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On the alleged misidentification of 
tesseral modes 

J.H. Telting, C. Schrijvers 

Appeared in Astronomy & Astrophysics 317, 742-748 (1997) 

Abstract 

We use a model of a non-radially, adiabatically pulsating rotating star to generate 
time series of absorption line profiles. We analyse the spectral time series of a tesseral 
mode with pulsation parameters £=2 and m=—1, to obtain amplitude and phase dia
grams as a function of position in the line profile. We investigate whether the phase 
diagrams can be used to identify the pulsation parameters I and \m\ of this mode. 

As opposed to the findings of Reid & Aerts (1993), we find that the effects of the 
Coriolis force do not hinder the identification of the degree t of the pulsation mode, 
but that the exact value of i=90c that they used does. We show that for an inclination 
angle just slightly different from 90° the chances for an erroneous identification of the 
degree I of the i=2, rn=-l pulsation mode, by means of a spectroscopical phase di
agram, are very small. We also discuss the interpretation of observed line-profile 
variations in the Be star r\ Cen, where a tesseral mode with t=7 and m=|6| might be 
present. 

4.1 Introduction 

Many early-type stars are known to be pulsating in modes other than radial. The non-
radial pulsations divide the stellar surface in regions with different velocity fields, 
which, in the presence of rotation, redistribute the flux over the absorption line pro
file to create moving patterns of peaks and troughs. These features cross the profile 
from blue to red on a time scale of hours to days. Such line-profile changes have been 
observed, and successfully modelled as the result of non-radial pulsations (e.g., Smith 
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1978, Vogt & Penrod 1983, Baade 1984, Gies & Kullavanijaya 1988, Kambe et al. 1990, 
Henrichs 1991, Kennelly et al. 1992, Floquet et al. 1992, Reid et al. 1993). 

The two most widely studied spectroscopic methods to identify pulsation modes 
in early-type stars involve a period search on either the variations of the velocity mo
ments of the absorption lines (the moment method, Balona 1986, Aerts et al. 1992, 
Mathias et al. 1994) or the intensity variations across the line profiles (Gies & Kulla
vanijaya 1988, Kambe et al. 1990). 

With the first technique one looks for periodicity in the change of derived quan
tities (moments), such as equivalent width (Mo), apparent radial velocity (Mi), line 
width (Af2) and skewness (M3). Mode identifications are obtained by considering the 
characteristic changes as a function of pulsation phase in each of these quantities. 

With the second method (hereafter referred to as the Intensity Period Search, IPS) 
one searches for periodicity in the normalized intensity of each wavelength bin across 
the absorption line. For a star with a sufficiently high Ve sin i the pulsational variations 
of different parts of the stellar surface are Doppler-mapped to distinct parts of the 
absorption line profile, and the observed change in phase of the periodic variations as a 
function of wavelength can be used for mode identification. For the few reported mode 
identifications performed with the IPS method the authors assumed that the detected 
pulsation modes are sectoral, i.e. l=|m|. Telting & Schrijvers (1997, Chapter 3) showed 
(1) that this assumption is not necessary, (2) that the absolute phase difference of the 
intensity variations across the line profile is a good measure of the degree ((rather than 
the azimuthal order m), and (3) that in some cases the value of \m\ can be estimated 
from the phase difference of the line-profile variations with the first harmonic of the 
apparent pulsation frequency. 

Aerts & Waelkens (1993) discussed the implications of stellar rotation for the ve
locity field of normal mode eigenfunctions of slowly rotating stars, and in particular 
the effects on line-profile variations. Reid & Aerts (1993) used the model of Aerts & 
Waelkens to generate time series of absorption line profiles. They concluded that for 
the tesseral mode S.-2, m=-1 an analysis with the IPS method fails to retrieve the values 
of the input parameters. They attributed this to a combination of effects of the chosen 
value of the inclination, *'=90°, and effects of the rotation of the star, and questioned the 
general applicability of the IPS method. 

