], prior to the first trading round, agents all share the same
belief about the distribution of the liquidation value of the risky asset. The supply of the
asset experiences a shock in each period, zt which is randomly distributed. These liquidity
shocks are persistent, and correlated between the two trading periods. Initially, Brown and
Jennings[1989] derive the maximization problem explicitly when agents rationally foresee the
possibility of intermediate trade in the second period. They show that the optimal demand of
investor i in the second trading round is given by
ji _

m\n\-P2
varfwlXJ]

and in the first trading period by
é =

E{P2\1\] - A +

E[41X;](G 1 2 -G„)

PiGii

PiGn

where Gy are elements of the matrix G = (2N + M " 1 ) , where

N=

},.A

l

var(û|X|) ^ - 1

^land/V/1 y'

\cov{P2,ù\l\)

var(û|Xj)

Indeed, the demand function in the first period already reflects the anticipated optimal
demand in the second trading round. Brown and Jennings[1989] use the fact that the expectations are linear in information signals and the price realization, to show that the demand is
linear in the information signals and the supply of the asset. This allows them to infer that in
each trading round a linear equilibrium price may exist.
Due to the intractability of the demand functions, Brown and Jennings[1989] consider the
simpler myopic investor economy, in which agents maximize their utility of the next period.
The demand function in the first trading period simplifies to
dl
1

_ E[P2\1{} - A
p iV ar[P 2 |4]

Brown and Jennings[1989] use the equilibrium that arises to show that, under mild assumptions, technical analysis always has value in the linear, myopic investor economy. Additionally,
they consider the magnitude of the added value of technical analysis as a function of some
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exogenous parameters. An interesting discussion on the informational efficiency hypotheses
follows. According to the original definition of weak-form efficiency by Fama[1970] this
market is not efficient. Fama[1970] defines a market weak-form efficient if all historical
information, including past prices, is fully reflected in current prices. In the Brown and Jennings[1989] model, current prices are not sufficient statistics for past prices, and hence, it
violates this definition. Brown and Jennings[1989] discuss several alternative definitions of
weak-form efficiency. They indicate that, according to the definition provided by Verrecchia[1982], this market is weak form efficient. In Verrecchia[ 1982] a market is weak-form
efficient if conditional on noise in prices, past prices do not provide additional information
above current prices. From that perspective, weak form efficiency does not imply that technical analysis is of no value. This is an important observation. Especially when taking into
account that financial economics textbooks often take the equivalence between weak-form
efficiency and irrelevance of technical analysis for granted.

The Grundy and McNichols[1989] model differs from the Brown and Jennings[1989] on
several accounts. Investors receive private information signals with an error term that has a
common component, w. The implication is that even the aggregate information in the economy
cannot reveal the ultimate payoff of the asset with perfect precision. Investors also differ in
the way their endowment is modeled. This endowment is assumed to contain a random
component that has infinite variance in the limiting economy. Upon taking the limit, supply
variance remains while agents cannot use the observation of their private endowment to predict
the aggregate supply. In the limiting economy, the impact of each investor's endowment on
the aggregate supply is infinitesimally small.
Grundy and McNichols[1989] consider a variety of implications that follow from their
model. An important part of the paper is devoted to one particular equilibrium. They assume
that in the second trading round no additional shocks impact the economy. Intuitively, one
would expect that under these circumstances, in the second trading round no new trade be
initiated. However, Grundy and McNichols[1989] show that there is an alternative equilibrium
in which additional trade does occur. To understand why, consider the price conjectures in
round 1 and 2:
P\

=

^0,1 + ^ 1 , 1 ^ - 7 1 , 1 ^

h

=

^0,2 + 71-1,2^ - 7 l , 2 ^

where Y is the aggregate information signal, i.e. Y = ü+w. Observe that these are in fact two
equations in the two unknowns Y and Z. If this system is non-degenerate, these unknowns can
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be solved for. The non-degeneracy holds if 71-11/7!] -£ 71-1,2/71,2- Hence, if agents conjecture
this non-degeneracy, in the second trading round the aggregate knowledge of the market is
revealed, which leads to additional trade in the second round. Grundy and McNichols[1989]
show that this equilibrium exists as long as the variance of the common signal error is not
too large. The interesting implication is that even in an eventless period, trade may occur.
They relate this possibility to the crash of October 1987, which typically was void of any new
information and seemingly came out of the blue. As Grundy and McNichols[1989] show, even
in absence of news, price changes need not to be trivial. Another important point concerns the
Milgrom-Stokey[1982] No-Speculation theorem. This theorem establishes that if allocations
are Pareto optimal and investors hold essentially concordant beliefs16, investors can not agree
to any non-null trade. As Grundy and McNichols[1989] show, the allocation after the first
round is indeed Pareto optimal. The trade in the second round, therefore, seems to violate the
No-Speculation theorem. However, this is not the case. In the second round, a public signal
in the form of P 2 , is released. This signal does not resolve all uncertainty due to the common
error term. Conditional on this public signal, allocations are no longer Pareto optimal. In
light of this, it is derived that beliefs are not essentially concordant in this environment.
Hence, agents still want to trade. Note that the common error term is necessary, for else,
the Hirshleifer[1971] effect prevails, inhibiting further trade in the risky asset. Grundy and
McNichoIs[1989] continue by examining other properties of their model. In particular they
consider how a public information signal and an additional supply shock in the second round
affect the equilibrium. They also stress the important point, as Brown and Jennings[1989],
that rational agents are chartists that learn from the observation of price sequences.
Brown and Jennings[1989] and Grundy and McNichols[1989] were among the first to address the issue of technical analysis within a rational expectations model. Following them,
other authors have argued that the study of past market statistics may indeed enhance the
quality of trading decisions. Given the many sources of uncertainty present in financial markets, the inclusion of other statistics, as well as past statistics, may lead to a better or more
complete spanning of the state of economy, and reveal additional information. One of the
contributions that is of interest is by Blume et.al. [1994]. They deviate from the common approach by considering a market in which the aggregate supply is fixed. Though ceteris paribus
this would lead to fully revealing prices, they introduce another source of uncertainty in the
form of the stochasticity of the quality of information that agents receive. A problem arises.
16

If agents hold concordant beliefs, they agree on the conditional likelihood of an event given a realization
of an information signal.
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since there are as many sources of uncertainty as signals (i.e. price and volume). One equilibrium is guaranteed, the no-trade equilibrium. The observation of both variables reveals all
private information leading to no trade at all 17 . To circumvent this problem Blume et.al.[1994]
therefore adopt the Hellwig[1982] strategy and assume that prices and volume can only be
observed ex post. The complexity of the model introduces a non-linearity that makes explicit
closed formula impossible to derive. Using simulations Blume et.al.[1994] show how rational
agents engage in technical analysis using both volume and price sequences for their trading
decisions. Technical analysis is necessary for all agents to learn about some underlying uncertainty in the economy. They also show that if the information precision of price sequences
is high, watching market data is less valuable. The reverse applies to low informative price
sequences. This implies that technical analysis may be appropriate for especially "small, less
widely" followed stock.
An interesting paper by Romer[1993] also incorporates uncertainty of information about
the information precision of agents. He proposes two situations for which such an uncertainty arises: uncertainty about the precision of the economy, or uncertainty about the relative
precision of private information. Though his model cannot be solved explicitly, he shows,
using simulations to illustrate his findings, that even in the absence of additional information
shocks, agents may want to revise their beliefs, due to the fact that they learn about the
relative precision of their own information. This can lead to large price shocks, even if news
is absent. Using this result, Romer[1993] motivates a rational explanation for the 1987 crash.

2.3.2

MULTI-PERIOD

MODELS

In this section we focus our attention on models that allow for an arbitrary number of trades
before the asset is liquidated. We start our description with Slezak[1994] who extended the
Brown and Jennings[1989] model. Following this effort, we discuss the Vives[1995] model
that, though incorporating a risk neutral market-making sector, provides a structure that can
be solved explicitly. Brennan and Cao[1996] provide a multi-period extension of the Hellwig[1980] model that is both very rich, and can be solved explicitly as well. We end with a
discussion of He and Wang[1995] who apply a similar framework, but include a correlation
between subsequent supply shocks. Explicit solutions cannot be found in this environment.

17

If agents have common preferences and endowments and additionally have the same information, they want

to make the same trade. The only consistent outcome is no trade.
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Many striking empirical observations have been reported concerning patterns in volatility
and volume. Examples are the U-shapes of intra-day volatility and volume, and the abnormally
low variances of weekend or holiday returns. Slezak[1994] motivates these regularities using
a noisy rational expectations model. In his model, in each period informed investors receive
a private information signal about the risky asset. The uninformed learn this signal only just
before the next trading round. As in Vives[1995] and Brennan and Cao[1996] it is assumed that
the asset is ultimately liquidated, and investors maximize their CARA utility at the liquidation
date. Slezak[1994] however allows the per capita excess supply to be mean-reverting. The
latter gives rise to correlations between subsequent price changes. This feature has a major
impact on agents' resulting demand schedules. As such, his model has a similar feature as the
Brown and Jennings[1989] model that also includes a correlation between subsequent supply
shocks. As Slezak[1994] shows, the demand function of each agent can be written as follows
dht = (pY.1)-1 ((E](Pt+1)

- Pt +

7î

E;«m)))

The demand function of each agent consists of two parts, an unconditional holding in the
asset represented through the second term on the left hand side, and a conditional holding
that enters through the first term. The whole demand is weighted with the inverse of Eft,
which measures the effective uncertainty of investor i. This variance matrix also takes into
account the dynamic diversification ability of investor i through the possibility of re-trade,
and in the period prior to liquidation equals the conditional variance of the liquidation value
of the asset.
Slezak[1994] considers the situation in which the financial market is closed in some periods. The implication is that uninformed investors have to estimate both the current signal and
the signal informed received during the market close. A closure in particular affects the risk
faced by agents. After the closure, uninformed risk has increased due to the accumulation of
uncertainty during the market close. Informed on the other hand, do not face a change in risk
after the closure. Both informed and uninformed agents, however, face greater uncertainty
prior to the closure. The increase in risk is larger for the informed, given that their advantage
over the uninformed is smaller through the less predictive power of private information in
this situation. The result is a complicated change in risk characteristics of the market, leading
to innovations in both mean and variance of price returns. Slezak[1994] shows that many of
the reported empirical patterns are consistent with a market where relatively few informed
investors are active. If the fraction of informed is low, liquidity costs are mainly determined
through the uncertainty of the uninformed agents. The return variance during closure is smaller
in that case, due to the reduced sensitivity of price to news, given the greater uncertainty of
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the informed agents. The mean return over market closures is relatively low. The cause is the
increase in uncertainty in the post-closure period, which magnifies liquidity costs, and hence
depresses the post-closure price.
Vives [1995] considers N trading periods before at N + 1 the asset is liquidated at its
fundamental value v. Apart from rational traders, there are noise traders whose aggregate
demands, {zt}^=1,

follow an i.i.d. normal process . These demands add, so there is no mean

reversion and liquidity follows a pure random walk. At any period, agent i receives a private
signal Su = v + êit for which the usual assumptions apply. The precision of the signals T€I
is the same across agents, but may differ across periods. There is a market maker who sets
prices, conditional on current and past order flow, to the expected liquidation value. Note that
as such we have a Kyle type of market-clearing mechanism combined with a Hellwig type of
investor. To ease our discussion, define the best estimator of û conditional on all signals up
until time n, by sin = ( E L i 7 ^ ) - 1 £ ? = i T e À -

Note tnat tms

quantity is a sufficient statistic

for all previous signals. This allows us to significantly reduce the state space.
The aggregate demand Ln in period n, observed by the market maker is given by the sum
of the changes in the aggregate desired holdings of the rational and noise trader community.
Hence,
Ln{-) = / dmdi - / din-idi + zn
Jo
Jo
Vives uses the fact that agents only differ in the realization of their private signal, sin, and
proposes a demand function of the form

dn{sin,Pn)=ansin

+ <;n{Pn)

where an measures the trading aggressiveness at time n. Using this expression, the aggregate
order flow follows as
Ln(.) =~gn+

UPn)-(,n-i{Pn-1)

where gn = Aanü + zn, and Aan = an — a n _i. The market maker observes the sequence of
prices {Pi,..., Pn} which is equivalent to the observation of the sequence gn — { Qi, ••-,5n}He sets prices competitively, yielding each price a sufficient statistic for all public information. Hence, the market-clearing price is a function of the previous price realization and the
realization of g only. As Vives shows, this implies that the price can be written as
Pn = E[ü\gn] = \ngn + (1 - A n Aa n )P n _!
where An = r „ A a n / r n , and Tn = TV + TU £™ =1 (Aa ( ) 2 .
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Armed with this expression, Vives first focuses on the properties of the equilibrium that
prevails if investors have short time horizons. As usual, the demand of each trader can be
written as
di_

E[P t +i - Pt\lt]
pva,r{Pt+1 - P,\lt]

In the myopic investors case, an elegant expression can be found, in the form of
dt = at(su - Pt)
where at = / 0 _ 1 ( ( £ ' = 1 Te,)~l + C^+i) - 1 ) - 1 - This expression can be understood as follows.
The expected price of the next period is given by a linear combination of the fundamental
value ü and the current market-clearing price Pt. The optimal estimator is given by sit. Hence,
investors submit a demand proportional to the difference between sit and Pt. The quantity at,
the trading aggressiveness, is simply the precision of the information of the investor regarding
the future price weighted with his risk tolerance. The following remarks can be made regarding
the equilibrium. First, the trading intensity strictly increases with t. This can be understood
from the fact that there is resolution of uncertainty regarding the fundamental value, which
in turn follows from the increasing informativeness of prices with t. This increase in trading
intensity is similar to the findings of Dow and Gorton[1994].
In the long term investment case, agents are assumed to maximize their expected utility at
the liquidation time T. Interestingly, the demand schedule in this case is simpler than in the
short-term investors case, since it allows for an explicit solution (a similar solution is found
by Brennan and Cao[1996]). The demand function in this case is given by
4 = at(su

-Pt)

with at = p~ 1 £-=i T V t Note that this demand is exactly the same as if the agent can only trade once and hold his
position until liquidation. The reason is, that the noise introduced by the liquidity traders is
persistent. Because of this, agents cannot profit from temporary distortions. From the demand
function it can be directly assessed that agents trade more aggressively compared to the
myopic case. The reason is that agents do not suffer from the additional risk introduced by
the liquidity traders which affects the price in each period.
Vives[1995] also considers the informativeness of prices for the two different cases. He
shows that it depends on the way information arrives which of the two economies exhibits a
higher informativeness. Specifically he shows that with concentrated information arrival the
long-term investors economy is more informative, while with diffuse informational arrival
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short-term investors enhance the informativeness of prices.
An interesting contribution concerning multi-period noisy rational expectations models is by
Brennan and Cao[ 1996]. It is unique in that it captures the intertemporal aspects of information
asymmetry while allowing for an explicit closed form representation of the equilibrium. Their
framework is a direct extension of the Hellwig[1980] framework, with information dispersion
across investors. Additionally, they explicitly allow for a term structure of public signals,
private information signals, and supply shocks. Given the connection with the Hellwig[1980]
approach, and the closed form specification of the equilibrium, we elaborate on some of the
technicalities of the model.
Let us introduce a slightly modified setup of the model. Adopting the notation of the
previous sections, we assume that there is a single risky asset which is liquidated at an
uncertain value ü ~ N[uo, h^1]. Agents can trade the asset in the T trading sessions that
proceed the liquidation period. As in the limiting economy of Hellwig[1980], a continuum of
agents is present indexed by i e [0,1]. Each agent maximizes the expectation of a constant
relative risk aversion function that is determined through his final wealth at the liquidation
date. In each period, prior to trading, a public information signal is revealed denoted by
vt = ü + f\t, with rjt~N[0, / i - 1 ] . Furthermore, agents receive a private information signal
yit = û -f £ rtj where ea ~ N[0, s~t1]. Finally, in each period a per capita supply shock Zt
affects the market, where the innovation in supply is given by zt ~ JV[0, x f 1 ] . Brennan and
Cao[1996] incorporate this element through the endowment of investors. This allows them to
consider the Pareto optimality of the equilibria that are derived. In the following we present
a heuristic derivation of the equilibrium.
For expositional purposes, we introduce some additional notation. We define T\ as the
total, pre-trading, information set of investor i at time t. Denoting by At = (A\,..., A ) the
history of realizations of a stochastic process {Ät} up and to time t, this information set
can be written as Tt = {lo,Pt-i,Ut,y.it}{Zo,Et-i,Ut}

& {2oiIt-i>2Jt}>

and tne

Denote the information signal in prices by It, i.e.
precision of I, by pt.

Assume now that agents choose their demand in each period as if they are only allowed
a single trade. Under this assumption, the pricing kernel in each period should reduce to the
Hellwig[1980] type of pricing kernel. This pricing kernel can be written as follows

Pt

\u-\H)

Ti

Eu[ « | I ; ] - P , ...
' ,1'

/A

duti) - I > z,
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To explicitly determine price, we need the expectations of each agent. It readily follows that
hup + Ej=o hjVj + E j = 0 P j / j + E,=o SjjVij
h + T!']=o{hj+Pj
+Sij)

E[u\Tt]

t

3=0

Substituting these expressions, we have, using the definitions r = ƒ r,dß{i)

and Sj

jrtstJdjj,(i),

Kl

Pi =

û — r 1sJ lZj)

Sj(Sj XVih

-hu0 + rY^ hjVj +rJ2

(2.16)

where Kt = {h + E ^ o f e + p} + fij)) •
Our next goal is to pin down the signal It, which we left unspecified so far. For expositional
purposes, define wt = ü — r_1St

zt. The pricing functional at time t, maps information

signals into price space, i.e. Pt : {uQ,vt,wt}

—• K+. The innovation signal in price ït must

be orthogonal to the public information set at time t represented through

{uo,üt,ÜLt-i}-

Necessarily, therefore It is spanned by wt. By definition, this signal is an unbiased estimator
of ü. Hence, it follows that / ( = wt = ù—r~ls~[ zt, with corresponding precision pj = Xjr2s?
Substituting this expression for It in the price function(2.16), we obtain
K;1

Pt =

r

h

u

o

+

r

^

2

h

j

V

j

+

r

3=0

^

S

J

{

X

J

T

*

S

J

+

l

)

(

ù

•

r-'sj'zj]

j=0

with K, = I h + J2)=o(hj + XjT 2 s| + s,)) . This is indeed exactly the pricing functional found
by Brennan and Cao[1996]. The loose end that remains is the optimization problem of investors, who we have assumed to behave as if only one trading round is available. Brennan
and Cao[1996] show by backward induction, however, that this trading strategy is optimal
even if agents anticipate the possibility of intermediate trade.
The demand of investor i can be written as
t

du

t

= ri[hu0 + YKhjVj

+ Xjr2s]ïj

+ Syjjy) - (h + ^ ( ^ + x^s)

3=0

+ stj))Pt]

j=0

t

=

niYsisijViJ

- SJ(ü - V r ) ) - 0 y - Sj)Pt}]

3=0

Here, an interesting result can be observed. Agents who are less well informed than the
representative agent (s^ < s ; ), tend to increase their demand with increasing price, while
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better-informed agents do the opposite. Brennan and Cao[1996] use this feature to motivate
why many investors are trend-followers.
Brennan and Cao[1996] focus their attention to the impact of multiple trading sessions
on the welfare of the economy. They show that generally all market participants gain from
additional market sessions. Moreover, the limiting continuous time economy is shown to be
even Pareto efficient.
They also make an interesting case regarding the implication of the trading strategies of
investors. To illustrate this, consider the change in demand of an investor in the absence
of additional supply shocks. Assume that there are no additional private information signals
following the first period. The investors' demand can then be written as
da = n[siVi - s(u - z/r)) - (si - s)Pt]
The change in demand is given by Adit+i

= —rj(si — s)AP ( + 1 , and allows us to write the

demand as
t

dit = dlQ - ^ r , ( . s , -

s)APj

3=1

Clearly the trading activities of agents are predetermined after the initial position in the asset.
Agents apply a dynamic trading strategy that resembles an option replication strategy. Indeed,
taking the continuous time limit, one obtains the following demand
rT

drT = rf,:o - /

rPT

ri($i - s)dPtdt = d,Q - /

J0

=

d,0 -

ri(s,

r,{sl -

s)PdP

JPo

- s){PT - Po)

Hence, agents replicate a quadratic option through their dynamic trading strategy. This fascinating result motivates Brennan and Cao[1996] to consider a market in which additionally
options are traded. They show that a single trading session with the availability of quadratic
options achieves,the same effect as a market in which the security can be traded continuously:
Pareto optimality. Brennan and Cao[1996] further discuss some generalizations of their model,
as well as other market statistics such as volume and market depth.
In Brennan and Cao[1997] a multi-asset extension of the Brennan and Cao[1996] model is
considered. This extension is, given the single asset version, relatively straightforward, and
underscores the elegance and tractability of this approach. Brennan and Cao[1997] use the
model to capture the dynamics of international portfolio flows. The motivation for this study
stems from the numerous empirical reports on so-called home-country biases in equity portfolios. Such biases seems to neglect the international diversification ability, and hence violate
optimality against conventional optimal portfolio theory. The basic assumption that Brennan
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and Cao[1997] invoke to rationalize the home-country bias, is that domestic investors have
an information advantage over foreign investors about their domestic market. In order to find
empirical support for this hypothesis, features derived in the Brennan and Cao[1996] model
are used. In the discussion of Brennan and Cao[1996], it was already shown that investors
who are less well informed relative to the market average tend to be trend-followers. This
result is used in Brennan and Cao[1997] to demonstrate how domestic investors tend to be
contrarians in their domestic market, while foreign investors are trend-followers. Additionally,
they demonstrate that under information asymmetry, portfolio flows depend on all market indices, while under symmetric information the portfolio flow only depends on the host market
return. Having stated this idea in terms of implications for the regression coefficients between
shifts in portfolio holdings and market index returns, Brennan and Cao[1997] next undertake
an empirical study of portfolio flows between countries. They indeed find evidence for the
asymmetric information hypothesis. Their results also indicate that while US investors have
an information disadvantage compared to the domestic investors in foreign markets, foreign
investors seem to be equally informed about the US market.

In He and Wang[1995] a model similar to Brennan and Cao[1996] is used to consider
volume and its relation to information flow. The model differs in the more complex process
that is imposed on liquidity supply. An interesting point to note is that all of the above
models assume that shocks to liquidity are persistent. This presents no problem if the asset
is ultimately liquidated. The virtue of this assumption is the simple solution it creates to
the long time horizon problem. However, these types of models cannot be implemented in a
stationary infinite time economy. Ultimately, the liquidity level should always revert to some
mean for else it grows without bounds. Though He and Wang[1995] also assume liquidation
of the asset, they do allow supply to follow a process to more accords to reality. Adopting
the notation of previous section, liquidity supply follows the process
Zt+i = aZt + f)t
where —1 < o < 1, and r\t is i.i.d. normal. The drawback of this assumption is that it
complicates the analysis due to the correlation between subsequent supply shocks. The result
is that the demand functions do not collapse to the simple myopic form derived in Vives[1995]
and Brennan and Cao[1996], Hence, the analysis that follows does not allow for an explicit
solution as in Brennan and Cao[1996]. He and Wang[1995] point out that with heterogeneously
informed agents in the spirit of Hellwig[1980], in an intertemporal setting, the problem of
higher order expectations arises. Higher order expectations concern expectations about other
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agents' expectations. They arise through price realizations that are a combination of an average
belief of agents and the true value of the asset. The belief of each agent in turn depends
on the history of public and private signals. The problem is that each agent has to form
expectations about the average expectations of agents, which generally leads to an infinite
regress problem (Townsend[1983]). However, as He and Wang[1995] show, higher order
expectations (in the form of an expectation about the market average expectation) are spanned
by the common information and private information set of each investor. Hence, the potentially
infinite dimensional state space collapses to a two-dimensional one. Ultimately this result can
be ascribed to the continuum of investors that are present in the market. The law of large
numbers then takes care of the collision into the two-dimensional information space.
He and Wang[1995] use numerical procedures to derive implications for the dependency
of volume and volatility on information flow. Several interesting results are presented. First,
they show that even in absence of new information, trading persists until the liquidation date.
The cause is the supply shocks that keep on entering the market. The non-informational trade
that occurs in each period discloses some of the private information of investors, inducing
further trade. In fact, volume can even display an uni-modal time-pattern while no additional
information enters the market. Two effects accumulate to establish this pattern. On the one
hand investors tend to trade more aggressively given their higher information precision regarding the liquidation value. On the other hand, the shorter the time to liquidation, the less
they can dynamically diversify their holding in the asset, decreasing the aggressiveness of
investors. Additionally, it is shown that prior to public announcements, investors increase their
positions to speculate on the outcome, and subsequently close their positions right after the
announcement. The result is a peak in volume around announcement dates. The authors further argue that release of public information causes both high volume and large price shocks,
while release of private information may generate high volume combined with small price
changes.
2.3.3

INFINITE-PERIOD

MODELS

An alternative means to model the intertemporal behavior prices under information asymmetry
is presented by Wang[1993,1994]. Instead of assuming investors with a finite consumption
horizon that coincides the assets liquidation date, Wang[1993] assumes agents with infinite
horizons. Accordingly, the asset is infinitely long lived, and generates a continuous stream of
dividends. Specifically, Wang[1993] assumes that the dividend rate D follows the diffusion

44

2. Models of Intertemporal Trade under Information Asymmetry

process
dD = (n - k,D)dt + bDdw
where II follows a mean reversion process given by

dn = a n ( n - U)d.t + bndw
and to is a three dimensional vector of Wiener processes. Another source of uncertainty stems
from the varying supply of the risky asset. The supply is given by 1 + 0 , where 0 is a
stochastic variable that follows a mean reversion process
dQ = —a@Qdt + bsdw
The investors maximization problem is now replaced by
max E
where d(s)

e^'-c'(s)ds|i;

is the consumption of investor i at time s and p the discount factor (time-

impatience parameter). The variable X1 represents the holding in the risky asset. The maximization problem is solved under the budget constraint
dWi = (rW* - c')dt + X'dQ
where Wl is the agents wealth and Q is return on the risky asset.
The information structure is assumed hierarchical, with uninformed investors who observe
only public signals displayed through the price Pt and the instantaneous dividend rate Dt, and
informed investors who additionally observe the state variable 11. The uninformed investors
are thus faced with the problem of estimating If. Agents do so by means of a Kalman filter.
The usage of a Kalman filter replaces the need of agents to consider the whole history of prices
and dividends to estimate II. Instead, the Kalman filter produces an equivalent representation
of the information structure, and agents only need to consider its innovation process to optimally update their beliefs. The nature of agents' maximization problem allows Wang[1993]
to use the Bellman equations to derive the optimal demands of investors. Conform what we
derived in the beginning of the section, this demand is a quadratic form in the state variables.
An explicit closed form solution is however not possible given the complexity of the marketclearing condition. Wang[1993] therefore uses numerical procedures to consider the impact of
information asymmetry on market statistics. He shows that the innovation variance of prices is
strictly larger under information asymmetry. Also, the risk premium on stock is increasing in
the fraction of informed investors. The reason is that the absolute value of the stock decreases
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with higher informativeness about fundamentals. Wang[1993] also considers the correlation
in stock returns. Within his model, due to the mean reverting nature of supply shocks, price
returns exhibit negative auto-correlation. Only for high persistence of liquidity combined with
high interest rate levels, autocorrelations become positive. Another interesting feature is that,
under information asymmetry, uninformed investors may exhibit trading characteristics that
are quite different from homogeneously informed economies. Under information asymmetry
uninformed investors can behave as trend-followers. This result is due to the different impact
of public signals on uninformed investors' updates of beliefs and prices. In homogeneously
informed economies the informative part of prices is identical to the update of investors'
beliefs. With informed investors present, the informative part of prices combines both private
and public information. Hence, public information has a smaller impact on prices than on uninformed investors' beliefs. Uninformed investors' demands reflect the public signal, and so
do prices. Hence follows the trend-following behavior of uninformed investors in this model.

Wang[1994] applies a similar, yet discrete, framework to consider how volume is impacted
in the presence of information asymmetry. Additionally, an interesting alternative for the
source of noise is presented. Instead of the usual liquidity driven supply noise, he endows
agents with private production technologies. The return on investment in these private technologies follows an AR(1) process. The key is that the shocks to these returns are correlated
with the dividend generation process. Hence, agents have the ability to hedge their exposure in their private investment opportunity through position taking in the risky asset. This
gives informed agents an additional non-information based demand component that enters the
market-clearing price as if liquidity noise is present. The advantage of this setup is however
that it allows for welfare analysis.
The equilibrium is solved in a similar manner as in Wang[1993]. Again, the equilibrium
cannot be solved explicitly, and Wang[1994] uses numerical procedures to extract results.
The main implications of his analysis concern trading volume. He shows that trading volume
is decreasing in information precision of the informed. A result that is in part due to the
dual character of informed traders. They are both liquidity as well as informed traders. Trade
thus always takes place between informed traders and uninformed traders. The higher the
information precision of informed investors, the higher the adverse selection effect between
uninformed and informed. The informed character of informed traders then becomes more
dominant, increasing information asymmetry, and ultimately leading to a decrease in the attractiveness of trade for the uninformed investors. Additionally, Wang[1994] considers how
volume relates to price movements and unanticipated dividend changes. Volume is shown to
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be positively correlated with both absolute price changes and dividend changes. The reason is
that public information, through the observation of information signals or dividend pay-outs,
affects the updates of informed and uninformed differently, leading to additional trade compared to the symmetric information economy.

2.4

Concluding Remarks

In this survey we focused on the competitive rational expectations paradigm, and in particular
the multi-period extensions. Though not exhaustive, the main contributions in this area have
been described. It should be noted, however, that within the literature on the dynamics of
trading under differential information, alternative approaches have been developed. In particular, the Kyle[1985,1989] type of structure, which differs fundamentally from the competitive
models, is often used. Examples of these imperfect competition models in a dynamic setting
include Kyle[1985], Palomino[1996], and Dow Gorton[1994]. Another approach that has inspired others can be found in Glosten and Milgrom[1985] who consider price formation in
the presence of a monopolistic risk neutral market-marking sector.
The approach we adopt in this thesis differs on several accounts from the models that
we have discussed in this survey. In particular, this applies to the way in which the asset
is modeled. Most models, with the exception of Wang[1993,1994], assume that the asset is
ultimately liquidated, and that agents' consumption horizon coincides with the corresponding
liquidation date. However, shares are rarely liquidated. Moreover, in these models there is
resolution of uncertainty regarding the liquidation value. This introduces a time-dependency in
the properties of the equilibrium. For instance, in Vives[1995] agents trade more aggressively
when they near the liquidation date. A result that is solely due to the resolution effect, since
generally a short time till liquidation implies that agents trade less aggressively. Additionally,
when one considers the results of He and Wang[1995], one has to conclude that some results 18
can be ascribed to the liquidation date that is imposed.
If one wants to study technical trading rules, or derive implications for unconditional moments of price changes, a steady state equilibrium is needed. We therefore adopt an approach
18

In particular the uni-modal pattern of volume discussed in He and Wang[1995]. Two effects accumulate
to achieve this pattern: agents on the one hand trade less aggresively nearing their consumption horizon, on
the other hand the resolution of uncertainty makes them trade more aggresively. Both effects disappear in a
steady state economy. There is no resolution of uncertainty, and the time independence implies that the average
consumption horizon is constant through time.
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in which assets are infinitely long lived, which allows for such a stationary solution. A consequence of this assumption is that the inclusion of multi-horizon investors, who are outlived
by the asset, introduces a dimension that is not present in all of the models discussed. The
economy necessarily consists of agents with different time horizons. This contrasts previous
approaches, including Wang 19 [1993,1994], in which investors are homogenous in the length
of their time horizon. Additionally, an infinite period model imposes constraints on the way
in which supply can be modeled. Persistence of supply shocks cannot be maintained in such
an environment. It would create bubbles, which violates the rationality requirement. Consequently, one needs to incorporate a mean reversion component in the level of supply. As in
Brown and Jennings[1989], Slezak[1994] and He and Wang[1995], an explicit solution can
therefore not be found. Consequently one needs to resort to the usage of numerical procedures
to extract implications.
In Wang[l993,1994] investors are all infinitely long lived.
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2.A

Relations Useful to the Noisy Rational Expectations Approach

This appendix repeats some basic mathematical results that are of use in many of the problems that
are encountered when applying the rational expectations approach.
A The Projection Theorem
The conditional expectation is of particular importance for asymmetric information models. A central
theorem in the calculation of these expectations is the projection theorem. Denote by X and Y random
vectors that are distributed normally with mean /.t = (/J,'X,/J! )' and variance-covariance matrix
cov(X, Y) = E

^ J ï

2->xy

y'

y

Then conditional on the observation of Y, X is distributed normally with mean
E[X\Y] = ßx +

ZxyZ-j(Y-ßy)

and variance-covariance matrix
cov{X,X\Y) =

^lx-^xy^-^xy

These expressions can also be derived using the Kalman filter equations (see further in the appendix).
B. Expectation of a exponential quadratic from
The following formula is convenient when calculating expected utilities. Assume that the vector Z
is normal with mean 0 and covariance matrix E. Define the quadratic form cj) as
4> = a + b'Z + Z'cZ
Then the expectation E[exp(—tf>)\ is given by
E[exp(-0)] = l E p s l E " 1 +2c|-2exp

a + h'(il-1 + 2c) \

For unconditional utilities, the following special case can be of help. Using the above expression it
can be derived immediately that
2
E e -tz

1

if Z has zero mean and variance-covariance of 1.

