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Introduction
Theoretical physics is the art of making models and approximations. While the
world we live in is hopelessly complex, we cling onto the hope of quantitative
predictions by isolating and studying bite-sized aspects of it: a handful of atoms
at zero temperature; a perfect and infinite crystal lattice; an unnamed particle
in a box with impenetrable walls; or the collective behavior of identical, microscopic magnets in a vacuum. Such models of reality necessarily rely on a large
number of assumptions and it is a theorist’s job to justify, or at least analyze
those. An experimental physicist may then put the simplified model to the test,
by carefully controlling parameters to reflect the assumptions.
Of course, the interplay between theory and experiment can also go the other
way: an experimentalist may find an unexpected result and look for a theorist
to explain it. In that case, one must construct a new model of reality, or expand
upon an existing one. The latter is often done by relaxing one or more of the
assumptions underlying the original model, resulting in a generalization of the
theory. As an example, consider the hydrogen atom, one of the early victories
of quantum physics. A model by Bohr and Sommerfeld provided the quantized
energy levels of the atom, already well-known from spectroscopy. More precise
measurements showed discrepancies with the predictions of this model, such
as hyperfine splitting and the Lamb shift, which then lead to a number of
generalizations that included relativistic effects and spin-orbit coupling, among
other things.
The theory of quantum mechanics is arguably one of the greatest successes
in modern physics, providing a basis for everything from material science to
particle physics. Central to this theory is the Schrödinger equation, which
determines how the quantum state of an isolated system evolves over time. In
principle the equation holds for all isolated systems, although it can be solved
exactly only for a tiny fraction of them. In order to model those that are not
exactly solvable, one must resort to numerical methods or approximations such
as perturbation theory. While the hydrogen atom, mentioned above, has an
exact solution, the helium atom is already too complex for analytical treatment.
Models of many-body quantum systems, which form the object of study in
1

condensed matter physics, only allow an exact solution in rare cases. The
simplest class of these so-called integrable models consists of non-interacting or
free particles and often provides a starting point for the description of more
complex systems.
Since its inception in the early 20th century, there has been a mountain of
experimental evidence to support the theory of quantum mechanics and the
Schrödinger equation. As technology advances, it has become increasingly simple to isolate and study quantum systems in the lab. Single atoms can be
suspended using optical tweezers or lattices. And the properties of exotic materials are measured with instruments that employ a vacuum of a higher quality
than any found in nature. However, people have begun to look for applications
of quantum physics outside of the safe confines of the laboratory, attempting
to scale up and exploit quantum systems for things like quantum computation.
Shielding such a system from the environment becomes much more challenging
at larger scales and with the additional architecture needed for computation. It
is therefore crucial to properly understand the effects of environmental noise,
which means we need to build models for quantum systems that are not isolated, but dissipative. To do so, the environment can be modeled as a quantum
bath, in analogy to the heat baths of thermodynamics. This leads to a stochastic generalization of the Schrödinger equation and brings along interesting new
theoretical predictions.
This thesis is a theoretical study of various dissipative quantum systems,
also known by the term open quantum systems. The models under consideration do not directly correspond to some existing experiment or physical object,
although they are certainly inspired by real systems. They should rather be
seen as tools to better understand the theory of dissipative quantum systems
and its implications. The models in each chapter are characterized by different
combinations of properties, which will be discussed briefly below in order to
provide context and an overview of this work as a whole.

Dissipative and isolated quantum systems
The Schrödinger equation is extremely useful for the calculation of discrete
energy levels of an isolated quantum system, like a single hydrogen atom. It
has been long known that an excited state of the atom can decay to a state with
a lower energy, upon emission of one or more photons. Likewise, it can absorb a
photon to reach a higher energy eigenstate. In order to describe such transitions
within the formalism of the Schrödinger equation, it is not enough to consider
only the atom itself: the photon, and by extension the whole electromagnetic
(EM) field, must be included as well. In the 1960s, this lead researchers in
the emerging field of quantum optics to look for a way to describe stochastic
quantum processes [3], which can incorporate the effect of an environmental
2
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EM field without tracking the full quantum state of this environment. To this
end, Refs. [4, 5] were some of the first to use what later became known as the
Lindblad master equation, as a generalization of the Schrödinger equation. In
1975, Göran Lindblad [6], simultaneously to and independently from Gorini,
Kossakowski and Sudarshan [7], derived this same equation in a much more
general and formal framework1 , thereby truly establishing the field of dissipative
or open quantum systems [8].
There are a number of significant differences between dissipative and isolated quantum systems. First and foremost, the time evolution of a dissipative
system is irreversible. Just like with a thermodynamic heat bath, coupling a
system to a quantum bath creates entropy, which can only increase in time.
Measures of entropy in quantum states, such as the von Neumann entropy, are
only nonzero in the case of mixed states. Therefore, the dynamics of dissipative systems must necessarily be described in terms of density matrices and
their time evolution. On the other hand, in an isolated system governed by the
Schrödinger equation, pure states remain pure and no entropy is produced. A
consequence of irreversible time evolution is that multiple initial states can all
approach the same steady state in the infinite-time limit. Such a steady state
should not be confused with the ground state of an isolated system: since energy is not conserved in a dissipative system, the concept of a ground state is
not defined.
The Lindblad master equation has been an important tool in quantum optics
ever since it was introduced. A common application is the inclusion of losses in
optical cavities, caused by photons tunneling through the cavity walls. In recent
decades, the formalism has also gained popularity in condensed matter physics,
where it is being applied to dissipative many-body quantum systems. One of
the goals there is a better understanding of the effects of environmental noise on
quantum systems. That is also the aim of this thesis. However, dissipation can
also be used in new and exciting ways for things like quantum state preparation,
noise-driven phase transitions, the study of transport properties in materials and
the engineering of decoherence-free subspaces for quantum computation.

Interacting and non-interacting many-body systems
As mentioned earlier, non-interacting systems are some of the few many-body
quantum systems to have a known analytical solution. This means that any
physical property of the system can be calculated exactly, regardless of the system size. A quantum system is non-interacting when it can be fully described
1 Specifically, the framework of the ‘quantum dynamical semigroup’. Time evolution operators of a dissipative system are elements of such a semigroup, which means that they are
not required to have an inverse.
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in terms of particles that do not interact, i.e. do not repel or attract one another. The term ‘particles’ as used by condensed matter physicists should be
interpreted in a loose sense: typically these are not elementary particles, such as
electrons of photons, but rather a type of quasiparticle — a name that can refer
to any quantized excitation of the system. For example, the modes of vibration
in a crystal lattice, representing the collective motion of the atoms, can be seen
as non-interacting quasiparticles called phonons with a well-defined energy and
momentum. Likewise, in the BCS theory of superconductivity, so-called Cooper
pairs form free quasiparticles that carry the electric current. The main challenge
in solving a non-interacting quantum system is to find the right quasiparticle
description. The computational cost of this scales algebraically with the system
size, whereas solving an interacting system scales exponentially.
The inclusion of interactions in a many-body system severely increases the
complexity. Aside from a class of special cases in one dimension, exact calculations are no longer possible for anything more than a handful of particles.
Instead, one typically resorts to a combination of numerical methods and approximations, for example by considering the interaction as a weak perturbation
on top of a non-interacting model. All great outstanding problems in condensed
matter theory, like high-Tc superconductivity or the fractional quantum Hall effect, are many-body systems where interactions play an important role and that
cannot be treated perturbatively. Such systems are also known as strongly correlated. Newly developed numerical techniques, such as tensor networks, are
hoped to give more insight into these types of models.

Topological and conventional order
Though it may seem counterintuitive at first glance, the concept of order in
condensed matter physics has traditionally been associated with the breaking
of a continuous symmetry. Whereas a completely disordered system, like a gas,
appears the same at any point in space or from any angle, the same is not true
for a system with order. A crystal only appears the same at specific points in
space, given by the lattice structure, and is therefore said to have a discrete
rather than a continuous symmetry. This distinction forms the basis for the
Landau theory of spontaneous symmetry breaking, which provides a universal
description of second order phase transitions. As a system undergoes such a
phase transition, its order changes and this can typically be characterized by a
local order parameter. For example, the magnetization of a material can serve as
an order parameter to distinguish between a ferromagnetic and a paramagnetic
phase, which have different continuous symmetries.
At the end of the previous century, it became apparent that the picture of
‘conventional’ order described above is insufficient for certain types of systems.
These systems show what came to be called topological order, in which differ4
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ent phases are not distinguished by continuous symmetries, but by topological
invariants. In mathematics, two objects have the same set of topological invariants when they can be smoothly deformed into one another, without cutting
or pasting. Applying this mathematical concept to electronic wave functions
led to a new understanding of the role of topology in quantum Hall physics [9]
and launched the study of topological insulators and superconductors in the
2000s [10]. The 2016 Nobel Prize in Physics was awarded for the discovery of
topological phase transitions and topological phases of matter.
The topological order of non-interacting systems in equilibrium is fairly well
understood and classified using a number of symmetry classes [11]. The symmetries and dimensionality of a system determine what topological invariants,
and therefore what kind of topological phases, are possible. In one dimension,
for example, topological order must always be protected by one or more symmetries, in which case it is robust against all perturbations that respect these
symmetries. Phases with nontrivial topological order are often characterized
by a ground state degeneracy, long-range correlations and perfectly conducting edge states that share this same robustness. This unusual protection from
perturbations is one of the main attractions of topological quantum computation [12]. In a non-equilibrium setting, like in the case of dissipation, the role
of topological order is far less well-studied.

Driven and static systems
Another class of non-equilibrium systems are those that are driven out of equilibrium by varying one or more parameters in time. If all parameters that define
the system are constant in time, we call it static or undriven. This does not
mean that there are no dynamics in a static system, but simply that the dynamics are time-translationally invariant, due to the conservation of energy. In
a driven system, time translation symmetry is broken and energy is no longer
conserved. But unlike dissipation, driving a system does not produce mixed
states or increase entropy and therefore the time evolution remains reversible.
Driving can take many forms. There are quenches, in which a parameter
is changed instantaneously, and adiabatic ramping, in which it is changed very
gradually, giving the system time to adjust. A particularly interesting category
consists of periodically driven systems. These systems have a discrete time translation symmetry, just like a crystal lattice has a discrete translation symmetry
in space. In fact, this analogy goes quite far and many of the mathematical
tools to describe lattice models carry over to periodically driven system. Where
Bloch’s theorem yields an electronic band structure of Bloch waves with a quasimomentum, the analogous Floquet’s theorem [13] provides Floquet modes with
quasi-energies, that are conserved up to a multiple of the driving frequency. In
this Floquet formalism, periodically driven systems can be treated using some
5
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Figure 2: Venn diagram of the four properties discussed above. The numbers
refer to the thesis chapters that cover quantum systems with the corresponding
combination of properties. The overlap between topological and interacting
systems is not shown here, despite also being an active field of research.
of the techniques from static systems, but they often showcase new and exotic
behavior that cannot be found in equilibrium. As a result, there has been great
interest in ‘Floquet engineering’ as a means to produce interesting effects using
carefully controlled driving protocols [14].

Chapter structure
The four properties introduced above appear throughout this thesis in various
combinations. Figure 2 shows an overview of the properties and indicates which
of them are discussed in which chapter. Chapter 1 provides a technical introduction to dissipative or open quantum systems, deriving the Lindblad master
equation and discussing some of its solutions and implications. It should be
accessible for anyone with a good understanding of quantum mechanics.
Chapters 2 and 3, both based on Ref. [1], explore the effects of dissipation
on a system with topological order. The one-dimensional Kitaev chain, a simple
model of p-wave superconductivity in a wire, serves as a toy model to illustrate
some new ideas about dynamical signatures of topology. The topological order
disappears in the steady state, but is still reflected in the time evolution of
observables and the spectral properties of the Lindblad master equation. The
symmetries of the system and the type of dissipation play an important role
here. While Chapter 2 is concerned with the undriven model, periodic driving
is included in Chapter 3. This driven-dissipative Kitaev chain has a much
6
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Notation:

Example:

Standard

H

Operator or scalar

Hat

L̂

Superoperator

Bold

X

Matrix

Underline

v

Vector

Asterisk

l∗

Complex conjugation

X†

Hermitian conjugation

Dagger
u·v =

P

i

ui vi

(u ⊗ v)i,j = ui vj

Meaning:

Dot product
Direct product

Table 1: Conventions of mathematical notation used throughout the thesis.

richer phase diagram and a more complex topological order characterized by
two invariants.
In Chapter 4, based on Ref. [2], topology and driving make place for interactions. This makes exact calculations impossible and restricts numerical
simulations to either very small system sizes or very short time scales. In order to study the effect of dissipation on the dynamics of observables, one must
consider the full spectrum of the Lindblad master equation, which scales exponentially with system size. However, it turns out that the symmetries of the
system can greatly simplify this problem, by restricting the shape of the spectrum and limiting which parts of it are relevant. This causes certain observables
to relax to their steady state expectation values in a predictable, coherent manner. As an example, the chapter discusses a one-dimensional XXZ Heisenberg
spin chain, subject to bulk dephasing.

Notation & terminology
To avoid confusion and connect with existing literature, let me devote a few
words to the conventions I use throughout this work. Firstly, dissipative quantum systems are commonly referred to as ‘open quantum systems’ in much of
the literature. I have decided to avoid this term in some cases, so as not to
cause any confusion with open boundary conditions. In Chapters 2 and 3, I
will frequently switch between open and periodic boundary conditions in a lattice model. Since this is unrelated to the presence or absence of dissipation,
it seemed clearer to use a different term for the latter, whenever it could be
7

misinterpreted.
Some of the basic mathematical notation used in this thesis is listed in
Table 1. The distinction between matrices and operators will be important in a
number of chapters, which is why the former will be written in boldface. Also
note that the vector products do not include complex conjugation, even when
vector components may be complex. Complex conjugation of vectors will be
explicitly written when applicable.
Finally, I will use the plural pronouns ‘we’ and ‘us’ in the chapters that
follow. Much of the work was done in collaboration with others, although
every part of this thesis was written by me. Using ‘we’ serves to highlight
this important component of theoretical physics. At other times, the pronoun
may refer to myself and you, the reader, as I attempt to guide you through an
argumentation or calculation. I hope you will enjoy it.
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CHAPTER

The basics of open
quantum systems
1.1

Introduction

The defining feature of an open or dissipative system is that it is not completely
isolated from its environment. The environment exchanges energy and/or particles with the system, but we (as physicists) are only interested in the effect
of the environment on the system, not the other way around. In fact, we often
assume that the environment is so large that is a static entity, not really affected
by the system at all. In classical thermodynamics, the environment is usually
a thermal bath with a fixed temperature. Wait long enough and the system
reaches a steady state, in this case a thermal equilibrium at the temperature
of the bath. However, one can also think of electronic leads as baths, with a
chemical potential determined by the voltage. Connect two such baths to opposite ends of a wire, each with a different potential, and an electronic current
starts to flow. In that case the steady state, with a constant flow of particles,
is not really an equilibrium state at all.
This leads to an important point about open systems: if we approximate the
bath as static, then any information or energy flowing into it from the system is
irrevocably lost. Many open systems have a unique steady state, which retains
no information whatsoever from the initial state. Therefore the time evolution
cannot be reversed and the entropy of the system increases monotonically. By
disregarding the internal dynamics of the bath and only considering its effect
on the system, we create an arrow of time. This is very much unlike regular
9
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quantum mechanics, as governed by Schrödinger’s equation. Generated by a
Hermitian Hamiltonian H, the time evolution of quantum states is nothing but
a unitary transformation. The total probability, given by the norm of the state,
is conserved under this transformation and therefore no information is ever lost.
Time can be reversed by evolving with Hamiltonian −H, which is just as valid
as any other Hamiltonian. To describe an open quantum system, we clearly
need an extension to Schrödinger’s equation.
The simplest solution may be to drop the requirement of a Hermitian Hamiltonian and allow complex (absorbing) potentials [15, 16]. If H 6= H † , then
eigenvalues can acquire an imaginary part. That means the norm of a quantum
state can decay in time, reflecting dissipation and the loss of information. The
formalism of non-Hermitian Hamiltonians can be a useful tool to describe a
wide range of real dissipative systems, from radioactive decay [17] to damped
classical mechanical models [18]. Recently there has been a renewed interest
in these systems and in Chapter 2 we will draw inspiration from this body of
work. However, a non-Hermitian Hamiltonian alone cannot, in general, provide
a complete statistical description of an open quantum system [19]. For that, we
need to consider mixed quantum states and their time evolution [20].
A mixed state, represented by a density matrix ρ, is a statistical ensemble
of pure quantum states [21]:
X
ρ=
ρi,j |ψi ihψj | ,
(1.1)
i,j

with H|ψi i = Ei |ψi i. This can be a thermal ensemble at a temperature T , where
ρij ∝ δi,j exp(−Ei /kB T ) with the Kronecker delta δi,j and Boltzmann constant
kB , but it can also have off-diagonal elements — so-called coherences. In most
open systems, these coherences decay in time, through a process known as decoherence. We will see an example of this in section 1.3.1. The only requirements
for ρ to represent a physical state are that it be Hermitian, positive-semidefinite
and of unit trace. The time evolution of a density matrix, in a closed system,
is determined solely by its commutator with the Hamiltonian, as described by
the Von Neumann equation:
d
ρ(t) = −i [H, ρ(t)] ⇒ ρ(t) = e−iHt ρ(0) eiHt ,
(1.2)
dt
again leading to a unitary transformation. Measures of the entropy of a mixed
state, such as the Von Neumann entropy, depend only on the eigenvalues of ρ
and are consequently invariant under unitary time evolution. It is also easy
to see that a pure state, satisfying ρ2 = ρ, remains pure under Eq. (1.2). In
order to describe an open quantum system, we need an extra term in the Von
Neumann equation, which breaks unitarity but preserves trace, positivity and
hermiticity.
10

1.2. The Lindblad master equation
This brings us to the concept of master equations, the subject of section
1.2. We will show how to derive the famous Lindblad master equation and then
demonstrate the formalism on a simple toy model. In section 1.3, we discuss
some of the unique properties of time evolution under a Lindblad master equation. Finally, section 1.4 is devoted to non-interacting open quantum systems,
which can be exactly solved.

1.2

The Lindblad master equation

Earlier, we talked about the bath as a static entity, that affects the system
but is too large to be affected by it. We can make this vague statement more
precise by using the Markov property. Since we do not want to keep track of
the internal state of the bath, its effect on the system is a stochastic process.
This process is Markovian if the bath at time t does not retain a memory of the
time evolution leading up to this point. Its effect on the system depends only
on the system’s current state. From a more mathematical point of view: this
means we can add a term to the Von Neumann equation (1.2) that represents
the effect of the bath, but this term can only involve ρ(t) and not ρ(t0 < t). In
other words, we should be able to write:
d
ρ(t) = L̂ρ(t) ,
dt

(1.3)

where L̂ is a superoperator known as the Liouvillian1 , which maps one density
matrix to another. Equation (1.3) is the general form of a Markovian quantum
master equation [22]. By requiring that trace, positivity and hermiticity of ρ
are preserved, it can be rewritten into a more concrete form [22]:

X
1
1
dρ
= −i[H̃, ρ] +
Lm ρL†m − L†m Lm ρ − ρL†m Lm ,
(1.4)
L̂ρ =
dt
2
2
m
which is the famous Lindblad master equation2 [6]. The set of Lindblad operators Lm encodes the effect of the bath and we require that L†m Lm is positivesemidefinite for all m, in order to insure physical time evolution. The Hermitian
operator H̃ is not necessarily the system’s Hamiltonian H, but can also contain
extra terms due to the bath.
To determine H̃ and Lm , there are a number of approaches. First of all,
there is the microscopic approach, which starts at a complete description of the
system, the bath and the interaction between them. By tracing out the bath’s
1 Named

after its classical counterpart in Hamiltonian mechanics.
known as the Gorini-Kossakowski-Sudarshan-Lindblad (GKSL) equation in some of
the literature.
2 Also
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degrees of freedom and performing several approximations, one can arrive at an
equation of Lindblad form. Although this is not the approach we take in the
rest of this thesis, it is illuminating to do the derivation once. In particular, it
helps to understand the approximations involved and the meaning of Markovianity in a quantum system. Secondly, one can take a more phenomenological
approach, where the Lindblad operators are chosen according to their desired
effect on the density matrix. For example, one can model a system with losses
by picking a particle annihilation operator. Since this thesis will mostly be concerned with simple toy models of many-body systems, rather than simulating
real experiments, we will opt for the second approach in the following chapters.