In this Chapter we show that the inconsistency as found by Reid & Aerts is entirely 
due to their choice of an inclination angle exactly equal to 90°, and not due to effects 
of rotation. Furthermore, we argue that the probability of misinterpreting the degree 
of the (=2 and m=—1 mode with the IPS method is very small, and hence that the 
applicability of the method is generally broader than suspected by Aerts & Waelkens 
(1993). 

This Chapter is part of a series on line-profile variations of non-radially pulsating 
stars. In Chapter 2 (Schrijvers et al. 1997) we presented the model that we use in our 
work, and discussed the effects of rotation and other parameters on the IPS amplitude 
and phase diagrams. In Chapter 3 (Telting & Schrijvers 1997) we investigated the gen
eral diagnostic value of the phases of variability as a function of wavelength (i.e. the 
phase diagrams). For other work on line-profile variations due to non-radial pulsations 
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4.1. Introduction 

Fig. 4.1. Left Radial velocity distribution of a normal mode with £=2, \m\=l and 
i=85°; the equator is indicated by the white line. Right Line-profile 
variations due to a pulsation mode with £=2, ra=-l, and i=85°, l£sin ;=100km/s, 
W=15km/s, Q/u<°>=0.25, Vmax=27.5km/s, fc(°'=0.25. The ticks on the horizontal axes 
mark Ve sin i. Right Line profiles for one complete pulsation cycle, and the vari
ations of the first (thick curve) and second (thin curve) velocity moment. The first 
moment has an amplitude of 0.02(l£ sin i) km/s ; the second velocity moment ranges 
between 0.24- 0.26(V£sin i)2 (km/s)2. Both moments are drawn on scales different 
from that of the line profiles. Left IPS diagnostics: (top) time series of residual 
spectra with intensity as grey levels; low intensity is coded dark, (middle) distri
bution of the amplitude of variations across the line profile, with the maximum value 
in units of average central line depth, (bottom) distribution of phase of variations 
across the line profile, with the blue-to-red phase difference in radians. Thick curves 
depict the amplitude and phase distribution 7o(A) and *o(A), thin curves depict the 
harmonic amplitude and phase distribution Vi (A) and \Pi (A) 

see e.g. Kambe & Osaki (1988), Lee et al. (1992), and Clement (1994). 

In Section 4.2 we briefly recall the model of non-radial adiabatic oscillations, and we 
discuss the analysis of generated time series of spectra in Section 4.3. In Section 4.4 we 
present the results of our computations and discuss in detail the effects of inclination 
and rotation on the observable line-profile variations caused by a spheroidal tesseral 
mode with £-2 and m=—1. We briefly discuss the case of the Be star rj Cen in Section 
4.5. We give concluding remarks in Section 4.6. 
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Fig. 4.2. As Figure 4.1, but for i=90°. Note that in this equator-on case the variation 
of the first moment vanishes for a mode with 1=2, |m|=l, and that the phase diagram 
^o is undefined since there are no intensity variations with the pulsation frequency. 
The second moment shows sinusoidal variations with twice the pulsation frequency, 
i.e. the first harmonic frequency. The amplitude and phase diagram of the intensity 
variations with the first harmonic frequency (h (A), *] (A)) are not very different from 
that for i=85° (Figure 4.1) 

4.2 Modelling non-radial pulsations of slowly rotating 
stars 

We model line profiles as due to adiabatic non-radial pulsations of a star. We use a 
model which is essentially the same as the one described by Aerts & Waelkens (1993) 
but with a few improvements which we discussed in Chapter 2. The model gives the 
velocity field for an adiabatic oscillation, as derived from a linear perturbation anal
ysis of the equations of stellar structure, including terms describing the effects of the 
Coriolis force. From the perturbation analysis it follows that the eigenfunctions of the 
star can be separated into an angular part with known dependence on the 0 and cj> 
coordinates, and a radial part containing the pulsation amplitudes which have an un
known radial dependence. The Lagrangian displacement vector at the stellar surface 
£=(fr, £«, £«) can be expressed as 

