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Chapter 3

Lyman-α spectroscopy of

atomic hydrogen gas

Lyman-α spectroscopy is a powerful method to determine the density and temperature

of cold H gas. It has been used successfully to probe trapped low field seeking H↑
gas [1, 2], and to study optical cooling mechanisms in such a gas [5]. More recently,

Lyman-α spectroscopy has enabled precise in situ studies of evaporative cooling [3]

and of the thermodynamics of trapped H gas [4]. It has been predicted by Svistunov

et al. [6] that optical excitation of H adsorbed on liquid 4He would give rise to a

signal at large positive detuning. Such a signal can be used to measure the density of

adsorbed atoms, and the design of the present experiment relies on this principle.

In this chapter, I will first give a description of the theory of light propagation

in a gas of H↓ at low density (section 3.1). This description follows the analysis by

Luiten [1] and Setija [5] of light propagation in a trapped sample of H↑ and extends

their approach to the case of H↓ in high field. Further, to investigate deviations from

the low-density limit, I will theoretically describe the resonant-dipole interaction that

gives rise to long range optical collisions (section 3.2) and the resulting effect on the

line shape (section 3.3). At the gas density present in our apparatus, this collision

broadening is found to be small. An additional effect of a high density of atoms is

the deviation of the refractive index from unity (section 3.4). This effect gives rise to

a reflection of light from the liquid-gas interface. It is seen that for the conditions of

our experiment, this reflection is negligible. The conclusion is that even at a density

of ≈ 1 particle per cubic optical wavelength, the low-density theory of resonant light

propagation works well, and can be used to determine density and temperature of the
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40 LYMAN-α SPECTROSCOPY OF ATOMIC HYDROGEN GAS

sample.

By no means does our choice to use Lyman-α spectroscopy imply that there are

no other methods available to probe spin-polarized H. An optical method that is very

different from ours, non-resonant spectroscopy on the 1S to 2S two photon transition,

has been used by the MIT atomic H group to study Bose-Einstein condensates of

trapped H↑ [9]. Non-optical methods that have successfully been used to probe

H include electron spin resonance and nuclear spin resonance methods (as in e.g.

[35, 36]), mechanical pressure gauges [34] and sensitive bolometric detection methods

that measure the heat of recombination [32, 33, 30].

3.1 Resonant light propagation in an inhomogeneous

gas

The Lyman-α spectrum of cold H↓ is sensitive to the temperature and density of

the gas, and it contains enough information for these variables to be extracted. We

extract the thermodynamical variables from the spectrum by the following inversion

procedure: The transmission spectra are calculated from the theory outlined in this

section and parameters of the calculation are varied to obtain a least squares fit

between the calculated spectra and the measured data.

The forward problem, to calculate the spectrum from the thermodynamical vari-

ables of the gas, is in itself a rich and interesting one. It has been extensively analyzed

in the theses of Luiten [1] and Setija [5], in which it was applied to the spectroscopy

of H↑ in magnetic traps. For the sake of readability I will partially reproduce this

analysis here before extending it to the case of high field seeking H↓ atoms at high

density and in high field.

3.1.1 The propagation equation

The propagation equations for light in vacuo are Maxwell’s homogeneous equations.

In a medium, such as an atomic gas, inhomogeneous terms due to the induced po-

larization in the atoms appear. In the case of optical (electric dipole) transitions,

the induced magnetic dipole moment can be neglected, leading to the propagation

equation for the electric field ~E(~r):

∇2 ~E − 1

c2

∂2 ~E

∂t2
=

1

ǫ0c2

∂2 ~P

∂t2
− 1

ǫ0
∇(∇ · ~P ), (3.1)
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where the polarization ~P (~r, t) is the induced dipole moment per unit volume in the

medium. The spectrum of the bulk gas sample is calculated by integrating this differ-

ential equation over the beam path. We are interested in the propagation of a beam

of narrowband radiation through the medium. In vacuo, such a beam is described by

a plane wave with frequency ω and wavevector ~k ‖ ẑ. The typical length scales on

which the properties of the medium and the light beam vary are much longer than

the wavelength (except at the helium-hydrogen interface, see section 3.4). Therefore,

we can use the slowly varying envelope approximation (SVEA). In the SVEA, both

the electric field and the induced polarization can be locally approximated by plane

waves,

~E(~r, t) = ~E0(~r, t)e
i(kz−ωt),

~P (~r, t) = ~P0(~r, t)e
i(kz−ωt), (3.2)

with ~E0 and ~P0 the slowly varying amplitudes. Substituting Eq. 3.2 into Eq. 3.1 we

find
∂ ~E0

∂z
=

ik

2ǫ0
Pxy

~P0, (3.3)

where Pxy is the operator that projects a vector on the xy plane. From this equation,

it is easy to see that a polarization ~P0 that is in phase with the driving field ~E0 leads

to a phase correction, and that a polarization that is out of phase with ~E0 leads to

extinction of the electromagnetic wave. We are mainly interested in the case of weak

radiation fields, in this case the polarization is proportional to the applied electric

field. The proportionality constant is the complex electric susceptibility tensor
↔
χ ,

defined by
~P0 = ǫ0

↔
χ ~E0. (3.4)

In the next section we will derive an expression for
↔
χ in a gas of H↓.

3.1.2 Dilute gas of two level atoms

While the light field can be treated semiclassically in Eq. 3.1, the atoms that scatter

the light have to be treated quantummechanically. The H↓ atom in a strong magnetic

field, excited by a suitably polarized Lyman-α beam, is an almost ideal example of a

two-level atom. We will briefly review the theory of optical excitation of a two-level

atom at rest [20, 13]. The state of such an atom is described by a density matrix, ρij .