1.2.1

The microscopic approach

For a derivation of the Lindblad equation from microscopic principles, we start
with the full Hamiltonian:
X
H = HS + HB + HSB , HSB = 
Sm ⊗ Bm ,
(1.5)
m

where the last term represents the system-bath coupling of strength , with Sm
acting on the system and Bm on the bath. We will be working in the interaction
picture, in which both observables and states are time dependent:
HSB (t) = ei(Hs +HB )t HSB (0) e−i(HS +HB )t ,
d
ρ(t) = −i [HSB (t), ρ(t)] ,
dt

(1.6)

with ρ(t) the complete density matrix of the system plus bath. Before we trace
out the bath, we rewrite (1.6) by integrating and then reapplying the equation
to obtain:
Z t h
i
d
ρ(t) = −i [HSB (t), ρ(0)] −
dτ HSB (t), [HSB (τ ), ρ(τ )] .
(1.7)
dt
0
The use of this will become clear shortly. When taking the trace over
the bath degrees of freedom, we make two assumptions. The first is that
TrB [HSB (t), ρ(0)] = 0. The second is that the effect of the system on the bath is
negligible, as discussed before. This allows us to apply the Born approximation:
ρ(t) ≈ ρS (t) ⊗ ρB ,

(1.8)

such that the density matrix factorizes into a static bath ρB and, our object of
interest, the system ρS (t). This factorization is only valid when the system-bath
12
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coupling is relatively weak. Tracing over the bath now yields:
Z t
h
i
d
dτ TrB HSB (t), [HSB (τ ), ρS (τ ) ⊗ ρB ]
(1.9)
ρS (t) = −
dt
0


XZ t n
= − 2
dτ hBm (t)Bn (τ )i Sm (t)Sn (τ )ρS (τ ) − Sm (t)ρS (τ )Sn (τ )
m,n

0


o
− hBn (τ )Bn (t)i Sn (τ )ρS (τ )Sm (t) − ρS (τ )Sn (τ )Sm (t) ,

(1.10)

where, at the second equality, we have inserted (1.5) and gathered the bath
operators to the left, writing TrB (Bm (t)Bn (τ )ρB ) = hBm (t)Bn (τ )i. To simplify
this, we apply the Markov approximation, which assumes a separation of time
scales: namely, that the dynamical correlations within the bath decay much
faster than the shortest timescale in the system. This makes sense: in order for
the time evolution to be Markovian, excitations that enter the bath from the
system must dissipate so quickly that they cannot re-enter the system. That
means we can approximate:
hBm (t)Bn (τ )i Sn (τ ) ≈ Γmn δ(t − τ )Sn (t) ,
hBn (τ )Bm (t)i Sn (τ ) ≈ Γ∗mn δ(t − τ )Sn (t) ,

(1.11)

with Γmn a complex coefficient and δ the Dirac delta. Plugging this into (1.10)
gets rid of the integral and simplifies things greatly:
d
i X
ρS (t) ≈ − 2
Im Γmn [Sm Sn , ρS (t)]
(1.12)
dt
2 m,n


X
1
1
+ 2
Re Γmn Sm ρS (t)Sn − Sn Sm ρS (t) − ρS (t)Sn Sm .
2
2
m,n
Returning to the Schrödinger picture, the first term can be absorbed into the
Hamiltonian. The second term can be diagonalized by taking appropriate linear
combinations of Sm . This finally brings us to the form of the Lindblad master
equation (1.4). We will now apply this derivation to a simple toy model, which
will make the approximations involved a little more concrete.

1.2.2

Example I: harmonic oscillators

Consider one harmonic oscillator, coupled to a large bath of other oscillators.
The Hamiltonians are:
X
X
HS = ωS a† a , HB =
ωk b†k bk , HSB =
gk (ab†k + a† bk ) ,
(1.13)
k

k

13

1. The basics of open quantum systems
with ωS the frequency of the system, ωk the different bath frequencies and
gk the frequency-dependent coupling strength. a† and b†k are bosonic creation
operators for the system and the bath. In the interaction picture, we then have:
X
X
S1 (t) = a(t) = e−iωS t a , B1 (t) =
gk b†k (t) =
gk eiωk t b†k
(1.14)
k

k

and S2 (t) = S1† (t), B2 (t) = B1† (t). We can now compute the bath correlation
functions explicitly to check the validity requirements of the Markov approximation (1.11). Let us assume the bath is thermal and has a Bose-Einstein
energy distribution: hb†k bl i = δk,l n̄(ωk ). The diagonal terms hbk bl i and hb†k b†l i
vanish and for the off-diagonal terms we find:
X
hB1 (t)B2 (τ )i S2 (τ ) =
gk gl ei(ωk t−ωl τ ) hb†k bl i a† (τ )
k,l

=

X

gk2 ei(ωk −ωS )(t−τ ) n̄(ωk ) a† (t) ,

(1.15)

gk2 e−i(ωk −ωS )(t−τ ) (n̄(ωk ) + 1) a(t) ,

(1.16)

k

hB2 (t)B1 (τ )i S1 (τ ) =

X
k

To apply the Markov approximation, we now assume that ωk  ωS for all k.
That makes sense when, for example, the system is some particle in a harmonic
trap interacting with a bath of electromagnetic modes. Under this assumption,
the exponentials oscillate rapidly and can be neglected, except when τ ≈ t.
Therefore Eq. (1.11) is valid, with:
X
X
Γ12 =
gk2 n̄(ωk ) , Γ21 =
gk2 (n̄(ωk ) + 1) , Γ11 = Γ22 = 0 .
(1.17)
k

k

Inserting these into Eq. (1.12)
results in the
√ Lindblad master equation with
√
Lindblad operators L1 = Γ12 a† and L2 = Γ21 a.

1.3

Properties of Lindbladian dynamics

The Liouvillian superoperator L̂ generates the Lindbladian time evolution. By
formal integration of 1.3, we find:
ρ(t) = eL̂t ρ(0) ≡ Û(t)ρ(0) .

(1.18)

The propagator Û(t) provides a smooth mapping from one density matrix to another. Since the set of all density matrices is compact and convex, the Brouwer
fixed-point theorem holds, stating that there must be at least one steady state
14
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Figure 1.1: An example of a spectrum of L̂, with eigenvalues marked by red dots
in the complex plane. The steady state, two of the decay modes, the oscillating
coherences and dissipative gap are labeled.

ρss such that Û(t)ρss = ρss for any t. This implies that L̂ρss = 0. In the limit
t → ∞, any initial state is driven to such a steady state.
The steady state is a special eigenmatrix of the linear superoperator L̂, with
eigenvalue λ = 0. By studying the rest of the spectrum of L̂, we can learn
much about the dynamics leading to this steady state. First of all, we require
Re(λ) ≤ 0 for all eigenvalues, to prevent ρ blowing up at large t. This is
guaranteed by the positivity of L†m Lm . The real part of the eigenvalue is the
decay rate of the corresponding eigenmatrix, which we will call a decay mode
from here on. Eigenmatrices with Re(λ) = 0 and Im(λ) 6= 0 do not decay, but
form oscillating coherences. By going to a rotating frame of reference, these can
usually be turned into true steady states. These oscillating coherences are rare
and will not appear further in this thesis. Finally, the eigenvalue λG with the
largest nonzero real part represents the slowest decay mode of the system. It
plays an important part in the asymptotic behavior of the system and | Re(λG )|
is known as the dissipative gap. In Figure 1.1, we show an example of a spectrum
with the above terminology labeled.
Since L̂ is non-Hermitian, it is not necessarily diagonalizable. If it is, then the
steady states and decay modes form a complete basis of the space of operators,
orthogonal under the Hilbert-Smidth inner product: (A, B) = Tr(A† B). While
a steady state must be a physical density matrix with unit trace, all decay
modes are traceless (since trace is preserved). We can therefore write any initial
density matrix in this eigenbasis, as the steady state plus a linear combination
of traceless decay modes. This spectral decomposition can be a powerful tool
when studying the time evolution of open quantum systems and will play a
15
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major role in the rest of this thesis. If L̂ is nondiagonalizable, it can still be
brought into a Jordan normal form, with one or more generalized eigenmatrices
completing the basis.
Note that the operator space has dimension dim(H)2 , where H is the Hilbert
space of the system. For a general interacting system with N degrees of freedom
this scales as 22N , which quickly becomes intractable. Next, we will examine the
concepts described above in the smallest possible toy model, before looking at
some numerical techniques used for more complicated systems. In the section
after that, we finally turn to exactly solvable, non-interacting open quantum
systems.

1.3.1

Example II: qubit with dephasing

For this next example, we take the phenomenological approach, rather than
starting from a microscopic description of the bath. Consider a two-level system
H =  σz , with σz a Pauli matrix. We let this system evolve under the Lindblad
√
master equation with one Lindblad operator: L = g σz . This is known as
dephasing noise, because L is diagonal in the energy eigenbasis and therefore
only changes the relative phases of the eigenstates. The Lindblad generator
becomes
L̂ρ = −i [σz , ρ] + g (σz ρσz − ρ) .

(1.19)

The steady states are the two pure eigenstates of H, or any statistical mixture
of the two:




1 0
0 0
ρss = α
+ (1 − α)
, α ∈ [0, 1] .
(1.20)
0 0
0 1
This can be easily checked by seeing that ρss commutes with σz . There are two
linearly independent steady states, because there is a conserved quantity (in
this case the Hamiltonian itself) which commutes with all Lindblad operators.
That means some information of the initial state is preserved under this time
evolution. However, there are also two decay modes given by σ± = σx ± iσy ,
with eigenvalues λ± = −2(g ± i). From that, we can see that the off-diagonal
elements of a density matrix will decay exponentially in time, with decay rate
2g.
Through this decoherence process, quantum superpositions of the two energy
eigenstates are reduced to statistical mixtures over time. As a result, a qubit is
eventually turned into a classical bit. Dephasing noise from the environment is
one of the main sources of decoherence in most types of quantum computers [23]
and minimizing it forms a major engineering challenge. In Chapter 4, we will
study the effect of dephasing noise on a Heisenberg spin chain and we will also
take a closer look at the relation between conserved quantities and steady states.
16
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1.3.2

Exact diagonalization

To do numerical calculations, we would like to describe the Liouvillian as a
matrix, which means we have to vectorize the operator ρ. This can be easily
done though the following mapping:
X
X
ρ=
ρjk |jihk| → |ρii =
ρjk |ji ⊗ |ki .
(1.21)
j,k

j,k

The double-ket notation refers to a vectorized element of the Liouville space of
operators, endowed with the Hilbert-Schmidt inner product. This is a Hilbert
space in its own right. If we then apply a simple flattening procedure to ρjk (e.g.
joining the rows into one vector), the Hilbert-Schmidt inner product becomes
the same as the regular one on a complex vector space.
X
X
hhA|Bii ≡ Tr(A† B) =
(A† )jk Bkj =
A∗kj Bkj .
(1.22)
j,k

j,k

In this representation, a superoperator Ôρ = AρB for some operators A and
B, would be given by the matrix O = A ⊗ B T acting on the vector |ρii. Thus,
the Liouvillian can be written as:


 X
1
1
L = −i H ⊗ 1 − 1 ⊗ H T +
Lm ⊗ L∗m − L†m Lm ⊗ 1 − 1 ⊗ LTm L∗m ,
2
2
m
where 1 is the identity on the Hilbert space. This form allows for a straightforward matrix representation of the Liouvillian, which can be diagonalized
numerically for sufficiently small systems. Without any symmetries, the computational limit is around 8 sites for a spin system or spinless fermions on a
lattice. To really probe the many-body dynamics of open quantum systems,
this is not large enough and one should resort to more sophisticated numerical
methods, such as the density matrix renormalization group (DMRG) [24]. In
the presence of symmetries, one can treat larger systems by restricting oneself
to a particular symmetry sector. This is the approach we use in Chapter 4 to
check our predictions.

1.4

Non-interacting open quantum systems

An isolated quantum many-body system is non-interacting when, in terms of
fermionic or bosonic operators, the Hamiltonian H is quadratic. In that case,
one can always define a set of free quasiparticles as linear combinations of the
original operators, thereby diagonalizing the Hamiltonian. The computational
cost of finding these free quasiparticles scales linearly with system size, as opposed to exponential scaling for the diagonalization of interacting Hamiltonians.
17
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If additionally the system has translation invariance (either discrete or continuous), H can be diagonalized effortlessly with a simple Fourier transform. An
example is the free Fermi liquid as a frequently used model for electronic conduction in metals, for which the Fourier transform yields various energy bands
defined on a periodic Brillioun zone.
There is a similar distinction between interacting and non-interacting systems in a Lindbladian setting. A non-interacting Liouvillian requires not only
a non-interacting Hamiltonian, but also Lindblad operators that are linear in
fermionic or bosonic operators. If that last condition is not met, then the
bath will induce interactions through terms like L† Lρ and ρL† L. The challenge
is then to write a quadratic Liouvillian in terms of creation and annihilation
superoperators and diagonalize it. There are various ways to so. The most
straightforward is to simply define two flavors of superoperators, corresponding
to left and right multiplication with the original operators. Essentially this creates two copies of the Hamiltonian system, coupled by the term LρL† . Using
a kind of Bogoliubov transformation, it can then be diagonalized, but finding
this transformation may prove difficult.
We take a slightly different approach, first introduced in Refs. [25,26] for noninteracting fermionic systems on a lattice3 . An important part of this approach
is that it uses the language of Majorana fermions, with anticommutation relation
{wi , wj } = 2δi,j . One can map any fermionic system to Majoranas, though
this is not always useful. In the case of open systems, however, the Majorana
operators (and products thereof) provide a convenient basis for a Fock space
of operators, because they all satisfy the same commutation relations. The
main idea of [25] is to define creation and annihilation superoperators ĉ†i and ĉi
by their action on these basis elements. For example, we intuitively find that
ĉ†i 1 = wi and ĉi 1 = 0 for any i, where 1 is the identity operator. Exploiting the
Clifford algebra of the Majorana operators, these superoperators can be used
to describe both left and right multiplication and are therefore well-suited to
construct a Liouvillian. In the rest of this section, we provide a compact but
thorough treatment of this approach to non-interacting open quantum systems.
We largely follow Refs. [25, 26], but occasionally use different conventions and
notation.

3 This
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approach is sometimes known by the name of Third Quantization.
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1.4.1

Quadratic form of L̂

If, in terms of fermionic operators, H is quadratic and all Lm are linear, then
the system is non-interacting and L̂ can be written in a quadratic form:
 

ĉj
1X †
L̂ =
(1.23)
ĉi ĉi Aij † + A0 1̂ ,
ĉ
2 i,j
j
where ĉj and ĉ†j are fermionic superoperators acting on a Fock space of operators
[25] and satisfying the canonical anticommutation relations:
{ĉi , ĉ†j } = δi,j ,

{ĉi , ĉj } = {ĉ†i , ĉ†j } = 0 .

In particular, their action on the density operator is:


1
1
wj ρ + (P̂ ρ)wj , ĉj ρ =
wj ρ − (P̂ ρ)wj ,
ĉ†j ρ =
2
2
P

(1.24)

(1.25)

†

where wj is a Majorana operator and P̂ = eiπ ĉj ĉj is the parity superoperator.
One can show that P̂ and L̂ commute, which implies that the Fock space is a
direct sum of even and odd subspaces that do not mix under time evolution. The
quadratic form (1.23) needs to be defined separately for each of these subspaces.
For physical states, we can restrict ourselves safely to the even subspace, which
also contains the identity operator. There, the 4N × 4N structure matrix A
takes the following block-triangular form4 :


−XT −iY
A=
,
(1.26)
0
X


X ≡ −4iH + 2 M + MT , Y ≡ −4i M − MT ,
(1.27)
where the Hamiltonian matrix H and the bath matrix M have dimensions 2N ×
2N and are defined by:
X
H=
Hij wi wj ,
(1.28)
i,j

Lm =

X
j

lm,j wj ,

Mij =

X

∗
lm,i lm,j
,

(1.29)

m

where wj are Majorana fermions with anticommutator {wi , wj } = 2δi,j . The
overall shift A0 = 21 Tr X is required for trace conservation. By combining eqs.
4 We have rearranged the indices of A somewhat, with respect to Eq. (1.23), in order to
obtain this block structure.
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(1.23) to (1.29) and assuming ρ is even under P̂ , we recover after some simple
algebra the original Lindblad equation (1.4).
Since H is imaginary and antisymmetric, while M is Hermitian and positivesemidefinite, it follows that X is a real matrix. From these properties, we
can conclude two things about the eigenvalues βi of X: firstly, Re βi ≥ 0 and
secondly, the eigenvalues are either real or come in complex conjugate pairs [26].
We will call these eigenvalues rapidities. Why are they relevant? Because of
its block-triangular structure (1.27), the eigenvalues of A are given by ±βi .
Assuming A is diagonalizable, its eigenvectors define linear combinations of ĉ†i
and ĉi that act as free excitations in the operator Fock space:
X
L̂ = −
βj b̂0j b̂j ,
(1.30)
j

where b̂0j and b̂j are known as normal master modes and satisfy {b̂i , b̂0j } = δi,j
and {b̂i , b̂j } = {b̂0i , b̂0j } = 0. Note, though, that they are not Hermitian conjugations, since L̂ is not Hermitian. If X is defective, it is possible to construct a
Jordan normal form of L̂ with one or more nontrivial Jordan blocks [26]. The
steady state then represents the vacuum of these free excitations, such that
b̂i ρss = 0 for all i. By acting on it with an even number of normal master
modes b̂0i , one can create any decay mode in the even sector. In this fashion,
the rapidities generate the entire spectrum of L̂.
Finally, let us consider the case with multiple steady states. This occurs
when there are at least two rapidities such that βi + βj = 0 with i 6= j. It then
follows from Eq. (1.30) that ρ̃ss = b̂0i b̂0j ρss is a traceless mode that nonetheless
does not decay, since L̂ρ̃ss = 0. We now have a parametrized family of steady
states, given by (1̂ + α b̂0i b̂0j )ρss with the real parameter α only restricted by the
requirement of positivity. Within this family, the choice of ρss as the unique
(traceful) Fock vacuum is arbitrary and determines the definition of the master
modes. By reversing the argumentation, we conclude that a non-interacting
open system has a unique (physical) steady state if and only if there is no more
than one rapidity with Re βi = 0. There is a clever trick to find this steady
state, which we derive in the following section.

1.4.2

The covariance matrix

As a quadratic superoperator, L̂ forms a so-called Gaussian channel [27], which
means it maps one Gaussian state to another. A Gaussian state is completely
determined by its two-point correlation functions. Computing the full time
evolution of these correlation functions would therefore tell us anything we want
to know about the dynamics of the system. Let us define the antisymmetric
20
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covariance matrix C as:




Cij (t) ≡ Tr wi wj ρ(t) − δi,j = Tr ĉi ĉj ρ(t) ,

(1.31)

where the second equality follows from (1.24). Using Wick’s theorem, expectation values of any observable can be derived from C.
The time evolution of the covariance matrix can be obtained by going to the
Heisenberg picture for superoperators [28], where we find:

X
d
ĉi (t) = [ĉi , L̂] =
−Xki ĉk − iYik ĉ†k .
dt

(1.32)

k

Applying the chain rule yields:
 i
X h
d
Cij (t) = −
Tr Xkj ĉi ĉk + Xik ĉk ĉj + iYjk ĉi ĉ†j + iYik ĉ†k ĉj ρ .
dt
k



Because Y is antisymmetric and Tr ĉ†i ĉj ρ = 0, the last two terms simplify and
we recover the differential matrix equation:
d
C(t) = −XT C(t) − C(t)X + iY .
dt

(1.33)

In the steady state, this derivative must vanish. As a result, the steady state
covariance matrix must satisfy the continuous-time Lyapunov equation:
XT Css + Css X = iY .

(1.34)

Solving this equation, which can be done efficiently [29], gives direct access to
the steady state of the Lindbladian dynamics. This is one of the main strengths
of the present formalism. The steady state covariance matrix also turns out to
be a useful object when diagonalizing the structure matrix A, as we will see in
Chapter 2.

1.4.3

Fourier representation

We now consider free fermions on a lattice with periodic boundary conditions
(PBC). For simplicity, we will restrict ourselves to one dimensional systems,
but the following can easily be generalized to higher dimensions. Each lattice
site can be assigned two Majorana operators, through the mapping:
w1,j = cj + c†j ,

w2,j = i(cj − c†j ) ,

(1.35)
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where wσ,j+N = wσ,j for σ = 1, 2. A non-interacting open system is translation
invariant when we can write:


N N/2−1
X
X

w1,j+`
w1,j w2,j h`
H=
(1.36)
w2,j+`
j=1 `=−N/2
N/2−1

X

Lj =

`=−N/2



w1,j+`
,
l` ·
w2,j+`

(1.37)

where we couple an identical, local bath to each site, represented by the Lindblad
operator Lj . Thanks to the PBC, one can perform a Fourier transform in ` to
find the 2 × 2 matrices
N/2−1

h(k) =

X

e−ik` h`

(1.38)

`=−N/2
N/2
∗

m(k) = l(k) ⊗ l (k),

l(k) =

X

e−ik` l`

(1.39)

`=−N/2

as functions of the quasimomentum k ∈ [−π, π). From these, the matrices x(k)
and y(k) can be constructed according to (1.27):

x(k) = −4ih(k) + 2 m(k) + mT (−k) ,
(1.40)

T
y(k) = −4i m(k) − m (−k) ,
(1.41)
where the Fourier representation of MT becomes mT (−k), because transposition changes the sign of `. The rapidities βi (k) now form two bands in the
Brillouin zone, which is quite remarkable. In Chapter 2, we will use this representation to study the topological properties of band Liouvillians.
If there is a unique steady state, it must also be translation invariant. The
Lyapunov equation (1.34) now becomes a 2 × 2 matrix equation for the steady
state covariance matrix c(k) in Fourier space [30]:
x† (k)c(k) + c(k)x(k) = iy(k) ,

(1.42)

for which we have used that xT (−k) = x† (k). By performing the inverse Fourier
transform, we can finally retrieve the correlation functions in real space:
Z ∞
1
c` =
dk eik` c(k) ,
(1.43)
2π −∞


where (c` )στ = Tr wσ,j wτ,j+` ρss − δσ,τ δ`,0 encodes the two-point correlation
functions at range `.
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Let us finish with a remark on terminology. First, although we call k a
quasi-momentum, it would more accurately be called a quasi-supermomentum.
Translation invariance is a weak symmetry in the sense of [31], which means
that it applies on the operator level, but not on the state level. Therefore k
labels different sectors in the operator Fock space, which are conserved under
the Lindbladian dynamics. The quasi-momentum of quantum states, as defined
by the Bloch theory of solids, is not conserved: in general, any initial state
will be driven towards a translationally invariant steady state with zero quasimomentum. This happens because the individual Lindblad operators break
translation invariance. On a related note, the Fourier transform performed in
(1.38) should not be confused with a two-band Bogoliubov-de Gennes Hamiltonian, which couples particles with momenta k and −k. Instead, the 2 × 2
matrix h(k) acts on the two Majorana sectors defined in (1.35).

