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1 ) Deling van het sterfteresultaat in een periode met de overlevenden 
van die periode heeft geen enkele invloed op de subsidiërende 
solidariteit indien deling alleen geschiedt als iedereen in leven 
blijft. Hetzelfde geldt bij deling van het sterfteresultaat met de 
nabestaanden van zij die zijn overledenen in die periode, indien 
de bepaling geldt dat alleen wordt gedeeld als iedereen overlijdt. 
(Hoofdstuk 3 van het proefschrift) 

2) De traditionele veronderstelling in het levenactuariaat dat 
individuen, gegeven hetzelfde observeerbare risicoprofiel, een 
homogene groep vormen, is vaak een veilige veronderstelling in 
het systeem van proportionele sterfteresultaatsdeling indien alleen 
positieve sterftewinsten worden gedeeld. 
(Hoofdstuk 4 van het proefschrift) 

3) In theorie bestaan er contracten met een zekere carenztijd die niet 
gekocht worden tegen actuariële premie ook al is de nutsfunctie 
van kandidaat verzekerden concaaf en niet dalend. 
(Hoofdstuk 5 van het proefschrift) 

4) In tegenstelling tot het eigen risico kan, indien de carenztijd als 
screening instrument bij asymmetrie van informatie wordt 
gehanteerd, een pooling contract (in dit geval één contract met 
volledige dekking, dus geen carenztijd) als evenwicht resulteren. 
Deze conclusie geldt bij een monopolistische verzekeraar en ook 
bij volledige concurrentie. In het laatste geval is vereist dat alle 
verzekeraars rekening houden met reacties van concurrenten op 
hun eigen strategie. 
(Hoofdstuk 5 van het proefschrift) 



5) Onder de veronderstelling dat iedere schade hooguit één keer kan 
worden gemeld kan het semiparametrische Cox-model worden 
gebruikt bij de voorspelling van aantallen toekomstige 
schademeldingen. 
(Hoofdstuk 6 van het proefschrift) 

6) Het is een hardnekkig en wijdverbeid misverstand dat het voor 
iemand zonder meer zinloos zou zijn een levensverzekering af te 
sluiten als een levensverzekeraar alle relevante informatie over 
zo'n persoon zou kunnen en mogen achterhalen en gebruiken en 
precies zou weten hoe die informatie in het tarief van zo'n 
verzekering te verwerken. 

7) Het is dat volgens de meeste Nederlandse woordenboeken niet is 
voldaan aan de criteria van solidariteit (definitie volgens Van 
Dale: "bewustzijn van saamhorigheid en bereidheid de 
consequenties daarvan te dragen"), anders zou men bij een 
piramidefonds van intergenerationele solidariteit mogen spreken. 

8) Knap is de individuele lij f rente verzekeraar die er in slaagt op 
legale wijze zijn produkt te verkopen aan personen, die op grond 
van rook- en drinkgedrag, overige leefgewoonten en woonregio 
als voor het bedrijf zeer gunstige risico's kunnen worden 
beschouwd. 

9) Het Elo-ratingsysteem is een voorbeeld van experience rating 
toegepast op onderling niet onafhankelijke risico's. 

10) Het woord "je", in Nederland vaak gebruikt in gevallen waar "ik" 
of "wij" als te onbescheiden of "men" als te onpersoonlijk wordt 
beschouwd, kan door de toegesprokene wel degelijk als "jij" 
worden geïnterpreteerd. 
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Chapter 1 

Introduction 

1.1 Motivation 

As the title indicates, in this thesis three themes axe combined. Generally stated, a 
hazard rate is the probability of a certain event at some point of time, conditionally 
given what has happened before that time. As the description shows, there is always 
a time dimension when dealing with hazard rates. An elementary example of a hazard 
rate is found in elementary life contingencies: the probability of dying in a certain year 
conditionally given survival until the beginning of that year. A hazard rate can apply to 
a human life or an item such as a light bulb. 

We are also considering the theme of heterogeneity. This means that we take into ac
count the fact that the hazard rates for similar items are not the same. Not all individuals 
aged 60 have the same probability to survive the next 20 years, and not all unemployed 
with the same employment history have the same chance to find a job within some years' 
time. 

The word insurance, finally, indicates the field of application of the first two concepts. 
In this respect, the items to which hazard rates pertain can for instance be contracts in 
an insurance portfolio and potentially insured individuals. 

Up to now, only few contributions have appeared in the literature in which all three 
elements mentioned are considered. Heterogeneity models based on hazard rates exist 
and have found many applications in several fields such as reliability theory, medical 
statistics, labor economics and demography, but not so many in insurance mathematics 
and insurance economics. 

Life insurance mathematics is largely based on the hazard rate approach, since life con
tracts usually comprise several years and there are always probabilities applying (e.g. 
the probability to die or to become disabled). On the other hand in life contingencies, 
the heterogeneity aspect plays only a minor role. Instead, the traditional assumption is 
that of homogeneity, i.e. that all individual persons, when they are identical with re
spect to the rating factors applied (usually these are restricted to age, gender, state of 
health and sometimes smoking habits), and to their life history, represent identical risks. 
In other words, differences in risk profiles between contracts allocated to the same risk 
class are ignored. An exception is Norberg (1989), discussing experience rating in group 
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life business, thereby explicitly taking into account the differences in mortality patterns 
between collective contracts. Furthermore, Groot (1996) discusses solidarity aspects for 
some elementary cases in individual life contingencies. 

In non-life insurance mathematics, the concept of heterogeneity is commonplace. Many 
non-life contracts are subject to a more refined risk classification scheme than life policies, 
thus accounting for more heterogeneity in a portfolio. Moreover, some non-life actuarial 
models explicitly take unobserved heterogeneity between contracts into account. In these 
models, it is assumed that each individual contract has its own random risk parame
ter. These models are used for experience rating techniques. Examples are bonus-malus 
systems and credibility models. 

Up to now, non-life actuaries have made little use of models based on hazard rates. 
This can partly be understood by the fact that many non-life actuarial models study risks 
over a single period, omitting the time element. But even in non-life models with a time 
component, the approach followed is usually not by means of hazard rates. An exception 
is Keiding et al. (1998). 

By combining the concepts of "heterogeneity" and "hazard rates" in one approach, one can 
develop more generalized insurance models and, as a consequence, tackle many problems 
in insurance mathematics and insurance economics. The main aim of this thesis is to 
consider insurance issues where both the themes "hazard rates" and "heterogeneity" play 
an important role. Both life and non-life topics will be considered. Life applications can 
be found in Chapters 2 to 4. Chapter 6 considers a typical non-life issue, while the model 
in Chapter 5 can apply to both life and non-life business. 

1.2 Outline of the thesis 

As mentioned in the previous section, in non-life insurance mathematics models exist 
which take account of unobserved heterogeneity between contracts. In such cases we 
are then in fact dealing with a so-called urn-of-urns model, where the outcome of a risk 
corresponding to a contract, which is often the aggregate claim amount in the contract 
period, is the result of a two stage process. Imagine a large urn containing some smaller 
urns. Each smaller urn corresponds to a certain risk profile. The first stage involves the 
draw of one of these smaller urns. This draw determines the risk profile of the contract. 
Then, in the second stage, the actual outcome is drawn from the inner urn with the 
given risk profile. The result of the first stage draw is not observable to the insurer and 
therefore, at the time of inception of the policy, all contracts involved in such a process 
pay the same average premium. As a consequence, some risks (the "good" ones) subsidize 
other ("bad") ones. However, as time passes and claims data are generated, premiums for 
each contract can be adapted to the claims experience and so the cross-subsidization, or 
subsidizing solidarity, between contracts gradually diminishes, which in return decreases 
the chance of adverse selection. Besides, as shown in De Wit & Van Eeghen (1984), in 
any contract period the subsidizing solidarity can be quantified, giving the insurer an 
indication of the danger of adverse selection. 
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The urn-of-urns model defined in the previous paragraph will take a central place in 
Chapter 2. It will be applied to a general individual life insurance contract introduced 
in Norberg (1990, 1991, 1992). In this context, the hazard rates involve the probabilities 
to make a transition from one state to another at some point of time during the contract 
term, conditionally given the event history of the individual insured. An example is the 
probability for an active person to become disabled at the beginning of the second policy 
year, conditionally given that he has never got disabled before. The heterogeneity is 
assumed to be unobserved. For instance, age and gender may be observable risk factors, 
but not the life-style of the individual. The aim of Chapter 2 is to consider experience 
rating as described above and to derive measures of subsidizing solidarity for individual 
life contracts, in the same way as done in De Wit & Van Eeghen (1984). These measures 
will be defined not only on the level of the entire contract term but also on the level of 
parts of it, because life insurers are interested in quantities accounting to policy years. 
Not only Norberg's model in general will be discussed but also special cases thereof, where 
the quantities derived may reduce in complexity. Regarding the elementary life model, 
where only the two states "Alive" and "Dead" apply, part of all this work has been done in 
Spreeuw (1996) and Spreeuw & Wolthuis (1997). Both papers mentioned have highlighted 
the complications that arise in life insurance, as a consequence of the fact that premium 
payment is often not restricted to time-at-issue (in other words, not all contracts are paid 
by single premium). 

In individual life insurance, experience rating actually makes no sense as there is no 
difference between updating the premiums to experience and not updating at all. This will 
also be confirmed in Chapter 2. Hence, if an insurance company wants to decrease cross-
subsidization between contracts, it has to find out other ways. In Chapters 3 and 4, such 
a method is proposed. We introduce an individual life insurance system in a discrete time 
framework, based on sharing the aggregate mortality result realized in a certain period 
among either the survivors or the deaths' heirs in a certain portfolio. For the sake of 
simplicity, all individual contracts have the same amount at risk in the period mentioned. 
The mortality result for the given period times a fixed predetermined proportion will, 
under certain conditions, at the end of the period be equally divided among either the 
survivors or the deaths' heirs. Each individual is charged at the beginning of the period 
an average risk premium. The portfolio is heterogeneous, which means that the mortality 
rates related to the contracts differ. The system can be used for any part of the contract 
term. If this part is a policy year, for instance, the hazard rates are to be interpreted as 
the probabilities of dying in that year, conditionally given survival up to the beginning of 
that year. 

In Chapter 3, it will be analyzed whether the sharing system has a decreasing impact 
on the subsidizing solidarity, defined and quantified in Chapter 2. It is assumed that the 
insurer knows the mortality rate of each individual. This somewhat artificial assumption 
is made in order to examine whether applying the system may lead to a lower subsidizing 
solidarity under any circumstances. One special case is based on Spreeuw (1998c), who 
considers distribution to the survivors, if any, and an insured portfolio consisting of only 
two risk classes. In Chapter 3, it will also be studied how the system affects the variability 
in the insurer's portfolio results, expressed by the variance of the aggregate loss. 
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In Chapter 4, it will be demonstrated how safe bounds for the average risk premium 
can be obtained if the information available to the insurer is less complete than in Chapter 
3. For two situations, it will be shown that, provided some specific information is known, 
safe bounds of the average risk premium can be obtained by means of the majorization 
order. In both cases, it is assumed that the insurer knows the minimum and maximum 
possible individual mortality rate in the portfolio considered. In the first case, the average 
mortality rate is assumed to be known. In the second situation, it is supposed that the 
individuals can be allocated to several groups. In addition, the mortality rates are taken 
to be stochastic themselves, being a function of an individual risk factor, a group specific 
risk factor and an overall risk factor, just as in Tong (1989), Bäuerle (1997) and Bäuerle 
& Müller (1998). One example treated is derived from Spreeuw (1998b), where the case 
of "division among the survivors when there are survivors" is considered. 

Adverse selection, based on the expected utility hypothesis, will be a major theme in 
Chapter 5. A model is considered based on a population consisting of two risk groups, 
namely the high risks, being the individuals with a high probability of making an accident, 
and the low risks, those with a low probability of making an accident. So there is hetero
geneity between the two risk types. It is supposed that each individual in the population 
knows which risk type applies to him and that, on the other hand, the insurance company 
knows which proportion of individuals belongs to which of the two risk classes, but cannot 
monitor the risk profile per individual. By assumption, having an accident results in the 
loss of a certain monetary amount. Literature has shown that insurance firms may be able 
to cope with the problem of adverse selection by offering two different insurance contracts, 
one giving full coverage, should the accident occur, and one involving a certain monetary 
deductible. These contracts are designed in such a way that a certain self-selection mech
anism among the individuals is induced. The high risks will prefer the contract with 
full coverage while the low risks will choose the one with partial coverage. Equilibria in 
an insurance market may result. In this context, an equilibrium is defined as the set of 
contracts which will be offered by each insurer in the market as no firm is induced to offer 
other policies. The screening device of a monetary deductible has been analyzed for both 
a competitive (Rothschild & Stiglitz, 1976, Wilson, 1977, Miyazaki, 1977, and Spence, 
1978) and a monopolistic (Stiglitz, 1977) insurance market. However, such an instrument 
may be ineffective in case of life insurance (where "making an accident" means "dying") 
as the crucial assumption, that insurers perfectly share their knowledge about the pur
chase of insurance by any individual, may not hold. This is the reason why, in Chapter 5, 
the probationary period, during which time there is no coverage in case of an accident, is 
discussed as an alternative to the monetary deductible. Compared with the papers just 
mentioned, a time dimension is added. Besides it is assumed that each individual can 
make an accident only once. Hence, the time-dependent hazard rates are in this respect 
equal to the probabilities of making an accident, conditionally given that no accident 
has been made before from time-at-issue on. Both the monopolistic and the competitive 
insurance market will be considered and it will be analyzed how the equilibria resulting 
from the probationary period as a screening device differ from those obtained from the 
monetary deductible case. Part of this research, regarding a monopolistic insurer, was 
carried out in Spreeuw (1998a). 
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Chapter 6 indicates that an approach by means of hazard rates can be used to tackle 
a typical non-life problem, namely that of predicting future claim numbers. Up to now, 
almost exclusively parametric models appeared in the literature, which carry the risk that 
they may be misspecified. Assuming that each contract can report at most one claim (so 
the probabilities of reporting a claim in some development year, conditionally given that 
no claim has been reported before, serve as hazard rates) statistical models to predict 
claim numbers, based on hazard rates, are at the disposal of the actuary. A major one of 
these is the Cox model which has the property of being semiparametric, so, contrary to 
the parametric models, not all quantities to be estimated have to be specified. Hence the 
chance of a misspecification is less when applying the Cox model compared to applying 
a parametric model. If, except for " development time", being the time dimension, either 
"year of origin" or "calendar year of reporting" is considered to be a significant factor, 
hence reflecting the heterogeneity in the portfolio, the discrete time version of the Cox 
model reduces to either the chain ladder method or the separation method, respectively. 
The chapter is an extended and improved version of Spreeuw & Goovaerts (1998). 

Chapter 7 gives an overview of the main conclusions on the five chapters considered. 

1.3 The common themes 

The chapters that follow are quite diverse, and it may be tempting for the reader to 
conclude that this thesis is nothing but a set of extended versions of papers. Nevertheless, 
as stated before, the chapters do have some topics in common: 

1. In all chapters, a hazard rate approach applies. In each case we are dealing with an 
event history which is unique throughout time and cannot be repeated again. 

In Chapter 2, the hazard rate approach involves the several states visited and left 
by the insured. In Chapters 3 and 4, an individual may die, after which the cor
responding contract is removed from the portfolio. In Chapter 5, the assumption 
is made that an insured can have at most one accident during the contract period, 
while, as mentioned in the previous section, it is presumed in Chapter 6 that each 
contract can report at most one claim. 

2. In all chapters there is heterogeneity with respect to risk profile. 

In Chapters 2, 4 and 5, this heterogeneity is assumed to be unobservable for the 
insurer. On the other hand, in Chapter 3 the insurer knows the mortality rate of 
each individual in the heterogeneous portfolio. In Chapter 6 the insurer has perfect 
information on year of origin and calendar year of report and hence the heterogeneity 
is observed, at least regarding the chain ladder and separation method. 

3. All chapters involve both life and non-life topics. 

Chapters 2 to 4, dealing with life insurance, are based for an important part on 
the non-life approach in De Wit & Van Eeghen (1984). The contracts considered 
in Chapter 5 on monetary deductibles were primarily developed for non-life appli
cations. The contracts with a probationary period may concern both non-life (e.g. 
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medical and dental insurance) and life applications. Chapter 6, finally, involves a 
non-life application, but the assumption is made that a contract can report a claim 
only once. Hence, the number of contracts which might report a claim in the future, 
gradually decreases in size. This phenomenon is typical for portfolios of individ
ual life contracts where only the states "Alive" and "Dead" apply, because when 
an individual dies, the contract related will (sooner or later) be removed from the 
portfolio. 

In this respect, the approach in this thesis has something in common with the one 
in Kling (1993), considering life insurance from a non-life point of view. 



Chapter 2 

Unobserved Heterogeneity, 
Solidarity and Experience Rating in 
Individual Life Insurance 

2.1 Introduction 

The urn-of-urns model is well known in non-life insurance. It takes into account the 
fact that not all heterogeneity between separate contracts with respect to the claims 
distribution can be observed. As time passes, claims experience can be included as an 
additional, observable risk factor, to update the premiums for each individual contract. 
In non-life business, each contract can usually make a claim more than once, and hence 
builds up its own unique claims experience, resulting in a unique individual premium as 
well. As a consequence, the intensity by which some contracts (the "good risks") in a 
portfolio subsidize others (the "bad risks") in one and the same portfolio, or the subsidizing 
solidarity, gradually decreases in time. On the other hand, the basis of insurance, that 
is that, in a homogeneous risk class, contracts without claims pay for claims incurred by 
other contracts, or the probabilistic solidarity, remains preserved. 

Norberg (1989) showed that experience rating can be applied to group life contracts 
as well, though the underlying principle is different from the one given above. The claims 
distribution of a single life depends on the entire contract period, since it depends on the 
insured's life history, which is determined throughout the whole time. Hence, experience 
rating in individual life insurance actually has no real significance: there is no difference 
between updating premiums to experience and not updating at all. A group life contract, 
however, usually consists of several of such single lives and thus generates a unique claims 
experience in time, enabling the insurer to adapt premiums on a regular basis throughout 
the period of validity of the contract. 

In this chapter, we will consider unobserved heterogeneity in individual life insurance, 
usually characterized by the fact that a premium, determined upon issue, cannot be 
adjusted to experience later on. Our aim is to derive measures of solidarity, though not 
only for the entire contract term. Since fife insurance treaties usually comprise several 
years, insurers are interested in quantities, such as profits, allocated to policy years, and 
therefore also solidarity measures on the level of a year will be derived. In order to be able 
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to do so, we will apply, at least formally, experience rating in a Bayesian way. Regarding 
the urn-of-urns model, it is in that case assumed that all individuals in one and the same 
group are affected by the same group specific latent risk factor. 

The set-up of this chapter is as follows. In Section 2.2, we will consider a non-life 
insurance contract and recall the solidarity measures defined in De Wit & Van Eeghen 
(1984). Regarding the non-life case, we will restrict ourselves to insurance treaties allowing 
for experience rating after each policy year. Crucial for such contracts is that the premium 
is paid only at the beginning of each policy year, covering the loss for that policy year 
exclusively. Then individual life contingencies will be discussed. In all subsequent sections, 
the solidarity measures derived are based on the approach by De Wit & Van Eeghen 
(1984), in the sense that each loss suffered by the insurer on contract level can be split 
into two parts. One of these parts, the process effect, is the loss that would have occurred 
had the contract paid a premium exactly matching the risk it represents, or, more formally, 
had there been equivalence on an individual level. The other component, the parameter 
effect is the loss due to the mismatch between premium and risk. All solidarity measures 
obtained in this chapter are based on parameter effects. 

A life insurance contract will at first, in Section 2.3, be defined in a very general 
way, similar to Norberg (1990, 1991, 1992). His approach involves the possibility that 
both transition intensities and premium and benefit payments at a certain moment may 
depend on the entire life history of the insured. The urn-of-urns model will be intro
duced and some quantities denned. In Section 2.4, solidarity measures will be defined, 
at first, in Subsection 2.4.1, concerning the entire contract period. Compared with non-
life insurance, complications will arise, as premium payment is usually not restricted to 
time-upon-issue. In Subsection 2.4.2, a part of the contract period will be considered. 
Using Norberg's definition of partial loss, we will define solidarity measures based on risk 
premiums. Comparison between parameter effects concerning the aggregate period and 
parts of it, respectively, will be the topic of Section 2.5. In general, the parameter effect 
on contract term level is not the same as the sum of the parameter effects allocated to 
the respective policy years. An exception arises when premiums are such that reserves at 
any moment are equal to zero, irrespective of the state to which they apply. In that case, 
the life insurance treaty has much in common with a multi-period non-life agreement. 

Norberg's model has the advantage that it allows for many insurance contracts and 
probability spaces, but its drawback is that the quantities derived are difficult to interpret. 
This is why, in Section 2.6, the special case of a hierarchical Markov chain will be discussed. 
In the given case, any state in the model that has once been left can not be re-entered. 
Besides, the loss applying to a certain state at time-upon issue can be clearly separated 
into policy years. We will deal first with the general case and then with the fully discrete 
life policy. The latter one has the property that benefits and premiums due to transition 
are paid either at the beginning or at the end of each policy year. We will restrict 
ourselves to the classical model where only the states "Alive" and "Dead" apply. This 
rather special case is considered, because one of the solidarity measures thus derived will 
take a central place in Chapter 3. The case will act as the basis for the so-called frailty 
model, where the unobservable random variable acts multiplicatively on the conditional 
transition intensity. In Section 2.7, this model will be discussed and also be accompanied 
by a numerical example. Section 2.8 concludes. 
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2.2 The non-life insurance case 

Consider a portfolio of n contracts, labelled by i (i G { 1 , . . . ,n}). The risks - to be 
interpreted as aggregate claim amounts in this non-life context - corresponding to the 
contracts are denoted by the random variables X^ An urn-of-urns model applies: for each 
i € {1 , . . . ,n}, the distribution of Xi depends on the value of the one-dimensional risk 
parameter corresponding to the contract, being denoted by Qt. For each i e { 1 , . . . ,n} 
it is assumed that, conditionally given 0, = 9it Xt ~ Ggt, with Ggi some distribution 
function having parameter 9it and that 0 i , . . . , 0„ are i.i.d. with common Bayesian prior 
structure distribution U. It'is assumed that all contracts are issued at the same time, at 
which there is no claims experience yet. 

For notational convenience, we will drop the subscripts i. If the insurer aims for 
equivalence on a group level (where "group" means the entire portfolio), in this respect 
an unconditional expected loss of zero, the net premium to be paid by each contract 
upon issue would be equal to E[X] = E[E [.X|0]]. Note that this premium is an average 
premium and that, as a consequence, there is cross-subsidization between contracts, or 
subsidizing solidarity, a concept which has been quantified by De Wit & Van Eeghen 
(1984) in the following way. 

The given premium does not match the risk of an individual faced with an outcome of 
the first draw equal to 9. The adequate premium, satisfying equivalence on an individual 
level or micro-equivalence, would then be equal to E[X|0 = 9]. So the amount by which 
an individual subsidizes the collective, defined by Posthuma (1985) as the ex ante transfer, 
is equal to 

E[X}-E[X\Q = 9}. (2.1) 

If this amount is negative, the individual considered is subsidized by the collective. Now 
the subsidizing solidarity, denoted by SS, has been defined in De Wit & Van Eeghen (1984) 
as the average (over all individuals) of the squared ex ante transfers, or the variance of 
the expected loss made by the insurer on the individual contract: 

SS = Vare [E[X\Q]] = f{E[X}-E[X\0 = 9}f dU(9). (2.2) 
Je 

Notation 1 If, in the remainder of this chapter, we add a subscript 0 to an expectation 
(E) or a variance (Vax) operator, we mean that this expectation or variance is taken with 
respect to the random variable 0 (with common prior distribution U). If a subscript is 
not added to either one of the two operators, this means that the expectation or variance 
is taken with respect to either the aggregate claim amount X (in this section) or the 
stochastic process {X (t)}t>0 to be defined in Subsection 2.3.1. 

De Wit & Van Eeghen (1984) indicate that the subsidizing solidarity is just one part of 
the variability of the insurer's result on the given individual level. In case of perfect risk 
classification there would also be fluctuation due to the fact that the actual realization of 
X differs from the given risk premium E[X|0 = 9]. This difference 

E[X\e = 9}-X (2.3) 
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is called ex post transfer by Posthuma (1985). De Wit & Van Eeghen (1984) define the 
probabilistic solidarity, specified by PS, as the average (over all individuals) of the variance 
of the loss in case of equivalence on an individual level: 

PS = Ee [Var [X\Q]\. (2.4) 

Hence 

Var [X] = Vare [E [X\S]] + E e [Var [X\Q]] = SS + PS. (2.5) 

Remark 2 De Wit & Van Eeghen (1984) use the name "risk solidarity" for SS. We, how
ever, prefer the term "subsidizing solidarity" instead, since in our view the former name 
does not indicate the type of solidarity accurately enough: the concepts "probabilistic" and 
"risk" can easily be confused with one another. 

Remark 3 There is a rationale for using the term "probabilistic solidarity": within each 
group consisting of individuals with the same unconditional claims distribution, those who 
make no claims are solidary with those who make severe claims. Nevertheless, contrary 
to the explanation of subsidizing solidarity, this interpretation is not entirely in line with 
what most people understand by the word "solidarity". Wilkie (1997), dealing with cur
rent risk classification practices in life insurance, defines two forms of insurance, namely 
mutuality and solidarity. In case of mutuality, each insured contributes to the insurance 
pool, according to the risk he brings in, whereas the situation of solidarity is characterized 
by the lack of such a relationship. Wilkie, however, does not consider any quantitative 
measures. 

In non-life insurance, each individual contract builds up its own claims experience, so 
premiums can be adjusted based among others on that claims experience, using Bayes' 
rule. The same applies for a group life insurance contract, as pointed out in Norberg 
(1989). Both approaches have in common that for each contract, the outcome of the first 
stage draw applies to all risk units included in the contract. The difference is that, on 
the one hand, a conditional claims distribution being the same for each policy year does 
not apply if this risk unit is a single life, as each human life's course of events is unique 
and depends on the whole lifetime, i.e. it can never be repeated again, but on the other 
hand, a group life contract usually comprises several of such single lives so a unique claims 
history will be generated. Hence, as a consequence, the subsidizing solidarity gradually 
decreases in time. 

We will now investigate the unobserved heterogeneity and solidarity forms in individual 
life insurance. At first a very general life insurance model, derived from Norberg (1990, 
1991, 1992), will be considered. 

