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Chapter 5 

Structural Stability Tests with 
Unknown Breakpoint 

In the present chapter tests for structural stability with unknown breakpoint for 
EMM are discussed. Most theoretical results of the tests hinge on results for 
Maximum Likelihood and GMM-based tests by Andrews (1993), Andrews and 
Ploberger (1994), Hall and Sen (1996), Ghysels, Guay and Hall (1998) and Sowell 
(1996b). One test is a novelty in the field of moment-based inference. This chapter 
draws on van der Sluis (1998b). 

The setup of this chapter will be as follows. In Section 5.1 an introduction to 
structural stability testing with unknown breakpoint is provided. In Section 5.2 
structural stability tests with unknown breakpoint for EMM, are proposed. Build
ing on results from the GMM literature, subsequently, Wald-type tests, Predic
tive tests, and Hansen-type tests are discussed. The Hansen-type test for unknown 
breakpoint is a novelty. Therefore for this test statistic the asymptotic distribution 
is derived in Section 5.A. In Section 5.3 the application to asymmetric stochastic 
volatility is discussed. Section 5.4 concludes. 

5.1 Introduction 

As pointed out in Chapter 4, for moment-based techniques the source for the vi
olation of the structural stability hypothesis can be split up in three parts: (i) pa
rameter variation, (ii) violation of the moment conditions after the breakpoint only, 
and (iii) violation of the moment conditions both before and after the breakpoint. 
For each of these three alternatives, for known breakpoint three classes of most 
powerful tests has been derived in the literature. For unknown breakpoint we take 
these three classes as a starting point. For unknown breakpoint the testing proce
dures are much more involved since the unknown parameter representing the time 
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of the breakpoint is only present under the alternative hypothesis and not under the 
null. This induces non standard asymptotic distributions of the test statistics. Path 
breaking work in Andrews (1993) and Andrews and Ploberger (1994) respectively 
treats this problem by taking the supremum of the test-statistics over all possible 
breakpoints or weighing the test-statistics over all possible breakpoints. The tests 
discussed in Andrews (1993) are supremum Wald-type tests in a GMM context. 
For known breakpoint Wald-type tests are known to have optimal power against pa
rameter variation. The optimality properties of the supremum-type tests are found 
to be very weak, but this type of tests has the advantage of providing an indica
tion of the breakpoint. The tests discussed in Andrews and Ploberger (1994) are 
weighted Wald-type tests in a Maximum Likelihood framework. Here it is shown 
that optimality depends on the nature of the alternative. So no optimal tests but 
rather a whole family can be derived, where the properties of each member class of 
this family depends on the nature of the alternative. Sowell (1996a) discusses these 
types of tests in general in a GMM context. The weighted tests have better opti
mality properties than the supremum tests conditional on the moments and on the 
weighing function that is employed. In Section 4.3.4 we noted that for EMM-based 
tests we noted that the Wald-type tests are asymptotically uniformly preferred tests. 
For unknown breakpoint optimality in this respect is hard to obtain because here 
optimality depends also on the weighing functions. 

A second class of test statistics we will consider here are the predictive tests. 
For unknown breakpoint Ghysels et al. (1998) propose predictive tests in a GMM 
context. This test is based on the post-sample prediction test of Hoffman and Pa
gan (1989) and Ghysels and Hall (1990a). In this test the moment conditions are 
evaluated at the estimated parameters from the sample and the post-sample data. 
For known breakpoint it was shown by Ahn (1995) that the post-sample prediction 
tests has optimal power against the alternative of failure of the moment condition 
in the post-sample. For unknown breakpoint Ghysels et al. (1998) consider supre
mum and weighted forms of the prediction statistic. 

The third class of tests we consider here are the Hansen-type tests for struc
tural stability. In the known breakpoint case, Ghysels and Hall (1990b) consider 
tests which have optimal power against the alternative of moment failure in both 
sample and post-sample. In this chapter this test is generalized to the case of un
known breakpoint. Since this test was not considered for the unknown breakpoint 
in the literature, we derive its asymptotic distribution. Again weighted forms and 
supremum forms of this test are considered. 