1.5

Conclusion

In this compact and technical introduction to open quantum systems, we have
defined some concepts and notation that will be used throughout the rest of
this thesis. Central to this subject is the Lindblad master equation (1.4), which
provides the most general formalism to describe Markovian time evolution of
density matrices. We have seen how the equation can be derived from microscopic principles using the Born-Markov approximation, and how it drives the
system towards a steady state. For non-interacting open systems, the Lindblad
equation can be solved exactly by writing a diagonal representation in terms of
normal master modes. In the presence of interactions, numerical methods like
exact diagonalization offer a solution, albeit for small system sizes: the doubling
of degrees of freedom in an open system makes the scaling of the computational
costs quite unfavorable. The properties of non-unitary time evolution, as generated by the Liouvillian superoperator L̂, can be counterintuitive for someone
used to standard quantum mechanics. Hopefully this chapter will have given
the reader sufficient background information for what is to come. To find more
detailed material, we refer to the excellent books on this subject [20, 22].

23

CHAPTER

Dynamical signatures of
topological order in
dissipative systems
Based on the first half of Ref. [1]

2.1

Introduction

The study of topological order in condensed matter theory has been around
since the 1980s, but it did not become a major subdiscipline until around 2005,
with the prediction of the quantum spin Hall effect [9] by Kane and Mele. In the
decade that followed, the discovery of topological insulators and later superconductors led to a frenzied search to classify and generalize these concepts. The
mathematical framework was used to connect many new and old phenomena,
from the integer quantum Hall effect and the Berry connection to graphene and
relativistic Dirac fermions. Despite bitter comments at the coffee machine at
the time, about being unable to publish anything without the word ‘topology’
in it, it is understandable why so many theorists flocked to the field. The underlying mathematics are quite beautiful and even the simplest toy models can
show exotic and counterintuitive behavior [32].
One of the risks in a field with a short period of intense activity, is that lowhanging fruit is picked while more complex, nuanced aspects are left hanging.
Many factors that are important in an experimental setting — such as crystal
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symmetries [33, 34] or out-of-equilibrium phenomena [35] — are being explored
only in recent years. What happens when a topological insulator is coupled
to bath, for example, is still very poorly understood. In this chapter we will
discuss that scenario for a specific toy model known as the Kitaev chain, which
describes a 1D p-wave superconductor. Note that our aim is not to discover
exotic new types of topological order, but to understand better what is left of
the original phase diagram.
Asking what is left of the topological order of the Kitaev chain once coupled
to a bath is a slightly ambiguous question. An open quantum system does
not have a ground state, it is a fundamentally out-of-equilibrium system that
asymptotically approaches a particular steady state. It might therefore seem
reasonable to look for topological order in the steady state(s), but this approach
has two issues. The first is a technical one, namely that steady states are
usually mixed and the complete topological classification of mixed states is an
open problem [36–40]. Secondly, the steady state does not revert to the original
ground state when taking the limit in which the bath vanishes. Any topological
order found in the steady state is therefore not a simple generalization, since
the physics of the original Kitaev chain cannot be recovered from it.
In this chapter and the next, we take a different approach. Instead of looking
for topological order in one particular state, we consider the time evolution
as a whole. This is inspired by recent studies on topology in other out-ofequilibrium systems [35, 41], such as those governed by non-Hermitian [42–
46] or time-dependent Hamiltonians [47–50]. There one can ask whether one
Hamiltonian can be smoothly transformed into another without, for example,
closing a gap or breaking certain symmetries. We successfully apply similar
techniques to the Lindblad master equation without interactions and with a
uniform bath.
The fundamental feature of topological order is that it cannot be characterized by a local order parameter. This is in contrast with the Landau theory of
symmetry breaking, where phase transitions are signaled by a local parameter.
At the critical point, the susceptibility of this order parameter diverges and so
does the correlation length. For a topological phase transition, one may be able
to define a nonlocal order parameter, but the universal properties of Landau
theory no longer hold. Instead, different topological phases are characterized
by a quantized topological invariant (also known as topological charge or quantum number). An extension of this to free fermions on a lattice is the notion
of topological band theory, where each energy band is assigned a topological
invariant. Phase transitions then correspond to band inversions in which topological charge is transferred from one band to another. At the critical points,
the two touching bands form a Dirac cone.
As we will see, this topological band theory can also be applied to band Liouvillians. Although these are non-Hermitian generators of time evolution, they
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can retain some of the symmetries of the Hamiltonian that support nontrivial
topological order. At least for certain parts of parameter space, this allows us
to compute well-defined topological invariants for the different bands. A major
component in the theory of topological insulators is the bulk-boundary correspondence: a relationship between the invariants of the bulk bands and the
presence of topologically-protected edge modes when open boundary conditions
are applied. In the Kitaev chain, these are the famous unpaired Majorana edge
modes, with possible applications in quantum computation. It will be important to explore the effects of the bath on the edge modes and the extent to
which the bulk-boundary correspondence still holds.
The rest of this chapter is structured as follows. In section 2.2, the Kitaev
chain is introduced and we apply the formalism from the previous chapter to add
dissipation. Topological invariants for the dissipative system are computed in
section 2.3. Then, section 2.4 is devoted to the bulk-boundary correspondence
and the fate of topologically protected edge modes, as well as signatures of
topology in the steady state. Finally, we put our results into perspective in
section 2.5 and discuss further directions of research.

2.2
2.2.1

The Kitaev chain with bulk dissipation
The non-dissipative model

Originally studied in this context in [51], the Kitaev chain is a mean-field model
of a 1D p-wave superconductor with spinless fermions, given by the Hamiltonian

X †
X †
H=−
Jcj cj+1 + γc†j c†j+1 + H.c. − µ
cj cj ,
(2.1)
j

j

where J is the hopping amplitude, γ the p-wave pairing and µ the chemical
potential. Under periodic boundary conditions (PBC), the system has the dispersion relation
q
(2.2)
k = 4γ 2 sin2 (k) + (2J cos(k) + µ)2 .
The band gap closes at the critical point µ = ±2J and Kitaev showed that this
corresponds to a topological phase transition. The easiest way of seeing this is
by mapping to Majorana fermions:
w1,j = cj + c†j ,

w2,j = i(cj − c†j ) ,

(2.3)

resulting into the following Hamiltonian
iX
µX
H=−
((γ + J)w2,j w1,j+1 + (γ − J)w1,j w2,j+1 ) −
(1 + iw2,j w1,j ) .
2 j
2 j
(2.4)
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The appearance of topological edge modes in the non-trivial phase, when considering open boundary conditions (OBC), becomes clear at the point J = γ >
0, µ = 0. The Majorana fermions then form uncoupled dimers across neighboring sites, exactly like the limiting case of the prototypical Su-Schrieffer-Heger
(SSH) model. At the edges, the modes w1,1 and w2,N disappear from the
Hamiltonian entirely and therefore commute with H. Together they can be
interpreted as a single delocalized fermionic mode with zero energy, which is
protected from perturbations by symmetry as long as the gap does not close,
resulting in a two-fold degeneracy of the ground state.
The symmetry of the system is crucial for topological order in 1D [32]. In
the case of the Kitaev chain there is a combination of particle-hole and spatial inversion symmetry, which is often referred to as chiral symmetry. Spinless
fermionic systems of this symmetry class are characterized by a Z2 topological
invariant. Computing this so-called winding number from the system parameters can be done in a variety of ways. One possible way of doing so is the Zak
phase, defined as the Berry phase over the full Brillouin zone:
(
Z
0, |µ| > 2J
∂
i π
hψk | |ψk i dk mod 2 =
,
(2.5)
ν=
π −π
∂k
1, |µ| < 2J
where |ψk i is the eigenstate of H. A gauge transformation |ψk i → eif (k) |ψk i
for any (real, continuous) function f (k) will contribute a multiple of 2π to
the integral, and thus ν is only defined modulo 2. The calculation itself is
relatively straightforward and not worked out here. However, in section 2.3 we
will generalize and compute a similar expression for a non-Hermitian extension,
which we use to characterize the open system.

2.2.2

Adding dissipation

In order to study the open Kitaev chain, we couple it to a Markovian bath by
means of the Lindblad master equation. This is described in detail in Chapter 1.
We choose to connect every site of the chain to an individual, identical channel,
in order to preserve some of the translation invariance that allows us to look at
topological band structures. For the Lindblad operators that encode the effect
of the bath onto the system, we select a simple yet general form of single-site
operator:
Lj =

√

g(cj + ∆c†j ) .

(2.6)

The real parameter ∆ interpolates between pure gain (∆ → ∞) and loss (∆ →
0), while g is the overall system-bath coupling strength. Since Lj are linear in
fermionic operators, and the Kitaev Hamiltonian (2.1) is quadratic, the open
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system remains non-interacting and can be described in the language of section
1.4. This is important, since we would like to use the tools of free fermionic
systems to study topological order.
The 2N × 2N bath matrix M corresponding to the Lindblad operators (2.6)
is:


2
(1 + ∆)2





0


M = g

 −i(1 − ∆2 )



0

i(1 − ∆ )

0
..

.

.
i(1 − ∆2 )

0

(1 + ∆)2

(1 − ∆)2

0
..

0

..

0
..

.
−i(1 − ∆2 )

.







,






(1 − ∆)2

0

with the four blocks corresponding to the two Majorana sectors. The Hamiltonian matrix H has the same block structure, although only the off-diagonal
blocks are nonzero. In the case of OBC, we can write:


H=

0
H21



H12
,
0

H12 =

H†21

 µ

J + γ
i
= 
0
2
 .
 .
.
0

J −γ
µ
..
.

0
..

.

..

.

..
···

.
0

···
..
..

.

.
J +γ

0
.. 
. 







0 .
J −γ
µ

Throughout this chapter, we will go back and forth between open and periodic boundary conditions. The former will provide edge modes while the latter
allows for the computation of bulk winding numbers. Under PBC, the translation invariance of M and H allows for a description in terms of 2 × 2 matrices,
after the Fourier transform described in section 1.4.3. Applying (1.36) and
(1.38) to the Kitaev chain Hamiltonian (2.4) yields:


1
0
i(J cos k + µ2 ) − γ sin k
h(k) =
.
(2.7)
µ
0
2 −i(J cos k + 2 ) − γ sin k
In this basis, the chiral symmetry that protects the topological order of the
closed system is given by:
σz h(k)σz = −h(k) ,

(2.8)

where σi are Pauli matrices. Because the Linblad operators (2.6) only act on
a single site, the blocks of the bath matrix M are purely diagonal. Its Fourier
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representation is therefore k-independent:


g
(1 + ∆)2
i(1 − ∆2 )
m(k) =
.
4 −i(1 − ∆2 ) (1 − ∆)2

(2.9)

Combining the above results, the Lindbladian dynamics of the open Kitaev
chain under PBC is governed by the matrices:
x(k) = −4ih(k) + 2(m(k) + mT (−k))
= g(1 + ∆2 )1 + 2iγ sin k σx − i(2J cos k + µ)σy + 2g∆σz ,
T

2

y(k) = −4i(m(k) − m (−k)) = 2ig(1 − ∆ )σy ,
with the corresponding spectrum of rapidities:
q
β(k) = g(1 + ∆2 ) ± 4g 2 ∆2 − 4γ 2 sin2 k − (2J cos k + µ)2 .

2.3

(2.10)
(2.11)

(2.12)

Winding numbers in an open quantum system

In the open Kitaev chain, what happens to the topological order? Previous
studies on the topology of open quantum systems [36, 39, 52] have largely focused on the steady state, in analogy to topological order in the ground state of
a closed system. For mixed steady states this is a complicated issue, since the
conventional understanding of topological order does not hold for density matrices. This touches on the major open problem of finite-temperature topological
insulators.
For our study of the dissipative Kitaev chain, the Lindblad operators Lj
break all symmetries of the Hamiltonian [31], resulting in a unique steady state
independent of initial conditions. This implies that the ground state degeneracy
of the original model, caused by the zero-energy edge modes, does not survive
the long-time limit [53]. However, we will see that the full dynamics of the
system retains some of its original symmetries and, following studies of topology
for non-Hermitian Hamiltonians [43,44] and driven systems [49], we can extract
some topological properties by studying the spectrum of the Liouvillian operator
L̂.

2.3.1

Biorthogonal eigenbases of A and X

Since the Liouvillian is fundamentally non-Hermitian, we will need to generalize
our definition of the winding number. The eigenvectors of a non-Hermitian
matrix do not generally form a complete orthonormal basis, which means Eq.
(2.5) cannot be applied as is. However, it is possible to define a complete
biorthogonal basis from the (possibly generalized) left and right eigenvectors.
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Since the Liouvillian of non-interacting open system is given by the structure
matrix A, let us use it as an example. Because its eigenvalues are given by the
rapidities ±βi , we can write:
= ±βi ψ ±
,
Aψ ±
i
i

A † φ±
= ±βi∗ φ±
,
i
i

φµ∗
· ψ νj = δij δµν ,
i

(2.13)

are combined with an equal number of
where the 4N right eigenvectors ψ ±
i
±
left eigenvectors φi to form a biorthogonal eigenbasis. This is possible because
left and right eigenvectors corresponding to the same eigenvalue always have
a nonzero overlap. Being non-Hermitian, A could also be defective, in which
case the eigenvectors (2.13) do not span the whole space C4N . In that case, one
can define generalized eigenvectors that bring the matrix into a Jordan normal
form. This scenario will be discussed later on, in section 2.4.4.
If the system is translation invariant, A(k) becomes a 4 × 4 matrix after a
Fourier transform. We can then write its four winding numbers in terms of the
k-dependent biorthogonal eigenbasis:
νi± =

i
π

Z

π

−π

(k) ·
dk φ±∗
i

∂ ±
ψ (k) .
∂k i

(2.14)

Because of the block-triangular form of A, its eigenvectors can be written in
terms of the eigenvectors of X and the steady state covariance matrix C. This
can most easily be seen by means of a similarity transformation:

A=

W=

−X†
0




†
−iY
0
−1 −X
=W
W,
X
0
X

C
,
X† C + CX = iY .
1

(2.15)

1
0

(2.16)

Defining another biorthogonal eigenbasis for the matrix X as
Xui = βi ui ,

X† v i = βi∗ v i ,

v ∗i · uj = δij ,

(2.17)

we can simply apply the transformation above to write the eigenvectors of A in
terms of those of X:
  

   
0
−Cui
vi
−
−1
−1 v i
ψ+
=
W
=
,
ψ
=
W
=
,
i
i
ui
ui
0
0
   
  

(2.18)
ui
0
0
ui
−
T
T
φ+
=
W
=
,
φ
=
W
=
.
i
i
vi
vi
0
CT ui
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Plugging this into Eq. 2.14, again assuming translation invariance, we see that
the matrix C drops out and we simply recover:
Z
i π
∂
dk v ∗i (k) ·
νi+ =
u (k) = νi ,
(2.19)
π −π
∂k i
Z
∂
i π
dk u∗i (k) ·
v (k) = νi∗ ,
(2.20)
νi− =
π −π
∂k i
where νi are the winding numbers associated with the two bands of x(k). Integration by parts shows that the two results are complex conjugates. We have
therefore shown that not only the spectrum but also the bulk winding number
of A is completely determined by X. In order to study the topology of band
Liouvillians, the topological invariant νi will be our main object of interest.
First of all, consider the limit ∆ = 0, i.e. pure loss. In this case, x(k)
and h(k) only differ by a constant shift and multiplicative factor, neither of
which affects the eigenvectors. The winding number (2.5) of the closed system
is therefore well-defined and unchanged. The same would be true in the case
of pure gain, or with separate loss and gain channels on each site. The authors
of Ref. [54] found a similar result for a dissipative SSH model, in which the
topological band structure of the Liouvillian was identical to that of the Hamiltonian. Things get more complicated when ∆ 6= 0. The topological order of the
Kitaev chain, including the quantization of the winding number, is dependent
on its chiral symmetry. We will have to dive into the various symmetries of
x(k) before we can actually compute νi .

2.3.2

Symmetries of x(k)

For ∆ 6= 0, x(k) no longer has the chiral symmetry (2.8) of h(k). Instead we
find
σz x(k)σz = x† (k) ,

(2.21)

which is known as pseudo-Hermiticity [55, 56]. This alone is not sufficient for a
quantized winding number, but the matrix x(k) has an additional property: an
anti-unitary symmetry (AUS), up to a constant shift, defined as
S(x(k) − a0 1)S = −(x(k) − a0 1) ,

(2.22)

where S = Kσx is a combination of complex conjugation K and swapping
the two Majorana modes w1 and w2 . The shift a0 = 21 Tr x(k) = 2g(1 + ∆2 )
corresponds to subtracting the traceful part. When applied to the eigenvalue
equation (2.17), the symmetry (2.22) then implies that

x(k)Sui (k) = 2a0 − βi∗ (k) Sui (k) .
(2.23)
Now there are two options:
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k

k

Figure 2.1: Rapidities β(k) for three values of µ. In the middle panel, the AUS
is broken and we see two exceptional points (marked in red) where the spectrum
is fully degenerate. Parameters are: J = 1, γ = 0.8, g = 1.0, ∆ = 0.3.
I. ui (k) is an eigenvector of S, which implies
2a0 − βi∗ (k) = βi (k)

⇒

Re βi (k) = a0 .

(2.24)

II. ui (k) and Sui (k) are the two different eigenvectors of x(k), with eigenvalues βi (k) and 2a0 − βi∗ (k).
If the first case holds for all k in the Brillouin zone, we say that the AUS is
unbroken. If not, the symmetry is spontaneously broken. Examples of the rapidity spectrum with unbroken and broken AUS can be seen in Figure 2.1. If
the first case holds for some values of k but not for others, as in the middle
panel of Fig. 2.1, then these parts of the Brillouin zone are separated by a
pair of exceptional points (EPs) at ±kE , where βi (±kE ) = a0 and the matrix
x(±kE ) becomes nondiagonalizable. Note that this analysis is very reminiscent
of PT -symmetric Hamiltonians [57], where eigenvalues are real when the symmetry is unbroken. We can even interpret our AUS as a balanced gain and
loss between the different Majorana sectors. However, we remark that complex
conjugation K cannot be seen as time reversal when considering non-unitary
time evolution. Therefore we have chosen not to label this as PT symmetry,
though it is mathematically equivalent.
For the dissipative Kitaev chain with J and γ of the same order1 , the matrix
x(k) as defined in (2.10) has broken AUS when 2J − 2g∆ ≤ |µ| ≤ 2J + 2g∆.
q
g∆
we assume |γ| >
J and g∆ < J. The latter is warranted since we
J
typically require weak dissipation for the Lindblad formalism to apply. If the former is not
satisfied, then the gap can close at values of k other than 0 or π, which increases the size of the
AUS-broken regions. If γ < g∆, the topologically nontrivial phase will disappear completely.
See section 2.3.4 for more details.
1 Specifically,
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This implies that between the two original phases of the Kitaev chain, an intermediate region of width 4g∆ appears in which the band gap of x(k) is closed,
as the two bands touch at the exceptional points. This is consistent with the
findings of Ref. [43]. In Figure 2.1, the spectrum β(k) is shown for the topologically nontrivial phase, the AUS-broken intermediate region and the trivial
phase.

2.3.3

Quantization of the winding number

Without a chiral symmetry, it is not clear whether the Z2 topological invariant
that characterizes the topology of the closed Kitaev chain is well defined, i.e.
a quantized winding number. However, the winding number νi in Eq. (2.19)
can be shown to have a quantized real part in the regime with unbroken AUS.
Unbroken symmetry means that:
Sui (k) = σx u∗i (k) = eiϕi (k) ui (k) ,

Sv i (k) = σx v ∗i (k) = eiϕi (k) v i (k) ,

(2.25)

where the eigenvalues must lie on the unit circle, since S is antiunitary. The
winding numbers of x can then be written as:
Z
∂
i π
νi =
u (k)
dk v ∗i (k) ·
π −π
∂k i
Z π
i
∂  −iϕi (k) ∗ 
=
dk eiϕi (k) v i (k) ·
e
ui (k)
π −π
∂k


Z
i π
∂ ∗
∂
∗
=
u (k) − iui (k) ϕi (k)
dk v i (k) ·
π −π
∂k i
∂k
Z π
1
∂
= −νi∗ +
dk ϕi (k) ,
(2.26)
π −π ∂k
The unitary σx does not affect the inner product. If we demand the eigenvalue
eiϕi (k) to be single-valued within the Brillouin zone, then the last term must be
an even integer. Therefore we have:
νi = −νi∗ + 2n

⇒

Re(νi ) = n ,

n ∈ Z.

(2.27)

From here on we will simply refer to the quantized real part as the winding
number. Whether the imaginary part alsoP
has a physical interpretation in this
context is not clear. Finally, we note that i νi mod 2 = 0, such that we only
need to focus on one of the two winding numbers.