i = ^(l.*£.*^£)*T>?W)e> 

102 



4.3. The analysis of time series of spectra 

where asph,e is the spheroidal radial amplitude and k is the raho of horizontal to radial 
spheroidal amplitudes. The spherical harmonics Y™ specify the 9 and 0 dependence 
of the eigenfunction, and are normalized by the factor TV™ (see Chapter 2). In this 
equation the oscillation frequency w is defined in the frame that is corotating with the 
star. The toroidal terms are due to the Coriolis force; the known amplitudes at0r^-i and 
atOT}e+i are proportional to Sl/u;(0), with fi the rotation frequency of the star and u.'(0) 

the pulsation frequency in the non-rotating case. For a discussion of the limitations of 
this model we refer to Saio (1981), Martens & Smeyers (1982,1986), Aerts & Waelkens 
(1993) and Chapter 2. 

We write the surface value of the raho of horizontal to radial spheroidal amplitudes 
as fc=fc(0)+/c(1'n/o;(0) and use the expression for fc(1) as given in Chapter 2. For our study 
on line-profile characteristics we treat the unknown surface quantities asph and fc'°', the 
degree (, the azimuthal order m, and the rotation parameter Q/^,<0) as free parameters. 

We model the line-profile variations, as seen in the frame of the observer, as a re
sult of the Doppler velocities which are associated with the presence of the oscillatory 
motions on the surface of the star. We neglect the effects that local temperature and 
gravity changes might have on the line profiles. The velocity field of the oscillation is 
found by taking the time derivative of the Lagrangian displacement, and is calculated 
on a sphere with typically more than 5000 visible equally sized surface elements. Line 
profiles are then generated by a weighted integration of the Doppler-shifted Gaussian 
intrinsic profile (with width W, see Chapter 2) over all visible surface elements. The 
weights are given by the aspect angle of each element and by a linear limb-darkening 
correction with Q=0.35 (the phase diagrams do not depend on the limb-darkening co
efficient Q, see Chapter 2). When computing the aspect angles of the surface elements, 
we neglect the distortion of the star caused by the displacement field of the pulsation. 

4.3 The analysis of time series of spectra 

To investigate the effects of inclination and rotation for the line-profile characteristics of 
a spheroidal mode with 1=1 and |m|=l we generate time series of spectra and analyse 
these series in a similar way as Reid & Aerts (1993) did, thus creating phase diagrams 
as a result of the IPS technique. Additionally, we compute the first two velocity mo
ments of the line profiles; the moments are derived by a weighted summation of the 
normalized intensity I(V) across the line profile 

Mj = J(V - Viet)
j(l - I(V))dV , (4.2) 
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where Vref is a reference velocity. The first moment is calculated with the rest wave
length of the line as reference, yielding the radial velocity shift of the line. The second 
moment is calculated using the first moment as reference velocity Vre{, and gives a mea
sure of the squared width of the line. We normalized the velocity moments by dividing 
each moment by the equivalent width M0. The relation between our moments (Figures 
4.1 and 4.2) and the moments as defined by Aerts et al. (1992) is given in Chapter 2. 

In Figure 4.1 we present an example of an analysis of a time series of spectra. We 
chose the pulsation amplitude such that the maximum surface velocity vector of the 
pulsation Vmax = (,/Vl2 + V? + V?) equals 27.5km/s, and we used k^=0.25, i=85°, 

^ V ^ / max 

lésin?=100km/s, intrinsic line width W=15km/s, rotation parameter n/w(0)=0.25. In 
the bottom right part of the figure the amplitudes of the variations of the first (thick 
curve) and second (thin) velocity moments are given, expressed in units of Ve sin i and 
(lesin i)2 respectively. In the left part of the figure the amplitude and phase diagrams of 
the intensity variations are drawn. For each wavelength/velocity bin in the profile we 
fitted the normalized intensity l(X,t) with a combination of sinusoids with frequencies 
that are multiples of the input (observed) pulsation frequency 

/(A, t) = /mean(A) + /0(A) sin(u>obsf + *P0(A)) 

+ /1(A)8in(2wotat + *i(A)) 

+ /2(A)sin(3wob8t + *2(A)) . (4.3) 

In the figures we plot the amplitude and phase distributions of the line-profile vari
ations with frequency equal to the pulsation frequency IQ(X), ^O(A) and its first har
monic /i(A),$1(A) as a function of wavelength. 

