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Chapter 5

Population dynamics and

heat exchange

All quantum gases that have been created are metastable with respect to inelastic

collisions between the atoms. In the case of adsorbed H these inelastic processes lead

to formation of molecules, causing loss of atoms and production of heat. Typically the

whole adsorbed hydrogen sample would be destroyed by recombination processes in a

matter of milliseconds if the adsorbate would not be replenished from the surrounding

bulk gas. In fact there is a continuous exchange of atoms and energy between the

adsorbed gas and the surrounding bulk gas in the compression cell. The gas in the

compression cell in turn exchanges atoms with the population in the buffer volume.

These fluxes of atoms and heat can be modeled, as many of the elementary processes

that occur have been measured in dedicated experiments, or can be predicted with

confidence from theory. Models of the population dynamics, in the form of a set

of rate equations, have been used successfully to describe the results of experiments

with high-density H in cryogenic cells, as for example in Ref. [35] and [10]. A detailed

model of the population dynamics and heat exchange in our apparatus serves three

purposes:

• First and foremost, it enables us to understand the behavior of the gas sample.

We made several measurements of gas densities, temperatures and their time

dependence. The processes by which hydrogen atoms are transported through

the cell, adsorb, desorb and recombine are relatively well understood, and the

measured behavior should agree with the behavior expected from the population

dynamics model.
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76 POPULATION DYNAMICS AND HEAT EXCHANGE

• Secondly, it gives insight into limitations of the present apparatus, and it can be

used to generate improvements. The maximum attainable phase space density

in our apparatus depends critically on the transport of atoms and heat through

the system. If the atoms lost due to recombination cannot be replaced quickly

enough, or if the recombination heat cannot be removed from the sample effi-

ciently enough, the range of phase space densities that can be reached is severely

limited. In the present compression cell, the degenerate regime was found to be

just out of reach. A detailed model of the transport properties in the present

apparatus can be used to improve the design of the compression cell.

• Thirdly, the model allows us to study recombination losses in the sample. The

recombination rate constants depend on two- and three atom correlators which

are sensitive to quantum effects. By comparing the recombination processes to

model predictions, we will obtain more information about a prospective degen-

erate sample. In fact, in the experiment by Safonov et al. [4], in which the first

degenerate two-dimensional atomic hydrogen sample was produced, the recom-

bination processes were the major source of information about the sample.

Our apparatus has strongly inhomogeneous magnetic fields inside it, and a large

temperature difference between the buffer volume and the compression cell. As a

consequence, the rate equations describing the population dynamics model will be

rather complicated, and involve many rate constants. Nevertheless, since hydrogen

is a well-studied system, most rate constants are well known, and predictions of the

population dynamics depend only on a few parameters. Moreover, it will be shown

that in steady state, the density in the gas sample is stabilized by strong negative

feedback: Attempts to increase the density of the gas in the compression cell will also

increase the temperature, which will lead to a reduction of the density of the adsorbed

gas. Therefore, the steady state temperature and density do not depend critically on

any parameter in the model, and the predictions are relatively robust.

5.1 Outline of this chapter

The description of the population dynamics starts by defining the relevant variables

and rate equations in section 5.2. Effective volumes are introduced in section 5.2.3,

and the correct temperature dependence of the effective area is analyzed in section

5.2.4. The adsorption equation, which describes adsorption and desorption of H

atoms, is discussed in section 5.3, where we also analyze corrections to the adsorption

equation due to imperfect hyperfine polarization of the gas, temperature gradients
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and recombination loss.

In section 5.4 we discuss all other terms in the rate equations which model the

compression cell, and in section 5.6 we examine the predictions of this model, and

compare them to experimental data. It is found that the rate equations describe

the behavior of the gas sample accurately, and that they also offer insight into the

limitations on the phase-space density.

Finally, in section 5.7 we apply our model to the design of an improved compression

cell. An important unknown parameter for this design is the fraction of energy released

at the site of recombination in a recombination event, fdir. It is shown that for

realistic values of fdir, heat removal by ripplons (thermal surface waves) is essential

for achieving quantum degeneracy. In section 5.7.1 an estimate of the efficiency of

ripplon heat conductance followed by ripplon-phonon conversion is made. In section

5.7.2, an estimate of fdir is made on the basis of an experiment conducted by the

Turku group [16]. Finally this estimate is used to predict the effect of modifications

of compression cell, which have been proposed for future experiments. According to

the present model, it should be possible to reach quantum degeneracy in a revised

compression cell.

5.2 Definitions

5.2.1 Population numbers and rate equations

To model the sample in our apparatus we keep track of the populations of atoms in

each hyperfine state in the compression cell and the buffer volume. In the compression

cell the atoms can be either in the bulk gas or adsorbed to the surface, while in the

buffer the number of adsorbed atoms is always negligible. Therefore there are six

relevant population numbers N
(h)
i . Here h denotes the hyperfine state (a or b) and

the index i indicates the subpopulation, where i = 2 refers to the adsorbate, i = 3 to

the bulk gas in the cell and i = B refers to the atoms in the buffer volume. Figure

5.1 schematically indicates these populations, as well as the exchange fluxes Φ
(h)
i→j

between them, and the loss fluxes R
(h)
j due to recombination. A rate equation for

each of the population numbers N
(h)
i reflects the following processes:

• The production of atoms by the dissociator, producing ΦD atoms/s,

• The flux of atoms from buffer volume to compression cell ,ΦB→3 [atoms/s],

• The flux of atoms from cell to buffer volume ,Φ3→B [atoms/s],
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Figure 5.1: Schematic showing the populations and atom fluxes (solid arrows, left panel)

in the apparatus, as well as the heat fluxes (dashed arrows, right panel). The dissociator is

a source of atoms, the recombination processes ‘burn’ atoms (leading to a loss of RB + RC

atoms per second) and generate heat, indicated by the recombination powers PR→i.
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• The adsorption flux Φ3→2, which represents the number of atoms per second

adsorbing to the helium surface, and the desorption flux Φ2→3,

• Atom loss due to recombination in the buffer volume, leading to a loss of RB

atoms/s,

• Recombination loss on the cell surface, leading to a loss of RC atoms/s,

• Depolarization of the nuclear spins in buffer volume and cell.

Taking all terms into account the rate equations for the populations N
(h)
3 in the cell

bulk gas, N
(h)
2 on the surface and N

(h)
B in the buffer volume read

d

dt
N

(a,b)
3 = Φ

(a,b)
B→3 − Φ

(a,b)
3→B − Φ

(a,b)
3→2 + Φ

(a,b)
2→3 − Geff

cell(N
(b,a)
3 − N

(a,b)
3 ), (5.1)

d

dt
N

(a,b)
2 = Φ

(a,b)
3→2 − Φ

(a,b)
2→3 − R

(a,b)
C , (5.2)

d

dt
N

(a,b)
B =

1

2
Φd − Φ

(a,b)
B→3 + Φ

(a,b)
3→B − R

(a,b)
B + Geff

B (N
(b,a)
B − N

(a,b)
B ). (5.3)

Here Geff
B ,Geff

C are the effective rate constants for nuclear spin relaxation. We assume

that this relaxation is dominated by the effects of impurities in the walls, and therefore

this is taken to be a one-atom effect. The G’s represent the probability per second

for each atom that its nuclear spin will be flipped by interaction with an impurity.

Although the nuclear spin relaxation is probably only relevant for adsorbed atoms, it

is more convenient to represent it as an effective bulk rate.

5.2.2 Heat exchange equations

In the recombination process a large amount of heat is released, approx. 26000 K ×kB

per atom. This heat flux will change the temperature locally, and thereby influence

the exchange fluxes. As a result, the population rate equations cannot be viewed

independently from the heat exchange in the apparatus. There are several thermal

reservoirs, which may be at different temperatures, as indicated in figure 5.1:

• The buffer volume, which is externally temperature controlled at temperature

TB . The contact surface between the walls of this volume and the gas inside it

is large, and the recombination rate inside it is low, so that we expect the gas

inside to be in thermal equilibrium with the walls at TB .

• The bulk helium liquid in the compression cell. The temperature THe of this

liquid is determined by means of an immersed thermometer.