2.3.4

Geometric interpretation

One can also understand the winding number of x(k) in a geometric way. A 2×2
matrix with antiunitary symmetry given by (2.22) can only have the following
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form:
x(k) = a0 1 + ib(k)σx + ic(k)σy + d(k)σz ,

(2.28)

where a0 , b(k), c(k) and d(k) are real for all k. The matrix becomes defective
when b2 + c2 = d2 and this equation forms the surface of a double cone in the
space spanned by b, c and d. Inside of the cone, the antiunitary symmetry is
spontaneously broken.
As k traverses the Brillouin zone, x(k) defines a loop in this three-dimensional
space, characterized by the system parameters such as J and µ. If the loop intersects the cone, then it does so at a pair of so-called exceptional points. Those
are the points where the band gap closes. We can now define a topological invariant as the winding number of x(k) around this defective cone, interpreting
it as an obstruction in R3 . If the loop winds around the cone, it cannot be
contracted without closing the gap. We have illustrated this in Figure 2.2.
It is also clear from this geometric picture how γ affects the transitions
between the different phases. The loop defined by x(k) is an ellipse with semiaxes of length 2J and 2γ. The radius of curvature at its vertex (k = 0 or π)
is 2γ 2 /J. If this is larger than 2g∆, i.e. the radius of the cone, then the cone
will touch the ellipse at its √
vertex when |µ| = 2J ± 2g∆. In the main text,
we therefore require |γ| > Jg∆. If |γ| is smaller, the ellipse becomes too
eccentric and will touch the cone for lower values of |µ|. In that case one can
have four exceptional points, as the ellipse intersects the cone in four different
places. Furthermore, it is obvious that the ellipse cannot wind around the cone
at all when |γ| < g∆, in which case the topologically nontrivial phase disappears
entirely.

2.3.5

Computing the winding number

In order to compute the winding number of x(k), we define:
q(k) ≡ (2J cos k + µ) + 2iγ sin k ≡ |q(k)|e−iθ(k) ,

tan ξ(k) =

2ig∆
. (2.29)
|q(k)|

The left and right eigenvectors can then be written as [58]:
!

u1 (k) =

e−iθ(k) cos ξ(k)
2
sin ξ(k)
2

v 1 (k) =

e−iθ(k) cos∗ ξ(k)
2
sin∗ ξ(k)
2

,

u2 (k) =

!
,

v 2 (k) =

−e−iθ(k) sin ξ(k)
2
cos ξ(k)
2
−e−iθ(k) sin∗
cos∗ ξ(k)
2

!

ξ(k)
2

,

(2.30)

!
,

(2.31)
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Figure 2.2: The space spanned by three of the free parameters of a two band
matrix with AUS. The red loop represents x(k) as defined in Eq. (2.10) for
k ∈ (0, π] and is drawn for three different values of µ. The cone is the set
of points in parameter space where the band gap closes. At µ = 2J in the
intermediate regime (middle panel), x(k) intersects the cone at two exceptional
√
points, at which it becomes defective. For this picture, we have |γ| > Jg∆.

such that v ∗i · uj = δij . The two winding numbers associated with these bands
are:
1
ν=
2π

Z

π

1
(1 ± cos ξ) dθ =
2π
−π

Z

π

−π

2ig∆

1± p
|q(k)|2 − 4g 2 ∆2

!

∂θ
dk . (2.32)
∂k

H
Note that the first term dθ is simply the winding number of q(k) around the
origin in the complex plane, which corresponds to the winding number of the
closed Kitaev chain. It can be further simplified:
∂θ
4Jγ sin2 k 2γ cos k(2J cos k + µ)
2γ(2J + µ cos k)
=
+
=
.
2
2
∂k
|q(k)|
|q(k)|
|q(k)|2

(2.33)

The second term of Eq. (2.32) only contributes to the real part of ν in the regime
where the AUS is broken. In that case the integrand contains singularities at
the two exceptional points. The numerical results of the integral are shown
in Figure 2.3. In the regime where the AUS is unbroken, the winding number
corresponds to that of the closed system. In the rest of this chapter, we will
explore whether a nonzero winding number still corresponds to topologically
protected edge modes, and what those modes might look like.
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Figure 2.3: Phase diagram of the dissipative Kitaev chain. (a): The real (blue,
solid) and imaginary (orange, dashed) parts of the winding number ν as a function of the chemical potential µ. The topologically trivial phase (I), the nontrivial phase (II) and the intermediate regions (III) are shown. In the intermediate
regions, the AUS is spontaneously broken and the real part of the winding
number is not quantized. Parameters are: J = 1, γ = 0.8, g = 1.0, ∆ = 0.3

2.4
2.4.1

Bulk-boundary correspondence
Topological edge modes

The bulk-boundary correspondence for non-Hermitian systems is on shaky ground
[?, 59], but it seems to hold for PT -symmetric Hamiltonians [60]. We will show
that this is also the case for the open Kitaev chain in the unbroken regime,
with localized edge modes appearing when the bulk winding number is nonzero.
There are two ways to study these modes: first, one can analyse the modes close
to the gap in the continuum limit and introduce a domain wall. Secondly, we
numerically study the spectrum and eigenmodes of the 2N × 2N matrix X with
OBC.
√
As long as |γ| > Jg∆, the bulk bands will form a Dirac cone at the
boundaries of the intermediate regions, with the bands touching at either k = 0
or k = π. When the gap reopens in the topologically nontrivial phase, a pair of
edge modes will remain within the gap, when consider OBC. One way to prove
the presence of these localized edge modes is to consider the linearized Dirac
form of x(k) around these two points. For example, let us take k ≈ 0:
x(k) ≈ g(1 + ∆2 ) + 2iγkσx − i(2J + µ)σy + 2g∆σz .

(2.34)
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A Fourier transform to real space yields
x(r) ≈ g(1 + ∆2 ) − 2γσx

∂
+ imσy + 2g∆σz ,
∂r

(2.35)

where we have defined the Dirac mass m ≡ −2J − µ. Now we consider m to
vary in space, such that m(r) = m1 Θ(−r) + m2 Θ(r), with Θ(r) the Heaviside
step function. An eigenvector u(r) with eigenvalue β must satisfy:
∂
1
u(r) =
(δβ σx − 2ig∆σy − m(r)σz ) u(r) ≡ B(r)u(r) ,
∂r
2γ

(2.36)

with δβ ≡ g(1 R+ ∆2 ) − β. The solution of this differential equation is of the
r
0
0
form u(r) = e 0 dr B(r ) u(0). A localized solution is only possible when the
eigenvalues of B(r) have a real part that changes sign at r = 0, such that u(r)
falls off exponentially on either side of the domain wall. This is the case when
δβ = ±2g∆ and when m1 and m2 have different signs. Since changing the sign
of m puts us in a different topological phase, we have shown that an edge mode
appears on the boundary between two phases2 . The corresponding eigenvalue
is:
β = g(1 + ∆2 ) ± 2g∆ = g(1 ± ∆)2 ,

(2.37)

where the sign depends on the orientation of the domain wall. Finally, note
that we can model the vacuum as a fermionic chain with µ → −∞, placing
it firmly in the topologically trivial regime (as expected). We can therefore
use this same picture to describe edge modes of the Kitaev chain with open
boundary conditions. As long as |µ| < 2J, each edge forms a domain wall and
allows for a localized edge mode.
The numerically computed spectrum is shown in Figure 2.4. Both the analysis above and the numerical calculation indicate the presence of two exponentially localized edge modes in the regime |µ| < 2J, corresponding to the nontrivial phase of the closed Kitaev chain. These modes have rapidities β = g(1 ± ∆)2
and localization length ξ = 2γ/(2J − |µ|). The corresponding eigenvectors can
be seen in the insets in the left panel, for one value of µ. They are partners
under the S transformation and therefore break the antiunitary symmetry, even
when the symmetry is unbroken in the bulk.
In the intermediate region 2J − 2g∆ < |µ| < 2J + 2g∆, where the symmetry
is broken in the bulk and the band gap is closed, the bulk-boundary correspondence appears to break down. For 2J − 2g∆ < |µ| < 2J, the topologically
protected edge modes remain. Although the gap is closed at the two exceptional points, the edge modes are separated from the bulk bands in their real
2 The same analysis can be done around k = π, in order to find the phase transition at
µ = +2J.
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Figure 2.4: The real (left) and imaginary (right) parts of the spectrum of X
with OBC, as a function of the chemical potential µ. The localized edge modes
with rapidity β = g(1 ± ∆)2 are highlighted in red. In the shaded regions,
the AUS is broken and the bulk band gap is closed. The insets show on a
semi-log scale the localization of the eigenvectors uL and uR , corresponding
to the marked rapidities βL and βR at µ = −1.2. The other parameters are:
N = 50, J = 1.0, γ = 0.8, g = 1.0, ∆ = 0.3
part. Only when µ reaches ±2J, the real part of the bulk bands connects to
the edge modes and they disappear. We therefore conclude that the winding
number in the intermediate region, as shown in Figure 2.3, cannot accurately
reflect the presence or absence of edge modes.

2.4.2

Physical interpretation of edge master modes

An important question remains: what is the physical meaning of these edge
modes? How could they be observed experimentally? In the closed Kitaev
chain, Majorana edge modes can in principle be observed by scanning tunneling
microscopy [61]. The localized eigenvectors of X, on the other hand, are not
physical excitations on top of a ground state. Instead, they correspond to
boundary master modes, as defined in Eq. (1.30). The master modes b̂0 and b̂
are given by
b̂0i = v i · ĉ† ,

b̂i = ui · ĉ − Cui · ĉ† ,

(2.38)

in terms of v i and ui , the left and right eigenvectors of X respectively, and
the covariance matrix C. This follows directly from Eq. (2.18). A localized
eigenvector then implies that the corresponding b̂0 is also localized, while b̂ is
localized when C contains no long-range correlations.
Eigenmodes of the Liouvillian can be constructed by acting with a combination of b̂0i superoperators onto the steady state. Note that these modes are
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not density matrices, because they are traceless. To remain in the even sector of the operator Fock space, the number of master modes should be even.
Now define b̂0L and b̂0R to be the two edge master modes, corresponding to the
localized eigenvectors. In the limiting case µ = 0 and J = γ, where the Majoranas on the edges decouple completely from the bulk, we can analyze the
system’s behavior exactly. The edge master modes then take the simple form:
b̂0L = ĉ†1 , b̂0R = ĉ†2N . Since they must be orthogonal, all other master modes
are restricted to the bulk.
Still in this same limit, consider the expectation value of the edge occupation
number:
hO(t)i = Tr(d†0 d0 ρ(t)) ,

1
(w1,1 + iw2,N ) .
2

d†0 ≡

(2.39)

Starting from the ground state with the edge mode occupied, hO(0)i = 1, we can
then turn on the dissipation and study the time evolution. Because the edges are
decoupled, only the decay mode b̂0L b̂0R ρss contributes to the expectation value,
with a decay rate 2g(1 + ∆2 ). In the steady state, we find limt→∞ hO(t)i = 0.
Therefore the time evolution is simply given by:
2

hO(t)i = e−2g(1+∆

)t

.

(2.40)

In other words, the Majorana zero modes of the Kitaev chain are still present
in the system, but acquire an exponential decay. This is not unexpected [53],
but it is good to see it reflected in our formalism.

2.4.3

Time evolution of observables

When looking at other observables, finding such analytical results is not as easy.
For the purpose of numerical calculations, it is best to turn to the time evolution
of the covariance matrix, which satisfies the differential matrix equation (1.33).
Assuming X is diagonalizable and the steady state is unique, we find as a
solution:
C(t) = Css +

∗

1 X −t(βi +βj )
e
vi ⊗ vj − vj ⊗ vi
ui · (C0 − Css )uj ,
2 i,j
(2.41)

where Css is the covariance matrix in the steady state, found by solving (1.34),
and C0 the covariance matrix for the initial state. In the limit t → 0, we recover
C(0) = C0 by two resolutions of the identity in our biorthogonal basis. If the
initial state is a pure energy eigenstate (e.g. the ground state), we can compute
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Figure 2.5: Approach to the steady state value of local occupation numbers at
the left edge (blue, solid), right edge (red, dashed) and center (green, dash-dot)
of the dissipative Kitaev chain with OBC. The absolute value is shown on a
semi-log scale, in order to highlight the exponentially decaying envelopes and
their different decay rates, caused by the presence of topological edge modes.
Slopes of the enveloping lines are given by Eq. (2.43). This is in the limiting
case of decoupled Majorana dimers, with parameters: N = 100, J = 1.0, γ =
1.0, µ = 0, g = 1.0, ∆ = 0.3
C0 from the eigenvectors of the 2N × 2N matrix H:
C0 = 2i

nf
X



Im ψ ∗n ⊗ ψ n ,

(2.42)

n=1

with Hψ n = n ψ n and n ≤ n+1 . For the ground state, we set nf = N as
the Fermi level. In the topologically nontrivial phase, the Kitaev chain has a
degenerate ground state with N = N +1 = 0. We can then choose nf = N − 1
or nf = N + 1, depending on whether the edge zero-mode is filled or not.
If we look at the evolution of local observables under OBC, such as the
single-site fermionic occupation number at the edges, then the fact that the
edge master modes decay at different rates becomes apparent. This is shown in
Figure 2.5, again in the decoupled limit and computed using Eq. (2.41). The
occupation at the right edge of the system (red, dashed) approaches its steady
state value more slowly than the left edge occupation number (blue, solid). This
effect is purely caused by the nonzero parameter ∆, which splits the real parts of
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the edge mode rapidities. In the middle of the chain (green, dash-dot), neither
of the edge modes contributes and the decay rate is halfway between those of
the two edges. The slopes of the envelopes correspond to the sum of real parts
of different pairs of rapidities:
2

|hc†1 c1 (t)i − hc†1 c1 iss | ∝ e− Re(βL +βbulk )t = e−2g(1+∆+∆
|hc†N cN (t)i
|hc†N/2 cN/2 (t)i

−

−

hc†N cN iss |

hc†N/2 cN/2 iss |

∝e

− Re(βR +βbulk )t

=e

)t

,

−2g(1−∆+∆ )t

,

2

(2.43)

2

∝ e− Re(2βbulk )t = e−2g(1+∆) t .

Since the decay modes in the bulk all have complex rapidities, there is also an
oscillating part to the expectation values. In this decoupled limit (J = γ, µ = 0),
only two decay modes contribute to each of the local observables. That is why
the occupation numbers at the edges oscillate at a single frequency. If we move
away from this special point, then more decay modes are involved. The sum
over many modes oscillating at different frequencies causes dephasing, which
means the decay rates can no longer be simply read off from the envelope.
However, there are signal processing techniques3 that, with a little more effort,
can extract the different decay rates [62] and show signatures of edge modes.

2.4.4

Exceptional points

Equation (2.41) only holds when X is diagonalizable and has a complete set
of proper eigenvectors. In the intermediate regions, the presence of exceptional
points can cause two two-dimensional Jordan blocks, each with one proper and
one generalized eigenvector and with rapidity βE = a0 . Let us call the proper
eigenvectors uE1 and uE2 and the generalized ones ũE1 and ũE2 , such that for
each block we have:
XũEσ = βE ũEσ + uEσ ,

∗
X† ṽ Eσ = βE
ṽ Eσ + v Eσ ,

(2.44)

with σ = {1, 2}. In turn, these generalized eigenvectors result in generalized
ˆ
ˆ
master modes b̃0E and b̃E according to Eq. (2.38). The Liouvillian can then be
decomposed as follows [26]:

L̂ = −

2N
X

ˆ
ˆ
βi b̂0i b̂i + 2b̂0E1 b̃E1 + 2b̂0E2 b̃E2 .

(2.45)

i=1
3 The technical name for this would be parameter estimation of multi-component damped
sinusoid signals.
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These two off-diagonal terms will add some new terms to Eq. (2.41):
C(t) = Css +

+

∗

1 X −t(βi +βj )
e
ui · (C0 − Css )uj
vi ⊗ vj − vj ⊗ vi
2 i,j

2 X
X
σ=1

te−t(βE +βj ) v Eσ ⊗ v j − v j ⊗ v Eσ

ũEσ · (C0 − Css )uj



j

2 −2tβE

+t e

∗

∗

(v E1 ⊗ v E2 − v E2 ⊗ v E1 ) (ũE1 · (C0 − Css )ũE2 ) ,

(2.46)

where the sums over i and j also include the proper and generalized eigenvectors
in the Jordan blocks. The presence of stretched exponentials of the form ta e−tb
is a characteristic feature of a Jordan block structure in the generator of time
evolution.
When are these stretched exponentials relevant? Firstly we need to be in
the AUS-broken regime and in the thermodynamic limit. For finite systems,
encountering exceptional points would require extreme fine-tuning, since the
quasimomentum k is discrete. Secondly, in a translationally invariant system,
the extra terms with stretched exponentials all vanish. That is because the twodimensional Jordan blocks are their own k-sector and do not mix with the other
eigenvectors. It is possible that the stretched exponentials become important
in the presence of disorder [63], which breaks translation invariance. That
might explain the results found in Ref. [53], where the Majorana edge modes
of a disordered Kitaev chain show stretched exponential decay as a result of
dissipation.

2.4.5

Preservation of edge modes at ∆ = ±1

Since the edge modes have rapidities β = g(1 ± ∆)2 , something interesting
happens at ∆ = ±1: one of the rapidities vanishes. This means that one of the
pair of edge modes does not decay and the steady state becomes degenerate.
Intuitively, this makes sense: the Lindblad operators Lj are now proportional
to one of the Majorana operators w1,j or w2,j , and will consequently leave one
of the Majorana edge modes isolated from the bulk. However, this degenerate
steady state ρ0ss is restricted to the odd sector of the operator Fock space. It
can never be reached from a physical state in the even sector and is therefore
not a true degeneracy. We also note that for ∆ = ±1, the Lindblad operators
Li = L†i are Hermitian. This means the infinite temperature state ρ ∝ 1
becomes a trivial steady state solution of the Lindblad master equation4 , and
therefore must be the physical (even) steady state.
4 In

fact, it is simple to check that L̂1 = 0 if [Lm , L†m ] = 0 for all Lindblad operators.
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Figure 2.6: Edge master modes for a Kitaev chain with a trivial domain (shaded)
in the bulk, for ∆ = 1. Domain walls at site indices r = 30 and r = 70 provide
a second pair of edge modes, shown by the absolute values of the corresponding
eigenvectors. The solid lines represent modes in the w1 Majorana sector, with
rapidity β = g(1 + ∆)2 = 4g. The dashed lines represent modes in the w2
sector with rapidity β = g(1 − ∆)2 = 0, which are therefore preserved under
the dissipation. Other parameters are: N = 100, J = 1, γ = 0.8

One way around this unphysical degeneracy might be to consider a trivial
domain (|µ| > 2J) within the bulk of a nontrivial Kitaev chain with OBC.
With two pairs of edge modes at the four different domain walls, it is possible
to construct a steady state degeneracy in the even sector, where two Majorana
edge modes decay and two remain. These four edge modes are plotted in Figure
2.6. The two degenerate steady states form a two-dimensional decoherence-free
subspace: effectively a qubit that is protected from perturbations, both by
topology and by the fine-tuned bath.
In the periodic system at ∆ = ±1, we see that the dissipative gap closes
at µ = ±2J. That means the bulk bands touch the steady state at β = 0,
which signals a dissipative phase transition [64]. At such a phase transition,
the steady state undergoes an abrupt change and the covariance matrix shows
the presence of long-range correlations. To see whether this is indeed the case,
we compute the correlation length ξ using a complex analysis trick proposed in
Ref. [30]. This is done by finding the imaginary part of the zeroes of β(k). We
will not work out the details of this method, but the results are shown in Figure
2.7. Indeed, ξ diverges at the critical points ∆ = ±1, µ = 2J. The physical
meaning of this dissipative phase transition and the phases it separates is not
entirely clear. In section 2.5, we will discuss this further.
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Figure
2.7: Density plot of the steady state correlation length ξ, defined by
R
dk eikr kc(k)k ∝ e−r/ξ . The value diverges at four critical points in the (µ, ∆)
parameter space, where the decay of correlations becomes algebraic. Other
parameters are: J = 1, γ = 0.8, g = 1.0

2.4.6

Steady state expectation values

In Figure 2.5, we have seen how the presence of edge modes affects the rates
at which some observables approach their steady state expectation values. A
logical next question would be whether the steady state values themselves also
reflect some topological order. Although the Majorana edge modes decay under influence of the bath, they might leave some signature in the steady state
covariance matrix. By numerically solving the Lyapunov equation (1.34) with
OBC, we can extract the expectation values of various observables. For example, one might study the expectation value of the occupation number at the
edges, as a function of µ, to see whether the phase transition is visible there.
In order to compare occupation at the edges relative to the bulk, we define the
edge occupation ratios:

rL =

hc†1 c1 i − hc†N/2 cN/2 i
hc†N/2 cN/2 i

,

rR =

hc†N cN i − hc†N/2 cN/2 i
hc†N/2 cN/2 i

/, .

(2.47)
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Figure 2.8: Top: edge occupation ratios in the steady state, as defined in Eq.
(2.47), under OBC with N = 100. (a) shows weak dissipation (g = 0.1) while
(b) has stronger dissipation (g = 1.0), showing a smoother transition and a
large asymmetry between the left and right edge. Bottom: steady state current
hJ i under PBC, with weak (c) and strong (d) dissipation. Shaded regions have
broken AUS. Other parameters are: J = 1, γ = 0.8, ∆ = 0.3

We expect this quantity to be nonzero, even in the absence of topological edge
modes, due to the boundary conditions. However, we see a clear peak in the
topologically nontrivial phase. Panels (a) and (b) of Figure 2.8 show the numerical results, for two different values of the dissipation strength g. In the
limit g → 0, there are sharp kinks at the critical points µ = ±2J and the left
and right edge show identical behavior. As the dissipation strength is increased,
the phase transition is smoothened out and, for ∆ 6= 0, there is an increased
asymmetry between the left and right edge.
This asymmetry can be seen as an unequal charge build-up on the edges of
the system. Therefore one might expect there to be a current flowing in the
steady state of the periodic system. One way to define the electronic current
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is5 :
hJ i =


1 X
i X †
hcj cj+1 i − hc†j+1 cj i = −
Imhc†j cj+1 i .
N j
N j

(2.48)

The steady state expectation value of this operator can be seen in panels (c)
and (d) of Figure 2.8, again for two values of g. As with the edge occupation
ratio, stronger dissipation smoothens out the transition between the topologically trivial and the nontrivial regime. It also increases the expectation value
of the current operator. The current reverses direction if we change the sign of
∆ and vanishes at ∆ = 0.
We stress that these observables are not order parameters: there is no sharp
transition or discontinuity at the critical value of µ. However, in the limit g → 0,
kinks appear and the derivatives become discontinuous. Furthermore, we have
shown the presence of a steady state current in the topologically nontrivial
regime under PBC. This may seem counter-intuitive at first glance, but note
that the p-wave pairing terms in the Hamiltonian (2.1) are not symmetric under
spatial inversion, as they pick up a minus sign. There is therefore no reason
that the steady state should have this reflection symmetry.