The final class of tests we consider in this chapter is based on work of Hall 
and Sen (1996) and Sowell (1996b). In these papers a different decomposition of 
the null hypothesis of structural stability is chosen. The tests in these papers are 
constructed such that each element of the test has only power against one of these 
alternatives. This has the advantage that each of the components reveals unique in-
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formation of the nature of the instability of the model. It turns out that the asymp
totic distribution of the Hansen test equals the asymptotic distribution of the Hall-
Sen test. It is argued in this paper that by using several tests the same information 
can be obtained from the Wald-type, Predictive and Hansen-type tests as from the 
Hall-Sen-type tests. 

In this chapter we apply all the above tests statistics to an asymmetric S V model 
(ASARMAV(1, 0), as defined in (2.13) to (2.15)) for the S&P500 index over the 
range 1963-1993. We estimate this model by EMM with an EGARCH(1,1) score 
generator. Tables with asymptotic critical values for all of these test statistics have 
been provided in van der Sluis (1998b) and are available on request. Computer 
code to calculate P-values from the non-standard limiting distributions of all of 
these test-statistics is also available on request. 

5.2 Structural Stability Tests with Unknown Break
point for EMM 

In this section we will first give a decomposition of the structural stability hy
pothesis. After that, subsequently the Predictive tests, the Wald-type tests and 
the Hansen-type tests for structural stability with unknown breakpoint will be dis
cussed. 

Structural stability tests with unknown breakpoint does not fall into the regular 
class of tests because the breakpoint parameter ir only appears under the alternative 
hypothesis and not under the null. Therefore treating -K as a parameter does not give 
the standard asymptotic results. 

Let 7T G II C (0,1) be the parameter that identifies the unknown breakpoint. 
Let Ti(*) = {t = 1,2,..., [TTT]} and T2(w) = {t = [TTT] + 1,..., T}. Following 
the notation in previous section we will write 7\ = [TTT] and T2 = T - [TTT] , so 
we will surpress in our notation dependence of T\ and T2 on w. 

5.2.1 Wald-type Tests 

Andrews (1993), Andrews and Ploberger (1994) and Sowell (1996a) derive a class 
of stability tests for unknown breakpoint, namely the Wald (W), Lagrange Multi
plier (LM) and Likelihood Ratio (LR) tests. In the EMM framework these tests 
are 

WT(n) = T-(öT 2-ö r i) ' [vr-1Vr1 + ( l -^) - 1 V 2 - 1 ] - 1 (ör 2 -ö T l ) (5 .1) 

LRT(n) = E i rM^.Äi^rofö .Äi ) -
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Tim'(0Ti, fc yi-xm{QTi, ßTi )] (5.2) 

LMT(TT) = i2^m'^T,pTt)î-
lM(8TJTt)Vr\0T)-

M'(6T, ßr^mißT, ßTi) (5.3) 

Note the difference with Andrews (1993) of the Lß-tests. Andrews proposes to 
use the full-sample EMM estimator 9T instead of the more natural restricted #7, 
as defined in (4.2), we employ here. Andrews (1993) proves in the GMM case 
WT(ir) = LRT{ir) + Op(l) and WT(TT) = LMT(z) + op(l). These findings 
carry over to the EMM case. We will refer to this equivalence class of tests as 
Wald-type tests. Andrews (1993) proposed sup„.en WT(ir), sup^n LRT(ir) and 
sup -̂gn LMT{n). AS Andrews (1993) notes these statistics have very weak opti
mally properties. It has the advantage that we get an estimate of the time of break
point through 9 = argsupwgn WT(n). Andrews and Ploberger (1994) and Sowell 
(1994) propose exponential weighted forms of WT(it), LRT(TT) and LMT(-K). For 
example for the LMT(n) statistic, the general form of the optimal tests is given by 

(l + c ) - / ^ 2 | e x p { i r ^ L M T ( 7 r ) } d J ( 7 r ) (5.4) 

The parameter c controls the weight given to different alternatives. Larger values of 
c give weight to alternatives further from the null. Smaller values of c give weight 
to alternatives close to the null. Taking c —> 0 in (5.4) yields / n LMT(-ïï)dJ(n), 
which is thought to be powerful to alternatives that are close to the null and taking 
c —> oo in (5.4) yields ln[/n exp{|LMT(7r)}dJ(7r)], which is thought to be pow
erful against distant alternatives. Andrews, Lee and Ploberger (1993) deduce from 
a Monte Carlo study in a normal regression context that the power and size of their 
test changed very slowly with values of c. In this thesis we therefore follow their 
conclusions and consider only extreme values for c. For LM we thus consider 