(E[Z]ft]
exp

l + 2t
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Matrix

Another result that often comes handy in this line of field is the inverse rule for partitioned matrices.
Given a partitioned matrix A, where
f An

A12

\ A2i

A22

we have that (if all necessary inverses exist) its inverse is given by
(Au

- A12A22A21)-1

- A ^ i ^ n

l

-(An

- A12A22 A21)-

1

- AÏ2A^
(A22 -

A2l)~lA12A^2l
A-nA^An)-1

D. The Kalman Filter Equations
The Kalman filter equations prescribe how to estimate the first two momentums of the distribution
of an unobservable vector Xt that follows an AR process conditional on the observation of a correlated
signal Yt that follows an AR process as well. The importance of these equations lies in the fact that
they are recursive. As such, though even observations that lie an arbitrary number of periods in the past
contribute to the estimate of Xt, one only needs to use the last estimate and the current observation
of Yt, to generate an optimal prediction for Xt. We present the Kalman equations in case Xt and Yt
follow an AR(1) process 20 . Assume that Xt and Yt follow the AR(1) processes
Xt

=

Yt

=

AXt-i

+ £,.

BXt-i+Vt

The quantities et and r\t are white noise, i.e. distributed normal with zero mean and variance-covariance
matrix which we denote by
/

\

cov(et,Vt)

I

t-'xx

2-ixy

\

^xy

^TO

=

Further, we denote by Xt the conditional expectation of Xt and by Vj the conditional variancecovariance matrix of Xt. Denote by It the information set at time t, i.e. Xt = {Yt,Yt-\,Yt-2,

•••}•

Hence, we have the definitions

20

Xt

=

Vt

=

E[Xt\Xt]
cov(Xt\Xt)

The analysis easily extended to the more general case where the variance-covariance matrix of the noise

and the AR coefficients are time-dependent. Also extensions toward higher order processes can be done easily
by extending the state space with additional variables that represent lagged realizations of Xt and Yt.
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The Kalman filter equations then tell us that Xt and Vt are updated according to
Xt

= AXt-i +

Ht(Yt-~BXt-i),and

Vt

= Exx + AVt-iA'-Ht(£'xy

+

BVt-iÄ)

where
Ht = {T,xy + AVt-iB')C£yy

BVt-iB')-1

+

Some variations that are useful for the models which are employed in this thesis are considered next.
Extension I
Consider the case in which the observable is dependent on the state of the vector X at time t, i.e.
Yt = BXt + Vt
Then we can write
Y, = BAXt-x + Bet +Vt = DXt-i + Ci
The covariance matrix then becomes
cov(et,Ct)

2->xx

^xx^

i Z-'xy

^•'xy + BT,'XX T,yy + BT.XXB'

Using the above relations, the adjusted Kalman filter is given by
Xt

= AXt-t+HtÇYt-BAXt^),

and

Vt

= Hxx + AVt-xA' -Ht{Y.'xy +

BY,'xx+BAVt-lÀ)

with
Ht = {ZXXB' + Zxy + AVt-iÀ B'){T.yy + BEXXB' +

BAVt^A'B')-1

Extension II
Most rational expectations model assume that observation and process noise are uncorrelated, i.e.
^xy = 0. Using the above, the Kalman equations are
Xt

= AXt-i+HtOTt-BXt-i),

Vt

=

Y.xx + AVt^Ä-HtB{Y,'xx

and
+

AVt-XÀ)

with
Ht = {T,xx + AVt-^B'ÇByy

+ B(EXX + A V U ^ S ' ) " 1

This is the form which is found in Wang[1993, 1994] and is used in the chapters 6 and 7 of this thesis
to determine the optimal demand of technical analysts.

A Multi-Period Multi-Asset Noisy Rational
Expectations Equilibrium
3.1

Introduction

Financial assets usually have a lifetime that extends beyond the time horizon of the common
investor. Shares of company stock, for instance, are rarely seen to get liquidated. Many models
of price formation under differential information, however, assume that the time horizon of
investors coincides with the liquidation date of the asset at which its value is revealed. Indeed,
this assumption seems somewhat unrealistic. More likely, investors conjecture a dependency
between their information and the future price of an asset, and try to exploit this information
by means of trade and re-trade in the future with the objective of realizing capital gains.
One crucial difference is that the price in each period is then not only determined by the
conjecture of agents regarding the relation between information and current prices, but also
by the information-price conjecture prevailing for the price at which they are going to retrade, given that the latter partially determines their payoff. Additionally, unless agents have
an infinite lifetime, models that assume liquidation of the asset by definition incorporate a
time-dependency. The unfortunate consequence is that the properties of the price process are
dynamic over time. Hence, unconditional moments of price changes and investors' trading
characteristics typically depend on the time to liquidation. These features motivate the need
for a model in which agents time horizons are small relative to the lifetimes of assets, and
from which a steady state economy can be derived.
In this chapter, we develop such a framework that describes markets in which infinitely long
lived assets are traded and agents are allowed to exchange the asset across generations. It is
intentionally generic to provide a basis for the models that are studied in the next two chapters.
We incorporate information asymmetry, in the form of a distribution of private information
signals across investors, a multi-asset market and a multi-period environment with investors
whose time horizons extend over multiple periods. As we show, due to the re-trade feature,
pricing coefficients are recursively defined through the dependency of investors' uncertainty
on future pricing relations. Though of a highly complex nature, the structure of the pricing
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functions as well as other quantities are shown to have a natural interpretation. The generality
of this approach is emphasized by the fact that it incorporates several models that have been
described in the literature as special cases.
Given the complexity of the model, this chapter is devoid of any explicit quantitative or
normative statements, but rather has the ambition to contribute on a more fundamental and
(rational expectations wise) technical level. Additionally, it provides the basis for the simplified
single-asset version that is utilized in the next two chapters, where we subsequently study
how information friction affects re-trade economies, and how markets may evolve under costly
information acquisition.
The means by which we model the financial market can be seen as a direct extension of
Admati[1985]'s multi-asset market. The difference is the re-trade, or overlapping-generations
feature in our model, that contrasts the liquidation assumption of Admati[1985] and for instance Brennan and Cao[1997]. A risky asset is traded, whose true value changes in each
period due to the arrival of new information. Hence, there is no resolution of uncertainty.
However, information itself is persistent, and as such, today's true value is the optimal predictor for the future true value of the asset. All agents observe a public signal in each period
about this true value. Information asymmetry arises through the existence of investors who
additionally receive a private signal regarding this quantity. The traders are assumed to maximize their CARA expected utility at some future date. Liquidity traders are present who cause
the per capita excess supply to vary randomly.
We derive the equilibrium conditions for the coefficients of the pricing functional. These
equilibrium conditions are recursion relations, which, due to their highly complex nature,
are not explicitly solvable. However, the structure it imposes on pricing coefficients can be
given intuitive interpretations. Additionally, it allows us derive certain features of this type
of equilibrium. For instance, we show that if agents rationally foresee an ultimate liquidation
date of the asset, the price is an unbiased estimator of the fundamental value of the asset. We
extract additional insights by considering special cases of our generic model. In particular, we
derive the equilibrium for a myopic two-type investor economy. This simplified framework
allows us to illustrate the role that is played by information asymmetry in re-trade models.
What matters in such economies is not the absolute degree of information precision, but rather
the degree of information dispersion across investors. In fact, economies in which either all
investors are uninformed or all investors are informed, are show to be equivalent in the
sense that the pricing functionals are identical, except for a lead-lag effect due to the lagged
information flow in the uninformed economy. Regarding statistics such as liquidity, volume
and variance of price changes there is no difference. Hence, any deviation from these two
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extreme economies with respect to these statistics can be ascribed to information frictions
between agents. In the next chapter, we exploit this advantage to consider the impact of
front-running in financial markets, using a single asset version.
This chapter is organized as follows. Section two introduces the model. Section three derives
the equilibrium conditions for the generic model, and discusses some of its features. In section
four we consider various special cases of the model. Section five concludes.

3.2

The Model

The model we study is an extension of Admati's [1985] model1 in which the Hellwig[1980]
framework is applied to a multi-asset market. Instead of assuming that the asset only lives
for one period though, we assume that the asset is infinitely long lived. As such, given the
finiteness of agents' lives, agents eventually need to re-trade to asset to cash capital gains.

A Assets
We assume that n assets are traded, whose true value at time t is given by the vector
Ft. In each period, this true value experiences a shock 6t which is normally distributed with
variance-covariance matrix Vt and mean zero 2 . We simplify the model by assuming that the
riskfree rate is zero 3 .
B. Investors
There is an infinity of agents present, which we index by i 6 M = {1,2,..}. We assume
that each agent has a certain finite time-horizon at which he maximizes a CARA utility
function, and in each period re-allocates resources optimally conditional on the information
available. In each period, a new generation of traders enters the market and replaces an old
'Another extension of Admati's multi-asset model is found in Brennan and Cao[1997]. Our extension differs
in that we study an overlapping generations model of trade, whereas in their model the assets are liquidated at
a finite T.
2

Note that our assets do not yield any dividends. The model is easily extended though to the case where the

assets do pay a dividend.
3

This assumption is however not without consequences. Would we want to incorporate a non-zero riskfree

rate, we would also have to include a drift in the true value of the asset. Such an extension may lead to different
behavior of the time series. For instance in Wang[1993] it is shown that the combination of high interest rates
and high correlation between subsequent supply shocks may lead to a positive autocorrelation of returns. This
feature will not show up in our model, where returns are always negatively correlated.
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generation that has arrived at its consumption horizon. Note that it implies that the economy
is heterogeneously endowed with traders that have different time horizons.
We denote the time horizon of agent i by Tt and his risk tolerance by r,,. Formally, the
maximization problem of investor i is given by
V, t{Wi\ t) = m a x E [ - exp{-PiW^.)\T^,
where we defined the value function

subject to Wlt+l = Wlt+1 + dJ(P t + 1 - Pt)

(3.1)

Vi^{Wl;t).

Additionally, liquidity traders are present who cause the per capita excess supply, denoted
by Zt, to vary stochastically through time. We assume that this quantity is normally distributed
in each period, with mean 0 and variance-covariance matrix Ut.
C. Information structure
In each period, a public signal reveals the previous true value of the asset, Ft-i. Additionally (some) agents receive a private noisy signal regarding the current true value, i.e. investor
i observes the signal Ya = Ft + ë«. The variance-covariance of the noise in each signal is
denoted by SuD. Equilibrium
The rational expectations equilibrium in the economy is defined as a price vector P and
demand schedules {di(2i it )}, eJV -,

sucn mat

( a ) P ' s measurable with respect to state of the

economy, spanned by the information sets of investors {Ti,t}ietf, and the per capita excess
supply Z(, (b) for all i é J V , the demand schedule of investor i maximizes his expected utility
conditional on Ti<t, i.e. dttt = axgmaxdE[Ui:Ti(WT,)\li,t],

(c) in each period the market clears,

i.e. / ieA f d,,t di = Zt, Vt, and (d) all agents conjecture the correct pricing functional.
We assume a pricing functional linear in the true value of the asset, Ft, the common
knowledge about this true value, Ft, and the liquidity shocks in the economy, Zt, i.e. at time
t
Pt = ^o.tF + 7TUFj - nZitZt

(3.2)

Note that since in each period the previous value of the fundamental is revealed, we have
Ft = Ft-i V t.
E. Additional Remarks
Future wealth is determined by future price realizations, and as such, agents can never
perfectly predict this quantity even if they possess all information available. The reason is
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that the future price depends on both new information entering the economy and uncertain
future liquidity demand. Both are unknown prior to this next period. Hence, even if the
aggregation of information is perfect, this aggregate knowledge is not sufficient to predict
the future price. This additional uncertainty complicates the model severely as will be shown
later4.
We additionally remark that the revelation of the previous period's fundamental value
simplifies this model significantly. However, this assumption is quite common, though usually
it is in disguised form by means of a dividend pay-out (see for instance Wang[1993]). If we
drop this assumption, uninformed agents would need to use past prices in order to update
their common prior. This type of equilibrium in a single-asset market is studied in chapters 6
and 7.

3.3

Equilibrium

In this section we develop the equilibrium conditions for this economy, utilizing the standard approach. First the demand functions for each agent are derived, given the conjectured
form of the price function. Next we impose the condition that agents rationally foresee an
ultimate liquidation of the asset, which yields an additional constraint for the pricing coefficients. Ultimately, we demand market clearing to derive the equilibrium conditions explicitly.
A Equilibrium
First, we consider the demand function of each agent. In the appendix it is shown that the
following lemma applies.
Lemma 3.1 The demand function of agent i is characterized through
ditt{Tu) = rr'nil

(E[Pt+1 \lht] - Pt)

(3.3)

where üj it is determined recursively by
a,* = {G\l - G\%G\l + ^ r

1

^ ? ) -

1

(3.4)

with the boundary condition O;,^.] = var^._1(.PTi), and Gft is the kl-th partition of size
4

Similar mechanics can be observed in models where agents receive private signals that contain a common

error term. Even in the single period, single asset case, this leads to a cubic equation for the coefficients of the
pricing functional (see for instance Grundy and McNichols[1989J).
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n x n of the matrix Git, defined by5
/

M

covl(Pt+1 - Pt„îïitl)

varj(P i + i - P t )

{covi(Pt+l-pt,fr^)

with Ut'+2 =E[Pt+2 — Pt+i\ll+1],

™miï)

Y'

)

if the following transversality condition holds:

(T0,( + m,t) = (TTo.t+l + 7Ti i(+1 )

(3.6)

Proof! See Appendix A. •

This demand function has a similar structure as found in a single-asset multi-period model
studied in Slezak[1994]. The main difference is the presence of a non-zero fixed supply
level in his model. The result is that the demand functions additionally contain a constant
component that reflects this bias. In our model, investors only have conditional holdings in
the asset. This is a rather intuitive result, given that the only imbalances in the supply of the
asset, which the market needs to accommodate, are due to the liquidity investors. Since this
imbalance has an unconditional value of zero in each period, also the unconditional holding
of the rational investors equals zero.
The quantity Clijt, which plays an important role in the determination of investors i 's
holding, is of a highly complex nature. It should be interpreted as the effective uncertainty of
investor i regarding the future price change. In fact, in the period just prior to consumption,
this quantity equals the uncertainty of the future price realization, thereby coinciding with the
demand functions found in single period models, as in Hellwig[1980] or Admati[1985] for
instance. In earlier periods fi, ( additionally incorporates the correlations between subsequent
price changes. Hence, this uncertainty matrix measures the ability of agent i to dynamically
diversify through time. Indeed, it is found in most models of trading in multi-period environments that this diversification aspect allows agents to trade more aggressively (see for
instance Vives[1995]).
The posterior expectation of investor i, i.e. conditional on the price realization, of the future
price can be written as
E{Pt+l\Ylt, Pt]

=
=
=

5

Elir0M1Ft+7ru+lFt+1-irz,t+lZt+1\Ylf,Pt]
(7T0,m+7rM+1)E[i^(,P,,]
(Cou-Pf-i + C\iitYlt + C^j^Pf).

Note that the expectations and covariances are defined conditional on the observation of the price at time t.
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= 0, and defined the regression

coefficients C y t . Inserting this expectation in the demand schedule (3.3), we obtain

dit = rtn~tl(C0htFt^ + CuAt + (C2i,t - I)Pt)
for investor i. The aggregation6 over the individual investors' demands should equal the per
capita excess supply, i.e. in equilibrium we need
f

r A ^ C k t J i - i + CujtYu + (C2U - I)P,)di = Z,

(3.7)

JieSS

The law of large numbers ensures that the errors in signals cancel almost surely7, i.e. we have
that /igJV- riQ.~t CiiitYitdi

f

= Ft a.s.. Hence, the market clearing condition (3.7) becomes

r,n;lCQlttdi x Ft_! + /

rin-ICu,tdi

xFa + .[

r&-lt{C2l,t - I)di x Pt = Zt

We can relate this equality to the conjectured pricing functional of investors given by (3.2).
Applying the rationality requirement, we obtain the following necessary conditions for the
existence of a linear rational expectations equilibrium
7r2"t

=

/

r,n-l(I-C2hl)di

Ji£M

7Ti,( = 7T2( /
TTo.t = 7T2( /
Jießf

rtn^Cu,tdi
riü'lCo^tdi

Our model can be simplified according to the following lemma, which is proven in the
appendix.
Lemma 3.2 If investors foresee that the asset is liquidated at a certain period in the future,
for all previous periods, we have that
"0,t + 1"1,4 = I
Proof. See appendix B. •
Indeed, the informational component is a weighted average of the common prior of the
market and the private information in the market. This elegant feature can be found in most
6

The aggregation oi" a variable zL over investors, represented by f j^z'di,

7

is defined as usual, as

For a more elaborate discussion on how this aggregation is more formally defined, we refer to Admati[ 1985,
p635).
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N R E E models. In this multi-period

setting, it can also be interpreted

as a

transversality

condition. It ensures that unconditionally, prices are an unbiased estimator of the fundamental
value of the asset.
T h e lemma allows us to simplify the pricing functional according to
Pt = ( I - 7Ti,t)*U + TTUFt - TX2ttZt

Using the market clearing condition, and the expectation of each investor regarding the
fundamental value, it is shown in the appendix that the equilibrium is characterized by the
following theorem.
Theorem 3.1 For the economy described in section 3.2, the pricing function that satisfies the
equilibrium definition 3.2.D is given by
Pt = Ft-l + Ttlßt - K2,tZt

(3.8)

The pricing coefficients are given by 7r2,t = Ti-[,tQ7lR7l and
7Tlit = {Q'tR\UrlRtQt
with Qt given by Qt = R71$t

Rt= l

+ Qt + Vr1)'1

(Q'tR'tU-'RtQt

+ Qt)

(3.9)

and Rt defined as

uO£(Vt-1 + SJ+-$tU-1$t)-1di

(3.10)

r A ^ O r 1 + S-,1 + $tU-l$t)-lS7ldi

(3.11)

with $ j the solution to

$t = ƒ

The equilibrium exists if a solution to (3.11) exists. The equilibrium is uniquely tied down
through the boundary condition TT1T = 1, 7T2,T = 0.
Proo£ See appendix. •
The above equations (3.10) and (3.11) are recursion relations due to the pseudo-uncertainty
matrix Qht that depends on the structure of future pricing functionals. The specification of
Q,iit in (3.4) indicates the complicated nature of these relations. Hence, the integral (3.11)
from which $ t is determined, also runs over various functional forms for Çïiit. This general
setting does not allow the equilibrium coefficients to be determined explicitly.
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We have assumed that the supply bias is zero. Were we to allow a non-zero fixed supply
level, we need to impose additional structure on the price function. In that case, an equilibrium can be found by assuming a non-zero risk free rate r, and including a constant term
in the price functional. This constant would reflect the discount on price, or risk premium,
that compensates agents for holding a biased position in the asset. This extension is relatively
easy to perform.

B. Interpretation
Note how the coefficient 7r1( in relation (3.9) is determined through the innovation variance
Vt. Indeed, larger information shocks to the economy imply more dominance of both 7r1( and
7T2,t- Although, the above expressions for the pricing coefficients 7r1( and 7r2it, in terms of
Qt and Rt are identical to the expressions found by Admati[1985], the quantities Qt and Rt
are of an intrinsically more complex nature. Their meaning is however unchanged. Q, can be
interpreted as a proxy for the average information precision (the quality of information) of
the market. To illustrate this, note that we can rewrite the price function as
Pt =

Ft.1+7T1^~6t-Q;1R;lZt)

Hence, the signal revealed by the price, | t , can be written as

it = St- wïfatZt =$t-

Q^K'Zt

The second term on the right hand side is the error of this signal. Therefore, its precision is
given by
var-^lê) = QtRtU;lRtQt

(3.12)

The implication is that the quality of information conveyed by the price increases with Qt.
Hence, Qt proxies the information precision of the price system.
The quantity Rt can be given more meaning as well. It is directly related to the effective
risk tolerance of the market. If all variances are increased by a factor x, the quantity Rt is
unchanged. However, the multiplication of all risk tolerances by a factor x would magnify Rt
by a factor x as well. Note that this implies that if the average risk tolerance increases, also
the informativeness of prices, represented by (3.12) increases. This is in accordance with the
standard results found in the rational expectations literature. If agents are more risk tolerant,
they tend to exploit their information more aggressively, resulting in a higher information
precision of price realizations.
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C. Investors'

Beliefs

It is readily derived that for investor i, the expectation of the future price is given by
E\[Pt+l} = Ei[Ft] = Ft^ + r-, 1 (S-t\Yu

- Ft^) + QtRlU-1RlQln^t(Pt

- F^))

(3.13)

where
r M = (Vf1 + SJ + QtRtU^R,Qt).

(3.14)

The quantity r M represents the posterior information precision of agent i regarding the innovation in the fundamental value St. The estimate of this innovation combines the observation
of the private signal Yi:t and the signal displayed through the price, n^(Pt
signals are weighted with their information precisions, Sf1 and QtRtUflRtQt

- Ft-i).

Both

respectively,

as can be observed from (3.13).
In this economy, agents are only concerned with future price realizations. The uncertainty
of investor i regarding the future price change is given by

varj[pi+1] = r-/ + 7TW(vl+1 + cr+iÄr+i^+ißr+iQr+J^i.t+i
Note that the second term on the right hand side is equal across investors. It represents the
residual uncertainty of the economy regarding the future price realization. Even combining
all knowledge available cannot resolve this uncertainty.
D. Investors'

Utilities

The value function of investor i at time t, V M , is defined as his expected utility under the
optimal demand trading strategy depicted in lemma (3.1), and formally represented by (3.1).
The following theorem reports the functional form of this value function.
Theorem 3.2 The value function of agent i at time t, prior to the receiving his private signal,
given by
Ti-l

vwww)= (n^ W~TcV\ h - P t - ^ ^ - i n ^ o - n ; ^ ] ,
with Gi>T given by (3.5), and £ & = E[Pt+1 - Pt\Ft], and cT = m® fir/+1, with m a 2x2
matrix defined as m =
Proof See appendix. •

diag(0,1).
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This value function allows us to derive the ex ante expected utility of agents. Denote the
initial date of agent i by t0, and his initial wealth by WQ. Straightforward algebra yields that
the ex ante expected utility is given by
£[-exp(W4j

1

\ IvaC^n^JHvaC^n^,)-! + aril
/Ti-l

'II , \J \G'i,T + Cr\ 1 e x p h r r

1

^]

T—to

where varj'""(nj^1) is the unconditional variance of the conditional expectation of II•t+i3.4

Special Cases

To illustrate the generality of the model, and to point out explicitly some of its features, this
section discusses various special cases.
A A Multi-Asset Model with Biased Aggregate Knowledge
Assume that we have a two-period economy where in the first period agents are allowed
to trade, and in the second period the asset is liquidated at the fundamental value. In-between
the two periods, the fundamental value does not change. Allow the information signals agents
receive, to have a common noise term with variance-covariance matrix E. Given the oneperiod optimization problem, the uncertainty matrix a,- has a simple form, given by
a = var!(PT) = W ( F T ) = S + Fr 1 = E + {Vf1 + Sr1 +

Q'R'U^RQ)-1

Elementary algebra shows that this special case is solved by the pricing function in theorem
3.1, with $ and R given by
$ = /

r i ((V- 1 -t-5 i - 1 +$[/- 1 $)E + /)- 1 5 i - 1 di

(3.15)

r I ( ( ^ 1 + 5 " 1 + $ [ / - 1 < I > ) E + /)- 1 di

(3.16)

and
R= f

Observe that through the inclusion of a signal error, represented by E, the implicit relation
for $ remains. We can simplify the model further by assuming a single asset economy, in
which agents have identical characteristics, i.e. rt = r , Si = S V*. In that case, we obtain a
cubic equation for $, i.e.
$ = r((l/" 1 + S" 1 + $[/- 1 $)E + l ) - 1 ^ 1
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Although this equation can be solved explicitly, it is a complicated relation indeed. It illustrates
the complexity that arises if the future payoff of the asset is not measurable with respect to
the aggregate knowledge in the market. However, if we desire to study a stationary economy,
complete resolution of uncertainty should be absent. Allowing the aggregate knowledge to
predicted the whole future of prices, would violate this requirement.
B. Admati's Multi-asset Market
If we do allow the signal bias to be zero, in the single period economy, we obtain Admati's[1985] multi-asset market. Inserting E = 0 into (3.15) and (3.16), we readily obtain

Q = Äf1*, = R-1 f

JieM

R

=

r^i1di

I Tidi
JieM

which is Admati's solution8. The explicit expressions exemplify the relation between Q and the
"average" information precision, and the connection between R and the average risk tolerance.
C. A Two Type Investor Economy
Due to the aggregation over a continuum of differentially informed agents, explicit expressions for the pricing coefficients are impossible to derive. An often encountered simplification
which captures the notion of information asymmetry is the assumption of two types of investors, informed and uninformed. Denoting the fraction of informed investors by w, the
integrals can be replaced by relatively simple expressions. We assume that a fraction w is
perfectly informed, i.e. Siit = 0, while the other part (1 - w) is uninformed, i.e. Siit = oo.
First consider the expression for $ t , this quantity is now solved through
$t = /
where we defined f27 j = w

l

r&i ]di = rwiïj \

Jieß/V ^l^di as the average pseudo-variance of informed in-

vestors. The expression Rt is given by

Rt = r(l - w)^t{Vt-1 +

rVnj^nj})'1

where we similarly defined Slj}\. The information precision Qt becomes

Qt = io(i - w)-\vt-1
8

+

rWCljlU^üjDü^tüjl

Note however that we have a different definition for Q. In her model Q is given by the quantity we call $.
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Note that if an economy is perfectly informed, we have that R[ = 0, Q[ = oo, and RfQ, = r
fijj-

Substituting this into the pricing functional yields:

Pt = Ft-

r-lnIttZt

Similarly we can derive for an economy in which investors only observe public signals, that
Rt = rÇly\Vt,and Qj 7 = 0, which results in a pricing functional

Pt = Ft-i -

r^CluA

The similarity in the two expression already hints at the equivalence between the two types
of markets. It can be shown that for stationary economies one has that fî/ = Çly. This is a
rather intuitive result. Information signals in this model are exclusively realized through price
changes. Although the informed economy has a continuous information advantage over the
uninformed economy, econometric analysis of market statistics cannot distinct between the
two. Only the dispersion of information quality across a financial market affects the properties of the price process. In the next chapter we elaborate on this feature of re-trade economies.

D. Myopic Investors
The model is greatly simplified if we assume that investors act myopically. In that case, the
matrix î \ t that determines the trading aggressiveness of investors, reduces to the uncertainty
of investor i with regard to the future price realization, i.e. Q,ift = varJ(P t + i). This quantity
can be written as
ni<t = E t + 1 + r - /
where E t + 1 = ir'u+1Vt+1irltt+i

(3.17)

+ 7r^ +1 f/( +1 7r 2 ,« + i, and T,,, is given by (3.14). The variance

matrix E ( + i represents the unanticipated future price change, i.e. the change in price that
cannot be predicted even if given all available information at time t. Indeed, if an agent is
infinitely well informed, characterized by Fht = oo, the common residual uncertainty E t + 1
remains. This demonstrates one key feature of this model, namely that prices can never be
perfectly predicted through the arrival of new information and the presence of noise traders.
Again, the myopic equilibrium is too general to be solved explicitly. Let us therefore study
the two-type equilibrium in this setting. In the following theorem this two-type economy is
characterized.
Theorem 3.3 In the myopic two-type economy the pricing functional is given by
Pt =Ft-i

+ wißt -

wxtZt
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with its coefficients determined by the recursion relations
m,t = w ((1 - w) (ƒ + VÏE^ + wr'V-^-^Uf^y

+w

and 7r2]t = (iür) _1 7T li4 E t+1 .
Proof Follows directly upon substituting Si — 0 for the informed investors, St = oo for the
uninformed investors, and (3.17) into (3.11) and (3.10), and using theorem 3.1. •
The above theorem gives an explicit means derive the pricing functions in each period. This
allows us to numerically derive the properties of the equilibrium as a function of time, given
a certain term structure for the exogenous parameters such as Vt and Ut. Hence, given a time
series {Vt+\,...., Vp', Ut.+\,• ••, UT}, the equilibrium pricing functionals are uniquely defined.
E. On the Equivalence between Informed and Uninformed Stationary Economies
The above recursion relations may lead to a stationary equilibrium if we assume a regularity
in the series {Vt+i,...., VT; Ut+i,..., UT}, and take the limit of T to infinity. For instance if
we assume that the variance-covariance matrices of the shocks to the economy are constant
through time. In that case, taking the limit to infinity may yield a steady state in which the
coefficients of the pricing functional are constant. This steady state equilibrium exists if there
is a solution to
TTj = w ({1 - w) [i + VT,'1 + w ; r V E - 1 C / - 1 E - 1 ) " 1 + u ; '
with E = •K\VTT1 +

(WT)-2Y!-K[U-K{ï:.

Again consider the perfectly informed economy. In that case we have that w = 1, and the
pricing functional reduces to
Pt = Ft -

-ZjZ„
r
with E/ the solution to E/ = V + r ~ 2 E j [ / E / . In case of a perfectly uninformed economy,
we have that
Ft = Ft-i

E[/Z t ,
r

with E;/ the solution to Ey = r~ 2 (E(y+\/)[/(Eu + V)'. Though at first glance, these two
economies seem to price risk in a different way, closer inspection reveals that the following
theorem holds.
Theorem 3.4 Liquidity costs are identical in the uninfonned and informed economy, i.e., we
have that Ey = E/.
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Proof Note that X = T,, - V is the solution to X + V = V + ±{X + V)U{X
X = \(X

+ V)U(X
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+ V)', or

+ V)'. Comparison with the equation for Ey, leads to the deduction

that Ey = X = E , - V. M
The theorem implies that the price functions in the two economies are nearly identical. The
difference is the informational component, which in the informed case leads the informational
component of the uninformed economy by one period. That the two equilibria only differ in
this aspect is to be expected: the investors' payoffs are only determined through future prices,
hence, their expected utility and thus their demand is only determined through their relative
information advantage. This relative information advantage is the same for each investor in
both cases, leading to the same equilibria. This illustrates an important feature of the re-trade
economy. The absolute degree of informativeness is irrelevant for the pricing of risk, it is the
degree of information dispersion that matters.

3.5

Concluding Remarks

In this chapter we derived the equilibrium conditions for a multi-asset, multi-period market in
which the assets are re-traded and are devoid of dividend distributions. The primary purpose
of this exercise was in contributing to the existing rational expectations literature by providing
a more generic extension of many of the models found in the literature. Additionally, it is a
basis for the simplified frameworks that are studied in the next two chapters.
The extraction of explicit quantitative statements is particularly cumbersome when studying
a multi-asset market. We therefore have not engaged in such activity in this chapter. However,
studying multi-asset markets does have a clear added value. In particular it allows one to study
the correlation between price changes, and its dependency on aspects such as information
asymmetry and the presence of noise traders. This is an area where a model such as we
have derived can be of use. In particular in light of risk management techniques that make
extensive use of properties of correlation matrices and their assumed stability through time,
more understanding with respect to the intertemporal features of these quantities may be of
help.
On a technical level, our model would benefit from including a drift in the process for
the fundamental value, and including a fixed non-zero mean in the per capita excess supply.
This would allow for an explicit specification of the cost of capital in these markets. This
extension is relatively easy to perform, and is likely candidate for future extensions of this
model.
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3.A

Appendix

A Proof of Lemma 3.1
We denote the wealth of investor i by Wiit, and the vector of price changes between subsequent
periods by lit = Pt—Pt-\- Agent i 's wealth is recursively determined through his investment decisions
characterized by the demand vector {di^}T<T,- Explicitly, we have Witt = W^t-i + d'it_lYit- The
optimization problem of investor i, given his time horizon at T,, is given by
Vi,t = maxE l - e x p y-r~lWij,

J |Xj,(j

where we defined the value function Vi,t- Additionally, define ti]'+2

=

EJ +1 [P (+ 2 — Pt+i], which

represents the expected future price change following the next period.
First we show that the following lemma holds.
Lemma 3.3 The maximization problem,
max E

- i n j & X à . i â î S 1 ) |T,-(

exp ( -r^Wht+1(d,,)

(3.18)

di,t

has the

solution

di>t=rr1Çï^E[Ut+1\Ii,t
ifE^^}=0.
Proo£ The maximization problem can be written as
-IT,;

Vi t = max E

-IT/

n

^ ^rl,t+lln-l

fliit+1

IS..