• The helium surface and the adsorbate, at temperature T2. The temperature of

the helium surface may be different from that of the bulk liquid as the ther-

mal contact between the surface excitations (ripplons) and the bulk excitations
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(phonons) is very weak [12]. The surface excitations couple very well to the ad-

sorbed H atoms [23], therefore we expect them to be at the same temperature.

• The bulk H↓ gas in the compression cell, at temperature T3. This gas is heated

by excited molecules which are formed in recombination processes on the surface.

The thermal contact between the gas and the helium surface is rather poor

[3, 11], therefore T3 will in general be higher than the surface temperature.

We assume that each of these subsystems is in internal thermal equilibrium.

The heat capacity of these subsystems determines the timescale of their response

to changes in the heat-loads. The heat capacity C3 of the bulk gas in the cell at

constant number of particles is easily calculated using the expression from [20],

C3 ≡
(

∂E

∂T

)

N

=
5

2
kB

(

N
(a)
3 + N

(b)
3

)

. (5.4)

At a typical density of n = 1015 cm−3 this yields a heat capacity of C3 ≈ 2 × 10−12

J/K.

The heat capacity at constant area of the ripplons on the helium surface, C2 ≡
(∂E/∂T )A, can be calculated using the theory of Atkins [6] for the surface entropy.

We find for T < 0.3 K

C2/A = 2 × 10−5(T [K])4/3 JK−1 m−2, (5.5)

which we can approximate around T = 0.15 K by C2 ≈ 2 × 10−11 J/K. The heat

capacity of the adsorbed H atoms is negligible in the nondegenerate regime. The heat

capacity of the helium surface is so low that the response of the surface temperature T2

to a change in thermal load can be considered instantaneous for all practical purposes.

On the other hand, the heat capacities of the buffer volume and the helium liquid in

the cell are sufficiently large that the temperatures of these objects do not significantly

change during the experiment. Since we use a temperature controller to regulate the

temperature of the buffer volume, its heat capacity is effectively infinite. We will treat

the liquid helium temperature THe and the temperature of the buffer volume TB as

external parameters.

The heat exchange is modeled by an additional set of differential equations, which

models the following heat generation and transport phenomena:

• Heating of the helium surface in the cell by energetic molecules formed by re-

combination, (PR→2),

• Heating of the bulk gas in the cell by these molecules,(PR→3),

• Heat transport between the bulk gas and the surface, (P3↔2), and
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Figure 5.2: (a) Effective volume of the buffer volume versus temperature. (b) Solid lines:

Effective volume and surface area of the cell versus temperature. The effective surface area

for n-atom processes An(T ) is equal to A1(T/n). These curves are valid in the Boltzmann

regime. Dashed lines: Linear approximations valid in the temperature range relevant for the

experiment. A1[mm2] ≈ 1.05 + 85.4T [K], V1C [mm3] ≈ 56.1T [K] − 1.13.

• Conversion of surface heat into bulk liquid excitations,(P2→He).

The heat exchange equations are

d

dt
TB = 0, (5.6)

d

dt
THe = 0, (5.7)

d

dt
T3 =

1

C3
(PR→3 − P3↔2) , (5.8)

d

dt
T2 =

1

C2
(P3↔2 + PR→2 − P2→He) . (5.9)

The heat exchange equations (5.6 - 5.9) and the rate equations for the atom popula-

tions (5.1 - 5.3) are solved simultaneously by a numerical method.

5.2.3 Effective areas and volumes

As a result of the compression of the hydrogen by strong field gradients, the gas

density in the cell is very inhomogeneous. In such a strongly inhomogeneous system,

the physical volume is not a useful concept, since a reasonable density of atoms only

exists in a small part of the system. Atom trapping experiments show an extreme

case of this inhomogeneity: the size of the sample is determined by the trapping field

and the temperature of the sample, while the physical volume containing the trap is
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g

Figure 5.3: Impression of the atmospheric gas distribution in the cell. The magnetic field

gradient acts as an ‘effective gravity’ g = 106 m/s2 for the H↓ atoms. This effective gravity

drives the adsorbed atoms towards the lowest point the curved meniscus. The black shape

in the bottom indicates the magnetic field compressor with optical access.

totally irrelevant. The effective volume V1 the atoms occupy is defined by N = V1n,

where N is the total number of atoms and n is the highest density of atoms, i.e. in our

case the density at the field maximum. Remarkably, the effective volume is closely

related to the partition function of the gas [15] and a subtle change of effective volume

can even be used to compress a trapped gas into the degenerate regime [20, 27].

For an ideal Boltzmann gas of H↓, the one-body effective volume is

V1 =

∫

V

eµB(B(x)−B0)/kBT d3x, (5.10)

where the integral is taken over the volume V that is accessible to the atoms, and

B0 is the highest field occurring in this volume. The effective volumes of the buffer

volume and compression cell are shown in figure 5.2.

In our compression cell the magnetic field gradient is practically vertical, so that

B = B(z). On the curved surface of the helium meniscus there is therefore a potential

gradient, just as in the case of a curved surface in a homogeneous gravity field, see

figure 5.3. The one-body effective area A1 of such a curved surface is defined similarly

to the effective volume: N2 = A1n2. In the Boltzmann regime this leads to

A1 =

∫

S

eµB(B(x)−B0)/kBT d2x. (5.11)
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Here B0 is the maximum field on the surface, and the integral is taken over the curved

inner surface S of the container. To calculate the rate of multi-particle interactions

in an inhomogeneous system we introduce the m-body effective surface Am, which is

defined so that the rate of the m-body process is AmKm(n2)
m, where Km is the rate

constant for the process and n2 is the maximum density. The effective area is given

by

Am =

∫

S

[

n2(x)

n2

]m

d2x. (5.12)

In the Boltzmann regime we find that Am(T ) = A1(T/m). The effective area of the

compression cell is shown in figure 5.2 (b).

The effective surface area of the buffer volume A1B is only weakly temperature

dependent. One may approximate A1B ≈ A2B ≈ 60 cm2 at all relevant temperatures,

with an error of less than 10%. Due to surface roughness, the effective adsorption

area may be slightly larger than this geometrical area.

5.2.4 Local adsorption equilibrium

Since the transfer of energy between the bulk gas and the surface is very inefficient the

temperature T3 of the bulk gas is higher than the temperature T2 of the adsorbate. For

a significant temperature difference, the question rises which of these temperatures

determines the density profile of the adsorbate. The answer depends on the migration

of the atoms along the surface, and one can distinguish two limiting cases:

case a. Migration through the bulk gas

If the temperature is high, the average time an atom spends on the surface

τa is short and the mean free path of a surface adsorbed atom with respect to

scattering off ripplons is very short [13], see table 5.1. In this case we may assume

that no transport of adsorbed atoms along the surface takes place. In this

high temperature limit the bulk gas and the adsorbate are in local adsorption

equilibrium, therefore the density profile of adsorbed atoms depends on the bulk

temperature T3.

case b. Migration along the helium surface

In the low-temperature limit the surface residency time is long and the mean

free path of an adsorbed atom is large. Therefore, adsorbed atoms are easily

transported along the surface and the surface density profile depends only on

the ripplon temperature T2. The surface and the bulk are not in local adsorp-

tion equilibrium in this case. The atoms adsorb on an area which is the effective
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T (K) τa(s) τkin(s) ℓ(m) vdr(m/s) ddr(m) ddif(m)

0.08 6.9×10−3 4.4×10−8 1.9×10−6 2.2×10−2 1.5×10−4 7.3×10−4

0.1 3.5×10−4 2.4×10−8 1.1×10−6 1.2×10−2 4.2×10−6 1.4×10−4

0.2 5.7×10−7 4.2×10−9 2.8×10−7 2.1×10−3 1.2×10−9 3.3×10−6

0.3 4.7×10−8 1.6×10−9 1.3×10−7 8.0×10−4 3.7×10−11 7.1×10−7

0.4 1.1×10−8 8.7×10−10 8.2×10−8 4.4×10−4 4.9×10−12 3.0×10−7

Table 5.1: Time- and length scales for H atom adsorption at various temperatures. τa is

the mean surface residency time[3], τkin the momentum relaxation time [13], ℓ is the mean

free path, vdr the drift velocity in a field of 106 m/s2, ddr = vdrτa is the distance an atom

drifts during τa, and ddif = ℓ(τa/τkin)1/2 the average distance an atom diffuses during the

time τa.

area at T3, but they distribute themselves over the effective area A1(T2), which

is usually smaller. Calculations of the surface density profile must include ther-

mally driven migration of atoms along the surface.