2.3 A general individual life insurance t rea ty 

The individual fife insurance treaty according to Norberg will be described in Subsection 
3.1, concerning the possible states applying to the insured, and in Subsection 3.2, where 
the premium and benefit payment functions are dealt with and the urn-of-urns model is 
introduced. 
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2.3.1 The stochastic process of visiting several states 

Consider a set ( = {0,.. . , J} of possible states of a general life policy. At time t > 0, the 
policy is in one and only one particular state j G (, while at time 0, the contract is in state 
0. The policy is represented by a sample path of a stochastic process {X (t)}t>0, with 
X (t) denoting the state of the policy at time t with t € [0, oo). The stochastic process is 
defined on some probability space (O, J7, P). Hence, {X (t)}t>0 is a function from [0,oo) 
to £. It is assumed to be right-continuous, with a finite number of jumps from one state 
to another in each interval. The process generates the filtration F = {3r(t)}t>0, being a 
family of sub-sigma-algebras of T, where each T (t), being some collection of ^"-events, 
comprises the events of transition up to and including time t. Hence F can be interpreted 
as a description of the evolution of information about the contract throughout time. It is 
assumed that the process possesses transition intensities, denoted by \jk (£), specified as 

\jk(t) = Ij(t)pjk(t), (2.6) 

where Ij (i) denotes the indicator of the event that the process is in state j at time t > 0 
and fijk (t) is some F-adapted process, meaning that X (t) is measurable with respect to 
T(t) for each t> 0. 

In the next subsection, the benefit and premium payment functions will be introduced, 
both being predictable with respect to F, which means that benefits and premiums may 
at any time depend on the past development of the policy. 

2.3.2 The benefit and premium payment functions 

Definition 4 We define for any real valued s, t and any function h of a real argument: 

h{t-) = lim h (s). (2.7) 

The policy is incepted at time 0'~'. The aggregate value of all benefits paid by the insurer 
in [0, t], due to the insurance contract and depending on {T (t)}t>0, is expressed by B (t), 
assumed to be non-negative, non-decreasing, finite and right-continuous. 

Definition 5 We define J as integration over (u, t] . 

It is assumed that 6 (t), specifying the force of interest at time t G [0, oo), is deterministic 
and continuous. Then the present value at time 0 of all benefit payments, denoted by 
V (B), equals 

V(B)= f u{t)dB{t), 
J\0,oo) 

(2, 

with v (t) = e-/o *Wds and v (0) = 1 by definition. 
On the other hand, the structure of premium payments up to and including t is 

described by C(t), which, like B(t), is supposed to be non-negative, non-decreasing, 
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finite and right-continuous for t > 0. It is presumed that the present value at time 0 of 
all premium payments is equal to 

**V{C), (2.9) 

with 7T* > 0 representing the premium level and 

V{C)= f v(t)dC(t), (2.10) 
J[0,ao) 

with v{t) for t G [0,oo) defined as above. Expression (2.10) can be interpreted as a 
baseline premium payment function. 

Conditionally given any outcome of the stochastic process {X (t)}t>0, both B (t) and 
C (t) are determined by the insurance agreement. 

The insurer's loss suffered during the entire contract period [0, oo) is indicated by L. It 
is equal to the difference between the present value of benefits and the present value of 
premiums: 

L = V (B) - n*V (C). (2.11) 

Remark 6 The term "loss" in the above context is not to be confused with the same word 
related to decision theory (e.g. "quadratic loss"). 

We assume that the probability space concerning an individual insured depends on the 
outcome 8 of a one-dimensional random variable 0 having prior distribution U, similar 
to the one dealt with in the previous section. Then, recalling that the insurance contract 
is issued at time 0^~', the premium level satisfying equivalence on an individual level, 
conditionally given 9 = 8, is equal to 

E[v(B)\e = e] 
~E[v(c)\e = ey [ZAZ) 

In the remainder of this chapter, such premium levels will be specified by -K (8) and called 
individual premium levels. It is assumed that the outcome of 0 is not observable and 
therefore to each contract an average premium level pertains, satisfying equivalence on a 
group level. Such an average premium level is defined as TT, so 

_E[V(B)} _Ee[E[V(B)\e}} 
E[V(C)} Ee[E[V(C)|0]] ' ^ ^ 

Remark 7 Note that -IT / Ee [T (6)]. 

In the next section, solidarity measures will be defined, based on the quantities defined 
in the above two equations. 
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2.4 Solidarity measures 

The approach in this section will be as follows. First, in Subsection 2.4.1, the entire period 
will be studied based on the values of n* and n satisfying equivalence on an individual level 
and equivalence on a group level, respectively, and solidarity will be quantified. Then, in 
Subsection 2.4.2, the loss related to a certain period will be considered. 

2.4.1 Considering the entire period of insurance 

With respect to the given urn-of-urns model, the observable second part consists of the 
realized event history {T (oo)}. Suppose that the outcome of the first stage is equal to 0. 
Then (2.11) can be split up as follows: 

L = L(1) (0) + (L - Lw (0)) , (2.14) 

with 

Z/1' (0) = V (B) - TT (0) V (C), (2.15) 

denoting the process effect, or the loss that would be suffered in case of equivalence on an 
individual level. This quantity is the life-analogue of formula (2.3), though with reversed 
sign, because L (0) is considered from the insurer's - and not from the insured's - point of 
view. The process effect has expectation zero on the level of an individual contract. The 
remaining part of (2.14), named parameter effect, is given by 

L(2) (Ô) = L- L(1) (0) = (TT (0) - TT) V (C). (2.16) 

Recall from Section 2.2 that in the non-life case the difference between the aggregate 
loss and the process effect is deterministic, equal to the expected loss for the individual 
contract. This does, however, not apply for life insurance as can be derived from the 
above formula, since, in general, L(2) (0) is a function of the random variable V (C) and 
therefore stochastic. The only exception is the case of single premium payment, which 
will be demonstrated as well. 

In order to be able to quantify subsidizing solidarity in an appropriate way, just like 
we did in Section 2.2, we will, just as in Spreeuw & Wolthuis (1997), divide (2.16) further 
into its expectation and another remaining part. Conditionally, given 9 = 0, we finally 
get: 

L = L(D (0) + L(2a) (0) + L(26) (0), (2.17) 

where 

L^ (0) = E [L - L(1) (6) |9 = 0] = (TT (0) - TT) E [V (C) |9 = 0], (2.18) 

denotes the conditional expected loss for the individual contract, given 9 = 0, and 

L^ (0) = (TT (0) - n) (V (C) - E [V (C) | 9 = 0]) (2.19) 

the remaining part. 
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Remark 8 If we change the signs of L(2a\ we obtain the ex ante transfer defined in 
Spreeuw (1996) (who considers the two states model "Alive" and "Dead", for single and 
level premium payment). It equals the difference between: i) the actuarial present value, 
concerning the individual, of all premium payments in case of "solidarity" and "equiv
alence on a group level" and ii) the actuarial present value of all premiums, again con
cerning the individual, to be paid when the insurer uses the principle of "equivalence on 
an individual level". 

The following characteristics apply to the three components: 

E [if® {9)} = E [L^ (6)] = 0, VÖ G 9. (2.20) 

E e [ E [ L « ( 9 ) | 9 ] ] = 0, Vi e {1,2a, 26}. (2.21) 

As 

E[L]=E e [E[L |9 ] ]=0 , (2.22) 

we have that the unconditional variance of the aggregate loss is equal to 

Var[L]= J2 Ee[E[Lw(9)Lü)(9)|9]]. (2.23) 
i,je{l,2a,2b} 

Next the six components of this variance will be analyzed. It turns out that: 

Ee 

= Ee 

E[ (LW(9) ) 2 | 9 ] ]=Ee[Var [L( 1 ) (9 ) | 

Var[V(S)-7r(e)V(C)|e]]; (2.24) 

Ee [E [{L^ (9))2 |e]] = Ee [E [(TT (9) - n) E [V (C) |9]]210] 

= Vare[E[V(B)-7iV(C)|e]]; (2.25) 

Ee [E [(L<26> (9))2 |e]] = Ee [Var [(TT (9) -TT)V (C) |9]] ; (2.26) 

Ee [E [L« (9) LW (9) |9]] = Ee [Cov [L« (9), L - L« (9) |9]] 
= Ee[Cov[y(B)-7r (9)V(C) , (7r (9) -7r )V(C) |9] ] ; (2.27) 

E e [E [L« ( 9 ) L ^ (9) |9]] = E e [E [ L ^ ( 9 ) L ^ (9) |9]] = 0. (2.28) 

This yields: 

Var [L] 

= Ee\yax[V{B)-n{e)V(C)\Q]] 

+ Va.r@[E[V(B)-wV{C)\e]} 

+E e[Var[(7r(9)-7r)y(C)|9]] 
+2E e [Cov [V (B) - w (9) V (C), (TT (9) -n)V (C) |9]]. (2.29) 

Equation (2.29) shows that the variance of the loss for an arbitrary individual contract 
consists of: 
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• the expected loss variance in case of equivalence on an individual level, 

• the variance of the expected loss, 

• the expected variance, due to the deviation of the actual difference between the 
aggregate loss and the process effect from the expected difference, and 

• two times the expected covariance between, on the one hand, the process effect and, 
on the other hand, the difference between the aggregate loss and the process effect. 

We will, in order to remain as close as possible to the solidarity concepts developed by De 
Wit & Van Eeghen (1984), define the subsidizing solidarity for the entire period [0, oo), 
denoted by SS[ol00)i as the second component of (2.29), being the variance of the squared 
expectations of the parameter effects: 

SS[0,oo) = Vare [E [V (B) - TTV (C) |9]]. (2.30) 

Case 9 In case of single premium payment, implying 

V(C) = l, (2.31) 

the last two components of the right hand side of (2.29) vanish and the formula reduces 
to 

Var [L] = Ee [Var [V (B) |0]] + Vare [E [V (B) |9]], (2.32) 

hence obtaining a formula very similar to the non-life case displayed in (2.5). The above 
equation demonstrates that the second term of (2.29) can actually be considered as the 
subsidizing solidarity. 

The reason why the aggregate loss variance of a general life contract consists of four parts 
instead of two lies in the fact that the aggregate value of premium payments is stochastic 
rather than deterministic. The first component of the right hand side of both (2.29) and 
(2.32) may be defined as the probabilistic solidarity (since it is the expected value of the 
squared process effects). One might argue that the third and fourth term of the right 
hand side of (2.29) may contain elements of solidarity as well but these will not be dealt 
with in this chapter. 

The quantities dealt with up to now concern the entire contract period. In view of the 
fact that an insurance treaty usually comprises several years, it is desirable to allocate 
the aggregate loss due to a single contract to several disjoint periods. This is the topic of 
the next subsection. 

2.4.2 Considering part of the entire period 

When looking at parts of a contract term, such as policy years, one deals with reserves, 
amounts at risk and risk premiums. All such quantities are to be updated to experience, 
i.e. the insured's life history. In this respect, single life policies have an essential property, 
already noticed by Jewell (1978) in his paper on Bayesian prediction: that a single life 
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cannot gather any information on his distribution of future remaining lifetime. Jewell 
proved this in a classical two states framework (with states "Alive" and "Dead"). We will 
show the validity of this statement in our general case for the prospective reserve. 

Prospective reserves need to be calculated in order to be able to allocate the aggregate 
loss to several disjoint periods. They are written as follows for t > 0, following Norberg 
(1991): 

V+ (t, B, C, n) = EmV+ (t, B, C, w), (2.33) 

where 

V+ (t, B, C, n) = - L / v (r) d (B (r) - nC (r)). (2.34) 
v yp) J(t,oo) 

Norberg (1991) calls the quantity defined in (2.33) the prospective F-reserve, indicating 
that the reserve depends on T (t), being the insured's life history up to and including time 
t. 

Notation 10 So the expectation in the right hand side of (2.33) is not an expectation 
with respect to the stochastic process {X (r)}4>0 but is instead an expectation, conditionally 
given the information F (t) at time t > 0. 

Conditionally given 0 = 6, the reserve meeting the future expected benefits minus 
premiums should be equal to 

V+e (t,B,C,TT) = EHt) [V+ (t,B,C,n)\e = 0]. (2.35) 

From the Bayesian point of view, an adequate reserve at time t, conditionally given the 
information ^ ( r ) , would therefore be 

V+ (t,B,C,7r)= f V+e (t,B,C,w) dU {0\T (t)), (2.36) 
Je 

where dU {6\T (t)) denotes the posterior distribution of 0, conditionally given the life 
history T(t). Define I\r{t)\ as the indicator function valued one if the event F {t) is 
realized and zero in other cases. Then, according to Bayes' rule, this distribution turns 
out to be 

du iB\T (t)) - E [ W e = fl]<ftf(fl) _ E [ w e = fl]rf[/(g) 

hence 

Je E [I[^{t)]\ 

= [E[V+(t,B,C,n)\Q = e] dU{e) 

Je E [I[m]] 
E[V+(t,B,C,n)} 

EmV+(t,B,C,7r), (2.38) 
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which is the reserve, conditionally given the history T (t). Regarding the single or multi
ple decrement model including only one non-absorbing state "Alive", assuming that the 
contract comes to an end once this state is left, the above result implies that there is 
actually no difference between updating to the experience and not updating at all. In the 
given case, all the premiums and reserves would be fixed while the insured is alive. 

Remark 11 As mentioned before, Jewell (1978) restricts himself to the classical case of 
two states. Then T (t) discloses nothing else than the fact that the individual has survived 
up to time t. 

Remark 12 Contrary to single life business, in group life insurance the posterior distri
bution makes real sense, as demonstrated in Norberg (1989). The reason is that collective 
contracts usually involve more than one individual and hence each contract builds up its 
own, unique, claims experience. Since it is assumed that the same latent risk factor, be
ing independent of time, applies to all individuals in one and the same group, the claims 
experience also gives information about the risk profile of the remaining persons. We will, 
however, not deal with this, since it is beyond the scope of this thesis. 

Finally, note that (2.38) remains valid if one replaces the prospective reserve by any 
function concerning future payments and having T' (t) as argument. Examples are, as 
mentioned before, amounts at risk and risk premiums. 

Although there is no difference between updating quantities such as reserves to the experi
ence and not updating at all, prior distributions can nevertheless help to derive solidarity 
measures on the level of a partial period and this is what will be done next. 

We define (with X (t) as defined above) 

Njk (t) = i{re(0,t}:X ( r - ) = j , X (r) = k} ; j + k, t > 0, (2.39) 

as the number of transitions from state j to state k up to and including time t > 0, and 
Njk (0) = 0 for all j ^ k. 

In the following analyses it is no longer necessary to deal with both a benefit and 
a premium payment function, because emphasis will be placed on risk premiums, and 
therefore we will combine B and C into one single aggregate payment function A (t), such 
that 

A{t) = B(t)-irC(t), £G[0,oo). (2.40) 

Next A (•) itself will be split in quantities A? (•) and a°k (•), where A° (•) is such that for 
t > s, A°j (t) — A° (s) represents the aggregate value of net benefit payments less premium 
payments during the stay in state j , j G (, and a°k (•) provides the benefit minus premium 
payments upon a transition from j to k, j , k € C- ft is assumed that, for any j £ £, 
A° (•) has the same properties as A (•), hence finite and right-continuous, and that, for 
any j , k € (, ajfc (•) is left-continuous and finite. Both A? (•) and a°k (•) are supposed to be 
predictable with respect to F, implying that both benefits and premiums may depend on 
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the past development of the policy. The total stream of payments A (t), t > 0, is specified 
to be of the form 

4 ( 0 - ) = 0, (2.41) 

and 

dA (t) = Ç I , (t) dA° (t) + J2 a°ik (*) dNjk (t). (2.42) 
j 3,k 

&k 

The loss concerning a partial period (s,t] c [0, oo) is, just as in Norberg (1992), defined 

as 

LM= f vdA + v(t)V+{t,A,ir)-is{s)V+{s,A,n), (2.43) 
•/(Ml 

with, for all s > 0, Vf (s, A, n) = Vj (s, B, C, n), denned in (2.38). Now let 

Vi (t, TT) = E ^ ) [V+ (t, A, TT) \X (t) = i] (2.44) 

be the conditional reserve given the life history T (t) and X (t) = i. Norberg (1992) 
derived that the loss expressed in the above formula is 

L ( M 1 = / J2"(T)R}k(T)(dNik{T)-\jk{T)dT), (2.45) 
•/(Ml jik 

with 

Rjk (f) = a°jk (r) + Vk (r, TT) - Vt (r, TT), (2.46) 

expressing the amount at risk at time r. 

Periodic losses will be considered with a certain state at the beginning of the period 
given. Let L/st, be the loss allocated to period (s,i\, conditionally given X (s) = j . We 
first consider this loss quantity with respect to an infinitesimal time interval (t—,i\, so 
s = t—. It turns out that: 

Lf-A = E " (*- ) R * ( H (dN^ (*-) - e* (*-)dt) • (2-47) 
k 

We denote the intensity of transition from j to k at time r, conditionally given X (T) = 
j and 0 = 0, by ßjkg(T). The following relation between marginal and conditional 
intensities holds: 

ßjk (r) = / ^ - M (T) dt/ (0| T (r) , I ( r ) = j ) . (2.48) 
Je 
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Conditionally given 9 = 0, !$_ t, can be divided into 

with 

and 

L(t-,t] - L(t-,t],e + L(t-,t),9' (2.49) 

L S = E " ( H Ä* (*-) (d^* («-) - ^M (*-) dt) (2-5°) 
k 

kjtj 

Lf-Afi = E " (*") % (*-) (^M (*-) - /*i* («")) d* (2-51) 
* 

Mi 
representing the process and parameter effect respectively. Note that the latter is deter
ministic, so the variance of L9t_ t, is equal to 

Var [ 4 1 j = Ee [Var [l$_Ajd\e,^(*-)]] + Vare [E [ L « A e | e , . F ( t - ) ] ] , (2.52) 

where 

V a r e [ E [ L ( t _ , t l | ^ ( H , ^ ( * - ) = J ' , ö ] ] 

- lis," - ) % (*-) (pjkfi (t-) - Mi* (<-)) dt 

•dU(0\F(t-),X(t-)=j), (2.53) 

is a measure for the subsidizing solidarity. 
Recall, however, that this quantity is only deterministic from the point of view at 

time t— when X (£—) is known. Besides, such a division similar to the one in the non-life 
case is not possible if one considers a period longer than infinitesimal. For instance, if we 
define for s < t—, analogous to (2.50) and (2.51): 

LM,e = I E v W R* (T) (dN>k (T) - h M ^M (r)dT) > (2-54) 
*/i 

and 

LM * = I E h M y (r) % (r) (,a,M (r) - ^ (r)) dr, (2.55) 
• ' M j i / f c 

ir
respectively, then the latter would be stochastic, even if X (s) were known, due to the fact 
that more than one transition in the given period may occur. One can, however, similarly 
to the approach in Subsection 2.4.1, base the subsidizing solidarity on the expected value 
of (2.55) and thus obtain: 

SS { s , t ]=Ee[E2[Lg> ] ] 9 |e]] . (2.56) 

In the next section, it will be investigated if the parameter effects for part of the insurance 
term can be compared with those concerning the entire contract period (derived in the 
previous subsection). 
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2.5 Relations between entire and partial periods 

Norberg (1992) formulated the partial losses, defined in (2.43), in such a way that, except 
for lump sum payments at time 0, they together form the loss for the whole contract 
period, defined in (2.11). This can be shown as follows. For any 0 = t0 < ti < ... < tn = 
oo, n € N \ {0}, we have 

Y]£fc_ lA] = £ < * . ) = / vdA + v(oo)V?(oo,A,*)-v{0)V£{0,A,Tr) 

= L - A (0), (2.57) 

because of the principle of equivalence. In this section, we will, first of all, show that a 
relationship similar to (2.57) in general does not hold between, on the one hand, the pa
rameter effect for the whole term, defined in (2.16), and, on the other hand, the parameter 
effect for parts of the term, defined in (2.55). An exception arises under a certain relation
ship between the benefit functions A? (•) and a°k (•) (j, k e Ç), as will be demonstrated 
too. 

When one compares LJ^, g, as defined in (2.55) with L(2) (9) defined in (2.16), the latter 
depends both on n (9) and 7r, while the former is not a function of ir (9) (since it is a 
function of reserves which in turn depend only on TT). TO show it in a mathematical sense, 
the process effect L^ (9), defined in (2.15), can, in similar fashion to (2.45), be allocated 
to disjoint intervals (s,t\: 

with 

Rjkfi (T) = a°k (r) + Vk (r, TT (Ö)) - V3 (r, n (9)). (2.59) 

In (2.59), Rjkfi {T) is defined as the conditional amount at risk pertaining to the transition 
from j to k, applying in case of equivalence on an individual level, conditionally given 
0 = 9. Similarly, Vi (T,TT(9)), i G {j, k}, is the conditional reserve pertaining to state i, 
applying in case of equivalence on an individual level, conditionally given 0 = 9. 

However, at least in general 

ks,t) - LfJ:t]Me) (9) ? Lg ] i f l = LM - £ « , ; (2.60) 

since, again in general, 

<WÖ)^4V (2-61) 
the reason for the last mentioned being that, in general for any non-absorbing state i £ (, 

Vi(r,7r(9))^Vi(r^). (2.62) 
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The rationale is that, regarding any life insurance contract, premiums paid in a certain 
period are usually not equal to the risk premium for that period. As a consequence, 
reserves are in general nonzero. 

Next, some sufficient conditions will be derived, under which the inequality-signs in the 
above equations can be replaced by equality-signs. We forget about A, ir and -K (9) as 
quantities themselves but keep them as an argument of several functions, indicating that 
they are based on premiums satisfying equivalence on an individual level or equivalence on 
a group level, respectively. The quantities A] and a°k will be redefined. In the remainder 
of this section, it is assumed that: 

dA° (i) < 0 A a°K (i) > 0 Vj e C; t > 0. (2.63) 

Hence there are premiums to be paid only during sojourn in a certain state while benefits 
are due only in case of transition. We specify the average premium due in [t-,t] to be 
equal to the expected value of the benefits due: 

dA) (t) = -J2ah (*) Pjk (t)dt,Vje(;t>0;F(t). (2.64) 
fcec 

Furthermore, we define the individual premium A°ß (t) in the same infinitesimal time 
interval to be such that the expected benefits are covered on an individual level: 

dA\B (t) = -J2 <& (*) ̂ -M (*) dt ^ e C; * > 0; T (t) ; O. (2.65) 
jfceC 

In other words, each infinitesimal premium paid is always equal to the infinitesimal risk 
premium. We will call the premiums as specified in (2.64) and (2.65) natural premiums. 

It can be verified recursively that: 

Vf{s,A,v) = 0, V s > 0 ; ^ ( t ) (2.66) 
V+e{s,A,7r{e)) = 0, Vs>O;^ ( i ) ;0 (2.67) 

hence: 

and 

Rjk (t) = Rjkte (t) = a% (t) Vi > 0; j , k e C, (2.68) 

4 W Ö ) = LM,*< VO<s<i;0, (2.69) 
so for any 0 = i0 < h < ... < tn = oo, n G N \ {0}, we have 

Remark 13 Instead of (2.63), one may also assume: 

dA] (i) > 0 A a°K (i) < 0, (2.71) 

resulting in the same conclusions if one adopts equations (2.64) and (2.65). Regarding 
the classical two states model, comprising the states "Alive" and "Dead", this can be used 
if one deals with life annuities and hence negative amounts at risk. 

In the next section we will consider the hierarchical Markov chain, which enables us to 
allocate losses not only to periods, but also to states. 
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2.6 The hierarchical Markov chain 

Assuming the Markov property means that the intensities fijk (•) presented in (2.6) are 
deterministic functions. Furthermore, the benefit functions Aj (•) and a°jk (•) are taken 
to be deterministic as well. That the Markov chain is hierarchical means that states can 
only be either strongly transient or absorbing. A state is strongly transient if it cannot 
be re-entered, once it is left. (A state is transient if the total expected time that will be 
spend in that state is finite; this does not imply that a state can never be re-entered once 
it has been left.) A contract entering an absorbing state will remain in that state for ever 
with certainty. 

We will not only deal with the hierarchical Markov chain in general (in Subsection 
2.6.1), but also with the special case of fully discrete contracts (in Subsection 2.6.2), since 
the contract to be considered in Chapter 3, where solidarity is discussed as well, is also 
based on payments at integer times. 

2.6.1 General case 

We assume that the contract is in state 0 at initial time 0. Let T(0' be the random 
variable representing the time-of-departure from state 0. This implies that the contract 
has remained in state 0 in (0,T(0']. According to Norberg (1992), the loss in state 0 is 
equal to 

L(o) = v ( T ( 0 ) ) ^ ( T ( 0 ) ) _ f v{T)Y^ Rok (r) ßok (r) dr, (2.72) 

where R0i (•) = J2ke( Rok (")> by definition. 

Definition 14 For any function ƒ having states 0,k Ç Ç as an argument, the following 
notational convention is adopted: 

/o,c = ^ V (2.73) 
fcec 

We can then allocate the loss to years (m, m + 1], where m is integer valued. Now define 

dYlrok (r) = tfo, (r) ßok (r) dr (2.74) 

as the infinitesimal risk premium based on the marginal transition rate ßok (T) , and 

pro*(m,s)= / ^PrdUr0k{T), (2.75) 
J(m,s] V M 

as the corresponding discounted risk premium concerning the transition from 0 to k over 
the period (m, s\. For convenience, let prok (m) = prok (m, m + 1). Conditionally given 
T(°) = t, we then have, if ffo (m) denotes the loss due to state 0 in the (m + l)-th year, 
or year (m, m + 1], m > 0 and integer: 

{ — v ira) pr0ç (m) m + 1 < t 

v(t)RQ<:(t)-v(m)prQ<:(m,t) m<t<m+l . (2.76) 
0 m > t 
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Remark 15 Wolthuis (1994), dealing with the hierarchical Markov chain, considers the 
reduced risk aggregate loss function, in this respect, conditionally given T^0' = t, equal 
to u(t)(A(t) + Vfc(t)), where K is a random variable denoting the next state entered. 
He shows that this function results in the same loss allocation as above, so regarding 
hierarchical Markov chains, Norberg 's loss function coincides with Wolthuis ' reduced risk 
aggregate loss function. 

Just as in the previous section, the above periodic loss can be split in a process effect 
and a parameter effect, as specified below, conditionally given 6 = 9, by fig] (m;t) and 

O0 g (m; t), respectively: 

{ -v (m) pr0Cie {m) m + 1 < t 

v (t) RQç (t) — v (m) proc,g (m, t) m <t < m+ 1 
0 m>t 

îd) , 

and 

( v (m) (proc,0 (m) - pr0(i (m)) m + 1 < t 
v (m) (pr0Ce (m, t) - pr0i (m,t)) m < t < m + 1 

0 m>t 

-.(2) 

In the above specifications we used the following quantity 

r I \ 
prok.e (m, t) = dUroke (r) . 