Next define the vector Zt+\ = (U.t+i - nj^jfijfj 1 )', in terms of which we have
Vi t = max E

• exp ( -at - tffZi+i - -^Z't+1CtZt+\ ) \li,,

where we defined
at = r^Wit

+

rr^fi^

r\\dtJ.,0y
0

0

c«

The expectation (3.19) can be calculated using the standard formula, and is given by

(3.19)
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= — max
\ \n 'f—f

Vu

d, ,t
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P[-<t>i,t(di,t)}

t\

di.t V \Gi,t + ct\

exp{-(a
t~h't(Glit
l
'
2

+

ct)-\)}

where Gj.t is given by
G

f
'•'

var

*(n*+i)
covftn^i.nJS1)
^ covun^^n;^1)
va^n^t1)

The exponent ^ ^ in this expression can be written as

- ^, _ X*(( G ','+ c *) _1 )n*

4*,t(di,t) = rr'W^+rr^Mii

Taking the derivative to d1?(, we obtain that the first order condition of the maximization problem is
given by

r7imi-rr2((Gi,t

+ ctr1)ndt = 0

dl,t = rMGl,t + cl.)-ï)n)-lÛli1
Defining Qht = {((Giit + C() _1 )n), we have

dlJ=r-lür}{Y,[Pt+1\X^]-Pl
the value function is thus given by

and hence satisfies the form given by relation (3.18). •
It now immediately follows that the lemma holds, since at time Ti = 1 the maximization problem
of investor i satisfies (3.18) with fl~^, = 0 as a boundary condition.
Note that we have used that E5[EJ +1 [P (+2 - Pt+i}} = 0. Given the form of the pricing function,
this requirement demands that for each i
E*[EJ +1 [P t+2 - P+l]] = EJ[P (+2 - P,+ l] = [7T0,t+2 + 7TM+2 - TTo.t+l - 7TM+1] E'[P(]
In other words, if the equality
7T0,t+2 + 1"l,t+2 = 7T0,(+1 + 7I"1,(+1

is satisfied for all t, the lemma holds for all t. Note that this requirement is in fact a transversality
condition.

68

3. A Multi-Period Multi-Asset Noisy Rational Expectations Equilibrium

The recursion relation for Q,it then follows by using the inverse rule for partitioned matrices. Note
that the value function is given by

v

» - - (n / S ) °p-|r"'"'•" - ï « W « J

B. Proof of Lemma 3.2
T h e s u m of 7Ti t and 7Tnt can b e written a s

Jo

=

7T2t / T-jn^TTot+l +7r 1 ( + i)(/-S 2 i,(( 7 1 "0t + 7ru)) d ï
Jo

=

l"2t / rlQ.rj{TT0t+1+-nu+l)(I-C2i,t-,
JO

r

/

JO
JO

—,—-—r)di
(TOt+l + 7 I " l l + l )

'

A t V o t + l + 7Tlt+l)(^ - C'2i,S7

—

z)dl

(TTOt+1 +Tlt+l)
+7Tl£+l)
(TOl+l

'

where we used the fact that the regression coefficients satisfy Boi<t = ƒ — Bu]t — B2i:t(not

+ TTU).

Hence we can write
73
v = / r A , t (ƒ - C2i,t)di
(TTot+l +TTU+1J
\Jo
J
which is solved by

/ nf2 / ( ƒ - C2h,—
—'—z)di
Jo
'
(TTot+1 +TTu + i)

(•ÏÏOt + TTu) = (7T0I+1 + TTlt+l)
for all t. Given that at T — 1, the model is identical to a one-period model for which we can use
Admati's model, where TTQT-1 + TTOT-I = I '• Trot + t i t = I for all t. •

C. Proof of Theorem 3.1
In the following we will indulge in the technical details of deriving the equilibrium condition. For
notional simplicity, we will drop the time indices in this section. Part of this derivation resembles the
work of Admati[1985]. The short cut she uses to simplify the derivation can however not be used in
our model, leading to some additional algebra to derive the equilibrium conditions.
We will first derive the quantities Cji. Note that the triple (F, Y%, P) has the following variance
covariance matrix
(

V

V

V

V + Si

, TTiV

Vir[

7TiV

-K\V-n\ + TV2Un'2 I

The projection theorem then implies that

I V+tf
TTjV

\

VIï[

T/'T 1 TT '
iriVTT\

+TT2Uir2
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and

Vi^V-CuV-CiiAiV,

(3.21)

Consider first the inverse of the matrix on the left hand side of (3.20),
{V + S,)" 1 + (V + S,;)" WjZ^Tn V(V + S,)-1
-LimV(V

+ Si)-

-{V + S,)-1 Vn[L,,

1

Li

where
Li = (m(V - V(V + $ ) _ 1 V V i + K2Un'2yl
Define
= V-V{V + Si)-lVanA

Ki

1

Hi

1

(3.22)

1

1

(3.23)

+ Si)'1 and

(3.24)

= 7rf Lr ( 7 r - )' = Äi + $ - i ü ' $ -

Then
= (I - KiHïl)V{V

Cu

1

1

1

1

C*2t = KiflrVjf = Ä i f i r * - ^ .

(3.25)

where we defined $ = TrjV- Define Ft = {V~l + S~l + W ^ 1 * ) (={K~l + * [ / _ 1 $ ) = (A',. KiHf1Ki)~1),

representing the posterior precision of investor i regarding the fundamental value of

the asset of investor i. We can rewrite Cu and C-n as

cu = rr1^1
The matrix <E> = ^ ^ i c a n be written as

$ = ƒ nü^Cudi = I
Jo

r^n-^s-'di

Jo

Moreover,
TT^1 = / r 4 fr 1 (.r_rc' 1 $t7- 1 7r;" 1 )di
Jo
Rearranging yields

7T2= ('f riü^di)

(l+ f

nü^rr^U^di]

Now define the following integral :

R= I
Jo

rrttjlr-ldi

Then :

f rtQ.-ldi = f nttr^CV^
Jo

+ S^ +

Jo

= RV~1 +<s> + mu-1$

QU-^di
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We then obtain for the pricing coefficients, (inserting time indices again)
+ Vt~l) + <ètyl (i + Rt^tUf1)

7T2 =

(Rti^tUr^t

Tri =

(Rtl&tU^&t + Vr1) + ^y1

(l + Rt^tUf1) $,.

7T0 = i - (Rt{$turx$t + vt~i) + ^y1 (i + R&tur1) *t
with $( the solution to
** = f1 nÜ-^Vf1 + S-/ +

%tU-l$t)-lS-jdi

Jo

and Rt defined as
Rt = f nQ-^Vf1 + s~t +

StU-^t^di

Jo

Using the definition for Qt = R~^l<èt, we obtain the expressions in terms of Qt. and Rt presented in
the theorem. •

On the Impact of Information Friction in
Re-Trade Economies
4.1

Introduction

Information asymmetry is commonly modeled by assuming the existence of two types of
agents: informed and uninformed investors. To the uninformed investors, insiders play a dual
role. Their presence increases the informativeness of prices with respect to fundamentals,
which usually allows the uninformed to predict their future wealth with higher precision.
However, additionally insiders are the cause of an adverse selection problem: uninformed
agents face the risk of trading with insiders. This dual character prohibits any definite conclusion regarding the cumulative effect of information asymmetry. The key problem is that
the individuals' information quality has relevance in two ways. First, information quality is
important on an absolute scale: agents can better predict future realizations given a higher
information precision regarding fundamentals. Second, the individuals' information quality is
valued relative to the informedness of other agents. This heterogeneity in information quality
gives rise to the adverse selection effect. It follows that two measures for the informedness of
an economy are relevant: the absolute informedness regarding fundamentals and the dispersion of information precision across investors. In re-trade economies 1 , however, information
dispersion dominates. The reason is that in these markets, agents care solely about the ability
to predict future prices, and not fundamentals. This creates a less significant role for absolute
informedness of agents. A presence of insiders may increase the information content of prices
regarding current level of fundamentals, at the same time, however, the presence of insiders
in subsequent periods makes knowledge about the current level fundamentals a less precise
predictor for future prices. These two effects more or less offset each other. Hence, in the
type of models we study, increasing or decreasing the fraction of insiders mainly has relevance in its impact on the dispersion of information across investors. This feature of re-trade
economies allows us to disentangle the dual character of insider trading, and focus exclu'That is, rc-trade economies as opposed to markets in which the asset is liquidated, or where information
about fundamentals is realized, for instance in the form of dividends.
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sively on its adverse selection component. That relative informedness matters, as opposed to
absolute informedness, is underscored by the fact that the latter is not a measurable quantity.
A necessary condition is clearly that the true value of the asset should be revealed. Indeed,
within the context of stock markets, such an event is not likely to occur.
That information dispersion plays a unique role in our model, is emphasized by a feature
which was already noted in the previous chapter: markets that are homogeneously informed,
be it perfectly informed or uninformed, are equivalent in its pricing of risk, and have the same
market statistics. In these markets, the competition between agents is maximal. On the other
hand, in heterogeneously informed markets, market properties are impacted by information
dispersion as well. It causes agents to compete less effectively, leading to higher risk premia
and lower market depth. In this chapter, it is shown that if markets are relatively uninformed,
an increase in insider trading decreases the overall competition among agents. If markets
are relatively informed, the reverse is true. The implication follows that there is a critical
fraction of informed for which this switch in the dependency of market statistics on the
fraction of informed takes place. This occurs when informed and uninformed equally impact
the price function, or, in other words, if the aggregate trading aggressiveness of informed and
uninformed are equally high.
We relate the parameters of our model to the development of markets. Specifically, we
associate market development with a high relative risk tolerance level. Using this measure,
we show that a change in information friction has a less profound impact on variance and
volume if markets are better developed. However, when considering market depth the opposite
conclusion can be made. In more developed markets, an extreme sensitivity of liquidity cost
on the fraction of informed is observed. This implies that if markets are highly developed,
insider regulations have relatively more added value to liquidity traders.
The framework we utilize is based upon the noisy rational expectations paradigm as developed by Grossman[1976], Grossman and Stiglitz[1980], using the large market extension
of Hellwig[1980]. In our multi-period environment, we assume that in each period the fundamental value of the asset experiences a shock whose variance is constant through time. In
each period a public signal is revealed to the traders, which we assume to exist in three types:
(1) Informed traders, who already know the future public signal, (2) Uninformed traders who
rationally extract information from prices, and, (3) Liquidity traders who cause the per capita
excess supply to vary stochastically through time. Within our model, insider trading, front
running and dual trading are equivalent; the information advantage of informed investors
owes to their receipt of information one period earlier than the uninformed. The model is a
special case of the generic framework presented in the previous chapter. We use the theorems
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derived therein to extract the equilibrium conditions.
Many authors have considered the impact of information friction on market statistics. Our
approach differs in that we model an economy in which the asset is re-traded. Accordingly,
some of our results differ from other work that considers this subject. For instance, Leland
[1992] shows in a two-period model how insider trading affects price formation and its implications for investment decisions. In his model, the presence of insiders always reduces future
uncertainty, whereas in our model future (price) uncertainty has an uni-modal dependency
on the fraction of informed. In Wang[1994] it is shown that an increase in information friction reduces volume. In our model the opposite happens. In a re-trade economy, information
friction induces additional trade between investors with different information precisions.
This chapter is organized as follows. Section 2 introduces the assumptions underlying
the model. Section 3 discusses the equilibrium. In section 4 the impact of insider trading on
various market statistics is considered. We conclude with a discussion of our results in section
5.

4.2

The Model

The model we utilize is a special case of the model developed in the previous chapter. For
tractability, we consider the single asset case, and assume that agents act myopically2. For
completeness, in the following, we report the setup of the model.
A The Investors
We assume that there is a continuum of investors, indexed by i € [0,1]. The investors are
myopic, and maximize their expected CARA utility function one-period hence. We assume
that the investors are of two types, informed and uninformed. All investors receive a public
signal (at each date) regarding the true value of the asset traded. The informed, however, already perfectly know the public signal that is to be revealed in the next period. Consequently,
they can front-run future information signals. A fraction w of the investors is assumed informed. Furthermore, investors have identical risk tolerance level, which we denote by A.

B. The Liquidity Traders
Liquidity traders are present in the market causing the information signal revealed by the
market clearing price to be only partially revealing. We assume that their cumulative impact
In the next chapter, the model is considered when the economy consists of agents with multi-period horizons.
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causes the per capita excess supply, Zt, to be i.i.d. normally distributed in each period. This
distribution is assumed to have zero mean and variance U, hence Zt ~ N[0, U}.
C. The Fundamental Value
The risky asset is not liquidated in any nearby future period. It has, however, a fundamental
value associated, which follows a pure random walk, i.e.
Ft+i =Ft + St+i
where 6t ~

N[0,V].

The public signal which is revealed in each period concerns the previous true value of the
asset, that is, at t all agents learn Ft-\. The informed agents however learn Ft as well 3 .
D. The Market Clearing Price
The market clearing price is assumed to be linear in the information of the informed and
uninformed and the liquidity shocks to the market, i.e. we conjecture a pricing functional
Pt = Ft~i + irsöt - TTzZt

(4.1)

Following Slezak[1995] we refer to ns and nz as the (news) response rate and the liquidity
cost, respectively. The parameter irs effectively measures the sensitivity of price to the private
information of the informed investors. The parameter TVZ represents its sensitivity with respect
to liquidity shocks in the market, and compensates rational investors for providing immediacy
to the liquidity traders.
In order to tie down the equilibrium uniquely, we need to impose a boundary condition.
We do so by assuming that at period T, with T infinite, the asset is liquidated at its true value

E. Additional

Notation

Although the model has an abstract setup, it is tempting to ultimately translate this structure
to a classification of markets. A key role in our analysis is played by the quantity Ç, which
is defined as
C = A{UV)-l'\
3

(4.2)

Indeed, usually informed are modeled as if they can perfectly predict a future price (as in Kyle[1985]).
However, it is more realistic to assume that even when one combines all knowledge in an economy, it can only
imperfectly forecast a future value.

4.3. Solution to the Pricing Problem
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and can be interpreted as a relative risk tolerance level. The motivation for this interpretation
is as follows. First note that the standard deviation of supply noise is dimensionless, while
the standard deviation of the shocks to the fundamental value is measured in consumption
units. The product of the two, therefore, proxies the variance of the supply turnover measured
in consumption units. As a result, the fraction (, measures the average risk tolerance level,
A, relative to the standard deviation of liquidity supply in consumption units. As such, it
characterizes the relative risk tolerance of the market.
We relate a high value of Ç to a high development of a financial market. The reason is that
the more developed a financial market is, the more short-term traders will be present relative
to the total supply in the market, to engage in the (generally) profitable business of trading.
A few arguments back this contention. One argument is that when a market develops, first
market making activity needs to be shown to be profitable, upon which more agents will
enter the market having observed the performance of other agents. A second argument is that
an increase in the efficiency of a trading system will decrease trading costs, lowering the
barriers for other traders. Finally, if competition increases between exchanges that list similar,
or the same, securities, entrance fees to the exchange tend to be lowered, again increasing
the number of rational traders. These scenarios all lead to the same result: a decrease in the
variance of the per capita (trader) supply noise. However, given that supply is dimensionless,
we need to relate it to the risk tolerance level and express it in consumption units. Hence,
the interpretation of Ç as both a proxy for relative risk tolerance and the development of a
market.
Additionally, we define
a = y/U/V*z.

(4.3)

As will be shown, a can be interpreted as a measure of the information friction between
informed and uninformed agents. Observe that this parameter is dimensionless.

4.3

Solution to the Pricing Problem

The model we have adopted is a special case of the model proposed in chapter 3. The equilibrium is therefore readily found by applying the theorems derived therein. In the appendix,
the necessary additional calculus is performed that leads to the equilibrium specified in the
following theorem.
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Theorem 4.1 In the steady state economy, the pricing function is given by (4.1) with irz =
\JV/Ua,

and IT6 and a f unctions of w and ( only, and given by the solution to

\
and

\

wÇa

waz

_ TTsjnj + a2)

Equilibrium exists for all values of w if C, > l\.
Proof See appendix 4. A. •

Observe an elegant feature of this equilibrium : both TTS and a can be expressed in w,
the fraction of informed, and Ç, the relative risk tolerance of the market, only. Additionally,
note that the existence of equilibrium is a sufficient condition. It implies that if markets are
risk tolerant enough compared to the variance of supply turnover, equilibrium will exist. The
set of equations for this quantity can be shown to be of third order. Hence, it is explicitly
solvable. The solution is however not very illuminating. We therefore consider some of the
dependencies of TT6 and a on the exogenous parameters in a more formal manner.
Lemma 4.1 In equilibrium, the news response rate n6(w, Ç) is bounded between 0 and 1 and
strictly increasing in w and (.
Proot See appendix 4.A. •

Indeed, TT6 measures the relative impact of informed investors on price. Increasing their
number naturally increases their impact. That the response rate increases with the average
risk aversion parameter, (, is to be expected as well. Informed agents will trade more aggressively given a higher relative risk tolerance, leading to more informational efficiency. The
coefficients' dependency on ( is displayed in figure (4.1).
Note that for any given TX6 and (, we can uniquely pin down the fraction of informed w.
This bijective property implies that we can write a equivalently in terms of n6 and (. As is
shown in the appendix, the dependency of a in terms of the response rate can actually be
written as a = a(y,Q

with y = ir6 - n'2, and is seen to be monotonically increasing in y.

This observation leads to the property stated in the lemma.
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FIGURE 4.1. The response rate ITS as a function of Ç for w = 0.15 and w = 0.5. This news sensitivity parameter increases
with the relative risk tolerance of agents.

Lemma 4.2 The quantity a(w,Q

is uni-modal in the fraction of informed, w, and maximal

for Wcrit which solves
TT6(u!crU,()

(4.4)

ProoC See appendix 4.A.
Interestingly, a is, ceteris paribus, only dependent on w through y = irg — 7r|. Therefore,
not the fraction of informed is important to the parameter a, but rather the dispersion of information across the economy. We therefore associate a with the degree of information friction
in the market. The lemma shows that if the price is impacted equally by informed and uninformed, information friction is maximal. Figure (4.2) illustrates the uni-modal dependency
of information friction on the fraction of the informed. Observe the extreme sensitivity to an
increase in the fraction of informed agents for relatively uninformed markets. Another implication of this pattern concerns the liquidity cost parameter 7r2. The latter is directly related to
the information friction a through
TTZ =

\fVU-la(w,C,).

(4.5)
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FIGURE 4.2. The information friction parameter, a as a function of w for Q = 3 and Ç = 5. The information friction is
maximized if informed and uninformed impact prices equally.

Combining this expression with the lemmas 4.1 and 4.2, we immediately obtain the following
corollary.
Corollary 4.1 The liquidity cost in the market is uni-modal in the fraction of informed w,
and reaches its maximum for

wcrit{Q.

Proof. Follows directly from (4.5) and theorem (4.2). •
The corollary supports our association of wCTit with maximal information friction. At this
point liquidity costs are highest. Although we have derived the uni-modal dependency from
the properties of the information friction parameter a, it can also be understood intuitively by
considering the characteristics of the trading strategies of informed and uninformed investors.
Their demands can be written as
4"/

OC

{l-TTS)6t+TTzZt,

respectively. Observe how investors respond to the news innovation process 6t. Informed tend
to buy (sell) on good (bad) news, while the uninformed investors' demand function exhibits
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contrarian characteristics. As such, if, ceteris paribus, the news response rate -Kg increases,
uninformed tend to trade more frequently with informed investors. Consequently, 7r2 should
increase in order to compensate uninformed investors for the increase in losses. Simultaneously, however, another effect is present. With an increase in informed investors, the average
trading community becomes more informed. This effect tends to reduce irz. Which of the two
effects dominates depends on the dominance of informed investors (i.e. depending on whether
Kg is larger or smaller than one-half).
Define a financial market to be relatively uninformed if w < wcrit, and relatively informed if
w > wCTit. The dependency of the information friction in relatively informed and uninformed
markets on the fraction of informed is characterized by
damS

daunf

—— < 0, while —-— > 0.
aw
aw
Hence, for relatively uninformed (informed) markets, information friction increases with the
fraction informed (uninformed).
It is easily shown that the critical fraction, wcrit, depends on the relative risk aversion
parameter C, only. In the appendix, it is shown that the following theorem applies to this
dependency.
Theorem 4.2 The critical value of informed investors, wcrtt, where information friction is
maximal, is decreasing in the relative risk tolerance of the market (,.
Proo£ Follows directly from (4.4) and the fact that itg is increasing in w and increasing with
C, (lemma 4.1). •
The negative monotonie dependency of wCTit as a function of Ç is verified in Figure (4.3).
Observe that, given our interpretation of C, the theorem implies that the critical value of w,
decreases with the relative risk tolerance of a financial market. As laid out in the discussion
in section 2.E, we can relate higher values of £ with more developed markets. Hence, theorem
4.2 tells us that in more developed markets, maximal information friction occurs for a smaller
fraction of informed.

4.4

Information Friction and Market Statistics

In this section we consider the dependency of markets statistics on the fraction of insiders
present.
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FIGURE 4.3. The criticial fraction of informed wcrtt

as a function of Ç. More risk tolerant markets have a lower critical

value.

A Volatility
If information friction increases, a natural consequence is that risk premia increase. One
would expect therefore that price volatility increases with information friction. Consider therefore the relative variance of price changes. This quantity is given by
var r e l [AP] = y - V a x I A P ] = (1 - TVS)2 + TT2

2az

It is indeed uni-modal in the fraction of informed and maximal for w = wcrit. Note that this
happens even though the contribution of news variance, represented by the terms (1—7rs)2+7r|,
is minimized at this point. As a function of w, we obtain the graph in Figure (4.4). Observe the
significant increase at the critical point compared to the homogeneously informed economies
for £ = 3. This result somewhat over-emphasizes the impact of information friction. The
reason is that this variance concerns short-term price movements where liquidity noise has
a profound impact. The relative contribution of this component diminishes with longer time
horizons. This effect is readily noted by considering the variance of long-term price changes.
Measuring the return over K periods, we have
t+K

Pt = ^St-l+i

+ TTsÔt+K - KéSt - TTz(Zt+K

-

Z'i)
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FIGURE 4.4. Relative variance of short term price changes as a function of fraction of informed for C = 3, ( = 5. The
quantity is maximal under maximal information friction.

In this case, we obtain for the relative variance that (K > 1) var r e l [P t + A '-P t ]

K+2ir%+2a2,

which implies that the contribution of the information friction parameter can be written as
2a2(K + 2n1)~1. Hence, the relative impact of information friction decreases with the number
of periods K over which the returns are measured.
B. Informational

Efficiency

An important measure of market performance is informational efficiency. Usually, this
efficiency is associated in relation to the transparency of price to fundamentals. Consider how
the uninformed investor updates his information precision regarding fundamentals. The ex
post information precision compared to the ex ante information precision, denoted by Yrei
can be written as

vax[^r^

2

Because of the uni-modal dependency of a on the fraction of informed and TIS strictly increasing in w, the formula cannot readily reveal its dependency on the fraction of informed.
However, as shown in graph (4.5), the intuitive relation is present that with increasing fraction
of informed, the informativeness of prices increases. Additionally, it implies that the informa-
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FIGURE 4.5. Price efficiency with respect to fundamentals as a function of the fraction of informed for Ç = 3 and Ç = 5.
Insiders always increase the informative content regarding fundamentals.

tional efficiency increases with £. Again, this is intuitive. The more risk tolerant traders are,
the more aggressively they compete, which leads to higher information efficiency. It should
be noted however, that the uninformed investors are actually not interested in the revelation of
fundamentals per se, but rather the predictive content of price concerning future prices. Let us
therefore consider the uncertainty regarding future price realizations. For informed investors,
this uncertainty is given by
!

[Pt+1] = V(TT2 + a2)

while for uninformed investors, we have
var

f

a2 + (a2

+

IT2)2

[^+i] = V

In Figure (4.6) these two quantities are plotted relative to V as a function of the fraction of
informed. The graph indicates that to insiders the future price uncertainty always increases
with their presence. The reason is of course that today's fundamentals have less predictive
power if more insiders are present in the next period. To uninformed, the liquidity component
that affects the price in the next period is a determinant factor. Given that the latter increases
with information friction, uni-modal dependency of the uninformed uncertainty on w results.
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zet a= 3,uninformed
zet a= 5,uninformed
zeta=3, informed
zeta=5, informed

FIGURE 4.6. Future price certainty of informed and uninformed as a function of the fraction of informed for Ç = 3 and
<" = 5. Although informed increase the informative content of prices with respect to fundamentals, in relatively uninformed
markets insiders only increase future uncertainty.
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FIGURE 4.7. Market depth as a function of the fraction of informed for Ç = 3 and Ç = 5. Market depth is smallest when
information friction is maximal.

C. Market Depth
Market depth is a commonly encountered proxy for market performance. This measure can
be directly related to our pricing kernel. In fact, we define the market depth as the inverse of
the sensitivity of the pricing functional to liquidity demand. This definition gives us that
A

\/UV-la(w,Ç)-

We have plotted this definition of market depth as a function of w in Figure (4.7). Two
observations are worth noting. First of all, as can be seen for the extreme cases, i.e. perfectly
informed and completely uninformed, the dependency of the market depth on the risk tolerance
level is positive: increasing the variance of shocks to liquidity increases the depth of the
market. This relation is intuitive and commonly found. The dependency on the variance of
liquidity shocks U, is not revealed by the graph, where we assumed this variance to be
constant. Observe, however, that for constant relative risk tolerance (, an increase in U leads
to an increase in market depth. Brennan and Cao[1996] also model a competitive multiperiod market, and report the same dependency of market depth on risk tolerance and supply
variance. In Subrahmanyam[1991], within a Kyle-type of environment this result is also seen
to hold.
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Another dependency that can be derived from the graph, concerns the fraction of informed.
Clearly, an uninformed economy is extremely sensitive to an increase in the fraction of
informed trading. Market depth almost jumps to a fifth of its original size. Hence, we may
conjecture that uninformed economies are much less resilient against changes in the fraction
of informed, compared to a informed economy. That market depth is uni-modal in the fraction
of informed is also noted by Subrahmanyam[1991]. Indeed, market depth is determined by the
average competitiveness of the market. If the market is relatively well-informed, an increase
in informed trading leads to more competition, leading to an increase in market depth.
Interestingly, for higher developed markets (corresponding to C, = 5 in the figure) market
depth is very sensitive to the degree of information friction. In this particular case, liquidity
costs are more than tripled under the maximal friction scenario. Hence, although higher developed markets display more robustness with respect to information dispersion if measured
by the variance of price changes, this is not the case for liquidity costs.

D. Volume
An empirically observable quantity that is often studied in the literature is volume. Following He and Wang[1995] and Brennan and Cao[1996], we define volume as follows4
1 , . , . 1 A,. , ,,.

vol, = -\AZÄt\ + -J

1 r,, ,

.

Ä
\Adit\di = -{\AZt\+wJ

f,,

Tmfl

\Ad^\di+(l-w)j

\A^\di

In the appendix it is shown that the unconditional expectation of this quantity is given by
Eu[vol(] = i / ^ ƒ ( « ; , £ ) , where f{w,Q

ƒ (W, 0 s i + y

is defined as

(I - ns)2 + a» + (1 - v,) C/ + ^|;J 2 * ) 2 J(4 + a»)

Figure (4.8) displays the functional dependency of this factor on w. Clearly, volume increases
with the information friction in the market. The increase is most profound when Ç is largest.
Hence, for relatively less developed markets, a change in information friction may cause a significant increase in volume. Wang[1993] also considers volume in a heterogeneously informed
economy. He finds that volume decreases with increasing information asymmetry. This result
is due to the dual character of the informed investors in his model. They additionally represent
liquidity traders. Hence, uninformed can only trade with informed agents. Increasing the uncertainty of uninformed decreases their trading aggressiveness, and in turn leads to a decrease
4

Note that volume equals infinity in a infinite agent model. Therefore, we define volume as volume per

capita. Our definition of volume is slightly different from the definition Brennan and Cao[1996] use. While
Brennan and Cao[1996] assume that traders are randomly endowed with the risky asset, we assume a presence
of liquidity traders. Our definition is identical to the one used in He and Wang[1995].
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zeta=5
zeta=3

FIGURE 4.8. The volume factor as a function of the fraction of informed for C = 3 and C = 5. Volume has a complex
dependency on the fraction of informed, although it generally increases with the level of information friction.

in volume. In our model, if information asymmetry is absent, rational investors only trade with
liquidity traders. With information asymmetry additional trade occurs between informed and
uninformed investors. In fact, the increase in volume in heterogeneously informed economies
can be ascribed entirely to trades between informed and uninformed investors. This observation is in line with our earlier explanation for the uni-model pattern found for the liquidity
cost parameter. When the frequency of trades between informed and uninformed is largest,
uninformed need to be compensated for these extra losses. Hence, a natural consequence is
that when volume is largest also liquidity costs are maximal.
In He and Wang[1995] intertemporal patterns of volume are considered. We have assumed
a stationary economy, keeping the variance of exogenous shocks constant. As such, the conditional pre-trade expectation of volume is constant through time. Note however, that the
model developed in chapter 3 allows for a solution even if we assume time-dependency of
the exogenous parameters.
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Concluding Remarks

In re-trade models investors do not care about fundamentals, but only about price realizations. Consequently, the information content of price is valued according to its ability to
predict future prices. If price conveys more information about fundamentals due to a larger
presence of insiders, additionally its sensitivity to news increases. Hence, although inference
of fundamentals may be more precise, future price risk may increase due to a high news
sensitivity of future price realizations. This feature of re-trade models magnifies the role of
information dispersion as opposed to the absolute degree of informativeness. It allowed us to
disentangle the dual character of insider trading and focus on its adverse selection component.
We showed that volume, variance and market depth, have a uni-modal dependency on the
fraction of informed in the market. All are found extremal for a certain critical fraction of
informed, where information friction is highest.
We have related our exogenous parameters to the development of a market. It was shown
that the critical fraction of informed is decreasing in the degree of development of markets.
Interestingly, although higher developed markets are less sensitive to information friction
when measured by the variance of price changes, this does not apply to the costs of liquidity.
These are actually more sensitive to information dispersion than in less developed markets.
The implication is, that insider regulations may have relatively more benefits in terms of cost
reduction for liquidity traders, than in less developed markets.
In order to derive more normative implications, welfare analysis is needed. Though we have
not explicitly derived ex ante utilities of investors, it is easily shown that all traders benefit
when the information friction in the market is as large as possible. The reduced competition
between agents effectively allows them to extract a larger rents from liquidity traders. Hence,
the most attractive market for our short-term traders is the least attractive market for the
liquidity traders. This trade-off between the welfare of rational traders and traders makes
the extraction of definitive normative statements non-trivial. We may however resolve this
problem by incorporating supply noise by endowing traders randomly with a position in the
asset. This would allow for more insights in how insider trading impacts social welfare.
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4.A

Appendix

A Proof of Theorem 4.1, Lemma 4.2 and Lemma 4.2
From theorem 3.3 it follows how the pricing coefficients are related between subsequent periods
for the multi-asset version of the model. In this special case, it is immediately implied that the pricing
functional is given by
Pt = Ft-.t + Ti6~6t -

n zZ t

with its coefficients determined by the relations

+ vi:-1+iuA2VT.-2u~iy1+

•m = w((i-w)(i

w)

,

(wAylTTSE,

TTZ =

where E = irjV •+- ir2zU. Using the definitions (4.2) and (4.3), the common uncertainty of the future
price, E, is given by E = V(irj + n2UV~1)

= V(n2 + a2). Substitution leads to

+ (nl+a2)-\

IT6

=

wUl-w)(l

a

=

(wO^n^nl

+ w<;2(nj +

a2j~2y1+•

+ a2).

(4.6)

Using relation (4.6), we obtain
vr« =
a

=

w\{l-w)(l

+^ - +^ L \

+w)

,

+ a2).