The diagonal elements ρ11 and ρ22 (with ρ11 + ρ22 = 1) describe probabilities to find

the atom in the ground and excited state, respectively. The off diagonal elements ρ12

and ρ21 (with ρ12 = ρ∗21) describe the presence of coherence between these states; in
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fact they are related to the probability to find an atom in a coherent superposition of

the ground and excited states. The evolution of the density matrix is given by [20]

ρ̇22 = −2γρ22 − 1
2 i(Ωρ12 − Ω∗ρ21), (3.5)

ρ̇12 = −(γ − i∆)ρ12 − 1
2 iΩ∗(ρ22 − ρ11), (3.6)

where γ ≡ Γ/2 is the half width at half maximum (HWHM) and ∆ ≡ (ω21 − ω). At

high density, n & 1015 cm−3, collisions will lead to extra terms in the optical Bloch

equations, this phenomenon is discussed in section 3.3. The rate at which a weak

applied electromagnetic field changes the density matrix elements is characterized by

the Rabi frequency,

Ω =
−~d21 · ~E0

~
= −(~d21 · ε̂)

E0

~
, (3.7)

where
~d21 = −e~r21 = −e〈2|~r|1〉 (3.8)

is the electric dipole transition matrix element (e is the positive elementary charge)

and ε̂ is the polarization unit vector of the electromagnetic field. The hydrogen atom

has no permanent electric dipole moment, neither in the 1S ground state nor in the

2P excited state, but a coherent superposition of these states does have a dipole

moment. It is therefore not surprising that the off-diagonal density matrix elements

ρ12 and ρ21 describe the evolution of the electric dipole moment,

~P ′ = n〈~d〉 = 2nρ21
~d12e

i(kz−ω′t), (3.9)

where n is the density of atoms and the prime means we have transformed to the

inertial frame in which the atom is at rest.

For pulsed light the Rabi frequency Ω is a function of time, in general this makes

the solution of the optical Bloch equations dependent on details of the pulse shape.

The laser pulses in our experiment are sufficiently long (much longer than the lifetime

of the excited state), that we may use a quasicontinuum picture. Furthermore, the

laser pulses are so weak that there is never an appreciable fraction of the atoms in

the excited state, i.e. ρ22 ≪ 1 (see also section 3.5). In that case we find

ρ21 =
− 1

2Ω

∆ − iγ
. (3.10)

We substitute this equation into Eq. 3.9 to obtain the electric susceptibility for a gas

of two-level atoms,
↔
χ0=

6πn

k3

~d12
~d∗12

|~d12|2
(

γ

∆ − iγ
), (3.11)
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where we have approximated [20]

γ = (ω21/c)3|~d12|2/6πǫ0~ (3.12)

≈ k3|~d12|2/6πǫ0~.

This approximation holds if the detuning |∆| is much smaller than the excited state

energy. For a multilevel system this can easily be extended to

↔
χ0=

6π

k3

∑

h,j

nh

~dhj
~d∗hj

∑

f |~dfj |2
(

γ

ωhj − ω − iγ
), (3.13)

where ~dhj is the electric dipole matrix element between a ground state h and an

excited state j, ωhj the corresponding transition frequency and nh the density of

atoms in the h-state. Again, a necessary condition for Eq. 3.13 is that |∆| ≪ ωhj ,

which can only be fulfilled if the spread in transition frequencies is much smaller

than the frequencies themselves. In the case of the 1S → 2P transitions in H↓, this

is clearly the case. In this approximation the width of all excited states is equal,

γj = k3
∑

f |~dfj |2/6πǫ0~ = γ.

We can also determine the excited state fraction ρ22 by substituting ρ21 and ρ12

from Eq. 3.10 into Eq. 3.5,

ρ̇22 = −2γρ22 +
1

2
|Ω|2 γ

∆2 + γ2
. (3.14)

The first term on the right hand side is the spontaneous decay rate, the second term

is the photon absorption rate. This rate can also be written as (I/~ω)σ, where the

intensity I = 1
2cǫ0E

2
0 and σ is the absorption cross section,

σ =
|~d21 · ~ε|2

|~d21|2
σ0

γ2

∆2 + γ2
, (3.15)

where σ0 = 3λ2/2π is the maximum absorption cross-section for a polarized atom

in a polarized light field. If either the light or the atoms, or both, are unpolarized,

the first fraction in Eq. 3.15 must be angle-averaged and the maximum cross-section

becomes σ0/3.

The random thermal motion of the atoms gives rise to Doppler broadening of

the absorption line. Due to the Doppler effect, an atom moving in the z direction

experiences the electromagnetic field at a slightly different frequency, ωat = ω −~k · ~v.

In addition the recoil of the atom due to the impulse from the photon causes a line

shift of ≈ 13 MHz, which we ignore here. To obtain the correct lineshape in a gas of



44 LYMAN-α SPECTROSCOPY OF ATOMIC HYDROGEN GAS

moving atoms, one has to average the complex susceptibility tensor over the thermal

distribution of atomic velocities. The transition frequencies are therefore convoluted

with a Gaussian of FWHM width

∆D = 2b
√

ln 2 ≈ 1.76GHz ×
√

T [K], (3.16)

where b = k
√

2kBT/mH. (3.17)

The convolution yields

↔
χ = 〈

↔
χ0 (∆ − ~k · ~v)〉

= i
6π3/2

k3

∑

h,j

nh

~dhj
~d∗hj

∑

f |~dfj |2
γ

b
w(ζhj), (3.18)

where the angular brackets denote an average over the Maxwell velocity distribution.

In this expression w(ζ) = e−ζ2

erfc(−iζ) is the complex error function, and ζhj =

(ω − ωhj + iγ)/b.