J(m,t] v M 
where 

dUrokfi (T) = R0k (r) p,oke (r) dr 

(2.77) 

(2.78) 

(2.79) 

(2.80) 

denotes the infinitesimal risk premium, conditionally given 0 = 0. Note that the quanti
ties in (2.78) are again stochastic. The expected value, equal to 

E[fi$(m;T(°>) 

= u {m) e'^ ^<^T)dT < 
(Proç,e (m, rh + s) — prQi (m, m + s))ds 

,Km+l) e-C+V0 < , a(r)dr 

• iprocfi (m, m + 1) - pr0<: (m, m + 1)) 

(2.81) 

can again serve as a basis to determine the subsidizing solidarity. The last mentioned 
quantity is denoted by SS(mim+ij and displayed below: 

SS(m,m+1, = Ee [E2 tó (m; T®) \ e]} = f E2 b $ (m; T^)] dU (0). (2.82) 

One drawback of the above approach may be that the actuarial discounting factors 

v (m) e~ f™'1o<-°{T)dT (2.83) 
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in equation (2.81) have a diminishing impact on solidarity for later policy years. So the 
question is whether the quantities (2.82) for subsequent policy years can be compared 
with one another in a reasonable way. 

Therefore, we will also present solidarity measures having the property that actuarial 
discounting takes place to the beginning of the policy year considered. The contract 
should at that time still be in state 0 in order to let this approach make sense. Then the 
basis of the subsidizing solidarity is the expression between large curly brackets in (2.81). 
This yields the following measure, defined as SS?m + 1 , : 

^ ( ^ ; T ( 0 ) ) 
SS(m,m+i] — E@iT(o)>m 

= E 

E 
&'(m)e-Jo"'"><,e('-)<h" 

n$(m;T(°>) 

e,T(°)>m 

p (m) e~ ̂  ß°(-6^dT dU (6 | T(0) > m) . (2.84) 

It will turn out in the following subsection that the formulas (2.82) and (2.84) reduce to 
simpler expressions in case a discrete life insurance or life annuity in a classical two-states 
model applies. 

2.6.2 Fully discrete insurances and annuities in a classical two-
states framework 

The classical hierarchical Markov model comprises the strongly transient state "Alive" 
and the absorbing state "Dead". In this subsection, it is assumed that no premiums or 
benefits are paid due to remaining in the state "Dead". As a consequence, the reserve 
applying to the case of "Dead" is zero at any moment. We will leave out any subscripts j 
and k related to states, concerning the intensities fijk (•) and p-fcfl (•) (forces of mortality), 
the benefit-less-premium payment functions a°k (•) (benefit or premium due to dying) and 
A° (•) (benefit or premium due to remaining alive), the reserves VJ- (•), the amounts at risk 
Rjk (•) and the risk premiums prjk (m + r) and prjk,e {m + r) , since this all does not give 
rise to misunderstandings. The same holds for the superscript (0) of the random variable 
T(0), actually representing the individual's remaining lifetime. 

Fully discrete insurances and annuities have the property that both benefits and pre
miums, whether they are due to remaining in a state or to transition from one state to 
another, are paid either at the beginning or at the end of the policy year. In this subsec
tion it is assumed that benefits due upon death in a certain policy year are paid at the 
beginning of the next year, in order to satisfy, as stated in Subsection 2.4.2, the require
ment that a° (•) is left-continuous. Premiums are considered to be negative benefits. So 
referring to a notation used earlier in this chapter, we have that in policy year (m, m + 1], 
the benefit paid in case of death is equal to: 

a°{m + T)=l/ y + a° (m + 1), 0 < r < 1. (2.85) 

Benefits and premiums due to being alive will be paid at the end of each year: 

dA° (m +1) = A° {m + 1) d [t\ , - 1 < t < oo. (2.86) 
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where [*J denotes the largest integer smaller than or equal to t. The above specifica
tion satisfies the requirement, again as stated in Subsection 2.4.2, that A° (•) is right-
continuous. The time variable t has been allowed to fall below zero in order to be able to 
specify benefit and premium payments at time 0— as well. It is assumed here that, for 
m € { 0 , 1 , . . . }, premiums paid due to being alive at time m—, i.e. just before m, account 
for policy year (m, m + 1]. 

We have, for 0 < r < 1: 

V(m + T) 

= vJß±A L- C£ ^)dry {{m + l ) _ ) + ( l _ e - S-ti «')*•) a° (m + 1)) . 
v (m + T) \ V / / 

(2.87) 

Remark 16 Note that in this case 

V{m + l)=V((m + l)-)-A°{m+l). (2.88) 

So R(m + T), being the amount at risk at time m + T, with 0 < r < 1, satisfies the 
following equality: 

R(m + r) = a°{m + T)-V(m + T) 

= " i m + 1 ! e - C V ( » (ao (m + 1} _ y ((m + 1} _)} 
v (m + T) 

= y { m + 1 j e - C " ( » f l ( ( m + i ) - ) , (2.89) 
v [m + T) 

The risk premium pr (m + r), based on the marginal forces of mortality p, (•) for 0 < r < 1 
thus proves to be 

pr (m, m + T) 

f i/(m + s) „ . . . . , 
= / — i — — - Ä (m + s) fj, (m + s) ds 

J(o,r] » (m) 
Z/ ( m + à) ^ ( m + l ) ^ « / r W n » , Y \ / N i 

*• y - ^ f e" -W» "WdTfi ((771 + 1) - ) p {m + s) ds i(o,r] v (m) i> (m + s) 

i / ( m + l 
i? ((m + 1 ) - ) / e-tâ>(-T)dTfi(m + s)ds. (2.90) 

17 ( m ) J(0,r] 

In the same way, the risk premium related to the force of mortality pg (•) is, again for 
0 < r < 1 equal to 

pr9 (m, m + r) 

f v(m + s) _, . . , . , 
= / ——.—.—it (m + s) fj,g (m + s) as 

J(0,r] v (m) 

= / , s —, r~\e J™+*^T>dTR((m + l)-)ße(m + s)ds 
J(o,r] v (m) v{m + s) 

= V{m+^R ((m + 1) - ) I e- O ? « « « > , (777 + s) ds. (2.91) 
v (m) J(0:T] 
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Equality (2.81) reduces to 

E[ft$(m;T)] 
= u(m)é-somMr)arr^+nR{{m+i)_) 

v (m) ' 

• f e-f™+t»^dT (pg {m + t)-ß{m +1)) e ' C V f ^ 
•/(0,11 

= is(m+l)e-l°m^dTR((m+l)-) (e~S^+1^)dr _ ß-SZ+1 ßeWdr\ ( 2 g 2 ) 

Hence, the values for (2.82) and (2.84) are as follows: 

öb( m j m + l ] 

= ( i / ( m + l ) Ä ( ( m + l ) - ) ) 2 

. f (V /J" *M* ^ - £» ß(r)är _ ß- J-» ßg (r)dr\ V <& (0) , 
(2.93) 

and 

ss(.) _ fv(m+l)R((m + l) 
(m'm+1) V « > H 

= ƒ ( e - ^ + 1 ^ ^ - e - ^ + 1 " 9 ( ^ ) 2 d [ / ( ö | T > m ) . (2.94) 

The latter quantity clearly shows the concept of Subsidizing Solidarity, namely the av
erage, over all individuals, of the squared difference between the average risk premium, 
equal to: 

u(m + l)R((m + l)-) ( f-™+i , -, \ 

- — 7 H — — O - 6 " 7 ™ M ( T ) d T ) ' (2-95) 
and the risk premium satisfying equivalence on an individual level, equal to 

i/(m + l ) Ä ( ( m + l ) - ) 
l-e~L M9( M<fT) . (2.96) 

A numerical illustration of both the above quantities will be given in the next section. 

2.7 Example: frailty models 

In a frailty model, the unobservable outcome 9 acts multiplicatively on the intensity: 

Vjk,e (*) = »A*Ai (*) , Ö > 0, (2.97) 

where pjkl (t) denotes the "baseline" rate of transition from state j to state k. In this 
case, 0 is interpreted as the frailty of the individual: the higher 0 is, the more likely it 
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is that the individual will make a transition from j to k and hence the "frailer" is the 
individual considered. 

The above specification has given rise to a large literature, taking off at the end of the 
1970's. One of the pioneering papers concerning the states "Alive" and "Dead", results 
of which we will use in this section, is the demographically oriented article Vaupel et al. 
(1979). For a general treatment of frailty models, the reader is referred to Section IX of 
Andersen et al. (1993). A clear overview on a more elementary level is given in Aalen 
(1994), including applications in the field of medical statistics. Lancaster (1990) considers 
the model from an econometric point of view. 

Remark 17 In fact, the frailty model as specified in (2.97) is a special case of the so 
called mixed proportional hazards model dealt with in Lancaster (1990) and indicated as 

ßjk,g(z,t) = 9<t>(z,ß)ßjkA(t), (2.98) 

with z and ß representing a vector of covariates and regression coefficients, respectively, 
and 4>{z,ß) being a real valued function of these vectors, in fact expressing the observed 
heterogeneity between individuals. The mixed proportional hazards model reduces to (2.97) 
forcf>(z,ß) = 1. The most common specification of<fi(z,ß) is 

4>{z,ß)=e*'e. (2.99) 

If additionally unobserved heterogeneity is supposed not to be present, the mixed propor
tional hazards model reduces to the Cox model, which will be discussed in Chapter 6. 

The specification (2.97) is also used in Norberg (1989). In his contribution, the unob
served random variable 0 is assumed to act on all individuals of a group life contract 
simultaneously, while we assume 0 to be an individual effect. 

In this example we will restrict ourselves to the classical two states model comprising 
"Alive" and "Dead", so, using the same argumentation as in Subsection 2.6.2, the sub
scripts j and k can be left out. The same applies to the random variable T^°\ which is 
replaced with T, the latter indicating the random variable of remaining lifetime of the 
individual with respect to time 0, being the time-at-issue of an insurance contract. The 
consequence of the above specification is that the posterior distribution of 0, conditional 
on survival up to time t, is equal to 

e-SH(t)dTJ (Q) 
dU(e\nt)) = dU(0\T>t)=Lae{H^, (2.100) 

as indicated in Hougaard (1984), who instead calls the above quantity the "frailty distri
bution among survivors at time £". In (2.100), 

H(t)= [ ^{t)dt, (2.101) 
Jo 

denotes the baseline hazard rate integrated from 0, representing the time at issue, to t, 
and Lae (•) specifies the Laplace transform of the random variable 0: 

La© (y) = fe-9ydU (0). (2.102) 
Je 
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Hence, /j, (t), the marginal force of mortality, is obtained as follows by substituting (2 100) 
into (2.48): 

ß(t) = 9{t)ßl{t), (2.103) 

where 0 (t) = E[0 \T>t] specifies the mean of the above posterior distribution. Again 
according to Hougaard (1984), this quantity proves to be 

with g (y) = In [La© {y)] ,y>0. 
Note that 

dm = (L%(H(t)) fha'e(H(t))\2\ 
dt \L*e(H(t)) \Lze(H(t))J ) ß l [ t ) 

= - (E [G2 I T > t] - E2 [G I T > t}) Ml (t) 
= -Vax[e\T>t]ßl(t), (2.105) 

clearly demonstrating that the mean frailty among survivors decreases as a function of 
time t. This is what one calls the selection effect: as time passes the more frail individuals 
are most likely to die. Hence the population remaining consists on average of gradually 
more robust individuals than before. 

Gamma mixture models have traditionally been a very popular instrument in actuarial 
applications, not in the last place because of their tractability. Therefore we choose U (•) 
to be Gamma(a, /3) distributed: 

dU(9)^^0-1e->3ed0, a>0,ß>0. (2.106) 

We then have 

dU (0 | T > t) = ^ + ^ V - i e - t f + g M ) ^ (2.107) 

so the posterior distribution, conditionally given survival up to time t, is again Gamma 
distributed, with parameters a and ß + H (t). It follows that 

~e{t) = JTïïWy (2-108) 
and that the marginal probability to survive up to time t is: 

p-tin{s)ds _ ( ß 
ß + H(t)J ^ 2- 1 0 9) 
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We will consider a discrete endowment insurance with term n and lump sum D. This 
implies that, for m G {0,.. . ,n — 1}, in case of death somewhere in year (TO,TO + 1], a 
benefit D is paid at time (m + 1) +, where, by definition, for any real valued t: 

M- = lims. (2.110) 

If the insured is alive at time n—, he will receive D from the insurer as well. We take 
6 (t), which was defined to be the force of interest at time t, to be constant and equal to 
6 for all t > 0. Three cases of premium payment are distinguished: 

1. Single premium payment. 

2. Level premium payment. 

3. Natural premium payment. 

To quantities pertaining to cases 1, 2 and 3, the superscripts SP, LP and NP, respectively, 
will be added. For our next analysis we use the following property which is well known 
in life actuarial science: 

A(n) = l-d-ä(n), (2.111) 

where A (n) denotes the single premium for an endowment insurance with duration n 
(with the whole life insurance as a special case if n = oo), based on some distribution 
of the remaining lifetime, and ä (n) indicates the single premium for the annuity-due 
based on the same distribution of remaining lifetime. Finally, d = 1 — e~s. Assuming 
that the individual is aged x years upon issue of the contract, we will, in order to remain 
familiar with the field of classical life contingencies, use the following symbol for the single 
premium of the annuity-due with duration n, based on the marginal distribution of T: 

ä ^ = E ü e - ^ ^ g e - ^ ^ l ^ ) , (2.112) 

where x Ay denotes the minimum of x and y. The single premium is paid upon issue, i.e. 
at time 0 - , and is equal to D (1 - d • äx:5)). Then (2.30), actually the second component 
of (2.32), is equal to 

Ob - m'l g . * (e-«»> - {jJL-f^tV m . (,U3) 

In case of level premium payment, the premium is paid at time TO— with m = 0, . . . , n — 1, 
while the insured is alive. This level premium is D ((äx:7n)_1 — d). 

The Subsidizing Solidarity for the entire period in this case proves to be 

8fe=Jj,(a.-(^-te)|«w (2u4) 
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Since 

y° r,—6m 
&x\n\ 

(2.115) 

we have that SS|pn] < SS^n] in any case. 
The natural premium, also paid at the beginning of each policy year, is such that the 

reserve at any integer time is equal to zero, implying that this premium is the same as 
the risk premium (see also Section 2.5). For year (m,m+ 1], m e {0,. . . ,n - 2}, the 
natural premium, paid at time m- while the insured is alive, is therefore equal to 

De~sE [l[T<m+l] \T>m] 

= De -JT V(«)<fc De 
ß + H(m) 

J + H(m+l)J J' ( 2 - U 6 ) 

In case m = n - 1, however, no natural premium is paid, because the amount at risk at 
time n- is equal to zero. The reason is that in the final year (n - 1, n] the benefit D will 
be paid with certainty at the end of that year. The Subsidizing Solidarity SSKP, is hence 
equal to: 

with 

ssr0
p

n ]=D2 

y N P 
^•[m,m+1] 

£ e - Ä ( m + 1 )
e - e " ( m ^ m + i ] dU{9), 

m=0 

-e(H(m+\)-H(m)) ß+H{m) 
ß + H(m + l) 

(2.117) 

(2.118) 

We will next consider the partial solidarity measures specified in (2.93) and (2.94), and 
derive, concerning the several policy years, expressions for the formulas (2.93) and (2.94) 
with respect to the three cases of premium payment. To be able to do so we need to for
mulate the respective amounts at risk at the end of year (m, m + 1], m G {0,.. . , n - 2}. 
(Recall that in the final policy year no amount at risk applies, because the benefit D 
related to year (n - 1, n] will be paid with certainty if the insured is alive at time n - 1.) 

If the policy is paid by single premium, we have that this quantity is equal to 

where 

n-l 

Ä s p((m + 1 ) - ) = d-D Y^ e 
t=m+l 

= d-D-ä 

-6(t-(m+l))e- pm+1 ß(X+T)dT 

x+m-f l:n—(m-f-l) (2.119) 

x+m+l:n— (rrc+l)| 
y ^ g-«(4-(™+i)) e -J l + 1 M(s+T.)dT 

t=m+\ 

V e~6{t- +1)) fß + H(m+l)Y 
ß+H{i) 

(2.120) 
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denotes the single premium corresponding to an annuity due for an individual aged x + t 
years, incepted at time m + 1 with duration n — (m + 1) and based on the marginal force 
of mortality fJ,(.). 

For level premium payment, the amount at risk at the end of year (m,m + 1], again 
for m € {0,. . . , n — 2}, equals: 

R^{{rn + l)-) = Dax+m+}:n-(m+l)y (2.121) 
frirai 

As argued before, in case of natural premium payment the amount at risk at the end 
of year (m, m + 1], m G {0,. . . , n — 2}, is equal to the lump sum: 

RNP ((m + 1) - ) = D, (2.122) 

while, similar to the cases of single and level premium payment, 

RNP (n-) = 0. (2.123) 

It follows that, for all three methods of premium payment, the Subsidizing Solidarity 
concerning policy year (n — l,n] is equal to zero. 

Finally, it follows from (2.119), (2.121) and (2.122) that 

RSP ((m + 1) - ) < RLF ((m + 1) - ) < RNP ((m + 1) - ) , Vm € {0,. . . , n - 2} , (2.124) 

hence 

SS(mjm+i] < SS(mm+1| < SS(mm+1], (2.125) 

and 

SS«S:+11<SS£+1]<SSSN
m

P
+1). (2.126) 

In our numerical example, we specify the baseline hazard function to be Gompertz with 
parameters x = 30, b = 2 • 10~5, and c = 1.095; so 

/ij (t) = 2 • 10 -5 • 1.09530+'. (2.127) 

Furthermore, we take D = 1000, n = 35 and 6 = In (1.04) (implying a yearly interest 
rate of 4%). It is assumed that the realization of T has an upper bound of 85. (So if the 
individual is aged 30, as suggested by the value of the parameter x in specification (2.127), 
he is supposed to die before his 115-th birthday). The parameters of the Gamma(a, /3) 
mixing distribution, displayed in (2.106) are: 

a = i; ß = 0.5. (2.128) 

To give an impression of the different possible risk profiles of the insured we will dis
play here the unconditional expectation of remaining lifetime and the variance of the 
conditionally expected remaining lifetimes: 

E[T]=E[E[T|G]] = 58.80; (2.129) 

Vax [E [T | 9]] = 144.43. (2.130) 
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The solidarity measures comprising the entire contract term are: 

SSfPn] = 208.84; (2.131) 

SS{£,, = 381.25; (2.132) 

SS[oP
n] = 1487.06. (2.133) 

The solidarity measures concerning the policy years are displayed in Tables 2.1 (discount
ing to time-at-issue) and 2.2 (discounting to beginning of policy year): 
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Table 2.1 

Solidarity measures on the level of a 
policy year (m m + 1] discounted to 
time-at-issue. 

m Dö(m,m+ll SS(m,m+l| 
qcNP 
a°(m,m+l] 

0 0.1473 0.2690 0.2834 
1 0.1565 0.2857 0.3102 
2 0.1659 0.3030 0.3394 
3 0.1756 0.3205 0.3713 
4 0.1854 0.3384 0.4060 
5 0.1953 0.3565 0.4438 
6 0.2051 0.3745 0.4849 
7 0.2149 0.3924 0.5295 
8 0.2245 0.4099 0.5780 
9 0.2338 0.4268 0.6305 
10 0.2426 0.4429 0.6874 
11 0.2508 0.4578 0.7490 
12 0.2581 0.4713 0.8155 
13 0.2645 0.4829 0.8872 
14 0.2697 0.4924 0.9644 
15 0.2735 0.4994 1.0474 
16 0.2757 0.5033 1.1365 
17 0.2760 0.5039 1.2318 
18 0.2742 0.5006 1.3337 
19 0.2701 0.4931 1.4422 
20 0.2635 0.4810 1.5575 
21 0.2542 0.4641 1.6797 
22 0.2422 0.4421 1.8087 
23 0.2273 0.4149 1.9445 
24 0.2095 0.3825 2.0869 
25 0.1891 0.3453 2.2355 
26 0.1663 0.3036 2.3900 
27 0.1415 0.2584 2.5498 
28 0.1154 0.2107 2.7141 
29 0.0888 0.1622 2.8821 
30 0.0629 0.1149 3.0527 
31 0.0391 0.0714 3.2247 
32 0.0192 0.0350 3.3967 
33 0.0053 0.0096 3.5672 
34 0.0000 0.0000 0.0000 
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Table 2.2 

Solidarity measures on the level of a 
policy year (m m + 1] discounted to 
time m. 
m oc(*)SP 

00(m,m+l] 
qc(.)LP 

°°(m,m+l) 
qcWNP 
0,3(m,m+ll 

0 0.1473 0.2690 0.2834 
1 0.1697 0.3097 0.3362 
2 0.1950 0.3561 0.3989 
3 0.2238 0.4085 0.4732 
4 0.2563 0.4679 0.5613 
5 0.2929 0.5346 0.6657 
6 0.3339 0.6096 0.7893 
7 0.3798 0.6933 0.9357 
8 0.4308 0.7865 1.1091 
9 0.4873 0.8896 1.3143 
10 0.5495 1.0031 1.5571 
11 0.6175 1.1273 1.8444 
12 0.6914 1.2621 2.1840 
13 0.7709 1.4074 2.5854 
14 0.8558 1.5623 3.0597 
15 0.9453 1.7257 3.6197 
16 1.0384 1.8957 4.2805 
17 1.1337 2.0696- 5.0599 
18 1.2292 2.2440 5.9786 
19 1.3224 2.4141 7.0608 
20 1.4101 2.5741 8.3344 
21 1.4882 2.7168 9.8323 
22 1.5521 2.8334 11.5924 
23 1.5963 2.9141 13.6585 
24 1.6146 2.9476 16.0814 
25 1.6006 2.9220 18.9196 
26 1.5476 2.8253 22.2402 
27 1.4499 2.9622 26.1203 
28 1.3034 2.3794 30.6477 
29 1.1074 2.0216 35.9226 
30 0.8669 1.5827 42.0583 
31 0.5965 1.0889 49.1831 
32 0.3242 0.5918 57.4409 
33 0.0991 0.1809 66.9928 
34 0.0000 0.0000 0.0000 1 
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2.8 Conclusions and final comments 

This chapter concerns the application of the urn-of-urns model to an individual life insur
ance contract. The aim has been to derive subsidizing solidarity measures, both on the 
level of the entire contract term and on the level of parts of that term. Starting point of 
all analysis has been the general life insurance model developed by Norberg (1990, 1991, 
1992). 

For non-life contracts, the subsidizing solidarity has been based in De Wit & Van 
Eeghen (1984) on the parameter effect, equal to the actual aggregate loss less the aggregate 
loss suffered in case of equivalence on an individual level. Regarding the entire period a 
treaty is valid, developing solidarity measures is in general not as easy as it is in the non-
life insurance case. The reason lies in the fact that the parameter effect is stochastic rather 
than deterministic, except when the contract is paid by single premium. This implies that 
the unconditional loss variance in general consists of four components instead of two. We 
have taken the expected value of the above mentioned parameter effect as the basis of the 
subsidizing solidarity. 

Losses allocated to a policy year depend on risk premiums and amounts at risk applying 
to that year. These quantities are in their turn dependent on the reserves pertaining to 
the same year. It would be in the spirit of the urn-of-urns model to update all these 
quantities to the individual's claims' experience. However, contrary to non-life and group 
life business, there is actually no difference between updating the relevant quantities, 
such as risk premiums, to the experience and not updating at all. The reason is that an 
individual cannot learn in time about the distribution of his remaining lifetime. This was 
already proved by Jewell (1978) for the classical two states model, i.e. a model where only 
the states "Alive" and "Dead" apply, and in this chapter we have showed it in general. 

We have based the definition of the parameter effect corresponding to a partial period 
(such as a policy year) on the difference between the average risk premium and the 
risk premium paid in case of equivalence on an individual level. With regard to those 
risk premiums, the amount at risk is in both cases a function of the marginal transition 
intensities. The parameter effect is, similar to the one related to the whole contract period, 
not deterministic. However, again just as in the entire-period case, one can generate a 
solidarity measure as a function of the expected values of the several possible parameter 
effects. 

The parameter effect for the entire contract term is in general not equal to the sum of 
the parameter effects for the several disjoint partial periods. This is due to the fact that 
reserves pertaining to intermediate points of time are usually nonzero. There is, however, 
an exception if, at any point of time, the premiums or benefits due to remaining in a 
certain state exactly match the benefits or premiums resulting from leaving that state. 
The reason is that all the reserves vanish in that case. 

The complications described do not disappear if Norberg's model reduces to the hier
archical Markov chain, where states, once left, can never be re-entered. The latter model 
has, however, the advantage that solidarity measures can be derived, which not only refer 
to periods, but also to states. These measures are even easier to handle in case of a 
discrete time policy in a classical two states framework. 

All measures of the subsidizing solidarity depend on the specification of the a priori 
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mixing distribution, which is, like the case of experience rating in the Bayesian sense, 
an arbitrary issue to at least some extent. But once this prior has been chosen, the 
several solidarity measures help the insurer to assess how the intensity of the mutual 
cross-subsidization between different risks in the same portfolio develops as time passes. 
Such analyses are important in order to forecast the threat of adverse selection. This may 
exist not only at issue but also thereafter if individuals have the opportunity to withdraw 
their policies. 



Chapter 3 

Proportional Mortality Result 
Sharing: Loss Variance and 
Solidarity Aspects 

3.1 Introduction 

For any type of insurance business, each private insurance company is confronted with 
the problem of risk classification. This is the process of separating potential insured into 
homogeneous subgroups (subgroups consisting of contracts representing the same risk), 
and, as a result, premium differentiation. If the classification scheme of a private company 
fails in any way, adverse selection will be the result. The answer to the question how 
refined a classification system should be, depends among others on the type of insurance 
business, the insurer's strategy, societal and ethical issues and the danger of adverse 
selection. 

In practice, irrespective of the type of insurance, the subgroups mentioned in the 
previous paragraph are never completely homogeneous, however refined the classification 
system might be. So there will always be mutual cross-subsidization (or subsidizing 
solidarity, as defined in Chapter 2) between contracts. In order to decrease this effect, at 
least over time, a group life or non-life insurer can apply experience rating, as discussed 
in Chapter 2. It was also shown in that chapter that this makes no sense in individual life 
business, as there is actually no difference between updating premiums to the individual 
experience and not updating at all. Moreover, concerning an individual life portfolio where 
only the two states "Alive" and "Dead" apply, individuals with the same observable risk 
characteristics who survive a certain period all have the same claims experience, i.e. not 
having died yet. Hence, they all pay the same premium in the next year, so unobserved 
heterogeneity on an individual level can never be disclosed. Besides, individuals only die 
once and contracts are then removed from the portfolio. So an individual life insurer 
aiming to let premiums and risks be more matched with one another will have to work 
out other methods and this chapter is an attempt to do so. For the sake of simplicity, we 
will restrict ourselves to elementary life contingencies, i.e. contracts where only the states 
"Alive" and "Dead" apply. 

In this chapter, an individual life insurance system is introduced, based on reimbursing 
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part of the aggregate mortality result, realized in a certain period and for a certain 
group, to either the survivors or the deaths' heirs. A fixed, predetermined proportion 
of the mortality result will, under certain conditions concerning the number of deaths, 
be distributed equally at the end of the period. The mortality result may be positive 
or negative. Then in the former case the members of the group considered receive an 
extra benefit while in the latter case they are charged an extra premium. For simplicity 
we assume that the amount at risk is the same for each insured in the group. To each 
individual contract, the same average risk premium, to be paid at the beginning of the 
period applies. It is calculated on the basis of equivalence on the level of the group. The 
main purpose of this chapter is to investigate if the given sharing system will diminish 
cross-subsidization among the individuals in a heterogeneous group. 