2.5

Discussion and outlook

Perhaps this is a good point to add some nuance to the terminology used in
this chapter so far. In the original Kitaev chain, there is a topologically trivial and a topologically nontrivial phase, the two of which are separated by a
quantum phase transition. These phases and the transition between them are
properties of the system’s ground state: their very definition relies on equilibrium physics. In generalizing the Kitaev chain to an open quantum system, we
have been abusing this terminology somewhat. By assigning winding numbers
to the bands of a Liouvillian, we have found regions in parameter space that
correspond to the equilibrium phases of the closed system. For simplicity we
might have called those regions ‘phases’ at times. However, in the open system
there is no quantum phase transition between these regions. Instead we find
an intermediate region (not a phase!) where the band gap is closed and the
winding number is ill-defined.
In quantum phase transitions of a band Hamiltonian, the relevance of the
band gap closing is quite clear. With the Fermi level at the center of the
gap, one can expect sharp changes in the ground state when the valence and
conduction bands touch. For a band Liouvillian, there is no Fermi level. You
5 Granted, this definition is a little naive. For a more nuanced discussion of currents
in open systems, see [65]. Regardless, the current operator used here is a perfectly valid
observable, despite the lack of charge conservation or a continuity equation.
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might therefore wonder what the physical meaning is of two bands touching
in an open (or simply non-Hermitian) system. This question is important for
the interpretation of the winding number. After all, our winding number as a
topological invariant means the following: two band Liouvillians with different
winding numbers cannot be continuously transformed into one another without
closing the band gap. This is a perfectly appropriate mathematical statement,
but does it also make sense physically? The points in parameter space where
the band gap is closed form the exclusion that lets us define topology in the
first place, as pictured in section 2.3.4. A physical justification of this exclusion
is something that is sorely lacking in some of the literature on topology of nonHermitian systems. One can define a winding number, but around what are we
winding?
While not a fully satisfying theoretical answer, some justification is provided
by the bulk-boundary correspondence. The presence of edge master modes gives
a direct link between the winding number and the time evolution of certain
observables. This is a strong indication that the closure of the Liouvillian band
gap is not entirely meaningless, that it does have some physical repercussions.
But, unlike the conventional understanding of topologically order phases, it is
a purely dynamical effect.
It is therefore important to distinguish the results of this chapter from the
theory of dissipative phase transitions [64]. These transitions within the nonequilibrium steady state coincide with a closing of the dissipative gap, which is
fundamentally different from the band gap. At the critical point of a dissipative
phase transition, the steady state becomes degenerate. For the open Kitaev
chain with single-site dissipation, this can only occur when ∆ = ±1 and µ =
±2J, as discussed in section 2.4.5. If we consider other types of Lindblad
operators, such as two-site noise [30], then other dissipative phase transitions
start to appear. We will devote the final part of this chapter to an overview of
further generalizations and possibilities for the tools we have developed.

2.5.1

Two-site dissipation

If the Lindblad operators Lj act on more than one site, then the matrix m
becomes k-dependent. As suggested in [30], this can lead to more complex
behavior with additional critical lines appearing. We follow one of the examples
of that paper and consider the Lindblad operators:
√
√
(2.49)
Lj = g (cj + c†j ) + g ei∆ (cj+1 + c†j+1 ) ,
leading to the bath matrix:
m(k) = 2g

48


1 + cos(k + ∆)
0

0
0


(2.50)
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and the matrices x and y:
x(k) = g (1 + cos ∆ cos k) 1 + 2iγ sin k σx

(2.51)

− i(2J cos k + µ)σy + g (1 + cos ∆ cos k) σz ,
y(k) = ig (1 + sin ∆ sin k) 1 + ig (1 + sin ∆ sin k) σz .

(2.52)

We remark that x(k) still satisfies Eq. (2.22) and therefore has AUS, but the
constant shift a0 = g (1 + cos ∆ cos k) is now k-dependent. This means that the
real part of the rapidity spectrum will form a thick band, even when the AUS
is unbroken. This band makes it possible for the dissipative gap to close for any
value of µ.
The numerically computed rapidity spectrum of this model with OBC is
shown in Figure 2.9, both as a function of µ (top panels) and of ∆ (bottom
panels). Comparing the top panels to Figure 2.4, we see many similarities, such
as the AUS-broken ‘bubbles’ in which the band gap closes, centered around
µ = ±2J. The width of these regions is more difficult to determine analytically
and the spectrum is no longer symmetric around µ = 0. Again, the two bubbles
are connected by topological edge modes, marked red in the figure. One of the
two edge modes has zero rapidity, like in section 2.4.5.
In the bottom panels of the same figure, µ is fixed within the topologically
nontrivial phase and the relative phase ∆ is varied. As found in [30] by looking
at the diverging correlation length, the dissipative gap closes at ∆ = 0 and
∆ = π, signaling a dissipative phase transition. However, these transitions do
not affect the edge modes, so they are probably not topological in nature. It is
not yet clear what does define the different phases in this model, a question we
will leave for future work.

2.5.2

Higher dimensions

Everything in this chapter so far has been about one-dimensional models, but
nothing prevents the techniques we used from being applied to higher dimensions. In two or more dimensions, symmetry is no longer a necessity for the
presence of topological order. In case of the integer quantum Hall effect, for
example, all symmetries are broken and yet the system is characterized by a Z
topological invariant known as the Chern number. This Chern number can be
computed by integrating the Berry curvature over the two-dimensional Brillouin
zone [32].
Under the effect of dissipation, we expect the Chern number to be welldefined as long as the bands of the Liouvillian do not touch. Unlike with
the one-dimensional Kitaev chain, AUS is not required and consequently the
topological order will be robust under a wider range of dissipation. That means
one may also encounter new topological effects due to the dissipation itself,
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Figure 2.9: Real (left) and imaginary (right) parts of the rapidity spectrum
of the dissipative Kitaev chain with two-site dissipation and OBC. Purely real
rapidities are marked in red, to show the AUS-broken regions and the topological edge modes. Top: the spectrum as a function of µ, for ∆ = π/4. The
original phase transitions around µ = ±2J are clearly visible here. Bottom:
the spectrum as a function of ∆, for µ = 1. The dissipative gap can be seen
to close at ∆ = 0 and ∆ = π, where Re(β) = 0 for some k. Parameters are:
N = 50, J = 1.0, γ = 0.8, g = 1.0

such as the vorticity described in [43]. Nontrivial vorticity, which amounts
to the bands winding around each other in complex space, is not possible with
AUS. There will likely still be intermediate regions between different topological
phases, where pairs of exceptional points appear, though they may no longer
be associated with spontaneous symmetry breaking. Generalizing to higher
dimensions is an obvious next step for a continuation of this research.

2.6

Conclusion

By using tools from the study of non-Hermitian Hamiltonians, we have analyzed
a dissipative extension of the Kitaev chain. Dissipation is generated by an
identical Markovian bath coupled to every site of the system, as described by
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a Lindblad master equation. By introducing a parameter ∆ to the bath that
interpolates between gain and loss, we can study a wide range of effects. For
example, intermediate values of ∆ break the chiral symmetry that protects
topological order in the Kitaev chain, but create a new antiunitary symmetry
(AUS) reminiscent of PT symmetry in non-Hermitian Hamiltonians. While
this AUS leaves intact the different topological phases of the Kitaev chain, it
introduces intermediate regions between the phases, where the AUS is broken
and the winding number is no longer quantized. In these regions, the bulkboundary correspondence breaks down.
The topological edge modes that we have studied are transient properties of
the dissipative system. The presence of the bath leads the system to a unique
state at long times and bestows decay rates onto the edge modes. Interestingly,
these decay rates can be different for the two edges of the chain, resulting in a
left-right asymmetry that is reflected in the dynamics and steady state expectation values of various observables. Numerical results show some signatures
of the topological order in the steady state, but an analytical connection has
eluded us so far. For this purpose it would be intriguing to compare our results
with recent attempts to study the topology of density matrices, such as the
Ensemble Geometric Phase [40].
In the next chapter, we will generalize our results to the driven-dissipative
Kitaev chain. By combining the Lindblad formalism with periodic driving,
we open up a realm of interesting new physics. Winding numbers and edge
modes are raised to a different level, with the possibility of multiple edge modes
accumulating at each end of the chain.
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CHAPTER

The driven-dissipative
Kitaev chain
Based on the second half of Ref. [1]

3.1

Introduction

There are some similarities between open quantum systems and driven quantum
systems. The latter are characterized by a time-dependent Hamiltonian, often
periodic in time, which encodes some type of external force acting on a system.
For example, a laser beam might provide an oscillating electromagnetic field
that pumps energy into the system by inducing a force onto charged particles.
Like open systems, driven systems are inherently out-of-equilibrium. Energy is
not conserved and they do not have a ground state. However, there is also a
significant differences with open systems: the time evolution of a driven system remains unitary and therefore does not produce mixed states. Periodically
driven systems are elegantly described using Floquet theory, in which the stroboscopic time evolution (i.e. over an integer number of periods) is determined
by an effective time-independent Hamiltonian. Because this so-called Floquet
Hamiltonian is often highly nonlocal [66], rich and exotic new physics can arise,
which has led to a keen interest in Floquet engineering as means of quantum
simulation [14, 67].
Combining open systems with periodic driving is quite a natural next step.
The driving tends to pump energy into the system and that frequently leads
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to unbounded heating, particularly in interacting systems [68]. This means
that at long time scales, the system is driven to an infinite temperature state.
By coupling a driven system to a bath, the driving must compete with the
dissipation, which leads to a Floquet steady state. This state is only stationary
when considering the stroboscopic time evolution: it is periodic in time with
the frequency of the driving but still subject to what is known as micromotion
— fluctuations within the period. In order to find this steady state and the
dynamics leading up to it, Floquet theory can be applied to the Lindblad master
equation with very little modification [69]. In this chapter, this will lead us to
define Floquet Liouvillians and study their properties.
In particular, we will be interested in the topological properties of the drivendissipative Kitaev chain. Building upon the methods and results of the previous
chapter, we look at the effects on winding numbers and the bulk-boundary
correspondence when periodic driving is added to the mixture. The role of
topological order in Floquet systems is an active field of research [47–50, 70].
In general, periodically driven systems show the potential for more complex
topological structures, which is not entirely surprising. Since the classification
of topological order relies in large part on mappings between compact manifolds,
the periodicity of the time evolution allows one to define additional topological
invariants. Indeed, we find that the driven-dissipative Kitaev is characterized
by two different winding numbers, which in turn correspond to two types of
topological Majorana edge modes.
We note that the XY Heisenberg spin chain, which maps to the Kitaev
chain by a Jordan-Wigner transformation [71], has been studied before in a
driven-dissipative context [72], even including the identification of Floquet Majorana edge modes [73]. We will look into greater detail at the non-equilibrium
properties of these modes and their partition into two types as described in
Refs. [45, 74]. Furthermore, we show that the effects of the bath are similar to
those in the undriven case, such as the appearance of intermediate phases with
exceptional points.
In the following section, we briefly review the Floquet formalism before
moving on to the topology of periodically-driven systems with chiral symmetry.
Then we add dissipation and calculate the matrices that define the effective Floquet Liouvillian. In section 3.3, numerical results for winding numbers and edge
modes are discussed in detail. As in the undriven system of the previous chapter, we also relate the winding numbers to a persistent current in the Floquet
steady state. Finally, section 3.4 contains some remarks about the properties
of Floquet Liouvillians and effective Lindblad operators.
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3.2

Topology and the Floquet formalism

In a closed system, the periodicity of the Hamiltonian H(t + T ) = H(t) with
driving period T allows for the application of Floquet’s theorem [75], analogous
in many ways to Bloch’s theorem for a periodic lattice structure. Rather than
a quasimomentum, we can define quasi-energies F as the eigenvalues of an
effective Floquet Hamiltonian HF , which generates the time evolution over the
course of one period:
UF (t0 ) ≡ U(t0 + T, t0 ) = T̂ e−i

R t0 +T
t0

dτ H(τ )

= e−iHF (t0 )T ,

(3.1)

where T̂ indicates time-ordering of the exponentials. Note that HF (t0 ) depends
on the time t0 within the period, at which the Floquet propagator is defined.
The result is a parametric family of Floquet Hamiltonians that are unitarily
connected and therefore share the same spectrum of quasi-energies.
The eigenstates HF (t0 )|Φi (t0 )i = F i |Φi (t0 )i are known as Floquet modes
and they represent the time-periodic part of the system’s Floquet states:
|Ψi (t)i = e−iF i t |Φi (t0 )i ,

t0 = t mod T .

(3.2)

It is now simple to check that |Ψi (t)i form a complete set of solutions to the
time-dependent Schrödinger equation. Unfortunately, finding an explicit form
of the Floquet Hamiltonian turns out to be quite difficult for a general driven
system. It can be approximated in the limit of high-frequency driving using
the Magnus expansion [76], expanding HF in powers of 1/T . In certain special
cases, this expansion is truncated at some order, which means that an exact
form of HF can be obtained [77]. A two-band Hamiltonian, such as the one
that describes the bulk Kitaev chain, is a trivial example of such an integrable
Floquet model [66]. In section 3.2.3 we will show this explicitly.
The Floquet Hamiltonian HF (t0 ) is only defined by its exponential UF (t0 ),
which remains invariant if any of the quasi-energies are shifted by a multiple
of 2π/T . This shift is a pure gauge transformation, since it does not affect
any physical quantities such as the Floquet states from Eq. (3.2). As a result,
and in analogy to the quasimomentum on a crystal lattice, we can define the
quasi-energies on a periodic Floquet Brillouin zone such that F ∈ [−π/T, π/T ).
The periodicity of quasi-energies in a driven two-band system with chiral
symmetry indicates the presence of two band gaps, one at F = 0 and one at
F = π/T , both of which could host topologically protected edge modes. An
obvious question is then whether these two types of edge modes correspond to
two different bulk winding numbers. Indeed, as we will see below, it turns out
that the driven Kitaev chain has a Z × Z topological invariant [49, 74].
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Figure 3.1: Schematic illustration of the two-step periodic driving protocol,
showing the chemical potential µ(t) as a function of time. Dashed vertical
lines mark the two time-reversal invariant points t0 and t00 , and curved arrows
mark the operator Ĝ that connects these points, as well as the two Floquet
propagators ÛF 0 and ÛF 00 .

3.2.1

The periodically driven Kitaev chain

For the purpose of symmetry-protected topological order, we need to consider
whether HF (t0 ) inherits the chiral symmetry of the instantaneous Hamiltonian
H(t). This depends on the driving protocol [74]. So for concreteness, let us
choose the simplest possible protocol, consisting of periodic quenches of the
chemical potential µ. This means that µ alternates between two values: µ1 for
a time t1 , then µ2 for a time t2 such that T = t1 + t2 is the driving period.
Chiral symmetry of HF (t0 ) means that σz HF (t0 )σz = −HF (t0 ). It is easy
to check that this is only true at two special points in each period, at which the
driving protocol is time-reversal invariant — in our case, at the center of the
two plateaus. Let us call these HF 0 = HF (t0 ) and HF 00 = HF (t00 ), with
UF 0 = e−iHF 0 T = e−iH1 t1 /2 e−iH2 t2 e−iH1 t1 /2 ,
UF 00 = e−iHF 00 T = e−iH2 t2 /2 e−iH1 t1 e−iH2 t2 /2 .

(3.3)

In figure 3.1, we have illustrated the driving protocol and the Floquet propagators at these two time-reversal invariant points.
These two effective Hamiltonians HF 0 and HF 00 share the same spectrum,
since they are related by the unitary transformation G = e−iH2 t2 /2 e−iH1 t1 /2 .
However, their eigenstates are different, satisfying |ψF 00 i = G|ψF 0 i. This means
that the two Hamiltonians can also have different winding numbers, which we
will call ν 0 and ν 00 . Under PBC, we can use the k-dependent unitary G(k) to
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compute the difference between the winding numbers:
ν 0 − ν 00
i
=
2
2π

Z

π

dk hψF 0 |G† (∂k G)|ψF 0 i ≡ νπ ,

(3.4)

−π

where |ψF 0 (k)i are eigenstates of HF 0 . We will call this expression νπ for reasons
that will become clear shortly. Note that νπ does not have to be defined modulo
2 in order to be gauge invariant, unlike the winding number of the undriven
system. This Z topological invariant counts the number of Floquet Majorana
edge modes with quasi-energy F = π/T under open boundary conditions [48,
74]. A second invariant, given by ν0 = (ν 0 + ν 00 )/2, counts the edge modes with
F = 0.
Proving this is not entirely trivial. Perhaps the most intuitive point of view is
to consider the band inversions that characterize a topological phase transition.
As we vary a parameter (e.g. the driving period T ), a band gap can close and
then reopen, resulting in a shift of the winding numbers ν 0 and ν 00 associated
with each band. This band inversion can happen in either of the two gaps. In a
band inversion, the shift of a winding number is determined by the sign of the
Dirac mass [32], found by linearizing the Hamiltonian around the Dirac point
where the bands touch:
F (k) ≈ 0 ±

p

(k − k0 )2 + m2 (T ) ,

0 = 0 or ∓ π/T .

(3.5)

At a critical point Tc , the Dirac mass m(Tc ) vanishes such that the gap closes
at k = k0 . While HF 0 and HF 00 have the same spectrum F , their Dirac masses
have opposite signs when 0 = ±π/T . On the other hand, when 0 = 0, the
Dirac masses are equal. This means that if the gap at F = 0 closes, then ν 0 and
ν 00 shift by 1 in the same direction. However, they shift in opposite directions
when the gap at F = π/T closes. This is illustrated in Figure 3.2. As a result,
taking the difference between ν 0 and ν 00 yields a new topological invariant that
is only sensitive to the gap closing at π/T , whereas their sum is sensitive only
to the gap at 0. These two invariants ν0 and νπ can also be derived directly
from the operator G, which is done in Ref. [74].
The bulk-boundary correspondence relates ν0 and νπ to the number of Floquet Majorana edge modes under OBC in the respective gaps [74]. These modes
are localized only at t0 and t00 , not at intermediate times. A remarkable feature of driven systems is that they can support multiple (orthogonal) Majorana
modes per edge, which is consistent with the Z (rather than Z2 ) topological
invariants. We will explore that further in the context of the driven-dissipative
Kitaev chain. In the next section we will describe how the Floquet formalism
can be combined with dissipation.
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Figure 3.2: Band inversion at F = 0 (top) and at F = π/T (bottom) as we
vary the parameter T (from left to right). The periodic quasi-energy is shown
in the first Floquet Brillouin zone F (k) ∈ [−π/T, π/T ], the edges of which
are identified with one another. Each band can be assigned two topological
invariants: ν 0 corresponding to HF 0 and ν 00 corresponding to HF 00 . After a
band inversion at 0, these numbers shift in the same direction, such that the
Dirac masses m0 = m00 must be equal. However, when the inversion is at π/T ,
the numbers shift in opposite directions, yielding Dirac masses m0 = −m00 with
opposite sign. The Dirac points are marked with a red diamond.

3.2.2

Lindblad-Floquet theory

For a time-dependent Liouvillian,
superoperator over one

R the time-evolution
t0 +T
dτ L̂(τ ) . Whether this can be written
period is Û(t0 + T, t0 ) = T̂ exp t0
in terms of a Floquet Liouvillian L̂F depends on the details of the system [78],
but we find that doing so does not pose a problem in our case. As in Eq. (1.23),
the Floquet Liouvillian superoperator L̂F (t0 ) is then defined by the effective
structure matrix AF :
Û(t0 + T, t0 ) = eL̂F (t0 ) T

1 †
= exp
ĉ
2
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ĉ AF (t0 ) T

 

ĉ
−
A
(t
)
T
1̂
,
0F 0
ĉ†

(3.6)
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!#
"
Z t0 +T
1
AF (t0 ) = ln T̂ exp
dτ A(τ )
,
T
t0
"
!#
Z t0 +T
1
dτ A0 (τ )
A0F (t0 ) = ln T̂ exp
.
T
t0

(3.7)

To preserve the antiunitary symmetry (AUS) of the dissipative Kitaev chain,
as given in Eq. (2.22), we pick as our starting time one of the two time-reversal
invariant points t0 and t00 in the two-step driving protocol. Using the blocktriangular form of the structure matrix, we write:
!
−X†F 0 T
0
−iQ ,
(3.8)
eAF 0 T = eA1 t1 /2 eA2 t2 eA1 t1 /2 = e
0
eXF 0 T
eXF 0 T = eX1 t1 /2 eX2 t2 eX1 t1 /2 .