{wQ-^si-nl

(4.7)
(4.8)

Note that these equations imply that the quantities ITS and a are functions of w and Ç only. Equation
(4.7) can be written as

», = l - ( l - « 0 1

+ (Ca)

^

+

^aS/(s;C,i«0

(4.9)

where we defined x = x(ns; w, Ç) = ng1a. Note that it follows immediately that ns e [0,1]. In terms
of x, relation (4.8) becomes x = {wQ~lii2(\

+ x2), which is solved by

Straightforward calculus shows that x(Ttg;w,Ç) is strictly increasing in 7r^, and strictly decreasing in
w and (. Moreover, f(x;(,w)

is strictly increasing in w and decreasing in x and in £. We can now

easily show that TTS is increasing in w. Assume w < w', and that the opposite is true, i.e. ITS > n's.
We then have that x = x(ns;w,c)

> x(n's;w,c)

n6 = f{x;(,w)

> X(TT'S;IU',C)

<f{x';C,w)

= x', which implies that

< f(x'; (,w') = n'6
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and violates our assumption that TT$ > ir'6. Hence, 7r«5 is strictly increasing in w and bounded between
0 and 1.
Next, consider the dependency on (. By taking direct derivatives, the product (x(x; (,u>) is seen to
be decreasing in Ç. Therefore, ƒ (x; Ç,w), specified by (4.9), is strictly increasing in (. It immediately
follows, using the same technique (reductio ad absurdum) that the solution ng is strictly increasing in

C
Next, we consider the existence of an equilibrium, and simultaneously the dependencies of a(w, ().
Combining relations (4.7) and (4.8), after some algebra it can be shown that a is the solution to
a = g(a;y,Q

= - a 3 + Ça2 + ay - C,y

(4.10)

with y = ns — 7r|. Note that y is uni-modal in TTS reaching its maximum value for TT/J = j , hence
y e [0, {}. It is readily derived that for a 6 [ 0 , | O , g{a\V,Q is strictly increasing in a. We can
now derive a sufficient condition for an equilibrium to exist. For any y, an equilibrium exists if
s(|C;y.'C) > |C- Using the definition for g(a;y,Q,

it follows that this condition is always satisfied

if ( > 2 j . Furthermore, inspection of (4.10) reveals that g is strictly decreasing in y. Hence, it immediately follows that the solution a is increasing in y. •
B. Information Efficiency
In chapter 3 (relation (3.14)), it was shown that the ex post precision, T,, of investor i, who receives
a signal with precision S~l prior to trading, is given by

r, = v-1 + s-1 + w'A^U-1 = Af1 + è(! + 4)
For informed investors, this expression indeed evaluates to infinity. For uninformed investors, whose
2

information precision (S'unf)~1 = 0, we obtain r unf = y{l + ^ | ) . The relative information precision
measure is then readily found by scaling this quantity with a factor V.
C. Volume
The demand of an investor with information precision St can be written as

äht = A (E + r,-y

{^sfi - *U) + (i - fSïü) ^

- A))

For informed and uninformed, this implies
i4E-1(Ji-Pt)sLinf(JFt-Pt
, f
<f = A(E + (I^)- i rVl-™g
577 )(J't-i-P«)=L » (Ji-i-P«)
r™f7r2[/
71

Volume is given by
vo\t

=

^|AZ ( | + - / Lf\AFt

- APt\di + - J LT\AFt-i

- APt\di

(4.11)
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=

\\Zt ~ Zt-i\ + \wLmf\{l

- n6)(6t - 6t-i) + nz(Zt -

Zt-i)

1
+ - ( 1 - iu)LaM\ - TTS(6t - 5t_!) + ixz{Zt - Z4_a)|
Using standard results from distribution theory5, unconditional expected volume is given by
E > o l t ] = y ï (VU + wLinl^(l

- ns)2V + n2U + (1 - w)Lmf^Jn2sV + Trff/)

The quantities L mf and Lunf are given by,
Linf =

A _js_ a n d Lu„f = A (a2 + 7r| - ITS)
V wÇa'
V a2 + (IT2 + a2)2

It follows then that
E"[volt]

=

-

71>

'U l+[-J(l-^)2

+ a2 +
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(a2 + 7r| a

1

/(7(i + . / K 0 )

where we implicitly defined f(w,Ç)-

5

Namely that if x ~ iV[0,<r 2 ], £ [ | x | ] = J f <r
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a
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Market Development under Costly Information
5.1

Introduction

Many exchanges have expanded considerably over the past years 1 . This expansion is not
only seen in the number and types of products that are traded, but also in the number of
traders who participate in the trading process. The latter in particular applies to electronic
exchanges. An example is the index futures market on the EUREX, which has almost tripled
its number of traders over the past two years. A compelling question is how such an increase
in agents that facilitate trade affects market properties. This issue is the main focus of this
chapter, where we specifically address the impact of market growth on market depth given
the presence of information asymmetry. Within our model this information friction arises due
to the availability of private information which agents can acquire at a fixed cost. It is shown
that, while in homogeneously informed economies market depth increases with the number
of traders, with information asymmetry, market depth may decrease under such development.
The information friction in our model arises due to the possibility of agents to become
informed at a certain cost. Consequently, information friction occurs if it is not beneficial for all
traders to become informed, but only for a fraction to do so. The benefits to becoming informed
relative to staying uninformed typically depend on the variance of the per trader excess supply
caused by the presence of liquidity traders. The latter ultimately pay the price for the provision
of immediacy by the rational traders, who can demand a surplus from the liquidity traders
with their perfectly inelastic demand schedules. Therefore, with an increase in the number of
traders the returns to informed agents decrease. Eventually then, a smaller fraction of agents
decides to become informed, leading to a decrease in the effective competitiveness of the
market, and a decrease in market depth.
We utilize a multi-period noisy rational expectations model to derive these results. We
assume a market in which a risky and a riskless asset can be traded. The risky asset has a
fundamental value associated that stochastically evolves through time. Three types of traders
actively exchange the risky asset: liquidity traders who need to trade for exogenous reasons;
'This sometimes to the detriment of other exchanges (e.g. EUREX vs LIFFE).
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uninformed traders who in each period observe a public signal regarding the fundamental
value; and informed traders. The latter can additionally observe the next periods public signal, a privilege that is costly. The asset traded is not liquidated, and does not generate any
distributions. Hence, traders can only gain through re-trade, realizing capital gains. From a
mathematical perspective, the model is a special case of the generic model of chapter 3. As
such, we can use the results therein to characterize the equilibrium. The properties of the
equilibrium can however not be stated in explicit closed formula, and we need to consider
the comparative statics of the market numerically.
In the process, we also consider the impact of longer time horizons. We show that, conform
earlier results (Vives[1995]), multi-horizon agents trade more aggressively than their myopic
colleagues. The reason is the dynamic diversification agents can exploit when having longer
time horizons and the ability of intermediate trade. However, we also show that when agents
get closer to their consumption horizon their trading aggressiveness decreases. A result that
differs from models (Vives[1995], Brennan and Cao[1996]) that assume liquidation of the
asset coinciding with the consumption horizon of investors. This underscores the absence of
resolution of uncertainty within the re-trade setup.
Our model has many similarities with Slezak[1994]. He also considers a multi-period noisy
rational expectations model with informed traders that perceive the public signal one period
before the uninformed. Also, liquidity supply follows a similar process in his model. The main
difference is his assumption of a liquidation date at which all investors consume. In our model,
the asset is not liquidated while investors live for a finite number of periods. Additionally,
the trader community we have is a heterogeneously composed of traders with different time
horizons. The most profound difference, however, is the endogenous determination of the
fraction of informed given a fixed cost to the acquisition of information.
This chapter is setup as follows. Section 2 introduces the model. In Section 3 the equilibrium
is derived. The dependency of the equilibrium on the length of the time horizons and on the
fraction of informed is discussed in section 4. Section 5 considers the interior equilibrium
that arises given a certain cost to becoming informed. The impact of market growth in the
costly information economy is the focus of section 6. Section 7 concludes.

5.2

The Model

We adopt the model of the previous chapter, and study its single-asset, two-type investor special case. We repeat the basic setup, as well as our notation for completeness. The additional
structure we impose is outlined as well.

5.2. The Model
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A Assets
We assume that two assets are traded, a risky asset whose value varies stochastically, and
a riskless asset that yields a fixed zero return. The risky asset has a fundamental value associated with it, which we denote by Ft. This fundamental value evolves stochastically through
time. Specifically, we assume that Ft follows a random walk, i.e. Ft+i = Ft + 6t+i, with
St+i ~ N[0, V}. In each period, investors can trade the risky asset at the market clearing price
denoted by Pt. We assume that the risky asset does not generate any distributions, and is not
liquidated within a reasonable amount of time. Hence, agents can only benefit from trading
by making capital gains through their investment decisions.

B. Investors
We assume that in each period a new generation of traders is born, which replaces an old
generation that liquidates its positions and consumes. Each individual is assumed to live for
T periods. Consequently, at each point in time there are T generations actively trading, and
the distribution of these generations is perfectly uniform2. For simplicity we assume that each
trader is born with a zero endowment. The total number of rational traders is finite and given
by N. Investors submit a demand schedule in each period that maximizes their CARA utility
function at their time horizon, rationally anticipating the possibility to trade at intermediate
stages. For tractability reasons, we assume that each trader has the same risk tolerance level
which equals unity 3 . As is usual within the rational expectations approach, all traders behave
as price takers.
Additionally, there is a group of liquidity traders present, that causes the total per capita
supply to vary over time. The absolute variance of this quantity is given by A 2 . For exposition purposes, we mainly use the per capita* excess supply, denoted by Zt, with variance U
(= A 2 /iV 2 ).
C. Information Structure, Costly Information Acquisition
In each period, a public signal is revealed regarding the true value which is observed by all
2

Indeed, it implies that at each point in time each generation makes up a fraction T

J

of the total trader

community.
3

This is without loss of generality. Would we want to explicitly incorporate this quantity, a simple transfor-

mation of variances of the exogenous shocks would suffice.
4

The term per capita excess supply should be interpreted as the per trader excess supply.

94

5. Market Development under Costly Information

traders. Additionally, there is a group of informed traders that have a subscription to a signal
in each period that reveals the public signal of the next period. Hence, an informed trader can
front-run the public signal during his entire life. Initially, we assume that informed traders
are born informed. Next, we assume information can be acquired at a certain cost c and that
traders can choose to become informed. The number of informed and uninformed traders is
given by N7, Nu respectively. We denote the fraction of informed traders by w ('=

N^-1).

This fraction arises endogenously when we assume that traders have the option to become
informed.

D. Equilibrium
The rational expectations equilibrium is defined through the existence of a linear pricing
function of the form
Pt = aFt-i + b-Ft - eZt
at which the market clears, and in which all non-liquidity traders act optimally conditional on
their information set. Ultimately, we also impose the restriction that given a cost to becoming
informed, each trader makes the optimal decision to become informed or stay uninformed at
the beginning of his life as a trader.

5.3

Equilibrium

Given the generic theorems derived in chapter 3, we can immediately derive the equilibrium
conditions by implementing the specifics of this economy.
A Traders Demands and Aggressiveness
Let us first introduce additional notation. Of primary importance in this environment is
what we call the trading aggressiveness of each investor. As stated in the previous chapter
(see lemma 3.1)), the demand of an investor with time horizon Th and belonging to the group
% G {Informed,Uninformed} is given by
4,t=A,i(E[Pt+1|2iit]-P()
The parameter ßijt

is recursively determined by

ßht

= Gn_{G?f{G?+ß,t+i)-,

with the boundary condition ßr^

= var^ ^

(51)

- f i ^ ) , and Gf the kl-th parution of size
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n x n o f the matrix Gt, defined by
var;;(P t+1 - Pt)

cov\(Pt+1 - Pu Ul/+t)

cov't(Pt+1 - PMS1)
with n)'^1

varKnJit 1 )

= Ej + 1 [P t + 2 - Pt+i\. The matrix G, is independent of time in our steady state

economy.
The parameter ßht plays a profound role. It measures the trading aggressiveness of trader i,
and is named accordingly. This parameter is the inverse of an uncertainty value which prior
to consumption equals the conditional variance of the future price change.
Note that within a generation, the trading aggressiveness is equal across equally informed
investors. Of special interest is the aggregation of the trading aggressiveness across generations
for the two-types, informed and uninformed. For ease of exposition, we therefore define the
following two quantities:
ß1 = u T 1 f

ßi rdi, and ßv = (1 - w)"1

ßi,Tdi

that measure the average trading aggressiveness of the informed and uninformed respectively.
Note that these quantities are time-independent. We have that

ft = i l > . r . andft,= ^ £>.1

1

r=l

T=1

Indeed, the time dependency cancels due to the integration over generations. Additionally, we
define ß = wßj + (1 - w)ßu as the average trading aggressiveness of the market.

B. Equilibrium
Given these definitions we can state the following theorem.
Theorem 5.1 If a linear equilibrium exists for a given fraction w of informed, it is given by
Pt = Ft-i + ns6t - TTzZt
where

rr

ns = wß

0

U + wßßjV

'ß(u + w*fivy

Tr

U + wßßiV
and

^

=

ß(u+w>ß}v)

Proof Using theorem (3.1) in chapter 3, we know that
n6 = (Q2R2U-1 + Q +• V-1)'1

[Q2R2U-1 + Q)

.

.

(5 2)

-
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and nz = •KçR~lQ~l. Q and R can readily be calculated given the relations (3.10) and (3.11), resulting
in the following expressions
R

l
{ l - w ) ( V -1- i +i w»..2a2
^ ß f UT -T -l\-lI,
)-lßu

•

w(l -w)-l{V~l

+iu20jU~l)

l

~ ßv
u ß,

r J

where we used the definitions for ßj and ßy. The expressions in the theorem then follow upon substitution and using the definition for the average trading aggressiveness ß. •
The parameter n6 measures the response of the price to the private information of informed
traders. As such, it can be depicted as the news response rate. Note from the expression (5.2)
for -ni, that it is bounded between 0 and 1, corresponding to w = 0 and w = 1 respectively.
The parameter nz measures the impact of the per capita excess supply on the market clearing
price, and can be characterized as a liquidity cost. This parameter is bounded between 0 and
infinity. Note that if the trading aggressiveness increases, irz decreases, as intuition would
suggest.
Unfortunately, the equilibrium cannot be solved explicitly due to the complicated nature
of the trading aggressiveness parameters ßt that are recursively determined through (5.1).
The properties of the equilibrium are however easily derived using numerical procedures. To
determine an equilibrium explicitly, we apply a simple scheme that utilizes the fixed point
theorem. For each investor, the trading aggressiveness can be calculated using the recursion
relation (5.1) and the matrix G ; , which in turn can be determined given the information set
of each investor and his conjecture for the coefficients of the price function. In the appendix
it is shown that

=

,

& + *?

^-^-^VVand

ne(l - ns)V - TT2U (1 - 1Ï6)2V + TT2ZU

l7r2V

+ 7r2U+_0V_

M l

_ ^y

_ ^

\

Gu
V ' r «( 1 - V*)V - <U

K?U+V*i '

)

for the informed and uninformed respectively. The numerical procedure given these matrices
is straightforward. We initialize the recursive scheme by setting -Kf, = 1 and TXZ = 0. We
then calculate the G's, from which the quantities /5/ and ßy are derived. These values are
implemented in the specification for -Kt, and nz according to (5.2). The procedure is repeated
until a convergence is established. This convergence is guaranteed given the fixed point
theorem if an equilibrium exists.
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FIGURE 5.1. The trading aggressiveness of informed investors as a function of their age for a market with time horizons
3, 6, and 10 respectively. The other parameters are chosen as follows : w = 0.4, U = 0.5, and V = 0.5. The trading
aggressiveness decreases when the agent has less periods till consumption.

5.4

Properties of the Equilibrium

5.4.1

O N THE IMPACT OF LONGER TIME HORIZONS

A Investors Trading Aggressiveness
We allow agents' time horizons to extend over multiple periods, and, consequently, at each
point in time, the market is composed of traders with different times until consumption. This
heterogeneity impacts the market clearing price through the average trading aggressiveness
parameters ft. We consider the latter as a function of the time horizon in more detail.
In Figure (5.1) the trading aggressiveness of an informed5 investor as a function of his age
is plotted for different time horizons of the economy. Evidently, as time increases, the trading
activity of the investor becomes less aggressive. The reason is that with longer time till consumption, the possibility to re-trade in each period, gives the investor a diversification ability
and consequently allows him to take larger positions. This effect is also noted by Vives[1995]
who shows, within a different setup, that myopic investors always trade less aggressively than
5

T h e trading aggressiveness of the uninformed has the same type of dependency, though they always trade

less aggressively than informed investors due to their greater uncertainty regarding future, price realizations.
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FIGURE 5.2. Average trading aggressiveness of the uninformed, ßv, as a function of the time horizon of the market for
w = 0.1, w = 0.4, and w = 0.9. We chose V = U = 0.5. The average trading aggressiveness increases with the life-time
of investors. The figure implies a uni-modal dependency of this quantity on the fraction of informed in the market.

investors with longer time horizons. A feature which is different in his work is that nvestors
increase their trading activity when nearing their consumption horizon. This can be ascribed
to the resolution of uncertainty in his model (and in the Brennan and Cao[1996] model).
Here, however, this resolution of uncertainty is not present, and therefore investors reduce
the magnitude of their trading activity getting closer to the point of consumption. In fact, the
posterior uncertainty regarding the fundamental value of the asset is constant. Also observe
that the trading aggressiveness is almost stationary if the age of the investor is relatively
small compared to his total lifetime. Only when the consumption horizon is near, the trading
aggressiveness changes significantly.

B. Average Trading Aggressiveness
The quantity that ultimately enters the market clearing condition is the average trading
aggressiveness of each group, ßj and ßv. In the Figure (5.2) the dependency6 of ßu on the
time horizon is shown for three values of w. A few observations are worth noting. First of all,
"For the informed, similar dependencies can be found as a function of the time horizon.
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the graph shows that the longer the time horizons, the more aggressive the trading behavior
of the average investor. Additionally, it displays a dependency that quickly converges to a
stationary level with increasing time horizons. In this particular example, above a time horizon
of about 5 periods, an increase in the lifetime of investors has little impact. Given the fact that
the dependency on the time horizon quickly becomes stationary, in the following sections, we
assume that investors have a lifetime of 10 periods.
5.4.2

O N T H E I M P A C T O F INFORMATION

ASYMMETRY

A Trading Aggressiveness
The Figure (5.2) already hints at a uni-modal dependency of the economy on the fraction
of informed. The trading aggressiveness for w = 0.4 is smaller than for either w = 0.1 or
w = 0.9. In Figure (5.3) ßj,ßy

and ß are shown as a function of w. The trading aggres-

siveness of the informed decreases monotonically as the fraction of their type grows. This is
intuitive as the information advantage compared to the market as a whole decreases. The uninformed investors trading behavior is a more complex function of w. Initially, if all agents are
uninformed the trading aggressiveness is high. However, with increasing information friction,
the aggressiveness of the uninformed decreases until at some point they can benefit from the
increasing competition between informed investors. Eventually, the latter effect dominates,
upon which their trading aggressiveness increases accordingly.
B. Market Depth
A quantity that plays a central role in our discussion is the so-called relative market depth A
which we define as the inverse of the liquidity cost parameter TTZ, i.e. A = %~l. We explicitly
call it the relative market depth, as it measures the impact of the per capita excess supply on
the price realization. The higher A, the less market prices are affected by liquidity shocks.
Information friction has a significant impact on this quantity which can be observed from
Figure (5.4) where the market depth is shown as a function of w. Increasing the fraction of
informed, starting with a completely uninformed market, initially decreases market depth due
to the increase in information friction. At a certain point, the information friction is maximal
after which it declines back to zero. The result is that for larger values of w, increasing the
fraction of informed merely increases the competition between informed agents leading to an
increase in market depth.
Slezak[1994] also finds a uni-modal dependency for market depth (though he considers its
inverse, the liquidity cost). As such, the impact of a heterogeneous distribution of generations,
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FIGURE 5.3. Average trading aggressiveness as a function of the fraction of informed in the economy for the informed
(ßi), the uninformed (ßv)

and the market as a whole (ß) for V = 0.5, and U = 0.5.
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FIGURE 5.4. Market depth A as a function of the fraction of informed w for the parameter combinations (V = 0.;
U = 0.5), (V = 0.3, U = 0.5) and (V = 0.3, U = 0.3).
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and the finiteness of agents' lifetimes, does not have a profound impact on the qualitative
features of the equilibrium. The variance of price changes as a function of the fraction of
informed he additionally considers, has the same features in our model. It again is a uni-modal
function of the fraction of informed.
C. Investors Utilities
Of interest is the welfare of investors as a function of the information friction in the market.
The measure for this quantity for investor i is the ex ante expected utility, which we denote
by Vi, prior to his first trading period, i.e.
Vi = max E, [- exp
L

{dt}

V

{-WT)\
n

where WT is the wealth at the time horizon of investor i, and the expectation is taken conditional on the information prior to trading. The ex ante expected utility is defined conditional
on the optimal policy of the investor.
In the appendix it is shown that the ex ante expected utility of being uninformed, is given
by

Vf/

-"Ml

ßu n

'

*iu + *îv

while for the informed, we have:

Vi = - n i1+&.» ((! - **) 2y +*t u ))
In Figure (5.5), V/, Vu, and V (= wV, + (1 - w)Vv) are shown as a function of the fraction
of informed. Indeed, informed always have a higher expected utility as logic would demand.
The equivalence between completely uninformed and informed markets is underscored by the
fact that the ex ante expected utility of the informed in the perfectly informed economy equals
that of the uninformed in the completely uninformed market. The average utility of agents
varies slightly as the fraction of informed increases, however, it almost retains the level of its
homogeneous boundaries.
The dependency of the ex ante utilities of agents on the per capita excess supply plays
a profound role. All agents, informed and uninformed, ultimately derive their fortune from
trading through the sacrifice of the liquidity traders. It is therefore natural to assume that, on
average, their ex ante expected utility will decrease if the activity of liquidity traders decreases.
Additionally, since informed agents receive the greater chunk of the generous contribution of
this group, they will be affected most significantly given a decrease in the variance of the per
capita excess supply. Figure (5.6) acknowledges this observation.
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FIGURE 5.5. Ex ante expected Utilities for the informed, the uninformed and the average of these expectations as a function
of w for U — 0.5 and V = 0.5. Both types benefit most, when the fraction of informed is as small as possible.

5.5

Endogenous Information Acquisition

The preceding analysis imposes the fraction of informed agents in the economy exogenously.
Agents may however decide to become informed, given an information acquisition cost c.
A decision that will depend on the relative advantage of being informed compared to being
uninformed. More formally, an agent will become informed if
e-cV,{w')
where w' is given by w(l + N~l).

> Vu{w)

In equilibrium, the fraction of informed weq is therefore

determined endogenously by the interior solution to
e-cVI(wei)=Vu(we<1),
unless c is either too large or very small leading to the boundary solutions w = 0, or w — 1
respectively.
As pointed out by Grossman and Stiglitz[1980], given a fixed cost for the acquisition of
information, an interior equilibrium may arise due to the diminishing relative returns to informedness, when more agents decide to become informed. In our model this intuitive relation

5.5. Endogenous Information Acquisition

FIGURE 5.6. Relative advantage of the informed over the uninformed measured by Vu/Vj,
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as a function of the variance

of the per capita excess supply U for w = 0.3, w = 0.5, w = 0.9 with U = 0.5, and V = 0.5. The higher the per capita
excess supply, the more informed agents benefit relative to the uninformed. The ex ante utilities of both types are increasing
in the per capita excess supply.
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FIGURE 5.7. Relative advantage of the informed compared to the uninformed, measured by Vu/Vr, as a function of the
fraction of informed tu, for the parameters combinations (V = 0.3, U = 0.3), (V = 0.3, U = 0.5), and (V = 0.5, U = 0.5).
Although both informed and uninformed have decreasing ex ante utilities as a function of the fraction of informed, informed
investors are impacted more significantly by an increase in their type.
holds as well. In Figure (5.7) the dependency is shown for different parameter combinations.
Clearly, with increasing fraction of informed, the maximal size of c for an equilibrium to be
sustainable decreases.

5.6

Market Development under Costly Information

In this section we consider the interior equilibrium that arises given a fixed cost to the
acquisition of information, and its dependency on the development of a market measured by
the total number of traders 7 . It is intuitive to assume that with increasing number of traders,
the competitiveness of a market tends to increase. As we show in this section, though ceteris
paribus this indeed holds, with endogenous information acquisition this may not be the case.
7

Note that this association with market development is in line with the definition of market development

in the previous chapter. In chapter 4, it was argued that f = A(UV)~ll'2

was a relative risk parameter, and

effectively measures the development of a market. Would we translate this parameter to this model, we would
have Ç = Cl/A 2 /7V 2 )~ 1/2 = N/(A2W).

Hence, Ç scales with the number of traders.
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that arises given a fixed information cost c, as a function of the total

number of traders present in the market. With many traders present it is less attractive to become informed.

In fact, if information friction is present, increasing the total number of traders tends to lead
to a counter-intuitive result in the form of a decreasing market depth.
The number of traders impacts the mechanics of our financial market directly through
the per capita excess supply Zt. This quantity is, by definition of course, given by the total
excess supply divided by the number of traders. Accordingly, the variance of this quantity,
Ü, depends on the number of traders as well, through the relation U = A2/TV2, where A 2 is
the variance of the total excess supply in the market. Hence, increasing the number of traders
leads to a decrease in the variance of the per capita excess supply.
A Number of Traders vs Fraction of Informed
Increasing the number of traders impacts the comparative advantage of being informed over
uninformed. As the previous section showed, with decreasing variance of liquidity shocks U,
the relative advantage of being informed decreases as well. If the returns for the informed
increase, necessarily the interior fraction of informed should be less or equal given the new
level of U. In Figure (5.88) the interior fraction of informed weq is plotted as a function of
8

In the graphs in this section we have assumed a cost c = 0.5.
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FIGURE 5.9. Absolute number of informed traders as a function of the total number of traders under costly information
acquisition.

the total number of traders. For TV2 < 10, competition is weak enough for all traders to
become informed. However, an increase in the number of traders makes the informed status
less attractive, until at some point (N2 = 2 0 — 30 in the figure) some traders decide to remain
uninformed. Increasing the number of traders from that point on leads to a decrease in the
fraction of informed.
The absolute number of informed traders is plotted in Figure (5.9). Initially, the number of
informed equals the number of traders and grows accordingly. At the break point, the absolute
number starts to decrease until the second break point where no trader decides to become
informed.
B. Market Depth and Market Development
Although the decreasing fraction of informed, as a function of the number of traders, may
be fairly intuitive, market depth has a more complicated dependency on the development of a
market. As stated earlier, we measure market depth through the inverse of the liquidity cost,
i.e. market depth A = TI~1 . Figure (5.10) displays this quantity as afunction of the total number
of traders, N. Additionally, its homogeneous counterpart is included in the graph. Initially, the
fraction of informed remains constant. The only effect of increasing the number of traders is
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FIGURE 5.10. Market depth as a function of the total number of traders in the market under costly information acquisition, and
in a homogeneously informed economy for V = 0.3 and V = 0.5 respectively. The costly information and homogeneous
economy initially display the same dependency, however at a certain breakpoint, market depth in the costly information
economy decreases.
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the increased competition among homogeneous types, leading to an increase in market depth.
However, as the benefit of being informed decreases, ultimately an information friction is
introduced, and the dependency reverses. Instead of increasing the effective competitiveness
of agents, a growing number of traders leads to less well informed agents on average, and
more information friction in the market. The result is that relative market depth diminishes
with an increase in the number of traders. Note that the homogeneous counterpart, which
is also shown in the graph, initially has the very same dependency, as expected, but at the
break point the two diverge. In a homogeneously informed economy, increasing the number
of traders leads to an increase in market depth.
As noted in section 5.4.2.B, this measure of market depth is a relative one. In fact, to liquidity traders the market becomes less costly if the number of traders increases. In other words,
the total market depth, given by Nir^

increases in the heterogeneously informed economy

as well. In Figure (5.11) this is shown. Interestingly, with a presence of information friction,
market depth is almost insensitive to an increase in the number of traders. Only when the
competitiveness is so high that the return on information acquisition becomes negative, the
market depth jumps to ten-fold its value in the light of the removal of information friction.
The graph indicates the dramatic impact information friction can have on market depth.
C. An Alternative Model of Market Growth
In the preceding analysis we assumed that as a market develops, only the number of traders
grows. However, it is likely that the number of liquidity traders will grow as well. Let us
therefore consider an alternative model of market growth. We do so by adding more structure
to the exogenous source of noise Zt. This quantity is the result of the aggregation over many
individual noisy demands. As a first approximation, it is not unreasonable to assume that we
can decompose individual liquidity demands as
Zi,t = it + fji,t
where it is a common noise term which reflects the correlation of liquidity shocks across
investors, and fjitt is the liquidity component specific to liquidity investor i which is uncorrected with other liquidity shocks. Assume that both noise terms are normally distributed with
it ~ N[0,a2e}, and fKt ~ N[0,rf].

Note that this implies time-independence of the second

moments, and identical variance of liquidity shocks across liquidity investors. With TV traders
and M liquidity traders, the per capita (per trader) excess supply is then given by
™

M

Zt = TV-1 YXit + r\t) = N-\aMit + J2vi,t)

5.6. Market Development under Costly Information
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FIGURE 5.11. Absolute market depth as a function of the number of traders in the market. Initially, market depth increases
as in the homogeneous economy until the breakpoint where information costs have impact. From that point on, absolute
market depth is almost insensitive to an increase in the size of the trader community. Ultimately, competition is so high that
no trader can afford to become informed, after which the absolute market depth jumps to about ten-times its original value.
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Accordingly, the variance of per supply noise can be calculated to be
M

U

=

var(Z ( ) = 7V- 2 var(Me t + £ * . * ) = N~2(M2a2

+ var^ifo))

i=l

=

N-2{M2vnr(a2e)

+ aMa2)

i=l

= N'2{M2var(a2)

+ Ma2v)

To the individual liquidity trader, the relevant measure of market depth is given by his
individual impact on the price, which on average is given by NM~lZt.

Hence, market depth

ind

for the individual liquidity trader is captured through X , with
ynd

=

NM-lw-l

Assume that in spite of market growth, the ratio between M and N is constant, i.e. M = aN.
We then have that
U(N) = a2vax(a2£) +
and that \md

= a'l^l{U{N)).

aN~la2

If the market grows in terms of N, this measure of market

depth is therefore only impacted through the decrease in U. Hence, under these assumptions
absolute market depth is proportional to relative market depth. Therefore, in this alternative
setup, with costly information friction also absolute market depth decreases as the market
grows. In fact, it behaves according to the picture in Figure (5.10) apart from a constant
factor a - 1 .

D. Market Volatility vs. Market Development
Though market depth is a respectable measure of market performance, it is not immediately
observable. We therefore study the dependency of an easily measurable quantity, in the form
of the unconditional variance of returns. This quantity is easily calculated and is given by
var(P ( + i - Pt) = (1 - ittfV

+ TvjV + 2TT22U

As a function of N, for a homogeneously informed economy and an economy with costly
information the variance relative to V is plotted in Figure (5.12). Though after the break
point, the variance of the informed economy decreases less slowly than for the homogeneous
case, the difference is not very significant. This indicates that even though the relative market
depth may be ten-fold higher in the economy with costly information, an observable quantity
such as the variance of price changes cannot reveal this inefficiency.

5.7. Conclusion
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FIGURE 5.12. Relative variance as a function of N for the homogeneous economy and the economy with costly information.

5.7

Conclusion

We showed that with costly information acquisition market growth may have a less intuitive
effect on market depth than in a homogeneously informed economy. Even when only the
number of traders grows, and the number of liquidity traders is kept constant, absolute market
depth is almost insensitive to the increase in traders. This applies, even though supply risk
decreases steadily. The reason is that if the number of traders increases, informed traders
compete less effectively given that less agents decide to become informed. Moreover, the
information friction in the market increases. The aggregate result is a decreasing relative
market depth as a function of the number of traders. When the number of liquidity traders
increases as a market develops, also absolute market depth in the costly information economy
is seen to decrease. Hence, information dispersion may dominate when market size develops.
These results contrast the usual relation between market development and market depth. It
implies that one should not underestimate the important role of information acquisition costs.
As we have shown, endogenizing information acquisition efforts may result in equilibria that
exhibit quite different comparative statics.
Additionally, we considered the impact of the length of time horizons on the trading
behavior of investors. Conform Vives[1995], agents trade more aggressively with longer time
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horizons. Contrary to his model, however, due to the absence of resolution of uncertainty,
agents trade less aggressively when nearing their consumption horizon.
Though we have explicitly incorporated the cost of information acquisition, another type
of cost may yield interesting insights regarding the issue of market development, namely the
entrance fee. Such a fee would put a natural constraint on the number of traders that enter
the market in equilibrium. Especially when entrance fees are relatively large, agents may be
forced to acquire costly information, if the uninformed' ex ante utility gain cannot offset the
entrance fee.
In this chapter we have assumed a fixed cost to the acquisition of information. More
realism could be incorporated by allowing for a range of information signals with precisions
that increase with costs. However, it is likely that the same type of result will follow. If agents
can decrease the cost by acquiring less precise information, they also decrease the variance
of price changes due to the lesser aggressive updating of beliefs. Eventually this comes to
their detriment, as it would increase the effective competitiveness among agents, leading to
a decrease in the returns to being informed. Ultimately this leads to a decline in the fraction
of informed investors, while the information friction in the economy increases.

5.A. Appendix
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Appendix

A The Transition Matrices Gi and Gu
The derivation of the matrices G/ and Gu requires the calculation of the first two moments of price
changes conditional on the information set of each investor. The price change can be written as
Pt+i -Pt

= (l-

irs)St + -ïïzZt + 7i\5<5i+i - -KzZt+i

For the informed investors, this implies that E £ [ A + I -Pt] = {l-irB)St

+ TzZt, with var((P t + i -Pt)

= 7î'jV+ -ïï\U. Furthermore, it follows that
cov't (Pt+l - Pt,E'w(Pt+2

- Pt+i))

=

w4(l - T«).y - *lU, and

var[ (Ef + 1 (P t + 2 - Pt+i))

=

var(((l - 7r6)8t+1 + nzZt+1)

= (1 - ir6fV + Tt\V

For the uninformed, the expectation of the innovation and liquidity term is needed to calculate these
values. For the innovation 6t, the estimates of the uninformed are given by

E

- n*/nsZt)> with ™n*t] = Ju+llv

^ l = T^T-^TTTTA
n6

I'z

and for the per capita excess supply shock Zt,
(irs itz)zU + V
Hence, we have that
T${Pt+i - Pt) = (1 - ^ ) E ^ t + xjgZt

= («t*« - **z*)

M

+ V7T2

Furthermore,
varf ( p m - P t )
covf (Pt+i - Pt,H+i(Pt+2 - Pt+i))
i t+1+1(Pt+2
W ^ (EJ
(A+2 - P+l)J
P+l)

=

^

+^

+

^

+ y^.