The mechanism resulting in this decreased subsidizing solidarity works as follows. 
Consider, for instance, a positive amount at risk. If no sharing takes place, those with a low 
mortality rate (the low risks) subsidize those with a high mortality rate (the high risks), 
since the risk premium is average. Assume that the agreement states that distribution to 
the survivors will take place if the numbers of deaths is such low that the mortality result 
to be distributed is positive. The low risks are more likely to share in the mortality profit 
than the high risks and so they may be compensated for subsidizing the high risks. 

The outline of this chapter is as follows. In Section 3.2, a formula for the average 
risk premium, satisfying equivalence on a group level, is derived. It will also be shown that 
systems exist which, common to real practice, allow only for sharing of positive profits. 
The average risk premium applies to both the variants "distribution to the survivors" 
and "distribution to the deaths' heirs", since it is calculated from the insurer's point of 
view. The same pertains to the aggregate loss variance considered in Section 3.3. It will 
be proved that in any case this variance is minimized when the intensity of distribution 
is equal to one, implying that the entire mortality result will be refunded. This would 
imply that, if the conditions regarding the distribution were satisfied, the whole mortality 
result would be shared. So even if the mortality result does not lower the mutual cross-
subsidization, the sharing system at least contributes to a lower aggregate loss variance. 
Section 3.4 considers solidarity aspects, being the main topic of this chapter, as mentioned 
previously. Matters are then considered from the insured's perspective; hence, the cases 
"distribution to the survivors" and "distribution to the deaths' heirs" will (only in that 
section) be treated separately. As in Chapter 2, the Subsidizing Solidarity (SS) will act 
as the solidarity measure in this section. This quantity is derived by calculating, for each 
individual, the risk premium satisfying equivalence on an individual level. By squaring the 
difference between this risk premium and the average risk premium, and then averaging 
the result over all individuals in the portfolio, the SS is obtained. It follows that the 
definition of the SS used here is exactly in line with the Subsidizing Solidarity defined in 
Chapter 2, Section 2.7. 

It will turn out that there are possibilities to decrease the SS, but that this may 
be at the cost of the original intention of insurance, that is, to cover against contingent 
claims. This is the reason why we will discuss an alternative measure, namely the Relative 
Subsidizing Solidarity (RSS), a concept which explicitly relates the SS to a quantity 
representing the level of insurance coverage. We will restrict ourselves to some particular 
cases as it will turn out to be hard to draw conclusions in general. 
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Conclusions and recommendations for further research will be given in Section 3.5. 

This chapter relies on the assumption that the insurer knows the mortality rate of each 
insured in the portfolio. This assumption seems strange as the company can charge each 
individual a risk premium corresponding to the individual's mortality rate (an individual 
risk premium), thus removing our reason for using a mortality result sharing system (that 
is, to decrease the mutual cross-subsidization). That reason would be valid in case of 
imperfect information, i.e. when the insurer does not know the mortality rate per indi
vidual. The ultimate aim of this research is to develop a model of proportional mortality 
result sharing under the assumption that an urn-of-urns model applies to each individual 
in the portfolio. It will turn out that the formulas in this chapter for the given case 
of complete and perfect information are already complicated. Without any doubt, they 
would increase in complexity in case of an urn-of-urns model (because calculation of the 
relevant quantities such as the subsidizing solidarity would require multiple integration). 
The intention of this chapter is to investigate whether the system might serve our criterion 
of a lower degree of mutual cross-subsidization anyway. 

In Chapter 4, the assumption of perfect and complete information will be relaxed. For 
two cases, it will be shown that provided some specific information is known, safe bounds 
of the average risk premium can be obtained by means of the majorization order. 

3.2 The model and its basic assumptions 

We consider a portfolio with n contracts, n > 2, for a certain period. For each contract 
the same amount at risk, denoted by R, applies. This amount is paid out at the end of 
the given period in case of death. The amount is negative for contracts with negative 
mortality risk such as annuities. 

The individuals are indexed by r and have mortality rates 9T, T G {1, ...,n}. At this 
stage, it is assumed that the insurer knows which mortality rates apply in the portfolio. 
All contracts pay the same average risk premium, denoted by Ur. Just as for the amount 
at risk, this quantity may be negative too, implying that at the beginning of the period 
the insurer pays an amount to the insured. 

The interest rate for the entire period is indicated by s, which is taken to be determinis
tic. At the end of the period, a predetermined proportion of the mortality result, whether 
positive or negative, will be divided equally among either the survivors or the deaths' 
heirs, provided that the number of deaths belongs to a certain set of integer numbers, 
denoted by TV. In this chapter, and also in Chapter 4, we specify TV to be of one of two 
specific forms. If the mortality result is shared with the survivors, either TV = {0,. . . , J} 
or TV = {J,... , n - 1}, with J G {0,. . . , n - 1} . On the other hand, if the deaths' heirs 
are the beneficiaries of the sharing system, either TV = {1 , . . . , J} or TV = {J,... , n}, 
with J G { 1 , . . . , n}. The reason why n ^ TV in case survivors share in the mortality 
result is that, if nobody survives the given period, there are no individuals left who can 
share in the distribution. For a similar reason, 0 ^ TV if instead the deaths' heirs are the 
participants. We adopt the notation TV = {0,1 , . . . , n} \ TV. This implies that if A; G TV, 
where k denotes the actual number of deaths, no distribution will take place. 
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In case k individuals die, the original mortality result discounted to the end of the 
period, denoted by OMR(k), is equal to 

OMR(k) = nUr (1 + s) - kR. (3.1) 

The ratio of the mortality result to the amount allocated to those who share is denoted 
by p. In this chapter, other methods of profit sharing (such as return on investment of 
premiums paid) are ignored. 

Suppose k e N. Then the amount distributed among the beneficiaries of the sharing 
system is equal to pOMR(k). If the survivors are the participants of the sharing system, 
each one of them will receive the following amount from the company (if the amount is 
negative it involves an extra premium charge): 

OMR(k) ( n ' , N k ~\ 
p-^T = p {—kUr (1 + sï- —k

R) • $*] 

On the other hand, if the deaths' heirs are those who share, they will get: 

OMR{k) /n. , , ~x 
P k=P{knr{1 + s)~RJ- (3-3) 

A negative amount in either (3.2) or (3.3) implies that a benefit is transferred from the 
participant to the company. 

In the remainder of this section, as well as in the next section, no explicit distinction 
will be made between the specifications "division among the survivors" and "division 
among the deaths' heirs", as the quantities discussed are considered from the insurer's 
(and not the insured's) point of view. In the rest of this chapter, we will use the quantity 
R instead of R, where 

Denoting the probability of k deaths by Pr (fc), we have that the net expected loss realized 
by the insurer (i.e. after subtraction of the amount to be distributed), specified by EL, 
is equal to 

EL = (l-P)Y,PHk)ÓMR{k) + ^2Pi{k)OMR(k) 

= (1 + s) 1(1 - p) J2 P r (k) (kR - nUr)} + ] T [Pr (k) {kR - nUr)} I 
k£N k£N 

,, x J fi(EJ,,«.-cE»MPrWt) I , ; 
' <1 + s ) ( - „ n r ( w E , „ P l ( t ) ) ) • <3'5> 

The following average risk premium, satisfying equivalence for the whole portfolio and 
depending on 6 = (0U 92, •••, 0„) and p, results: 

nr = nr (e-p) = ^ ^ " f f ^ f f * . (3.6) 
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In general, p can have any real value except (J2keN P r M ) > ^ u t m t m s chapter we will 
concentrate explicitly on values of p € [0,1]. We then have 

| IIr(0;p) |< |A| . (3-7) 

Hence, by assuming that 0 < p < 1, it is ensured that the signs of the amount at risk and 
the risk premium are the same. Furthermore 

dILr(e;p)_RZkeNPT(k)(JXiei-k) 
dp ~n ( l-p£ f c ö vPr(fc))2 (3.8) 

so in case the amount at risk R is of positive sign, Ilr (6;p) is monotone increasing in p 
if N C {k | k < £)™=1 9i} and monotone decreasing in p if N c {k \ k > J™=i ft}> while 
for negative R the opposite holds. Together with (3.7), this implies that sets TV, such 
that only positive mortality profits are divided, can always be found. This is the case 
for a positive amount at risk iü i f JVc{fc | fc< YH=I ft} ( t n e actual number of deaths 
must be at most equal to the expected number of deaths) and for a negative value of 
R if N C {k | k > X)"=1 ft} (the actual number of deaths must be at least equal to the 
expected number of deaths). The numerical examples in this chapter will be based on 
sharing of positive profits. 

Finally, for positive R, (3.6) is monotone increasing for N = {0 ,1 , . . . , n — 1}, as in 
that case 

anr(e;<o)_-a(nr=igQE£,i(i-é>0 (39) 

dp n ( i _ p ( i _ J X l ö i ) )
2 - ' 

and monotone decreasing for N = {1 , . . . , n — 1, n}, because 

dUr(0;p) = R fll^ (1 - ft)) H = 1 OJ < Q ( 3 1Q) 

9p »(i-p(i-nr=i(i-ft)))2- ' 
Again, for negative Ä the opposite applies. 

Remark 1 (Value of Ilr for special cases) Note that, in case of division among the 
survivors, we also have for N = {0 ,1 , . . . ,n — 1}: 

nr(0;O)= ffiUA, (3.11) 
77. 

Ilr(0;l)= R. (3.12) 

TTie average risk premium displayed in (3.11) involves the classical case of no distribution 
of the mortality result, while (3.12) shows that for p = I, there is no insurance at all. The 
same conclusions hold for division among the death's heirs and N = {1 , . . . , n— l ,n} , 
since in that case 

nr(0;O)= R^=ie\ (3.13) 
n 

Ur (0;1) = 0. (3.14) 
For N / {1 , . . . , n — 1, n} and N ^ {0,1, . . . , n — 1} the insurance element in the system 
is in general preserved, even if p = 1. 
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In the next subsection it will be analyzed how charging this average risk premium influ
ences the variance of the aggregate loss. 

Remark 2 (Comparison with what is usual in practice) Note that the average 
risk premium derived depends on the proportion p. In practice, however, the risk pre
mium is usually calculated independently of p. Instead it is usually based on so called first 
order mortality rates, i.e. mortality rates which contain a certain safety margin compared 
to the second order mortality rates, which are the 6t 's (i e {1 , . . . , nj) in this section. For 
positive amounts at risk the first order mortality rates are higher than the corresponding 
second order ones, while for negative amounts at risk the opposite holds. 

Suppose that, just like above, the same first order mortality rate applies to all, so 
that each contract pays the same average risk premium. Distribution only happens if the 
mortality result is positive, i.e. if there is a profit. Then there is exactly one positive value 
of p satisfying equivalence for the entire portfolio. In other words, in practice, if there 
is actually proportional mortality profit sharing, usually the average risk premium will be 
a parameter and the proportion p is an endogenous variable. On the other hand, in this 
chapter p is the parameter while the risk premium is an endogenous variable. 

The advantage of the approach used in practice is that only the average mortality rate 
needs to be known in order to calculate the average risk premium while this is not the 
case for the system considered here. We still prefer the system introduced in this chapter, 
however, since the solidarity measures to be derived are in line with those defined in 
Chapter 2, as will be clarified in Subsection 3.4-1-

Finally, referring to the system in this chapter, the set N defined before can always be 
limited such that only positive mortality profit will be distributed. This has been mentioned 
already. 

3.3 Loss variance 

We just introduced a certain system of distribution of the mortality result and, as men
tioned in the introduction, the main aim of this chapter is to discuss its solidarity aspects. 
However, apart from this, the system proves to have a nice property anyway which de
serves an extra section. We will show that the system always results in a lower variance 
of the insurer's aggregate loss, compared to no distribution at all. 

The insurer's aggregate loss, based on Ilr (0;p) derived in the previous section, will 
be denoted by MR (K; p), with K being the random variable representing the number of 
deaths in the period considered. 

Since the expectation of MR (K; p) is equal to zero, the loss variance, specified by 
Var [MR (K) ; p], is equal to 

Var [MR (K; p)} = (1 - pf £ Pr (k) (ÓMR{kj)2 + ^ Pr (k) (0MR{k)f . (3.15) 
keN kejf 
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Substitution of (3.1) yields 

Vax[MR(K;p)} 

R2 (1 + s)2 

( l - p E t e W P r W ) 2 

£fc6JVPr (k) ((1 -p)E[K}-k - p £ t e „ P r (€) ( / - * ) ) ' 

+ £ f c e W P r ( f c ) ( E M - f c - p E . e ; v P r ( ^ - f c ) ) 2 

(Note that E[if] = £?=i M 

Theorem 3 We /lave 

{ < 0 /or p G (-co, 1), 
= 0 for p = l , 

and 

dVax[MR(K;p)] 
lim - = oo. 

PU dp 

Proof. Taking the derivative of the variance with respect to p yields 

dVax[MR{K;p)] 
dp 

2R2 (1 + s)2 

£ t e J V Pr (fc) (1 - p) (E [X] - fc - p E«=JV Pr W (* - fc)) 

f - ( l - p ) 2 E t e W P r W ^ - f c ) + 
1 ( 1 - E*6Jv Pr W) (fc - E [if] + P2 E t e W Pr W (* - *)) 

+ ZktN Pr (*) (E [K} - k - p ZezN ^ W (' " *)) 
• ( E ^ P r W ( E [ i f ] - ^ ) ) 

After some rewriting, using 

£Pr(fc) = l-£Pr(fc), 
fcew tew 

(3.19) proves to be equal to 

d Var [Mi? (if; p)] 

dp 

= 2R2{l + s)2{l-p){ ( I - P E ^ P ^ ) ) 

E ü E J V P K « ) 

(3.16) 

(3.17) 

(3.18) 

(3.19) 

(3.20) 

(3.21) 
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For any real valued a, Y^keN Pr (k) (k - a)2 is minimized for a = ^ " ^ f . Hence 

k€N L,eeN™W keN 

keN 
= 0. (3.22) 

So the expression between parentheses in (3.21) is negative for p < ^—VTTT, and it 

approaches infinity as p approaches j — ^ ^ from the left. This proves the theorem. • 

The consequence of Theorem 3 is that Var [MR (K; p)] is minimized for p = 1, irrespective 
of N, and that 

lim _ V&i[MR(K;p)) = oo. (3.23) 

Remark 4 (Minimal variance in case of no insurance) Note that the conclusion de
rived above concerning p = 1 is in agreement with the one in Remark 1 (considering two 
special specifications of N), because if there is no insurance at all, then the aggregate loss 
variance should be equal to zero, and hence minimal. 

We will conclude this section by a numerical illustration. 

Example 5 We assume that the mortality result is distributed to the survivors in case 
everybody survives, so N = {0}. Besides, we suppose that n = 10 and that the mortality 
rates are as follows: 

Öi,... ,05 = 0.014; 06 , . . . ,ew = 0.001. (3.24) 

We take R = 1000 and s = 0. Figure 3.1 displays Vax[MR{K;p)} as a function of p. 
As argued before, the minimal loss variance is achieved for p = 1. The corresponding 
minimal variance Var [MR (K; 1)] turns out to be equal to 38.77. Since Pr (0) = 0.9273, 
the aggregate loss variance approaches infinity as p approaches 1.0784 from the left. 

3.4 Solidarity aspects 

Up to now, we have restricted ourselves to the mortality result on an aggregate level. Next, 
we are going to consider solidarity aspects and therefore we will, in order to obtain a degree 
of solidarity, compare the given situation with the one of equivalence on an individual level. 
In the latter case, the risk premiums to be paid by the respective individuals are such that 
for each individual the loss incurred by the insurer has expectation zero. These quantities, 
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Figure 3.1: Var [MR (K; p)} as a function of p. 

in the remainder of this chapter defined as individual risk premiums, will be derived in 
the next subsections. 

Note that in the two previous sections matters were considered only from the insurer's 
point of view, which enabled us to consider the two sharing systems simultaneously. In 
this section, however, a topic will be dealt with which is also of insured's interest and 
therefore we will treat the two systems of division among the survivors and the deaths' 
heirs separately in Subsections 3.4.1 and 3.4.2. 

The next two subsections have a common set-up. An overview of the several possible 
final states, one of which will be entered by any individual, will be given. Besides, an 
overview of the state-dependent transfers, defined as the individual's loss due to the 
insurance contract, will be displayed. If the survivors are the beneficiaries of the sharing 
system, there are several states "Alive" and one state "Dead", while the opposite holds in 
case of distribution to the deaths' heirs. In this respect, no difference is made between any 
insured and his or her respective heirs, who actually receive the benefits or are charged 
premiums in case of death. The individual risk premiums, introduced above, will be 
derived. Then, as in the previous chapter, each of the transfers will be split into: a) the 
loss applying in case of equivalence on an individual level, and b) the insurer's expected loss 
due to the insurance contract, irrespective of the final state being equal to the difference 
between the average risk premium and the individual risk premium. Just as in Chapter 2, 
these will be named ex post transfers and ex ante transfers, respectively. In both sections 
the average (over all individuals) of the squared ex ante transfers will be taken as a measure 
for subsidizing solidarity, again just as in Chapter 2. The impact of the proportion of 
result sharing (which has been denoted by p) on this quantity will be analyzed. Finally 
both subsections will be concluded by a numerical example. 

Without loss of generality it is assumed that actually there are m different risk classes 
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(1 < m < n), named 1, ...,m, and hence each of the n mortality rates takes the value of 
the mortality rate corresponding to either one of the given risk classes. There are n* 
individuals belonging to risk class i (i e {1, ...,m}), so J^iii ni = n-

Before dealing with the two versions, one final comment needs to be made. Many 
phrases are used in both subsections, which may annoy someone reading the two subsec
tions after each other. Our objective, however, is to present the systems in such a way 
that Subsection 3.4.2 can be read without having to rely too much on Subsection 3.4.1. 

3.4.1 Division among the survivors 

Final states; equivalence on an individual level; individual risk premiums 

At the end of the period considered, each individual will be in one of n +1 different states, 
which will be considered below: 

Table 3.1 
Overview of the possible states and their respective meanings. 
State 

A 
B.fc 
B.fc 

Meaning 

Dead 
Alive, together with n — k — 1 others (fc € N). 
Alive, together with n-k-1 others (fc 6 77 \ {n}). 

As Table 3.1 shows, there are several states "Alive", for the following reasons: 

1. a distinction has to be made between the two cases where a survivor has or has not 
thejight to get a share of the insurer's mortality result (symbolized by "B.ifc" and 
"B.fc"), and 

2. conditionally given that the survivors have the right to share, the actual benefit is 
not determined a priori, except when N consists of one element. 

If £ is the number of elements of N (m e {1 , . . . ,n}), there are £ + 1 different possible 
financial outcomes for a survivor arid hence £+1 different states "Alive". The financial 
outcome corresponding to state B.k is the same, irrespective of ~k, as long as k 6 ~N\{n). 

In the remainder of this chapter, the probability of k deaths within a portfolio equal to 
the original one, except that one member of risk class i has been left out, will be denoted 
by Pr, (k). 

If individuals of type i pay risk premium Ilr*, the transfer for an individual of risk 
class i for the several states is equal to the expressions given in the right hand column of 
the following table. Such a transfer reflects the loss incurred by this individual due to the 
insurance contract. 
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l a b l e 3.2 
Possible final states and corresponding entering probabilities 
and transfers for an individual belonging to risk class i ( i € { 1 , . . . ,m}). 
State 

A 
B.fc 
B.ifc 

Probability 

(l-9i)Pii(lç) 
(l-0i)Pii(k) 

Transfer 

Ilr* - R 
Ur* 2- T m n Tir* + -^-R 

Urf 

Note that the given transfers at the same time represent the profit made by the insurer 
for the given contract. Calculating the individual risk premiums is not as simple as it 
is in the ordinary case of no distribution, since the insured's transfer depends on what 
happens to the other individuals within the portfolio. The individual risk premiums need 
to be calculated simultaneously, as will be done below. 

For i € {1, . . . ,m} , the following variable is specified: 

„ M n\ ^r Pr' (fc) 
on = (1 - 6i) > - . 

(3.25) 
fcSJV 

The set of premiums satisfying the principle of equivalence on an individual level is a 
solution of the matrix equation: 

Xllr* = Rb, 

with 

X = 

f 1 - pniQi -pn2cti 
—pnia2 1 — pn2a2 

y -pnxam -pn2am 

-pnma1 \ 
-pnma2 

1 - pnmCim J 

(3.26) 

(3.27) 

rir* = 

fun \ f 0i-Mi-0i)E fceJv^f 
O2-p(l-02)ZkeN

kJ^ Ur*2 
b = 

vncy 

(3.28) 

V 6m - P (1 - 6m) Y^,keN n-k I 

Taking into account that, for all k e N, 

f>(l-^)^=Pr(fc), 
*•—' n — K 

the following solution is obtained by using Cramer's rule for i e {1, . . . ,m}: 

R 

(3.29) 

m-; 

/ m \ 

^-Wl-ö^^f + p^nAW 
V 

k€N 3=1 

(3.30) 

7 



48 
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Atj(N) = (l-fl i)£\Pr' (* ) 

k£N 
n — k 

^+p(l-0,)]TPr,(fc) 
keN 

- (! - *i) E ? Î T . f «« + P Or - «O E ^ (*) V- (3-31) 
This solution will be denoted by Ilr-j. 

Noticing that 

2 J UiUri = nT[r, (3.32) 
i= l 

the values of the transfers shown in Table 3.1, prove to be as follows in case of equivalence 
on an individual level: 

Table 3.3 
Transfers for an individual of risk class i in case 
of equivalence on an individual level. 
(Urj i £{!,... ,771} defined as in (3.30).) 

State 

A 

B.fc 

B.ifc 

Uu-R 

Ur, 

Ur, 

Transfer 

(l-PE t£WPr(A))(n-*0 

Ex ante and ex post transfers 

The actual situation of equivalence on a group level and an average risk premium will 
now be reconsidered. In the given case the transfers are as given below: 

Table 3.4 
Transfers for an individual of risk class i in case of 
equivalence on a group level and payment of an average 
risk premium. (Ur defined as in (3.6).) 

State 

A 

B.fc 

B.fc 

Transfer 

n r - i ? 
n r _ p R fE£i"iOi-fc-p(E<6JyPr(l)(l-*)) 

V (i-PEfceivPrW)^-*) 

fir 

The transfers displayed in Table 3.3 are the losses suffered by the individual in case of 
equivalence on an individual level and will, just as in Posthuma (1985), be called ex post 
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transfers. By subtracting these values from the corresponding ones in Table 3.4, one 
observes that the remaining part is independent of the final state. For an individual of 
type i, i € {1, ...,m}, it is equal to: 

Ur - Urt 

R 

l - p £ * e J V P r ( * ) 
(ft - ft) - pnAij (N) 

g n { +p ((1 - ft) £fce„ ̂ f - (1 - ft) E*e„
 k-W) (3.33) 

with Aij (N) as defined in (3.31). It turns out that 

këN k€N keN 

Also, for all i,j € { 1 , . . . , m} and fc G {0,.. . , n — 1}, we have: 

Pr* (A) = Pry (fc - 1) ft + Pry (fc) (1 - ft), 

(3.34) 

(3.35) 

with Pry- (k) denoting the probability of k deaths within a portfolio equal to the given 
one, except that one member of both the risk classes i and j has been left out, and 
Pry- (—1) = Piij (n — 1) = 0, by definition. Using the above two equations, (3.33) can be 
rewritten as follows: 

Ur - ur; 
R 

l-/»£fceJVPr(fc) 

• 2 ^ n W °*> 1 +Pn (1 - ft) (1 - ft) {Bij (N) - pCtj (N)) 
(3.36) 

with 

and 

v P r y ( f c - l ) - P r y ( f c ) 

k€N 

Vi, j , (3.37) 

\fcejv / \/b€Ar / \keN / Vfcsiv / 
(3.38) 

The quantity in (3.36) represents the expected loss suffered by the individual due to the 
insurance contract, and will, again just as in Posthuma (1985), be called ex ante transfer. 

file:///fcejv
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Remark 6 (Comparison with what is usual in practice) As mentioned in 
Remark 2, in practice risk premiums are derived independently from the method oj mor
tality profit sharing. Suppose that everybody pays a certain average risk premium Ur, such 
that 

Ur > Ur (0; 0) = R TZi niei (3.39) 

(The consequence is that without distribution, the insurer's net expected profit would be 
positive.) Assume that an individual of risk class i receives ^ _ times the mortality profit 
if k individuals die (with k € N). (It is supposed that Ur and N are such that only 
positive mortality profits are shared.) Then for such an individual the overview of possible 
transfers, to be compared with Table 3.2, is as follows: 

Table 3.5 
Possible final states and corresponding entering probabilities 
and transfers for an individual belonging to risk class i, 
if risk premium is independent of method of sharing. 
State I Probability Transfer 

A 

B.k 

B.k 
(1 

(1 •fr)Pri(Ä) 

Ur-R 
Ur~~k (nI[r - kR) 

Ur 

Then one can derive two special values of pi, being similar to the individual risk premium 
and average risk premium considered before. These are pir satisfying equivalence on an 
individual level, and an average proportion p satisfying equivalence on the level of the 
portfolio. (The latter quantity should not be confused with the parameter p in the main 
model in this chapter). Then the ex ante transfer f or the given individual can be defined 
as: 

( f t-P) a-**) !>*(*) 
(nUr - kR\ 

(3.40) 
fceJV 

One can base solidarity measures on expressions like (3-40) which is in fact a counterpart 
of (3.36). We prefer, however, the main model in this chapter, since the ex ante transfer 
(3.36) is perfectly in line with Chapter 2, namely a difference between risk premiums. 

The several ex ante transfers just derived are in the next definition the base of the measure 
of solidarity considered in Subsection 2.6 of Chapter 2. 

Subsidizing Solidarity 

Definition 7 The Subsidizing Solidarity is defined as the average over all individuals of 
the square of the ex ante transfers, in the given case equal to: 

SS-- H^Vr-Unf (3.41) 
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with Ur — fir, as given in (3.36). 

Case 8 For N = {0}, (3.36) reduces to 

( 

Ur -Uri = R E ? • & - * ) (3.42) 

/ 

ftence independent of p. So if distribution takes place only in case everybody survives, SS 
is constant as a function of p, so equal to the SS corresponding to no insurance at all. This 
result which at least at first glance may seem remarkable, can be explained verbally. The 
SS can only change if the probability to be a beneficiary of the mortality result distribution 
differs between individuals of different risk types. In general this is the case, as mortality 
rates differ. If N = {0}, however, the probability to get a share is the same for each 
individual, namely Pr(0). In Subsection 3.4-2, one can read that, for similar reasons, SS 
does not change in case of distribution to the deaths' heirs and N = {n}. 