SLM = supLMr(7r) (5.5) 
Tren 

ALM = f LMT{Tï)dJ{-K) (5.6) 
Ju 

ELM = m[/" exp{lLMT(ir)}dJ(ir)} (5.7) 
Ju 2 

Where J(-) is a weighting function. Likewise we denote SLR, ALR, E LR, for 
the LR-test and SW, AW and EW for the VK-test. As shown by Sowell (1994) 
these statistics have optimality properties conditional on the weighting function. 
This weighting function can be interpreted in a Bayesian way as a prior on IT. We 
may then interpret the test statistic as a posterior odds ratio or more precisely the 



5.2. STABILITY TESTS WITH UNKNOWN BREAKPOINT FOR EMM 109 

optimal tests are asymptotically equivalent to a Bayesian posterior odds ratio. By 
the continuous mapping theorem the asymptotic distributions of the W, LR and 
LM test-statistics are easily derived from the asymptotic distribution of W, LR 
and LM itself. We have that W(ir), LR(ir) and LM(TT) all converge in distribution 
to BBHie(Tr), where 

( .(a.w-^(i))-(A.w-»A.(i)) (58) 
7r( l — 7Tj 

where the Bte are vectors of independent Brownian motions of dimension Ze on 
n. Recall that U is the dimension of 6, the number of structural parameters and lp 
is the number of moment conditions, the number of auxiliary parameters. Sowell 
(1994) shows that for GMM the weighted Wald-type tests have optimal asymptotic 
power towards alternative Hf. In Section 4.3.4 we showed that for Wald-type tests 
we have extra optimality results for EMM as opposed to GMM. 

5.2.2 Prediction Tests 

For EMM the following pendant of the PR of Ghysels et al. (1998) is 

PRT(v) = m{eTl,ßT2)'YV-lm{eTl,ßT2) (5.9) 

where 

(5.10) 
Under several conditions one can prove that under the null 

PRT(w) - i BBH1${TT) + BMHlß_le{ir) (5.11) 

where 

BMH,t.„M = (B"-"(1) - 'W'Ol'W.-M - *V-W) (5.12) 
1 — It 

Note that Biß-ie is independent of Ble. The asymptotic distribution is thus the sum 
of the Wald test for parameter variation and a test for overidentifying restrictions 
in 72(71-). Continuous mappings of PRT{K) yield familiar predictive test statistics: 

S PR = sup PRT(it) (5.13) 
wen 

APR = f PRrMdJOir) (5.14) 
Jn 

EPR = l n [ / exp{lpRT(Tr)}dJ(TT)} (5.15) 
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The SPR is identified as the sup-predictive test. There are no formal opti
mally properties of this test known, see Andrews and Ploberger (1994). It 
is intuitively plausible and it provides an estimate of the unknown breakpoint 
by argsup^gnPit/rM- The APR and EPR are motivated by Andrews and 
Ploberger (1994) and Sowell (1994). By the continuous mapping theorem the 
asymptotic distributions of these test-statistics are easily derived form the asymp
totic distribution of PRT(TT). As for the Wald-type tests in Andrews and Ploberger 
(1994) the general form of the optimal tests is given by 

(1 + c)-'"/2 ƒ exp{ i r ^PÄ r (v r )}dJ (v r ) (5.16) 

Taking c —> 0 in (5.16) yields APR, which is thought to be powerful to alternatives 
that are close to the null and taking c —> oo in (5.16) yields EPR, which is thought 
to be powerful against distant alternatives. 

When the breakpoint is known, we get that PR equals the PSP test from Chap
ter 4. Ahn (1995) shows, building on earlier work of Newey (1985) that the PSP 
test for GMM is an optimal GMM test that has maximum power toward Hf. This 
fact applies to the EMM formulation as well. Ghysels et al. (1998) show that when 
the breakpoint is unknown the tests based on the statistic PR have the following 
properties: (i) when le = Iß the Predictive test is asymptotically equivalent to the 
Wald-type statistics. However for lß > k the predictive test has more degrees 
of freedom and hence less power than the Wald-type tests against alternatives of 
parameter variation, (ii) if the correct breakpoint is chosen and only the moment 
conditions (4.15) do not hold, we have a noncentrality parameter, say ncpi(7r0) as a 
function of IT. Vice versa if only the moment conditions (4.16) do not hold we have 
the noncentrality parameter ncp2(Tto). However if 7r0 = 0.5, then ncp2 > ncpi, in
dicating that in this case the predictive test has more power against structural insta
bility after the break, (iii) the SPR, APR and EPR have nontrivial power against 
alternatives for which the expectation of the score generator is not constant over the 
sample. The second property suggests it is desirable to perform the tests in two 
ways: using the parameters estimators of the first subsample to evaluate the mo
ment conditions in the second subsample and using the parameters of the second 
subsample to evaluate the moment conditions in the first subsamples. We indicate 
in the application the PR statistic where the parameters estimates from the second 
subsamples are taken with PR* : 