(3.9)

Our main focus will be on XF 0 and XF 00 , which dictate the quasi-rapidities and
topology of the driven-dissipative system. One can quickly check that under
PBC, if x1 (k) and x2 (k) satisfy the condition (2.22), then so do xF 0 (k) and
xF 00 (k), due to the symmetric composition of the exponentials. In this sense,
the AUS functions exactly like the chiral symmetry of the driven chain without
dissipation.
In order to compute the off-diagonal block Q0 , we first write:


†
e−Xi ti −iZi
Ai ti
,
(3.10)
e
=
0
eXi ti
where i = 1, 2 and Zi must satisfy the Lyapunov equation
X†i Zi + Zi Xi = Y exp(ti Xi ) − exp(−ti X†i )Y ,

(3.11)

as is easily shown by requiring that [Ai , exp(Ai ti )] = 0. A formal solution can
be obtained iteratively, but this is not very illuminating. Now by simple matrix
multiplication, Q0 takes the form:
†

†

†

Q0 = e−X1 t1 /2 e−X2 t2 Z1 + Z1 eX2 t2 eX1 t1 /2 + e−X1 t1 /2 Z2 eX1 t1 /2 .

(3.12)

While this is not elegant, it can be evaluated numerically. The importance of
this matrix will become clear later, when we compute the stroboscopic time
evolution of the covariance matrix.

3.2.3

Computing XF

As in the undriven case from Chapter 2, we can expect regions in parameter
space where the AUS of xF (k) is unbroken and where the invariants ν0 and νπ
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are quantized, separated by intermediate regions containing exceptional points.
Finding these regions is not as simple: aside from the known phases of the undriven Kitaev chain, there are new transitions induced by Floquet resonances.
Such resonant regimes are characterized by long-range order [72], nonlocal Floquet Hamiltonians [66] and the possibility of high winding numbers [73].
Under periodic boundary conditions, xF 0 (k) and xF 00 (k) can be computed
as a decomposition of Pauli matrices. Let us use Euler’s formula to write:
1

1

1

1

e 2 x2 (k)t2 ≡ e 2 a0 t2 (n0 1 + in · σ) , (3.13)
e 2 x1 (k)t1 ≡ e 2 a0 t1 (m0 1 + im · σ) ,






2γ sin(k)
1
1
1
β̃1 (k)t1 , m =
β̃1 (k)t1 −2J cos(k) − µ1  ,
m0 = cos
sin
2
2
β̃1 (k)
−2ig∆






2γ sin(k)
1
1
1
n0 = cos
β̃2 (k)t2 , n =
β̃2 (k)t2 −2J cos(k) − µ2  ,
sin
2
2
β̃2 (k)
−2ig∆
q
where a0 = g(1 + ∆2 ) and β̃i (k) = 4γ 2 sin2 k + (2J cos k + µi )2 − 4g 2 ∆2 . The
Floquet propagators then become:

eT xF 0 (k) ≡ ea0 T p0 1 + ip0 · σ
eT xF 00 (k)

= ea0 T (m0 1 + im · σ) (n0 1 + in · σ)2 (m0 1 + im · σ) ,

≡ ea0 T p0 1 + ip00 · σ

(3.14)

= ea0 T (n0 1 + in · σ) (m0 1 + im · σ)2 (n0 1 + in · σ) .

(3.15)

Using the algebra of Pauli matrices, we can evaluate these products to find the
relations:
p0 = (m20 − m · m)(n20 − n · n) − 4m0 n0 m · n ,

p0 = 2m0 (n20 − n · n) − 4n0 m · n m + 2n0 n ,

p00 = 2n0 (m20 − m · m) − 4m0 n · m n + 2m0 m ,

(3.16)

where p0 is symmetric under exchange of m and n, such that it is identical for
eT xF 0 (k) and eT xF 00 (k) . Inserting the precise form (3.13), the expression for p0
becomes:




p0 (k) = cos β̃1 (k)t1 cos β̃2 (k)t2 − Γ(k) sin β̃1 (k)t1 sin β̃2 (k)t2 ,

(3.17)
1
Γ(k) ≡
4γ 2 sin2 k + (2J cos k + µ1 )(2J cos k + µ2 ) − 4g 2 ∆2 .
β̃1 β̃2
Note that p0 is real, even when β̃1 and/or β̃2 become imaginary. This quantity
determines the quasi-rapidity spectrum through the following relation:

βF (k) = a0 ± i cos−1 p0 (k) /T,
(3.18)
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defined up to a multiple of 2πi/T , due to the branch structure of the arccosine.
Choosing one branch over another will affect xF 0 (k) and xF 00 (k), but not their
eigenvectors or the Floquet propagator.
From Eq. (3.18), we can see that the AUS is spontaneously broken whenever
|p0 (k)| > 1 for any k. Furthermore, we see that the band gap closes at Im β = 0
when p0 (k) = 1 and at Im β = π/T when p0 (k) = −1. In the next section, we
will numerically explore the structure of these AUS-broken regions. Finally, the
actual matrix xF 0 (k) can be constructed as follows:

cos−1 p0 (k)
ip0 (k) · σ ,
(3.19)
xF 0 (k) = a0 1 + p
T 1 − p20 (k)
with an identical expression for xF 00 (k) in terms of p00 .

3.2.4

The quasirapidity spectrum

With the addition of the two-step driving protocol, the number of system parameters is quite large. One now needs to specify two chemical potentials µ1
and µ2 , as well as the driving period T and the relative step length t1 /t2 . As a
starting point to understanding the phase diagram, there are two simple limits:
trivially, if µ1 = µ2 , there is no actual driving and we revert to the undriven
case. Secondly, in the high-frequency limit (T → 0), time evolution is governed
by the time-averaged Liouvillian [69]. In this case, that is simply the dissipative
Kitaev chain with µ = (t1 µ1 + t2 µ2 )/T .
The quasirapidities, i.e. the eigenvalues of xF , are defined up to a multiple
of 2πi/T and can therefore be restricted to the first Floquet Brillouin zone:
−π/T < Im(β) ≤ π/T . As the driving period is increased, starting from the
limit T → 0, the Floquet Brillouin zone shrinks. Eventually the edges will hit
the rapidity bands, at which point the gap at π/T closes. This is illustrated in
the right panel of Figure 3.3. After an intermediate region with broken AUS,
the gap reopens and we find the first Floquet resonance — a phase characterized
by avoided crossings of the quasirapidity bands. In case of OBC, the reopening
of the gap will leave an edge mode there. As T is further increased, these
resonances become more frequent and start to overlap. This is the mechanism
that leads to multiple edge modes per gap.
The real part of the quasirapities, shown in the left panel of Figure 3.3, is
exactly equal to a0 as long as the AUS is unbroken. Only where the symmetry
is broken, and one of the band gaps is closed, we see elliptic ‘bubbles’ appearing
in the real part of the spectrum, just like in the undriven case. The width
of these bubbles is proportional to g∆, but also depends nontrivially on the
other parameters. In the next section, we will see how the Floquet Majorana
edge modes fit into this spectrum and how they relate to the different winding
numbers.
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Figure 3.3: Real (left) and imaginary (right) parts of the quasirapidity bands
β(k) as a function of the driving period T . In this plot, 50 levels per band
are drawn. The dashed line shows the edge of the Floquet Brillouin zone at
±π/T . AUS-broken regions can be seen as ‘bubbles’ in the real spectrum and
correspond to closed band gaps in the imaginary part. Parameters are : J =
1, γ = 0.8, g = 1.0, ∆ = 0.4, µ1 = 0, µ2 = 6 and t1 = t2 .

3.3
3.3.1

Dissipation and Floquet topological order
Winding numbers

At last we are ready to calculate ν0 and νπ , the two numbers that characterize
the topology of the driven-dissipative Kitaev chain. Note that the winding
number of xF 0 (k) is the same as that of p0 (k) · σ, since they share a set of
eigenvectors. Furthermore, the AUS guarantees that p0x and p0y are real, while
p0z is purely complex. Therefore we can use the techniques from section 2.3.5 of
the undriven case to compute:


Z π
∂ 0
0
px
p0 ∂ p0 − p0y ∂k
p
1
z
1 ± q
 x ∂k y
dk ,
(3.20)
ν 0 = Re
2
2
0
0
2π −π
px+py
p0 2 + p0 2 + p0 2
x

y

z

where the components of p0 are derived from Eq. (3.16). As before, we only
consider the real part, which is quantized when the AUS is unbroken. The
same calculation can be done for xF 00 (k), at the other time-reversal invariant
point. By adding and subtracting the resulting winding numbers, we find the
two topological invariants of the driven system:
ν0 =
62

1 0
(ν + ν 00 ) ,
2

νπ =

1 0
(ν − ν 00 ) .
2

(3.21)
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Figure 3.4: Winding numbers ν0 (left) and νπ (right) as functions of T and µ1 .
Hatched areas denote the intermediate regions where the bulk bands touch, either at β = a0 (hatching: ///) or at β = a0 + iπ/T (hatching: \\\ ). Parameters
are : J = 1, γ = 0.8, g = 1.0, ∆ = 0.3, µ2 = 0 and t1 = t2 .

Figure 3.4 shows the winding numbers ν0 and νπ for different values of µ1
and the driving period T , keeping the other parameters fixed. The regions with
shading show where the bulk bands touch and the AUS is broken. Which gap
is closed can be seen from the hatching pattern. Overall, these regions neatly
coincide with changes in the corresponding winding number, with one striking
exception: just after T = 4, one of the winding numbers changes by 2, without
an AUS-breaking intermediate region. We investigate this further when taking
a closer look at the edge modes under OBC.
Aside from the anomalous transitions mentioned above, the phase diagram
of the driven-dissipative Kitaev chain has the same rib structure of Floquet
resonances that appears in previous work [66, 72, 73]. The total number of edge
modes, given by |ν0 | + |νπ |, corresponds to that found by [73]. Although the
splitting into ν0 and νπ is clear from the viewpoint of topological classification,
it is less obvious what the physical difference is between the two types of edge
modes. Could one construct an observable that is sensitive to one, but not the
other? So far, we have not found any.
A promising angle that we have not yet explored is borrowed from the study
of spin chains and known as stroboscopic spin textures [41, 45, 73] or nonlocal
string order [50, 79], although it might not work with broken chiral symmetry.
If applicable to our system, these techniques could potentially distinguish the
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two different winding number ν0 and νπ in the driven system.

3.3.2

Floquet Majorana edge master modes

In order to study the bulk-boundary correspondence in the driven-dissipative
system, we want to compare the bulk winding numbers with the quasirapidity
spectrum under OBC. We do this in Figure 3.5, where quasirapities and winding
numbers are shown as a function of the driving period T . The spectrum is
obtained using exact diagonalization (ED) of X1 and X2 , in order to compute
their matrix exponentials. Combining these exponentials into exp(XF T ), which
is again diagonalized numerically, we recover the Floquet quasirapities.
As the Floquet resonances accumulate, the number of edge modes in each
gap can be clearly seen in the real part of the spectrum (middle panel of Figure
3.5). Away from the AUS-broken regions, these numbers neatly coincide with
the two bulk winding numbers ν0 and νπ , computed numerically per Eq. (3.20)
and shown in the top panel of the same figure. The real part of the quasirapidities, which arises purely as a consequence of non-Hermiticity, is more
than a visual aid to distinguish the different edge modes: in the absence of
chiral symmetry, it provides the mechanism that prevents two edge modes from
recombining and scattering, even when they occupy the same edge and the
same gap. As long as the real parts of the quasi-rapidities are different, the
corresponding modes cannot hybridize.
However, the hybridization of two edge modes can occur when they have
the exact same quasi-rapidity. At that point, the imaginary parts of the pairs
of edge modes can repel each other, resulting in two pairs with the same real
part. These hybridized edge modes have an imaginary part that is neither 0
nor π/T and are not counted by the winding numbers, although they are still
localized at the edges. Whether they are also topologically protected in some
way is an interesting open question. If they are, then this can be seen as further
violation of the bulk-boundary correspondence. These hybridized edge modes
can be observed for certain values of T as additional black lines in the real part
of the spectrum in the middle panel of Figure 3.5. They are present around
T ≈ 3.7 (enlarged in an inset), as well as for T > 4.5. A similar phenomenon
seems to happen around T ≈ 4.2, where νπ jumps from −2 to 0 while the bulk
band gaps do not close. In the real part (also enlarged in an inset), we see two
pairs of edge modes (blue lines) coming together and disappearing.
Another poorly understood feature of Figure 3.5 is the black noise around
Re β = a0 at larger values of T . This noise is clearly visible in the magnification of the two insets and implies the existence of another mechanism for AUSbreaking. It is purely an effect of the open boundary conditions and therefore
does not appear in the analytical calculations of section 3.2.3. Systems governed by non-Hermitian Hamiltonians can be extremely sensitive to boundary
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Figure 3.5: Winding numbers and quasirapidities as a function of the driving
period T . Shaded regions are where the AUS is broken, with the bulk band
gap closing either at β = a0 (red) or β = a0 + iπ/T (blue). Outside of these
regions, the winding numbers ν0 and νπ are shown in the top panel. The real
and imaginary parts of the quasirapidity spectrum under OBC are shown in
the bottom two panels. Red dots correspond to rapidities with Im(β) = 0,
blue dots to Im(β) = π/T . This is to highlight the two types of edge modes,
which can be seen clearly in the real part of the spectrum as lines connecting
different AUS-breaking ‘bubbles’. The number of pairs of red and blue edge
modes is given by |ν0 | and |νπ | respectively. The insets in the middle panel
show magnifications of regions where edge modes hybridize. Parameters are:
N = 100, J = 1, γ = 0.8, g = 1.0, ∆ = 0.3, µ1 = 12, µ2 = 0 and t1 = t2 .
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conditions, something known as the skin effect [59, 80]. This could also be at
play in our system.
Finally, the localization of the Majorana edge master modes is shown in Figure 3.6 at T = 2.5, where three localized modes on the left edge are depicted.
Interestingly, the eigenvectors have components in both Majorana sectors (separated in the figure by the dashed vertical line). Compare this to the undriven
case from Chapter 2, in which the edge modes are restricted to one Majorana
sector each. As expected, the components fall off exponentially with distance
from the left edge. There is also an oscillating factor to this exponential decay,
which is absent in the undriven system. Such oscillation is likely necessary to
accommodate multiple orthogonal modes per edge.

3.3.3

Stroboscopic time evolution and steady state

We have found that the winding numbers of the driven-dissipative Kitaev chain
follow the structure of the Floquet resonances. Inspired by the treatment of the
undriven system in the previous Chapter, it would be interesting to link these
winding numbers to the dynamics or steady-state expectation values of observables. In this section we study the stroboscopic time evolution of observables,
once again making use of the covariance matrix.
For a time-dependent Liouvillian, Eq. (1.33) still holds and the covariance
matrix C(t) satisfies the differential equation [72]:
d
C(t) = XT (t)C(t) + C(t)X(t) − iY .
dt
We can rewrite this equation using the structure matrix A(t), as


d
1 C(t)
D(t) = [A(t), D(t)] , D(t) ≡
,
0
0
dt

(3.22)

(3.23)

which in turn is satisfied by the following familiar form:
Z
D(t) = T exp

t

t


 Z
dτ A(τ ) D(0) T exp −

0


dτ A(τ ) .

(3.24)

0

We can now find a solution for the Floquet steady state by requiring that D is
unchanged after one period:
DF = eAF T DF e−AF T

⇒

T

CF eXF T − e−XF T CF = iQ ,

(3.25)

where Eq. (3.8) was used to obtain a discrete-time Lyapunov equation for the
Floquet steady state covariance matrix CF [72].
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Figure 3.6: Eigenvectors of XF corresponding to three Majorana edge master
modes on the left side of the driven-dissipative Kitaev chain. The absolute
values of the 2N vector components are shown on a semi-log scale, to highlight exponential localization of the edge modes. Unlike the undriven case, edge
modes are spread across the two different Majorana sectors, which are separated in the figure by the dashed vertical line. The inset legend shows the
corresponding quasirapities βF , indicating two edge modes with Im βF = 0 and
one with Im βF = π/T , consistent with figure 3.5. Each of the modes has an
AUS partner on the right edge. Parameters are: N = 100, J = 1, γ = 0.8, g =
1.0, ∆ = 0.3, µ1 = 12, µ2 = 0, T = 2.5 and t1 = t2 .

Let us consider CF 0 , the stroboscopic covariance matrix in the infinite time
limit, at the first time-reversal invariant point t0 . From this matrix, we can
derive stroboscopic expectation values of all other observables. Once again we
turn to the steady state current hJ iss under PBC, studied in section 2.4.6 for
the undriven system. In Figure 3.7, the results are shown for two values of
the system-bath coupling g. As before, stronger dissipation smoothens out the
transitions and, in this case, destroys most of the structure from the phase
diagram. With weak dissipation, this resonance structure is clearly visible and
for T < 3 there appears to be a direct correspondence between the steady state
current and the total winding number |ν0 | + |νπ |. A relation to the heat current
discussed in [73] is possible.
For the stroboscopic time evolution from an initial state, we can use the
properties of block-triangular matrices to write the forward and backward prop67

3. The driven-dissipative Kitaev chain

Figure 3.7: Floquet steady state expectation values of the current J under
PBC. On the left, weak system-bath coupling (g = 0.1). The current appears
sensitive to the total winding number |ν0 | + |νπ |, at least for small T . On the
right, stronger dissipation (g = 1.0) causes the resonance structure to largely
disappear. Other parameters are : J = 1, γ = 0.8, ∆ = 0.3, µ2 = 0 and t1 = t2 .
agators for D over n periods as:


n−1
n

P −mXT T
−nXT
(n−m−1)XF T
−XT
FT
F
FT
e
−i
e
Q
e
e
−iQ
,
=
enAF T =
m=0
0
e XF T
nXF T
0
e


n−1
P (n−m)XT T
T
F
Q e(m−1)XF T 
enXF T i
e
e−nAF T = 
.
(3.26)
m=0
0
e−nXF T
Using Eqs. (3.23) and (3.24), we can apply this block decomposition to find an
equation for the covariance matrix after a number of periods:
T

C(nT ) = e−nXF T C(0) e−nXF T + i

n−1
X

T

e−mXF T Q e−(m+1)XF T .

(3.27)

m=0

In the limit n → ∞, the first term vanishes (assuming the steady state is unique)
and the second can be readily shown to satisfy Eq. (3.25).
68

3.4. Floquet Hamiltonian and Bath matrices

3.4

Floquet Hamiltonian and Bath matrices

In the final part of this chapter, we consider the properties and derivation of
the Floquet Liouvillian L̂F . From the off-diagonal matrix Q, it is possible to
compute an effective matrix YF . Again by requiring [AF , exp(AF T )] = 0,
where AF has the block structure from Eq. (1.27) and exp(AF T ) is given by
(3.8), we see that YF must satisfy the equation:
− exp(−XTF T )YF + YF exp(XF T ) = XTF Q + QXF .

(3.28)

This is consistent with the fact that CF should satisfy both the discrete Lyapunov equation (3.25) and the continuous one given by:
XTF CF + CF XF = iYF ,

(3.29)

as can be seen by plugging (3.25) into (3.28) and doing some basic manipulation.
From XF and YF , one can reconstruct the effective Hamiltonian and bath
matrices:
HF = −
MF =

1
(XF − XTF ) ,
8i

(3.30)

1
(XF + XTF + iYF ) .
8

(3.31)

Using an eigenvalue decomposition of MF , one can even recover effective Lindblad operators, although those are far from unique.
Because the quasirapidities are only defined within a given Floquet Brillouin
zone, HF and MF have a kind of gauge freedom. By shifting some or all βF to
a different Floquet Brillouin zone, the matrix XF changes as follows:
XF

−→

XF +

2πi X
nj v ∗j ⊗ uj ,
T j

nj ∈ Z .

(3.32)

While this transformation does not affect any physical properties, it makes sense
to choose a gauge that reproduces XF = X in the trivial limit of X1 , X2 → X,
in which there is no driving at all. When taking this limit, the quasirapidities
should turn into the rapidities of X and no longer depend on the driving period
T . Choosing such a gauge is known as unfolding the spectrum [66], and the
result is shown in Figure 3.8. Fixing the gauge of XF also determines YF and
consequently HF and MF as well.
For the closed system, we know from [66] that the unfolded Floquet Hamiltonian becomes nonlocal in regimes characterized by Floquet resonances. By
nonlocal we mean that HF gains long-range hopping terms that fall off algebraically with distance. Without the unfolding procedure, some of the resonances (specifically those with avoided crossings at 0) do not show the nonlocal
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Figure 3.8: By fixing a different gauge, the imaginary part of the rapidity spectrum can be ‘unfolded’ from the first Floquet Brillouin zone (left) to encompass
higher Brillouin zones as Floquet resonances build up (right). This unfolding is
necessary to ensure the correct limit of XF when µ1 → µ2 . Dashed lines mark
the edges of different Brillouin zones at multiples of ±π/T . Parameters for this
plot are: J = 1, γ = 0.8, g = 1.0, ∆ = 0.3, µ1 = 6, µ2 = 0 and t1 = t2 .

behavior. It would be interesting to apply the same analysis to the drivendissipative system and study the nonlocality of the effective Hamiltonian and
bath matrices.
Unfortunately we run into a problem when unfolding the rapidity spectrum.
In order to have stroboscopic Markovian dynamics, with a well-defined Floquet
Liouvillian L̂F , the matrix MF must be Hermitian and positive-semidefinite.
This is not necessarily true for all gauges, or even for any gauge [78]. In case of
the latter, the driving induces non-Markovian time evolution. A brief numerical analysis indicates that the folded spectrum seems to yield a bath matrix
MF that satisfies these conditions, whereas the unfolded spectrum does not.
However, an analytical proof appears to be highly nontrivial and will be left
for future work. If this conjecture holds more generally, that would raise new
questions about the meaning of the unfolding procedure and the static limit.