= ns(l-Tt6)V-ir2zU,
-

and,

^[/ + ^ 2

Armed with these expressions, the relations for Gj and Gu follow immediately.
B. Ex Ante Expected Utilities
According to chapter 3, we can write the ex ante expected utility of agent i as
-T-i
VT =

_ /

1

_

TT . / , J G < - n |

, expt-rf 1 Wi,t]
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where c, is defined as
( 0

0

Ci,t =

\ 0 ßi,t
with varj'" n (n^ 1 ) the unconditional variance of the first period's payoff. This quantity is equivalent
to varj(n^2 ) m

our

model. For all investors, the quantity J ^ ' j , , can easily be calculated to be

ICI

1

\Gi + cn\

1 + /?- 1 varj(E| +1 (P i +2 - P+l))

Hence, we obtain for investor i :
r-i
n=t V + ^ v a r J ( E J + 1 ( P 4 + 2 - P t + 1 ) )
Substituting the functional forms found for EJ +1 (P t+ 2 — Pt+i), the expressions reported in the text
follow. •

On Technical Analysis and Time Series Properties
of Asset Returns
6.1

Introduction

In the preceding chapters an information structure is imposed in which agents in each period
observe a public signal that perfectly reveals the asset's fundamental value of previous periods. This assumption is commonly encountered. In fact, most rational expectations models
assume the existence of some exogenous common prior from which agents derive their subsequent beliefs updates. This prior arises as a result of a public signal or signals hidden in for
instance dividend pay-outs. In absence of such exogenous form of public information however, prices are the only transmitters that provide public signals. A commonly known prior
is then determined through the observation of prices only, and arises endogenously due to
trading. If prices contain noisy signals, as dictated by the Grossman-Stiglitz paradox, also past
prices may contribute in the estimation of fundamentals. The usage of past market statistics
to predict fundamentals falls under the denominator of technical analysis. In this chapter, we
focus on the rationale for this activity in detail. We study an economy in which public information is absent, and where, consequently, investors that do not invest in direct information
gathering, rely on technical analysis alone. Although their inference of fundamental values
through charting obviously is less precise than by direct observation of information, their
activity still has added value. In our model, chartists profit from the occurrence of systematic,
yet transient, shocks to liquidity that need to be accommodated by a risk averse investor
community composed of finitely lived generations. This applies, in spite of their rational
awareness of their aggregate price impact, and the existence of investors that perfectly known
the assets' fundamental value. As such, (pure) technical analysis is an integral part of the
rational expectations equilibrium we consider. Given the CARA-Gaussian framework of our
model, technical analysts apply a simple, exponential moving average type of trading rule to
adjust their positions dynamically over time. Depending on the magnitude of the persistence
of the shocks to liquidity, these uninformed agents are trend-followers or contrarians.
We also consider the time series properties of stock returns. The type of process that the
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supply level in the economy follows plays a profound role in this area. Rationality demands
that the fundamental value of stock should necessarily be void of any auto-correlations patterns. Hence, all patterns in returns are ultimately derived from the supply process. In our
model, we allow the supply level to follow an autoregressive process of arbitrary dimensions.
As such, we can for instance incorporate dependencies on past supply levels and include
correlations between subsequent supply shocks. Within the context of charting this generosity
is especially important. Ultimately, chartists' efforts are focused on estimating the markets'
current excess supply level. The result is that the supply process eventually determines the
type of trading rule agents use.
Although common to the rational expectations literature is a supply level dynamics limited
to a simple AR(1) specification (see for instance Wang[1993,1994], Brennan and Cao[1996]
among others), we think that in reality the dynamics of liquidity supply may indeed have a
much richer structure. For instance, it is likely that the supply level is mean-reverting, but on
a short time scale highly persistent. Liquidity investors may ultimately step into (or leave)
the market again, but they will tend to hold their positions for at least a number of trading
periods. It is also likely that subsequent innovations in supply are correlated: if a fundamental
shock establishes a non-informational need to trade among liquidity investors, the absorption
of this supply shock will most likely not happen instantaneously. Some agents may be able to
postpone their liquidity trade. However, because a single fundamental shock is the cause for
innovations in liquidity supply, a correlation pattern arises. In an application of our framework,
we consider the properties of such an economy in detail. We show that if the liquidity level is
highly persistent, autocorrelations will be positive. If liquidity shocks are correlated however,
short-term correlations will be positive while long-term autocorrelation may be negative. We
additionally consider how the presence of technical analysts affects the time series properties
of prices. We demonstrate that, perhaps contrary to what one may expect, an increase in the
fraction of technical analysts, magnifies correlation patterns.
We undertake this study by using the competitive rational expectations approach as developed by Grossman and Stiglitz[1980] and Hellwig[1980]. We apply an infinite period model
that incorporates a continuum of traders who actively exchange a risky asset. The asset is
not liquidated in any nearby period, and is void of cash distributions such as dividends. It
has a fundamental value associated that varies stochastically through time. Three types of
traders are present. Informed investors who perfectly observe the true value of the asset in
each period. The second group of investors consists of chartists. Their demand schedules are
based on the history of prices alone. Both types of investors, informed and chartists, derive
their profitability of trading from the presence of the third group, the liquidity traders. These
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traders cause the per capita excess supply to vary randomly over time. As stated previously,
we allow this supply process to be an autoregressive process of arbitrary dimensions.
We consider two types of equilibria. First, we derive the equilibrium conditions if agents
have consumption horizons that lie beyond a number of periods. A novel feature of this
equilibrium is that, at all points in time, the trading community consists of agents with
different time horizons. Although a closed form solution is not feasible, our analysis allows
for a relatively easy numerical computation of the equilibrium. The other type of equilibrium
includes only myopic investors. This allows us to more explicitly derive some of its properties,
such as the trading rules chartists apply and time series properties of asset returns. We continue
with the consideration of an application in which we assume that the stochastic supply level
shocks are highly persistent and correlated between subsequent periods.
Our model has a strong connection with Wang[1993]. He also studies an economy in
which informed and uninformed investors trade an infinitely long lived asset. Wang[1993],
however, allows for a continuous stream of dividends. These dividends represent a public
signal, which leads uninformed investors to not only focus on prices alone. As a result, the
common prior is not completely endogenous, but depends on the informativeness of dividends
as well. Additionally, the supply process is limited to an Omstein-Uhlenbeck process. Other
recent work on multi-period rational expectations model can be found in Vives[1995] and
Brennan and Cao[1996, 1997]. In these papers, investors are modeled that have time horizons
that extend over a number of trading periods, and coincide with the liquidation date of the
asset. An important point to note is that in these models, shocks to liquidity are persistent.
When considering a stationary model as we do, the liquidity level should always revert to
some mean, for else bubbles arise. This restriction makes the inclusion of investors with
longer-term horizons more difficult.
A salient feature of our model is its overlapping generations aspect. In this respect, our
model has connections with the work of De Long et.al.[1990], Palomino[1996]. As in these
models, liquidity traders introduce an additional risk premium through the price-risk agents
face, when re-trading the asset. However, we model a large market, and as such strategic
price manipulation is not present. A recent contribution by Spiegel[1998] also relies on the
features of an overlapping generations model. The so-called negative root equilibrium he
studies, which is associated with extremely volatile prices, can also be found in our model 1 .
His model, however, focuses on a homogeneously informed economy, and as such, technical
analysis is absent.
:

We do not however explore the properties of this equilibrium.
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The risky asset we model is infinitely long lived, and void of cash distributions. Its fundamental value is, therefore, an abstract quantity. In our model, it is a discounted expectation
of a liquidation value at an infinite liquidation date. As such, short-lived information, which
is modeled by Holden and Subrahmanyam[1996], is not present. Information is persistent,
which in fact is the only feature that distinguishes information from noise. In this paper, we
also do not try to exploit a possible feature of long-term assets which has been noted by
Vishny and Schleiffer[1990]. They argue that long-term assets may exhibit more persistent
mis-pricing than short-term assets, due to the fact that arbitrage on a short time scale is less
risky and thus less costly. Indeed, the arbitrage found in our model is reminiscent of the Dow
and Gorton[1994] arbitrage chains. As in their model, today's optimal actions depend on the
actions of future agents. They show that short-term arbitrage may not occur, if transaction
costs are too high. Though we use a quite different model, were we to include such trading
frictions, a market breakdown may result.
Technical analysis has been motivated from a rational expectations perspective by a number
of authors. Brown and Jennings[1989] and Grundy and McNichols[1989] show that uninformed investors can extract more information by combining the noisy signals displayed by
subsequent prices. Blume, Easley and 0'Hara[1994] also consider how volume may provide
additional information. The contribution of our paper in this respect is that we explicitly derive
the trading rules technical analysts should use, given an arbitrary stochastic process for the
liquidity supply. This allows us to hint at the structure noise may have, given the popularity
of trading rules observed in practice, and the empirically found time series properties of asset
returns.
From a bounded rationality perspective, the usage of technical analysis has been motivated by De Long et.al. [1990], and Brock and Hommes[1998], They show that heterogeneous beliefs about the correct prediction model may be persistently biased. This contrasts
the contention of Friedman[1953] that technical analysts will be driven out of the market,
given their suboptimal trading decisions, and that beliefs will ultimately converge. Brock and
Hommes[ 1998] additionally show how the financial market may get stuck in equilibria with
very rich dynamics. In fact, the aggregate impact of investors may lead to chaotic behavior of price realizations. Our approach, however, shows that even under the strict rational
expectations requirement, technical analysis may be an integral part of a financial market
equilibrium.
This paper is organized as follows. Section 2 introduces the model. In section 3, we derive
the equilibrium conditions if we allow investors to have consumption horizons that extend over
multiple periods. In section 4, we simplify our model by assuming that agents act myopically.
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This allows us to derive the equilibrium conditions more explicitly. We derive the trading
rules of uninformed investors and the time series properties of excess returns. Section 5
applies the framework to an economy in which the liquidity supply level is stochastic, yet
highly persistent. We extend this application with the allowance of correlated liquidity shocks.
Section 6 discusses the implications of our model. We conclude in section 7 with a discussion
of possible extensions.

6.2

The Model

A The Assets
We assume that two assets are traded, a risky and a riskless asset. The riskless asset yields
a fixed gross return R in each period. The risky asset does not yield any distributions, and is
not liquidated in any nearby future period. With this assumption we deviate from Wang[1993,
1994], and Campbell et.al.[1993] who study a multi-period model in which the risky asset
in each period yields dividends, and Brennan and Cao[1996], Brown and Jennings[1989] and
Grundy and McNichols[1989] who allow for liquidation of the asset. In this model, the risky
asset is infinitely long-lived without any distributions. It can be thought of as a pure growth
stock2.
The fundamental value of the asset is denoted by Vt. It represents the discounted future
liquidation value conditional on the aggregate information in the market, and is defined
recursively as follows:
Vt =

R-lE,[Vt+l\It]

where I , represents the complete information set at time t.
In each period, (informed) agents receive new information regarding this quantity. As
such, the fundamental value is constantly subject to shocks. We explicitly assume that the
One may also view this model as describing a market on a short time scale compared to the interval in
which dividends are paid out.
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fundamental value follows the process 3
Vt+i = RVt+fjv,t+1
where fjvt+i ~ N[0,a2].

(6.1)

We have not included a drift for exposition purposes. The model is

easily extended however if we include a constant drift.

B. The Investors
The economy consists of an infinity of investors, indexed by i G TV = {1, 2,...}. Investors
have a certain lifetime, which may vary, and we depict by {T,} l ö v. In each period a new
generation is 'born' that replaces the agents that have arrived at their consumption horizon.
As stated, investors have two investment opportunities, the risky and the riskless asset. The
price of the risky asset at time t we denote by Pt. Because of its properties, investors can
only make profits from a position in the risky asset through the realization of capital gains 4 .
Denoting the wealth of investor i at time t by W\, his maximization problem can be written
as
VHWi; * t ; t) = m a x E [ [ / | \T<] = m a x - E [ e x p
dt

-fa [ wt + f:

dt

'

where A W / + 1 = {Pt+i - RP)d\,

Aw

n

K]

(6-2)

n=t+l

with d) the demand of the investor at time t, T\ his

information set, and, pï his risk aversion coefficient.
Given the infinity of investors, we need to consider the aggregation over investors. T h e
integration over investors is defined as usual by introducing a triple {N', Q{M), p), where
;i

We can also arrive at this specific form in other ways. For instance, one may think of a company which

generates an amount of cash D, in period t. If the company has planned to pay out the dividends, it will invest
these cashflows in the risk free asset until the dividend date. Denote the total riskfree asset capital by St, and
then define the value of the firm to be the sum of discounted future cash flows and Si, i.e.
oo

Vt = Y/R~"EtDt+n

+ St

,.=0

then we have that
oo

Vt+1 = J2 R~nEt+iDt+n+i

oo

+ St+i = J2 R~nEt+iDt+n+1

,i=0

+ RSt + RD, = RVt + <5,.+i

«=o

which matches precisely our state process.
"According to some references in the literature (e.g. Hirshleifer and Riley! 19921), this feature would relegate
our investors to being pure speculators. However, since they do have a clear function in this economy in the
form of the accommodation of risk, within our model this characterization is not complete.
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g (TV) denotes the set of all possible partitions of jV, and ß is a Jordan measure defined by
^Asg(Af) ß(-A) = lim/v-«» 57 XlfLo l{is^}- We denote the integration of a random variable x'
over investors by ƒ Xidi = J/gA/- Xidfi(i) — lim/v_,00 ^F IliLn^iC. liquidity Demand and Hidden Variables
We assume that the per capita excess supply Z, of the risky asset varies stochastically over
time, due to the presence of noise or liquidity traders5. We allow this stochastic process to
be quite generic, but do demand that there is no correlation between the fundamental value
and the shocks to liquidity. The process may depend on hidden state variables (these may
include lagged excess supplies), but is restricted to an AR specification. We denote the vector
of hidden variables and the excess supply by 0 , , with the convention that the first element
of 0( is the excess supply. The number of hidden variables is denoted by Nh. Given a set
of hidden variables by {Ä*,t}i<«<jvh, we have 6,. = (Zt,hu,

...,hNh)'.

The stochastic process

followed by Qt is represented by
0(+i = G@Qt +Ve,t+i
with G e a (Nh + 1) x (Nh + 1) matrix, and 779,4+1 a (iV/, + 1) dimensional, normally distributed
vector with mean 0 and variance-covariance matrix A.
For a proper solution, additional requirements are needed. We further demand that:
1. the supply process is transient, i.e. l i m n ^ 0 0 ( G e ) n —> 0. This requirement is necessary,
for else bubbles arise.
2. the matrix RI — GQ is in verüble 6 .
3. innovations in the supply process and the fundamental value process are not correlated,
i.e. cov(77e,i,77„,t) = 0 Vi.
In the applications section, we study two explicit structures for the supply process. In the
first model, we assume that Nh = 0, but allow the innovations in the supply level to have
5

A variety of possibilities can be invoked to model the extra source of noise. We can assume that each
trader is endowed with a random portion of the risky asset (such as in Brennan and Cao[ 1996]). We can assume
that the asset is in fixed supply, and let the risk premia vary randomly (such as in Campbell, Grossman and
Wang[1993]).
6
The identity-matrix is depicted by I. For notational simplicity, wc do not explicitly give its dimension. It
is implied by the context it appears in. Hence, in this case it is of dimension Nh + 1.
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some persistence. Specifically, we assume that Zt+i = aZt + fjZ]t+1, which is captured by
G e = (a) ,with a 6 [0,1)
In the second model, we additionally incorporate a correlation between subsequent supply
shocks. A specification that matches such description is Zt+1 = aZt + b(Zt - Zt-\) + r]z,t+\Introducing one hidden variable h1:t that equals the lagged supply, the process can be represented as
Zt \

J a. + b —b \ I

h,t

\

I

1

0 J

Zt-i

fti

t-i

+ Ve t

D. Notation and the State Space
The state of the economy at time t is given by an (Nh + 2) dimensional vector, which
we denote by (pu i.e. (pt = (Vt,Qt)'.

Given the properties of V, and 0 ( , this state variable

develops according to
(pt+i = G<fit + m+il

(6.3)

with G, a square matrix of dimension JV^ + 2, given by

~

( "R o' \

G• = .

,

\0

(6.4)

Ge J

and fjt+i normal with mean zero and variance-covariance matrix
CT2

0

0

A

E. Information Structure and Preferences
Investors are of two types: uninformed traders, or chartists, who only observe the price
realization in each period due to the absence of public revelation of information, and, informed traders (the fundamentalists) who perfectly know the current state of the economy,
tpt. We depict the information sets of chartists and fundamentalists by 1% and l( respectively.
Denoting the history of a random variable At up to and including time t by At, we have the
following representations for the information sets:

Itc = {PJ, and 2/;= {&,&}.
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Chartists hold identical beliefs regarding the distribution of the state of economy. We denote
their expectation of (pu prior to the trading session at t, by pct = (Vtc,Qt),
of their estimation error by fic,<. Hence, (pct = E[p,\ {Et-i}],

and the variance

and flcj = vax[tpt\

{Pt-i}]-

Because ip, is ^-measurable, the informed estimation error is zero. We assume that the informed make up a constant fraction w of the investor community. Furthermore, we denote
the average risk tolerance of the informed and uninformed by A; and Ac respectively, where
A

!

= lh

/teinf J,dl

a n d

A

c

= i /ieuninf £ * •

F. Equilibrium
Equilibrium is defined as the existence of a price function Pt that maps information and
supplies into prices. We assume that this pricing functional is linear in the augmented state
variable \Pt = ((pt,(pf}'. Explicitly, we assume that

where pt = (pCitl Pf,t)', and pCiU pfJ. are (Nh. + 2) dimensional vectors that measure the
impact of the informed and uninformed information respectively. We partition these vectors
aspct = (nc,t, -7c,t)'> andp/,( = (7r/,t) -7/,t.)'- ^c,t and irftt have dimension unity, and measure
the impact of the fundamental, persistent part of the economy on prices, (Vt, Vtc). j C t t and 7/, (
have dimension Nh + 1 and measure the impact of the transient part of the state on prices,
( © t , 6 t ) . The pricing function is thus equivalently represented by
Pt = TTc,tVtC - IcßU

+ *fA

-

ifjßt

In equilibrium we demand that all agents act optimally and that the market clears, i.e.

ƒ ét{PfX)di = ZtX
with d\ the solution to (6.2). In order to tie down the equilibrium uniquely, a boundary
condition is needed. We therefore assume that agents foresee that the asset is liquidated at a
liquidation period T, with T = oo. Ultimately, we focus on the steady state equilibrium in
which the pricing coefficients are independent of time.

6.3

The Multi-Horizon Equilibrium

Of fundamental importance is the way chartists update their common prior. Given the GaussianMarkov property of ipt, the common beliefs of these agents are constructed from the combination of the price realization and the previous common prior by means of a Kalman filter.
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Specifically, agents use the signal in prices represented by p'lt<pt,

and update their beliefs

according to

The vector kt (of dimension Nh + 2) represents a vector of regression coefficients. It depends
on the uncertainty of chartists, fi?, and is given by kt = ^PfM^tPu)-1-

The estimation

c

error of our technical analysts, y t+1 = <pt+1 - <^ + 1 , is updated as

nt+i = ^(vt+i) = H + G{i - ktP'u)œtG'.
For notational convenience 7 , we define two basis vector êf = ( 1 , 0 ) ' and ê c = ( 0 , 1 ) ' . The
augmented state variable variables can now be represented as * ( = {(pu ffî)' =

<fit®êf+<pï®êc.

This vector follows an AR (1) process, which we depict by
tft+i = Ht+l%

+f)t+1

®êf

with

H
t+1

= ( G
[ GktPu

°
)
G((l - ktP'u) )

(6 5)

'

Conditional on observing the price at time t, the prediction of chartists of the future state,
*?+!>

1S

given by * = + 1 = <pct+1 ® ( ê f + ê c ). Informed investors can use their knowledge of %

to arrive at * t + 1 = G<pt ® êf + (p\+x <g> ëc. The following lemma concerning these quantities
is useful.
Lemma 6.1 For each investor
i regarding

the future

i 6 M, there is matrix Br such that the prediction

state conditional

on the price realization,
¥i+l

and the error Yj+1 = Vt+1 - ¥t+1

=

can he written

of

investor

as

BiHt+1%

can he written as Y?+1 = ylt+1®ej,

with y\+l

~ N[0, Q j + 1 ] .

Proof The first part of the lemma follows immediately by noting that for informed investors Bf
equals the identity matrix, and for uninformed investors it is given by

7

We can use this type of notation because the dimension of the noisy state variables equals the dimension
of the (measurable) priors. We need to split up the augmented state space into noisy and measurable variables,
because otherwise variance-covariance matrices become ill-defined.
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Regarding the way in which we can represent the prediction error, we note that for chartists, this
quantity is given by Ytc+1 = * t + 1 - *£ + 1 = yÉc+1 g> êf. For informed investors, the error in their
estimate is given by Ytf+1 = * ( + 1 - *f+1 = y/ +1 ® êf, with y/ +1 = 7j (+1 . •
We now turn to the maximization problem of investors. We have denoted the value function
at time t as Vr{Wl\ ^t\t)

(see (6.2). This function should solve the Bellman equation, i.e. it

is the solution to
0 = max \E[V(W;+1; %+1;t + 1) $ ] - V(W*; %; t)
under the constraints that

W?+i = wt + (p;+i*«+i - *¥t*t)4,

and

V(W^; *r,;T,)

-P.H4

By backward induction it can be shown that the following theorem applies to the solution.
Theorem 6.1 The value function of investor i at time t can be written as an exponent of a
quadratic form in tyt, ie.
V{W};%;t)

= -Qexp

1

-(HW\ - -%rt*t

with C\ a constant, independent of {fyt}t<T, under the optimal investment policy represented
by a demand schedule d) that is measurable with respect to X\, and given by

%

p'iPt+iKi+iPt+i
with

^ n = A / ® ( ( f i U i ) _ 1 + (rifi)//) *
where (T't+1)ff

is the upper left {Nh + 2) x (Nh + 2) square of the symmetrical matrix T)+l

which is recursively determined through
V\ = ( M

w

) ' r j + 1 (ƒ - K't+1TÏ+1)

U+1(I

- Kl+ir;+l)B,Ht+l

B,Ht+1

(6.7)

- Rp'S (p't+1(I - Kl+irt+l)BtHt+1

- Rp[)

Pt+iKi+iPt+i
and Fy. = 0.
Proof. Assume that the theorem holds for t + 1. At t, the investor is faced with the optimization
problem

d\ = argmax—C(EJ ^ exp

-piWl -pM+l9t+i

1
- Rp't*t)d\ - - * ( + 1 r j + 1 * £ + 1
•=-p«t>l+l
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This expectation can be calculated readily. Using the definition of Y} and lemma (6.1) we can rewrite
4>\+i according to
n+i

p[+1n+1 - Rp'^t) 4 + _#f + 1 rj + 1 f i+1
+ (d]pt+1 + p^ltiH^)'

m+x ® %') + ^(yi+1 ® êf)'T\+l(yl+l ® ê / ),

where we used the symmetrical property of r j + 1 . Using the definition for K'i+1, the expectation of
- exp [-pi(t>'t+1] can be found using a standard formula (see appendix 2.A),

Ehexp[- f t $ + 1 ]|2|] =
—C( exp

p^ {[p't+in+i - Rp'tVt) 4+—*

-\pi {4iH+i+P-1rt+l¥t+1),Ki+l

un+i^ \+i

(4pt+i+P^ri'+ln+1)'j

(6.8)

with

ci = M+l\-^m+,rl

+ (ri+1)frfcu

The maximum value is attained for the demand schedule given by

PiPt+lKf+lPt+l
which upon applying lemma (6.1) reduces to the expression in the theorem. Substituting this optimal
policy in (6.8), we obtain the form for the value function as in the theorem with T] given by (6.7). •
Armed with the optimal demand schedule of each agent, we are ready to consider market
clearing. The market clearing condition is given by

4di = /" Mt-KU^W^-iy

ƒ**

= ƒ••

_

PiPt+lnt+lPt+l

Hence, the pricing coefficients are recursively determined through

(/ - /ç +1 rf +1 )R
Pt = R~l { ƒ {M+iKi+iPA+iy1 di}~ Pt+i
p't+1 JI —JZ,—^T—
diHt+1
pip't+iKi+ipt+i

Note that pt depends on pt+u

- 4

(6.9)

and vice versa. The reason is that pt+1 is determined partially

by the uncertainty of chartists at i + 1. This uncertainty in turn depends on the informativeness
of past prices, and hence p't. Therefore, in equilibrium all price coefficients {p,}Vt need to be
solved simultaneously.

The state process is stationary. This implies that if the liquidation date is an infinite periods
in the future, the economy may converge to a steady state. For consistency, however, the

6.3. The Multi-Horizon Equilibrium

127

dispersion of time horizons in the economy needs to be constant as well. Let us assume
that this is indeed the case, and that additionally, the distribution of consumption horizons
is independent of risk aversion and informedness. Denote the fraction of investors that have
r periods until their consumption horizon by ßT. Using the above expressions, it is easy to
show that the following theorem applies to suchs markets.
Theorem 6.2 If a stationary equilibrium exists, the equilibrium price function is given by
Pt=p'yt=p'c<pct+p'f&
with p' the solution to
v' =

(RS)-1

X, A- wAf

with S = wAjYIVLoßAp'Klp)-1

+ (1 - w)A,

,

t

p'fKlp;

H
P'fKrPf

+ (1 - w)AcZT=oßr{p'K^py\

a proxy for the average

trading aggressiveness, and where K\ represents the uncertainty matrix for investor i with
time to consumption r. This quantity is given by K{ = fhf <g> (E^ 1 + ( P r ) / / )
investors and by KjT=ms®

for informed

(ü^ 1 + (P T )//)~ for chartists, where Çlc is the solution to the

static Ricatti equation
nc = E + G{i-

ncpf{p'fncpf)-lp'f)ttcG'

The matrix T\ is computed recursively, with P 0 = 0. The recursion relation for informed
investors is given by
Ti = HVU

(I - KUH'-I)

H

((ƒ - KUrï-i) H -

R)'PP'

((/ - KUvt,)

H-R)

P'KLIP
and for uninformed by
n =

(BçH)TeT-1(!-KÏ_1T?_i)BeH
( ( / - KU^-i)

BcH - R)PP' ( ( / - K^TU)

BcH - R)

C

P'K T-\P

with H given by the static version of (6.5), and Bc given by (6.6).
The complexity of this setup prohibits any explicit derivation of pricing coefficients or
comparative statics. This theorem however does tell us explicitly how to solve this equilibrium
numerically. In the next sections we focus however on the markets in which agents are myopic.
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The Myopic Equilibrium

The expressions derived for the muiti-horizon case allow for a numerical solution, but do
not lend to an easy derivation of comparative statics. We proceed therefore by assuming that
agents act myopically. This simplifies the model significantly and allows for a more explicit
characterization of the properties of the equilibrium.
In the first subsection, the steady state of the economy is considered. It is a degenerate
equilibrium, due to the overlapping generations feature of the economy. We fix it by imposing
the boundary condition that agent foresee a liquidation date an infinity of periods hence.
Armed with these results, we next derive the chartists trading rules, and the variances and
auto-covariances of excess returns.
6.4.1

T H E STEADY STATE

Consider theorem (6.2). Given the myopia of agents, the matrix F equals the null matrix.
Consequently, the uncertainty matrices are given by K,f = mf g> E for the informed, and
Kf = rhf <S> nct for the chartists. For ease of exposition, we define S, a proxy for the average
trading aggressiveness, as
S = wAf{p'ßp})-1

+ (1 - w)Ac(p'ücp)-\

(6.10)
S-lwAf{p'!Epf)~1.

and a as the relative contribution of the informed to this quantity, i.e. a =

Using these definitions, from theorem (6.2) it immediately follows that, in the steady state,
pricing coefficients solve
p' = fi"V(a + (1 - a)Bc)H
Using that p = (pf,pc)',

- RrlS-\'z.

(6.11)

we can split up this equation. For pc we obtain the identity
p'c = (1 - a)p'f(R{R

- G(I - kp'j))-1

- I)

Hence, the impact of chartists on the price function, is solved explicitly in terms of p'f. In the
appendix, it is shown that this relation can be rewritten as stated in the following lemma.
Lemma 6.2 The impact of the uninformed on the market clearing price is given by
p'c = - ( 1 - a)p'f + (1 - a){kvylLu

(6.12)

Indeed, the impact of uninformed to price realizations is proportional to their contribution
to the average trading aggressiveness in the market S, measured by (I-

a).

6.4. The Myopic Equilibrium

129

The other relation which can be derived from (6.11), gives us the identity
S~h'z = p'cGkpf - Rp'f + ap'fG + (1 - a)p'fGkp'f
Using lemma (6.2), it readily follows that
p's(G-R) = {aS)-\'z

(6.13)

Decomposing this relation and using the definitions for a and S, we finally obtain the following theorem characterizing the equilibrium under myopia of agents.
Theorem 6.3 In the myopic, steady state equilibrium, the pricing function is given by
P, = TTfiVt - (1 - a)(l - KW)Vt)

- l'fßt - (1 - «)©?)

with TTf unspecified, and 7* the solution to
if(RI - Ge) = w-lAjlp'ßp}tz

(6.14)

Observe that the equation (6.14) consists of Nh + 1 equations, of which Nh are linear in
7j, and one is quadratic. Two implications follows from this. First, it implies that the pricing
coefficients that measure the impact of hidden variables are linear in the vector of coefficients
j't z that measures the impact of the supply level on prices. Second, it implies that we can
solve this set of equations explicitly. However, a solution need not exist. In fact, as shown
in the following chapter, in an application of this framework, the exogenous parameters may
need to satisfy certain restrictions for equilibrium existence.
That TT f is undetermined owes to the overlapping nature of the model. Indeed, an infinity
of equilibria exists, and as such this particular equilibrium allows for bubbles.
In the derivation of theorem (6.3), we used y'c = - ( 1 — a)y'f- This gives us that, conditional on past prices, the expected discount on price is given by Dt = E[7^(0( — (1 —
a)6()|{Zt-i}] = aifÖct. Observe that relation (6.14) implies that 07} = S^L'^R - Gey\
Therefore, the discount is also represented by
Dt = S-h'^R-Ge)-1^

(6.15)

Going back to the definition of S (6.10), it is evident that if w, the fraction of informed
decreases, S diminishes as well. Hence, with an increasing fraction of chartists, the average
trading aggressiveness decreases. This implies that the discount on price, Dt, increases in the
fraction of chartists. We therefore expect that in markets where many technical analysts are
present, risk premia will be high and market depth will be low. Indeed, in the next chapter it
is shown that a too high fraction of uninformed investors can lead to a market breakdown.
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T Y I N G DOWN T H E

EQUILIBRIUM

The many equilibria are a direct consequence of the overlapping generations aspect of the
model. In fact, as shown by Tirolef 1982,1989], a bubble can exist if it grows at the risk
free rate. Indeed, if we do not demand Vt to be related to some liquidation value, any Vt
will suffice if agents believe it will. However, true rationality would demand that there is a
consistency between the true value and the liquidation value of the firm. In this subsection,
we impose this requirement: we assume that Vt represents the (discounted) liquidation value
at the liquidation date. In this case, the following theorem applies.
Theorem 6.4 If the asset is liquidated at its true value at an infinite date, the steady state
equilibrium is determined uniquely by the requirement that
nc + irf = l

(6.16)

Proot Decomposing relation (6.9) leads to two equalities. The first equation gives us that
P'ct = R'1 (p'c,t+i + (1 - " m ) P / , t + i ) G(I - k'tP'ft)
where we defined at+l = wAj{Sl+1)-1
(1 - w)

Ac {p'Ll+1üct+lpSMi)-1.

(j/u+1SPftt+1)-1

(6.17)

and St+1 = wAf {P'Lt+l~.pLl+l)^

+

Using this expression forp^, the second equality can be written as

(p'c,t+p'u) = R-1 (p'cj+i +p'f,t+i)G

-

R'^r+Vz

For the individual components we thus obtain
l"c,i + 7T/,i

=

(7c,t + 7.,,<) =

TTc.t+i + -ïï r ] t + i , and

fl-^+ï

+ T/.i+iJGe-iT1^;

Imposing the boundary conditions at T, nCjT = 0, and 7r/jT = 1 the theorem follows.

(6.18)
•

This implies that the equilibrium is given by the following pricing functional:
Pt = Vtc + nf(Vt - Vt) - if(Qt
with Tij the solution to onvf + (1 - a)^1

- (1 -

a)Qt)

= 1. The equation is highly complex through the

non-linear dependency of both a and kv on 717.
Condition (6.16) is in fact a transversality condition. It can be shown that under this very
condition we have
lim R-nE[Pt+n\lt]

= Ë[Vt\lt]
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Hence, the discounted expected price at infinity equals the expected true value of the firm,
for any information set Z ( . From this observation we can immediately derive the following
corollary.
Corollary 6.1 If agents foresee that the asset will ultimately be liquidated at its fundamental
value, then, unconditionally, the equilibrium price is always an unbiased estimator of the
fundamental

value.