P ^ ( T T ) = m{6T2,ßTl-jW*-lm(6T2,ßTl) (5.17) 

where W* is a straightforward modification of W in (5.9). 
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5.2.3 Hansen-type Tests 

We can also attempt to generalize the Hansen J-test for structural stability for 
known breakpoint of Ghysels and Hall (1990a) in the GMM case, to unknown 
breakpoints. That is, to consider the value of the EMM criterion at the optimum of 
the restricted estimator 6x 

JSSTW = J2T1m'(ÔTJn)î-
1m(9TjTt) (5.18) 

For the asymptotic distribution of this quantity we obtain the following theorem. 

Theorem 5.1 Under standard assumptions we have that 

JSST(TT) - i BOlß-le(Tr) + BMHh-lt(ir) + BBHh(n) (5.19) 

where 

BOlfi-M = Bl>~M B*~M (5.20) 

For a proof see Section 5.A. 

Asymptotically the JSS is the sum of the Wald test for parameter varia
tion (corresponding to BBH), a test of the overidentifying restrictions in T2(7r) 
(BMH) and a test for the overidentifying restrictions in Ti{it) (corresponding to 
BO). 

Similar to the Predictive and Wald-type tests we can define 

S JSS = sup^gjj JSST(T) 

AJSS = JuJSST{Tr)dJ{ir) (5.21) 
E JSS = ln[/nexp{iJ55r(7r)}dJ(vr)] 

An Ox program to calculate critical values of this asymptotic distributions of 
S JSS, AJSS and E JSS is available from the author on request; tables were 
given in van der Sluis (1998b). For known breakpoint Ghysels and Hall (1990a) 
show that JSS converges in distribution to xli0-ie- Again the asymptotic distribu
tions of continuous mappings of JSST(ir) depend on the distribution of JSST(ir) 
itself. For known breakpoint the J55(7r)-test has optimal power towards local al
ternative Hf. 

5.2.4 Hall-Sen-type Tests 

In practice it may be useful to decompose the stability hypothesis into tests for pa
rameter constancy and validity of the overidentifying restrictions both before and 
after the break. 
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Hall and Sen (1996) propose 

HS(TT) = J2Ttm'(èTtJTt)(îl)-
1m(0TiJTi) + W(ir) (5.22) 

Obviously 

HS(TT) S 5 0 , r , ( ( T T ) + BMHlß.lt(TT) + B ß tf,e(TT) (5.23) 

This means that JSS and HS have the same asymptotic distribution. This asymp
totic distribution is the sum of the Wald test for parameter variation (corresponding 
to BBH), a test of the overidentifying restrictions in T2(7r) (BMH) and a test for 
the overidentifying restrictions in Ti(ir) (corresponding to BO). This is not sur
prising since the HS test is constructed in this way. The advantage of this test is 
that each of the component statistics reveals information about the nature of the 
instability. For known breakpoint each individual element of HS has only power 
against violation of (4.15), (4.16) and (4.17). However the same conclusions can 
be drawn from using combinations of the Wald-type, PR-, PR*- and the Hansen
type tests for structural stability. Of course with such a strategy the right signifi
cance level for the individual tests much be set to ensure the desired significance 
level for the overall test. Similarly to the Wald-type, Predictive and JSS-type tests 
the SHS, AH S and EH S test statistics are defined. 

5.2.5 Practical Issues of the Tests and Critical Values 

As estimators of the breakpoint we can consider e.g. argsup„.6nLM(7r), 
argsup^gn PR(TT) or argsupxen JSS(TT), though intuitively plausible, the prop
erties of such estimators are unknown as of now. 

Note that for every choice of IT, often 6 must be estimated for Ti(n); this may 
be very time-consuming. Without loss of asymptotic properties the LM and JSS 
may be used with an consistent estimator 6T instead of the efficient Or- This was 
not done in the application however. It should also be noted that all these tests 
are designed for one breakpoint. However we can split the sample up in several 
subsamples if the original sample is big enough for the asymptotic properties to 
hold. 