In the present compression cell case a is prevalent. In general, case b is expected to

occur when the atoms move a distance of the same order as the system size between

the position where they adsorb and where they desorb.

There are basically two mechanisms by which the atoms move along the surface:

drift due to the magnetic field gradient, over an average distance ddr, and random

diffusion due to scattering of ripplons [13], over an average distance ddif . These

distances are shown in table 5.1.

As shown in figure 5.3, the magnetic field gradient drives the adsorbed atoms

towards the centre of the helium meniscus. The atoms experience an acceleration

a = P2(∇|B|×µB/mH). Here, P2 is the projection operator that projects a vector in

the tangential plane, i.e., it removes any component nornal to the surface. The drift

due to the acceleration a is described by the Drude conduction formula [14]. In the

presence of an acceleration the atoms will acquire a mean drift velocity 1
2aτkin, where

τkin is the mean scattering time. At the edges of the helium meniscus the acceleration

due to the field gradient is maximal, a ≈ 106 m/s2. Table 5.1 lists the values of τa and

τkin for a number of temperatures, and the resulting values for the mean free path ℓ

and the mean drift velocity vdr. The drift will cause the atoms to desorb at a position

which is on average shifted by ddr = vdrτa from the location where they adsorbed. It

is seen that ddr is much smaller than the size of our system (which is of order 1 mm)

at all temperatures.
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In the absence of an accelerating field the atoms diffuse randomly. The RMS

distance between the position where they adsorb and the position of desorption is

ddif = ℓ(τa/τkin)1/2. In the relevant temperature range (T > 100 mK) this diffusion

length is also much smaller than the size of the system. Since the transport of particles

along the surface does not significantly influence their distribution, the adsorbate will

be in local flux equilibrium with the bulk gas everywhere and we calculate the effective

area of the cell at the bulk temperature T3.

5.3 Adsorption equation

The interaction of H atoms with the surface of liquid helium is a rich subject, which

has been studied extensively, and reviewed in e.g. Ref. [23]. Hydrogen atoms may

interact with the helium surface in various ways: they can reflect specularly from the

helium surface (quantum reflection) as was observed by Berkhout et al. [18], they

may collide inelastically, or they may stick and remain adsorbed for some time. The

sticking process was studied for a large range of gas temperatures: from 0.4 K down

to 100 µK [3, 26, 24]. At these lowest temperatures the influence of long-range van der

Waals forces due to the substrate may strongly affect the sticking process on helium

films [25].

Some time after sticking, the atoms will desorb again (recombination processes will

be taken into account later). In this section we will obtain a general expression for

the mean surface residency time τa, the mean time between sticking and desorption.

This problem has been analyzed by Svistunov et al. in Ref. [21] for a one component

Bose gas, and we will follow their analysis and extend it to the situation of a two-

component Bose gas. The analysis makes use of the fact that in thermal equilibrium

the adsorption and desorption fluxes are balanced,

Φ2→3 = Φ3→2, (5.13)

while at the same time the densities of the bulk gas and the adsorbed gas are related

through the adsorption isotherm.

In the dilute limit, the sticking process is determined only by the bulk gas [3, 17],

the state of the adsorbate hardly influences the sticking process. Only at densities

near monolayer coverage (nsat
2 ≈ 1014cm−2) will the adsorbate influence the sticking

process [19]. The densities relevant in our experiment are an order of magnitude below

nsat
2 , so we may neglect the influence of the adsorbate on the adsorption process. The
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number of atoms which stick on a surface area A per second is given by

Φ3→2 =
1

4
As(T3)v̄(T3)n3, (5.14)

where s(T3) is the sticking coefficient, and where v̄(T3) is the average atomic velocity

at T3, see Eq. (A.2). In the temperature range relevant for our experiment, it was

found that s(T3) ≈ 0.3T3[K] [26, 3].

In contrast to the adsorption flux, which can be calculated using the above for-

mulae regardless of the thermal equilibrium between surface and bulk, the desorption

flux cannot be calculated straightforwardly when the surface and the bulk gas are out

of thermal equilibrium. Following Svistunov et al. we calculate the desorption flux

in such a case by first considering the relation between bulk and surface density in

thermal equilibrium, and generalizing in a later stage to the case of a temperature

difference between the bulk gas and the surface.

The adsorption isotherm for H on l-He relates the bulk density to the adsorbate

density. It is obtained by equating the chemical potential µ3 in the bulk gas phase to

the chemical potential µ2 of the adsorbed phase. In our experiments, the bulk gas is

far from quantum degeneracy, so that the ideal Boltzmann gas expression

µ3 = kBT ln(n3Λ
3) (5.15)

may be used, where Λ is the thermal de Broglie wavelength (A.1). Since the adsorbate

is close to the degenerate regime, we have to use the expression for the chemical

potential of a Bose gas. The chemical potential for an ideal two-dimensional Bose gas

is given by

µ2 = kBT ln[1 − exp(n2Λ
2)] − Ea, (5.16)

where Ea is the adsorption energy, Ea/kB = 1.00(5)K [36]. It is seen that for small

values of the degeneracy parameter, the first term reduces to the Boltzmann ex-

pression kBT ln(n2Λ
2). For a weakly interacting non-condensed Bose gas, the in-

teractions can be incorporated as a mean field term of value 2Ũn2, where Ũ/kB ≈
5×10−15Kcm2 [22, 23] is the calculated effective interaction vertex between adsorbed

atoms.

For a Bose condensed two-dimensional sample, the chemical potential is obtained

differently. For a pure Bose-Einstein condensate at T = 0, the interactions form the

only contribution to the chemical potential, and the effective interaction strength is

reduced by a factor 2 with respect to the non-condensed phase [28, 29], so that we

find

µ2(T = 0) = Ũn2 − Ea. (5.17)
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It is shown in Ref.[21] that the temperature dependence of µ2 is negligible in the

entire region where the two-dimensional condensate exists (n2Λ
2 & 4). This leads to

the approximate expression for the chemical potential of an interacting Bose gas,

µ2 = kBT ln[1 − exp(n2Λ
2)] − Ea + (2 − Θ)Ũn2. (5.18)

The first term is very small for large values of the degeneracy parameter, we may

therefore leave it in the expression even when θ > 0.

The parameter Θ is a measure of the condensate density; Θ is zero in the absence

of a condensate and becomes approximately one when the two-dimensional gas Bose

condenses. The exact dependence of Θ on the phase-space density in the transition

region is unknown.

Setting µ2 = µ3 leads to the equation for the adsorption isotherm for a one-

component gas in thermal equilibrium,

n3Λ
3 =

(

1 − e−n2Λ
2
)

exp

(

−Ea + (2 − Θ)Ũn2

kBT

)

. (5.19)

This relates the bulk density to the surface density at a given temperature T =

T2 = T3. In the limit of low n2, the adsorption isotherm reduces to the well-known

expression for an ideal Boltzmann gas,

n
(a,b)
2 = n

(a,b)
3 ΛeEa/kBT ; (for n2Λ

2 ≪ 1). (5.20)

Remarkably, this simple expression is good to within 25 % up to a phase-space density

of unity. This is due to a partial cancellation of the interaction term and the quantum-

statistical corrections. The simple Boltzmann formula may therefore be used to gain

insight into the behavior of the surface density, even close to quantum degeneracy.

However, for numerical evaluation of the rate equations we use the full expressions.