From Figure 4.1 we see that, as expected (Chapter 3), the absolute phase difference 
of the line-profile variations with the pulsation frequency, when expressed in n radians, 
is close to the input value of the degree I of the dominant pulsation mode. 

4.4 The effects of inclination and rotation 

In Figure 4.2 we present our computations with the same input parameters as used for 
Figure4.1, except for the inclination which we set equal to 90°. We find that in the exact 
equator-on case the number of bumps in the profiles doubles (see also Kambe & Osaki 
1988), which is equivalent to an increase of the relative importance of the harmonic 
amplitudes. 

Furthermore, we see that the variation in the first velocity moment (i.e. centioid 
velocity) vanishes, and that the second moment shows variations with twice the pul
sation frequency. These features in the moment variations are typical for modes with 
an odd value for £—m that are seen from an equator-on perspective. This is the reason 
why identification of I, m and i with the moment method is straightforward for these 
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Fig. 4.3. Line-profile variations due to a non-radial pulsation mode with £=2 m=— 1, as 
a function of inclination angle i and rotation parameter Q/w'°'. See Figure 4.1 for the 
other relevant parameters. The amplitude and phase diagrams are all plotted on the 
same scale. Note that for i=90° the amplitude of the variations with the pulsation 
frequency (/o (A), thick lines) is zero throughout the line profile and that consequently 
the corresponding phase diagram (#o(-M, thick lines) is undefined. This is the case 
for both the zero-rotation model (fi/u;(0)=0) and the slow-rotation model (Q/u (o)>0) 
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cases. However, for pulsation modes with £^4 the variations in the first few moments 
are very small and hard to detect with present day observing techniques, and hence 
the moment method can only be used for low-degree modes. 

In Figure 4.3 we display our model calculations for different values of inclination 
and the rotation parameter n/w(0). The other relevant input parameters are the same as 
those used for the time series in Figures 4.1 and 4.2. The top row of panels in Figure 4.3 
shows the result of our calculations with a zero-rotation model. 

Note that we show three full pulsation cycles in the grey-scale diagrams, without 
explicitly specifying the time scales on the vertical axes. This way the pulsation fre
quencies appear to be constant in our diagrams (Figures 4.3 and 4.4), even though we 
vary Q/^'(0). The horizontal axes are scaled to Ve sin i. 

Inclination 
In Figures 4.2 and 4.3 we see that the amplitudes of the line-profile variations are rather 
low, which is the result of cancellation effects. In the equator-on case all line-profile 
variations leading to asymmetry of the line profile cancel out, since for an 1=1 |m|=l 
spheroidal mode the motions at the top half of the stellar disc are opposite to the mo
tions at the bottom half. However, these motions still give rise to changes in line width, 
which occur with a frequency of twice the pulsation frequency, i.e. the first harmonic. 

The fact that the line width varies can be understood by considering the integration 
of a blue and a red-shifted profile, either of them originating from the top or the bottom 
half of the equator-on stellar disc. The summation of these profiles results in a less-
deep and broader line profile than in the case of no oscillatory motions. Since in the 
integrated stellar light the observer cannot distinguish between top and bottom, the 
line-width changes appear with mainly the first harmonic of the pulsation frequency. 

Increasing the inclination to the equator-on situation one expects a decrease of vari
ations occurring with the input frequency, resulting in vanishing amplitudes for z'=90°. 
Since the phases are undefined for zero amplitudes the phase diagram ^(A) of the 
variations with the input pulsation frequency gives no information at all for 2=90°. 
This is evident in both the rotating and non-rotating case. 