3.1.3 Lyman-α transitions

To calculate the susceptibility of a gas of multilevel atoms using Eq. 3.18 we need

to know the transition frequencies ωij and the dipole matrix elements ~dij for all

relevant combinations of upper and lower states. In the case of H↓, the relevant lower

states are the high field seeking a and b hyperfine states, both indicated by the fine

structure label 1S(j = 1/2,mj = −1/2) in figure 3.1. These states are eigenstates of

the hyperfine Hamiltonian

HHF = ah
~i · ~s + (geµB~s − gnµn

~i) · ~B, (3.19)

with µn = µBme/mp the nuclear magneton and gn = 5.56 the gyromagnetic ratio of

the proton [12]. For B = 0 the 1S1/2 state consists of a (f = 1) triplet and a (f = 0)

singlet, separated by energy ah = 1.42GHz × 2π~ [28]. In a field the degeneracy

between the f = 1 states is lifted, the eigenenergies for arbitrary field are shown in

table 3.1.3. This table also lists the eigenstates. It is seen that the b state is a stretch

state, i.e., it is |↓↓-〉 independent of field, and it has no projection on an electron-spin

up state. The lowest energy eigenstate a resembles the nuclear spin up state |↓↑-〉 in

a high field, but it has a projection on the electron spin up state sin θh|↑↓-〉. Here the

hyperfine projection angle θh is given by

tan 2θh = ah/(µ+B); µ± = geµB ± gnµn. (3.20)
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Figure 3.1: Allowed transitions between the 1S and 2P states in H. The labels used

to identify the transitions are shown, as well as the polarization needed to excite the σ

transitions. The excited state energies are shown relative to E1/h = 2466 068GHz [10, 11, 14]
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The probability to measure the electron of an a state atom in the spin-up state is

proportional to sin2 θh, which is ≈ (0.025T/B)2 in high field.

The relevant excited states are the 2P states, which can be labeled either by

their low-field quantum numbers j,mj or by the high-field labels ml,ms, as shown

in figure 3.1. The hyperfine splitting in the 2P states is well below the radiative

linewidth, as the wavefunctions of the nucleus and the electron hardly overlap [1].

However, the nuclear spin does give rise to a nuclear Zeeman effect, µngnB, which is

125 MHz in a field of 6 T, of the order of the radiative linewidth of the 2P level. The

fine structure energies of the 2P states and the admixture coefficients are given in

table 3.1.3. The projection coefficients in this table are expressed in the fine structure

projection angles θ±, with

sin θ± ≡
√

1+δ±
2 ≈ 1 − 0.068T2

B2
(B → ∞); (3.21)

cos θ± ≈ 0.136T2

B2
(B → ∞), (3.22)

with

δ± =
x ± 1/3

√

1 ± 2x/3 + x2
, x = B/BLS = B/0.781900T. (3.23)

In a field of 6 T, the probability to measure a 2P1/2,−1/2 atom with its electron spin

up is cos2 θ− ≈ 4 × 10−3.

For an electric dipole transition, the electric field of the light couples directly to

the orbital motion of the electron. In absence of spin-orbit coupling the selection rule

for optical transitions is |l′ − l| = 1, m′
l − ml ∈ {−1, 0, 1}, and all transition dipole

elements ~dij that do not obey this rule are zero. In case an excited eigenstate is

a superposition of various ml states, the transition dipole moment of a transition

from the |s,ms〉 ground state to the |j′,m′
j〉 excited state couples to those |l,ml〉

components of the excited state wavefunction for which the dipole matrix element is

nonzero. The resulting dipole moment is

~d(l=0,ms),(j′,mj
′) ≡ −e〈j′,m′

j |~r|l = 0,ms〉 (3.24)

=
∑

l′,ml
′,m′

s

〈l′,m′
l, s,m

′
s|j′,m′

j〉~d(l=0,ms),(l′,m′
l
). (3.25)

This leads to the transition probabilities indicated in table 3.2 for the transitions from

the b state. From the a state, there are five transitions that resemble the transitions

from the b state. These transitions couple to the |↓↑-〉 component of the a state. An

additional five transitions couple to the |↑↓-〉 hyperfine component, these are therefore

referred to as hyperfine-enabled transitions. In high field the transition probabilities
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Figure 3.2: Measured transmission spectrum of the hydrogen bulk gas, showing the allowed

transitions σ5 and σ6, the geometrically forbidden π4 transition, the fine-structure enabled

transition σ4 and the hyperfine-enabled transition σ∗, which is just recognizable in the noise.

The σ4 and σ∗ transitions are Zeeman split because the fields in buffer and compression

cell are different. The background noise is due to drifts of the laser system during manual

scanning. This spectrum took 8 hours measuring time.

of the hyperfine-enabled transitions are strongly suppressed, as can be seen in table

3.2. This can also be seen in the spectrum in figure 3.2.

3.1.4 Simplified propagation equation

Using the transition frequencies and matrix elements from the preceding section we

can now numerically solve the propagation equation (3.3). The specific geometry of

our experiment allows us to simplify the equation considerably. The greatest simpli-

fication comes from the fact that the magnetic field on the axis of our apparatus is

parallel to the direction of propagation of the light beam. Therefore, the absorption

probability on any of the π transitions vanishes. In practice, very weak π lines can

be seen due to a slight misalignment. The fact that the propagation of propagation

coincides with the field lines has another important consequence, namely, that the

complex susceptibility tensor
↔
χ , as calculated from Eq. 3.18, can be diagonalized

in the laboratory frame. The susceptibility becomes diagonal in the circular basis

(ε̂+, ε̂−, ε̂z). Here ε̂− stands for the right hand circular polarized (RHP) component,

ε̂+ stands for the left hand circular polarized (LHP) component and ε̂z is the z polar-

ized component. The electric field is written ~E0 = ~E0 = E0+ε̂+ +E0−ε̂− in this basis.
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mj energy state