In practice, the bulk gas and the adsorbate are never in perfect thermal equilib-

rium, as the thermal contact between these two systems is poor. We therefore extend

the approach to steady state situations with T2 6= T3. The surface residency time τa

is then found by the requirement that in steady state the desorption flux equals the

adsorption flux, so that

n2 = Φ3→2τa/A. (5.21)

The surface residency time only depends on surface temperature and density - not

on the state of the bulk gas. We may therefore calculate the value of τa in thermal

equilibrium, and then use this value even when T2 6= T3. In thermal equilibrium at

T = T2 = T3 we find

τa =
An2(n3, T )

Φ3→2(n3, T )
, (5.22)
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where we have explicitly indicated the fact that n2 and Φ3→2 are functions of n3 and

T . By substitution, we find the expression for τa,

[τa(n2, T2)]
−1

=
kBT2

2π~
s(T2)

1 − exp(−n2Λ
2
2)

n2Λ2
2

exp

(

−Ea + (2 − Θ)Ũn2

kBT2

)

. (5.23)

Here, Λ2 is the thermal de Broglie wavelength at T2. We have explicitly written

the surface residency time τa as a function of the state of the surface only, as it

should not depend on the state of the bulk gas. Note the appearance of the sticking

coefficient s(T2) at the surface temperature. The expression simplifies considerably

in the Boltzmann regime [3],

τa =
2π~

kBT2s(T2)
exp

(

Ea

kBT2

)

; (for n2Λ
2 ≪ 1). (5.24)

The single component steady state adsorption equation then assumes the form [21]

1

4
s(T3)v̄(T3)n3 =

kBT2

2π~
s(T2)

1 − exp(−n2Λ
2
2)

Λ2
2

exp

(

−Ea + (2 − Θ)Ũn2

kBT2

)

. (5.25)

The above equation holds for a gas that is ideally polarized in a single hyperfine

state. In realistic gas samples, polarizations of more than 99% of the atoms into

the stable b hyperfine state have been achieved, but a small fraction of atoms in the

a hyperfine state is always present. These atoms may be insignificant in number,

but still contribute significantly to the rate equations due to the fact that their rate

constant for recombination with b-state atoms is large. At low density, there is no

difference between the adsorption behavior of atoms in the a and b hyperfine states.

The large density of b atoms, which is present in experiments aiming at quantum

degeneracy, causes an asymmetry in mean-field interactions between atoms in the

a and b states. In a non-condensed sample, the repulsive interactions between two

atoms in the same hyperfine state are enhanced by a factor 2 due to symmetrization

of the wavefunctions. Therefore, in a dense, non-condensed b-polarized gas, an atom

in the a state will experience a smaller mean-field interaction potential. Remarkably,

in a condensate of b-state atoms, an atom in the a-state will experience the same

mean field interaction term as a b-state atom from the condensate.

To correctly track the behavior of the reactive a-state atoms in a high density

sample one must generalize the adsorption equations to hold for hyperfine mixtures.

This generalization is rather straightforward, one can neglect terms which are of

higher order in the density of a-state atoms. The residency times for the two hyperfine
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components then follow,

1/τ (b)
a =

kBT2

2π~
s(T2)

1 − exp(−n
(b)
2 Λ2

2)

n
(b)
2 Λ2

2

exp

(

−Ea + (2 − Θ)Ũn
(b)
2 + Ũn

(a)
2

kBT2

)

,

1/τ (a)
a =

kBT2

2π~
s(T2) exp

(

−Ea + Ũn
(b)
2

kBT2

)

. (5.26)

The steady-state adsorption equations can easily be found from equating the adsorp-

tion and desorption fluxes, n
(a,b)
2 = Φ

(a,b)
3→2τ

(a,b)
a /A.

The influence of atom loss due to recombination has so far been neglected. Espe-

cially in the case a few percent of the atoms is in the a-state, the recombination loss

flux may influence the steady-state adsorbate density. Correct steady-state expres-

sions can be straightforwardly obtained by equating the adsorption fluxes with the

sum of the desorption flux and the recombination loss flux,

Φ
(a,b)
3→2 = Φ

(a,b)
2→3 + R

(a,b)
C . (5.27)

Here RC stands for the surface recombination loss flux.

5.4 Atom fluxes

In this section we will explicitly derive all atom fluxes appearing in the rate equations

(5.1-5.2). As H↓ is a relatively simple and very well-studied system, we are able to

find quantitative expressions for most atom fluxes.

Dissociator flux:

The dissociator produces a flux of Φd ≈ 2.5 × 1013 atoms per second into the buffer

volume, as was determined from measurements of the increase of the buffer volume

density just after turning on the dissociator. It was also found that the value of the

dissociator flux can vary by as much as a factor 2, probably depending on the amount

of solid H2 available near the position of the discharge. The atoms that come from the

dissociator in to the buffer volume are electron spin polarized, as the low-field seeking

atoms are blocked out by the magnetic field gradient in between the dissociator and

the buffer volume. The nuclear spin remains unpolarized, i.e. half of the atoms are

in the a hyperfine state and half are in the b-state.

Injection flux:

The flux of atoms from the buffer volume to the compression cell consists of atoms

in the a and b states, described by the fluxes Φ
(a)
B→3 and Φ

(b)
B→3. These fluxes are
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proportional to the number of atom that enter the tube, a Boltzmann factor and an

effective Clausing factor.

Φ
(a,b)
B→3 =

1

4
K∗v̄(TB)Ainj

N
(a,b)
B

V1B
e−µB(Bbuf

max−Binj

min
)/kBTB . (5.28)

Here, Ainj is the 3.14 mm2 area of the injector tube and Bbuf
max −Binj

min is the difference

between the field maximum in the buffer volume and the minimum in the injector tube.

The effective Clausing factor K∗ that appears in this equation differs strongly from the

Clausing factor that would appear for the injector tube (L/r ≈ 25) in a homogeneous

field. This can be understood qualitatively by noting that normal Knudsen flow only

occurs in the region of the tube where the effect of the field gradient on the motion

of the atoms between wall collisions is small. In our experiment, this is the case only

in a region with a length of ≈ 2 tube radii. From a full numerical calculation [39] it

follows that K∗ ≈ 0.5.

Escape flux:

The reverse flux Φ
(a,b)
3→B can be calculated from the same effusion formula in the reverse

direction,

Φ
(a,b)
3→B =

1

4
K∗v̄(T3)Ainj

N
(a,b)
3

V1C
e−µB(Bcel

max−Binj

min
)/kBT3 , (5.29)

where Bcel
max is the maximum field in the compression cell. Note that the reverse flux

depends on the cell temperature T3 while the injector flux depends on the (higher)

buffer temperature TB. This difference in temperatures gives rise to thermal com-

pression of atoms into the compression cell.

Adsorption flux:

The flux of atoms that adsorb to the surface Φ
(a,b)
3→2 is given by (cf. Eq. 5.14)

Φ
(a,b)
3→2 =

1

4
A1s(T3)v̄(T3)N

(a,b)
3 /V1C . (5.30)

Here, A1 is the one-body effective surface area of the cell.

Desorption flux:

The desorption fluxes for the different hyperfine states are easily expressed in terms

of the surface residency times τ
(h)
a , as

Φ
(a,b)
2→3 = N

(a,b)
2 /τ (a,b)

a . (5.31)

Recombination loss flux:

The recombination losses in the sample are dominated by the region of highest den-

sity, in our case the adsorbate in the compression cell, which is effectively orders of
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magnitude denser than the bulk gas. The most important recombination processes

are surface catalyzed a + a, a + b and b + b + b recombination. Since the density of

atoms in the a-state is much smaller than that of atoms in the b-state, the influence

of a + a + a and a + a + b processes is very small, and even the a + b + b process was

found to be negligible with respect to the a + b process [4]. The flux of atoms in the

a state lost from the compression cell due to recombination is

R
(a)
C = A2

[

2(n
(a)
2 )2Ks

aa + n
(a)
2 n

(b)
2 Ks

ab

]

, (5.32)

the recombination flux of b atoms from the compression cell is

R
(b)
C = A2

[

n
(a)
2 n

(b)
2 Ks

ab

]

+ A3L
s
bbb(n

(b)
2 )3. (5.33)

Here A2 is the effective surface area for two-atom processes and n
(a,b)
2 = N

(a,b)
2 /A1.

The rate constant for an unpolarized gas, Ks = (Ks
ab+Ks

aa)/2 has been determined in

several experiments [7, 8], see table 5.1 in Ref. [10] for an overview. Most experimental

values are consistent with KsT 1/2B2 = 5.6(5) × 10−8 cm2K−1/2 T2s−1. To extract

the state dependent recombination constants, the fraction γ = Ks
aa/Ks

bb must be

known. In Ref. [10] an overview of a number of measurements of γ is given. There

is significant discrepancy between different measurements, they all fall in the range

2 < γ < 3.5. The temperature dependence of γ is not clear. We will assume γ = 2.5,

independent of temperature.