It will now be examined for some cases how p affects SS. For this purpose the derivative 
of (3.41) will be taken with respect to p. This yields: 

ass 
dp 

2R2 

(1-pE^vPrW) t r 
(3.43) 

with 

1 - PT,keNF^Ak - l) 

+pn (1 - 0i) (1 - 0j) (Ba (N) - pCij (N)) 

(l-p)2Cv(N) + j:keNPx(k) 

+n (1 - 0i) (1 - ep) (Bip (N) - Cip (N)) 
V(i-£*6JVPr(fc))aP(AO / 

(3.44) 

An expression for the above quantity will next be displayed for the special case of dis
tributing to the survivors in case there are survivors. 
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Case 9 For N = {0, . . . , n - 1}, we get 

\ i # 

S. = ( 1 - P ) 

/ 

771 

1 + pn ( 1 - 0 0 ( 1 - 0 , - ) 

j= i " t 2->t=a (n-e)(n-e-i) 

J 

V 

f ( l -p) 2 n(l -ö0( l -ö p ) ï 
v^n-2 Prip(l) 

' 2 ^ = 0 (n-£)(n-€-l) 

-(rcLiO 
l + p 2 n ( l - 0 i ) ( l - 0 P ) 

En-2 Prip(l) 
£=0 (n-Q(n-^-l) 

(3.45) 

In practice, at least for large portfolios, Y\7=i C ' , tfle probability that all individuals die, 
can be neglected, so for values of p smaller than, but not very close to I, ^ p is approxi
mately equal to: 

dSS 
dp 

771 

/—I T, 

™ , nwA as) l + pn(l'-fl*)(l-'»j) 
«*» [ ' Z^£=0 (n-£)(n-£-l) 

EP"=mP(^-ö i)(l-ö i)(l-öp) 

' 2^e=o (n-evn-i-i 

> mm 

(n-e)(n-e-l) 

n-2 

> (3.46) 

l + pB(l-ft) (!- , , )£ * £ £ 
(n - £) (n - £ - 1) 

b-tf|.-»)l»-^,.^_„) 
\ i<p / 

> 0. 

Hence, if YlT=i 0"T is actually very small, for most values of p € [0,1] always distributing 
as long as there are survivors is not very recommendable if one wants to decrease mutual 
cross-subsidization. 

Note that, if TV = {0,. . . , n — 1}, in some cases the survivors will get a share of a mortality 
profit while in other cases they will be confronted with a mortality loss, since in practice 
mortality rates related to a portfolio are usually of moderate level. So the above example 
may not be the most fortunate one, because usually only mortality profits will be shared. 
However, it appears to be one of the few, besides Case 8, giving rise to unambiguous 
conclusions. In general it is hard to say something about the behavior of the Subsidizing 
Solidarity with respect to p. 
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This is the reason why next our focus will be turned towards the derivative at p = 0, 
in order to investigate the behavior of SS for small values of p. This derivative is 

dp (p=0) 
= 2R2 E 7T5i<'=° (3.47) 

with 

c. 
(m \ 

£?<^«> 
\& ) 
( 

m 
f n(i-0i)(i-0p) > \ 

£ £&-*<) yA Prip(*:-1)-Prip(fc) 
2-,keN n-k > 

i 

p=i I +Efc6WPr(fc)-E^Prip(fc-"I) . / 

(3.48) 

Equality (3.47) can be rewritten as 

— - = 2R2 ( 
dp (p=0) 

m Ti jn,np 
2-u i,P, 

i<p 
eP-ô{)

2F^(N) ) 

(3.49) 

where 

Fg"(N) = Y, !%"(*)•. 
e<=N 

(3.50) 

with 

F%"(£) = 9i9p(Prip(£-2)-Prip(£-l)) 

+J—0 (1 - 9,) (1 - 9P) (Pvip (£-1)- Prip (£)) (3.51) 

We assume n > 3. Then for N = {J,... ,n - 1}, J e {1, 1} we get 

F%"{N) = ^ p ( P r i p ( J - 2 ) - P r i p ( n - 2 ) ) 

+^-j(l-ei){l-ep)Piip(J-,l) 

+ ( i - ö,) a - «•„) X ) - ( n - £ ) ( n - ( £ + 1 ) ) 
Prip (£). (3.52) 

The last term vanishes if j = n — 1. In most practical situations, this expression can be 
considered to be positive, so ^P > 0, at least for small values of p. 
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On the other hand, for N = {0,. . . , J}, J € {1 , . . . , n - 2}, expression (3.50) reduces 
to 

F^{N) = - W p P r ^ J - 1 ) 

+ (1 - 0<) (1 - *„) g ( n _ £ ) ( ; _ ( £ + 1 ) ) P r . W . (3.53) 

This quantity may be negative if n is large, compared to J. Then ^ < 0, at least for 
smaU values of p. 

In the next numerical example, we will deal with a case where 

IT- < °- (3-54) 

Numerical example 

We take the number of risk classes, denoted by m, equal to 2. Then (3.41) reduces to 

\ 2 

R (61 — 62) 

• ( 1 - /o £ Pri2 (ft - 1) + pn (1 - fli) (1 - fl2) (S12 (AT) - pC12 (TV)) ) . 

(3.55) 

Let's assume the discounted amount at risk, the size of the two risk classes and the 
mortality rates to be as given below: 

R = 1000; m = n2 = 135; 6X = 0.014; 62 = 0.001. (3.56) 

The mortality result is shared if the number of deaths is smaller than or equal to J, with 
J G {1,2}. Since 

2 

Y^ nTeT = 135 • 0.014 + 135 • 0.001 = 2.025 > 2, (3.57) 
T = l 

and R is of positive sign, this implies that only mortality profits are distributed. Figure 
3.2 displays SS as a function of p for J = 1 and J = 2. One can see that in both cases, 
SS decreases, though the differences, compared with p = 0, remain small. 

In the next section an alternative system, based on distribution to the deaths' heirs, will 
be presented, which may also realize our purpose to diminish the Subsidizing Solidarity. 
This system will turn out to be the mirror image of the one that was considered in this 
section. 
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Figure 3.2: SS as a function of p for N = { 0 , . . . , 1}, and N = { 0 , . . . , 2}. 

3.4.2 Division among the heirs of the deaths 

Final states; equivalence on an individual level; individual risk premiums 

At the end of the period considered, each individual will be in one of n + 1 different states, 
which will be considered below: 

Table 3.6 
Overview of the possible states and their respective meanings. 

State 

C 
D.fc 
D.fc 

Meaning 

Alive 
Dead, together with fc — 1 others (k e N). 
Dead, together with fc - 1 others (fc £ N \ {0}). 

Compared to the previous subsection where for an insured several states "Alive" applied 
and one state "Dead", there are now one state "Alive" and several states "Dead", due 
to the element of mortality result sharing. If £ is the number of elements of N {£ e 
{ 1 , . . . ,n}), there are £ + 1 different possible financial outcomes for a death's heir and 
hence £+1 different states "Dead". For all states D.fc, with k £ N\ {0}, the financial 
outcome for the death's heir is the same, since no distribution takes place. 

If individuals of type i pay risk premium Ilr*, the transfer for an individual of risk 
class i, reflecting the loss incurred by this individual due to the insurance contract, at 
the same time being the profit made by the insurer for the given contract, for the several 
states is equal to the expressions given in the right hand column of the following table: 
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Table 3.7 
Possible final states and corresponding entering probabilities 
and transfers for an individual belonging to risk class i. 
State 

C 
D./c 

D.ifc 

Probability 

6iPii(k-l) 
9j Pn (k - 1) 

Transfer 

Ur* 
nrî-R-ÎZ^njIlrl + pR 
fir* - R 

Just as in the case of distribution to the survivors, the individual risk premiums need 
to be calculated simultaneously, by solving an equality in matrix form, as will be done 
below. 

For i G {1, ...,m}, the following variable is specified: 

ai = fl<£-Pr'(*-1). (3.58) 
k<=N 

The set of premiums satisfying the principle of equivalence on an individual level is a 
solution of the matrix equality: 

with 

X = 

Xrir* = Rh, 

/ 1 - frriion -pn2ai 
—pnic<2 1 — pn2a2 

-pnmai \ 
-pnma2 

\ -pniam -pn2am 1 - pnmam J 

(3.59) 

(3.60) 

/ nr* \ 
Ur*2 

, b = nr* = 

vncy 
Taking into account that, for all k 6 N, 

f *i (1-7» S * * Pr a(*-1)) \ 
Öa( l -pE* 6 J V f t 2 (*- l ) 

\öm(l-pZkeNPim(k-l)) J 

= Pr(fc) ; 

the following solution is obtained by applying Cramer's rule for i e {1, . . . ,m}: 

( . \ 
9t - P6{ Y^ Pit (k - 1) + p J2 njXij (TV) rir* = 

R 

l - p E ^ P r ( f c ) 

V 
fceiv 3=1 

3jti J 

(3.61) 

(3.62) 

(3.63) 
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with 

Xa (N) = _ ^ Prj(fc-l) / , 
Z^keN k \L 

1)) 
-1)) 

(3.64) 

This solution will, just as in the case of distribution to the survivors, be denoted by Tin. 
There is hardly any chance of misunderstanding because these quantities are only needed 
to discuss solidarity issues, which in turn are related to the question whether the survivors 
or the deaths' heirs are the beneficiaries of the sharing system. 

Noticing (again) that 

y ^ rCittri = nUr, (3.65) 

the values of the ex post transfers turn out to be as follows: 

Table 3.8 
Transfers for an individual of risk class i in case 
of equivalence on an individual level. 
(Tin, i € {1 , . . . ,m} as defined in (3.63).) 

State Transfer 

C 

D.fc 

D.ïfc 

Tin 

Ur*~pl
 KI-^PTM)

 ]R 

Un 

Ex ante and ex post transfers 

The situation of equivalence on a group level and an average risk premium will now be 
reconsidered. In the given case the aggregate transfers are as given below: 

Table 3.9 
Transfers for an individual of risk class i in case of 
equivalence on a group level and payment of an average 
risk premium. (Tlr defined as in (3.6).) 

State 

c Tlr 

D.fc Tlr- p 

D.fc Tlr-R 

Transfer 

Efai "j9i-fc-p(E<eW Prffl(*-*0) \ R 

*;(!-/> E«eNprM) 

The ex ante transfers are found by subtracting the expressions in Table 3.8 from the 
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corresponding ones in Table 3.9 for each state. This yields: 

R 
Ur - Ilr,- = 

l - p K ^ P r ( f c ) 

• E - ( +P & ZkzN Pr. (k - 1) - 9j ZkeN ?*i (k - 1)) h (3-66) 

with Xij (N) as defined in (3.64). For all î, j è { I , . . . , m}: 

Pr, (k) = Pry (A - 1) % + Pry (Ä) (1 - 0,), (3.67) 

for all k e {0, . . . ,n - 1}, with Pry (fc) denoting the probability of k deaths within a 
portfolio equal to the given one, except that one member of both the risk classes i and 
j has been left out, and Pry (-1) = Pry (n - 1) = 0, by definition. This results in the 
following rewritten version of the ex ante transfer: 

Ur -Un = 
l - P E * e * P r ( * ) 

fa n V> "*> { +pn0Jj (Fy (N) - pZij (N)) j) > ^ 

with 

and 

y (AT) = y Pry (A; - 1) - Pry (k - 2) 
(3.69) 

keN 

z„(N) , (EE24^))(EPr,i(i_2)) 
\k£N J \keN ) 

r fc5*^) fe^(*-i)V, (3,70) 

for a l i i , j e { l , . . . , , m } . 

Subsidizing Solidarity 

The Subsidizing Solidarity is defined as in (3.41), so: 

771 

SS = y^(Ur-Uri)
2, (3.71) 

t = i 

with u r - rirj as specified in (3.68). 
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Case 10 For N = {n}, this reduces to 

Ur-Uri = RY2 (3.72) 
j^i 

independent of p. The reason is the same as stated in Case 8: if the probability to be 
involved in the mortality result distribution is the same for each insured, the ex ante 
transfers remain unaltered in value. 

We now take the derivative of SS with respect to p. This results in: 

2Ä2 
ÔSS 
dP ( l -PE f c 6 J V PrW) J 

(3.73) 

with 

\2g n [°j i] \ +pneiej (Ty (TV) - pZii (N)) ƒ 

/ r (i-pfzip(N) 
m 

. p=l 

\ 
. (3.74) + (E f c6JVPr(fc)-E f c6JVP^(fc-l)) 

+n6i6j(Yip{N)-Zip(N)) 
V ( i - E ^ P r ( / c ) ) z ï p ( i v ) j y 

An expression for the above quantity will next be displayed for the special case of dis
tributing to the deaths' heirs in case there are deaths. 

Case 11 For N = {1, . . . , n}, we get 

Ti = (1 - P) 

\ 

53^(^-00 (i + pne^Y^ 
3=1 

££(*,-ft) 
I p = l 

Note that, for all i,j S { 1 , . . . , m} 

Pry (I - 1) 

e(e+i) 

- (IK.1 (i - ft-D 

„ „ ^ Pr« (£ - 1) „ 

and /or eoc/i function g (•, •) o/ two arguments: 

m m rn 

i=i j= i l P = I 

(3.75) 

(3.76) 

\ \ 

)g(0i,9p) 

m 9 
riint, = ^ n ^ ^ _ ö i ) 2 ff ( ö i ] ö p ) + ^ ^ p ( ö p _ 9if g ^ ö p ) (3.77) 

i < p v£p 
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So —^ is nonpositive for p £ [0,1] if 

max 
i,p 

nei0pJ2 
Pitp(e-i) 

tt ((i + i) <(iï(i-err (3.78) 

which is the case for relatively low mortality rates and a small portfolio size. 

Note that a portfolio which is small in size and has "low mortality rates" usually corre
sponds to a portfolio where 

Y^nTer < 1. (3.79) 

For negative amounts at risk, this implies that in the case just discussed, only profits are 
shared. So if the conditions described above are satisfied, there is at least one way to 
decrease the subsidizing solidarity. 

Still it is quite hard to draw conclusions in general and this is the reason why next our 
focus will be turned towards the derivative at p = 0, in order to investigate the behavior 
of SS for small values of p. This derivative turns out to be 

where 

where 

with 

dSS 
dp 

lib 

(p=0) 

TH^ = { E ~ ( ß
} - ^ 

m 

. p=l J 

F^th(N) = ^F^th(£) 

(3.80) 

(3.81) 

(3.82) 

F^{£) = ( l - ^ M l - W r ^ - P r ^ - l ) ) 

^Wv^-r (Pr* (/ - 1) - Pr* {£ - 2)). (3.83) 

We assume n > 3. Then for N = { 1 , . . . , J}, J e { 1 , . . . ,n - 1}, (3.82) reduces to 

thvv = l i -
n — J 

F$*th(N) = ( l - ö i ) ( l -ö p ) (Pr i p ( J ) -Pr i p (0) ) 

+0i0 
J 

J-I 

•Pr i p ( J - l ) 

+0AJ2 
e=o 

(£+l){£ + 2) 
Prip(£). (3.84) 
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The last term vanishes if J — 1. The above expression may be assumed to be positive for 
relatively large portfolios and small values of J. 

On the other hand, for N = {J,... , n}, J E {2,. . . ,n — 1}, (3.82) is of the following 
form: 

F?;*tb(N) = - ( l - ö i ) ( l - ö p ) P r i p ( J - l ) 

—oßp—j— Pijp (J — 2) 
n-2 

+9^ E ( £ + 1 )
n

( i + 2 )
P r ^ ) ' (3-85) 

which may be considered to be negative for relatively small mortality rates and high values 
of J. 

In the next example, which is related to the latter case, the inequality 

^ <0 , (3.86) 

applies. 

Numerical example 

We take m, representing the number of contracts, to be equal to 2. Then (3.71) reduces 
to 

QQ f l ^ ( ^ 1 - 0 2 ) 

U» /^l-p'E^Pr^)) 

•(l-pY/^i2(k-l)+pn61e2(Y12(N)-pZ12(N))) . (3.87) 
V k£N J 

Let's assume the discounted amount at risk, the size of the two risk classes and the 
mortality rates to be as given below, just as in the illustrating example used for division 
among the survivors: 

Ä=-1000 ; n ! = n 2 = 5; öi = 0.014; 62 = 0.001. (3.88) 

The mortality result is shared if the number of deaths is greater than or equal to J, with 
J G {1,2}. As 

m 

^ M T = 0.075 < 1, (3.89) 
T = l 

and the amount at risk is of negative sign, only positive mortality profits are distributed. 
Figure 3.3 displays SS as a function of p for the two given values of J. As can be read 
from the diagram, SS decreases as a function of p in both cases. Recall, however, that for 
the combination J = 1 and p = 1, there is no insurance at all. 
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t 
SS 

,N={2,..,n} 

-N={l,..,n} 

Figure 3.3: SS as a function of p for TV = {1 , . . . , n}, and N = {2, . . . , n}. 

This subsection, including the above illustrating example, demonstrates that there are 
certainly possibilities to decrease the mutual cross-subsidization among individuals in a 
portfolio, if the mortality result is distributed to the heirs. The reason appears to be the 
fact that mortality rates are low and in many portfolios the expected number of deaths 
in a year is smaller than 1. In such portfolios, if at least one individual dies during the 
period, there is always a mortality loss if the amount at risk is positive and a mortality 
profit if the amount at risk is negative. 

Mortality loss sharing systems, as far as we know, do not occur in practice. One reason 
is from marketeer's point of view: individuals do not like to be confronted with contingent 
additional premium charges. Besides, it is doubtful whether an insurance company has 
the facility to collect an insured's share of the mortality loss from his or her heirs. This 
implies that the system discussed above is only feasible if the amount at risk is negative. 
This involves life annuities. In some respects it is comparable with an annuity treaty 
where (part of) the single premium, to be paid upon issue, is refunded in case of an early 
death. 

This still is not the whole story, since, as stated in this section, for N = { 1 , . . . ,n} 
and p = 1, there is no insurance (and hence no subsidizing solidarity). This is the reason 
why in the next section we introduce a relative quantity for the intensity of mutual cross-
subsidization, instead of the absolute one considered in this section. 

3.4.3 Solidarity related to the volume of transfers 

In this section we relate the Subsidizing Solidarity to the so called Total Solidarity, which 
is found as a weighted average of the squared total transfers. The total transfers are 
found in the right hand column of either Table 3.4 (in case of distribution of the mortality 
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result to the survivors) or Table 3.9 (in case of distribution to the deaths' heirs). As 
argued before, they are related to a state. The weight by which a squared total transfer 
is multiplied is equal to the probability to be in the corresponding state at the end of the 
period, averaged over all individuals in the portfolio. These probabilities can be found 
either in Table 3.2 (in case of distribution to the survivors) or in Table 3.7 (in case of 
distribution to the deaths' heirs). So if the survivors are the beneficiaries, the Total 
Solidarity, denoted by TS, is equal to 

TS = £^(nr - i? ) 2 

+yni (1 ~di) y PU (k) cur" m2 

i=l k£N 

, m (i_- Oi) 
n 

+ ^ r M i vi} j2 Pri(fc)nr2, (3.90) 
këN\{n} 

with 

If instead the sharing system benefits the deaths' heirs, 

E H; (1 — 0i)„ 9 
n 

i=i 
m r* 

+ E ^ E Pr^(fc - !) (TT"eath w ) 2 

i=l ' k£N 

+ y ^ y Pu(k-l)(Ur-R)2, (3.92) 
«=1 fcSiV\{0} 

where 

T l f - (*) = H, - P ( ^ ^ - f c - p ( f - P r ( £ ) ( £ - f c ) ) ) Ä (3.93) 

For both cases, we define the Relative Subsidizing Solidarity, denoted by RSS, as the ratio 
of the Subsidizing Solidarity to the Total Solidarity: 

RSS = § , (3.94) 

where SS is defined either in (3.41) or in (3.71) and TS is defined either in (3.90) or in 
(3.92), respectively. 
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Remark 12 (Impact on probabilistic solidarity) For both the sharing systems, it 
turns out that 

TS=SS+PS, (3.95) 

where PS (short for Probabilistic Solidarity, which was briefly discussed in Section 2.2 of 
Chapter 2) is equal to the weighted average of the squared ex post transfers, averaged over 
all individuals. The quantity is equal to: 

z—' n 
i=l 

+£ ̂ V^ EPli (fc) {EPTr (fc))2 
kçN 

+ £Mi_^ ^ FXi{k)Url (396) 
i = l keN\{n} 

with 

in case of division among the survivors and 

p 5 = ^ M i - ö 1 ) 

+ J2 !Ü£i £ Pr, (k - 1) (EPTfeath (fc))2 

i= l k£N 
m „ 

+ 5 3 — E Pii(k-l)(nri-R)2, (3.98) 
n 

' = i fceAf\{0} 

with 

£P2ftt fc = Ilr* - p ^ ' - * ' V T o „ N Ä- 3-9 9 

V ^(i-pEtewPrW) / 
in case of division among the deaths ' heirs. (Both in (3.91) and in (3.99) EPT is short 
for ex post transfer). The probabilistic solidarity can be considered as a "level of insurance 
volume". So RSS, unlike SS considered in the previous section, explicitly takes into account 
the insurance element in the contract. 

Just as in the previous section concerning SS, one can study the behavior of RSS by 
taking its derivative with respect to p. However, the derivatives related to the two sharing 
systems both proved to be cumbersome in the general case, so conclusions in general are 
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hard to draw. This is the reason why we do not display the derivatives here but refer the 
reader to the appendix to read the results (formulas (3.109) and (3.113), respectively). In 
the remainder of this section, we will restrict ourselves to two relatively simple examples, 
one concerning distribution to the survivors and one related to distribution to the deaths' 
heirs. The latter case will also be accompanied by a numerical illustration. 

Case 13 (Distribution to the survivors) For N = {0} (recall from Case 8 that SS 
then remains constant) formula (3.109) reduces to 

M Ç n 2 nr=l (! - 6rTT E i,j,k "i^Tl* (1 - p) 
(3.100) 

dp J E^1«r(l-flr)-2pnIK.1(l-flTr y 
I V IELi (1 - ^r (Eta nT9T + n ̂  (1 - 9^) ƒ 

The expression between large curly brackets in the denominator of the above equation is 
strictly positive irrespective of p. So, if there is only distribution if everybody survives, 
^ l ^ monotonously increases in p for the considered interval [0,1]. 

Case 14 (Distribution to the deaths' heirs) For N = {!,... ,n} and 0 < p < 1, 
since RSS is not determined at p = 1 as there is no insurance in that case, formula 
(3.113) reduces to 

dRSS 2 YZi f ( E | I "s (6>i - e{) (I + pnBSi YZ\ ^ £ r ) ) ^ 

dp (E™ i M , ) DEW 

with 

(3.101) 

DEN = ( ^ n T ( l - 0 T ) j 

+A ( E«A E n r - fl - ft G - ^ r ) ] - (3-102) 
\ T = 1 fcSiV \ T = l / / 

&em<? strictly positive, and 

Zi = J2np(0p-0i)Zip, (3.103) 

where 

fci 

fi(l.-ÖTr . (3.104) 
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When studying the latter expression, one may conclude that ^~is positive for some values 
of p and negative for other values, but this it is hard to draw general conclusions about 
the behavior of the derivative. But if m, being the number of risk classes, is equal to 2, 
the right hand side of (3.101) simplifies to 

dRSS =
 2"i"2 (gi - O2)2 (l + pnßfo EL"i ^10^) Zu 

dp ~ ŒT=iMT) DEN2 (3.105) 

so the critical value of p is 

(£?=! Mr) EL! ^ - (1 - 117=1 (1 - Or) 

We denote this critical value by p*. It should be noted that 

2 

P = ^r=L ' v ' " " ^ 1 V+l) 5. (3.106) 

(t^r)t^-(l-f[(l-0rr) 
\.T=1 / k=\ \ T=l / 

= 0. (3.107) 

The inequality-sign follows by Jensen's inequality, applied to the convex function r. So p* 
is positive and RSS increases monotonously in p for p < p* and decreases monotonously 
in p for p > p*. In the next example, p* falls in the interval [0,1]. 

Example 15 As in the example dealt with in Subsection 3.4-2, the following values are 
taken: 

R = 1000; m = n2 = 5; 91 = 0.014; 92 = 0.001. (3.108) 

It turns out that p* = 0.8208. Figure 3.4 displays RSS as a function of p. One can see 
that RSS does not change very steeply. 

The above example shows a case where the relative decrease of the Subsidizing Solidarity 
and the Total Solidarity is about the same. Referring to Remark 12, note that in the 
given case, the Probabilistic Solidarity as a function of p, varies according to about the 
same pattern as the SS does. This is, however, only one example, and more cases will 
have to be worked out in order to be able to draw conclusions concerning the Relative 
Subsidizing Solidarity. 
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Figure 3.4: RSS as a function of p for p € [0,1). 

3.5 Conclusions, final comments and recommenda
tions for further research 

A system to share a fixed proportion of the insurer's mortality result concerning a certain 
portfolio has been discussed extensively in this chapter. Two variations of mortality result 
sharing have been considered, namely division among the survivors and division among 
the deaths' heirs. 

From the insurer's point of view, the variance of the aggregate loss suffered by the 
insurer is always a monotonously increasing function of the above mentioned proportion. 
So the higher that proportion is, the lower will be the aggregate loss variance. If the 
proportion is equal to one, i.e. if the entire mortality result is divided, this variance is 
always minimal. So the sharing system has at least one appealing property. 

The main subject of this chapter, however, concerns the impact of the intensity of 
distribution, represented by the above mentioned fixed proportion, on the intensity by 
which the heterogeneous risks in the portfolio subsidize one another. This phenomenon 
has been quantified by the Subsidizing Solidarity (SS), discussed already in the previous 
chapter. Conclusions in general are difficult to draw. However, it appears that, for rela
tively small portfolios and small mortality rates, mortality result distribution contributes 
to a lower level of mutual cross-subsidization, if the mortality result is shared with the 
deaths' heirs. Since in practice usually only mortality profit, and not mortality loss, can 
be distributed, this implies that the amount at risk must be of negative sign, which is the 
case for pure endowments and annuities. 

Regarding the Relative Subsidizing Solidarity (RSS), it is even harder to draw infer
ences in general. An exception is the case of distribution to the survivors if everybody 
survives. While the SS remains constant, the RSS increases as the intensity of distribution 
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increases. Anyway, all the measures for the subsidizing solidarity derived in this section 
should be applied to real mortality data in order to see how the results will be in practice. 

The system introduced can be made more suitable for practical applications by adding 
more parameters, especially if the sign of the amount at risk is negative. In that case, 
the amount of share that a beneficiary gets depends very much on the number of deaths. 
For instance, the portfolio may be such that there is already a mortality profit if only 
two individuals die. Still this profit is much higher if twenty persons do not survive the 
period. So distribution with a negative amount at risk can result in some kind of a lottery, 
which might be undesirable. This phenomenon can be avoided if one allows to let the 
proportion of the mortality result vary with the actual number of deaths at the end of 
the period. Another extension is to take into account different amounts at risk. The 
latter then provokes the question how the entire mortality result should be shared, since 
it sounds unfair to let every beneficiary still get the same portion of the entire mortality 
result. 