3.5

Conclusion

The addition of periodic driving to the dissipative Kitaev chain makes for some
incredibly rich physics and we have only explored the tip of the iceberg. The
phase diagram of the driven-dissipative system mostly follows the regions defined by Floquet resonances, which can overlap to produce higher winding numbers and multiple pairs of edge modes. Having multiple modes localized on each
edge can lead to interesting phenomena such as hybridization. Precisely under
which conditions these hybridized edge modes exist and what their relation is
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to the bulk topological order are still open problems. Like in the undriven open
system, topological phases are separated by intermediate AUS-broken regions.
However, there also seem to be other mechanisms of AUS-breaking, connected
to the driving and the OBC, that are not yet understood.
Having multiple Majorana edge master modes per edge is consistent with
several results from the literature [45, 73, 74], but exactly how these modes are
protected by symmetry is something that requires further investigation. This
also ties into questions about hybridization and the effects of spontaneous AUS
breaking. Additionally, a better understanding of the role that these edge modes
play in the expectation values of observables would be a difficult but important
next step. We have numerically studied the steady state current under PBC
and found a remarkable correspondence with the total number of edge modes,
at least for sufficiently weak system-bath coupling. Follow-up research could
take a closer look at the dynamics of observables, similar to the analysis from
section 2.4.3 in the undriven case. The formalism is there.
In conclusion, our results in this chapter may raise more questions than
they answer. Particularly with OBC, it becomes difficult to make analytical
predictions for the driven-dissipative system. Nonetheless, we have described a
valuable proof-of-concept and provide several starting points for further work.
It is clear that, even in the absence of interactions, there is still a lot to discover
we when look beyond the well-studied waters of equilibrium physics.
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CHAPTER

Symmetry-protected
relaxation of observables
Based on Ref. [2]

4.1

Introduction

The previous chapters have been concerned with non-interacting open quantum
systems, which can be solved exactly to a large extent. As soon as interactions
are involved, it becomes much more difficult to make quantitative predictions
about time evolution. This does not only include interacting Hamiltonians, but
also many types of dissipation that may induce interactions. As an example,
consider a spin system with local bulk dissipation: after a Jordan-Wigner transformation, the resulting fermionic Lindblad operators are no longer linear due
to Jordan-Wigner strings, such that the techniques of section 1.4 are not applicable. Various algebraic methods have been used to solve Lindblad equations
for interacting systems [81–83], requiring the unitary and dissipative parts to
form a closed algebra. Additionally, very specific models have been mapped to
integrable closed systems, solvable by Bethe ansatz [84]. On the other hand,
numerical approaches are typically restricted to either very short time scales
or to the infinite-time limit. Properties of the full relaxation process are surprisingly difficult to probe, but as we will see in this chapter, the presence of
symmetries can simplify the problem.
Symmetry structures in the context of open quantum systems have been
studied mostly in relation to stationary states and conserved quantities [31, 85–
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87]. They are closely tied to the theory of decoherence-free subspaces and subsystems, which are considered promising candidates for quantum memory [88].
However, symmetries can also play an important role in the dynamics at shorter
time scales. These dynamics satisfy the Lindblad equation and are generated by
the Liouvillian superoperator L̂, acting on the space of linear operators. Symmetries allow for a separation of operator sectors, which split up the spectrum
of L̂. For an observable, this means that large parts of the spectrum may not
contribute toward the time evolution of its expectation value, depending on the
symmetry properties of the observable. We use this phenomenon, combined
with the spectral structure of a PT-symmetric Liouvillian [89], to study a scenario where dissipation affects the dynamics of observables in a predictable and
coherent manner.
In general, adding a non-unitary part to a system’s time evolution introduces
many new time scales, corresponding to the decay rates of the different modes
of the time evolution’s generator L̂. For a generic system, all of these modes will
contribute at intermediate times, affecting the dynamics in a highly nontrivial
way. In the system we study — a spin- 12 XXZ Heisenberg chain affected by bulk
dephasing noise — some observables are protected by symmetry from all but
one of the system’s decay rates. The result is an overall damping factor such
that the unitary dynamics are preserved for weak system-bath coupling. This
surprising effect should be experimentally measurable and may be relevant for
the control of decoherence in many-body quantum gates.
The structure of this chapter is as follows: in section 4.2, we review the
spectral decomposition of the Lindblad master equation. Section 4.3 details
the different types of symmetries and their interplay in Liouvillian dynamics.
Section 4.4 describes how these symmetries apply to the spin- 12 XXZ Heisenberg
chain with bulk dephasing. Finally, we study the staggered magnetization after
a Néel quench, as an example of symmetry-protected coherent relaxation.

4.2

Lindbladian time evolution

In section 1.3, we have briefly mentioned the spectral decomposition of Liouvillians and density matrices. Since this will play an important role later in
this chapter, we will expand upon a few of those concepts here. Superoperators such as the Liouvillian L̂ act on the space B(H), consisting of all linear
operators acting on the Hilbert space of quantum states H. In turn, B(H) itself can be treated as a Hilbert space with the Hilbert-Schmidt inner product:
(A, B) ≡ tr(A† B). In what follows, we will be particularly concerned with nondegenerate Liouvillians, which are diagonalizable1 and can therefore be written
1 This is not generally true for Liouvillians. However, a non-diagonalizable superoperator
can be expressed in a comparable form using a Jordan decomposition. Most of the following
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as a spectral decomposition:
X
†
L̂ρ =
λm tr(vm
ρ) um ⇒

ρ(t) =

m

X

†
etλm tr(vm
ρ(0)) um ,

(4.1)

m

†
um ) = 1. Since L̂ is
where L̂um = λm um and L̂† vm = λ∗m vm such that tr(vm
not Hermitian, its left and right eigenmodes are not equal. The modes um and
vm form a complete biorthogonal basis of B(H).
Ultimately we are interested in the behavior of observables under Lindbladian dynamics. Expanding the time evolution of the expectation values of
observables yields:
X
†
hO(t)i = tr(Oρ(t)) =
etλm tr(vm
ρ(0)) tr(Oum ) .
(4.2)
m

At sufficiently long times, the dissipative gap dominates all higher decay modes
and determines the rate at which the steady state is approached. For some
systems the gap may close in the thermodynamic limit, leading to algebraic
decay [91]. But as we will see, the presence of symmetries can throw a wrench
into this simplified picture. Each symmetry sector has its own gap and the
decay rates can be vastly different between observables.
It is also illuminating to consider the spectrum of the Liouvillian for a closed
system. The eigenvalues are purely imaginary and given by λ = i(i −j ), corresponding to the eigenmodes |ψi ihψj | with H|ψi i = i |ψi i. There is a degeneracy
at λ = 0, the size of the entire Hilbert space, as projectors onto energy eigenstates are naturally stationary. If we then turn on a weak dissipation, degenerate
perturbation theory shows that these diagonal modes |ψi ihψi | will hybridize and
their eigenvalues will spread out. In the case of Hermitian Lindblad operators
L†i = Li or in the presence of PT symmetry (see section 4.3.3), they will stay
on the real axis.

4.3
4.3.1

Symmetries in Hilbert space, Liouville space and
beyond
Strong symmetry

In the context of unitary time evolution, discrete symmetries are relatively
straightforward. They are typically generated by a Hermitian operator O, acting
on the Hilbert space H, such that [H, O] = 0. As a result, energy eigenstates are
simultaneously eigenstates of O. The Hilbert space can therefore be separated
qualitative statements will still hold true in this situation, although one can get power-law
contributions to the expansion of ρ(t). See e.g. [26, 90]
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into blocks, one for each eigenvalue of O, which are preserved under unitary
time evolution. If there are multiple, mutually commuting symmetries, then
there will be subblocks within each symmetry block.
When adding a dissipative, non-unitary part to the time evolution, this story
becomes slightly more complicated [31]. Symmetry on the level of the Hilbert
space H, as described above, still exists and we will call this a strong symmetry,
following Ref. [92]. In the case of Lindbladian evolution, the operator O should
not only commute with H, but also with each Lindblad operator individually:
[Li , O] = 0 ∀i. Once again the Hilbert space separates into blocks. Of course
non-unitarity will produce mixed states, but it only mixes states within the
same symmetry block.
This block structure of H can be lifted to the space of linear operators
B(H), which we will call Liouville space. To make this more precise, consider n
symmetry blocks Ui that form a partition of H. We can then partition B(H) into
n2 blocks Ûi,j spanned by operators of the form |ψihφ| with the states |ψi ∈ Ui
and |φi ∈ Uj . Because of the strong symmetry, the n ‘diagonal’ blocks2 Ûi,i
must each have their own steady state. In rare cases, some ‘off-diagonal’ blocks
may also contain fixed points of the Liouvillian, yielding what is known as a
decoherence-free subspace [93].
A trivial example of a strong symmetry can be found in section 1.3.1. Since
the Hamiltonian of that example commutes with the Lindblad operator (and
trivially with itself), the two energy eigenstates form one-dimensional symmetry
blocks, each one containing only a steady state. Therefore the energy eigenstates
do not mix under the Lindbladian time evolution. The ‘off-diagonal’ blocks correspond to the two decay modes, which ultimately lead to decoherence, turning
quantum superpositions of the eigenstates into statistical mixtures.

4.3.2

Weak symmetry

One can also have a block structure in Liouville space without the strict conditions of a strong symmetry. The only requirement for such a structure is a
unitary superoperator that commutes with the Liouvillian: [L̂, Ô] = 0, where
unitarity is defined as preserving the Hilbert-Schmidt inner product. This is
known as a weak symmetry (or a dynamical symmetry in some literature [94]).
Note that this requirement is immediately satisfied in case of a strong symmetry
by defining Ôρ = Oρ O† . But a weak symmetry by itself does not imply the
presence of multiple steady states. In general, only one block will contain the
steady state, while the others are spanned by traceless decay modes.
2 These should not be thought of in the sense of a block-diagonal matrix. For example,
one can block-diagonalize the Liouvillian superoperator L̂, in which case all blocks Ûi,j will
be on the diagonal. Instead, these ‘diagonal’ blocks relate to the diagonal matrix elements of
operators.
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As an example of weak symmetry, we consider the translation invariance of
the dissipative Kitaev chain with periodic boundary conditions, described in
Chapter 2. By coupling an identical, local Lindblad operator Lj to each site
j, we break translation invariance at the level of quantum states. After all,
the individual Lindblad operators are not translation invariant, so it is not a
strong symmetry. To see that it is a weak symmetry, consider the translation
operator T , corresponding to a lattice translation by one site. We then define
the superoperator T̂ as:
T̂ Lj = T Lj T −1 = Lj+1 .

(4.3)

For a periodic system with uniform bulk dissipation, it is now easy to check
that [L̂, T̂ ] = 0, since T̂ simply rotates the different Lindblad operators. Therefore, a translation-invariant density matrix T̂ ρ = ρ will remain so at all times.
Note that a translation-invariant density matrix does not imply a translationinvariant state! All pure momentum eigenstates |ki, as well as statistical mixtures of them, will correspond to translation-invariant density operators. For
example,
T |ki = eik |ki

⇒

T̂ |kihk| = T |kihk|T −1 = eik |kihk|e−ik = |kihk| .

(4.4)

Translation invariance is a weak symmetry and that is why the momentum k
of quantum states is not conserved. For the dissipative Kitaev chain, there was
only one steady state, in the sector k = 0. However, density matrices that are
diagonal in the momentum eigenbasis, will remain diagonal as they evolve in
time.
It is necessary to understand the symmetry structures of Liouville space
when studying the time evolution of observables. Each of the Liouvillian’s decay
modes is confined to one symmetry block. If an observable has no components
in a given symmetry block, then it is clear from Eq. (4.2) that any decay modes
in this block will not contribute towards the observable’s time evolution. This
can severely impact which parts of the spectrum are relevant, depending on
the observables of interest. An extreme example is the staggered magnetization
in the XXZ chain with dephasing, as we will see in section 4.4.1. One more
symmetry is needed to produce such a case, of a special type that acts on
the Liouvillian superoperator itself. Table 4.1 shows an overview of the three
different types of symmetries.

4.3.3

Liouvillian PT symmetry

PT symmetry in Lindbladian time evolution was first described in Ref. [89].
Since it features prominently in the rest of this chapter, we will summarize
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Symmetry

Acts on

Condition

Strong

H

[H, O] = [Li , O] = 0

Weak

B(H)

[L̂, Ô] = 0

R̂, F̂

B(B(H))

P̂ L̂0 P̂ = −(L̂0 )†

P̂ρ = F ρ

PT

Example in XXZ
M=

1
N

P

i

Siz

Table 4.1: Overview of different types of symmetries, acting on the hierarchy of
Hilbert spaces. The last column shows the examples from the XXZ Heisenberg
spin chain, as described in section 4.4. The notation B(A) refers to the vector
space of linear operators acting on space A.

its properties here but refer to the original paper for details. A Liouvillian is
PT-symmetric when it satisfies the condition:
P̂ L̂0 P̂ = −(L̂0 )† ,
L̂0 = L̂ + γ 1̂ ,

(4.5)
γ≡−

tr L̂
,
tr 1̂

(4.6)

where L0 is the traceless part of the Liouvillian, P̂ is some (unitary) parity superoperator (with P̂ 2 = 1̂ being the identity superoperator) and the Hermitian
adjoint is again defined using the Hilbert-Schmidt inner product. Since the unitary part of L̂ is already traceless, γ is always proportional to the system-bath
coupling strength. In words, this is an antisymmetry relating the adjoint of the
traceless part of the Liouvillian to a parity transformation of the same. While
this seems highly specific and not very physical, it can be considered a generalization of PT -symmetric quantum mechanics [95]. PT-symmetric Liouvillians
have some very nice properties and turn out to be surprisingly prevalent in spin
systems [96].
The spectrum of a PT-symmetric Liouvillian shows a second reflection symmetry axis in the complex plane, at Re λ = −γ. This is in addition to the
reflection symmetry across the real axis, which is guaranteed by hermiticity conservation. In the absence of degeneracies and for sufficiently weak system-bath
coupling, all eigenvalues lie on these two axes. This can be seen by applying
perturbation theory to the γ = 0 case, as mentioned at the end of section 4.2.
PT symmetry guarantees that the diagonal operators (in the energy eigenbasis) stay on the real axis when the dissipation is turned on [89]. Meanwhile,
the off-diagonal coherences are confined to move along Re λ = −γ as γ is increased. Only when two eigenvalues collide (thereby creating a degeneracy),
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they might shoot off into the complex plane. This can be described as a spontaneous breaking of the PT symmetry and at these points the Liouvillian becomes
non-diagonalizable [97].
While the decay modes with eigenvalues on the real axis originate from
purely diagonal operators, the perturbation does yield non-zero off-diagonal
elements to first order in γ. Likewise, those on the vertical axis may have nonzero diagonal elements under the dissipative perturbation3 . The claim that
decoherence is purely determined by modes with decay rate γ is therefore only
true for the asymptotic limit γ → 0. But beyond this limit, the presence of
weak symmetries can divide the spectrum in such a way that all decay modes
on the real axis are confined to one symmetry sector.
One can understand this as follows: consider a weak symmetry [L̂, Ô] = 0
where Ô has n distinct eigenvalues, which label the different blocks that partition the space of operators. Unless the dissipation is fine-tuned in a very
particular way, the Hamiltonian and dissipative parts of L̂ should separately
commute with Ô. This implies that ÔH = H, such that the Hamiltonian is
found in the sector corresponding
to eigenvalue 1, i.e. the invariant subspace
P
of Ô. Writing H =
i i |ψi ihψi |, the individual projectors onto the energy
eigenstates must also be part of that sector, assuming that Ô is not specifically
constructed to permute these different projectors (in which case it would be
unlikely to commute with the dissipator). In other words, all operators that are
diagonal in the energy eigenbasis are invariant under Ô and must belong to the
same symmetry block. In the presence of PT-symmetry, these are precisely the
operators responsible for the eigenvalues on the real axis! As the dissipation
is turned on perturbatively and the eigenvalues spread along the axis, these
diagonal decay modes will be mixed with others (introducing off-diagonal components), but only those within the same symmetry sector. Due to the weak
symmetry, the block structure is preserved.
We have shown that, for PT-symmetric Liouvillian dynamics with a weak
symmetry, all decay modes on the real axis belong to the same symmetry sector.
As mentioned before, this becomes relevant when studying the time-evolution
of the expectation value of observables. For observables outside out of this
sector, with no components invariant under Ô, the decay modes on the real
axis do not contribute. In case of sufficiently weak system-bath coupling, all
other decay modes lie on the vertical axis and decay at the same rate. The result
is an overall exponential damping factor, on top of the unitary dynamics of the
closed system. The interplay between weak and PT-symmetry, and its effect on
the dynamics of observables, constitutes the main result of this chapter. The
3 Unless the unitary and dissipative parts of the Liouvillian commute with one another.
In that case, diagonal and off-diagonal modes will remain separated. This would make the
dynamics largely trivial, though.
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rest of it is dedicated to a concrete example of the phenomenon.

4.4

XXZ Heisenberg spin chain with bulk dephasing

As an example, we consider the spin- 12 XXZ anisotropic Heisenberg chain, given
by the Hamiltonian
H=J

N
−1
X


y
x
z
Six Si+1
+ Siy Si+1
+ ∆Siz Si+1
,

(4.7)

i=1

with coupling strength J, anisotropy ∆, zero magnetic field and open boundary
conditions. Siσ are local spin operators at site i. For the dissipative part, we
√
consider bulk dephasing noise, defined by the N Lindblad operators Li = g Siz .
The Lindblad Master equation becomes:

N 
X
1
Siz ρSiz − ρ .
(4.8)
L̂ρ = −i[H, ρ] + g
4
i=1
This open quantum system cannot be solved by any known analytical methods,
except in the ∆ = 0 limit where it can be mapped to a Hubbard model and is
solvable by Bethe ansatz [84]. Nonetheless there have been some good numerical
studies on the system, in particular on the
P scaling of its dissipative gap [98].
Since the total magnetization M = i Siz /N commutes with the Hamiltonian and with all Lindblad operators Li , it serves as the generator of a strong
symmetry. This means that there are 2N − 1 magnetization blocks in H and
the same number of diagonal blocks in B(H), each of which has its own steady
state. These steady states are the maximally mixed states within each sector, as
is easily checked by insertion into the Lindblad master equation. Thanks to the
block structure, we can safely restrict ourselves to the zero-magnetization sector, which contains a lot of interesting physics. Note that the energy spectrum
within this sector is non-degenerate, except at specific values of ∆ corresponding
to the XXZ model’s roots of unity [99].
The zero-magnetization sector contains two additional weak symmetries,
corresponding to spatial reflection and spin inversion.
R=

N/2 

Y

i=1

F =

N
Y
i=1
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1 
−
− +
z z
Si+ SN
+1−i +Si SN +1−i + 2Si SN +1−i + 1
2

Si+ + Si−



⇒

z
RSiz R = SN
+1−i ,

⇒

F Siz F = −Siz .