Recently, direct measurements of Ks
ab by recombination in a gas of b atoms were

reported [16, 4] yielding Ks
abT

1/2B2 = 4(1) × 10−8 cm2K−1/2T2s−1. This rate is

consistent with the earlier measurements of Ks. In our rate equations we use the

following values, which are consistent with most experiments,

Ks
ab = 3 × 10−8

√

T [K]/(B[T])2cm2s−1 (5.34)

Ks
aa = 2.5Ks

ab. (5.35)

The recombination loss flux of b atoms includes a third order recombination term

Ls
bbb(n

(b)
2 )3 [9]. The third order surface recombination-loss constant Ls

bbb was first

measured by Hess et al. [31], who found Ls
bbb = 2.0(6) × 10−24 cm4/s. Sprik et al.

[1, 2] and, more recently, Safonov et al. [16] found similar values. The very recent

determination by Safonov et al. [4] yielded a value of 8(4) × 10−24 cm4/s, approxi-

mately a factor two smaller. In their experiment the effective area for recombination

is very small, which may contribute a systematic error on their determination of the

rate constant, therefore we chose to use the previously determined value in our rate

equations.
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In each three-body recombination event, two of the atoms form a molecule, and are

therefore lost from the sample. The third atom may also be lost, as it may flip its spin

and recombine with another atom from the sample. This way, four atoms may be lost

due to a three-body event. The third atom has a probability ξ ≈ 0.8 [2] of undergoing

an electron spin flip to the c state. The c-state atom will recombine quickly with

an atom (in the a or b state) from the sample. In practice, b + b + b recombination

becomes the dominant process only when the sample is hyperfine polarized into the

b-state. We may therefore assume that any atoms that have undergone a spin flip to

the c state will recombine with a b-state atom from the sample. Therefore, only atoms

in the b state are destroyed due to the three-body process. In each event, (2 + 2ξ)

atoms are destroyed. The loss-rate constant Ls
bbb is therefore a factor (2 + 2ξ) larger

than the event rate constant.

When the sample becomes quantum degenerate, both the three-body effective area

and the effective recombination constant Ls
bbb change due to quantum correlations.

These effects have not been incorporated into our model of the compression cell, as

too little is known about the behavior of the gas in the transition region.

Recombination loss in the buffer volume:

The only important recombination processes in the buffer volume are surface catalyzed

a + a and a + b recombination. The loss-flux of atoms due to these processes is

R
(b)
B =

A2B

V 2
1B

Λ2e2Ea/kBTBKabN
(a)
B N

(b)
B , (5.36)

R
(a)
B =

A2B

V 2
1B

Λ2e2Ea/kBTB

(

KabN
(a)
B N

(b)
B + 2Kaa(N

(a)
B )2

)

,

where Λ is the thermal de Broglie wavelength at TB.

Nuclear spin relaxation:

A final term concerns relaxation of the nuclear spins. In a dense gas, nuclear spin

relaxation can be the “bottleneck” which determines the life-time of the gas sample

[5]. In the present geometry, the main contribution to nuclear spin relaxation is

relaxation due to magnetic impurities in the cell and buffer volume walls. These

impurities cause the nuclear spins of the atoms to depolarize, thereby converting

atoms in the b-state to the a-state and vice versa. The relaxation is modeled by

an effective bulk interconversion rate Geff for the a and b hyperfine states, so that

the number of b atoms in the compression cell that relaxes to the a-state per second

is Geff
cellN

(b)
3 . In our numerical model, the nuclear spin relaxation process enters as

an effective bulk rate, as this is more convenient. However, the actual process is

dominated by the adsorbed atoms. This leads to a strong (exponential) contribution
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to the temperature dependence of the rate constants.

The nuclear relaxation rate constants Geff
cell,buff depend on the purity of the mate-

rial walls. This cannot be determined a priori, the relaxation constants have to be

obtained from hydrogen decay measurements. For the buffer volume a straightfor-

ward measurement is possible by over-filling the compression cell with liquid helium.

This measurement is discussed in section 5.6.1, and yields (Geff
buff)−1 ≈ 14000 s at

T = 250 mK. The rate constant for the compression cell can not be obtained directly,

since it is impossible to completely isolate the compression cell. This rate constant

therefore remains a free parameter, which will be determined by a fit to measured

data in section 5.6.2.

5.5 Heat fluxes in the compression cell

Almost all equations in the above section depend strongly on temperature, and the

model can only have descriptive value if we have values for the temperatures of the

different subsystems. The thermal section of our model of the cell predicts these

temperatures based on the thermal deposition and transport processes than happen

in the cell. It reflects the deposition of recombination heat, its transport between the

surface and the bulk gas and its conversion into phonons in the liquid helium.

Recombination heating: The recombination events on the surface create excited

molecules, these molecules then lose their energy in collisions with the helium surface

and the hydrogen gas atoms. Only a tiny fraction (fdir < 0.01 [32, 33]) of the binding

energy is deposited directly at the place where the recombination event occurs. In

section 5.7.1 it will be shown that a realistic estimate is fdir = 0.006. It was deter-

mined by Vasilyev et al. that it takes approximately 150 wall collisions, and possibly

slightly more, for a molecule to dissipate half its energy [32]. Since the cell walls are

not very smooth, the molecule is scattered diffusively in each collision. A certain frac-

tion of the molecules will return one or more times to the meniscus, and release some

energy there, in addition to the energy released in the recombination event. With the

assumption that a constant fraction of the molecule’s internal energy is transferred

to the helium film in each collision, one can calculate the heat-load these returning

molecules deposit on the helium surface. From a Monte-Carlo type calculation it fol-

lows that for our cell geometry the scattered molecules deposit a fraction fret = 0.032

of their recombination heat on the area of the meniscus, Amen = 11.6 mm2. This

leads to a heat-load on the meniscus of

PR→2 = (fret + fdir)
1

2
DH2

(R
(a)
C + R

(b)
C ), (5.37)
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where DH2
is the dissociation energy of the hydrogen molecule (See Eq. A.3). It should

be noted that there is some uncertainty in fret. The numerical collision assumed a

constant fraction of the molecule’s energy is transferred in each wall collision, this is

probably an oversimplification. In addition, as discussed in [32], the number of wall

collisions the molecule needs to release half its energy could be larger than the quoted

150. However, the numerical calculation is only sensitive to the square root of this

number.

Ripplon to phonon conversion: As discussed in section 4.5 of this thesis, the ad-

sorbed atoms are thermally coupled to the ripplons on the helium surface, which are

very weakly coupled to the phonons in the bulk liquid. We use the following approx-

imation to the expression derived by Reynolds, Shlyapnikov and Setija to calculate

the power converted to phonons:

P2→He = κrpAmen(T
20/3
2 − T

20/3
He ). (5.38)

Here κrp = 8.4 × 103 W m−2K−20/3 is the ripplon phonon coupling constant [12].

The measurements presented in chapter 4 quantitatively support this ripplon-phonon

coupling theory. The temperature THe of the liquid helium is below 85 mK in the

experiments aiming at high phase space density. At typical power fluxes that occur

in the experiment the surface temperature T2 > 0.1 K. Due to the 20/3 power law the

converted power becomes independent of THe. In the thermal model of the compres-

sion cell we use THe = 0.07 K, which is the base temperature of the present apparatus.

Heat conductance along the surface, which is investigated in section 5.7.1, does not

contribute to the cooling of the meniscus, because the most important heat-load, that

due to the scattered molecules, is distributed rather homogeneously over the surface

area. Therefore, a term describing this contribution is not included in Eq. 5.9.

Bulk gas temperature:

The bulk gas in the compression cell is heated by the excited molecules that form in

recombination processes. Such molecules traverse the cell approximately 150 times,

and during their flight they may collide with atoms from the bulk gas and transfer

some of their kinetic energy. These collisions will be rather rare, as at n3 ≈ 1015

atoms/cm3 the bulk gas is relatively dilute, and the H-H2 scattering cross-section is

small (see chapter 4). Only a small fraction fbulk of the recombination heat will be

dissipated in the gas. From the measurements presented in section 4.5 we estimate

fbulk ≈ 1.3 × 10−16N3, which is about 3 × 10−3 under typical conditions. This heat

is carried away by thermalization of the bulk gas atoms with the helium surface.