The weighting function J(w) is set equal to the density of the uniform dis
tribution. In this for our problems quite natural choice we follow Andrews and 
Ploberger (1994) and Ghysels et al. (1998). As a side effect this enables us to 
employ the tables reported in these papers: Andrews and Ploberger (1994) for 
the Wald-type tests, Ghysels et al. (1998) for the Predictive tests and Hall and 
Sen (1996) for the Hansen-type tests. Since in Hall and Sen (1996) only critical 
values for the interval [0.15, .85] are reported, we generated the distributions of 
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SJSS, AJSS and EJSS using the same settings as Andrews (1993), Andrews 
and Ploberger (1994), Hall and Sen (1996) and Ghysels et al. (1998). That is 
10,000 Monte Carlo replications and a grid of the interval Yl(N) = [7r0,1 — vr0] n 
{TT = j/N; j = 0 , 1 , . . . , N} was made setting N = 3,600 as argued in Andrews 
and Ploberger (1994). To obtain our results we used Ox under AIX. The author 
wrote the Ox program StabTest.ox, which is available from the author. The results 
do not change substantially for a higher number of Monte Carlo replications. As a 
side result we obtained the distributions of the Prediction tests and Wald tests we 
could compare these to the ones in Andrews and Ploberger (1994), Ghysels et al. 
(1998) and Hall and Sen (1996). It was found that our results are comparable to 
the ones obtained by Andrews (1993, Table 1), Andrews and Ploberger (1994, Ta
ble 1 and 2) and Hall and Sen (1996). The small differences must be attributed to 
the different random number generators that were used. The results we obtained 
for the asymptotic distribution of the PP-based tests were rather different from 
the ones in Ghysels et al. (1998). This is strange since JSS is the sum of the PR 
and BOiß-ie (TT) and the asymptotic distribution of the JSS-based tests are in com
pliance with our results. Therefore we decided to rely on our asymptotic critical 
values here and to base our inference on our own code. In applied economics one 
is often more interested in P-values than in critical values. This can be achieved 
using numerical methods developed by e.g. Hansen (1997); we choose to calculate 
the P-values by brute force because with the current state of computing technol
ogy we could obtain them in a couple of minutes. The Ox program Pvalues.ox 
written by and available from the author, calculates these P-values within a rea
sonable amount of time on an average computer. The P-values that are reported 
in the application are based on this program. 

5.3 Application to SV Models 
In this section we make an application of these tests to stochastic volatility models. 

5.3.1 Description of the Data and the Model 

The dataset consists of thirty years of daily data from the S&P 500 index ranging 
from January 1st 1963 to January 26th 1993. This data set was also analysed in 
Section 3.5. The observations are not corrected for calendar effects, they are only 
converted into compounded returns i.e. 100 x [m(S&P500t) - \n(S&P500t-i)}. 
It is reported that many financial time series, especially those from broad stock 
indices such as the S&P 500 exhibit modest serial correlation in the mean process. 
The series has therefore been prewhitened for autocorrelation and mean, although 
the effect of the adjustment is modest. Figure 2.1 displays the unadjusted levels 
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1.1.63-26.1.93 1.1.63-31.12.72 1.1.73-31.12.82 1.1.83-26.1.93 
mean .0255 .0252 .007 .044 
std.dev .890 .610 .943 1.05 
skewness -2.29 .227 .227 -4.34 
excess kurtosis 63.0 4.31 1.53 94.3 
maximum 8.71 -2.85 -4.08 -22.9 
minimum -22.9 4.90 4.65 8.71 
Normality x2 36159 794 159 6583 
# observations 7565 2493 2527 2545 

Table 5.1: Salient features of the adjusted returns for different time periods. 

and the adjusted returns series. Salient features of the adjusted return series are 
provided in Table 5.1. In this table some features of sub-periods are also provided. 
In the last sub-period from 1983 to 1993 the influence of the 1987 October crash 
is substantial. In the application we estimated the ASARMAV(1,0) as given in 
(2.13) to (2.15). 