3

2
E2P + ∆/3 + (1 + ge/2)µBB |1 ↑〉

1

2
E2P − ∆/6 + µBB/2 + (∆/2)

√

1 + 2x/3 + x2 sin θ+|0 ↑〉 + cos θ+|1 ↓〉

22P3/2

− 1

2
E2P − ∆/6 − µBB/2 + (∆/2)

√

1 − 2x/3 + x2 sin θ−| − 1 ↑〉 + cos θ−|0 ↓〉

− 3

2
E2P + ∆/3 − (1 + ge/2)µBB | − 1 ↓〉

1

2
E2P − ∆/6 + µBB/2 − (∆/2)

√

1 + 2x/3 + x2 − cos θ+|0 ↑〉 + sin θ+|1 ↓〉

22P1/2

− 1

2
E2P − ∆/6 − µBB/2 − (∆/2)

√

1 − 2x/3 + x2 − cos θ−| − 1 ↑〉 + sin θ−|0 ↓〉

d ah/4 + µ−B/2 |0↑↑-〉

c −ah/4 + (ah/2)[1 + (µ+B/ah)2]1/2 cos θh|0↑↓-〉 + sin θh|0↓↑-〉

12S1/2

b ah/4 − µ−B/2 |0↓↓-〉

a −ah/4 − (ah/2)[1 + (µ+B/ah)2]1/2 sin θh|0↑↓-〉 − cos θh|0↓↑-〉

Table 3.1: Energy levels and eigenstates of the ground state hyperfine structure and the

first excited state fine structure of hydrogen in a magnetic field. The magnetic moments

µ± = geµB ± gnµn may be approximated by µ± ≈ 2µB with only a < 0.1 % error. The

hyperfine mixing angle θh is defined in Eq. 3.20.

Since the propagation direction is ẑ, the component along ε̂z represents a longitudi-

nal field and therefore remains zero. The complex susceptibility tensor then takes the

form

[↔
χ

]′

=







χ+ 0 0

0 χ− 0

0 0 χz






. (3.26)

where, in the case of a sample consisting of b atoms,

χ− = i(6π3/2/k3)nb (γ/b)w(ζσ5),

χ+ = i(6π3/2/k3)nb (γ/b) [sin2 θ+ w(ζσ6) + cos2 θ+ w(ζσ4)],

χz = 0.

(3.27)
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Label Poln. Zeeman ms,i→ml,s,i Low field notation Γij/Γ Γij(6 T)/Γ

σ5 σ− −1 ↓↓- →−1↓↓- b → 2P3/2,−3/2 1 1

π4 π 0 ↓↓- → 0↓↓- b → 2P1/2,−1/2 sin2 θ− 0.995 93

σ6 σ+ +1 ↓↓- → 1↓↓- b → 2P1/2,1/2 sin2 θ+ 0.996 57

σ4 σ+ +2 ↓↓- → 0↑↓- b → 2P3/2,1/2 cos2 θ+ 3.4 × 10−3

π3 π +1 ↓↓- →−1↑↓- b → 2P3/2,−1/2 cos2 θ− 4.1 × 10−3

σ5a σ− −1 ↓↑- →−1↓↑- a → 2P3/2,−3/2 cos2 θh 0.999 98

π4a π 0 ↓↑- → 0↓↑- a → 2P1/2,−1/2 cos2 θh sin2 θ− 0.995 91

σ6a σ+ +1 ↓↑- → 1↓↑- a → 2P1/2,1/2 cos2 θh sin2 θ+ 0.996 55

σ4a σ+ +2 ↓↑- → 0↑↑- a → 2P3/2,1/2 cos2 θh cos2 θ+ 3.4 × 10−3

π3a π +1 ↓↑- →−1↑↑- a → 2P3/2,−1/2 cos2 θh cos2 θ− 4.1 × 10−3

π +1 ↓↑- → 1↓↓- a → 2P1/2,1/2 sin2 θh cos2 θ+ 6.1 × 10−8

σ− 0 ↓↑- → 0↓↓- a → 2P1/2,−1/2 sin2 θh cos2 θ− 7.2 × 10−8

σ∗ σ+ +3 ↓↑- → 1↑↓- a → 2P3/2,3/2 sin2 θh 1.8 × 10−5

π∗ π +2 ↓↑- → 0↑↓- a → 2P3/2,1/2 sin2 θh sin2 θ+ 1.8 × 10−5

σ− +1 ↓↑- →−1↑↓- a → 2P3/2,−1/2 sin2 θh sin2 θ− 1.8 × 10−5

Table 3.2: Lyman-α transitions from the high field seeking a and b states of H. The approx-

imate Zeeman shift of the transitions in high field is indicated in units of µB. The high field

quantum numbers ms, mi of the lower state and ml, ms, mi of the upper state are given in

addition to the more usual low-field quantum numbers.

The propagation equation (3.3) now reduces to a system of two uncoupled differential

equations,
∂E0+

∂z
=

ik

8
χ+ E0+ ;

∂E0−

∂z
=

ik

8
χ− E0−, (3.28)

which can be integrated to

E0±(z) = E0±(0) exp

(

−1

2
D±(z) + iφ±(z)

)

, (3.29)

−1

2
D±(z) + iφ±(z) =

∫ z

0

dz′
ik

8
χ±(z′). (3.30)

The real part − 1
2D of the integral represents the optical density of the gas, the

imaginary part φ expresses the phase shift the light acquires while passing through

the gas. In principle, the optical density may equally well be calculated from the

absorption cross-section,

D±(z) =

∫ z

0

dz′n(z′)σ±(z′, ω), (3.31)
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where σ± is the effective cross-section of the atoms, taking into account Doppler

broadening. The approach we used has the advantage that it is more easily generalized

to hold for arbitrary directions of the magnetic field. This has been used to obtain

the equations that describe light propagation through H↑ in a magnetic trap [1, 2, 5].