As was already mentioned introduction, decreasing the subsidizing solidarity would 
be a valid justification for applying the mortality result sharing system if the information 
available to the insurer concerning the individuals' mortality rates was imperfect. There
fore we recommend to develop a system based on an urn-of-urns model for each insured 
individual, hence using an approach similar to the one in Chapter 2. 
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Appendix: Derivatives of RSS in Subsection 3.4.3 

The derivatives are as follows: 

69 

In case of distribution to the survivors: 

dBSS _2YZi%Uj 
dp TS' 

with 

and 

TS' +P2 

-MTZ^e^^N^{k){n-k) 

n ZksN ^ § (E™ i nfii - k)2 - (ZkGN Pr (k) k)2 

-2 A ßXi "A - fc] E,6W £ § E«=* Pr (*) V - k) 

+ A E ^ ^ E ^ P r W ( ^ - f c ) ] 2 

/ 

Ui ÊM0J-0O 
i= i 

\ J5 * 

i - p E f c e j v P r i j ^ - 1 ) 
+/971(1-0*) ( 1 - 0 , ) 
• ( B y ( i V ) - p C y ( J V ) ) 

fm \ 
^ n p •X 
P=I 

/ 

(3.109) 

(3.110) 

(3.111) 
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with 

X, •ip 

= EM 
\T=l 

-P\ 

V 

v< 

v< 

E*eJVPr(fc)(n-*) 
-(ES.i"r(l-A))E*ewPr*(*-l) 

, +* ( E r l l «r (1 - Or)) (1 - 0i) (1 - 0P) B ip (AT) 
(E^iM^CE^PrWCn-fc) ) 

• [n (1 - 9i) (1 - 0P) Bip (TV) - £ fce„ Prip (k - 1)] 

+2n( l -0 i ) ( l -0 p )a„( /V) 
• ( E r = 1 M T ) ( E r = i ^ ( i - 0 r ) ) 

+n ZksN ^§ (E™! M r - *)* - (E,6W Pr (k) k) 2 

+".(Er=iMr)(E^Pr(fc)) 2 

3Cip (iV) n (1 - 0,) (1 - 0P) (Er=i M r ) (E*eJV Pr (*) (n - *)) 

-3n E*6Jv ^ § E t e * Pr (£) (t - k) (£r= 1 nT (1 - 0T)) 
- (n (1 - (ty (1 - ôp) 5 i p (TV) - £,eJV Prip (fc - 1)) 

•« (E*6JV ^ § E*e„ Pr W (* - *)) ( E r l i », (1 " Or)) 

-n (1 - 9i) (1 - 0P) Cip (N) 

n E*e„ £ § (E™i Mr - A)2 - (Efcs„ Pr (k) kf 

+n[ErliMr][E t ewPrW]2 

-2nE^^(E , 6 W Pr (£ ) (^ - f c ) ) 2 

(n (1 - O,) (1 - 6p) Bip (TV) - J2keN Pr i p (A - 1)) ) 

• « E , e N ^ ( E ^ P r W ( ^ - f c ) ) 2 

+n(_l-flO(l-Öp)Cip(iV)ni: j fc6Ar 
Pr(fc) 

-A: 

(3.112) 

• ( E r = l « r ( l - 0 r ) ) ( E t e J v P r W ( ^ - f c ) ) 

with Bip (N) and Cip (IV) as defined in equations (3.37) and (3.38), respectively. 



Appendix: Derivatives of RSS in Subsection 3.4.3 

In case of distribution to the deaths' heirs: 

ÔRSS 2JX iav< 

dp TS" 

with 

TS" = < +P' 

-2pŒZ1Mi-0i))£keN
ptWk 

n E*eJv H P (E™ i nA - kf - (£teJV ? ' (*) *) '' 
- n ( E ™ i ^ ) ( E f c e J V P r ( f c ) ) 2 

+ 2 n ( E ^ P r ( * ) ) ( E ^ P r W * ) 
-2p3n (ZZi MO E*eW ^ EteJv Pr W (* - *) 

+ A £ * e * 5 ^ ( E * W P r W ( ' - * J ) 2 

and 

i-pY,kSNPiij(k-1) W sr„.x-
+pn6iej {Yió (N) - pZ{j (N)) }) 2^n" A>» 

t 

p - i 

71 

(3.113) 

(3.114) 

(3.115) 
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where 

X, 
/ 771 

(J>(1 

-PS 

V 

V 

-P% 

(E^iMf)Etew%(*-i) J 
+ " ( £ ™ i M r ) W i p ( A 0 J 

(E™inr(l-ö r)) ' (E^Pr(A)fc) 

• Kö p y i p ( iv ) -E f c ^Pr i p ( fc - i ) ) 

+2neiepzip (N) (E™ i Mr) (E£i «r (i - er)) 

+" ZksN ^ (Er=i Mr - fc)2 - ( E ^ Pr (A) kf 

+2n(E*ew:PrW).(£;ik€^Pr(*).fc) 

3n0t0pZjp (iV) ( £ £ , nr (1 - 0T)) {EkeN Pr (*) fc) 1 

+3n E f c e w ^ E / e * Pr M (* - A) (E7=i M r ) J 

•h (E*6AT ^f1 E , 6 W Pr W (* - *)) (ZZr M r ) 

n ZkeN ^ (E7=i M r - A)2 - (E*6JV Pr (*) k)'' 
- n ( E ™ 1 M r ) ( E ^ P r W ) ï 

+2n(Ei e W PrW)(E* e W Pr(*)*) 

- 2 " E * w
5 g a ( E « w

p * W ( < - * ) ) s 

(nfl^n.W-E^Pr* (*-!))" 
•E^^CE^PrW^-A))2 

- n ö t Ö p Z i p ( i V ) n E ^ n ^ 
• ( E ™ r M r ) ( E ^ P r W ( ^ - A ) ) 

(3.116) 

with Yip (N) and Zip (N) as defined in equations (3.69) and (3.70), respectively. 



Chapter 4 

Proportional Mortality Result 
Sharing: Applications of 
Majorization Order 

The basis of this chapter is the system of proportional mortality result sharing introduced 
in Chapter 3. There it was assumed that the insurer knows the mortality rates applying in 
the portfolio considered. Unfortunately, however, in practice information available to the 
insurer is less complete. The aim of this section is to show how the concept of majorization 
order can be used to find upper and lower bounds of the average risk premium, derived 
in Chapter 3, for both the distribution systems, in case there is at least some information 
available on an aggregate level. 

Two different situations will be discussed, having in common that the insurer has only 
information available on an aggregate, but not on an individual level. In both cases, it is 
presumed that the minimal and maximal possible values of the mortality rates are known. 
In Section 4.2, it is taken for granted that the individual mortality rates are predetermined 
and that the information available to the insured is restricted to the average mortality 
rate. It will be shown that, for certain sets N defined earlier in Chapter 3, a safe bound 
for the average risk premium can be derived by using the property of this quantity being 
either Schur-concave or Schur-convex as a function of the individual mortality rates. 

The second case, dealt with in Section 4.3, involves a model introduced in Tong (1989) 
and further considered in Bäuerle (1997) and Bäuerle & Müller (1998). This model is 
based on the assumptions that a) the individuals within the insurer's portfolio can be 
allocated to several groups and b) each individual mortality rate is by itself stochastic, 
being a function of the combined outcome of an individual risk factor, a group specific risk 
factor and an overall risk factor. The individual risk factors are assumed to be i.i.d. and 
the same applies to the group specific risk factors. The insurer knows the distributions 
of these factors but cannot determine the number of groups into which the individuals 
can be divided. However, the average risk premium proves, under certain conditions, to 
be either submodular or supermodular as a function of the individual mortality rates. 
Hence, if this model applies and the above mentioned conditions hold, a safest average 
risk premium can be calculated as well. Numerical examples will be part of both the 
Sections 4.2 and 4.3. 
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The sections mentioned will be preceded by Section 4.1, which is an introduction 
considering the points both cases have in common. Section 4.4 concludes. 

4.1 The relevant quantity and common points 

In this section we will concentrate on the ratio of the average risk premium to the amount 
at risk, denoted by ƒ (0;p). Recall from Chapter 3 that Ur (6;p), the average risk premium, 
is equal to: 

Ur = Ur \0;p) = R ^ ~ ^ J ^ T • (*-D 

Hence, 

ƒ ( M = — g - - n ( l - p E f c e , P r W ) • ( 4 ' 2 ) 

Note, first of all, that this function is symmetric, in the sense that 

f(P(0);p) = f ( 6 ; p ) , (4.3) 

for any permutation P (0) of 6. This is an important characteristic as will be shown later 
on. 

In the second place, the concept of order by majorization will be used in both the next 
sections. Its definition is given below. For details, we refer to Marshall & Olkin (1979) 
and Tong (1980). 

Definition 1 (Majorization order) Let 0^ and 9^ be two real valued vectors of length 
n. Then 0(2) majorizes 0(1) (written Gm < 6^), if and only if 

£ < ? [ ? < i > g \ r = l , . r . ; n - l , and (4.4) 
»=1 i = l 

where 

9[J > ... > «lg (4.6) 

denotes the decreasing rearrangement of 0" , j G {1,2}. 

Remark 2 77ie majorization order, symbolized by "< " is not to be confused with the "< "-
order between two vectors, since 0(1) < 0(2), with 0(1) and 0(2) as in the above definition, 
implies, according to Tong (1980): 

<$<<$ V i € { l , . . . , n } . (4.7) 
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Intuitively, if 0(1) < 0(2), the elements of 0(2) are more diverse or more spread around 
their average than the elements of 0(1), as is illustrated in the next example. 

Example 3 Restricting ourselves to n-sized vectors with only nonnegative elements, let 
na be the sum of the elements. Then the vector lowest and highest in majorization order 
are (a,... ,a) and (na, 0, . . . ,0) (or any permutation of the latter), respectively. 

Finally, in both sections it is assumed that the insurer knows both the upper and lower 
bound of the possible individual mortality rates, which will be denoted by 0max and 0min, 
respectively. Since a heterogeneous portfolio is considered, the following inequality holds: 

0min < 0max. (4-8) 

The following section deals with the case where the individual mortality rates are pre
determined and the average mortality rate is known to the insurer. In Section 4.3, each 
individual mortality rate is assumed to be the combined outcome of an individual random 
variable, a group specific random variable, and an overall random variable. 

4.2 First model: average mortali ty ra te known 

This section considers the case of a given average mortality rate, denoted by 6. A property 
of ƒ (0; p) will be derived by using the concepts of Schur-convexity and Schur-concavity, 
its definitions being stated below (cf. Tong (1980), p. 106). 

Definition 4 (Schur-convexity or Schur-concavity) A function h (•) ofn arguments 
is said to be Schur-convex (Schur-concave) if f or all 0(1),0(2) G Rn: 

0(D < 00> => h ( e « ) < (>) h (0<2>) . (4.9) 

If ƒ (0; p) is Schur-convex in 0, this function attains its minimum for 

0 = ( 0 , . . . , 0 ) , (4.10) 

and its maximum for any permutation of the vector (9[,.. • , d'n), with 

for i e { I , - - - ,«.max} 

for i e {nmax + 1,. . . ,nmax + nmin} (4.11) 
for i = n, if I wfl

g~flT I i N, 

with [x\ defined as the largest integer smaller than or equal to x. In (4.11): 

(4.12) 

'max 

7 res t 

7max ^min, 

'max wmin 

(4.13) 

= no - nmax0max - nmin9min. (4-14) 
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The opposite holds for ƒ (9; p) being Schur-concave in 9. 
For positive values of the (discounted) amount at risk R, the insurer's mortality profit 

increases as the absolute value of the average risk premium increases, while for negative 
amounts at risk the opposite holds. So for R positive and ƒ (0; p) Schur-concave in 9, the 
insurer is onthe safe side by assuming 9 to have the value as given in (4.10), which will be 
denoted by 9 in the remainder of this section. For R negative and ƒ (9; p) Schur-convex in 
9, the same conclusion applies, while either for R negative and ƒ (9; p) Schur-concave in 
9 or for R positive and ƒ (9; p) Schur-convex in 9, the safe bound is achieved by assuming 

9=(9'1,...,e'n), (4.15) 

as defined in (4.11). This vector will in the remainder of this section be indicated by ff'. 
In general, it may be hard to investigate whether ƒ (0; p) is Schur-convex or Schur-

concave. Fortunately however, since we are dealing with a differentiable and symmetric 
function, the following lemma, which can be found in Tong (1980) serves our needs at 
least in some degree. 

Lemma 5 (Schur-convexity/-concavity of a differentiable function) A symmet
ric and differentiable function h (•) ofn arguments, with 9 = (61}... , 6n), is Schur-convex 
(Schur-concave) if and only if f or all T\,T?. € {1 , . . . , n} and T\ < T^: 

Taking the partial derivative of ƒ (9; p) to 9„ gives the following result: 

df(0;p)= l + Bp + Cp2 

do, n ( l -p£ f c s J V Pr ( f c ) ) 2 ' 

with 

(4.17) 

B = ( E (k - Ê er ) (pr* w - Pr- (fc - ! ) ) - £ Pr (fc) ) . (4-18) 
\k£N \ r=i / keN J 

and 

C = (£Pr„(fc)) (5>Pr„(fc-l)) 
\k£N ) \k£N / 

- ( ^ f c P r v ( f c ) ) ( £ P r „ ( f c - l ) ] . (4.19) 
\keN J \k£N } 

In the two above definitions, Pr„ (k) denotes the probability of k deaths within a portfolio 
equal to the original one, except the individual labelled v. By definition, 

Pr„ (-1) = Pr„ (n) = 0 Vi/€ { 1 , . . . ,n} . (4.20) 
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To verify (4.17), note that 

Pr (fc) = ev Pr„ (fc - 1) + (1 - 0„) Pr„ (k). (4.21) 

Next, six cases will be considered, most of which have also been discussed in Chapter 3, 
Section 3.4. The first three consider division among the survivors, the last three division 
among the deaths' heirs. 

Case 6 (Division among the survivors) For N = {0,.. . ,n — I}, (4-17) reduces to 

df{9;p) 

x _ p i+p ( (E;U (i - Or)) (nu 0T) - (i - rnu <g) 

~~^ (i-p(i-n"=1ö.))2 ~^~ 
(4.22) 

As 

Y[eT<l[8Tfor8T1>eT2, (4.23) 

it follows that 

T = l T = l 

^ - f l - ) ( ^ - ^ r ) ^ °' Vn,r2 e {!,..., n}, (4.24) 

so ƒ (0; p) is Schur-concave in 6 if the mortality result is distributed in any case there are 
survivors at the end of the period. 

The above case is dealt with in Spreeuw (1998b). The numerical example in the contribu
tion mentioned shows that the relative differences between ƒ (0, p) and ƒ (0', p) are very 
small in most practical situations, especially if p is small and n is large. 

Case 7 (Division among the survivors) For N = {0}, (4-17) reduces for v = T\ to 

df(0;p) 
aeT1 

1 - ((£?=! Or) ITU (1 - Or) + IFr=l U " *r)) P 

n{l-pWr^-0r))2 

dmP) 
dOr 

< ^ T ^ , VÖT1>ÖT2, (4.25) 

because 

n (i-o.) > n (i-e.) . (4.26) 
T-l T = l 
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n = 20 

- _ n = 100 

n = 263 

. . - n = 1000 

. . . -n = 2000 

Figure 4.1: A (p) = l00f^''PLff'p) for p € [0,1] and some values of n. 

Hence, if there is only distribution to the survivors in case everybody survives, then f(8;p) 
is Schur-concave in 0. 

A numerical example will now be given. For the maximal possible, minimal possible 
and average mortality rates the following values are taken: 

#max = 0.5; emin = 0.0001; 0 = 0.002. (4.27) 

Figure 4.I displays the difference between ƒ (0, p) and ƒ (0', p) as a percentage of f (0, p) 
for p varying from 0 to 1 and some values of n. The relative differences are maximal for 
n = 263. 

Referring to the above case, as argued in Chapter 3, the mortality result to be distributed 
is always of positive sign (which is what practice requires) if the amount at risk is positive. 
This implies that, if the average mortality rate 6 is known, the insurer is on the safe side by 
using the hypothesis of homogeneity within the portfolio, i.e. assuming that the average 
mortality rate 9 applies to each individual. 

Case 8 (Division among the survivors) Assuming n > 3, for N = {0,.. . , J}, with 
J G {1 , . . . , n — 2}, we get 

df(0;p) Yv(J-p) 
56> 

n ( l - p £ L o P r ( * ) ) 
2' (4.28) 

with 

Yv(J;p) = l+l{j-^2er\PTv(J)-^2Prv(k)-J2Pi(k) 
k=0 

J-l 

k=0 

J-l 

+ 53Pr„(fc) (A + l - J ) P r „ ( J ) + 53Pr„(A:) 
fc=0 

(4.29) 
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We notice that for allTi,r2 S { 1 , . . . ,n} and k 6 { 1 , . . . ,n}: 

PrTl (k) - PrT2 (k) = (ÔT1 - eT2) (PrTir2 (k) - PrriT2 (k - 1)), (4.30) 

where PrTlT2 (k) denotes the probability of k deaths in a portfolio equal to the original one 
except that the individuals labelled T\ and T2 are left out. The consequence is 

df{0;p) df(0;p) p(9T1-9T2)NUM 

d6Tl d9T2 '}-pY?k=^{kj)' 
(4.31) 

where 

NUM = ( ^ 9 r - J - l P r T 1 T ! ( J - l ) 

j ) P r T l T 2 ( J ) + pXT1T2(fc;J), (4.32) 

with 

Y^Pr [V\[ (J-k-l-(0Tl+eT2))PrTlrAJ-l) \ 
- 2^rt r i T , i*j | _ ( J_ f c_ ( Ö T i + ÖT2))PrTiT2(J) j fc=0 

If 

+ (2 - (0n + eT2)) (PrTlT2 (J - l)Y . (4.33) 

J < £ > , (4.34) 

i.e. sharing takes place only if the number of deaths is at most equal to the expected 
number of deaths (which implies a mortality profit if the amount at risk is positive as 
argued before), then (4-32) is smaller than zero if p is relatively small and for all r1,T2 G 
{1, • • • , " } • • 

PrriT2 (J - 1) < PrTlT2 (J) , (4.35) 

which may be a reasonable assumption if J is small when compared to the size of the 
portfolio and the mortality rates are relatively high. If these conditions are satisfied, 
ƒ (0; p) is Schur-concave in 0. 

In Chapter 3 we concluded that, for relatively high mortality rates and a large portfo
lio size, sharing among the survivors may contribute to a lower level of mutual cross-
subsidization. The last case considered shows that, under similar conditions, ƒ (0; p) is 
Schur-concave in 0. So if additionally the amount at risk is of negative sign and the 
mortality result is shared in case the actual number of deaths is lower than or equal to J, 
where J < Y1T=I @T, implying that only profits are distributed, the safe assumption is to 
take all mortality rates to be equal to the average mortality rate. 
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Case 9 (Division among the heirs of deaths) In case N = {n}, for v = n (4.17) 
reduces to 

df(0;p) 

1 - ( ( E ; = 1 (1 - oT)) n%i oT+n-=1 o^ P 

"(i-prr=A)2 

> g/(g;p) 
^ —QQ . VÖT1 > 0T2, (4.36) y T 2 

because 

IL II 

n ^ < nö"- (4.37) 
T = l T = l 

#ence, i/tfiere is on/y distribution to the deaths'heirs in case everybody dies, then ƒ (0; p) 
is Schur-convex in 0. 

A numerical example will not be given, because the relative differences between ƒ (0; p) 
and ƒ (0; p) in practice turn out to be very small, just as in Case 6. 

Note that, in regard of the above case, the mortality result to be distributed is a profit 
if the sign of the amount at risk is negative. If so, then, since ƒ (0; p) is Schur-convex 
in 0, it is safe to suppose that the hypothesis of homogeneity applies, that is that to all 
contracts the same average mortality rate 0 pertains. 

Case 10 (Division among the heirs of deaths) For N = { 1 , . . , ,n}, (4.17) reduces 
to 

df(9;p) 
d0„ 

^+p ( œ ^ U oT) (jp=i (i - Or)) - (i - n^i a - <M)) 

(w(i-n7=1(i-0T)))2 

4s 

(4.38) 

H (1 - Or) > n (1 - 0T) for eTl > 0T2, (4.39) 

it follows that 

T = l T = l 
T ^ T ! TJÉT2 

<8"-"")(^f i-^)ï ». VW{1,..,„>, ,4.40) 

so ƒ (0; p) is Schur-convex in 0 if the mortality result is distributed in any case there are 
survivors at the end of the period. 
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Figure 4.2: B (p) = W0f{6'f, fy'p' for p e [0,1] and various values of n. 

Figure 4.2 displays the difference between f(6',p) and f(9,p) as a percentage of 
ƒ (0, p) for P varying from 0 to 1 and some values of n, using the same values for the 
minimal, maximal and average mortality rate as in the previous case: 

?max = 0.5; <9min = 0.0001; 0 = 0.002. (4.41) 

The relative differences are maximal for n = 1842. 

Case 11 (Division among the heirs of deaths) Assumingn > 3, forN = {J,... ,n}, 
with J 6 { 2 , . . . , n - 1}, we get 

df(0;p) Zv (J; p) 

with 

dev n(l-pZ:=JPr(k))2 

n - l 

(4.42) 

• V { J ; P ) = i + X X - J P r , ( - / - i ) - E P r " ( f c ) - E P r ( f c ) K 

+ £pMfc) 
\k=J 

k=J k=J 
n-l 

( J - f c ) P r „ ( J - l ) + ^Pr„ ( fc ) 
/ t=j 

(4.43) 

IVe notice that for all r 1 ; r 2 G { 1 , . . . , n} and fc € { 1 , . . . , n}, just as in Case 8, 

P r r i (fc) - Pr r 2 (k) = (ÔT1 - ÖT2) (PrTlT2 (k) - Pr r i T 2 (A - 1)), (4.44) 
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where PrTlT2 (k) denotes the probability of k deaths in a portfolio equal to the original one 
except that the individuals labelled T\ and T<I are left out. The consequence is 

Of (0; p) df (0; p) p (0T1 - eT2) NUM 

deT de a-pi::=jPr(k)Y 
(4.45) 

where 

NUM J-ZMPr^(J-2) 

( J - l - E) 6T ) Pl™ (J - !) + f*™ ft J) , (4.46) 

with 

n - 2 

XTlT2(k;J)= ^ P r r 

k=J 

( (k + l-J+ (6T1 + eT2)) PrTlT2 (J - 1) 
1 >\ - ( f c - J + ( ö T l + ö r 2 ) ) P r T l T 2 ( J - 2 ) 

If 

+ (ÖT 1+öT 2 ) (PrT l T 2 (J- l ) ) 2 

J>Y,eT, 

(4.47) 

(4.48) 

i.e. sharing takes place only if the number of deaths is at least equal to the expected 
number of deaths (which implies a mortality profit if the amount at risk is negative as 
argued before), then (4-46) is greater than zero if, for all T\,T-I € {1 , . . . , n} : 

PrT ( J - l ) < P r T l T 2 ( J - 2 ) ; (4.49) 

which is a reasonable assumption if there are no extremely high mortality rates and J is 
relatively high when compared to n. If these conditions are satisfied, ƒ (0; p) is Schur-
convex in 9. 

In Chapter 3 we concluded that, for relatively small mortality rates and a small port
folio size, distributing to the deaths' heirs contributes to a lower level of mutual cross-
subsidization. The last two cases show that, under similar conditions, ƒ (0; p) is Schur-
convex in 0. So if additionally the amount at risk is of negative sign and the mortality 
result is shared in case the actual number of deaths exceeds J, where J > ^™=i ^T, im
plying that only profits are distributed, the safe assumption is to take all mortality rates 
to be equal to the average mortality rate. 

4.3 Second model: group specific factors 

In this section, a model is discussed which is basically the same as the one introduced 
in Tong (1989) and further considered by Bäuerle (1997) and Bäuerle & Müller (1998). 
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Contrary to the previous section, it is based on the assumption that the mortality rates 
are stochastic themselves, being a function of an individual risk factor, a group specific 
risk factor and an overall risk factor. Two portfolios, labelled X and Y, with a similar 
structure, will be compared. For Z e {X, Y}, its description is given below. 

It is assumed that the risks in portfolio Z can be allocated to r(Z) different groups, 
r(Z) e {1,2,. . . , n}. We define the following vector representing the group structure of 
Z: 

k(z) = ( fcf ) , . . . , fc (g ) ,0 , . . . ,0 ) , (4.50) 

with 

r(Z) 

. 7 0 = 1 

(4.51) 

For each v e {1,2,. . . , n}, the mortality rate Bv is assumed to be the outcome of the 
random variable 0£, } with 

e™ = g(v™,v?s>,w), (4.52) 

with g (•, -, •) a real valued function of three real arguments, f/iZ) denoting the individual 
factor, and VA

( the group specific risk factor, presuming that the individual belongs to 
group A such that 

A= 1 for v =.!,... ,k[z) 

A = i for - E ^ C + 1 E U C je{2,...,r(Z)}. ( 4 5 3 ) 

The random variable W expresses the overall risk factor. Just as in Section 4.2, the 
upper and lower bounds of the possible realizations of Qv

z' are denoted by #max and 
0min, respectively. The individual factors [/1

(x),... , uf\ U[Y\... , uiY) are i.i.d., while 
the same holds for the group specific factors v / x ) , . . . , V ^ Q , V£Y\ ... , U^L; the group 
specific factors are independent of the individual factors. Finally, W is supposed to 
be independent of the other risk factors. The consequence is that all random variables 
©i , . . . ,6n , ©J , . . . ,9» have identical marginal distributions. 

Remark 12 (Link with urn-of-urns model in Chapter 2) Let us take the number 
of groups, which has been specified by r (Z), to be equal to n and let W be degenerate, 
i.e. identical to a constant. We suppose furthermore that either the random variables 
Uv or the random variables V^z' (A = 1,.. . ,n) are degenerate. Then an urn-of-urns 
model applies, discussed in Chapter 2. The difference with that chapter is that we are 
now dealing with n individuals instead of one in a one-period framework. If, on the other 
hand, r (Z) <n,W is still degenerate and the random variables Uv are degenerate, the 
model dealt with in this section reduces to an urn-of-urns model which can be applied in 
group life insurance, as was done in Norberg (1989). 
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Bäuerle (1997) proves that if a) g (-, -, •) is monotonie in its second argument, and b) the 
group structure of X is majorized by the one corresponding to Y, that is 

k<x) < k<Y>, (4.54) 

then the following order relation holds: 

E [h (ef, . . . , e?')] < E [h (e™, ..., e™)], (4.55) 

for all symmetric and supermodular functions h(9i,... ,0n,) such that the above expec
tations exist. The definition of supermodularity is given below: 

Definition 13 (Supermodularity/submodularity) A function h (•) of n arguments 
is said to be supermodular (submodular) if for all 9^l\ 6^ G Rn: 

h (e^ v e'2') + h (e(1) A 0<2>) > (<) h (V1)) + h (V2>), (4.56) 

where ö'1' A (V) 9^2' denotes the componentwise minimum (maximum) of 6^ and 6^. 