The thermal contact between the hydrogen bulk gas and the helium surface is
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rather poor. Heat transfer is dominated by sticking of atoms on the helium surface,

which is proportional to the number of atoms that collide with the surface. The

accommodation coefficient α describes the efficiency of the energy transfer. The net

heat flux at small temperature difference T3 − T2 is

P3→2 = α (T3 − T2)
1

4
A1(T3)

N3

V1C
v̄(T3). (5.39)

The thermal accommodation coefficient α was measured in the relevant temperature

range by a number of groups, (See e.g., [3, 11]), yielding α ≈ 0.5T3[K]. The tem-

perature of the bulk gas is then determined by the requirement that the heat-load

dissipated by molecules in the bulk gas equals the heat transfer of the bulk gas to the

surface, PR→3 = P3→2. Since the thermal contact is so poor, even the small fraction

fbulk of the recombination heat-load gives rise to a 10-20% temperature rise of the

bulk gas over the surface temperature.

5.6 Model of the gas sample

The atom flux and heat exchange equations (5.1 -5.3 and 5.6 - 5.9), together with the

expressions for the fluxes in the preceding section, form a numerical model of the gas

sample in the apparatus. Now that we have constructed this model, we can use it

to simulate the behavior of the gas. From this simulation we can obtain predictions

of important variables such as the maximum achievable phase space density and the

lifetime of the sample.

In principle, if all constants that appear in the equations were known exactly, and

all physical processes were adequately included, one should obtain a precise predic-

tion for the behavior of the sample. In practice, as discussed in the preceding section,

some constants are only approximately known, or suffer from large experimental un-

certainties. In addition, it is important to observe that this model was constructed

a posteriori, using data from the experiment itself. Experimental data was used to

obtain the estimate for the amount of bulk gas heating, and to confirm the theory of

ripplon-phonon coupling for heat transport through the helium surface.

Another source of uncertainty in any experiment with H↓ is the magnetic purity

of the apparatus, on which the nuclear spin relaxation constants Geff
cell,buf depend.

A determination of Geff
buf , using a hydrogen sample, is given in section 5.6.1, the

nuclear spin relaxation rate constant Geff
cell remains the only adjustable parameter in

the model.
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Figure 5.4: Density of atoms in the isolated buffer volume as a function of time. The

compression cell was overfilled with helium for this measurement. The dissociator was turned

off at t = 0. Points: Experimental data, TB = 0.25 K. Solid line: Model calculation,

with nuclear spin relaxation time τB = 20000 s. Dashed/dotted lines: Calculations with

τB = 10000, 30000 s.

5.6.1 The isolated buffer volume, nuclear spin relaxation

In one experiment we over-filled the compression cell with liquid helium, so that the

gas in the buffer volume could be studied without communication with the cell. We

studied the decay of the gas in this simple system to obtain the time constant for

nuclear relaxation τB . By fitting model decay curves to the experimental ones (as

shown in Fig. 5.4 we find τB = 2.0(5)×104 s at TB = 0.25 K and τB = 8(1)×103 s at

TB = 0.20 K. This agrees well with the T 1/2eEa/T behavior one would expect for an

essentially temperature independent surface induced relaxation process. The nuclear

spin relaxation time in the buffer volume is well described by

τB = 6 × 105 s × (TB [K])−1/2e−1.01/(TB [K]). (5.40)

5.6.2 Time evolution of the gas sample

By simultaneously solving the population and heat exchange equations for the com-

pression cell and the buffer volume we obtain the time evolution of all thermodynam-

ical variables in the experiment, which we can compare to the experimental data. A

typical time series is shown in figures 5.5 and 5.6. In this experiment, the dissociator
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was run for one hour, after which it was turned off and the buffer volume was temper-

ature stabilized to 293 mK. The helium in the compression cell was cooled to obtain

the lowest possible temperature under these circumstances, THe ≈ 85 mK. In figure

5.5 we see the density of the gas in the buffer volume, which contains most of the

atoms, together with the temperatures in the compression cell. Figure 5.6 shows the

evolution of the bulk gas and adsorbate densities in the compression cell, as well as the

calculated evolution of the nuclear spin polarization (a-state fraction). The nuclear

spin polarization was not measured in this experiment. Note that the bulk gas and

adsorbate densities are related through the adsorption equation, see section 5.3. The

experimental surface temperatures in figure 5.5 were calculated from the measured

densities by inverting the adsorption equation. The measured and calculated values

are seen to agree qualitatively and quantitatively (note the systematic uncertainty in

the lower panel of figure 5.6).

It is seen that initially the number of atoms in the buffer volume decreases slowly,

while the temperatures in the compression cell are much above the liquid helium

temperature. After approximately 1000 seconds the temperatures in the compression

cell decrease faster, and the characteristic time of the decay of the sample in the buffer

volume becomes shorter. The explanation of this behavior is found in the overheating

of the compression cell, which leads to a steady state with strong negative feedback.

At high buffer density, a large flux ΦB→3 of atoms is injected into the compression

cell, which gives rise to a high recombination flux, and therefore a high temperature in

the compression cell. This high temperature allows atoms to escape over the potential

barrier, back into the buffer volume. The return flux Φ3→B will reduce the net flux

into the cell.

If the cell is magnetically pure, the returning atoms will be substantially better

hyperfine-polarized than the injected gas, as the a atoms recombine preferentially in

the dense adsorbate. In the absence of impurity relaxation, the return flux from the

cell will lead to improved polarization of the gas in the buffer volume, and the lifetime

of the sample will be very long. On the other hand, in the presence of magnetic

impurities, the returning flux will not be hyperfine-polarized, and the sample will

decay faster.

Therefore, the long-time behavior of the densities depends strongly on the mag-

netic purity of the compression cell, i.e., on the nuclear spin relaxation rate constant

Geff
cell. This parameter was adjusted to reproduce the observed long-timescale behavior

of the buffer density. The curves shown were calculated using Geff
cell = 0.05 s−1. As

the nuclear relaxation rate constant is a free parameter, it is possible that the effect of

errors in other quantities has been absorbed in the fit value. The predicted evolution
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of the sample agrees well with the observations, which indicates that the behavior of

the hydrogen sample in our apparatus is well-understood.
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Figure 5.5: Time evolution of cell temperatures and buffer density. Upper panel: the

density of atoms in the buffer. Line: Model prediction, squares: Experimental data. Lower

panel: Temperatures in the compression cell. Open squares: Bulk gas temperature T3,

closed diamonds: surface temperature T2. Open circles: Helium temperature THe. At t = 0

the dissociator is turned off and the buffer volume is cooled, which causes a jump in all

temperatures.

5.6.3 The sample in the compression cell

The time-scales on which the sample in the compression cell reaches a steady state

is of the order of milliseconds, much faster than the evolution of the buffer density.

In the rate equations it is therefore possible to separate the dynamics, and treat the

buffer as a steady source of polarized H atoms. This offers an important simplification

of the presentation of the model predictions. Only two independent variables suffice
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Figure 5.6: Time evolution of bulk gas and adsorbate density. Lines: Model prediction,

symbols: Experiment. Upper panel: Predicted fraction fa of atoms in the a hyperfine state

in the buffer volume. This quantity was not measured directly. Middle panel: Bulk gas

density n3 in the compression cell. Lower panel: Adsorbate density n2. The measurements

of n2 suffer from a systematic uncertainty, indicated by the arrow. The statistical uncertainty

is much smaller, of the order of the symbol size.

to calculate the state of the sample in the compression cell: The flux of atoms that

is injected from the buffer volume, ΦB→3, and the degree of hyperfine polarization
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Figure 5.7: Calculated steady-state behavior of the present compression cell. The graph

shows various thermodynamic quantities, calculated as a function of injection flux ΦB→3.

Black dots: injection of pure b-state atoms, △: injection of 3% a-state atoms, ∇: 10 %

a, ♦: 50 % a. The straight line in the upper panel corresponds to a recombination flux

equal to the injection flux. The experimentally accessible range for the injection flux is

1012/s . ΦB→3 . 1016/s.

(fraction fa of a-state atoms) of the injected atoms. The injection flux is not only a

convenient independent variable in our population rate equations, it is also a variable

which can be controlled in an experiment, by changing the temperature of the buffer

volume. The a-state fraction fa cannot be controlled so easily.