3.2 Resonant dipole interaction

As one increases the density of an atomic gas, the interactions between the atoms

will manifest themselves in the spectrum. The main contribution will be due to

two-particle effects, since in a gas the probability to find three or more particles

within the range of interaction is always smaller than the probability to find two

particles. The interactions between excited and ground state atoms of the same species

have a particularly long range. At interatomic distances of & 10 atomic units (a0)

the interaction potential has the 1/r3 behavior typical of dipole-dipole interactions.

This resonant dipole coupling was first pointed out by Eisenschitz and London in

ref. [17]. Since this interaction plays an important role in the estimation of the effects

of pressure broadening and in the observation of photoassociation I will sketch the

mechanism that gives rise to this interaction. For a more thorough discussion, the

papers by King and van Vleck [18] and by Mulliken [19] are recommended.

When two atoms are close together the atom pair must be described as a quasi-

molecule, even if the electron clouds of the atoms do not overlap. We will consider

two H atoms at rest, at a distance that is smaller than the Lyman-α wavelength λα,

but much larger than the extent of the electronic wavefunctions (of order of the Bohr

radius a0). Since the atoms interact, the eigenfunctions of the Hamiltonian of this

system are not separable into atomic wavefunctions, instead they are the appropriately

symmetrized wavefunctions

Ψ(~r1, ~r2) =
1

2

√
2 [ΨS(~r1)ΨP (~r2) + ηΨP (~r1)ΨS(~r2)] . (3.32)

Here, ΨS is a 1S wavefunction, ΨP a 2P state and η = ±1 the appropriate symmetry

factor, for a spin triplet η = −1, for a singlet state η = 1. These states can be

rewritten as

Ψ(~r1, ~r2) =
1

2

√
2 [ΨS(~r1) + ηΨP (~r1)] × [ΨP (~r2) + ΨS(~r2)] (3.33)

−1

2

√
2ΨS(~r1)ΨS(~r2) −

η

2

√
2ΨP (~r1)ΨP (~r2).

The latter two terms in this equation are product states of atomic S and P wave-

functions. These terms do not have an electric dipole moment [16]. Therefore, the
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interactions between these states will be of the normal Van der Waals type, ∼ 1/r6.

The superposition S ± P does have a dipole moment, in fact, as can be seen from

equation (3.8),

e

〈

S + ηP√
2

∣

∣

∣

∣

~r

∣

∣

∣

∣

S + ηP√
2

〉

= eη 〈P |~r |S〉 = η~dSP . (3.34)

Therefore, this term in the molecular wavefunction resembles the product of two

atomic wavefunctions which each have an oscillating electric dipole moment, with the

size of the transition dipole moment. Although the expectation value of the product

of these dipole operators is nonzero, the expectation value of the dipole operator for

the complete molecular wavefunction is still zero, i.e., the molecule does not have

a permanent electric dipole moment. Since the atoms are separated by much less

than an optical wavelength, we may neglect the retardation of the electromagnetic

field. We then use the electrostatic dipole interaction formula for point dipoles ~da,b

separated by ~r,

Udip,dip =
1

4πǫ0r3

[

~da · ~db − 3(~da · r̂)(~db · r̂)
]

. (3.35)

The direction of the dipoles ~dSP in the quasimolecule is opposite (for η = 1)[19], and

the dot product ~dSP · r̂ is zero for a Π molecular state and maximal for a Σ state

[31]. Therefore, the interaction potential between two atoms in a state with orbital

angular momentum Λ about the internuclear axis becomes

UΛ =
1

4πǫ0r3
η|~dSP |2

[

2 − 3Λ2
]

≡ C3

r3
η

[

2 − 3Λ2
]

. (3.36)

In atomic units, C3 can be evaluated for H to give C3 = η × 215/310 ≈ η × 0.555

a.u. [21]. Alternatively, we can use the fact that the value of ~dSP is related to the

radiative HWHM linewidth γ through Eq. 3.12, so that we can write

C3 = η
3~γ

2(2π)3
λ3

α. (3.37)

This formulation makes clear that the range of interaction, defined as the internuclear

distance where the interaction becomes of the order of the radiative level width,

is ≈ λα/2π, or ≈ 360a0. Approximately at this same distance, the electrostatic

approximation breaks down, since the electric field will pick up a non-negligible phase

shift while traveling from one atom to the other.

3.3 Pressure broadening

The optical Bloch equations as reproduced above (3.5,3.6) are valid in the limit of low

density only. In case the density of atoms is high, interatomic collisions will modify
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the spectrum. The theory of pressure broadening in a gas [24] is rather complex

and the simplified expressions here will only suffice to estimate the effect. There are

two approaches for including the effects of collisions in the optical Bloch equations:

impact broadening and quasistatic pressure broadening. The first approach, valid

at moderate density and relatively high temperature, is to assume that the atoms

undergo instantaneous phase-changing collisions. It is only valid if the duration of

the collisions is shorter than the radiative lifetime of the upper state. The quasistatic

theory of pressure broadening, on the other hand, applies if the atomic velocities

are so low and the densities are so high that the excited atoms is within range of

the potential of the other atom for longer than its radiative lifetime. This type

of broadening also applies in the very far wings of the line, |∆| ≫ γ, since there the

relevant time scale for the excitation is 1/|∆| instead of 1/γ. A key difference between

impact broadening and quasistatic broadening lies in the fact that impact broadening

is a homogeneous broadening mechanism, and therefore reduces power broadening,

while static pressure broadening is an inhomogeneous mechanism. The atoms move

at an average relative speed v̄
√

2. In our case, at 150 mK, they cover a distance of

v̄
√

2/Γ ≈ 100 nm before decaying radiatively. The range of the potential is ≈ λα/2π,

which is a factor 5 smaller, so the lineshape near resonance is reasonably described

by impact broadening.