Remark 14 (Verbal explanation of supermodularity/submodularity) As an ex
ample, we consider the average risk premium Ilr(8;p), derived in (4-1), for fixed p. 
In case this quantity is supermodular, this implies that if one of the mortality rates 6i 
(i € { l j . . . , n}) increases, the other mortality rates remaining constant, then the result
ing increase ofH.r(9;p) will be higher, the higher the other mortality rates are. 

Another actuarial example is found in Bäuerle & Müller (1998), dealing with claim 
amounts instead of mortality rates. If a quantity that is a function of claim amounts, 
is supermodular, then the increase of a single claim leads to a higher increment of the 
quantity, the higher the other claims are. 

Next we return to the application in this chapter. Suppose that g (•,-,•,) introduced 
above, is actually monotonie in its second argument, and that the insurer does not have 
any information available about the outcomes of 0„ (we omit the superscripts, if this 
does not lead to misunderstandings), but knows the distributions of the individual, the 
group specific and the overall risk factor. If the company knows the group structure, the 
average risk premium can be calculated as the expected outcome of 6, where 

0 = ( 9 1 , . . . , e n ) . (4.57) 

If, on the other hand, the group structure is not known to the insurer, bounds can be 
calculated if the function ƒ (0;p) defined in (4.2) is both symmetric and either supermod
ular or submodular. The first property holds, as argued above. For positive amounts at 
risk, a safe average risk premium can be found by assuming the group structure, defined 
in (4.50), either to be 

k(z> = (n ,0 , . . . , 0 ) , (4.58) 
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or to be 

k(z> = ( l , l , . . . , l ) , (4.59) 

when the symmetric function ƒ (0;p) is supermodular or submodular, respectively. For 
negative amounts at risk, the opposite holds. 

In general, it is hard to investigate whether a function is supermodular or submodu
lar, but fortunately ƒ (0;p) is not only symmetric but also twice differentiable in 9 and 
therefore we can make use of the following theorem, derived and proved in Marshall & 
Olkin (1979, p. 150): 

Theorem 15 (Symmetric and twice differentiable) A symmetric function h (9) of 
n arguments, with 9 = ($ i , . . . ,0n), which is twice differentiable, is supermodular (sub-
modular) if and only if for all T\, T-I G {1,..., n}, TJ < T2 : 

q^><<)0. (4.60, 

For the general case, the second derivative of ƒ (9;p) to 9T1 and 0T2, T\,TI G {1, ... ,n}, 
is displayed in the appendix. It looks complicated and in fact, it is in general difficult 
to verify if ƒ (9;p) is supermodular or submodular. Therefore, we will restrict ourselves 
to three special cases, one of these concerning distribution to the survivors and the other 
two distribution to the deaths' heirs. 

Case 16 (Division among the survivors) For N = {0}, (4-75) reduces to 

d2f(9;p) 
deT,d6T 

= P\ ' (I-Or) 

/ E?=A- ( i -0 r i ) - ( i - 0 r j 
\ +p (i - eT1) (i - eT2) ( c u 6>r + (i - eT1) + (i - Br,)) 

(l--Vlt=l(l-flr))3 

(4.61) 

We will derive sufficient conditions for submodularity. The expression in curly brackets 
in the above formula has the following quite rough upper bound: 

n 

£0 r - ( l -0 T 1 ) - ( l -0 T 2 ) 
T = l 

+p(i - 9 r i ) (i - eT2) IJ2eT + (i - eT1) + (l -eT 2) 

< (n + 2 ) 0 m a x - 2 + p ( l - 0 r a i n ) 2 ( ( n - 2 ) 0 m a x + 2). (4.62) 

The derivative of the last mentioned expression with respect to n is equal to 

0max + p ( l -0 m i n) 2 0 m a x >O. (4-63) 
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18 ^ 

Figure 4.3: Maximal values for n0 as a function of p in order to ensure submodularity. 

Hence, the right hand side of (4-62) is monotone increasing as a function ofn and so for 
each p there exists an integer value n0, such that if the portfolio size falls below n0, ƒ (0;p) 
is submodular with respect to 6. For6min = 0.0001 and 0max = 0.1, Figure 4.3 shows these 
values n0 for varying p. For p > 0.8, there is no value ofn0>2 satisfying submodularity. 

Case 17 (Division among the deaths' heirs) For N = {n}, (4.75) reduces to 

d2f{6;p) 

deT1deT2 

^j){ 
( I - P I I L A ) 3 

We have as a quite rough upper bound for the expression in curly brackets of (4.64) 

(4.64) 

+ 0n - J2 (1 - Or) - p0Tldr2 I £ (1 - 0T) + 0Tl + 

(4.65) 

(4.66) 

< (n + 2) Ömax - n - p92
min (n - (n - 2) ö m a x ) , 

the derivative of the right hand side of (4-65) with respect to n being equal to 

- ( 1 - ^max) - A n (1 - ömax) < 0-

Hence, the right hand side of (4-65) is monotone decreasing as a f unction ofn and so for 
each p there exists an integer value n0, such that if the portfolio size exceeds n0, ƒ (0;p) 
is submodular with respect to 6. The condition is satisfied anyway for 6>max < 0.5. 4 s an 
example, for 6>max = 0.6 and 0min = 0.0001, submodularity is guaranteed ifn>3. 
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Case 18 (Division among the deaths' heirs) For N = { 1 , . . . , n} we get as the sec
ond derivative 

d2f(0;p) P(l-P) y r ' h fi\ NUM 

/TlwuT2 

•with 

and 

DENOM=ll-p(l-f[(l-eT)]\, (4.68) 

NUM= ((i-eTl) + (i-eT2)) (i-p(i-f[(i-eT)\ j 

- ( E M ^ - M i + n ^ 1 - ^ ) ) ) - (4-69) 
\ T = 1 / \ \ T=l / / 

Hence, ƒ (0;p) is supermodular if, for each TJ,T2 S {1, ...,n},Ti < T2-' 

(-^-^^{n^ëfe l - P ( l + HLl(l-gr))) 

Note, first of all, that this condition is satisfied in any case if: 

(4.70) 

'*i+(i-0" (471) 

In [1 - p] - In [pi 

since in i/iai case the right hand side of (4-70) is negative. If (4-71) is not satisfied, 
the left hand side of inequality (4- 70) is minimal and the right hand side maximal when 
all elements 6T are replaces by their maximum possible value, 6>max. Then the inequality 
reduces to: 

(1 - p) (2 (1 - 0max) - n0max) + p (1 - 0m a x)n (2 (1 - 0max) + nÖmax) > 0, (4.73) 

implying that ƒ (0;p) is supermodular with respect to 6 if 

2 (1 — #m a j n < (4.74) 

If, for instance #max = 0.1, there is supermodularity if n < 18. 
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The above three cases show that it is in general harder to prove either supermodularity or 
submodularity of ƒ (6;p) (with respect to the vector of mortality rates 6) than to prove 
either Schur-convexity or Schur-concavity. 

In view of what has been derived in Chapter 3, the first and the last of the three 
above cases appear to be the most useful for applications in practice. In Case 16, ƒ (0;p) 
is submodular with respect to 8 if the portfolio size is small and maximum possible 
mortality rates are not very high. If moreover the amount at risk is positive, implying 
that the mortality result to be distributed is always positive, this would mean that it is 
safe to assume that (4.59) holds, meaning that each individual from the portfolio stems 
from a different group. 

If similar conditions apply in Case 18, supermodularity of ƒ (0;p) can be assumed. 
If besides R, the (discounted) amount at risk, is negative (implying that only mortality 
profits are distributed if n0max < 1), this would again imply (4.59) (all individuals in the 
portfolio belong to different groups). 

4.4 Conclusions and final comments 

In this chapter, it has been shown that, under appropriate conditions, safe bounds of the 
average risk premium can be found by making use of the concept of majorization order. 

Knowledge of the average mortality rate in a portfolio appears to be a useful piece 
of information, since it turns out in many occasions that the average risk premium is 
either Schur-convex or Schur-concave as a function of the vector of mortality rates. The 
assumption of homogeneity in a group with no observed heterogeneity (e.g. all individuals 
have the same age, gender and state of health if these three risk characteristics are the 
only ones that can be observed) is a traditional one in life contingencies, though it usually 
contradicts reality. However, for the most cases dealt with in this chapter, the homogeneity 
hypothesis turns out to be a safe assumption if the sharing system is such that only 
mortality profits are divided. 

If, on the other hand, the model developed by Tong (1989), Bäuerle (1997) and Bäuerle 
& Müller (1998), is assumed to hold, it is in general much more difficult to derive safe 
bounds for the average risk premium. The reason is that it is hard to conclude whether 
that quantity is either supermodular or submodular as a function of the vector of mortality 
rates. Compared with Section 4.2, additional assumptions about the size of the portfolio 
and the several possible mortality rates have to be made in order to be able to draw 
conclusions. Of the three special cases considered in Section 4.3, the two most relevant 
ones in practice suggest that it is safe to assume that each individual comes from a 
different group, if the number of individuals and the maximum possible mortality rate 
are not very high. However, this should be verified by applying the expressions derived 
to real insurance data. 
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Appendix: Second derivative in Section 4.3 

We have 
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and 
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Chapter 5 

The Probationary Period as a 
Screening Device 

5.1 Introduction 

In the three previous chapters, the question whether the information on any individual's 
risk profile was known to that individual himself or not was ignored, as any relationship 
between this and the purchase of insurance was not taken into consideration. In this 
chapter, the central topic will be adverse selection as a result of the fact that an insurer 
cannot monitor per individual the hazardous probabilities. So there is asymmetry of 
information. For the sake of simplicity, it will be assumed that individuals have perfect 
information on themselves. If an insurer aiming at equivalence for its entire portfolio has 
to take this phenomenon into account, it is no longer sufficient to base the rating system 
solely on average claims probabilities and average conditional claim amounts, given that 
a claim occurs. This is because individuals having a less favorable risk profile are likely 
to purchase higher insurance coverage amounts than those with below-average claims 
probabilities and claim amounts. 

Rothschild & Stiglitz (1976), considering a population of only two risk classes, pro
posed a method to tackle this problem by offering more than one contract, thus inducing 
individuals to self-select. The method involves offering one contract with full coverage for 
the high risks and another with partial coverage for the low risks. In case the proportion of 
high risks does not faU below a certain critical level, depending on the model parameters, 
an equilibrium is achieved. In such an equilibrium, all companies in the insurance market 
offer the same set of contracts, and no firm has an incentive to offer other contracts. If, 
however, the actual proportion is lower than the critical one, an equilibrium does not 
exist. Regarding this, it should be noted that the authors imposed the restrictions that 
each contract in the equilibrium set makes nonnegative expected profits and that there is 
no contract outside the equilibrium set, which, if offered, makes a nonnegative expected 
profit. The equilibrium is of the Cournot-Nash type: insurance firms are supposed to be 
myopic, i.e. they assume that the contracts its competitors offer are independent of their 
own actions. In view of this, Rothschild & Stiglitz (1976) also derived the result that an 
equilibrium can never involve a pooling contract, i.e. one contract to be purchased by 
both risk classes. 
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Wilson (1977) also derived equilibria, requiring, just as in Rothschild & Stiglitz (1976), 
that the expected profits of all contracts in the equilibrium set are nonnegative. Contrary 
to the latter authors, however, he lets companies behave with foresight. In other words, 
any insurer considers the competitors' reactions to its own strategy. Wilson concludes that 
an eqmlibrium always exists and that it is either the separating one derived by Rothschild 
& Stiglitz (1976) or a pooling contract. 

Miyazaki (1977) and Spence (1978) continued the work of Wilson (1977) by requiring 
the criterion of nonnegative expected profits to apply only for the whole portfolio and not 
necessarily for each contract in the equilibrium set. Hence, their restriction imposed is 
more lenient than the one used by both Wilson (1977) and Rothschild k. Stiglitz (1976). 
They proved that an equilibrium always involves offering two contracts, inducing individ
uals to self-select. The equilibrium is either identical to the one derived by Rothschild & 
Stiglitz (1976) or involves subsidization of the high risks by the low risks. In any case, 
the high risks will purchase full coverage. The contribution by Miyazaki (1977), consid
ering two risk classes, has been developed in the context of a labor market but can be 
applied directly to insurance markets. Spence (1978) generalized Miyazaki's results to an 
arbitrary number of risk classes. 

The papers quoted above all concern insurance markets of full competition. Hence, 
the property of any equilibrium is that each insurer will break even on average. Stiglitz 
(1977) is one of the few considering the other side of the spectrum of the market range, 
namely the situation of only one, monopolistic, insurer. In that case, the company can 
implement a strategy yielding maximal expected profit without having to take into account 
competitive pressure. Stiglitz (1977) demonstrated that the equilibrium thus resulting is 
again a separating one, inducing self-selection by both risk types, where, also just as in 
the competitive case, the high risks will always purchase complete coverage. The low 
risks will buy either partial coverage or, if the actual proportion of high risks in the entire 
population exceeds a certain critical level, no coverage at all. 

All models discussed above rely on the assumption that the loss in case of an accident 
is non-random. Offering a contract with a monetary deductible then actually means the 
same as offering a contract with partial coverage. Since this implies non-linear pricing, in a 
competitive insurance market this would require the insurers to share information with one 
another in a perfect way, a condition which may not always be satisfied. However, in non-
life insurance, the insurer's loss in case of a claim is almost always random. Besides, in non-
life business contracts usually remain in force after incurring a loss, and this gives insurers 
the opportunity to offer multiperiod contracts, where both premiums and coverage may 
be adjusted according to the claims experience. For an overview of such strategies, the 
reader is referred to Dionne & Doherty (1992). 

On the other hand, life insurance contracts concern fixed benefits, to be paid out 
in case of death. Hence, there is actually no difference between imposing a monetary 
deductible and lowering the benefit due in case of death. As explained above, in non-
monopolistic markets such strategies require perfect sharing of knowledge among insurers 
concerning the purchase of insurance. Furthermore, offering multi-period contracts in the 
way described above is not possible, since each individual dies, i.e. produces a loss, only 
once. 

Around 1990, some papers appeared considering different screening devices for life 
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companies. One of these is Venezia (1993), dealing with the so-called cash-value life 
insurance contracts. He introduces a three-period model and argues that the savings 
element and its rate of return can be used as a screening device when dealing with a 
population consisting of two different risk classes. 

An alternative method which can be used more generally, and which will be the theme 
of this chapter, is the probationary period. Such a period excludes coverage for events 
that occur during some period after the inception of the policy. The method, aiming to 
rule out preexisting conditions, has found applications in some dental or medical policies, 
so the method is not exclusively available to life insurers. Moreover, recently it has 
gained popularity among Dutch group life companies, as a consequence of new legislation 
concerning medical examination of employees. By the new laws which came into force at 
the beginning of 1998, insurance companies are strongly restricted in their possibilities 
to test individual members of a group life scheme medically. Therefore they in general 
cannot determine whether any member has a serious disease. A probationary period may 
then be an appropriate instrument to keep out individuals who are likely to make a claim 
soon after issue. It can be compared with the money back guarantee on consumer goods, 
offered by a seller, see e.g. Moorthy & Srinivasan (1995). However, most models on this 
signalling device lack a time dimension and are therefore not very useful in this context. 

Several aspects of the probationary period, among others its impact on the expected 
utility of individuals, have been investigated in Eeckhoudt et al. (1988). They prove 
that, in a fully competitive market, the solution under symmetric information involves 
full coverage for any risk class, similar to the monetary deductible case, provided that the 
probability of incurring an accident is smaller than one. The authors' main conclusion 
is that most of the basic properties of the above mentioned monetary deductibles do not 
carry over to probationary periods. 

The aim in this chapter is to investigate the effectiveness of the probationary period 
as a screening device in case information is asymmetric and hence adverse selection is a 
threat. In this sense, the approach is similar to the one in Fluet (1992) who considers 
the combination of a probationary period and a time-dependent monetary deductible. 
By allowing varying monetary deductibles, his model is more general than the model 
considered in Eeckhoudt et al. (1988) and in this chapter. However, starting points of his 
analyses are a fixed contract of full coverage and an actuarially fair premium for the high 
risks and the assumption that the proportion of high risks among the entire population 
is not too low, just as in Rothschild & Stiglitz (1976). Such restrictions are not imposed 
in this chapter. 

The model will be described in Section 5.2, where also the basic assumptions will be 
listed. These will be the foundation for the two sections following thereafter. It will turn 
out that the assumption of a so-called partial stochastic order between the distribution 
functions of time-at-accident of the low and high risks - which means that the probability 
to make an accident before any relevant point of time is for the high risks at least as great 
as for the low risks - is crucial. In Section 5.3, we will deal with the case of a monopolistic 
insurer, while in Section 5.4, a fully competitive market will be considered. Both situations 
will deal both with the cases of symmetric and asymmetric information. Regarding the 
latter topic, it will be investigated under which circumstances the equilibria resulting are 
comparable to those related to the monetary deductible as a screening device. For the 
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competitive market, it is assumed that companies behave with foresight, i.e. they foresee 
their competitors' response to their own policy offers. This implies that policies which 
are loss-making in the long run will not be offered. In both sections, it turns out that 
conclusions are relatively easy to draw if the utility function is taken to be exponential. 
Both sections will also be illustrated by a numerical example. The characteristics of the 
equilibria and its corresponding conditions will be compared with one another in Section 
5.5. Conclusions and recommendations for further research will be given in Section 5.6. 

5.2 The basic assumptions and the nature of a pro
bationary period 

The basic assumptions, mainly derived from Fluet (1992), are listed below: 

• A population consists of two risk classes, namely the high risks and the low risks. In 
the remainder of this chapter all variables pertaining to high risk and low risk indi
viduals will be accompanied by the subscripts H and L, respectively. All individuals 
have an initial, nonrandom, wealth of W. All individuals within the population are 
identical, except with respect to the probability of having an accident in the pe
riod [0,n], where 0 is the current time (by "accident" a certain unfavorable event is 
meant, which can e.g. be injury or death) and n is real valued and positive. In case 
an individual is faced with an accident, there is a welfare loss of D. This probability 
for an individual of risk class i is denoted by r)^ i G {H, L}, with r\L < r)H. It is 
assumed that to each individual an accident can occur at most once. 

• All risks are insurable. 

• The proportion of high risks among the entire population is denoted by p. 

• The time at which any accident occurs is perfectly observable to both the individual 
concerned and the company. 

• The probability for an individual of risk class i, i G {H, L}, of facing an accident 
before time t (0 < t < n) is denoted by Fi(t) (hence Fi(n) = %), being continuous 
in [0,n]. All individuals fully know these probabilities. These probabilities are 
exogenous, so that the risk of moral hazard is non-existent. 

• A partial stochastic order holds between the above introduced distributions Fff(t) 
and FL(t): 

FH (t) > b{t)FL{t), with 6 (i) > 1; 0 < t < n, (5.1) 

while for t = n: 

T)H = FH (n) = b (n) FL (n) with b (n) > 1. (5.2) 

The function b (t) is assumed to be twice differentiable on the interval [0, n]. 
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To each individual, the same utility function U(-) applies, being increasing, strictly 
concave, twice continuously differentiable and independent of time. 

Only expected wealth at time n matters and all interest rates are equal to zero. Any 
individual's concern is to maximize expected utility. 

Insurance companies are risk neutral (implying that each company's utility function 
is linear). Their concern is to maximize expected profit. 

Insurance companies have enough resources to offer any set of contracts, which result 
in a nonnegative expected profit. 

There are no transaction costs in the supply of insurance and no costs of administer
ing the insurance business. Nor are there costs of obtaining classification information 
on a potential insured when it is possible to do so. 

In this chapter, contracts will be specified by (t, P) with t and P denoting the probationary 
period and the premium, respectively. For the given contract, no indemnity is paid if an 
accident occurs in the period [0,i], nor will the premium P, to be paid at time 0, be 
refunded to the insured. If on the other hand, an accident occurs somewhere during the 
period (t, n], the insured will get a benefit equal to D. 

In the next two sections, equilibria concerning the offering of insurance contracts in 
case of asymmetric information will be derived. These contracts are related to a monop
olistic and a fully competitive insurance market, respectively, By "asymmetry of infor
mation" , we mean that the insurer knows the proportion of both types of homogeneous 
subgroups with respect to the whole population but cannot monitor the risk type to which 
an individual belongs. In order to be able to interpret the equilibria in a useful way, each 
of the next two sections will start with the case of symmetry of information, where the 
insurer also knows the probabilities of facing an accident per individual. 

As mentioned before, variables pertaining to high risk and low risk class individuals, 
will be accompanied by the subscript H or L, respectively. In the subsections on symmetry 
of information, such subscripts will not be used as the equalities and inequalities stated 
in these subsections apply to both risk types. 

Remark 1 (Stochastic order) The conclusions drawn in this chapter will not change 
if, instead of a partial stochastic order, one assumes the order between the distribution 
functions of the high risks and low risks also to hold outside the interval [0,n], i.e. 

FH{t)>FL{t), V t>0 . (5.3) 

For details about this so called stochastic order, see Kaas et al. (1994). 

Remark 2 (Binding reservation and self-selection constraints) In the next anal
yses it will turn out that any feasible contract is always subject to one or more constraints. 
One restriction involves that individuals from any of the two risk classes will value the 
contract designed for them at least as high as the contract designed for the individuals of 
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the other risk class (the self-selection constraint). Besides, if any individual purchases 
the contract designed for him, his expected utility resulting must be at least as high as it 
would have been had he not bought any insurance at all (the reservation constraint). In 
some cases, one or both of these constraints are binding. Actually, for the self-selection 
constraint this would mean that each individual concerned is indifferent between choosing 
the contract designed for him or the contract designed for the other risk class. The conse
quence would be that, on average, half of those individuals would buy the contract designed 
for them and the other half would purchase the other contract. Something similar would 
apply for a binding reservation constraint: on average, half of the individuals considered 
would purchase the contract designed for them while the other half would not insure them
selves. We, however, assume that each individual will buy the contract designed for him 
if the above restrictions are satisfied, whether they are binding or not. 

5.3 Monopolistic insurer 

In case the insurance market is monopolistic, the equilibrium resulting yields maximal 
expected profit for the insurer, since a monopolist is not hindered by (re)actions of com
peting firms. First it will be shown that, in case of perfect information, this aim is achieved 
by offering, to any individual of a certain risk class, full coverage against the maximal 
premium such an individual is willing to pay. In Subsection 5.3.2, the case of imperfect 
information will be discussed. Considering the exponential utility function 

U{x) = ~ae~ax, a > 0, (5.4) 

it will turn out that only in particular cases the equilibrium resulting is similar to the ones 
derived in Stiglitz (1977) where the monetary deductible acts as the screening device. 

5.3.1 Symmetry of information 

Adopting the definitions stated in the previous section, the insurer's expected profit for 
an individual contract (t, P), denoted by F (t,P), is equal to 

T(t,P) = P-(r,-F(t))D. (5.5) 

Regarding (t,P), we have the following reservation restriction for an individual with 
accident probability r\ (i.e. a condition that has to be satisfied in order to let such an 
individual purchase insurance): 

F(t)U (W-P-D) + {1- F{t)) U (W - P) > nU (W - D) + (1 - n) U (W). (5.6) 

Since the left hand side of (5.6) decreases as either t or P increases, while 

oP at 

equation (5.6) is binding: 

F(t)U {W-P-D) + (l- F(t)) U {W - P) = nU (W - D) + (1 - n) U (W). (5.8) 
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Remark 3 (Binding reservation constraint) The second proposition is an example 
of a binding reservation constraint as explained in Remark 2. Recall that it has been 
assumed (see the same remark) that an individual will always buy the contract designed 
for him. If this were not the case, the contract designed for the individual should be 
designed in such a way that the expected utility resulting from buying that contract is 
an infinitesimally small bit higher than the expected utility resulting from not purchasing 
any insurance at all. The same will apply in the next subsection concerning a binding 
reservation constraint for the low risks. 

In the remainder of this chapter, the right hand side of equation (5.6) will be denoted 
by E, so 

E = nU{W-D) + {l-n)U{W), (5.9) 

with an appropriate subscript added if an individual belonging to a certain risk class is 
meant. It follows that t can be written as a function of P. This function will be denoted 
by^(P) : 

The right hand side of (5.5) can also be written as a function of P alone, and hence we 
get: 

f ( P ) = P-(r,-F(<p(P))).D 
U{W-P)-E \ n , . 

^-U{W-P)-U{W-P-D))D- ( 5 - U ) 

For full coverage the optimal premium is equal to 

P = tp-1 (0) = W - U~l (E). (5.12) 

In view of this, the premium for a contract with any nonnegative probationary period can 
be written as 

p = 9~
l (t) = W- U'1 {E) -eD, e> 0. (5.13) 

Substituting into (5.11) gives, after some rewriting, the following result: 

f(P) = f (ip-1 (*)) = f (W - U-1 (E) - eD) 

= W-U^W-nD 
f(l-e)U (t/-1 (E) + eD) + eU (U~' (E) + (e - 1) D) - E\ 
\ U{W-P)-U(W-P-D) J 

< W-U~1{E)-7]D 
/mU-i(E) + eD + {(l-e)0-e)D)-E\ 
V U {W - P) -U (W - P - D) J 

= W-U~l{E)-r1D = f(W-U-1{E)) =f(</T1(0)). (5.14) 
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The inequality sign follows from Jensen's inequality (which can be applied because U (•) 
is concave). It can only be replaced by an equality sign for e = 0. Hence offering full 
coverage is optimal. 