In figure 5.7, predicted thermodynamic variables in the compression cell are shown

as a function of the injection flux. A number of values for the fraction fa has been
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Figure 5.8: Predicted thermodynamic variables of the gas in the compression cell as a

function of the recombination flux RC . Black dots: injection of pure b-state atoms, △:

injection of 3% a-state atoms, ∇: 10 % a, ♦: 50 % a. The straight line in the upper panel

corresponds to a recombination flux equal to the injection flux.

plotted. In the experiment fa is between zero and 3%. Obviously, the highest density

occurs when all the atoms that are injected into the cell are in the stable b hyperfine

state. It is seen that at an injection flux of 1013 atoms/s the recombination flux
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deviates from the injection flux, i.e. a fraction of the atoms that are injected into the

cell leave without recombining.

This is an illustration of the negative feed-back due to overheating: Recombination

leads to heating of the helium surface, mainly because excited molecules collide with

the surface. As the atoms in the cell acquire more thermal energy, their probability

to escape over the potential barrier and return to the buffer is increased. Injecting

more atoms will not increase the density proportionally, instead the temperature will

increase so that most of the extra injection flux will be returned to the buffer volume.

This increase of the temperature has an important consequence for the phase-space

density, since n2Λ
2 ∝ n2/T . In the overheated regime, the density increases only

very slowly with injection flux, while the temperature rises quickly. This leads to a

stagnation, and even a decrease of the phase-space density at high injection flux.

The experimentally accessible range of the injection flux is between 1012 and 1015

atoms/s, and it is seen that the phase space density has a maximum value of n2Λ
2 ≈

1.25 in this range. Increasing the injection flux does not improve this value. The

results shown use the value for the nuclear spin relaxation rate constant Geff
cell as

determined in section 5.6.2. The results depend only very weakly on Geff
cell, as the

negative feedback reduces the sensitivity to any parameter.

Although the injection flux can easily be controlled in an experiment, it cannot be

measured very accurately. If one measures the decay of the number of atoms in the

buffer volume, one finds the total recombination loss flux, which can differ strongly

from the injection flux as argued above. It is therefore useful to represent the same

data as a function of the recombination flux, as is done in figure 5.8. In Fig. 5.9 we

show the same predictions on a different scale, together with experimental data. The

measured and predicted temperatures T2 and T3 are seen to agree. The fraction fbulk

in our model is in fact an adjustable parameter, which is determined from a similar

graph in section 4.5. The predicted surface temperature does not depend on any free

parameters, and the agreement with the measured points is satisfactory.

The design of the present compression cell was optimized for detection of the

fluorescence of the adsorbed gas. To facilitate LIF spectroscopy the sample area is

relatively large, which has the additional advantage that heat fluxes and effective

areas can be accurately determined. The disadvantage is that magnetic compression

and heat-load handling are not optimal. The maximum attainable phase space den-

sity could not be accurately determined on the basis of a priori calculations. The

simulations presented in figures 5.7 and 5.8 show that in the present compression

cell the phase space density does not exceed 1.25, which is approximately a factor

three short of the Kosterlitz-Thouless transition. These simulations rely partially on
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Figure 5.9: The temperatures T3 of the bulk gas (squares) and the adsorbate (circles) as

a function of recombination rate. Solid line: prediction of T2 from the population dynamics

model. Dashed line: prediction of T3. The calculated curves are insensitive to the degree of

polarization of the nuclear spins.

insights and data that have become available in the experiment itself, and in recent

related experiments. The model of the present compression cell is very successful in

describing the behavior of the present apparatus and its limitations, and it is therefore

an excellent tool for the design of a new apparatus.

5.7 Considerations for the design of an improved

apparatus

The analysis in section 5.6.3 shows that the main limitation on the phase space den-

sity in the present compression cell results from energy dissipation by vibrationally

excited molecules. We can therefore expect an important improvement in the maxi-

mum phase space density if we reduce the probability for molecules to return to the

meniscus. This can be accomplished by allowing more room for the molecules to

dissipate their energy, and by reducing the effective area for recombination. In this
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way, the probability for an excited molecule to return to the surface can be made neg-

ligible (< 10−5). In this case a different heating mechanism will become dominant,

namely, the direct release of energy in the recombination event. The fraction fdir of

the recombination energy released at the position of the event is below 1%, but above

approximately 0.3%, as shown in section 5.7.2. This has an important consequence

for the possibility to attain quantum degeneracy: in a system where all the directly

dissipated heat load has to pass through the ripplon-phonon barrier, there is a min-

imum temperature for reaching quantum degeneracy. We will use the phase space

density corresponding to the Kosterlitz-Thouless transition [21] as our criterion for

reaching quantum degeneracy,

n2Λ
2 = 4. (5.41)

The recombination loss flux density (loss flux per unit area) is R = n3
2L

s
bbb, and we find

for the recombination heat load density P = fdirDH2
R/2. From the ripplon-phonon

coupling theory [12] we then find the temperature, T2 = (P/Krp)
3/20, assuming the

liquid substrate is much colder than the surface. From these relations we easily find

the surface temperature as a function of the density,

T2 =

(

Lrms
bbb fdirDH2

2Krp

)3/20

n
9/20
2 . (5.42)

In figure 5.10, we plot the conditions (5.41) and (5.42), in a n2 versus T2 graph. The

figure shows that the inequality (5.41) can only be fulfilled for T2 > T ∗
2 , with

T ∗
2 =

(

2mHkB

π~2

)9/11 (

Ls
bbbfdirDH2

2Krp

)3/11

(5.43)

≈ f
3/11
dir × 1.08K.

For the estimated value fdir = 0.006 we find T ∗
2 = 0.268 K, and this value depends

only very weakly on the exact value of fdir. This high temperature introduces many

experimental complications, for example magnetic compression will be much less effi-

cient at high temperature and the bulk gas density will be extremely high. Therefore,

to enter the degenerate regime it is essential that part of the recombination energy

be carried away along the surface, by ripplons.

5.7.1 Ripplon cooling

The ripplons moving along the surface of the helium transport energy, and can there-

fore contribute to the cooling of the spot. The question is: how much cooling power
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Figure 5.10: Solid line: two-dimensional density of atoms at the KT phase transition as a

function of the surface temperature. Dashed line: Maximum density of the adsorbate where

ripplon-phonon coupling can remove the dissipated recombination energy in the homoge-

neous case. The helium liquid temperature is assumed to be much lower than the surface

temperature, and we have assumed fdir = 0.006. The experimentally accessible region is the

region under the dashed line.

do they contribute? At the low temperatures under consideration, ripplons are long-

lived excitations with a wave-like dispersion relation. This dispersion relation ensures

that the energy flux is proportional to the momentum density. Collisions between

ripplons do not alter the local momentum density and therefore do not interfere with

the transport of heat along the surface. Hence, in principle, the thermal conductivity

of the ripplon gas on the surface of pure superfluid helium should be infinite. En-

ergy carried away by ripplons should travel without diffusion, until it reflects from a

boundary or is converted to phonons.

However, if 3He atoms are present, they will scatter the ripplons and reduce the

thermal conductivity. The same is true for H atoms. Moreover, for helium films,

interactions with the substrate cause additional thermal resistivity.

The thermal conductivity of helium films was measured by Mantz, Edwards and

Nayak [34], for helium films on smooth surfaces, with different concentrations of 3He

impurities. No measurements of the heat conductivity of the ripplons on bulk helium

has been made (this is experimentally difficult). It was found that Keff
rr ≈ 40 nW/K

for 100 Å 4He films in the relevant temperature regime. For bulk helium with a low

amount of 3He, the ripplon conductivity was extrapolated from the film data, and
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Figure 5.11: Calculated cooling power for a spot with radius 50µ, as a function of spot

temperature. A value of Keff
rr = 40nW/K has been assumed for the ripplon conductivity.

It is seen that direct conversion to phonons (i.e., ripplon-phonon conversion on the spot) is

very inefficient with respect to ripplon conduction. The bulk helium temperature is 0.09 K.

found to be inversely proportional to 3He surface density:

Keff
rr = 4.5 kWK−1/(n3s[cm

−2]), (5.44)

where n3s is the surface density of 3He atoms. For the case of the purified 4He in our

cell, n3s is probably of order 1010 cm−2 or smaller, hence the ripplon heat conductivity

on bulk helium should be better than ≈ 500 nW/K.