In the impact broadening picture, a collision destroys coherence between the dif-

ferent states of the atoms. The impact resets the off-diagonal elements of the density

matrix ρ12, ρ21 to zero, but the populations (the diagonal elements of ρ) remain un-

changed [20]. This approach is valid if the duration of a collision is much shorter than

the time τ0 of free-flight in between collisions. In this simple picture, a pair of atoms

collides if they approach each other to a distance shorter than the Weisskopf radius

rW , which is the radius where a collision will result in a phase shift of 1 [25, 26]. We

find, using the resonant dipole interaction potential (3.36),

σ1S−2P = πr2
W =

3γλ3
α

4π2v̄rel
≈ 4 × 104a2

0, (3.38)

where v̄rel is the average relative atomic speed, v̄rel =
√

2v̄. This leads to a collision

frequency of

γcoll = 1/τ0 = nσ1S−2P v̄rel = n
3γλ3

α

4π2
(3.39)

≈
(

n

1.5 × 1016cm−3

)

γ

The collision rate will be of the order of the radiative lifetime at n ≈ 1.5 × 1016

cm−3. At the densities encountered in our experiment, impact broadening does not
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play an important role. At the highest density the effect on the linewidth in the

buffer volume is only a few percent, in the cell the linewidth is strongly dominated

by Zeeman broadening.

At large detuning, |∆| ≫ γ, the impact broadening picture is not valid. Instead,

one must use the quasistatic theory of pressure broadening, as developed by Jabloński

[23]. I will discuss a very basic formulation of the quasistatic broadening theory here.

If the optical frequency is detuned far enough from resonance for 1/|∆| to become

short compared to the duration of a collision, one can treat the atoms as stationary.

At intermediate density, the light absorption at large positive detuning ∆ ≫ γ is then

dominated by atom pairs which are at the internuclear distance r where V (r) = ~∆.

The lineshape at large detuning is then given by

F (∆) =
πγ

∆2
+ 4πn

∫

r2drχ(r)
∑

Λ

P (Λ)~δ(~∆ − C3

r3
[2 − 3Λ2]); (∆ ≫ γ). (3.40)

Here, the first term is the Lorenzian wing of the single atom line, the second term is

the contribution of the light absorption by atom pairs. The pair correlation function

χ(r) depends on the ground state interactions and the quantum statistics. It can

be taken equal to unity for a weakly interacting nondegenerate gas. There are three

quasimolecular states which contribute, depending on the angle between the internu-

clear axis and the polarization vector of the light. In the isotropic case, the probability

P (Λ) for each Λ state to be excited is equal to 1/3. The attractive states should not

be included, as for negative detuning only discrete molecular levels (photoassociation

lines) can be excited. For a spin triplet quasimolecule, the repulsive states are the

two Π states, with the same potential, corresponding to Λ = ±1. We evaluate the

integral, and obtain

F (∆) =
γ

π∆2
+

8

9
πn

C3

~∆2
, (3.41)

=
1

π∆2

(

γ +
8nC3

9~

)

, (3.42)

=
γ

π∆2

(

1 + n
λ3

6π

)

. (3.43)

The result for the quasistatic pressure broadening term is approximately 30% smaller

than the extrapolation of the impact broadening expression (3.39) to large detuning.

There is an extra factor which comes into play at large detunings: in obtaining relation

(3.41) classical correlations between the particles have been assumed. In the case

the colliding particles are closer than the thermal de Broglie wavelength, quantum

effects on the two-particle correlator χ(r) come into play [27]. This is the case for
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∆/γ & λ3/Λ3, where λ is the optical wavelength and Λ is the thermal de Broglie

wavelength of the atoms (A.1). For an ideal Bose gas, the quantum correlator at

distances much smaller than Λ is approximately 2, while the classical correlator is

unity. In the present experiment the de Broglie wavelength is rather small, of order

5nm, so that quantum effects will only be visible at a detuning of ∆ & 1000 GHz. At

such detunings, the signal strength is insufficient to observe these effects.

In conclusion, at the present densities pressure broadening is not (yet) impor-

tant. However, we are very close to the region where it determines the line shape at

large detuning. Mechanisms such as resonant transfer of excitation [22] influence the

lineshape only at even higher densities.

3.4 Refraction effects

When the index of refraction of the gas differs appreciably from unity there will be

effects of this refraction on the propagation of the light inside the sample. In addition,

the refractive index of the gas determines the reflection and transmission of light at

the sharp boundary between the H gas and the liquid helium.

The dielectric constant ǫ(ω) of a dilute gas of polarizable atoms can be found from

ǫ±(ω)/ǫ0 = 1 + nRe χ±(ω), (3.44)

where n is the number density of atoms and χ± is the appropriate diagonal element

of the susceptibility tensor (3.27). In a magnetic field, the dielectric constant for

LHP light, ǫ+, may be different from that for RHP light, ǫ−, this is known as the

Faraday effect. If the refractive index is not close to unity, one has to use the Lorentz-

Lorenz relation to include the effects of local field factors on the dielectric constant

(see for example Ref. [7]). We will assume the low density approximation holds. We

find the refractive index of the hydrogen gas, ηH from Maxwell’s relation, ηH(ω) =

[ǫ(ω)/ǫ0]
1/2. At the helium surface the light passes from the helium (ηHe = 1.03

[15]) into the hydrogen gas, at normal incidence. If there is a mismatch between

the refractive indices of the liquid and the gas, part of the light will be reflected, as

expressed by the Fresnel formula [8],

R⊥ =

(

ηH − ηHe

ηH + ηHe

)2

. (3.45)

Note that this reflected intensity can in principle be calculated from the full propaga-

tion equation (3.1). The reflection arises from the fact that the polarizability changes
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abruptly at the liquid-gas interface, a violation of the slowly varying envelope approx-

imation (SVEA). In the SVEA, reflection does not occur. Therefore, the reflection

probability does not follow from the attenuation equation (3.3), which is based on the

SVEA.
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Figure 3.3: Intensity reflection coefficient of the interface between liquid helium and very

dense H↓. Curves drawn for a number of H↓ densities, at T = 130 mK.