5.3.2 Implementation, Estimation and Tests 

Due to the computational burden of this types of tests in the application we set 
Kz = 0 and Kx = 0 in (3.19), this is the pure parametric EGARCH model of Nel
son (1991) as given in (2.5). This can safely be done by relying on Monte Carlo 
results in Section 3.4. Here it was found that a pure EGARCH(1,1) model in com
bination with an ASARMAV(1,0) yields very efficient estimates1. It is also very 
desirable for the test statistics, since we know from the same Monte Carlo experi
ments that the small-sample properties of the Hansen J-test are very good for the 
pure parametric model, whereas these properties slightly deteriorate for increas
ing order of the polynomial. This may have its reflection on the structural stability 
tests which have the same form as the Hansen J-test. Finally, from the Monte Carlo 
results in Section 3.4 we know that convergence problems arise for high-order Her-
mite polynomials. Since we need to perform about 1800 sequential EMM estima
tion rounds here we do not wish to take the risk of non-convergence at a certain 
point. 

We also set N = 20,000 in (3.4) and use antithetic variables to decrease the 
Monte-Carlo variance in (3.4). For details on the implementation of EMM see Sec
tion 3.3 and Appendix A. The grid was set to n = [.20, .80]. Also with respect to 
the computational burden, we decided to vary ir with steps of .001 with is about 7 
or 8 business days. This is enough to identify events with the breakpoint. 

1 At the time of this research was conducted the EGARCH-t score generator was not yet coded. 
Because of the time it takes to run the tests with a possibly more informative EGARCH-t score 
generator, we did not conduct this exercise. 
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- Wald test for structural stability 
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- LM test for structural stability 

Figure 5.1: Plot of WT(ir), LRT(-K) and LMT{TT) 

5.3.3 Discussion of Results 

Using the whole dataset we obtain the following EMM estimates for the 
ASARMAV(1,0) model, with ^-values in parentheses 

Vt = 

lna2 = 

Cor(et,7?t+1) = 

ottt 
-.001 + .994 In a,2 

(-.009) (11.1) 

-0.633 
(-315) 

, + 0.086 m 
(8.14) 

(5.24) 

(5.25) 

(5.26) 

The Hansen J-test has a value of 2.43, which results in a P-value of 0.119. So on 
basis of the J-test this model is accepted. The individual i-values are all 1.56 = 
V2.43 in absolute value, which results in a P-value of 0.181. In Figure 5.1 the 
Wald-type statistics are plotted. In Figure 5.2 the criterion value of the EMM cri
terion in the subsample are given. These corresponds to individual elements in the 
Hall-Sen methodology. Figure 5.3 provides a plot of the predictive PR and PR* 
test statistics. Figure 5.4 gives a plot of the Hansen test and of the Hall-Sen test. 
They are plotted in the same figure since they have the same asymptotic distribu
tion. After 1975 these quantities are remarkably similar. 

In Table 5.2 the values of the test-statistics are given. All the tests given here 
reject the null of stability at all reasonable levels. As a side effect of the supremum 
tests we have an estimate of the time the break occurred at our disposal. Practition
ers may use economic analysis to see what happened at the time of the break. The 
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17.5 

Criterium value EMM criterion in Tl 
Criterium value EMM criterion in T2 
5% Critical Value 

Figure 5.2: Plot of criterion values in Ti(vr) and T2(vr) 
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Figure 5.3: Plot of PRT(TT) and PR^(TT) 
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- Hansen test for structural stability 
- Hall-Sen test for structural stability 

Figure 5.4: Plot of JSST(ir) and HST(w) 

Test statistic p—value 7T 

SPR 25.2765 0.000 March 3th 1970 (34) 
EPR 31.992 0.000 
APR 27.272 0.000 
SPR* 94.2785 0.000 March 3th 1970 (34) 
EPR* 42.334 0.000 
APR* 40.448 0.000 
SW 25.2765 0.002 June 8th 1970 (43) 
EW 8.8009 0.002 
AW 12.147 0.003 
SLR 68.6677 0.000 March 3th 1970 (34) 
ELR 29.374 0.000 
ALR 22.718 0.000 
SLM 70.7615 0.000 March 3th 1970 (34) 
ELM 30.665 0.000 
ALM 22.718 0.000 
SJSS 87.7955 0.000 March 3th 1970 (34) 
EJSS 38.907 0.000 
AJSS 36.893 0.000 
SHS 45.6112 0.000 June 8th 1970 (43) 
EHS 20.204 0.000 
AHS 31.250 0.000 

Table 5.2: Test statistics for unknown breakpoint IT <E fl = [.2, 
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Figure 5.5: Time-varying estimates of SV model for data in Ti(ir) 

Wald and the HS tests point at June 8th 1970, while the Hansen, Predictive, LR 
and LM tests point at March 3th 1970. We know that in the early 1970s, Richard 
Nixon's administration cut taxes, raised interest rates and devalued the dollar in 
quick succession. Whether we should look at economic and historic events for an 
explanation of this structural break is questionable, see Haugen, Talmor and Torous 
(1991) who searched the media to find real-world events that might have triggered 
the 20 largest volatility bursts in the Dow Jones Industrial Average over the pe
riod 1897-1988 and find none for most of the bursts; see also Cutler, Poterba and 
Summers (1989). 