A similar result can be found in Tirole[l982,1985] where it is shown that if agents hold
rational expectations, bubbles cannot exist.
6.4.3

CHARTISTS' TRADING

RULES

A The Trading Rule
The uninformed investors (chartists) dynamically adjust their beliefs about the current state
using a Kalman filter to extract information from the market clearing price. This in turn causes
the uninformed investors to adopt a dynamic trading strategy characterized in the following
theorem.
Theorem 6.5 Chartists submit a demand proportional to the difference between the market
clearing price and an exponential moving average of past prices, i.e.
dit(x(R-(fGk)(Mt-Pt)

(6.19)

where q = pf + pc, and
M t

-

q'Gjl-kq')
R-q'Gk

£ ( G - Gkq')nGkPt-n

(6.20)

Proof. The demand of uninformed investors is proportional to their expectation of the excess return.
The latter is given by, using the notation of section 6.3, (p'BcH - Rp')^tH and Bc, and writing the signal in price as Pt - p'c<Pt-i>

w e obtain the

Using the expression for
following expression for the

chartists' demand
dct cc {q'Gk - R) P, + q'G{l - k(/)(fict
Next, define

and the above expression for the demand follows. Expanding the update rule of the uninformed as
CO

<p\ = G(I - kp'f)<pct_i + Gkp'f<pt-i = • • • = E( G - Gkq'TGkPt-n
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we obtain expression (6.20) for Mt. •
In this case all investors have a zero unconditional holding in the asset. This is due to
our assumption that the mean level of the excess supply is zero. In case of a non-zero fixed
supply, agents have a non-zero conditional holding that exactly offsets this bias in supply (see
for instance Slezak[1994]).
B. Trend-following versus Contrarian Trading Rules
Of special interest are the characteristics of the technical trading rule uninformed investors
use. Specifically, we want to know whether this trading rule is trend-following or contrarian.
From relation (6.19) it follows that the coefficient (R — q'Gk) determines this classification.
Hence, if this coefficient is negative (positive) the uninformed investor is trend-following
(contrarian). The following theorem concerns this observation.
Theorem 6.6 Uninformed investors are trend-followers if kz > 0, and contrarians if kz < 0.
Proo£ Note that since p'c = - ( 1 -a)p'f + (l -a)(kv)~lLv

we can write q' = ap'f + (l

-a){kv)~liv.

The coefficient can then be expressed as follows:

q'Gk-R

= ap'fGk + (l-a)R-R

= ap'fGk~aR

_1

= (5 4 - aRp'f)k -aR = S'1^
where we used the equality (6.13), and the fact that p'fk = 1. •
Hence if kz > 0, the investors trading behavior is trend-following. Note that kz = i!z flc
Pf (p'f Çlcpf)~l

represents the conditional correlation between price and the current liquidity

supply level in the market. A positive value of this coefficient may seem an unusual condition.
It implies that if price goes up, unconditionally, liquidity demand has most likely decreased.
Is the asset a Giffen good then ? No, it is not. The argument is subtle, and has an 'is the glass
half-full or half-empty' flavor. The explanation is that chartists try to estimate the absolute
level of the supply, and not its latest innovation. If kz is positive, an increasing price is most
likely explained by a decrease in the supply level, going from a high supply level to a low
supply level. Still, however, the liquidity supply level is positive (i.e. demand negative), and
a further decrease in the supply level is expected. Chartists do best by going long in the asset,
taking a counter position in the form of a positive demand. If kz is negative, an increasing
price is most probably due to an increase in the demand of liquidity traders, moving for
instance from a null level to positive demand level. In that case, chartists act as contrarians,
and go short against the long position of the liquidity traders.
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STATISTICS

In this subsection, we briefly consider the time series properties of excess returns. Define the
excess return as Qt+l = Pt+1 - RPU and the estimation error of chartists as yt = ipt - <p\.
The next result, which is deriveed in the appendix, shows how these estimation errors affect
excess returns.
Lemma 6.3 The excess return can be written as
Qt+i = S-lZt+p'ffjt+1

- (1 - a)(aS-lyz(I

- kp',)yt

Observe that the average trading aggressiveness 5" is crucial to the magnitude of the excess
returns. Conform intuition, a more aggressive or risk tolerant trader community decreases
risk premia. Note also, that if a equals 1, corresponding to a fully informed economy, the
estimation error of the uninformed does not affect the excess return, as logic would demand.
This follows from rewriting Qt+1 upon implementing a = 1:
Qt+i = S~lzt.

+p'ff)t+i

If chartists are absent, the excess return is only determined by the shock to the economy fjt+1,
and the current supply level, Zt. All other variables that do play a role in the generation of Zt
are not priced, and have no risk premium associated. With the presence of chartists, also these
variables play a role generally to the construction of risk premia or excess returns, through
the distorting effect they have on the estimate of the supply shock.

The second moments are characterized in the following theorem.
Theorem 6.7 The unconditional variance of price innovations is given by
var(Q t + 1 ) =
+S-2(a~l

S-2i'zT,Lz+p'fEPf
- 1)4 ( ^ ^ - ( 1 - kp'})Üc - n c ( l - kp'fy)

iz

and the autocovariance of excess returns is given by (n > 0)
cov(Q ( + 1 ,Q t + 1 _„) = 5 - 2 4 G n E t 2
+S-h'z(G-1
-S-h'z

- ( a " 1 - l ) ( l - kp'f)(G -

Gkp'fT-l)Ep,

(1 - a) ( ^ ^ ( 1 - kp'f){G - Gkp'jT - G") 9.c(l -

kp'f)'iz.
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Proot See appendix •

The expressions derived do not allow for an easy characterization of the correlogram.
In the next section, however, we exemplify our findings by means of an application of
our framework. However, do note that the iz already hints at the fact that changes in the
fundamental value do not contribute to higher order correlations.

6.5

An Application

The preceding analysis does not specify the way in which the liquidity component evolves
through time. Given this generality, we can impose various structures and use the theorems to
derive the characteristics of the equilibrium. In this section, we consider a simple economy in
order to extract additional implications from the model. In the following chapter we elaborate
on an implementation of the model when the liquidity component is pure noise.
The motivation for the structure of the application we consider is as follows. The rational
investors in our model should be associated with professional traders that maintain the financial
market and accommodate the transfer of supply. When we consider what happens in practice,
such traders maintain large positions but only for a short period of time, trying to exploit
discrepancies in price levels on a short time scale. The liquidity traders should be associated
with institutional or individual investors with a long time horizon. They are assumed to be
insensitive to the additional risk premium they pay if their demand accidentally coincides
with the aggregate demand in the market, as it is small relative to the length of time they will
hold the asset. Their time horizons are long compared to the time horizon of our professional
traders, which leads us to model the aggregate supply in the market as being highly persistent
on the time scale of the latter group of traders.
6.5.1

P E R S I S T E N C E OF LIQUIDITY

SUPPLY

A The Model
The structure we impose on the liquidity supply Zt is simple: we assume it follows a mean
reversion process given by
Zt = aZt-i

+rjzj.

The parameter a effectively measures the persistence of the liquidity supply level. The state
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process can thus be written as
Vt\

Zt

R

0 \ / Vt-i
»7t,

[ 0 a j I Z,_!

vhere r/, has mean zero, and variance covariance matrix H, given by
a1

0

0

A2

Furthermore, assume that the average risk tolerance of informed and uninformed is equal i.e.

A; =AC = A.
B. The Steady State Equilibrium
Though we ultimately have to calculate the equilibrium numerically, first we solve the
equilibrium stepwise, to illustrate the results derived in the previous section. Theorem (6.3)
establishes that the pricing function under this structure is given by the form
Pt = -ïïLVt-\ -lcZt-l+

TTfVt -

JfZt

The equilibrium condition as given in (6.14), reduces to
7z(i?.-a)

=

^(^

2

+

7

|A

2

)

which yields two solutions
+/_
7/
=

/
wA(R — a)
1+ /
2
2Ä

V

The intuitive solution is jj,

\ I

1

''

\wA{R

corresponding to an economy in which absence of supply shocks

implies that j f = 0. This is the type of solution which is commonly used in rational expectations models. In a recent paper by Spiegel[1998], however, the so-called negative root
equilibrium (corresponding in our model to 7^") is explored. In this equilibrium, the corresponding value of 7/ can be very large. In Figure (6.1) the two solutions are shown as a
function of a. Indeed, such high values (of a magnitude 10 times larger) correspond to extremely volatile price movements. We will, however, not consider this type of equilibrium.
One reason follows from inspection of relation (6.18) that determines the pricing coefficients
recursively. In dynamical systems' vocabulary, the two roots(critical points) are classified
into a positive and a negative attractor. The negative attractor corresponds to the negative
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FIGURE 6.1. The two solutions to the equilibrium .specification.

root equilibrium, which means that if the pricing coefficients only deviate slightly from the
equilibrium values, they will diverge from the equilibrium point, whereas the other solution
is a positive attractor to which solutions will converge when taking the limit of T to infinity.
In short, though of interest, within our model the negative root equilibria are quite unstable
and likely to explode, ultimately resulting in a market crash.

Observe that the above relation puts constraints on the values we may choose in equilibrium.
Indeed, we should have that TT/ < *" 2 AJ" • This tells us that the market does not function
if the risk tolerance level is too small compared to the variance of shocks to the economy.
The factor (R — a) is also a determinant in this condition. Indeed, due to the fact that agents
act myopically, and can only profit from trading with liquidity traders, an extremely high
persistence of liquidity supply (a near 1) restricts them from being able to resell the asset in
the next period. This ultimately leads to a market breakdown. Furthermore, observe that if
the fraction of uninformed investors (1 - w) becomes too large this also happens.
Note that if we allow the economy to have bubbles, our calculation of the equilibrium is
finished at this point, for we can then consider 717 as an exogenous parameter in the model.
We, however, also impose the transversality condition.
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C. Tying the Equilibrium Down
The remaining unknown quantity at this point is the pricing coefficient 717. This quantity
can be found using the transversality condition, which demands that 7rc + 717 = 1.
First, however, consider the uncertainty of the uninformed. Given that the signal in price
is perfectly observable, it can be shown that, defining o s ÇlLvv
üczz = n2f"fJ2o, and üvz = üzv =

-irfjj1o

Hence, to find üc, we only need to consider the solution for o. The Ricatti equation tells us
that

_ CT 2 A 2 7 2 + a2oaVf
°

=

oR2A2j2

+

ix)a2 + TV}O(R - a)2 +

A27|

This quadratic equation in o is readily solved. The solution can be represented as o{£ ; nf ),
where £ represents the set of exogenous parameters of the economy, i.e. £ = {a, A,R,

a}.

Next consider nc: the transversality condition (6.16) can thus be written as
nc(£;iTf)

+717 = 1

Although this equation cannot be solved explicitly for 77, numerically, it is an easy task. The
following discussion builds on the numerical results. Our parameter of focus is the persistence parameter a. Unless stated otherwise, we choose the other parameters of our economy
as a2 = 0.1, A 2 = 0.1, A = 16, R = 1.03, and w = 0.4.
C. Trend-following Trading Rules
As stated previously, the sign of kz, the regression coefficient between price and liquidity
supply, determines the type of trading behavior technical analysts exhibit. A positive value
corresponding to trend-following behavior. Because chartists attempt to trade with liquidity
traders, they need to estimate the current liquidity supply level. This estimate combines two
effects. The first effect is the measurement of the direct impact of the current liquidity shock
on price, which causes agents to be contrarians. The second effect is caused by uncertainty
with regard to the previous supply shock. A previously high magnitude of the supply level
may erode with a similar impact on price, but implying the opposite trading strategy. To notice
this, consider kz
kz (x oair2f{R - a) -

A2-y2f

where we used that j f is always positive. Observe how the two effects determine the ultimate
sign of kz. If past uncertainty o is very large and if supply shocks are highly correlated,
an increasing (decreasing) price is more likely to be due to the erosion of a large negative
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FIGURE 6.2. kt as a function of the liquidity persistence parameter a. For a near 0.97 the trading behavior of the technical
analysis switches from contrarian to trend-following.

(positive) liquidity demand. If instead supply shocks are more transient, an increasing (decreasing) price is most likely caused by an increase in the magnitude of liquidity demand
(supply). In other words, if prices rise, this can be due to liquidity traders buying today, but
it can also be due to liquidity traders buying back the assets they sold in the previous period.
In the latter case, agents assume that liquidity demand is negative. If the variance of prices
increases dramatically, and liquidity supply is highly persistent, this effect dominates. Figure
(6.2) acknowledges this switch in trading behavior.
Trend-following trading behavior has also been motivated by Wang[1993] and Brennan and
Cao[1996, 1997] who show that depending on the relative informedness of agents they may
exhibit trend-following or contrarian trading characteristics. This behavior is driven by the
occurrence of public information shocks. If fundamental information is publicly revealed, it
impacts the price realization. However, informed investors also impact the price with their superior information. The result is that the public signal can only partially explain the change in
price. The uninformed, on the other hand, place a heavy weight on the public signal, and even
more so than on the change in price. Hence, a price increase will lead uninformed investors
to go long. The more positive the public signal, the higher the price, but also the higher the
absolute difference between the impact on the uninformed investors beliefs and the impact
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FIGURE 6.3. Variance of price changes as a function of a. In the high persistence of liquidity regime variance increases
dramatically.

on the price. This explains the trend-following behavior in these models. In public signals are
absent, the only driving force behind trading strategies is the structure of noise in the market.
It should be noted, that in Wang[1993], auto-correlations may be positive as well, which
implies that even in absence of public information, uninformed may act as trend-followers.

D. Variance of Price Changes
The variance of price shocks, depicted in Figure (6.3), is seen to increase quite dramatically
as o nears unity. It should be noted though, that this increase in variance is not as dramatic
as in the negative root equilibrium studied by Spiegelt 1998], but is more in line with the
increase in variance as has been reported by Wang[1993].
E. Auto-correlations
The first order autocorrelation of excess returns is given in figure (6.4), we observe that it
switches sign as a enters the high persistence region. This effect is similar to what we observe
for the type of trading rule technical analysts use. Of course, this switch is the very cause
of the switch in the type of trading rule and occurs for all higher order auto-correlations. In
the critical region, the correlogram of excess returns has a typical form which is depicted in
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FIGURE 6.4. First order autocorrelation as a function of a. Conform the trading strategy of chartists, it switches from
negative to positive in the high persistence regime.

Figure (6.5). That the autocorrelation is negative for low persistence of liquidity and positive
for higher persistence is a feature of the equilibrium that coincides with the findings of
Wang[1993].
6.5.2

C O R R E L A T E D SHOCKS T O L I Q U I D I T Y

The above analysis captures the notion that liquidity supply may be persistent on the time
scale of our professional traders. However, it is not likely that, if liquidity pressure in the
economy changes, it is immediately absorbed by the market. Instead, it is more likely that it
takes time to digest the shift in the supply level. This implies that, apart from a persistence
in liquidity supply, a correlation between subsequent liquidity shocks can be expected. In this
subsection, we include this feature by an extension of the previous model.
A The Model
We model the correlation between supply shocks, by adding another term, i.e., we assume
that liquidity supply follows:
Zt+l = aZt + b(Zt - Zt-i) + 7?2|i+i

6.5. An Application

141

15
lag

FIGURE 6.5. Correlogram of returns for o = 0.99. In the high persistence regime, and with the AR(1) type of supply
process, correlations are always positive and diminish in magnitude as a function of the interval.

The correlation between shocks to liquidity supply is measured by b. Note that if we put
b = 0, we obtain the same model as in the previous section.
We capture this process by means of the following presentation. Introducing an additional
variable hht = Z*-i, the lagged supply level, we can write

fvA
Zt

\ht J

( R
0

0
a+ b

0 \ / Vt-i \

Zt-i

-b

Vt

o ;

o i

where r]t has mean zero, and (pseudo8) variance-covariance matrix E, given by
(a2
0

y 0

0

0 \

A2

0

0 0

B. Equilibrium
«This is not a proper variance-covariance matrix due to its singularity. However, for our analysis this specification is without consequences.
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FIGURE 6.6. Correlogram of excess returns in the high persistence region for two values of the momentum parameter b. A
higher momentum leads to a more complex correlation pattern.

In this case, two equations specify the steady state:
-(a + b- R)l!tZ
&7/,2

-

+ Rjfth

Hence, it follows that j f t h = -R-^-fyy^,

7/ 2 =

-

where K = wAR~

l

=

7 M

— {plo* + 7/,zA 2 ), and

= 0
and that

"A (_1

+

\/(1 -

4K 2A2 2

~ P> ))

2

(R(a + b) - R - b). Again, nf is determined numerically by additionally

imposing the transversality condition. We adopt the values of the previous section, and consider the autocorrelations that arise in the high persistence region. Hence, we choose a = 0.98.
C. Autocorrelations
The pattern of correlations that arises is given in Figure (6.6). The graph shows how the
momentum term enhances the magnitude of the positive short-term autocorrelation. However,
if the momentum term is large (in the figure ß = 0.5), longer-term correlations become
negative.
Another interesting phenomenon concerns the way in which the presence of chartists impacts correlation patterns. In Figure (6.7), for high momentum and high persistence, the
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FIGURE 6.7. Correlogram of excess returns for w = 0.4 and w = 1. Uninformed investors make the correlation pattern
more profound.

correlogram is shown for w = 0.4 and w = 1. Indeed, perhaps contrary to what one might
expect, an increase in the fraction of technical analysts increases the significance of the correlation patterns. This is in line with our discussion in section 6.4.1. where it was deduced
that an increase in the fraction of technical analysts increases risk premia. The result is that a
more profound correlation pattern arises (recall that changes in the fundamental value do not
contribute to a correlation pattern).

6.6

Implications

A The Efficient Market Hypothesis
The use of an exponential moving average rule seems in direct conflict with the weak
form efficient market hypothesis. The latter states that one cannot make extranormal profits
using past market statistics. The argument is that competition drives prices to their efficient
levels. Our model, though competitive in the sense that all investors are price takers, is not
competitive however in the Bertrand sense. Therefore, this notion of efficient markets cannot
be applied directly to our setting.
In our model, the uninformed are allowed to predict future returns to some extent since they
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need to be compensated for the risk they induce when taking a portion of the risky asset out
of the hands of those that experience a liquidity shock. From this point of view, the ability to
predict is in our economy not more than the usual risk premia that are associated with risky
assets. Since the sign and size of the liquidity shocks change over time, also the sign and the
size of risk premia vary over time. This in turn causes chartists to adopt a dynamic trading
strategy. However, they do increase their expected utility through trading, regardless of their
personal preferences or initial endowments. This implies that the risk premia chartists receive
for holding the risky asset, are more than they need to offset their decrease in expected utility
from the risk it induces. In other words, this financial market offers a free lunch. Therefore,
in order to justify this equilibrium, we need to impose a trading cost for each agent. This cost
arises naturally however if we assume that there is a cost associated with the maintenance or
the setup of a financial market.
As noted by Brown and Jennings[1989], whether this type of technical analysis violates
the weak form efficient market hypothesis, depends on the definition used. They examine
different definitions under the specific assumption of their model, that at a date 0, there is
some exogenous common prior. In our model, however, a common prior can only be estimated
using technical analysis, and that being the case, most definitions cannot be examined within
our model. An exception is the definition proposed by Malkiel[1992]: a market is efficient
with respect to some information set, if prices do not change if this information is revealed
to all market participants. Indeed, by construction our model is weak form efficient in this
sense. However, technical analysis is necessary within our model: not using past prices would
definitely lead to a decrease in expected utility.
Last but not least, we remark that also informed agents need to apply technical analysis in
our model, in order to calculate the estimates of rational uninformed investors. Hence, our
point is somewhat stronger than just providing a rationale for technical analysis. Our model
indicates that all agents should use technical analysis.
B. Technical Trading Rules
An integral part of the rational expectations equilibrium derived in this paper, is the use
of an exponential moving average type of trading rule by uninformed investors. Moreover,
in the application we studied, we have shown that if liquidity shocks are highly persistent,
it results in trend-following trading behavior of these agents. Our model implies that it may
be perfectly rational for uninformed investors to adopt an exponential moving average type
of trading rule as is observed in practice (Pring[1991]). That moving average rules are used
extensively can be derived from a survey by Taylor and Allen[1992] that revealed that about
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64% of professional traders use some form of trend-following technical trading rule that influences their trading decisions. Moreover, studies by Brock et.al.[1990] and Kho[1994] show
that these trading rules can indeed be considered profitable. The explanation that our model
implies is as follows: agents simply use a Kalman filter to estimate the true value of the asset,
which results in the consideration of a moving average of prices. Trend-following behavior
is optimal when chartists are highly uncertain about past supply levels, which makes pricechanges is more likely to be due to an erosion of the absolute magnitude of liquidity than to
a temporary increase in the latter.

C. Time Series Properties
In the application we showed that a high persistence of liquidity supply can lead to positive
autocorrelation of excess returns. If additionally, liquidity shocks are positively correlated,
this leads to a rapidly decaying structure of serial correlations, which can even amount in a
negative long-term autocorrelation. Conrad[1989] found such a positive correlation between
price changes on a short-time scale of daily to weekly returns. Long-term correlations are not
found significant in this study. Within our model this can be explained from the fact that the
sign of long-term autocorrelations is more sensitive to the structure of the market. If liquidity
shocks are highly correlated, a negative autocorrelation is expected, while a mild correlation
between liquidity shocks leads to a positive long-term correlation. Jegadeesh[1990] finds
negative first order autocorrelation on the scale of monthly returns. He also finds positive
autocorrelations for longer time intervals. The second order supply process we studied, cannot
capture this effect. We would need an additional dimension in the supply process to establish
such a pattern 9 .
An interesting result is that though technical analysts exploit correlation patterns in returns,
an increase in the fraction of technical analysts, only increases the significance of these
patterns. Hence, the idea that chartists will arbitrage away these correlation patterns does
not hold in our model. However, it should be noted that this result only holds if we keep
the total number of investors constant. Were we to allow free entry into trading, two effects
accumulate. On the one hand, the variance of liquidity shocks per capita would decrease,
which diminishes the sensitivity to supply shocks, while on the other hand the above effect
shows up. Which effect dominates may be an interesting topic for further analysis of the
model.
9

The empirical literature is however not conclusive regarding patterns in time series (see tor instance

Boudoukh ct.al. [1994] or Conrad and Kaul[ 1989,1998]).
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Concluding Remarks

In this chapter, we proposed a stationary noisy rational expectations economy in which the
aggregation of noise and information in prices motivates the presence of pure technical analysts. A closed form solution was derived for a class of economies where liquidity supply
is allowed to follow any type of AR(n) process. For the special case where investors trade
myopically, we additionally derived the characteristics of chartists' trading rules and the unconditional moments of price changes. It was shown that technical trading rules may exhibit
trend-following characteristics. In the process, we argued how a presence of technical analysts
may increase risk premia and decrease market depth. Moreover, we showed that if agents believe that the asset is ultimately liquidated at its true value, prices are an unbiased estimate
of the fundamental value.
In an application of our framework, the impact was studied of a persistence of liquidity
supply and a correlation between liquidity shocks, on the trading behavior of technical analysts
and the time series properties of returns. As we demonstrated, contrary to what one may expect,
an increase in the fraction of technical analysts, leads to an increase in the significance of
correlation patterns.
It is tempting to try to compare our economy directly with some empirical studies. In
particular, we would like to try to calibrate the values of the parameters in our model. Also, it
is of interest to elaborate more on the way empirically measurable quantities from time series
data, such as autocorrelations, are dependent on the exogenous parameters in our model. In a
'next version, we will try to extend our story along these lines.
Many authors have considered the possibility that bubbles may exist and that the overlapping
generations aspect of stock trading may provide a rationale for this feature of financial markets.
As we have shown, such bubbles will not exist if investors anticipate that the stock will be
liquidated at its intrinsic value, even if this liquidation date is infinitely far in the future.
However, it may be not too realistic to assume that agents can indeed find out what this
intrinsic value actually is. As such, when we allow agents to herd on a proxy for this true
value in the form of Vt, then the equilibrium is not necessarily tied down. Related to this
issue is the work of Dow and Gorton[1994] who show that prices may be limited in their
information content if the realization of this information is too distant. This result is due to
transaction costs present in the market, that make short-term arbitrage unprofitable. In our
model, such transaction costs would lead to a market breakdown. This also hints that more
elaboration on the multi-horizon economy we derived is important.
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Appendix

A Proof of lemma 6.2
The proof relies on the fact that G is a block diagonal matrix. Partition the vector k and p;, as
follows
Pf = ( * ƒ , - / ƒ )
We can write the following
R-G(I-

RkyTTf

kp'f)

1

RK^'f

GeA-eTT/ R-Ge

+

Gekeif

Using the inverse rule for partitioned matrices (see appendix 2.A), we obtain

c.- a t f -*) ) --(«^ 1 1 + *? w -*y'c
-ik;CGeke

V

c

where C = (Ä - Ge) _ 1 - Straightforward matrix algebra then yields
Rp'f(R - G(I - kp'f})-1 =

{kv)-liv

Substituting this expression in the equation for p'c gives the lemma. •
B. Proof of theorem 6.3
We can write the return Qt+i as
Qt+i

= p'f'Pt+i + p'éPt+l - RP'f<Pt - Rp'cVl
=

p'cGkp'fyt + p'f(G - R)(pt + p'c{G - R)<pct + p'fVt+i

Using the equality p'c = - ( 1 - a)p'f + (1 - a)(fc„)-1t„, and p'f(G - Rl) = {aS)'1^,

p'c(G-R)

= -(l-a)p'f(G-R)
=

l

+

(l-a)(kv)- l.v(G-R)

-(l-a){aS)-h'x,

and
p'f(G-R)<pt+p'c{G-R)<pct

=
=

{aS-x)i'zipt-{l-a){aSylu'z(pct
(aS)-h'zyt

+

S-hzipl

and p'cGkp'( = - ( 1 - a){aS)"1 i!zkp'f. Using these results, we can rewrite Qt+i as
Qt+i

= {aS)-h'z(l
=

l

- kp'f)y, + S-h'z{kp'fyt
1

+ (ft) + p'ffjt+1

S- Zt +p'fVt+i - (1 - a ) ( a 5 ) " 4 ( l - kp'f)yt

we have that
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where we used (pct = E~=i Gnkp'fyt_n, and <pt = yt + Zn=i Gnkp'fyt_n. U
C. Variances and Covariances
To calculate the variances and covariances, we rewrite the excess return in terms of the innovation
process f\t. Since,
oo

yt = G(I - kp'f)yt^

+ r1t = ]T(G -

Gkp'^fjt^,

i=0

we have
oo

oo

Qt+i = S-h'zJ2G%-,

+p'ffjt+i - (1 - a)(aS)-h'z(l

~ kp'f) £ ( G -

i=0

Gkp'f)%^

i=Q

OO

=

S-h'zJ2W(^t-i+p'ffit+u
1=0

where we defined W(i) = G{ - {a~l - 1)(1 - kp'f)(G - Gkp'})\
The covariance between price changes can be written as
oo

COv(Q t+1 ,Q t+1 _ n )

=

oo

C 0 v ( 5 - 1 4 j ] W ( i ) ^ _ , ; + p'fflt+uS-h'^WUyqt-n^
i=0

+p'fflt+1-n)

3=0

oo

=

E

S 2

~ i'zW{3 + n)SW(j)'Lz

+ S-\W(n

-

l)SpfI{n>0}

.1=0

+P'ßVfI{n=,0}
We can simplify this expression. Note that we have that
oo

fic = S + (G - Gkp'f)ncG' = E ( G - Gkp'f)lSG11
i=0

Also observe that
(i - kp';w{i

- kp'f)' =
=

where we used k = Qcpf{p'fQcpf)
by

(l - kp'f)(nc - nckp'f) = (i - kp'f)(nc - kk'(p'fQcpr))
(i-kp>f)w
and (l-kp'f)k

= 0. This equality implies that Qc is also represented
OO

QC = E + {G~ Gkp'f)Qc(G - Gkp'j)' = ^ ( G - Gkp'fy~(G - Gkp'fy'
i=0

Using these expressions, after some algebra, it follows that
oo

J2W(j + n)EW(j)'.= GnZj=0

(1 - a) (—-=-i(l - kp'f){G - Gkp'f)nQc - GnQc{l - kp'fy)
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where E = £ % 0 G^SG^' is the unconditional variance of the state of the economy.
Hence, we arrive at the following expression for the variance of price changes
var(Q £+ i)

=

S-2i'zT,i.z+p'fEpf

+s- 2 («^ -1)4 ( ^ V ^ 1 - kp'f)QC - ^

1

' kP'f)') '-

and for n > 0
COv(<5t+l,Qt+l-n) = S
+S-h'z(Gn~'
-S~2L'Z

l,zGnEiz

- (a~l - 1)(1 - kp'f)(G -

Gkp';T-l)SV!

(1 - a) ( ^ ^ ( 1 - kp'f)(G - Gkp'fr - G") fic(l -

kp'f)'tz.
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Market Failure in the Presence of Technical
Analysts
7.1

Introduction

The preceding chapter showed how investors that do not invest in information acquisition
or neglect any form of news regarding fundamentals, can still gain from trade by means of
simple trading rules. Their common prior is not determined by an exogenous information
arrival, but arises endogenously through the observation of price realizations. These investors
are thus pure technical analysts whose demands are determined by a sequence of prices only.
The striking implication is that these agents owe their existence entirely to the information
based trading activities of other investors in the economy. A natural question that arises is
whether this parasitical type of behavior, that freely increases agents' utilities, imposes a threat
to those that do collect information. This question is the focus of this chapter.
We show that if too many technical analysts are present the market may break down. Market
breakdowns have been motivated in other work. For instance, Bhattacharya and Spiegelf 1991]
show that if an agent is too uninformed relative to other market participants he will not
engage in any trading activity, leading to a failure of the market. In our model quite the
opposite motivates a market breakdown. Here, if the market is too uninformed on average,
informed traders refuse to engage in trading activities. This market breakdown is not the
result of information friction, but is due to the impossibility of informed agents to collect a
sufficiently large risk premium. The risk premium is needed as compensation for the higher
price volatility that occurs in a dominant presence of technical analysts. This illustrates that
information asymmetry in our model has a different role. Commonly, information asymmetry
gives rise to an adverse selection component. Uninformed investors in our model, however,
owe their existence entirely to the partial revelation of information: they free-ride on the
information collection of informed investors.
Another focus of this chapter is how market statistics are affected by the presence of
technical analysts. It is shown that even though they are contrarians, buying and selling
against the mean reverting liquidity supply, an increase in their presence increases volatility,
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magnifies auto-correlations and decreases market depth. Indeed, their rational trading strategy
does not have the dampening effect on prices one perhaps would expect. Rather, their presence
decreases the average competitiveness of the market, leading to a higher sensitivity of price
to liquidity shocks.
Additionally, we consider how the degree of information leakage through prices impacts
the ex ante utilities of informed and uninformed investors. The (lack of) price informativeness determines the relative advantage of informed investors compared to technical analysts.
Obviously, the comparative advantage of informed agents increases with diminishing informativeness. Notwithstanding this however, the ex ante utility of technical analysts is decreasing
in the degree of information revelation, even though they derive their existence entirely from
the informativeness of prices. The reason for this -perhaps counter intuitive- result is the
reduced competition among informed agents if informativeness is low. Prices are less responsive to information, and hence less predictable. As a result, risk premia are higher. In fact,
because Bertrand competition is absent, these risk premia more than offset the increase in the
variance of future wealth. Ultimately this leads to higher expected utilities for both informed
agents and technical analysts.
We derive these results within a noisy rational expectations framework similar to Hellwig[1980] and Wang[1993], In our multi-period economy agents can trade a risky asset that
is infinitely long lived and does not generate any dividends. This structure captures the idea
that dividends are not paid out in a continuous fashion, and that stocks are not liquidated
regularly. Instead, investors try to benefit from the realization of capital gains through delta
positions conditional on their information. Moreover, within rational expectations models, cash
flow distributions such as dividends, also have an informational role (as in Wang[1993]). We,
however, want to focus exclusively on the information contained in prices. The fundamental value of the asset varies stochastically through time, and is observed by the informed
investors only. Technical analysts are present who only observe price realizations. They use
their knowledge of the statistical properties of the price process to mimic the actions of informed traders as closely as possible. Last but not least, there are liquidity traders who cause
the per capita excess supply to vary randomly, thereby motivating the existence of trade.
Other work that considers technical analysis can be found in Brown and Jennings[1989]
and Grundy and McNichols[1989]. They provide a rationale for the existence of technical
analysis. As such, our work is a direct extension of their work in that we consider how the
presence of pure technical analysts impacts a financial market. Wang[1993] also considers
trading behavior of relatively uninformed investors, and the impact of the structure of a market
on market statistics. In his model, uninformed investors do observe public information, and
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as such his model differs fundamentally from ours.
This paper is organized as follows. Section 2 introduces our model. Section 3 studies the
stationary equilibrium. The impact of technical analysts on market statistics and utilities is
considered in section 4. Section 5 derives the market failure result. Additional properties of
our economy are presented in section 6. Section 7 concludes.