We see that for inclination angles slightly different from i=90° one expects to ob
serve a continuous phase relation with a maximum blue-to-red phase difference A$ 0 

that is not significantly different for all investigated values of the inclination. The 
change in inclination hardly affects the harmonic amplitude and phase distributions 
h(X) and *!(A). 

Rotation 
As evidenced by the time series of residual spectra in Figure 4.3 the line-profile char
acteristics of the (=2, 77?.=— 1 mode are hardly qualitatively changed by the effects of 
rotation. The amplitude distribution /0(A) of the variations with input pulsation fre
quency is similar for all investigated rotation values. The same holds for the slope of 
the phase distribution ^o(A). In Figure4.3 we see that the extra terms in the eigenfunc-
tion due to the Coriolis force give rise to an increase of the harmonic amplitude and 
a steepening of the harmonic phase diagram. We want to stress however, that for a 
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i = 90 

Fig. 4.4. Line-profile variations due to a non-radial pulsation mode with 1=7 m=—6, as 
a function of inclination angle /and rotation parameter Q/UJ'0 ' . We used W=0.1Ves'm i, 
Knax=0.1K sin i and A;'°'=0.25. Note that the number of bumps in the spectra is only 
doubled for a very limited range of the inclination angle 
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different choice of stellar and pulsational parameters these effects can be less evident 
or different (Chapter 2). 

For the investigated spheroidal mode, the two toroidal terms that are due to the 
Coriolis force have pulsation parameters (=1, m=—1 and C=3, m=—1. These particular 
toroidal morions also have the equatorial plane as plane of symmetry of the oscillatory 
motions, and therefore the line-profile variations with the pulsation frequency are also 
cancelled out in the case of a rotating star (n/w(0)>0) with i=90°. 

From a mode as considered here (and by Reid & Aerts), an observer can detect 
line-profile variations with the pulsation frequency with a blue-to-red phase difference 
of A\I>o~—27T, except if i=90°. In Chapter 3 we showed that the absolute blue-to-red 
phase difference A$0 (of the variations appearing with the pulsation frequency) is a 
direct measure of the degree ( of the pulsation, and that the harmonic phase difference 
A*! puts constraints on the value of \m\ : 

I « - 0 . 1 0 + 1 .10 |A* O | /T (4.4) 

|m| w - 1 . 1 0 + 0 .61 |A*I | /TT . (4.5) 

For these equations we used the coefficients that are valid for modes with low values 
of k (see Chapter 3 for other subsets of parameter space). 

From Figure 4.3 and Equation (4.4) we find that for i/90° the derived phase dif
ference A*0 is in agreement with what is expected within the limits of the model of 
adiabatic oscillations corrected for first-order rotation effects. Therefore we do not ex
pect an erroneous identification of the degree of the mode if the inclination angle is 
different from the exact equator-on situation. 

The IPS method is intrinsically weak in identifying low values of \m\ (see Chapter 
3), especially in the case of large values of the rotation parameter ft/u>(0). With the val
ues of A $i in Figure 4.3 and with Equation (4.5), we find that for the investigated mode 
\m\ will be overestimated as \m\-2, in the cases when the Coriolis force is important. 

4.5 Moving bumps in the Be star ?/ Cen 

As an application of our findings we consider the results reported by Leister et al. (1994), 
who find blue-to-red moving bumps in absorption lines of the Be star 7/ Cen. They 
show that at any instant at least 6 bumps are visible in the profile, and attribute these 
to the presence of a sectoral non-radial pulsation mode with £=14±4. Inspired by the 
work of Kambe & Osaki (1988), Leister et al. mention the possibility that the bumps can 
also be due to a tesseral mode with f.=7 and \m\-6. Here we argue that the observer 
can discriminate between these possibilities from an accurate frequency analysis. 

In Figure 4.4 we plot line-profile variations of a pulsation mode with 1=1 and m=—6. 
We see from the figure that the effects of the Coriolis terms are not as important as 
for low degree modes. From the phase differences A>3>o and A*! in this figure and 
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4.6. Conclusions 

Equations (4.4) and (4.5) we find that in principle both I and \m\ can be retrieved for 
this mode, within the accuracy discussed in Chapter 3. 