Since the reflected beam will not reach the fluorescence detector, a decrease in

the measured fluorescence will occur. Figure 3.3 shows the reflected intensity in the

present situation at the maximum obtained density of ≈ 2×1016 atoms per cm3. The

reflection is slightly too small to be observed under present conditions. When the

bulk gas density is increased, reflective effects will become more important, leading

to a reflected intensity of almost 10 percent at 5 × 1016 atoms/cm3 (see figure 3.3).

3.5 Power broadening

Power broadening is the first onset of nonlinear optical phenomena in a gas. It occurs

when the exciting light beam is intense enough that a sizable fraction of the atoms is

in the excited state. In this case, the excited state population ρ22 cannot be neglected

in equation (3.6), and equation (3.10) does not hold. For a small amount of power

broadening, the steady-state value of ρ22 can be estimated from equation (3.14) to be

ρ22 ≈ 1

4

|Ω|2
∆2 + γ2

. (3.46)
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If we substitute this approximation back into the optical Bloch equation (3.6), this

can be seen to lead to a reduction of the excitation rate at resonance by a factor

(1 − 2ρ22)=1 − |Ω|2/2γ2. Therefore, power broadening becomes important when

|Ω| ≈ γ, which for the allowed Lyman-α transitions is at an intensity of Isat =

3.6W/cm2. The intensity of the Lyman-α beam in our compression cell is estimated

to be approximately 5 × 107 photons per 10 ns pulse on a ≈ 0.25 mm2 area, which

yields approximately 3 W/cm2. This means saturation broadening is expected to be

of the same order as the radiative linewidth for the allowed lines. The allowed σ5

and σ6 lines are already strongly broadened by the optical thickness of the gas, and

the extra power broadening, which is only relevant near the line center, will not be

observable.

The case is different for the L-S-enabled σ4 transition, whose Zeeman-broadened

lineshape we use to determine the temperature of the bulk gas. This line is optically

thin, and power broadening would certainly influence the inferred gas temperature.

Fortunately, since the dipole moment for excitation of this transition is much smaller,

the Rabi frequency is much smaller and the influence of power broadening is reduced

strongly.

The presence of other broadening mechanisms may change the influence of power

broadening. For instance, collision broadening in a gas increases the linewidth and

reduces power broadening. Doppler broadening, an inhomogeneous broadening mech-

anism, does not decrease power broadening. In the case of Doppler broadening, the

thermal sample can be thought to consist of classes of atoms, each class moving at a

certain velocity. For each class, there is power broadening, and the net effect will be

a reduction of the apparent light scattering cross-section.

A special case is the adsorbate signal, which is an allowed line that is broadened

by interactions with the liquid helium. This interaction broadening can be viewed as

homogeneous collision broadening [20] due to collisions with the helium atoms in the

surface layer, and therefore we expect power broadening to be reduced. An upper

limit to the excited state fraction is the number of photons scattered per atom in

the beam region, per radiative lifetime, ρ22 = ΦphotPscatt/(ΓAbeamn2). We insert

Abeam = 2 × 10−8 m2, Φphot = 1015/s for the photon flux during a pulse, n2 = 1012

cm−3, and Pscatt ≈ 0.02 for a typical surface fluorescence, and find ρ22 ≈ 2 × 10−3.

Therefore, we do not expect the adsorbate signal to suffer from power broadening.
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3.6 Spectroscopic determination of thermodynamic

quantities

As demonstrated in the preceding sections, deviations from the low-density low inten-

sity picture presented in section 3.1 are very small. Therefore, we can use equation

(3.29) to calculate the transmission spectrum of the bulk gas sample given the temper-

ature and density distribution. Since the atoms undergo thermalizing collisions with

each other and with the helium coated walls of the reservoirs, the density distribution

will be thermal,

n(z) = n0e
µB(B(z)−Bmax)/kBT . (3.47)

Here Bmax is the maximum field in the reservoir under consideration and n0 is the

reference density (the density at Bmax). The buffer volume and compression cell are

separated by a potential barrier, therefore the temperature T3 and reference density

n3 of the gas in the compression cell can be different from the temperature and den-

sity TB , nB in the buffer (see chapter 5). Therefore, there are four thermodynamic

quantities of interest in a one-component gas. Since the gas will always contain some

atoms in the a hyperfine state, the hyperfine composition (n(a)/n) of the gas in both

volumes is another set of parameters on which the spectrum depends. Finally, the

spectrum depends quite strongly on the position of the helium surface in the compres-

sion cell. The exact position of this surface depends on the amount of helium liquid

present. If more helium is present, the high-field area near the tip of the magnetic

compressor becomes inaccessible to the H↓ atoms, and the maximum Zeeman shift

will be reduced.

3.6.1 Determination of the temperature of bulk H in the com-

pression cell

The bulk gas in the compression cell is compressed down by the magnetic field gra-

dient of the CoFe pole pieces. This magnetic field acts like artificial gravity on the

magnetic hydrogen atoms, therefore the density profile in the cell is atmospheric.