Figure 5.5 gives the development of 9Tl- We observe a drop in the asymme
try parameter A at the time of the breakpoint indicated by the supremum statis
tics. Note that the estimates become more stable as time proceeds because more 
data is used for estimation. We also observe that A gets closer to zero, indicat
ing that the leverage effect gets less. The persistence 7 gets very close to unity 
and the volatility-of-volatility parameter av decreases substantially. In Figure 5.6 
there seems to be a sudden drop in the 7, an and A by the end of 1973. This may 
be attributed to the second oil crisis. Note that the parameter estimates become 
less stable as time proceeds because less data is used. The decrease in 7 is remark
able. Figure 5.7 displays the 9?- Also in this figure a sudden change in A is ob
served. The other parameters also change but to a lesser extent. Figures 5.8 and 
5.9 show parameters estimates of the auxiliary EGARCH(1,1) model. More or 
less the same movements are observed here. 



5.3. APPLICATION TO SV MODELS 119 

- Omega 

1970 

Figure 5.6: Time-varying estimates of SV model for data in T2(7r) 

Figure 5.7: Time-varying restricted estimates of SV model. 
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• Alpha_0 

1970 

Figure 5.8: Time-varying estimates of EGARCH model for Ti(7r) 

.005 h \- — AlphaJ) 
.0025 f 

0 
1970 

Figure 5.9: Time-varying estimates of EGARCH model for T2(TT) 
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5.4 Conclusion 

The theory for testing for structural stability with unknown breakpoint is taken 
from the GMM and maximum likelihood framework and put into the EMM frame
work. The Hansen tests for structural stability with unknown breakpoint that is 
proposed in this chapter has no counterpart in the structural stability testing with 
unknown breakpoint. Therefore its asymptotic distribution was derived. It is found 
that its asymptotic distribution equals the test proposed by Hall and Sen (1996). 
Computer code to generate P-values for all these tests are available on request. 
We applied the theory to an asymmetric stochastic volatility model for thirty years 
of daily data of the S&P 500 index ranging from 1963 to 1993. All the tests indi
cate rejection of the null hypothesis of structural stability. From the movements of 
the test-statistics we can see aspects of the data we could not see by eyeballing the 
levels or the returns. The supremum tests give an estimate of the breakpoint at the 
first half of 1970. 
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5.A Appendix: Proof of Theorem 5.1 

Proof of Theorem 5.1: The observed score per observation is defined as 

st(ß):=—\nf(yt\xt;ß) (5.A.1) 

Let 7T e (0,1) and let Biß denote an /^-vector of independent Brownian motions. 
By the delta-method we have 

1 ™ ^ 1 lT7rl 

Vf g*Wr) = ^ £ * ( / n + 

^E^J^-Cßr - H + oP(l) (5.A.2) 

i [ 7 V ] 

-1/2Yst(ß*)±Bla(7r) (5.A.3) 2 ^ £ S t ( / r ) j ^ ( 7 r ) 

v i t=i 

where /?** is a vector of mean values. Equation (5.A.3) holds because the scores 
st(ß*) are martingale difference sequence series. For IT = 1 we obtain 

VT0T - /T) 4 {J^l0JQ-l)l'2Bh(l) (5.A.5) 

Define 

1 [T>] 
<T(/?) : = — J>(/3) (5.A.6) 

^ t=i 

^ ( / ? ) - 7 T < ( / ? ) 

1 -7T 

Similarly to Equation (5.A.3) we have 

(5.A.7) 