7.2

The Model

In this section we introduce the assumptions underlying our model.
A The Assets
We assume that two assets are traded, a risky and a riskless asset. The riskless asset
yields a fixed return of zero in each period. The risky asset does not yield any distributions,
and is not liquidated in any nearby future period. With this assumption we deviate from
Wang[1993,1994], and Campbell, Grossman and Wang[1993] who study a multi-period model
in which the risky asset in each period yields dividends, and Brennan and Cao[1996], Brown
and Jennings[1989] and Grundy and McNichols[1989] who allow for liquidation of the asset.
The type of asset we model resembles a pure growth stock. Our model reflects a market in
which the time horizons of investors are small compared to the lifetime of the asset traded1.
The fundamental value of the asset is denoted by Vt, corresponding to the expected liquidation value of the asset at a liquidation date infinitely far in the future. This fundamental
value experiences a shock in each period, due to the arrival of new information. Explicitly,
the fundamental value follows a random walk process, i.e.
Vt+1 = Vt +

~6t+1

(7.1)

where <5t+i ~ N[0, a2], and the asset is liquidated at a point T at VT, with T = oo.
B. The Investors
Investors are assumed to behave myopically, and maximize their expected utility one period
ahead. As stated, they have two investment opportunities, the risky and the riskless asset.
^hat agents re-trade the asset is similar to the ideas of De Long et.al. [1990] on their work on noise traders.
Indeed, as in their models, the additional uncertainty through future noise when re-trading the asset, leads to an
increase in risk premia and volatility of prices. However, we do not model the behavior of noise traders as they
do, but focus on the actions of price taking rational uninformed investors, and the informativeness of prices.
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Formally, investor i at time t maximizes

m^Et[Ut+1{Wt{dit))\Tt,Pt]

= maxEf[-exp[-p,W,+1(dî()]|^P,]

where Wt is his wealth, X\ his information set and p,: his risk aversion coefficient. The price
of the risky asset at time t is denoted by Pt. We assume that economy consists of a continuum
of investors, which we index by i G [0,1]. For tractability reasons, the average risk tolerance
of the informed and uninformed are assumed to be identical, i.e. A = -r^— fr- • r — di =
1—w JiÉuninf p,

w Jieinf ^7"Z •
We assume myopia of investors mainly for tractability of the model. If agents' time horizons extend over multiple periods, they generally trade more aggressively: agents then exploit
correlations between subsequent price changes to reduce the variance of their ultimate payoff.
We refer to the analysis presented in chapter 5 for elaboration on the impact of longer time
horizons.
C. Liquidity Demand
The per capita excess supply Zt of the risky asset varies over time, due to the presence of
noise or liquidity traders 3 . This quantity is normally distributed in each period with standard
deviation A and mean zero. Observe that this implies that two sources of uncertainty occur
in each period, the shock to the fundamental value of the asset St, and the shock to the supply
level of the economy, Zt4.
D. Information Structure
Investors are of two types: informed traders, who perfectly know the current state Cpt =
{Vt,Zt)

of the economy, and uninformed traders (the technical analysts) who only observe

the price realization in each period. The uninformed share a common prior about the current
2

The integral ƒ di is heuristically defined as the limiting economy. That is ƒ di = limjv^oo 4f £)i • N o l e

that w = f._. , di.
3

A variety of possibilities can be invoked to model the extra source of noise. We can assume that each

trader is endowed with a random portion of the risky asset (such as in Brennan and Cao[1996]). We can assume
that the asset is in fixed supply, and let the risk premia vary randomly (such as in Campbell, Grossman and
Wang[1993]).
4

The normality assumptions, though commonly encountered (see for instance Wang[ 1993,1994], Vives[ 1995],

Brennan and Cao[1996] among others) may seem somewhat unrealistic since the value of the asset can become
negative. We cannot circumvent this without adding more complexity to the model. However, as noted for
instance by Campbell, Grossman and Wang[1993], if we assume that our investors have mean-variance utility
functions, and restrain the fundamental value from becoming negative, the results reported would be the same.
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state, which we denote by q>\ = E[<pt\Pt-i,Pt-2-]-
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The uncertainty of the current state after

observing the price is denoted by the variance-covariance matrix O = vax[<pt\Pt, P t _i,...]. We
denote the uncertainty regarding the fundamental value by o = On = vax[Vt\Pt,Pt-i,

•••]•

The informed are assumed to make up a constant fraction w of the total number of investors.

E. Equilibrium
We study the steady state equilibrium for this economy, with the pricing functional linear
in the common prior of the market and the current state of the economy. Explicitly, we study
the equilibrium in which
Pt = KcVtc + -KfVt where pc = (TTC, -%)'

c
lcZ t

-

jfZ^

and p / = ( 7 ^ , - 7 / ) ' . These coefficient vectors capture the impact

of uninformed and informed investors information on the market-clearing price respectively.
In the steady state equilibrium we demand that (a) the coefficients of the pricing functional
remain constant over time, (b) the market clears in each period, and (c) Vt represents the
discounted liquidation value at infinity. Observe that requirement (c) can be interpreted as a
transversality condition.
Initially, we impose the fraction of informed exogenously, and as such the equilibrium we
study is a partial equilibrium. In section 6 we consider an economy where information can
be acquired at a certain cost.
F. Additional Definitions
For expositional purposes we define the informativeness of the price system, denoted by
9, as
9 ^ o
Theoretically 9 is greater than 0, and unbounded on the positive side. Furthermore, we introduce the quantity K, defined as
A
K plays a central role in our analysis and measures the turnover variance relative to the average
risk tolerance. It can be seen as a measure for the relative risk aversion level in the market 5 .
5

In ('act, K is inversely related to the parameter definition of Ç in chapter 4, which we depicted as a relative

risk tolerance parameter. Again, we may relate this parameter to the development of a market as well (see
chapter 4).
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7.3

A Stationary Equilibrium

A Introduction
The model is a special case of the economy described in the previous chapter. As such,
we can directly use the results therein to determine the steady state equilibrium in this setup.
We briefly recall some of the difficulties involved in solving for this equilibrium. Agents
maximize over a next period payoff that is solely determined by the prevailing market clearing price at that time. The result is that the coefficients of the pricing functionals are related
between subsequent periods, leading to a complex pricing problem. The uninformed estimate
of the fundamental value is determined through the complete history of price realizations,
and is updated in each period. These updates are performed using a Kalman filter, given the
Gaussian structure of the model. Additionally, their uncertainty is recursively determined. If
we demand a stationary equilibrium, necessarily the uncertainty of the uninformed should be
constant. Hence, both the common prior of the market and its precision are endogenously
determined. This feature contrasts with most price formation models where the common prior
or its uncertainty arises (at least) partially through exogenous information signals 6 .

B. Equilibrium
We first solve for the equilibrium pricing coefficients. Using the results from the previous
chapter, in the appendix it is shown that the following theorem applies.
Theorem 7.1 If KIT f < w,for any itj G [0,1] there exists a stationary equilibrium, satisfying
the conditions stated in section 7.2.E, given by
P, = TrcVt + wfVt - jfZt

(7.2)

with coefficients
(l-w)(fl+l

+

fl2)l

2

we + e + i + 9 enf

[6

wa

>

2

l! = 7AK- (i - \A - ^fPW/w )
The prior expected value of the uninformed with respect to the true value of the firm, Vt, is
updated in each period using
1+6

6

f>

l

e

r,

In these models, this is either a public signal or a disguised public signal in the form of dividends.
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and the fraction 7?/""ƒ can be written as
7/ _ cr2 1 + O
A2

e2

Note that the prior of the uninformed regarding the liquidity shock, Zt, does not enter
the pricing function. This is a natural result of the type of process we have imposed on
this variable: conditional on any information set prior to t, its expectation is zero. Moreover,
observe (from equation (7.3)) how the relative impact of the uninformed, given by TTC/T:/,
is determined partially by their fraction in the economy (1 — w), and by the informativeness
6. A peculiar feature of this equilibrium is that -Kf cannot be determined in this general setting.

C. Liquidation
That -Kf, the weight attached to the informed (perfect) knowledge of the true value of the
asset, is undetermined, owes the models' overlapping generations feature. In fact, the true
value Vt need not to be related to the true value of the firm at all. Also observe that we
have an infinity of possible pricing functionals: including a constant term in the relation (7.2)
again yields a viable equilibrium, since agents know that they can re-trade the asset with
the same constant bias. This freedom for bubbles is a well-known feature of overlapping
generations models (Tirole[ 1982,1989]). However, we can tie the equilibrium down uniquely
by assuming that agents anticipate a future liquidation date. Consistency with our stationary
equilibrium then demands that this liquidation date is an infinite number of periods further. In
the following we adopt this requirement, through the assumption that the asset is liquidated
at VT, with T infinite. This leads to the following theorem .
Theorem 7.2 If at a future point in time the asset is liquidated, the equilibrium pricing
functional is characterized by
itf +

TTC

= 1

(7.4)

Proot See theorem (6.4). •
The liquidation restriction leads to an appealing result. At all points in time, the informational component of price realizations is given by a weighted average of the beliefs of the
uninformed and the informed investors.
With this restriction, in the stationary equilibrium the pricing functional reduces to
Pt = Vt + Trf(Vt-Vt-i)

--TfZt
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This implies that the ex ante expected value of the price given the information set of the
uninformed investors, always equals the expected future liquidation value, i.e.

EjA+nlXN = Vt
This result appeals, as it indicates that the ex ante market clearing price reflects information
in an unbiased fashion. Moreover, although the liquidation point lies an infinite periods away
in the future, this financial market accommodates the shocks to liquidity in the economy, even
though investors act myopically.
We can now solve for the unique equilibrium given the additional requirement imposed by
relation (7.4). Using (7.3), we see that TXS should solve7
(l-w)(g + l + Q l
This condition can be stated more explicitly. Introduce a new variable m for ease of exposition,
defined by
_ -yjA2
- nja2

1+4
O2 '

This quantity effectively measures the relative variability of prices due to liquidity versus
information shocks. The solution to the price problem can now be depicted as in the following
theorem.
Theorem 7.3 If the asset is liquidated at VT at T = oo, the equilibrium is given by theorem
7.1 with 77 f = IT*, the solution to
{\w{-l
S

+ v T + 4 m ) + 1 + m) ( l + f ( - 1 + V i + 4m))

( | w ( - l + y/l + 4m) + 1 + m ( l - lu)) ( l + | ( - 1 + y/1 + 4m) + m)

with m given by

m= -r-j

1-*

«,71 f

The above equation specifying TTJ is impossible to solve explicitly8. However, comparative
statics regarding the solution can be derived and are summarized in the theorem below.
7

Recall that 6 also depends on nf.
In fact, this equality is of 8"* order in Wf.

8
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FIGURE 7.1. The response rate n'f as a function of K for w = 0.5 and w = 0.75. The sensitivity to information shocks
decreases with the relative risk aversion K.

Theorem 7.4 A ir*f is a function of w and K only. B. ir*f is strictly increasing in the fraction
of informed, w. C. The fraction ir*f/w is strictly decreasing in the fraction of informed, w. D.
ir*? is strictly decreasing in K for w < 1.
Proo£ See appendix. •
The pricing functional is thus characterized by
Pt = Vt + TT}{W, K)(VI - Vt) - ir){w,

K)^Jm*{w,K)—Zt

In the figures (7.1) and (7.2), some of the dependencies of n*f are displayed. The quantity
n*f measures the impact of the information of the informed on the pricing functional relative to
the impact (1 - TT^) of the uninformed' estimate of the fundamental value. Hence, a change in
n*f can be given a direct economic interpretation. Decreasing TT^ makes the pricing functional
less sensitive with respect to new information. In other words, the stickiness or staleness of
prices is increased. Note that this typically occurs if K increases. That is, the weight attached
to the informed's knowledge of the fundamental value diminishes if the economy on average
is more risk averse or the size of the shocks to the economy increases.
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FIGURE 7.2. The response rate TT} as a function of w for K = 0.5,0.25. Conform intuition, it increases with increasing
fraction of informed.

An elegant feature of the model is that 7r} is determined by two parameters only: w,
the fraction of informed investors, and the fraction K (= 2^f), i.e. 7TÎ = n*f(w, K). This
implies that multiplying the standard deviation of liquidity shocks while reducing the standard
deviation of information shocks with the same factor leaves n*f unaffected. It should be noted,
however, that the riskpremium coefficient -y*f does change under such transformation.
The following theorem regarding the quantity m, is useful.
Theorem 7.5 The relative sensitivity of the price to liquidity shocks and information shocks
7?
A 22
7?A

quantified by m = - ^ is: A a function of w and K only. B. strictly decreasing in w. C.
-+rpi is: A a function of w
1, m„
m
0. D. strictly increasing in K.
Proof See appendix.

Observe that since m decreases with w, the sensitivity of the price with respect to liquidity shocks as compared to its sensitivity to information shocks increases if the fraction
of uninformed grows. This can be understood as follows. On the one hand, the impact of
the informed decreases simply because they are less in number. However, the informed also
cannot as precisely estimate the future pricing functional: their current knowledge has less
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impact on the future pricing functional. Hence, they increase the sensitivity with respect to
the liquidity shocks (7/) which magnifies risk premia, compensating them for the reduction
in certainty.
Another feature of this equilibrium deserves some attention. Note that the right hand side
of (7.5) is strictly decreasing in w (see also the appendix). A lower bound for pv is therefore
implied by substituting the value w = 0 into (7.5). If we rewrite the resultant in terms of m,
this bound is given by
1 + ^/(1 + 4m)

•Kf > -

1 + ^ ( 1 + 4m) + 2m

Given the maximum value for m, inf {-KJ} = — | + \s/§ (~ .61803).
D. Informativeness
There is a close connection between m, measuring the relative sensitivity of price to liquidity
shocks, and 0, the informativeness of the price system. The latter can be expressed in terms
of m as
1
Given theorem 7.5 above, the following corollary can be derived.
2

Corollary 7.1 The relative informativeness of the price system, quantified by 6 = —, is:
A a function of w and K only. B. strictly increasing in the fraction of informed, w. C.
#min = 2(1 + ^ ) - D. strictly decreasing in K.
This corollary shows that the informativeness decreases if the fraction of uninformed grows.
Furthermore, it decreases if (1) the standard deviation of the liquidity shocks increases, (2)
the standard deviation with respect to news increases, and (3) the average risk tolerance level
decreases. These dependencies are all quite intuitive. If more informed agents are present, the
stronger their impact on price realizations and hence the more informative the price system.
That the minimal informativeness equals the golden ratio, the most irrational number, cannot
readily be assigned any economic intuition. It is the point where the degree of information
asymmetry equals the degree of informativeness.

7.4

On the Impact of Technical Analysts

In this section we consider how the presence of technical analysts affects the equilibrium.
First, we consider trading activities of technical analysts in more detail.
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7.4.1

TRADING

RULES

Each price realization contains an imperfect signal about the current fundamental value. The
uninformed combine this signal with their previous estimate about the value of the asset, by
means of a recursive update rule (a Kalman filter). This dynamic updating of beliefs causes
the uninformed to adopt a dynamic trading strategy, which is characterized by the following
theorem.
Theorem 7.6 For the economy described above, the uninformed investors are contrarians
and use an exponential moving average rule to determine their trades. That is, their demand
is proportional to the difference between the price and an exponential moving average of the
price Mt, i.e.
d\ oc Mi - Pt
with M\ updated in each period using the following recursion relation:

Mt = AP<_, + (1 - X)Mtil
with A = w{62 + we +1 + ey^i

+ e)>o.

Hence, the demand of the uninformed investor is determined by the difference between
the price of the asset and an exponential moving average of past price realizations. Given
their non-zero demand, one can directly assess that the uninformed increase their utility by
participating in the trading process. Indeed, the uninformed provide immediacy for liquidity
traders, and earn a risk premium for this transfer of risk. The reason we have contrarian trading
rules is the following. In our model, uninformed agents rationally explain price changes by
a liquidity and an informational component. Hence, their update regarding the fundamental
value of the asset will be smaller than the price change itself. Since the expected future price
equals their estimate of the fundamental value, investors will tend (i.e. conditional on their
prior of course) to go short when the price goes up and long if the price goes down.
The moving average exponent A decreases as the fraction of informed increases, i.e. the
weight attached to each price realization decreases with w. This dependency is shown for
several values of K in figure (7.3). Though it may seem counter-intuitive, note that as the
informativeness of each price realization increases, the informativeness of past prices is increased as well. Put differently, if the fraction of informed increases, the precision of the
common prior increases relative to the precision of the information signal in each price.
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FIGURE 7.3. The moving average exponent A as a function of w for K = 0.5,0.25, 0.1.

7.4.2

MARKET

STATISTICS

A Autocorrelation and Variance
In this subsection we turn our attention to empirically measurable quantities. The unconditional variance of price changes (see the appendix for its functional form) is plotted as a
function of the fraction of informed in Figure (7.4). Indeed, instead of what one may expect, the price variance is increasing in the fraction of technical analysts. Although they act
as contrarians, their trading strategy does not have a dampening impact on price evolution.
Instead, an increase in their presence increases risk premia, and as a result magnifies price
changes.
The first order autocorrelation as a function of the fraction of informed is plotted in figure
(7.5). This quantity is always negative, due to the transitory nature of the liquidity component. If we allow for persistence of supply levels, positive autocorrelations may be found
(see for instance chapter 6). We also remark that in absence of a presence of chartists, higher
order autocorrelations disappear. Indeed, only the impact of the trading activities of technical
analysts leads to these higher order patterns.
Observe that the significance of the autocorrelation increases in the fraction of uninformed
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FIGURE 7.4. Relative variance of price changes as a function of the fraction of informed investors for K = 0.25 and
K = 0.5. Volatility increases with the fraction of chartists and the relative risk aversion K.

investors. This dependency is directly related to the fact that the sensitivity to liquidity shocks
is larger when the fraction of technical analysts increases. Higher negative correlation between
subsequent price changes is indicative of higher risk premia. These risk premia are either the
result of higher volatility of shocks to the economy, or lower informedness of the economy.
B. Market Depth
We define the market depth as the inverse of jf, the liquidity cost parameter. We have
7/

4&§(

i+

R^y^

™

Inspection of this quantity leads to the following theorem.
Theorem 7.7 Market depth is strictly decreasing in the fraction of technical analysts.
Proo£ Direct differentiation shows that the right hand side of (7.6) strictly increases with both
w and 6. Since 0 increases with w, the theorem follows. •
Indeed, the competitiveness of the market is reduced when a larger fraction of rational investors apply technical analysis, leading to a decrease in market depth. The financial market
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FIGURE 7.5. The first order autocorrelation as a function of the fraction of informed for K = 0.1 and K = 0.25.

imposes higher liquidity costs with a larger fraction of chartists.
We emphasize that all of above results are derived under the assumption that the total
number of traders relative to the total supply variance is assumed constant. Technical analysts,
due to their greater uncertainty, can less effectively compete. If their fraction increases, the
average competitiveness of the market diminishes. The result is a lower market depth, higher
price variance, and an increase in the magnitude of autocorrelations between price shocks.
7.4.3

UTILITIES

One of the questions that arises when considering the impact of technical analysts concerns
the ex ante expected utilities of agents. We denote the ex ante utility, conditional on past
prices, but prior to the receipt of information signals and the price realization, by Vf for the
informed and by Vc for the chartists. Formally, these quantities are defined according to
Vf = E{Urmmed\lU],

and Vc = E[Ultuninformed |#-7-ƒ
-1]

The next theorem concerns the dependency of V/ and Vc on w and 6.
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Theorem 7.8 The ex ante expected utilities of the uninformed and informed, conditional on
past prices, are given by

Vc
Vt =

1
\

f

i±»

)2 i 1

l + e + e2

VJ^r+(^of

Proof. See appendix.
Inspection of the above expected utilities shows that the ex ante utility of the uninformed
is decreasing in the informativeness of the price system. Hence informed and uninformed
agents objectives are aligned in the dependency on the informativeness of the price system:
both benefit most when the informativeness is as small as possible. As the informativeness
decreases with increasing fraction of uninformed, the following corollary readily follows.
Corollary 7.2 Both informed investors and technical analysts benefit from an increasing
fraction of technical analysts.
The interesting implication is that although technical analysts free-ride on the activities of
informed investors, the latter benefit if the fraction of chartists increases. Also the uninformed
benefit from an increasing fraction of their kind.

7.5

Market Failure in the Presence of Too Many Technical Analysts

The foregoing analysis was performed assuming that there exists a solution to the equality
(7.5) specifying pv. However, as was already indicated in section 7.3.D, the price system
needs a minimal informativeness for an equilibrium to be viable. Indeed, this informativeness
can only be guaranteed if there is a sufficient number of informed investors in the economy.
The following theorem formalizes this notion.
Theorem 7.9 A necessary and sufficient condition for a stationary equilibrium to exist, is
given by the inequality

1+

^ + " l < -A.

3 + Vb-ww

(7.7)

- 2Acr

Note that the left hand side of (7.7) decreases in the fraction of informed, w. This implies
that if the fraction of informed investors is below some critical value, the stationary equilibrium
cannot exist. Solving the above equation for w, we obtain for the minimal fraction of informed
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FIGURE 7.6. The minimum necessary fraction of informed for an equilibrium to exist, iu mi „, as a function of re, the relative
risk aversion measure of the market.

- (3 + VE - K - j{1 + y/l - K)2 - l{\ +

\/l)i^

A plot of wmin showing the dependency on K is shown in figure (7.6).
Hence, the equilibrium breaks down for (a) Low risk tolerance (b) Large variance of liquidity shocks (c) Large variance of informational shocks, and (d) A small fraction of informed
investors. Interestingly, the liquidity shocks, which are necessary to make this equilibrium
work with costly information (Grossman and Stiglitz[1980]), can also cause the equilibrium
to break down. Observe that, given the maximum value of unity for w, a minimal requirement
is that K < 1, or 2oA < A. This implies that the variance of market turnover relative to the
average risk tolerance should not exceed one-half.
Here, we see the failure of financial markets under some circumstances. If the fraction
of uninformed is too large, the equilibrium will break down. Observe that increasing the
necessary noise in the economy A only worsens things, as K increases with A and so does
the minimal fraction of informed w m m . Why does the market break down in the presence of
(relatively) too many uninformed traders ? The answer lies in the combination of the increased
uncertainty in their presence and the dual role of the sensitivity of price to liquidity shocks.
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With an increase in the fraction of technical analysts, the uncertainty of the market increases.
To compensate, higher risk premia are necessary, which can be established by increasing the
sensitivity of price to liquidity shocks9. However, increasing this sensitivity also increases the
variability of price changes and hence uncertainty of investors. Indeed, this gives rise to an
iterative mechanism. A convergence is established as long as uncertainty is not too high. If
however, uncertainty is too large, the adverse effect of liquidity sensitivity dominates.
In the literature it has been extensively discussed how information asymmetry may cause
markets to break down. However, usually a presence of too many informed investors (insiders)
is the cause of such a market failure (see for instance Bhattacharya and Spiegel[1991]). In
our model exactly the opposite motivates a breakdown: a relatively too significant presence
of (totally) uninformed investors may cause prices to have too little information content
and exhibit too much uncertainty. The overlapping generations aspect plays an important
role here. Information then only has value if it is reflected in (future) prices. A similar
reasoning can be found in Dow and Gorton[1994]. In their model, informed investors can
only perform short-term arbitrage if their private information is impounded in future short
term price movements, leading to an arbitrage chain that breaks down if transaction costs
are too high. As an analogy, in our stationary economy this arbitrage chain is infinitely long,
given that information regarding fundamentals is not realized before time infinity. As such,
transaction costs can also in our model lead to a market breakdown.

7.6

Costly Information

The previous analysis assumed that information is an endowment. In this section, we relax
this assumption and assume that information can be acquired at a certain cost. Hence, agents
can observe the true value of the firm in each period at a cost c. The decision of each agent
to acquire information or become a technical analyst is determined by the comparison of
the expected utility of informed with the expected utility of staying uninformed. We adopt
a similar analysis as in Grossman and Stiglitz[1980], and consider the fraction of informed
investors which would arise endogenously in a competitive market given this cost to information acquisition.

Given a cost to the acquisition of information, c, the decision to become informed depends
9

Observe that this is similar to the noise trader risk described in DeLong et.al.[1990]. The overlapping

generations nature of their model also induces noise traders' activities to be priced.
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FIGURE 7.7. The endogenous informativeness, 6", as a function of the relative cost pc. Note that we used a logarithmic
scale. With increasing costs to information, the informativeness diminishes.

on the ratio of ex ante expected utilities. This ratio, which we denote by q, follows immediately
from theorem (7.8)
_ V/(c) _
Vc

e2 +1 +1

N (i

Utilities are negative, hence, a higher level of q is associated with a smaller difference between
uninformed and informed ex ante expected utilities. Observe that -as in Verrecchia[1982]higher risk tolerance leads to lesser impact of costs on utility. This reveals that if and only
if all risk aversion levels are equal across traders, the average risk tolerance of the informed
traders will equal the average risk tolerance of the uninformed traders. A necessary assumption
is therefore that the market is homogenous in risk tolerance levels. Let us therefore adopt this
requirement and study the interior equilibrium that arises.
Given the comparative statics derived for 6, the following theorem follows.
Theorem 7.10 The relative utility of the informed compared to the uninformed is increasing
in K and decreasing in the fraction of informed, w.
Proot Use corollary 7.1. •
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In a general equilibrium, informed as well as uninformed should be indifferent between
switching their types. Hence, an interior equilibrium is characterized by q = 1. Using the
above expression for q, such an equilibrium corresponds to a value of 8 of
_ 1 2 - e2pc + e p V 4 - 3e2?c
~ 2

e2Pc -

1

'

The dependency of 6* as a function of pc is given in figure (7.7). In an overall equilibrium
therefore, 6* is determined by the cost of information acquisition and the risk aversion level
only.
The following implications can be derived: (1) If c increases, 9* decreases. Therefore the
informativeness of the price system is diminishing in the cost to information acquisition.
This intuitive result has been noted by others (e.g. Grossman and Stiglitz[1980] and Verrecchia[1982]), (2) The informativeness of the price system is independent of the standard
deviation of the shocks to the fundamental value, and the standard deviation of supply shocks.
This result can be ascribed to the endogenous determination of the common prior in our model.
In Grossman and Stiglitz[1980], price informativeness also depends on the precision of the information of insiders. (3) The fraction of technical analysts increases with information costs.
This indicates that the ex ante expected utility of the informed relative to the uninformed
reaches its maximum when their number is as small as possible, i.e. if w = wmin(n),

or

0 = \{l + v 5 ) . The maximum cost to becoming informed, c max , is therefore given by the
solution to q(pcmax,8

7.7

= | ( 1 + \/5)) = 1.

Conclusion

In this chapter, we have considered how the informativeness of prices gives rise to the existence of a group of investors that can be depicted as pure technical analysts. The main
objective of the analysis was to examine how the presence of these rational agents impacts
the utilities of investors and market statistics. It is shown that though technical analysts are
contrarians, they do not have a smoothing effect on price evolution. Instead, their presence
leads to an increase in market volatility and a reduction in market depth. Both information
collectors and technical analysts benefit, however, when the fraction of technical analysts is
as large as possible. This occurs to the detriment of liquidity investors that pay a high risk
premium for the accommodation of risk.
It was also shown that the market may fail if the fraction of technical analysts is too
large. This type of market breakdown is quite unique. The informed traders refuse to trade
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in a too uninformed market, rather than the opposite type of market breakdown investigated
for instance by Bhattacharya and Spiegel[l991 ]. To resolve this problem, regulation should
induce agents to collect information, and make pure technical analysis unprofitable. A trading
cost could warrant this.
Our analysis can be extended along several dimensions. One is the exogenously assumed
presence of liquidity traders. They play an important role in the model. It is likely that
even liquidity traders are sensitive to the size of risk premia, and as such implementing a
more natural relation between the competitiveness of a market and its liquidity would accord
better with reality. In our model, such a relation is absent, which, combined with the limited
competitiveness, leads to the result that non-liquidity traders prefer volatile markets with large
risk premia over markets with opposite characteristics.
Another point that deserves more attention concerns the myopia of our investors. If agents
have a time horizon that extends beyond the next period, noise trader risk will have a less
profound impact on the equilibrium. An extension, including multi-horizon investors, in the
spirit of chapters 5 and 6 would therefore be of interest. It is likely that our market is more
robust under this extension. However, it is our contention that the comparative statics of the
equilibrium we derived, will stand the test of this exercise.
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7.A

Appendix

A Proof of Theorem 1
We derive the equilibrium using the results from chapter 5. Adopting the same notation, in this
specification, we have that <pt = {Vt,Zt)

follows the AR(1) process
ipt+l = Gift + Tjt+i

where G = d i a g ( l , 0 ) and H = diag(<r 2 , A 2 ) . Uninformed agents update their beliefs of ipt+1 conditional on observing the price at time t according to
&+l
with k = QcPj{P'fQcpf)-\

= G((l-kP'f)tf

+ kp'f&)

and Qc the solution to Qc = H + G(I - Q.cp;(j>'}Çlcpf)~^p'})Q.cG_''. The

relation between the conditional uncertainty regarding the current fundamental state O and Qc is thus
given by Qc = H + GOG'. Note that we have that kp'fO = 0, since kp'f(pt is perfectly observable.
This property implies that Ovz = Ozv = TTf-yjlOv,
c

2

and that O z z = njjJ2Ovv

=

rfrfo.

It then

2

follows immediately that Q = diag(rj + o, A ) , and that
k = (TT'J{O2 + o)+

7|A

2

) - 1 ( 7 T / (rr 2 + o) , -jf

A2)'

The static Ricatti equation is given explicitly for o by
o =

2
f

Ti2fa2

A 2 {a2 + o)
+ n2fo + jjA2

which is solved by the positive root of this equation
o = -l-a2

( l - y / l + 4 7 2 A 2 /7r 2 ( r2)

Lemma 6.2 shows that we can write
p'c = - ( 1 - a)p'fG + (1 which implies that 7rc = (1 - a)k~l{l
a

- nfkv)

and j

c

a)k-\v

= 0. The quantities a and S are given by

1
wA
wA
(1 - w)A
J n
2 ,—5-pT
= 7;
H -n){a2 + o) + jjl
5 T T?2 ^ o
+ 7 2 A 2 and 6 =
~ -ö~a
7r2,T2 + 7 2TTT;
A2 ^

The pricing coefficients 7t/ and -y; follow from theorem 6.3, which states that

P'f(G-D =

^
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This equation leaves 717 unspecified, and gives for 7/ the solution, if KITJ = 2AaA~1iTf

V
Using the definition of 9 = o2crl

=

wA

1-4

2& I
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< w

A2ir2a2
'
w2A2

and some additional algebra, we obtain the theorem.

•

B. Proof of Theorem 7.4
(A) Follows immediately from the expression for m and ƒ.

(B) First we prove the following lemmas.
Lemma 7.1

£j{w,m)>0.

Proo£ Differentiation leads to this result immediately. •
Lemma 7.2

£^f{w,m)<0.

Proot Define g(m) = \{-l

+ v/l + 4m), then m(g(w,K,p))

= (-\

strictly increasing in g, and vice versa. In terms of g, f{w,m)

+ \ (2g + l ) 2 . Note that m is

becomes

wg + 1 + 2g2 + g3 +g
f i w M 9 ) )

=

\4

+

Ag2-AWg2

+

4g+a,)(l

+

gr

Taking the derivative with respect to g , we have that

df{w,m{g))
dg

2
4 (-A-4g

=

+ 4wg2 - 4p - iu)

(1+p)3

( - 8 + "iw - 8g + w2 - 8g2 + lliug2 + 7wg + wg3
+Wg2

- w2g + I2w2g3 - (1 - w){Ag5 + 12 9 4 ) - 8<?3)

The sign of the derivative is thus satisfies, using that w e [0,1]
9/Km(g)2
dg

K

_8

+ 3w_gg

2
+ w^^8g

+4w2g2 - w2g + I2w2g3
<
for g < (- 1 + ^5). 0 r m(g(w,K,p))
decreasing in m for m < 1. •

+ Uwg2 +

7wg+wg3

- (1 - w)(4<?5 + 12 9 4 ) - 8g3

- 4 - g + 7g2 + 5g3 < 0
< 1. Since ƒ is monotonically decreasing in p, ƒ is monotonically
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Lemma 7.3 ^m(w,p,Kj

< 0, ^m(w,p,K)

> 0 and ^m{w,p,K,)

> 0.

Proof. Follows directly from taking derivatives. •
Lemma 7.4 ^fà

> 0.

Proof. Taking the derivative
df(w,m)
aw

d
dw

8
dm
v

'

>0, lemma 7.1

d
' dw

v
.

'~

~

<0, lemma 7.2

v

<0, lemma 7,3

the lemma follows. •
Lemma 7.5 f(w, m(w,p, K)) is monotonically decreasing in p.
Proof. Taking the derivative , we have
df(w,m)
dp

d
d
dm-f(w,m)——m(iu,p,K,)<
'
dw
<0, lemma 7.2

0

>0, lemma 7.3

•
Now define p' and p", the solutions to p' = f(w',K,p')
Assume that p' > p", then we have that
p' = f(w',K,p')

<

f(w",K,p')

lemma 7.4

and p" = f(w",K,p")

<

with w' < w".

f(w",K,p")=p"

lemma 7.5

which contradicts with p' > p". Hence p' < p" for w' < w". The solution p is monotonically increasing
in w. This concludes the proof of 7.4.B. •
(C) Define z = p/w then z solves
z=

h(w,n(z,K))

where

...

,

(è«'(-l + v/T:r477) + l + n ) ( l + i ( - l + vT+l^))

1

h(w,n) = —-.
W

—==

u,

i

:

1

(è (- + y r + l ^ ) + 1 + n(l - w)) (l + I ( - l + yrT4^) + n)

and n is given by

^,*) = ^(l-V(l-* 2 ^)) 2
Lemma 7.6 ^TI(Z,K)

> 0.

Proof Follows directly from taking the derivative. •
Lemma 7.7 J^h(w,n)

L

< 0.
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Proot Follows directly from lemma 7.2. •
Lemma 7.8 &;h{w,n) < 0.
Proo£ The sign of the derivative is determined by
S l gn(JLh(w,n))

+ 2w- 2w^J(l + An) + 6nw - w2 + w2^(1 + An)

= -2-4n

-öu,

-inw2

- In2 + An2iu + w2 ^ (I + An)n - 2w^J(l + An)n

-2(1 + n2) - 4 n ( l -raw)

=

+ (w2 - 2w)( v /(l + 4n) + \/(l + 4n)n - 1 - 3n)
- 2 - 2ra2 < 0

<

where we used that w G [0,1] and n E [0,1]. •
Lemma 7.9 £h(w,n(z,n))

< 0.