(4.9)
(4.10)
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Figure 4.1: The spectrum of the Liouvillian for the dissipative XXZ Heisenberg
chain with N = 6, ∆ = 0.3 and three different values of the system-bath
coupling g. The plot axes, as well as g, are in units of the nearest-neighbor
coupling J. Eigenvalues are labeled according to their symmetry sector Ûp,q
with p, q ∈ {±1}. At the top, g = 0.003 < gP T ≈ 0.013 shows all eigenvalues
located on the two axes of reflection. Those on the real axis all belong to
sector Û+,+ . As g is increased, the PT symmetry is spontaneously broken and
eigenvalues of all sectors move away from the vertical axes, into the complex
plane.
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Both are parity operators, i.e. R2 = F 2 = 1 with eigenvalues ±1. R and F
commute with the Hamiltonian and which each other, but not with the individual Lindblad operators. However, it is easy to check that the superoperators
R̂ρ ≡ RρR and F̂ ρ ≡ F ρF do commute with the Liouvillian. Therefore the
zero-magnetization sector of the Liouville space is split into four blocks Ûp,q
labeled by the eigenvalues p, q ∈ {±1} of R̂ and F̂ . The steady state, being
proportional to the identity matrix, naturally is found in Û+,+ . In fact, any
decay mode that is purely diagonal in the energy eigenbasis will belong to this
symmetry block. This can be seen as follows: since any energy eigenstate |ψi is
also an eigenstate of R and F with eigenvalue ±1, we conclude that |ψihψ| must
be invariant under the superoperators R̂ and F̂ . This is relevant, considering
that the system is also PT-symmetric.
From the Lindblad master equation (4.8), we see that γ = gN/4 in our
case of bulk dephasing. Therefore the traceless part of the Liouvillian (4.8), as
defined in (4.6), is given by
X
L̂0 ρ = −i [H, ρ] + g
Siz ρSiz .
(4.11)
i

The parity superoperator P̂ is given by left-multiplication of the spin inversion
F , such that P̂ρ = F ρ. It is now simple to check that the condition (4.5) for a
PT-symmetric Liouvillian is satisfied:
X
P̂ L̂0 P̂ρ = −iF [H, F ρ] + g
F Siz F ρSiz
i

= −i [H, ρ] − g

X

Siz ρSiz = −(L0 )† ρ ,

(4.12)

i

Figure 4.1 shows the Liouvillian spectrum for three values of g. For sufficiently
weak coupling, all eigenvalues are located along the two axes of reflection. Those
along the real axis all correspond to decay modes in the Û+,+ symmetry block,
which can be understood as follows: in the limit g → 0, these decay modes are
purely diagonal in the energy eigenbasis and therefore even under R̂ and F̂ .
Because the dissipation preserves the symmetry structure in Liouville space,
the modes must remain in the Û+,+ sector as the perturbation is turned on,
even though they are no longer purely diagonal. In section 4.4.1, we will see
how this affects observables such as the staggered magnetization.
As g is further increased, the dynamics undergoes a transition where the
PT symmetry is spontaneously broken and some of the eigenvalues leave the
two axes. In Ref. [89], an estimate is given for the critical coupling strength
gP T at which this happens. By computing the operator norm of the dissipator4
4 As we are concerned with pure dephasing, the dissipator is diagonal in the local spin
basis. This makes it straightforward to find the largest eigenvalue.
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Figure 4.2: The variance of the real part of the Liouvillian spectrum as a function of the coupling strength g, computed in units of J for the dissipative
XXZ Heisenberg chain with N = 8 and ∆ = 0.3. The (blue) circles indicate the variance over all eigenvalues, while the (red) diamonds include only
those in the double-odd symmetry sector Û−,− . Values are rescaled by a factor
g −2 to account for a uniform linear dependence on g. A discontinuity around
gP T ≈ 0.0003 is clearly visible.

and estimating, in turn, the average density of states, we find the following
expression for our model:

gP T

(N − 1)2
≈J
N



−2
N
.
N/2

(4.13)

Unfortunately this quantity decays exponentially as N becomes large. However,
even for coupling strengths well above gP T , the effects of the PT symmetry
remain visible. Figure 4.2 shows the spread in the real part of eigenvalues,
both for all eigenvalues and for only those in the double-odd sector Û−,− . As
can be seen, the variance within the odd sector is far below that of the total
variance for a significant region of parameter space, even after the sharp jump at
g = gP T . This also ties into the results of Ref. [98], where a critical coupling gc is
described, at which the global dissipative gap switches from the even to the odd
symmetry sector. This coupling gc scales as N −2 , rather than exponentially.
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4.4.1

Staggered magnetization after a Néel quench

The interplay of PT symmetry and weak parity symmetries results in an interesting structure within the Liouvillian spectrum of the XXZ chain with dephasing noise. To find out whether this is more than just a mathematical oddity,
let us consider one of the natural observables for this system. The staggered
magnetization is defined as
Ms =

N
1 X
(−1)i Siz .
N i=1

(4.14)

Its expectation value is maximized in the Néel state, defined as |Néeli = | ↓↑↓↑
. . .i in the local spin basis. We can imagine preparing the system in the Néel
state and looking at the evolution of the staggered magnetization after the
state is released. This can be described as a quantum quench from the Ising
antiferromagnet (∆ → ∞) to the XXZ model, which was studied numerically
(in the absence of dissipation) in Refs. [100, 101]. Since the Néel state has nonzero overlaps with all energy eigenstates in the zero-magnetization sector, the
unitary dynamics at short times is extremely complex and difficult to study
analytically, even using the tools of integrability [102]. The numerics show
that the staggered magnetization Ms decays exponentially, modulated by an
oscillation in the gapless regime. In the non-interacting limit (∆ = 0), the
decay becomes algebraic and is described exactly by a Bessel function.
Because the Néel quench provides such a rich unitary dynamics, it is wellsuited to see the extreme effects of the symmetry structure within Liouville
space. Naively, one would expect the dissipation to introduce many new timescales
into the system, effectively destroying the characteristic behavior of the closed
†
system. Looking back to Eq. (4.2), the factor tr(vm
ρ(0)) is non-zero for all decay modes, due to the nature of the Néel state. As it is an eigenstate of neither
R nor F , the density matrix ρ(0) has components in all four symmetry blocks.
The factor tr(Oum ), on the other hand, depends on the symmetry properties
of the observable.
Assuming that N is even, the staggered magnetization is antisymmetric
under both of the parity symmetries:
RMs R = F Ms F = −Ms ,

(4.15)

and is therefore located within the Û−,− symmetry block of Liouville space.
It will be orthogonal under the Hilbert-Schmidt inner product to any decay
modes within other sectors. As a result, only the decay modes in Û−,− will
contribute toward the time evolution of hMs i, regardless of the initial state.
And thanks to the PT symmetry, for g < gP T all those modes have eigenvalues
on the vertical symmetry axis and hence decay with the same rate γ. The
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weak dephasing noise only introduces one new timescale after the Néel quench,
yielding an overall exponential damping factor on top of the existing (unitary)
exponential decay of the staggered magnetization.

4.4.2

Perturbation theory of hMs i

The above can be made more explicit by applying perturbation theory in g
to Eq. (4.2), expanding λm , um and vm . Since the perturbation does not mix
modes from different symmetry sectors, the expansion only involves off-diagonal
coherences and there are no degeneracies. In addition to the overall factor e−γt ,
we see a g 2 correction to the expectation value, due the shift of the decay modes
along the vertical axis. As a starting point, consider Eq. (4.2) in the g = 0
case. Assuming a non-degenerate energy eigenstate H|µi = µ |µi, we find that
um = vm = |µihν| with λm = i(µ − ν ). Since Ms is confined to the double-odd
symmetry sector Û−,− , only modes with µ 6= ν need to be considered.
Now we can turn on the dissipation and apply perturbation theory to these
off-diagonal modes. Writing the perturbation as
D̂ρ = D̂† ρ = −δρ +

X

Siz ρSiz ,

(4.16)

i

we find
†
2
λm = λ(0)
m + g tr(um D̂um ) + O(g )
X
= i(µ − ν ) − g + g
hν|Siz |νihµ|Sjz |µi + O(g 2 )
i,j

= i(µ − ν ) − g + O(g 2 ) ,

(4.17)

where we have used that hν|Siz |νi = 0. Similarly, the first-order correction to
the decay modes becomes:
um ≈ |µihν| − ig

X X hµ0 |Siz |µihν|Sjz |ν 0 i
|µ0 ihν 0 | .
µ − ν − µ0 + ν 0
0 0 i,j

µ ,ν
6=µ,ν

Note that the XXZ Hamiltonian is real and symmetric (most easily seen in
the Pauli-representation of the local spin basis), which means that the matrix
elements of Siz are also real: hµ|Siz |νi = hν|Siz |µi. Therefore, the first-order
correction is purely imaginary.
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The operators Ms and ρ0 = |NéelihNéel| likewise have only real matrix
elements. Plugging the results above into Eq. (4.2), we find:
X
2
hMs (t)i = e−γt
eit(µ −ν )+O(g )
(4.18)
µ,ν6=µ


X X hµ0 |Siz |µihν|Sjz |ν 0 i
× hµ|ρ0 |νi + ig
hµ0 |ρ0 |ν 0 i
µ − ν − µ0 + ν 0
0 0 i,j


µ ,ν
6=µ,ν



X X hµ0 |Siz |µihν|Sjz |ν 0 i
× hµ|Ms |νi − ig
hµ0 |Ms |ν 0 i .
µ − ν − µ0 + ν 0
0 0 i,j
µ ,ν
6=µ,ν

The cross terms, representing the corrections of order O(g), are purely imaginary and cancel out when completing the sum over µ and ν. As a result, the
leading order correction due to the shifting decay modes is proportional to g 2 :

hMs (t)i = e−γt hMs (t)i0 + O(g 2 ) ,
(4.19)
where hMs (t)i0 is the time-evolution for the closed system, as described in [100].
We have numerically confirmed the above using a master equation solver
[103] within the relevant symmetry sector [104] and the results are shown in
figure 4.3. Even for g much higher than gP T ≈ 10−5 , the exponentially damped
oscillations are preserved. The only effect of the bulk dephasing is an increase
of the decay rate, proportional to g, as predicted.

4.5

Conclusion

We have shown that the effect of weak bulk dephasing on the staggered magnetization of the XXZ spin chain consists of a single exponential damping factor
e−γ . This stems from the combination of various symmetries, acting on the
different levels of a hierarchy of Hilbert spaces. On the level of quantum states,
the conserved magnetization generates a strong symmetry, allowing a restriction to the zero-magnetization sector. On the level of operators, there are two
weak symmetries in the form of reflection R̂ and spin inversion F̂ , which divide
the Liouvillian spectrum into four blocks Ûp,q with p, q ∈ {±1}. And on the
superoperator level, the PT symmetry of the Liouvillian forces its spectrum into
a unique shape. The result is a spectral separation of the symmetry sectors,
where all modes contributing to the staggered magnetization Ms will decay at
the same rate.
It is now interesting to define a general recipe, that can be applied to
look for similar behavior in other systems. The required ingredients are a
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Figure 4.3: The staggered magnetization after a Néel quench of the XXZ spin
chain with N = 12 and ∆ = 0.4, for various values of the bulk dephasing
strength g (in units of J). For the closed system and for weak dephasing, the
expectation value shows an exponentially damped oscillation. The oscillatory
behavior is largely unchanged for g < 0.1. Dashed lines show exponential fits
of the envelopes. The bottom panel shows the resulting decay rates due to
the dephasing 1/τdiss = 1/τ (g) − 1/τ (0), with error bars acquired from the
exponential fit. It is clear that 1/τdiss is proportional to g. Parameters for this
computation were chosen to minimize finite-size effects.
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non-degenerate, PT-symmetric Liouvillian and an observable of interest that
is anti-symmetric under an additional weak parity symmetry. Since such antisymmetries are built into the algebra of fermionic and spin systems, we suspect
the phenomenon to be quite prevalent in such many-body models. Unfortunately it may be more difficult to find those properties in the simple bosonic systems that serve as popular models in quantum optics. Whether a PT-symmetric
Liouvillian is even possible in a purely bosonic system is an interesting open
question. We remark that the dissipative Kitaev chain, discussed in the previous
chapters, is an example of a PT-symmetric Liouvillian, due to its antiunitary
symmetry (AUS). However, as a non-interacting system, it will always have
degeneracies in its spectrum of energy differences, and therefore it never shows
the cross-shaped Liouvillian spectrum.
In Ref. [89], a boundary driven XXZ chain is given as an example of
PT
There, one
 relevant observable is the spin current J =
PNsymmetry.
−1
−
+
i i=1 Si+ Si+1
− Si− Si+1
which has vanishing diagonal elements in the energy eigenbasis, just like the staggered magnetization in our example above.
The reason for this is that J also is odd under the parity symmetries R and
F . However, this is not enough to ensure that the spin current relaxes with a
uniform rate, except in the limit of g → 0. As we have seen, the decay modes
on the real axis do have non-zero off-diagonal elements. Unlike the staggered
magnetization under bulk dephasing, J is not protected from these modes by
a weak symmetry. That is because the driving of the spin chain is no longer
symmetric under the superoperators R̂ and F̂ individually, but only under their
product [92]: [L̂, R̂F̂ ] = 0. The spin current is found in the even sector of this
weak symmetry, and so are the decay modes on the real axis. It can easily be
checked numerically that the contribution of these modes to the expectation
value is small but non-zero. Particularly at long times, they may have a noticeable effect due to the slower decay rates. Another observable that is confined
to the odd symmetry sector is the total magnetization, which is not conserved
by the boundary driving.
Also worth noting is that the addition of long-range interactions does not
break any of the symmetries described for the XXZ spin chain. Going beyond
nearest-neighbor coupling will affect gP T , but the structure of the symmetry
sectors and the Liouvillian spectrum will remain the same. This is experimentally relevant in the context of trapped ions, which allow quantum simulation
of spin chains with highly tunable long-range interactions [105–107]. For such
systems, bulk dephasing corresponds to local magnetic fluctuations within the
trap, although there are also methods to control the dissipation [108]. It is our
hope that the phenomenon of symmetry-protected coherent relaxation may be
detectable in these kind of experiments.
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Conclusion and outlook
We have investigated the effects of dissipation on different one-dimensional
many-body quantum systems: the Kitaev chain, with and without periodic
driving, and the XXZ Heisenberg spin chain. These models all serve to illustrate techniques we developed in order to study the dynamics of open quantum
systems. A common thread that connects those techniques is the importance
of symmetry.
Symmetry forms the foundation of topological order in the dissipative Kitaev
chain. Combining tools from the field of non-Hermitian Hamiltonians and the
study of non-interacting open quantum systems, we successfully described how
dissipation affects the topological order in this toy model. To do so, we used a
quite general framework and a logical next step would be to apply our analysis
to different systems with topological order. Of particular interest would be an
extension to higher dimensions, where topological order can exist without the
protection of symmetries.
One generalization of the dissipative Kitaev chain that we did study involved periodic driving. Unlike the system without driving, most aspects of
which we were able to fully understand, the driven-dissipative chain left us
with many open questions that warrant further research. While we found topological phases with higher winding numbers and multiple pairs of edge modes,
we also saw anomalous transitions that cast some doubt upon their robustness.
Furthermore, the two different types of edge modes and winding numbers provide a neat mathematical description, but it is not yet clear how they could be
distinguished using physical observables. Spontaneous symmetry breaking, and
how it could be affected by the boundary conditions of the driven-dissipative
Kitaev chain, is another subject for future work.
The real strength of symmetries in open quantum systems came to light
when we described the coherent relaxation of magnetization in the XXZ Heisenberg spin chain with dephasing noise. In this interacting model, symmetries at
different levels — acting on states, operators and superoperators — conspire to
limit the destructive effects of dissipation. Spin chains such as the one studied
here have been realized in various experiments, both in trapped ions and as an
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array of coupled quantum dots. A continuation of this work could therefore
include a comparison to experimental data, as well as a search for other models
that showcase symmetry-protected coherent relaxation.
Sometimes the world is a messier place than we would like it to be. The
beautiful mathematical framework of quantum mechanics can break down when
a system comes into contact with this great, messy world. If we want to use
the power of quantum mechanics for real applications like large-scale quantum
computing, we need to accept that not everything can be shielded perfectly from
its environment. Instead, we must better understand the effects of dissipation,
one model at a time.
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Summary
Symmetries and Topology in Quantum Baths
An important part of condensed matter theory is building models of many-body
quantum systems, in order to better understand the collective behavior of the
particles that constitute them. In many of these models, it is assumed that
the system is perfectly isolated from its environment, but this is not always
true for their counterparts in the real world. For example, a quantum computer may work flawlessly on paper, but any realization will have to deal with
environmental noise that can destroy the carefully prepared quantum superpositions on which the computer relies. That is why it is important to improve our
theoretical understanding of the effects of noise on condensed matter systems.
Systems that are not completely isolated from their environment are known
as dissipative or open systems. The environment can be modeled as a quantum
bath that is coupled to the system, similar to a heat bath from the theory of
thermodynamics. Although the model does not keep track of everything that
happens inside the quantum bath, it provides a probabilistic description of the
effect that the bath has on the system. In other words, it tells you the chance
that the environment will have disturbed the system in a certain way at any
point in time. The dynamics of such an open quantum system is no longer
predicted by the Schrödinger equation, which determines the time evolution of
an isolated quantum system, but by a generalization known as the Lindblad
master equation. Because the description is probabilistic, the time evolution
is irreversible and produces entropy, as information flows from the system into
the bath and disappears. The effect of a bath coupled to a quantum system is
therefore also known as dissipation.
In this Thesis, I study dissipation in a number of one-dimensional models
from condensed matter physics. The main purpose is to see how the dissipation
interacts with other properties, such as topological order and different types of
symmetries. Topology is the study of objects that can be smoothly deformed
into one another and its application to the electronic band structures of materials has led to a minor revolution in the field. So-called topological insulators
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and superconductors are exotic phases of matter characterized by perfectly conducting edge modes, that are protected from impurities or perturbations by the
symmetries of the system. By changing some of the system parameters, these
models can undergo a topological phase transition, in which the topological order changes and the edge modes vanish or appear. A simple one-dimensional
example of a topological superconductor is the Kitaev chain. It is this model
that I have studied in the presence of dissipation, hoping to find out what
happens to the topological order.
The dissipative Kitaev chain is a non-interacting model, which means that
almost any property can be calculated efficiently, even for a relatively large
number of particles. For the type of dissipation that I considered, where every
site of the chain is coupled to a quantum bath in the same manner, the edge
modes in the topological phase decay over time. However, the way they decay
can still tell us something about the topological order of the system. The dissipation also creates an intermediate region between the topological and trivial
phases, in which the topological order is not well-defined. Finally, if you wait
long enough, the dissipation causes a current to run through the system, which
appears to be somewhat sensitive to the topological order. If we add periodic
driving to the dissipative Kitaev chain, by switching the electric potential back
and forth between two values, this creates even more interesting topological
features. As a result of the driving, two different kinds of edge modes appear
and it becomes possible for multiple modes to accumulate on each edge.
Finally, I investigate the effect of dissipation on interacting models and how
symmetries might help us analyze this effect. The XXZ Heisenberg spin chain
with dissipation — a string of interacting quantum magnets, each one coupled
to a bath — serves as an example. While the dynamics of such a model are very
difficult to compute, certain observables like the total magnetization of the spin
chain behave in a peculiar way. By studying the symmetry properties of both
the system and the bath, I show that the dissipation causes the expectation
value of the magnetization to relax in a simple and coherent manner, only
adding an overall damping factor to the dynamics of the isolated system.

104

Samenvatting
Symmetrieën en Topologie in Kwantumbaden
Een belangrijk onderdeel van de theorie der gecondenseerde materie is het modelleren van veel-deeltjes-systemen, om het collectieve gedrag van die deeltjes
beter te begrijpen. In veel van zulke modellen wordt verondersteld dat het system perfect is afgesloten van zijn omgeving, maar dat is lang niet altijd het geval
in de echte wereld. Hoewel een kwantumcomputer, om een voorbeeld te nemen,
op papier prima kan werken, krijgt je onvermijdelijk te maken met ruis uit de
omgeving als je er echt één wilt bouwen. Die ruis kan de zorgvuldig geprepareerde kwantumsuperposities, noodzakelijk voor het maken van berekeningen,
volledig teniet doen. Daarom is het zo belangrijk om te blijven werken aan ons
theoretisch begrip van het effect van ruis op systemen uit de gecondenseerde
materie.
Systemen die niet geheel zijn afgeschermd van hun omgeving worden ook wel
dissipatieve of open systemen genoemd. De omgeving kan worden gemodelleerd
als een kwantumbad, vergelijkbaar met een warmtebad uit de thermodynamica.
Hoewel het model niet bijhoudt wat er allemaal gebeurd binnenin het kwantumbad, geeft het een stochastische beschrijving van het effect dat het bad heeft op
het systeem. In andere woorden, het vertelt je op ieder moment de kans dat het
systeem op een bepaalde manier verstoord is door het bad. De dynamica van
zo’n open system wordt niet meer voorspeld door de schrödingervergelijking,
die de tijdsevolutie beschrijft van een afgesloten kwantumsysteem, maar door
een generalisatie die bekend staat als de Lindblad mastervergelijking. Omdat
deze beschrijving stochastisch is, is de tijdsevolutie onomkeerbaar en produceert
deze entropie, aangezien er informatie vanuit het system naar het bad stroomt
en verdwijnt. Daardoor heet het effect van een bad op een kwantumsysteem
ook wel dissipatie.
In dit proefschrift bestudeer ik dissipatie in verscheidene één-dimensionale
modellen uit de gecondenseerde materie. Het voornaamste doel is het begrijpen van de wisselwerking tussen dissipation en andere eigenschappen, zoals
topologische orde en verschillende soorten symmetrieën. Topologie is de studie
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van objecten die, door middel van continue vervorming, in elkaar over kunnen
gaan. Door deze theorie toe te passen op de elektronische bandenstructuur van
materialen is er een kleine revolutie in het vakgebied ontstaan. Zogenaamde
topologische isolatoren en supergeleiders vormen exotische fases van stoffen,
gekenmerkt door perfect geleidende randtoestanden die door symmetrieën beschermd worden tegen oneffenheden of verstoringen. Door enkele parameters
van het systeem te variéren, kunnen zulke modellen een topologische faseovergang ondergaan, waarbij de topologische orde verandert en de randtoestanden
plotseling verdwijnen of verschijnen. Een eenvoudig voorbeeld in één dimensie is
de Kitaev-keten. Dat is het model dat ik bestudeerd heb in de aanwezigheid van
dissipatie, met de hoop te ontdekken wat er dan gebeurd met de topologische
orde.
De dissipatieve Kitaev-keten is een niet-interacterend model, wat betekent
dat bijna alle eigenschappen op een efficiënte manier kunnen worden berekend,
zelfs voor een relatief groot aantal deeltjes. In het geval van het type dissipatie
dat ik overweeg, waarbij elke schakel in de keten (bijvoorbeeld een atoom) op
dezelfde manier aan een kwantumbad wordt gekoppeld, blijken de randtoestanden in de topologische fase te vervallen als de tijd verstrijkt. De manier waarop
ze vervallen vertelt ons echter wel iets over de topologische eigenschappen van
het systeem. Ook blijkt er een tussenliggende fase te ontstaan, tussen de topologische en de triviale fase, waarin de topologische orde niet goed gedefiniëerd is.
Bovendien veroorzaakt de dissipatie, als je lang genoeg wacht, een elektrische
stroom door het systeem, die gevoelig lijkt te zijn voor de topologische orde. Als
we periodieke aandrijving toevoegen aan de dissipatieve Kitaev-keten, bijvoorbeeld door de elektrische potentiaal af te wisselen tussen twee waarden, blijken
er nog meer interessante topologische kenmerken te verschijnen. Dankzij de
aandrijving ontstaan er twee soorten randtoestanden en kunnen meerdere van
deze toestanden zich ophopen aan de randen van het systeem.
Tenslotte onderzoek ik het effect van dissipatie op interacterende modellen,
en hoe symmetrieën ons kunnen helpen bij het analyseren van dit effect. De
XXZ Heisenberg spin-keten met dissipatie — interacterende kwantummagneten
op een rijtje, elk gekoppeld aan een bad — fungeert als voorbeeld. Hoewel de
dynamica van zo’n systeem erg ingewikkeld is om te berekenen, zijn er bepaalde
observabelen (zoals de magnetisatie van de keten) die bijzonder gedrag vertonen.
Door de symmetrieën van zowel het systeem als het bad te bestuderen, toon ik
aan dat de verwachtingswaarde van de magnetisatie relaxeert op een simpele
en coherente wijze, als gevolg van de dissipatie. Deze blijkt alleen een globale
dampingsfactor toe te voegen aan de dynamica van het afgesloten systeem.
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