I^l/2Vfvf(ß*) -i ^ ^ (5.A.8) 

and 

V ' V f i/^C/H >̂ ^ ( 1 ) " ^ ( 7 r ) (5.A.9) 
1 — 7T 



5.A. APPENDIX: PROOF OF THEOREM 5.1 123 

Now define ß^T by the property vJT(ß^T) — 0, i = 1,2. A standard Taylor series 
argument gives us 

v / T ^ f - /T) ^> ( J o ^ I o J o - 1 ) 1 / 2 ^ ^ (5.A.10) 
7T 

v ^ f - /r) ^ ( J o ^ i o J o - 1 ) 1 / 2 ^ 1 ^ <5-A-n) 
1 — 7T 

By the delta method we obtain 

Vfm(doJf) 4 ll'2^^ (5.A.12) 

V J- 11^0,1-

Let 

VTm(ö0, & r ) 4 J o i / 2 ^ U ; - ^ ^ J ( 5 A 1 3 ) 
1 — 7T 

Qf(ö) : = [7rT]m(0oÂTr)Vm(0o J r r ) (5-A.14) 
Qf(ö) : = {(l-ir)T]m(90Jf)%1m(90,ßf) (5A.15) 

then we obtain 

va (a ^ d £ < » ' £ < » Qji (öo) - ^ ' ' ^ ' (5A.16) 

Q f W ^ [ 1 " ^ ( 7 r ) ] / [ 1 " ^ ( 7 r ) ] (5A.17) 
1 — 7T 

For 
9f = a rgminQ^W, 2 = 1,2 (5A.18) 

the delta method yields 

Vf(9f - 90) 4 -V^M'JÔ112^^- (5A.19) 
7T 

y/T(ëf - 90) - i - V 0 - 1 X ; j 0 - 1 / 2 ^ ( 1
i

) ~ i ? ' g ( 7 r ) (5.A.20) 
1 — 7T 

and for the restricted estimator 

2 

^ r = argmin£Qrr(0) (5A.21) 
t = l 

we find 
VT(9T - e0) ± -VülM'0lö

l/2Bie(l) (5A.22) 
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Note that we use that Mo = Jo since 

dm(90,ß) 
Mo = 

dß' 
f d 

dß' 

= Jößöff^f(yt\xt;ß)p(yt\xt,Oo)dyt = J0 (5.A.23) 

Another application of the delta method yields 

Vfm{dfJl7rT) = VTm(e0JlvT) - y/TMo&sr - 0„) + op(l) 
d (Tll2 U»-lu'T-'/!\^W 

7T 

Jo1' - 55'; (5.A.24) C c ' i 5 | ? W 

where 5 := T0
 1'2A/to[A^Ó20

 1-Mo] 1/,2> a semi-orthogonal ^ x le matrix (hence 
5 5 = Iie) of rank le. Similarly, 

VTm{0f, ßf) = Vfm(0o, ßf) - VfMoiÖf - 0O) + op(l) 

± ill12 - MoV^M^Öll^Bh{l)~Bh{"] 

„BiJD-Bi. 
1 - 7 T 

_ T l / 2 r , f t / l ^ l 1 / " ^ ! Z 0
X '% - 5 5 ] - ^ ^ (5A.25) 

1 — 7T 

and 

VTm(0nT, ßf) ± lll2[Ih - SS'} 
BM 

1/9 B?(ir) 
J 0

1 / 2 5 5 ' - ^ ^ (5A.26) 

VTm(0^T, /?2XT) -» V 4 - 5 5 j p 2 
1 — 7T 

_ i V 2 5 5 - ^ W ( 5 A 2 7 ) 

1 — 7T 

Let 5j_ be a Ẑ  x (Ẑ  — lg) matrix such that [5, S±\ is orthogonal; hence 5^5_L = 
Ih_ie and 5^5 = 0. Then Bh = S'Bh and Bh_le = S'LBlß_le are two indepen
dent standard vector Brownian motions. Let Bf denote a Z^-dimensional Brown-
ian bridge, Bf (ir) := Biß{it) — nBiß(l). Furthermore, 

[/,, - SS']Blß = [ƒ,, - SS'][SS' + S±S'±]Blß = S±Blß (5A.28) 



5. A. APPENDIX: PROOF OF THEOREM 5.1 125 

and the ^—vector Brownian bridge Bf is independent of Biß_ie. Therefore 

Qf(Sf) 4 B U (»)ƒ'.-•>(*> ( J A 2 9 ) 

Qf m i ia.(i)-\wi'ia,(i)-^w] 
1 — 7T 

i ' 7Ï \ p . A . J l j 
1 — 7T 7 r ( l — 7TJ 