Proo£ Taking the derivative
—h(w.n(z,K,))

=—-h(w,n)—-n(z,K)
<0, lemma 7.6

<0

> 0 , lemma 7.7

•
We now prove that z is decreasing in w by proving its double negation. Define z' and z", to be the
solutions to z' = /i(w',ra(K,,z')) and z" = h(w",n(K,z"))
z'= h{w',n{K,z'))

>

where w' < w". Assume that z' < z"

h(w",n(K,z'))

lemma 7.9

^

h{w",n(n,z"))

= z"

lemma 7.9

which contradicts the assumption z'(iu>) > z"(w"). Hence for 2 is monotonically decreasing in w.
This proves theorem 7.4.C. •
(D) Proot Note that ƒ is monotonically decreasing in k, which can be easily shown using lemma
7.2 and lemma 7.3. Again we use the method of reductio ad absurdum. Define p' and p", the solutions
t0

y

= / ( W i K / ) P ') a n d p"

= ƒ(„, K" J P ") with K.' < K". Assume that p' < p", then we have that

p' = f{w,K',p') > f{w,K",P')

>

f(w,K",P")=p"

which contradicts with p' < p". Hence p' > p" for k' < k". •
C. Proof of theorem 7.5
Proof Note that the function fc(w,K,p) = / K M - p is strictly decreasing in p. Furthermore,
note that m(w, K,p) is only defined if p < f. Hence fc(.) is only defined on [0, f ]. Because it is
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continuous, it immediately follows that there exists a unique root of k(w, K,p) if and only if /c(0) > 0,
and fc(l) < 0. Or, iff
fc(0) = 1 > 0, and fc(l) =

l +

^l + w _ YL < i
3 + V5 - w K

The theorem follows. •
D. Proof of theorem 7.6
From theorem (6.5), we know that chartists have a demand schedule that has the form
d$(x(l-QfGk)(Mt-Pt)
where q' = p', + p'c, and
Mt

q'G(l - kq')
J2(G - Gkq'fGkh1 - q'Gk .71=0

(7.8)

Next, imposing our economy, we obtain the following property (n > 2)
(G - Gkq'T = X(G with A = (^((T 2 + o) +7^A 2 ")

((7T2. ~irr)(a2

Gkq')n~l

+ o) +7fA 2 ). Moreover,

q'G(l-kq')
ÏZJGk

Gk l

X

~

Rewriting in terms of 9 yields the theorem. •
E. Market Statistics
From chapter 5, section 6.5 we know that the variance of price changes is given by
var(Q (+ i) = S-2i'zT,iz+p'fEpf

+ S^Ça'1

- lte ( ^ ^ (

1

" W *

~^

1

~ fcP/)') <"

and the covariance between price innovations is given by (n > 0)
c o v ( Q ( + 1 > ä + i - n ) = S"V 2 G"E t z
+S-\'z{Gn-1

- {a~l - 1)(1 - kp'f)(G -

Gkp',r-l)-E.ps

-S~2i'z (1 - a) ( ^ ^ ( 1 - kp'f)(G - Gkp'f)n - GA n c ( l -

kp's)'tz.

where E = Y^jLo G^EG^' is the unconditional variance of state of the economy. Here we have that
E = Yl"j=o G'SCP' = diag(0, A 2 ). Rewriting the above formula, one obtains for the variance of price
changes:
, 9

var(Q t+1 ) = S;2A2

,

+ ny

,

9

9

+ 72A2 -

( l - Q ) 2 A 2 7 r 2 ( ( T 2 + 0))
z 2

aS

f
,
\
"
[ftfiiT + o) + Tf& )
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and the first order autocorrelation is given by
2

cov(Qt+i,Q0

=

njaa2 + 2-K2fao +

-7/ A

aS(n2f(a2

+

-y2fA2a-itjo

o)+12A2's)
72A47r2(<T2 + o)

+ (-l+a)(2a-l)

aS2(ir}{a2+o)+tfA2)

and higher order autocorrelation are given by

cov(Q (+1 ,Qt+i-n

=

(-l+a)7/A2a

1
l

nf (^A2)n-1

ttf

a2 - VA2(7rf

(a2+o)Vy

(n2(a2+o)+12A2J

2
2
. , / ,
A 7/ (7f A ) " + TT/ (*ƒ (^ + °) 7/)"
(1 - a) (2a - 1) 7f A47T2f a 2 + o) ' V '2 / 2
,„+2
aS (7r (rr2 + 0 ) + 7 2 A 2 ^

£ Proof of Theorem 7.9
First we proof the following lemma :
Lemma 7.10 The ex ante expected utility of being informed, Vs, conditional on the information in
past prices can be written as
E[Vf\lï,Pt]

var(Pt+1\l{,Pt)
\] var(Pt+1\lf,Pt)

'

where Vf is the ex ante utility of staying uninformed.
Proot Note that we have
E{Ui+i\liPt]

=

-exp

i
"2

{npt+l\i[,Pt\-Pt?
var(P t + i|j/,P t )

E[Ul+1\Tt,Pt\

=

-exp

l(E[Pt+i\l?,Pt]-Pt)2
"2
var(P i+ i|X£,P)

Because If is a sub-tribe of l / .distributions are normal and the linearity of the price function, it
follows that E{Pt+i\l{,Pt}

- Pt is normally distributed. Now define
e =

var(E[P t + 1 |j/,P i ]K,Pt)
E\Pt+1\l{,Pt}-Pt

LÜ

=

p

Then the expected utility of the informed can be written as
E K + 1 | j / , P ] = -exp

lvar(Pt+1|j/,Pt)
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and the lemma is proven

Armed with this expression, we now turn to the computation of the ex ante expected utilities.
Because of lemma 7.10 we only have to compute the ex ante expected utility of the uninformed,
which is given by
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Summary and Conclusion
The consensus on the price formation process in financial markets has changed fundamentally
over the past two decades. In contrast to the neoclassical contention, we now believe that the
structure within which trade takes place is of primary importance to the formation of prices
and the final allocation of resources. Also, the informational efficiency of financial markets
is understood to be of a more subtle and complex nature. The cornerstone of these changes
is the paradox introduced by Grossman and Stiglitz [1980], They demonstrated that prices
should less than perfectly reveal information in order to reveal information at all. The result is
that two components are necessary to facilitate trade: information and noise. Moreover, these
two components are intrinsically related and interact through the formation of prices.
The importance of a proper understanding of the price-formation process should not be
underestimated. It implies that one can impose a market structure and a regulatory mechanism
that optimally contribute to the welfare of an economy. Its complexity, however, means that
details of market characteristics need to be incorporated to arrive at models that accord well
with reality. This is not a trivial task, especially given the involved nature of information
aggregation and disclosure through prices that are derived from the rational updating of
beliefs by investors.
A popular vehicle that accommodates the information feedback of prices to investors and
vice versa is the so-called noisy rational expectations approach. We adopt this paradigm to
focus on the dynamics of trade under asymmetric information. Our approach is unique in its
consideration of price discovery in overlapping generations economies. This focus on models
of re-trade is motivated by the observation that most financial assets have a lifetime that
extends beyond the time horizon of the common investor. It implies that investors usually do
not buy and subsequently hold the asset for an infinite amount of time, but rather trade and
re-trade the asset, realizing capital gains. Consequently, agents face additional price-risk due
to the necessity to liquidate their position at market prices, with the consequence that higher
risk premia prevail. Moreover, there is no resolution of uncertainty, given that the asset's
true value continuously changes and is never revealed by the price system. Another salient
feature of our study is its focus on the properties of steady state economies, which allows the
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unconditional consideration of market statistics and optimal technical trading rules. It resolves
time-dependency problems present in liquidation models that occur due to the resolution of
uncertainty.
As stated, our approach derives from the noisy rational expectations paradigm. This concept
captures both the feedback of information through prices and the existence of distorting noise.
It has shown the dependency of market efficiency on the structure of the market, and the way
in which information asymmetries affect allocation decisions and risk premia. Its applications
have yielded many practical implications, in the form of new insights into insider regulations,
the characteristics of market clearing mechanisms, and alternative explanations for phenomena
reported by the empirical literature. In chapter 2 we present a survey that considers in detail the
main features of the noisy rational expectations approach. In particular, we discuss the recent
multi-period extensions. It provides a background against which our efforts in subsequent
chapters should be viewed.
In Chapter 3 a generic framework is presented that incorporates the features unique to our
approach. We derive the equilibrium conditions for a multi-asset multi-period noisy rational
expectations model where the assets traded are infinitely long lived. Investors have finite horizons, and we allow its distribution to be heterogeneous. As such, the model reflects a market
in which assets are exchanged across generations of traders. The generality of the model is
emphasized by the fact that it incorporates both Admati's [1985] multi-asset model, and the
Grundy and McNichols[1989] multi-period model as special cases. Although the complexity
of the equilibrium conditions prohibits the explicit derivation of pricing coefficients, the equilibrium has many intuitive features. For instance, it is shown that if agents foresee a future
liquidation of the assets, even this liquidation date is at a time infinitely far in the future,
their rationality makes prices unconditionally unbiased predictors of the fundamental value
of the asset. Moreover, it is shown that due to the re-trade effect, economies in which either
all investors are uninformed or all investors are informed, are equivalent regarding statistics
such as liquidity, volume and variance of price changes. The difference only enters in the
form of a lead-lag effect caused by the lagged information flow in the uninformed economy.
The main ambition of this chapter, however, is to contribute by extending the noisy rational
expectations to a multi-period, multi-asset, steady-state economy. Additionally, it provides a
generic basis for the models in the next two chapters.
In Chapter 4 we utilize this framework to consider the impact of insider trading on market
statistics. Usually, the impact of a presence of insiders has a dual character. On the one
hand, it increases the information content of prices with respect to fundamentals. On the
other hand, it introduces an adverse selection component in price formation that is to the
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detriment of liquidity traders. If the asset is re-traded, however, investors do not care about
fundamentals, but only about price realizations. Hence, the information content of price is
valued according to its ability to predict future prices. If price conveys more information
about fundamentals due to a larger presence of insiders, additionally its sensitivity to news
increases. This in turn implies that, although inference of fundamentals may be more precise,
future price risk may increase due to a high news sensitivity of future price realizations.
This feature of re-trade models magnifies the role of information dispersion as opposed to
the absolute degree of informativeness. The dominance of information friction allows us to
disentangle the usual dual character of insider trading and focus on its adverse selection
component. We show that volume, variance and market depth have an uni-modal dependency
on the fraction of informed in the market. All are found extremal for a certain critical fraction
of informed where information friction is highest. We relate our exogenous parameters to
market development. It is shown that the critical fraction of informed is decreasing in the
degree of development of a market. Interestingly, although higher developed markets are less
sensitive to information friction when measured by the variance of price changes, this does
not apply to the costs of liquidity. These are actually more sensitive to information dispersion
than in less developed markets. The implication is, that insider regulations may yield more
benefits in terms of cost reduction for liquidity traders in relatively well-developed markets.
In Chapter 5, we consider how market statistics are affected by market growth if agents
have the possibility to acquire private information at a certain cost. Many models that study
how information friction affects financial markets assume agents are endowed with an information advantage. If the informativeness of agents is determined endogenously, however,
equilibrium depends on the comparative advantage of better information. Indeed, agents need
to be able to offset the cost of information acquisition. The impact of such endogenous dependency of the economy is profound. When we endogenize the information acquisition efforts
of agents, market depth is seen to decrease with increased competition on financial markets.
This contrasts the usual relation that market growth leads to an increase in market depth.
Hence, this result only holds ceteris paribus. The reason is that an increase in competition
decreases the relative advantage of informed investors, which can only be compensated if
risk premia are increased and consequently market depth is decreased. This implies that the
increase in trader activity that is observed in many financial markets over the past years, may
not have as desirable effects as are implied intuitively. Such increase in competition may in
fact come to the detriment of liquidity investors. The lesson learned is that the endogenous
determination of information acquisition efforts may be crucial for a good understanding of
market dependencies. We also consider how the length of the time horizons of investors
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impacts a financial market. A unique feature of the model is the explicit consideration of a
heterogeneous distribution of time horizons across investors. It is shown that increasing their
time horizon generally leads to an increase in trading aggressiveness. The possibility of intermediate trade allows for dynamic diversification over time, giving investors the opportunity
to trade more aggressively in the early stages of their trading career.

Crucial to the mechanics of the rational expectations approach is the market clearing condition. It reflects how we envision the type of competition on financial markets. Instead of
competing for the total excess supply, investors compete for a portion of the supply of an
asset. The supply itself, as well as the stochastic variations in supply, is by definition perfectly
inelastic. The implication is that investors can earn a return for holding the asset that more
than compensates the risk they incur. Moreover, this excess utility is a convex function of
the riskiness of the asset. This has two practical implications that are supported by empirical
studies. First, markets will be more volatile, and second, risk will be priced disproportionately. Moreover, the fact that noise and the anticipated existence of noise is priced, implies
that even agents that do not invest in information acquisition can benefit from participating in
trading. In combination with the noisiness of information disclosure through prices, it immediately follows that technical analysis is both necessary and profitable, and in fact is a natural
component of a rational equilibrium in financial markets.
In Chapter 6, we consider the topic of technical analysis in detail. We propose a stationary
noisy rational expectations economy in which the aggregation of noise and information in
prices motivates the presence of pure technical analysts. Closed form solutions for a generic
class of economies are derived. We allow liquidity supply to follow any type of AR(n) process.
In the process, we argued how a presence of technical analysts may increase risk premia and
decrease market depth. Moreover, we showed that if agents believe that the asset is ultimately
liquidated at its true value, prices are an unbiased estimate of the fundamental value. We also
demonstrate that, contrary to what one may expect, an increase in the fraction of technical
analysts leads to an increase in the significance of correlation patterns. Additionally, we show
that if agents believe that the asset is ultimately liquidated at its true value, prices are an
unbiased estimate of the fundamental value. In an application of our framework, we study
how both persistence of liquidity supply and correlation between liquidity shocks impact the
trading behavior of technical analysts and the time series properties of returns. It is shown
that when liquidity supply is highly persistent and shocks to liquidity are correlated, (i)
uninformed agents apply a trend-following exponential moving average rule; (ii) short-term
autocorrelations are positive; and (iii) long-term autocorrelations are negative. These results
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are partially confirmed by empirical studies, though this type of research is not conclusive
on this point. The reason that technical analysis has added value ultimately stems from the
absence of Bertrand competition. Many discussions on the functioning of financial markets
implicitly assume that the competitive character of markets results in perfect price competition.
Though agents may act as price takers, it is questionable whether this is indeed the case. If
agents are risk averse, the only situation in which perfect price competition occurs is when
the aggregate supply that has to be absorbed by the market is infinitesimally small compared
to the market as a whole.
In Chapter 7, we explore a special case of the model derived in Chapter 6. We consider how
the presence of technical analysts impacts the utilities of investors and market statistics. It is
shown that though technical analysts are contrarians, they do not have a smoothing effect on
price evolution. Instead, their presence leads to an increase in price volatility and a decrease in
market depth. Both groups of agents benefit, however, when the fraction of technical analysts
is as large as possible, this to the detriment of the liquidity investors who pay a high risk
premium. It is also shown that the market may fail if the fraction of technical analysts is
too large. This type of market breakdown is quite unique. It is the informed traders that
refuse to trade in a too uninformed market, instead of the opposite type of market breakdown
investigated by , for instance, Bhattacharya and Spiegel[1991]. This implies that financial
markets should impose trading costs in order to induce agents to collect information, and
make pure technical analysis unprofitable.

Samenvatting (Summary in Dutch)
De wetenschappelijke benadering van het prijsvormingsproces op financiële markten heeft een
aantal fundamentele veranderingen ondergaan in de afgelopen twee decennia. In tegenstelling
tot de neoklassieke kijk, gaat men er nu vanuit dat de structuur waarbinnen handel plaatsvindt
van groot belang kan zijn op de uiteindelijk tot stand te komen prijsniveaus en allocaties
van middelen. Bovendien is men het er over eens dat de informatie efficiëntie van financiële
markten van een andere aard en complexiteit is dan oorspronkelijk door de efficiënte markt
hypothese werd gesuggereerd. De Grossman-Stiglitz paradox heeft in belangrijke mate bijgedragen aan deze andere visie. Het impliceert met name dat initiële informatieverschillen
tussen investeerders slechts gedeeltelijk worden opgeheven en dat de mate van informatieoverdracht afhankelijk is van de structuur van de markt. Deze persistentie in informatiefricties
en onzekerheid heeft directe gevolgen voor risicopremies en het corresponderende prijsgedrag.
Met de onderkenning van het belang van informatie-asymmetrie voor de prijsbepaling op
financiële markten heeft de financiële economie als wetenschap een nieuwe vlucht genomen.
Met de voornamelijk theoretische modellen worden twee doelen nagestreefd. Enerzijds wordt
gepoogd alternatieve verklaringen te geven voor zogenaamde anomalieën die door de empirische literatuur worden gerapporteerd. Anderzijds probeert men tot normatieve uitspraken
te komen, die directe relevantie hebben voor regelgeving en handelsmechanismen op financiële
markten.
Dit proefschrift heeft als voornaamste doel bij te dragen aan het inzicht over het intertemporele gedrag van prijzen onder informatie-asymmetrie. In het eerste deel van het proefschrift
beschouwen we de rol van informatie-asymmetrie indien investeerders alleen winsten in de
vorm van kapitaalswinsten kunnen behalen. We presenteren een raamwerk voor dit type markt,
dat met haar algemeenheid verschillende bekende modellen als speciale gevallen omvat en
dat als basis dient voor twee verdere studies. We beschouwen de wijze waarop informatieasymmetrie marktstatistieken beinvloedt, zoals volume en prijsvolatiliteit. Tevens bestuderen
we de implicaties van een toename van concurrentie op financiële markten, gegeven het
ontstaan van informatieverschillen door de mogelijkheid voor investeerders om tegen bepaalde
kosten een informatie voordeel te bemachtigen.
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In het tweede deel staat technische analyse centraal. Simpele handelsregels, zoals voortschrijdende gemiddelden, zijn bijzonder populair onder met name de professionele handelaren. Het
is echter onduidelijk of, en zo ja, in welke mate, dit soort handelsstrategieën enige toegevoegde
waarde hebben. Een noodzakelijke voorwaarde is uiteraard de aanwezigheid van patronen in
beurskoersen. Zowel handelsregels, als regelmatigheden in tijdreeksen, zijn uitgebreid onderzocht vanuit een empirische invalshoek. De resultaten zijn echter niet eenduidig. Relatief
weinig theoretisch onderzoek is verricht naar een motivatie voor de optimaliteit van dit soort
eenvoudige technische handelsregels. In dit proefschrift proberen we dit gat te dichten. We
presenteren een generiek model waarin bepaalde investeerders hun investeringsbeslissingen
volledig bepalen aan de hand van informatie in huidige en verleden koersrealisaties. We leiden
het optimale investeerdersgedrag expliciet af, dat zich vertaalt naar eenvoudige handelsregels,
gegeven een generieke specificatie voor het stochastische karakter van het liquiditeitsoverschot. Tevens gaan we in op de implicaties van ons model voor patronen in beurskoersen.
Technische analyse blijkt een integraal onderdeel van het marktevenwicht te zijn. Het frappante aan technische analisten is zij hun bestaansrecht volledig te danken hebben aan informatiegedreven vraag en aanbod van andere investeerders. De natuurlijke vraag die volgt is
het onderwerp van de tweede studie binnen dit kader: hoe beinvloedt het parasitische gedrag
van technische analisten een financiële markt en het nut van overige investeerders?
We benaderen deze vraagstukken vanuit de theorie van rationele verwachtingen. Deze
wiskundige beschrijving van de informatie terugkoppeling tussen prijzen en investeerders
is inmiddels standaard in deze literatuur. Aan de hand ervan zijn verschillende inzichten verworven die hebben bijgedragen aan een beter begrip van het prijsvormingsproces. In hoofdstuk
twee wordt een overzicht gegeven van deze theorie en met name de variaties die expliciet
de dynamica van financiële markten beschouwen. Dit overzicht verschaft een achtergrond
waartegen onze inspanningen in de hoofdstukken die volgen moeten worden gewaardeerd.
Onze benadering onderscheidt zich door haar focus op markten waar verschillende generaties
handelaren financiële waarden kunnen uitwisselen. De motivatie voor deze aanpak is de observatie dat de meeste financiële waarden en met name aandelen, een bestaansduur hebben
die significant langer is dan de tijdshorizon van de gemiddelde investeerder. De implicatie is
dat investeerders aandelen doorgaans kopen met de intentie om ze op een later tijdstip weer te
verkopen en zodoende met name van kapitaalswinsten te profiteren. Het gevolg is echter dat
beleggers additioneel prijs risico lopen vanwege de noodzaak om hun positie tegen markt prijzen te liquideren. Bovendien impliceert het een continue onzekerheid in de markt omtrent de
fundamentele waarde van aandelen, gegeven de onophoudelijke stroom van informatie en veranderingen in de economie. Een ander in het oog springend kenmerk van onze studie is haar
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focus op de stationaire evenwichtstoestand op financiële markten. Modellen die liquidatie
van de financiële waarde veronderstellen, introduceren per definitie tevens een tijdafhankelijkheid in de structuur van de markt. Het gevolg is dat marktstatistieken en investeerdersgedrag typisch afhankelijk zijn van de tijd tot liquidatie. Bovendien wordt de onzekerheid van
investeerders met betrekking tot de fundamentele waarde van het aandeel gaandeweg opgeheven. Ons inziens is er echter sprake van continue onzekerheid op financiële markten omtrent
'fundamentals'. Met de beschouwing van het stationaire evenwicht onderkennen we dit aspect
van financiële markten dat directe gevolgen heeft voor stabiliteit en risicopremies. Bovendien
geeft het de mogelijkheid om karakteristieken van financiële markten onvoorwaardelijk te
bestuderen.
In hoofdstuk 3 wordt een generiek raamwerk ontwikkeld dat de voornaamste kenmerken
van deze benadering in zich heeft. We leiden de evenwichtscondities af voor een markt
waarin meerdere financiële waarden kunnen worden verhandeld en waarvan de bestaansduur
oneindig lang is vergeleken met de eindige tijdshorizons van de investeerders. Noodzakelijkerwijs worden financiële waarden tussen verschillende generaties uitgewisseld. Het model
incorporeert informatie-asymmetrie met de aanwezigheid van verschillend geïnformeerde investeerders die de mogelijkheid hebben om vooruit te lopen op informatie die in volgende
perioden publiek wordt gemaakt. De algemeenheid van het model wordt onderstreept door het
feit dat het verschillende bekende modellen omvat, zoals Admati[1985] en Grundy en McNichols[1989]. Ofschoon de aard van de evenwichtscondities geen expliciete oplossing toe laat,
kan aan de karakteristieken een intuitieve uitleg gegeven worden. Bijvoorbeeld, gegeven het
feit dat investeerders rationeel zijn en een uiteindelijke liquidatie van de financiële waarde
voorzien, zijn prijzen altijd onconditioneel de beste schatter van de onderliggende fundamentele waarde. Bovendien blijkt dat in deze markten, waar investeerders hun winsten puur
halen uit het verhandelen van aandelen, informatie-asymmetrie alleen een rol speelt in de
frictie die het teweegbrengt tussen investeerders. De voornaamste bijdrage van dit hoofdstuk
ligt echter in de uitbreiding van de theorie van rationele verwachtingen naar markten waarin
een arbitrair aantal financiële waarden wordt verhandeld over een willekeurig aantal perioden tussen verschillende generaties investeerders. Dit hoofdstuk legt tevens de basis voor de
hoofstukken 4 en 5 waarin speciale gevallen verder uitgediept worden.
In hoofdstuk 4 wordt ingegaan op de wijze waarop informatie-asymmetrie de karakteristieken van de markten beinvloedt. In modellen waarin financiële waarden een eindige levensduur hebben, heeft de aanwezigheid van frontrunners een duaal karakter. Aan de ene kant
verhogen ze de informatieve functie van prijzen waardoor onzekerheid met betrekking tot
de fundamentele waarde gedeeltelijk wordt opgeheven. Aan de andere kant leveren gein-
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formeerde investeerders een negatieve bijdrage omdat andere investeerders een groter risico
lopen om tegen slechte prijzen te handelen. Indien het aandeel echter alleen verhandeld wordt,
is de relevantie van een grotere informatie inhoud beperkt. Investeerders zijn namelijk uitsluitend geïnteresseerd in informatie over toekomstige koersen en niet de fundamentele waarde
van een aandeel zelf. Met een continue aanwezigheid van insiders is wellicht meer informatie
beschikbaar over de huidige niveaus van 'fundamentals', tegelijktertijd heeft informatie minder voorspelkracht voor toekomstige prijsniveaus. Door dit laatste fenomeen overheerst het
adverse selectie effect van een aanwezigheid van insiders. Als zodanig staat dit raamwerk ons
toe om de rol van informatiefrictie onder de loep te nemen en haar invloed op marktkarakteristieken te beschouwen. We laten zien dat informatiefricties volume en de beweeglijkheid van
prijzen verhogen, en de diepte van de markt negatief beinvloeden. Voorts blijkt dat de mate
van informatie-asymmetrie zelf een unimodale functie is van de fractie beter geinformeerde
investeerders in de markt. De fractie insiders die nodig is om tot maximale informatiefrictie
te komen neemt af met de mate van ontwikkeling van de financiële markt. Ofschoon volume
en prijsvolatiliteit in beter ontwikkelde markten meer resistent zijn tegen informatiefricties,
de diepte van de markt blijkt relatief gevoeliger voor een aanwezigheid van insiders.
In hoofdstuk 5 beschouwen we hoe de karakteristieken van financiële markten beinvloed
worden door een toename van het aantal handelaren die concurreren om het liquiditeitsoverschot. Het is in deze literatuur gebruikelijk om te veronderstellen dat sommige investeerders
een initieel informatievoordeel hebben. Als daarentegen het informatievoordeel vergaard kan
worden tegen bepaalde kosten wordt het endogene evenwicht bepaald door het nutsvoordeel
ten opzichte van niet-geinformeerde investeerders. Een dergelijk evenwicht kan significant
andere gedragingen vertonen dan evenwichten waarin de fractie insiders exogeen opgelegd
wordt. In dit hoofdstuk blijkt dan ook dat de afhankelijkheid van de diepte van de markt van
een toename in competitie compleet anders is onder endogene informatie acquisitie. De diepte
van de markt neemt af met de mate van concurrentie om het liquiditeitsoverschot in de markt.
Dit contrasteert de gebruikelijke relatie tussen diepte en concurrentie. Twee implicaties volgen hieruit. Enerzijds, vanuit een theoretische invalshoek, wordt het belang onderstreept van
het beschouwen van evenwichten waarbij de fractie geinformeerde beleggers endogeen wordt
bepaald. Anderzijds geeft het aan dat de toename van het aantal handelaren op de meeste
beurzen wellicht een ongewenst effect heeft. Een dergelijke toename van concurrentie kan
zelfs in het nadeel zijn van liquiditeitshandelaren. In dit hoofdstuk beschouwen we tevens de
invloed van de lengte van tijdshorizons van investeerders op hun handelsgedrag. Het blijkt dat
een gemiddeld langere tijdshorizon tot een agressiever handelsgedrag leidt. Het dynamische
diversificatie-effect is hier de oorzaak van, en geeft investeerders de mogelijkheid risicovoller
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te handelen in de eerste momenten van hun carrière als handelaar. Agressiever handelsgedrag leidt bovendien tot hogere informatierevelatie van prijzen en lagere risicopremies en
volatiliteit.
In hoofdstuk 6 gaan we uitgebreid in op technische analyse. We beschouwen een rationeel
evenwichtsmodel waarbij de aggregatie van ruis en informatie in prijzen de aanwezigheid motiveert van pure technische analisten. Ofschoon de meeste aannames in het model standaard
zijn, onderscheidt het zich omdat het een autoregressief proces van willekeurige dimensies
toestaat voor het liquiditeitsoverschot. Deze algemeenheid is juist interessant omdat het liquiditeitsproces direct invloed heeft op het gedrag van technische analisten. We leiden gesloten oplossingen af voor het marktevenwicht. In eerste instantie beschouwen we markten
met investeerders met verschillende tijdshorizons, waarna we vervolgens dieper ingaan op
het speciale geval waar investeerders korte tijdshorizons hebben. Dit speciale geval staat explicietere afleidingen toe van investeerdersgedrag en tijdreekseigenschappen van prijzen. We
beargumenteren hoe de aanwezigheid van technische analisten risicopremies kan verhogen
en de diepte van de markt kan verlagen. We laten tevens zien dat met een toename van de
fractie technische analisten in de markt patronen in prijsreeksen versterkt worden. Dit contrasteert de gebruikelijke redenering dat met een toename van technische analisten dergelijke
regelmatigheden in koersvorming weggearbitreerd zullen worden. We passen het raamwerk
vervolgens toe om te onderzoeken hoe de persistentie van het liquiditeitsoverschot en een correlatie tussen innovaties ervan het gedrag van technische analisten en tijdreeksen beinvloedt.
We laten zien dat indien het liquiditeitsoverschot erg persistent is en innovaties erin positief
gecorreleerd zijn, de markt karakteristieken vertoont die bevestigd worden door empirische
studies. Onder deze omstandigheden blijkt dat (i) ongeïnformeerde investeerders trendvolgers
zijn en een exponentieel voortschrijdend gemiddelde handelsregel hanteren, een handelsregel
die erg populair is onder handelaren, (ii) korte termijn autocorrelaties positief zijn en (iii)
lange termijn autocorrelaties negatief zijn.
Het frappante van een aanwezigheid van technische analisten is dat ze hun bestaansrecht
volledig te danken hebben aan de aanwezigheid van investeerders die wel informatie verzamelen. Een voor de hand liggende vraag is dan ook hoe dit parasitische gedrag de markt
en haar participanten beinvloedt. In hoofdstuk 7 gaan we in op deze vraag aan de hand
van een speciaal geval van het model in hoofdstuk 6. We laten zien dat technische analisten, ofschoon ze contrarians zijn, geen 'smoothing' effect op prijsevolutie hebben. Integendeel, de aanwezigheid van technische analisten versterkt prijsvolatiliteit en verlaagt de diepte
van de markt. Een interessante observatie is dat zowel technische analisten als geïnformeerde
investeerders profiteren van de aanwezigheid van technische analisten. Indien een groter
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gedeelte van handelaren pure technische analyse toepast, leidt dit tot een verlaagd competitieniveau tussen handelaren onderling. Het gevolg van deze verminderde concurrentie is dat
investeerders de mogelijkheid hebben om grotere premies te eisen voor de tijdelijke overname
van het liquiditeitsoverschot. Als zodanig is een aanwezigheid van technische analisten met
name nadelig voor liquiditeitshandelaren die een genereuze bijdrage moeten leveren voor de
afname in competitie. De fractie technische analisten in de markt mag echter niet te groot zijn.
Indien hun aanwezigheid te overheersend is, kan het een verstoring van het marktevenwicht teweegbrengen. Geinformeerde handelaren weigeren dan te handelen in de aanwezigheid van te
veel ongeïnformeerde handelaren. Dit contrasteert met de gebruikelijke associatie met 'market
breakdowns' door informatiefricties. Het impliceert dat financiële markten er wellicht goed
aan zouden doen kosten op te leggen aan handelaren en ze zodoende te dwingen informatie
te verzamelen door pure technische analyse verliesgevend te maken.
Een belangrijke aanname van de rationele verwachtingen methodiek is de wijze waarop
vraag en aanbod gematched worden. Het stemt overeen met het type competitie dat ons
inziens plaatsvindt op financiële markten. Investeerders concurreren niet om het totale liquiditeitsoverschot, maar slechts om een deel ervan. Dit is een belangrijke waarneming. Liquiditeitsoverschotten en de stochastische innovaties ervan zijn per definitie inelastisch. Het
gevolg is dat investeerders, vanwege de imperfecte competitie, een marge kunnen eisen voor
het overnemen van het liquiditeitsoverschot dat hen meer dan compenseert voor het risico
dat met deze actie geassocieerd is. Sterker nog, de extra premies zijn een convexe functie
van het risico van de financiële waarde. Dit heeft twee praktische implicaties: prijzen op
financiële markten zullen relatief (i.e. ten opzichte van de fundamentele waarde) volatiel
gedrag vertonen, en, risico zal disproportioneel geprijsd zijn. Beide gevolgtrekkingen worden
door empirische studies ondersteund. Nemen we vervolgens in ogenschouw dat financiële
waarden een lange levensduur hebben vergeleken met de tijdshorizon van beleggers, dan
volgt dat de - vanwege de Grossman-Stiglitz paradox - noodzakelijke ruis in prijzen tevens
zal worden geprijsd. Ruis in prijzen impliceert bovendien dat het informatiesignaal in prijzen
imperfect is en dat het combineren van verschillende prijzen tot een hogere precisie van de
schatting van de onderliggende waarde zal leiden. Dit leidt tot de conclusie dat het bestuderen
van de historie van marktstatistieken toegevoegde waarde heeft en derhalve een noodzakelijke
component is van het evenwicht op financiële markten.
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This thesis develops a theoretical study of price formation and investor behavior
in financial markets. The consensus on the price formation process has changed
fundamentally over the past decades. It has evolved from the neo-classjcal Walrasian
understanding of market clearing to a believe that the market microstructure and the
distribution of information across investors profoundly impact financial markets
equilibria. This study focuses on the dynamics of price formation under asymmetric
information. In particular, it applies the noisy rational expectations approach
(with information feedback from prices to investors), to a steady state overlapping
generations economy. In five separate contributions, several issues are considered,
such as the impact of market development on liquidity, the rationale and validity of
technical trading rules, and time series properties of asset returns.
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