The atmosphere height is directly proportional to the temperature T3 of the bulk

gas. When we probe the gas on a Zeeman shifted optical transition, the resonance

frequency depends on the local magnetic field. Through this inhomogeneous Zeeman

broadening, the spectrum roughly reflects the atmospheric profile. The 1/e width of

the inhomogeneously broadened line, as shown in figure 3.4, is

(δω)Z/2π = 2kBT3/2π~ ≈ 28GHz × T3[K]. (3.48)
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Figure 3.4: The line shape of the σ4 absorption line due to the atoms in the cell. Left

is a drawing of the cell, with the atmospheric density profile. Upper graph: Zeeman shift

(x axis) versus height (y axis). Lower graph: Measured line shape. Due to the linear field

gradient, the line shape reflects the density profile.

From this lineshape the temperature T3 can be determined. In the temperature regime

of interest the Zeeman width is ≈ 5 GHz, much larger than the 0.6 GHz Doppler width

(3.16), therefore the temperature is most accurately determined from the absorption

spectrum on a strongly Zeeman broadened line. The fluorescence spectrum does not

yield accurate thermometry information as the collection efficiency of the fluorescence

detector drops sharply at a height comparable to the atmosphere height.

3.6.2 Hyperfine composition of the gas

The hyperfine splitting between the a and b ground states of H is ≈ 0.7 GHz in the

fields under consideration, while the hyperfine splitting of the P and D excited states

is negligible, there is only the ≈ 100MHz nuclear Zeeman effect [1, 10]. Therefore

the Lyman-α lines show hyperfine structure, the lines due to the atoms in the a state

are at a frequency which is ≈ 0.6 GHz higher than the corresponding excitation from

the b state. This can in principle be used to determine the ratio fa = a/(a + b) in

which the a and b hyperfine states are occupied. The Zeeman broadening is too large

to detect the subtle hyperfine shift on a Zeeman broadened line. The only Lyman-α

line that can in principle be used for determination of fa is the π4 line, which is only



SPECTROSCOPIC DETERMINATION.. 59

very weakly Zeeman broadened in the relevant field range. However, this transition

cannot be excited when the light beam is perfectly aligned with the magnetic field.

In our case it is weakly visible due to a slight misalignment between the field and the

beam. This misalignment may not be constant over the whole apparatus, therefore

this line cannot reliably be used to determine the hyperfine composition of the H.

A different method of determining the density of atoms in the a state is by spec-

troscopy on the hyperfine-enabled transitions, which can be excited from the a state

only, see table 3.2. The only hyperfine-enabled line that is not overshadowed by al-

lowed transitions is the σ∗ line. This line is very strongly Zeeman broadened, which

enables good separation between the buffer volume and compression cell contribu-

tions. Its absorption cross-section is very small, and even at very high density it

is hardly visible. Furthermore, determination of the a-state fraction from this line

would rely heavily on the ability to compare absolute absorption cross-sections in very

different areas of the spectrum.
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Figure 3.5: Resonance enhanced two-photon fluorescence spectrum of the hydrogen bulk

gas in the compression cell. The Balmer-α source is positioned at a blue detuning of a few

GHz from the 2P1/2,−1/2 → 3D3/2,1/2 transition, while the Lyman-α laser is scanned in

the red wing of the 1S1/2,−1/2 → 2P1/2,−1/2 line. The polarizations are chosen such that

the ‘Zeeman free’ two-photon transition 1S1/2,−1/2 → 3D3/2,1/2, with resonant enhancer

2P1/2,−1/2, is excited.

A Zeeman free line which can be used to measure the hyperfine composition can be

generated in a reliable way by resonance enhanced two-photon spectroscopy (RETS)

[10, 29]. This is a scheme to excite levels in the 3S and 3D manifolds by combining
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Figure 3.6: Resonance-enhanced two-photon fluorescence spectra of the gas in the com-

pression cell (one photon contribution subtracted). The upper panel shows the spectrum

while the dissociator is on and unpolarized gas is injected into the system. Arrows indicate

the approximate positions of the (light shifted) resonance lines for the a, b → 3D3/2,−1/2

RETS transitions, and for the transition to the 3S1/2,−1/2 state. A fit to the lineshape in-

dicates that 45(10)% of the atoms are in the a state. Lower panel: Spectrum after shutting

of the dissociator and cooling the buffer volume for 500 s. The lineshape is narrower now,

consistent with less than 10% of the atoms being in the a state.

two photons, one nearly resonant with the 1S-2P Lyman-α transition and one close to

the 2P-3S/D Balmer-α transition at 656 nm. A more detailed discussion of the RETS

method lies outside the scope of this thesis, the reader is referred to the thesis of Pinkse

[10], which provides a full discussion. Using RETS, the ‘Zeeman-free’ 1S1/2,−1/2 →
3S1/2,−1/2 and 1S1/2,−1/2 → 3D3/2,−1/2 transitions can be excited, using two photons

of opposite circular polarization. A typical spectrum is shown in Fig. 3.5. The signal

shown is the light induced fluorescence of the hydrogen atoms. Only the ultraviolet

fluorescence was detected, stray Balmer radiation was blocked by means of an optical

filter. The signal is selective to atoms in the compression cell only because of the

position of the fluorescence detector. We use the lineshape of these transitions to verify

the nuclear spin polarization of the gas in the compression cell, as shown in figure 3.6.

Due to the Doppler broadening of this two-photon line, excited with copropagating

beams, the two hyperfine lines are not resolved, but they are far enough apart to allow

determination of the hyperfine polarization to within 10%. As shown in figure 3.6,

the RETS spectrum indicates that the gas in the compression cell is hardly hyperfine

polarized while the dissociator is on, but becomes polarized to better than 90% after
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the dissociator is stopped. This information complements the calculations shown in

chapter 5, which indicate that the hydrogen gas reaches a high degree of nuclear

polarization (see Fig. 5.5). We used the RETS scheme to verify the development of

nuclear spin polarization in a small number of measurements. In the measurements

presented in the following chapters the Lyman-α source was used in ‘double seed laser’

mode (see section 2.3.3), which is presently incompatible with RETS measurements.
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