In case of a finite conductivity, the power flux on the surface is related to the

temperature gradient,
~P(~r) = −Keff

rr ∇T (~r), (5.45)

where Keff
rr is the effective heat conductivity due to impurities and surface effects.

The ripplon-phonon conversion process acts like a sink for the power flux,

∇ · ~P = −Krp(T
20/3 − T

20/3
He ). (5.46)

In the presence of large amounts of 3He other processes, such as ‘evaporation’ of 3He

into the helium liquid, may also contribute to the heat transport. The above equations

can be used to estimate the efficiency of ripplon heat transport, and the effective area

over which the recombination heat is smeared out before it is converted to phonons.

For a recombination spot with radius of 50µ, and a rather pessimistic estimate of the
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effective conductivity, Keff
rr = 40 nW/K, the solution for the cooling power is shown

in figure 5.11. In addition, the cooling power due to “direct” conversion, i.e. ripplon-

phonon conversion on the area of the spot, is shown. This term is seen to be much

smaller than the ripplon conductance term in the low temperature regime. This

curve corresponds to a fixed effective area for recombination, with a homogeneous

temperature.

Dy
field intensifier

Cu Cu
He He300µ

Adsorbed H gas

Figure 5.12: Schematic drawing of the Turku Dysprosium compression cell [16]. The radius

of the high density spot is 150µ.

5.7.2 Estimation of fdir

The fraction of the recombination energy that is dissipated at the position of the

recombination event, fdir, is an important unknown parameter in our experiments.

An upper bound on fdir has been established for the case of a + b recombination in

experiments in Harvard [38], where it was found that fdir < 0.04, and in Turku [32],

where a lower upper bound was found, fdir < 0.02, with a most probable value of 0.01.

In our experiment, the most important recombination process is three-body b + b + b

recombination, for which the value of fdir may be different. An upper limit, fdir <

0.014, was found for three-body recombination in the “cold-spot” experiment in Kyoto

[33, 37]. In this experiment a large heat-load that was not related to recombination

was present, and an independent estimate of fdir for three-body recombination would

be useful.

An approximate lower bound can be obtained from the data taken in a magnetic

compression experiment performed by the Turku group [16], using our measurement
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of the ripplon-phonon coupling. The geometry of the experiment is shown in figure

5.12. An adsorbed gas of H↓ was compressed to the edge of quantum degeneracy

(n2Λ
2 ≈ 2) on a high density spot. This spot was in fact the helium-coated tip of

a Dysprosium (Dy) needle, which locally intensifies the magnetic field. The tip of

the needle was circular, with radius rspot = 150µ, and it was surrounded by a ring

of bulk liquid helium and copper heat conductors. The geometry in this experiment

was such that the probability for an excited molecule to return to the needle tip was

negligible, i.e., one can safely neglect the heat flux deposited on the spot by molecules.

In the relevant temperature regime (Tspot ≈ 0.2K), the Kapitza resistance between

the liquid He film and the metal is expected to be even larger than the ripplon-phonon

barrier, so the dominant cooling channel is expected to be heat conduction by ripplons

towards the liquid helium pool. We obtain an estimated lower bound to the power

carried away by the ripplons by making the following assumptions:

• The ripplons on the liquid helium pool are in thermal equilibrium with those

on the high-density spot. This is realistic as the ripplon heat conductivity on

the bulk helium is expected to be large.

• The ripplon conductivity on the helium films on the copper heat conductors is

zero, i.e., no heat is transported there. This is not a realistic assumption, but

allows us to obtain a lower bound. In fact the heat conductivity here will be

much lower than on the bulk helium, but probably not negligible.

Using these assumptions, we find that a lower limit for the cooling power of this

system is

Pmin = ApoolKrpT
20/3. (5.47)

In the experiment, the recombination power was measured as a function of the

spot temperature. For the conditions described in [16], Tspot = 225(7) mK, n2 =

2.2(5)×1013 cm−2, we find, using the recombination constant Kbbb determined in the

same paper, that the total recombination power Prec = 0.5DH2
Kbbbn

3
2A≈5µW.

The ripplon cooling power at the same temperature, estimated using the above

assumptions, is & 35 nW. This leads to an estimate fdir & 0.006. The error bars

on the experimental data suggest an uncertainty of approximately 50% in this value,

mainly due to the temperature uncertainty in the measured data. A true lower bound

is therefore fmin
dir = 0.003. The estimated lower bound of fdir thus obtained agrees

well with the upper bound established by the Kyoto group, fmax
dir = 0.014 [33].
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Figure 5.13: Calculated cooling power per effective recombination area, for a modified

compression cell with a smaller effective area, and for the present cell. A value of 40 nW/K

was used for the heat conductance of the helium surface. Solid line: Ripplon-phonon coupling

contribution (The ripplon-phonon cooling power per effective area is independent of size).

The bulk helium temperature is 0.09 K.

5.7.3 Model of an improved compression cell

The above considerations have led to the design of a revised compression cell, with a

much smaller effective area for recombination and at the same time a larger area for

the excited molecules to dissipate their energy [30]. A full account of this design is

outside the scope of this thesis. In this section the improved design will be analyzed

by applying the population dynamics and heat transport equations to it.

The proposed new compression cell is based on a helium meniscus with radius

of curvature Rc = 200µ in a field gradient of 6T/mm [30]. This yields a circularly

symmetric two-dimensional gas with an effective third-order recombination area A3 ≈
7×10−3 mm2 at 100 mK, which is three orders of magnitude smaller than the present

effective area. The estimated cooling power for such a spot is shown in figure 5.13,

and it is obvious from this graph that the cooling power is fully dominated by ripplons

for T < 0.2 K. In the present compression cell, ripplon cooling was always negligible.

The following changes in the heat transport model for the compression cell have been

made:

• The contribution of ripplon conductance has been included in the heat exchange

equation (5.9). A relatively pessimistic ripplon conductivity of 40 nW/K has
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Figure 5.14: Calculated steady-state behavior of the improved compression cell, using the

estimate fdir = 0.006. Circles: injection of pure b-state atoms, △: injection of 3% a-state

atoms, ∇: 10 % a, ♦: 50 % a. The straight line in the upper panel corresponds to a

recombination flux equal to the injection flux.

been assumed. The high density spot will be surrounded by bulk helium, on

which the conductivity may be much higher.

• The dominant heating mechanism is now direct heat release in the recombination

event, the amount of heat released by molecules that return to the meniscus can

be ignored.

• The amount of heat transferred to the bulk gas can be ignored, as the number of

bulk gas atoms is much lower, and the excited molecules dissipate their energy

away from the bulk gas.

This adapted model predicts that the phase-space density reached in the modified

compression cell will be an order of magnitude higher than in the present apparatus, as

shown in figure 5.14. This maximum is reached at an injection flux of approximately
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Figure 5.15: Behavior of the improved cell at the established upper bound for direct energy

release, fdir = 0.014. Black dots: injection of pure b-state atoms, open diamonds 50 % a

atoms, intermediate curves for 3% and 10 % a-impurities. The dashed line in the upper

panel corresponds to a recombination flux equal to the injection flux.

3×1011 atoms per second, and if the injected gas is hyperfine polarized, the adsorbate

will become degenerate. Remarkably, one has to tune the injection flux accurately

in order to obtain a degenerate sample, as when the injection flux is too high the

recombination heat will cause the sample to become non-degenerate again. As can be

seen from the temperatures shown in figure 5.14, in the modified cell this overheating

will only become important when a high phase-space density already has built up.

In figure 5.14, the estimate fdir = 0.006 for the fraction of recombination heat

released directly to the surface was used. The fraction fdir might be larger, but even

at the upper bound, fdir = 0.014 it is still possible to reach a phase space density of

n2Λ
2 ≈ 6, as shown in figure 5.15. However, the injection flux will need to be tuned

carefully to obtain this density. At this phase-space density a two-dimensional Bose
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condensate will have formed, and third order recombination rates will be suppressed

by a factor ≈ 6. This will lead to a reduction in recombination heating, and therefore

even higher phase-space densities may be possible.

Based on this model of the heat transport and population dynamics, we conclude

that the prospects for creating a two-dimensional Bose condensate in a modified

version of the compression cell are very good. The phase space density in the new

compression cell will be well above n2Λ
2 = 3.3, the value where the condensate was

observed to form in the experiments by Safonov et al. [4].
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