As in Figure 4.3, we see that only close to the equator-on situation the number of 
bumps is actually doubled. The bumps can only be misinterpreted as due to a mode 
with (=14 for a small range in inclination where the variational amplitude 7o(A) is too 
small to be detected. For inclination angles smaller than i=90° we see a pattern of sub
sequent deep and less-deep bumps, with the less-deep bumps gradually disappearing 
for even smaller inclination angles. 

For near equator-on cases a tesseral mode with / - |m|=l characterizes itself by large 
harmonic amplitude I1(\) in comparison with /0(A), and can therefore be distinguished 
from a near equator-on sectoral mode by an evaluation of the variations found at these 
frequencies. For sectoral modes the harmonic amplitude A (A) is always smaller than 
70(A), independent of the inclination. 

Hence, if the apparent frequency of the bumps in ?/ Cen is the actual pulsation 
frequency, then the profile variations can be due to a (=14 pulsation mode. If the main 
apparent frequency is the harmonic of the actual pulsation frequency, then the profile 
variations are due to a mode with £=7 and m=-6. In the latter case the real pulsation 
frequency should be detectable as well, except if the inclination angle is exactly i=90°. 

4.6 Conclusions 

We have shown that for a non-radial pulsation with (=2, \m\=\ and ?=90°, cancellation 
effects cause all line-profile variability with the pulsation frequency to disappear. The 
fact that in this situation the remaining line-profile variability with the first harmonic of 
the pulsation frequency can mimic that of a higher degree/order mode, is entirely due 
to these cancellation effects (caused by the precise equator-on value of the inclination), 
and is not due to effects of rotation. For the same reason, the variability of the first 
velocity moment of this mode vanishes for (=90°. Furthermore, for this mode the eval
uation of the phase diagram of the intensity variations with the pulsation frequency is 
of little physical relevance, since the phases are not defined for zero amplitudes. For an 
inclination angle only slightly different from 90°, the pulsation does give rise to varia
tions with the pulsation frequency. The corresponding phase diagram practically does 
not change for any other investigated value of the inclination. Therefore we recom
mend, for test studies of observable line-profile characteristics of tesseral modes, not 
to generate spectra using an inclination angle exactly equal to 90°. 

Tesseral modes with a nodal line on the equator (£— \m\ an odd number) are the only 
modes for which this extreme cancellation effect for i=90° can be expected. The other 
case of perfect cancellation of any line-profile variation with the pulsation frequency, is 
the pole-on situation for modes with ro^O. However, in this case the phase diagrams 
resulting from the IPS method will in practice be not of any use, since the line profiles 
are not rotationally broadened. Therefore we conclude that the conclusion of Reid 
& Aerts (1993) on the restricted applicability of the method of evaluating the phase 
diagram (IPS method), only applies to the exact equator-on case. Even for z'=S9°5 the 
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IPS method gives the expected results. Given the number of stars suitable for an IPS 
analysis, we expect that in practice the number of cases for which line-profile variations 
of a possible mode with I— \m\=\ would be misinterpreted, is very small. Nevertheless, 
we encourage observers also to make use of the information that is held in the velocity 
moments of the absorption line profiles. Especially for low degree modes the first few 
velocity moments give very useful information. 

We have argued that one should be able to investigate whether the line-profile vari
ations in the Be star ij Cen are due to a sectoral pulsation mode with £=14 or due to 
a tesseral mode with i=7, \m\-6. In the latter case one expects to find an alternating 
pattern of deep and less-deep bumps, if the inclination angle is not exactly i=90°. In 
this case one expects to detect both the apparent pulsation frequency and its first har
monic with an IPS analysis. The variational power found at the first harmonic should 
be larger or of the same order as that found at the pulsation frequency itself. From the 
phase diagram of the variations at the pulsation frequency one can derive the degree I 
of the mode. 
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