We will, however, now note another peculiar thing. Notice that 

df(P) 
dP 

ƒ U' {W - P) U {W - P - D) - U' (W - P - D) U {W - P) \ 

1 + l +E(U'(W-P-D)-U'(W-P)) [D 

(U(W-P)-U(W-P-D))2 

(5.15) 

The right hand side of (5.15) may be negative, contrary to the case of a monetary de
ductible. Hence there may be contracts with a certain strictly positive probationary 
period which give the individual an expected utility equal to the one corresponding to the 
situation of no insurance, but which will never be offered by an insurer since they yield a 
negative profit, as the next example shows: 

Example 4 Let U (•) be an exponential utility function with absolute risk aversion coef
ficient a: 

U(x) = -ae-ax, a>0. (5.16) 

Then regarding the contracts with an expected profit equal to no insurance, the following 
relationship between probationary period t and premium P holds: 

F{t)= U(W-P)-(r)U(W-D) + (l-r,)U(W)) 
U {W - P) -U {W - P - D) 

(neaD + (1 - ??)) - eaP 

eaP (eaD - 1) ' 

So the expected profit, written as a function of P only, proves to be equal to: 

(5.17) 

nn--p-\n-^^ê_fl)n. (,18, 
Differentiating with respect to P results in 

df (P) Q {neaD + (1 - 7?)) e~aP 

dP ~ {eaD - 1) 

Hence, if 

D. (5.19) 

eaD - 1 - aD . 
* > aD{*»-l)> ( 5 J 0 ) 

there are contracts with relatively low P (or relatively high t), resulting in —jp < 0, which 
will never be offered, because they will provide the insurer with losses. 
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It should be emphasized, however, that there are always contracts with a nonnegative 
probationary period yielding a positive profit if offered. This property always holds for 
contracts with full coverage, because of Jensen's inequality: 

rVMo)) = r (w - u~l (E)) 
= W-U-l{r]HU{W-D) + {l-rJH)U{W))-7lHD 

> W-{qH{W-D) + (l-riH)W)-T,HD 

= 0. (5.21) 

5.3.2 Asymmetry of information 

The profit optimization problem becomes more complex if the insurer does not have 
complete information at its disposal. Although, as assumed before, the firm still knows 
the relative weight of each of the two risk classes in the population, it is constrained in its 
facilities to offer contracts if it cannot be observed whether an individual is of a low or a 
high risk type. More formally stated, in case of imperfect information, the contracts to be 
offered to low risk and high risk individuals, in the remainder of this section denoted by 
(tL,PL) and (tn,PH), respectively, are not only subject to the reservation constraint, i.e. 
the restriction that they are purchased. The two contracts will have to be constructed 
such that, just as in the case of a monetary deductible, a self-selection mechanism is 
induced, which will only happen if each individual purchases the contract designed for 
the risk class he belongs to. This implies that self-selection constraints act upon these 
contracts: an individual belonging to the low risk class must value (tL, PL) as least as 
high as (in, PH) and vice versa. Adopting the following notation for i e {L, H}: 

Ei{t,P) = Fi(t)U(W-P-D) + (l-Fi(t))U(W-P); (5.22) 

Ek = Et(n,Q), (5-23) 

the Lagrangian has the following form: 

£ = P(PH- (riH - FH (tH)) D) + (l- p) (PL - faL ~ FL (*L)) D) 
+XL {EL (tL, PL) - EL} + XH {EH (tH, PH) - EH} 
+1L {EL {tL, PL) ~ EL (tH, PH)} + 1H {EH (tH, PH) - EH (tL, PL)} , (5.24) 

with Ai and j t representing the multipliers associated with the reservation constraint and 
the self-selection constraint, respectively, of group i (i € {H, L}). 

In the remainder of this subsection we will compare the results of our investigations 
with the four main propositions derived by Stiglitz (1977) concerning the monopolist's 
optimal strategy in case the monetary deductible, instead of the probationary period, is 
the screening device. These propositions are displayed below: 

1. The optimal contract for the high risks involves full coverage. 

2. If a low risk individual purchases insurance, the utility of such a person is the same 
as the expected utility would have been, had he not purchased any insurance at all. 
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3. High and low risk individuals never purchase the same policy. 

4. There exists a critical proportion of high risk individuals within the population, such 
that if the actual proportion exceeds the given critical one, the low risk individuals 
do not buy insurance. 

Note that the first and third proposition imply that low risk individuals never buy full 
coverage. If the actual proportion of high risks within the population exceeds the critical 
one mentioned in the fourth proposition, this implies that it is optimal to offer only one 
contract, namely full coverage against the maximal premium the high risks are willing to 
pay. This premium is higher than the maximal premium the low risks are willing to pay 
and this is the reason why individuals of that risk type are then excluded from coverage. 
Offering only this contract - that is, full coverage against the maximal premium mentioned 
- gives rise to a nonnegative expected profit anyway. The same conclusion applies for a 
probationary period. We will denote the maximal premium by Pf;, being equal to: 

P°H = W- U-1 (EH). (5.25) 

Furthermore we will specify the maximal premium the low risks are willing to pay for full 
coverage as Ff. This quantity proves to be 

P°L = W- U-1 (EL). (5.26) 

Recalling assumption (5.1) concerning a partial stochastic order, it will be shown that 
one or two of the given four Lagrange multipliers are equal to zero while the remaining 
ones are strictly positive. 

First it will be shown that under a partial stochastic order, Proposition 1 of Stiglitz 
(1977) holds, that is that for any given feasible contract (i, P) for the low risks, the 
second contract, to be purchased by the high risks, always involves full coverage, both 
when the contract (£, P) wiU be purchased by the high risks if no other contract is offered, 
or not. Later on in this section, it will be clarified that contracts may exist which will be 
purchased by the low risks but not by the high risks. 

If the given contract (t, P) is not purchased by the high risks, the self-selection con
straint for the high risks is not binding, so by offering additionally the contract (0, Pfj) 
(a contract which will not be purchased by the low risks) maximal profit is achieved. 

If, on the other hand, (t, P) will be purchased by the high risks if no other contract 
is offered, then again offering a second contract with full coverage for the high risks is 
optimal. This will be demonstrated by first ignoring the self-selection constraint for the 
low risks and then showing that for the given optimal solution this constraint is not 
binding. We have the following self-selection constraint for the high risks: 

EH(tH,PH)>EH(t,P). (5.27) 

Just as in Stiglitz (1977), in order to achieve a maximal profit, the above equation must 
hold with equality, otherwise a contract could always be found with higher expected profit 
than the given (tH, PH) and still satisfying the inequality. Equality however implies that 
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offering full coverage is optimal as argued in the previous subsection concerning symmetry 
of information. 

This contract {0,PH), satisfying (5.27) with equality, so 

EH(0,PH)=EH(t,P), (5.28) 

does not violate the self-selection constraint for the low risks. The reason is that the 
resulting PH is equal to: 

PH = W- IT1 (EH (t, P))>W- U-1 (EL (t, P)), (5.29) 

where the right hand side of the above inequality represents the premium corresponding 
to the full coverage contract giving the low risks the same expected utility as (£, P). 

The conclusion is that for the given partial stochastic order the resulting self-selection 
constraint for the low risks, in this case being 

EL(t,P)>EL(0,PH), (5.30) 

is never binding, hence 7L = 0. The Lagrangian reduces to the following expression: 

£ = p(PH-riHD) + (l-p)(PL-(rlL-FL(tL))D) 

+\L {EL (tL, PL) - EL) + XH {EH (0, PH) - EH} 

+lH{EH(0,PH)-EH(tL,PL)}. (5.31) 

As can be read in the appendix, it follows from the first order conditions that both the 
following restrictions on the Lagrange multipliers hold: 

I) AL > 0; 
II) XH > 0 and/or j H > 0. 

Inequality I) indicates that, under the given conditions, Proposition 2 of Stiglitz (1977) 
also holds: whether a low risk individual purchases insurance or not, his expected utility 
remains the same. The pair of inequalities given in II) points out that, for the high risks, 
the option of purchasing the contract designed for them can never be strictly preferable to 
both the option of purchasing the contract for the low risks and the option of not insuring 
at all. 

Hence there are only three different combinations to be taken into account. Next it 
will be shown that, contrary to the case of a monetary deductible where the self-selection 
constraint is always binding, there may be contracts acceptable to the low risks but not 
to the high risks. We will restrict ourselves to contracts which give the former class an 
expected utility equal to the situation of no insurance at all. 

Such contracts (tL, PL) satisfy the following relationship: 

U(W- PL) - EL 

U{W-PL)-U(W-PL-D) tL = FT1 [ rr t„rU iTr r?/„7 o n J - M 
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Hence 

EH(tL,PL) 
,_i/ U(W-PL)-EL 

= F*^\u<W-k)-U(W-PL-D)))U<W-P>-D) 

= EH + (b(n)-b(tL))r,L(U(W)-U(W-D)) 

-(l-b(tL))(U(W)-U(W-PL)). (5.33) 

For low values of PL (and hence large values of tL) and b(tL) > b(n), the following 
inequality may hold: 

(b(n)-b(tL))VL(U(W)-U(W-D)) 

-(l-b(tL))(U(W)-U(W-PL)) <0 . (5.34) 

Contracts satisfying this inequality would be purchased by the low but not the high risks. 

Example 5 Consider the following extreme case, also dealt with in Fluet (1992): 
FH{t) = G(t), 0<t<t' 

= G(t'), t > t' 
FL{t) = 0 0 < t < t' 

= H(t) t > t' 

In the given case, both G(t) and H (t) are specified to be continuous and non-decreasing 
functions on the intervals [0,tf] and [f,n], respectively, with G(0) = H(t') = 0, and 
G(t') > H(n). Figure 5.1 gives an illustration for t' = 10. Consider the contract 
(i ' ,Pi (£')), where PL (t') is the maximal premium the low risks are willing to pay for a 
contract with probationary period t' (actually for full coverage). Note that this contract 
will never be bought by the high risks. An optimal solution involves offering (t',Pi(t')) 
together with (0, P^). 

The existence of such contracts may provide an opportunity for the insurer to increase 
profits since the optimal contract for the high risks is then always (0, P%). 

Hence, in order to find an optimal solution, one should separate all contracts to be 
offered to the low risks (where the contract (n, 0), involving no insurance at all, is also to 
be considered a contract) into two classes: 

1. Contracts also acceptable to the high risks. 

2. Contracts not acceptable to the high risks. 
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10 15 20 25 30 

Figure 5.1: Illustration of Example 3 with FH (•) solid, FL (•) dotted, n = 30, and t' = 10. 

One then selects from all the contracts belonging to class 2 the one that is most 
profitable to the low risks. (As Example 4 indicates, this is the one with the lowest 
probationary period.) Then one compares the strategy of offering the combination of this 
contract and (0, P%) with the most profitable combination of the contracts belonging to 
class 1. 

In the analyses below, for the sake of simplicity it will be assumed that (5.1) holds 
with equality. 

Remark 6 Note that the consequence of this assumption is that cases such as Example 
5 cannot occur, because then 

FL (t) = 0 => FH (t) = 0. (5.35) 

After some substitutions, the expected profit then turns out to be equal to equation 
(5.148) of the appendix: 

w-u-4u{w-PL)-b(F^( 
U(W-PL)-EL 

+ (1 - p) [PL - D ifc -

U(W-PL)-U(W-PL-D) 
• (U (W - PL) - EL) 

-DVH 

U(W- PL) - EL 

) ) 

(5.36) 
U{W - PL) -U{W - PL- D)J 

For any real valued interval of values PL such that (tL, PL) belongs to class 1, differenti-
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ating the equation above with respect to Pi results in: 

df(PL,p) 

dPL 

= -p (U-1)' (U (W -PL)-b (Ft1 (g (PL))) (U (W - Pi) - EL)) 

r -u' (w - Pi) ) 
• -y{Fz1^^L))){n1)'{a{PL))-sf{PL){ui,w-pL)-EL) ) 

{ +b(FE1(g(PL)))U>(W-PL) J 
+ (i-p)-(i + zy'(jy)> 

with 

9{PL) = 
U(W-PL)-EL 

U(W-PL)-U(W-PL-DY 

(5.37) 

(5.38) 

• < 

Local extreme values of the expected profit can be found by setting this derivative equal 
to zero and solving for PL. If this gives a root falling between 0 and P°, and besides the 
second derivative is negative for any Pi falling within the critical region, then a global 
maximum is achieved. This second derivative turns out to be equal to: 

d2?(PL,p) 
dPl 

= -p (U-1)" (U (W - Pi) - b (F? (g (Pi))) A (Pi)) 

-U' (W - Pi) 

6'(P^-1 (2 (Pi))) (Pi1)'(3 (Pi)) 
•9'(PL)A(PL) 

{ +b(FE1(g(PL)))U'(W-PL) 

p ( t /-1) ' (U (W - Pi) - b (P."1 (g (Pi))) A (Pi)) 

U" (W - Pi) 

' b"(F^(g(PL)))((F[l)'(g(PL)))\g'(PL))2 ' 

+6' (P^1 (g (Pi))) (FE1)" (g (Pi)) (g' {PL)f 
+b' [FE1 (g (PL))) (FE1)' (g (PL)) g" (PL) 

+26' (FE1 (g (Pi))) (FE1)' (g (Pi)) g' (PL) U' (W - PL 

-b(FE1(g(PL)))U"(W-PL) 

+ (l-p)Dg"(PL), 

-MPL){ 

with 

A(PL) = U(W-PL)-EL. 

(5.39) 

(5.40) 

This expression is quite cumbersome, due to the fact that &(•) has not been specified, 
beyond the property of being twice differentiable in [0,n]. In the next subsection, an 
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example will be worked out based on the assumption that b (•) is constant. Then the 
formulas (5.36), (5.37) and (5.39) reduce to 

r(PL,p) 
ƒ W-U-1 {bEL -(b-l)U{W- PL)) 

- P\ -DVH 

U(W- PL) - EL l-p)(PL-D(r,L- U{W-PL)-U{W-PL-D) 
(5.41) 

df(PL,p) 

dPL 

= -p {b - 1) U' (W - PL) (U-1)' (U (W-PL)-b- (U (W - PL) - EL)) 

+ (l-p)(l + Dg'(PL)), (5.42) 

and 

^ H = P(b-1)\ 

U" (W - PL) 
{U-l)'{bEL-{b-\)U{W-PL)\ 

- ( 6 - 1 ) (U' (W - PL)f 
. • (U-1)" [bEL -(b-l)U{W- PL)] . 

+ (l-p)Dg"(PL), (5.43) 

respectively. 

Remark 7 Note that for constant b, (5.33) reduces to 

EH {tL, PL) =EH + (b-l) {U (W) -U(W- PL)) > EH, (5.44) 

so all contracts purchased by the low risks are then also acceptable to the high risks. 

Still, in general it is hard to derive an optimal strategy. The only exception, at least after 
imposing a few additional restrictions, is the exponential utility function which will be 
discussed below. 

5.3.3 Appl ica t ion: t h e exponent ia l ut i l i ty function 

If U (•) has constant absolute risk aversion coefficient a, so 

U (x) = -ae~ax, a > 0, 

the formulas (5.41), (5.42) and (5.43) become: 

T(PL,p) = p{^ In [ (6-1) e"p--b{r,L(e°D-l)+l)]-Br,H^ 

(5.45) 

+ (l-p) [PL + D 
nL (eaD - 1) + 1 - e ° ^ 

eaPL (eaD _ ! ) VL (5.46) 
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d?(PL,p) (6 - 1) eapi  
dPL ~ pb{VL(e«D-l) + l)-(b-l)e<*pL 

d2r(PL,p) , ,aD n, , n J -pa; 
b(b-l)eaPL 

,,, -(vL{eaD-l)+l){ (6 ( l ) i(e--i)+i)-(6-i)e-,)2 I ( 5 4 8 ) 

Ón { +(1-P)a
e°^-1) J 

Note that the second derivative is decreasing in PL. We now define 

, = aD 
9 ~ (b-l)b(e<*D-l) + aD' ( 5 , 4 9 ) 

and 

( i ) - l ) f c (e^ - l ) + a ö ( ^ ( e ^ - l ) + i ) 2 ' l J 

being the solutions of 

d2f(PL,p) 
ap2 = 0. (5.51) 

and 

d2f(PL ,p) 

°PL (PL=Q) 
= 0, (5.52) 

respectively. We have p* < p**. Next let p0 and pPa be the solutions of 

df(PL,p) 

0PL (pL=o) 

and 

df(PL ) P ) 

= 0, (5.53) 

= 0. (5.54) 
o n (PL=P°) 

They are equal to 

= ^ L (eaZ? - 1) + 1) {eaD -l-aD-VL (e"D - l) aD) 
(vL(eaD-l) + l)(b(eaD-l)-aD-riLbaD{eaD-l)) [ ' 
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and 

(eaD -l) -aD , 
pn = H^o-v-aD- (5-56) 

We will now introduce two theorems, proofs of which can be found in the appendix. In 
the next theorem a critical value of p is 

m [ r ? L ( e a D - l ) + l ] - ^ £ 

Pl In [bnL (e°D - 1) + 1] - aDnL ' K ' ' 

For p < Pi, the strategy of offering only (0, P°) is to be preferred to the strategy of offering 
only (0, PJJ), while for p> pu the opposite holds. 

Theorem 8 IfbrjL < 1 as well as 

then in case p < plr it is optimal to offer only (0,P°) (a pooling contract) while in case 
p > Pu the optimal strategy involves offering only (0,P^) (i.e. excluding the low risks 
from coverage). 

This theorem states that, if b, being the fixed proportion between FH (t) and FL (t), is 
lower than a certain critical level, then offering a contract with a probationary period 
is never optimal. Instead, it is always optimal to offer only one contract involving full 
coverage. Which contract this should be depends on the proportion of high risks within 
the population. If this proportion is lower than the given critical level px, defined in 
(5.57), a maximal profit is achieved by charging the maximal premium the low risks are 
willing to pay. On the other hand, if the critical ratio is exceeded, this premium should 
be the maximal one the high risks are willing to pay. 

Note that, as b > 1, restriction (5.58) requires that eaCff_aD > 1'. This is the case for 
aD< 1.2564. 

T h e o r e m 9 If 

and 

b> _„n aD , „ , (5-59) 

b (eaD -l) -aD , 

"<• < L D ( J > - D ' ( 5 - 6 0 ) 

the optimal strategy depends on p in the following way: 
1. p < ppa: it is optimal to offer only (0, P°) ; 

2. p > p0: it is optimal to offer only (0, Pfj) ; 
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3. ppo < p < p0: it is optimal to offer (if,, P£) together with (0, P£), where 

Pt = P°L+ In 1 
a 

(l-p)(b(eaD-l)+(b-l)aD) 

P)\ -4(b-l)aDb(eaD-l) ƒ 

2 (6 - 1) {eaD - 1) 
(5.61) 

tl = F£1 
U{W-P*L) - EL 

U {W - PI) -U {W - P*L- D) 

and 

P*H = W- U-1 (bEL -(b-l)U{W- P*L)). 

This solution satisfies 

EH(t*L,P*L) = EH(0,P*H) 

(5.62) 

(5.63) 

(5.64) 

This theorem shows the conditions under which the optimal solution is most similar to 
the one derived in Stiglitz (1977): if nL falls below a certain upper bound and b exceeds 
a certain lower bound, and moreover, p belongs to a certain interval, then the insurer 
maximizes expected profits by offering insurance with a deductible to the low risks and 
full coverage to the high risks, thus satisfying the first two propositions of Stiglitz. Besides, 
there is a critical value of p, namely p0, such that if this value is exceeded, the low risks will 
not purchase any coverage. Because of this, the fourth proposition of Stiglitz is satisfied 
as weh. Note, however, an essential difference with Stiglitz' third proposition: it may be 
optimal to let the high and low risks buy the same contract. This is the case if p falls 
below another critical level. 

In Figure 5.2, the upper bound of r\L as a function of aD, expressed in (5.60), is 
displayed graphically for b = 2 and aD > 0.25. For aD < 0.2838, this upper bound is 
greater than 1, so in that case there is in fact no restriction at all. 

Example 10 We take n = 30, a = 1 • 10"5, D = 2 • 105
; 6 = 3, and 

0.003-LOI35 

FL® exp In (1.01) 
(1 .01 ' -1) ] (5.65) 

(so the mortality law is Gompertz (X,S,K) with parameters x = 35,5 = 0.003, K = l.OlJ. 
Note that 

6 = 3 > 0.45568 = 
,aD 

aD 
-1-aD 

(5.66) 
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1.25 1.75 2.25 5.25 

aD 

and 

Figure 5.2: Upper bound of r\L for b = 2 as a function of aD 

rjL = FL(n) = 0.13806 < 0.22391 = 
b (eaD -I) -aD 

2baD (eaD - 1) ' 
(5.67) 

so the conditions of the previous theorem are satisfied. It turns out that 
p0 = 0.42825 and pPo = 0.25567. Hence the optimal solution is similar to the one given 
in Stiglitz (1977) for p e (0.25567,0.42825). In Figure 5.3, the resulting optimal values 
for Pff and PL are displayed. The corresponding values forti are as given in Figure 5.4.. 

5.4 Fully competitive market 

A monopolistic insurer does not have to take into account possible actions of competitors 
and therefore the equilibrium in a monopolistic insurance market is obtained as a result 
of maximizing the aggregate profit. This is not the case for a fully competitive market. 
Instead each company has to consider the possibility that a competitor in the same market 
may develop a strategy, which results in attracting the risks away of the former firm. 
In this section, we assume that there is freedom of entry and exit for insurance companies. 
Just as for the monopolistic case, we will first deal with perfect and then with imperfect 
information. 

5.4.1 Symmetry of information 

If an insurer has complete information on any individual's risk profile, the equilibrium 
resulting requires offering to any individual an actuarially fair priced contract (or, to 
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Figure 5.3: Optimal values for PL (dotted) and PH (solid) as a function of p. 

Figure 5.4: Optimal values of tL as a function of p. 
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use the terminology introduced in the three previous sections: offering only contracts 
satisfying equivalence on an individual level). The reason lies in the fact that under 
competition firms are constrained to earn zero profits. 

So for any probationary period t, the premium P is equal to 

P={r,-F{t))D. (5.68) 

Another property of an equilibrium is that each individual's expected utility is maximal. 
If existing companies fail to meet this criterion regarding members of any risk type, any 
insurer would have the opportunity to offer a contract to that type with higher expected 
utility for the individual and positive expected profit for the firm. Just as in the case 
of a monopolistic insurer, this requirement is satisfied by offering full coverage, i.e. no 
probationary period, to any risk type, as shown in Eeckhoudt et al. (1988): 

E(t,(n-F(t))D) 

= F{t)U{W-D-P) + {l-F{t))U(W-P) 

= F(t)U(W-D-{r)-F (*)) D) + (l-F (*)) U(W-{n-F (t)) D) 

< U{W-(r)-F(t))D-F(t)D) 

= U{W-nD) 

= F(0)U(W-D-{r]-F (0)) D) + (1 - F (0)) U (W - (r, - F (0)) D) 

= E(0,T)D). (5.69) 

Note that 

dE(t,(v-F(t))D) 
at 

( U{W-D-(T]-F (*)) D)-U(W-{r)-F (*)) D) ) 
= F'(t)\ +F (t) DU' {W - D - (n - F (t)) D) \ . (5.70) 

( +(l-F(t))DU'(W-(V-F(t))D) J 

The right hand side of (5.70) does not have to be negative. This result, also observed in 
Eeckhoudt et al. (1988), is in contrast with the case of the monetary deductible, where 
the individual's expected utility always decreases with increasing monetary deductible. 

Example 11 Let U (•) be an exponential utility function with absolute risk aversion co
efficient a: 

U{x) = -ae-ax, a>0. (5.71) 

Then (5.70) reduces to 

dE(t,(V-F(t))D) 
dt 

=F' (t) e^-fo-n«»*» ( F ( t ) aD (eaD _ !) _ (eaD _ i _ QjD)) ; (5.72) 

which is positive for at least some t if 

eaD - 1 - aD / c „: 
77 > aD^-iy (5'73) 
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The inequality derived is exactly equal to the one resulting in Example 4, being its monop
olistic counterpart. This is just as one would expect. In Example 4 it has been shown that, 
if the above inequality holds, there are contracts which result in the same expected utility 
the individual would have had without purchasing any insurance. This example serves 
to show an equivalent conclusion: that there are contracts with a positive probationary 
period for which the insurer will break even on average, but which will not be bought by 
the insured, since the expected utility is lower than the one corresponding to not insuring 
oneself at all. 

5.4.2 Asymmetry of information 

If an insurer cannot distinguish between the different risk types, it makes no sense, of 
course, to offer the two actuarially fair contracts with full coverage to anybody, as all 
individuals will prefer the one with the lowest premium (the actuarial premium concerning 
the low risks), resulting in losses for each insurer. 

Rothschild & Stiglitz (1976), considering the monetary deductible as a screening de
vice, assume that each insurer follows a pure Cournot-Nash strategy. This means that 
all firms behave without foresight, i.e. they do not take into account their competitors' 
responses to their own strategy. The authors prove that, if the proportion of high risks in 
the population exceeds a certain critical level, there is a separating equilibrium with the 
following properties: 

1. The high risks buy full coverage against an actuariaUy fair premium. 

2. The low risks buy partial coverage, also against an actuarially fair premium. 

For the probationary period, a similar strategy exists. It will be formulated in Definition 
14 and we will call it the Rothschild-Stiglitz strategy. 

If, on the other hand, the actual proportion of high risks in the portfolio falls below 
the critical one, there is no equilibrium. Rothschild & Stiglitz (1976) also show that an 
equilibrium can never involve offering one pooling contract, where the low risks subsidize 
the high risks, because this would induce a new entrant to offer a contract attracting the 
low risks, but not the high risks, away from the insurer with the pooling contract. The 
latter pohcy would then result in losses. 

In this section, however, we assume that any company in the market behaves with 
foresight: it explicitly considers the reactions of competitors to its own strategy. The 
consequence is that, as shown in Wilson (1977), an equilibrium always exists. Such an 
equilibrium is called a Wilson equilibrium, defined in Spence (1978) as follows: 

Definition 12 (Wilson equilibrium) A set of contracts offered is called a Wilson equi
librium if no firm can offer a different set that a) earns positive expected profits right away 
and b) continues to be profitable after competitors have dropped all unprofitable policies in 
response to the original firm's move. 

A difference with the situation of myopic firms just considered is that an equilibrium may 
involve a pooling contract, as shown in Wilson (1977). We furthermore assume that the 
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distribution of individuals is stable over time and that the probability distributions F H (•) 
and Fi (•) remain unaltered as well. 

In this section, Wilson equilibria will be derived and their characteristics compared 
with those involving the monetary deductible as a screening device. The main properties 
of the Wilson equilibrium are stated below: 

1. The Wilson equilibrium results as a solution of the problem of maximizing the 
expected utility for the low risks under certain constraints. 

2. Each firm's expected profit is equal to zero. 

3. High risk and low risk individuals never purchase the same policy. 

4. The high risks purchase full coverage against a price which is at most actuarially 
fair. 

5. The low risks purchase partial coverage and pay a price which is at least actuarially 
fair. 

6. There exists a critical ratio of high risk individuals to the entire population. If 
the actual ratio exceeds the critical one, the Rothschild-Stiglitz strategy applies. 
Otherwise, the low risks subsidize the high risks, but the low risks' deductible is 
lower than in the case of actuarially fair pricing. 

Next, it will be shown that the first and fourth criterion also apply to the case of a 
probationary period, at least under the given assumptions. In a Wilson equilibrium, the 
final expected utility for the high risks should be at least equal to U (W — rjHD), being 
the utility resulting from purchasing full coverage against the actuarially fair premium 
r]HD. To verify this, suppose that the maximal utility for the high risks were equal to 
U(W- r)HD - /?£>), with ß > 0 such that 

(r]H+ß)D<W-U-1(EH), (5.74) 

where EH is as defined in Subsection 5.3.2. (Recall that the right hand side of the 
above inequality represents the maximal premium the high risks are willing to pay in 
return for full coverage, so the above inequality means that the maximal possible expected 
utility for the high risks is higher than the expected utility related to no insurance.) 
Then a new entrant to the insurance market could make profits by offering the contract 
(0,(rjH + ß)D), to all individuals, regardless of whether the low risks would purchase 
it. Competitors would respond by offering some contract (0, {r)H +1) D) w r t n 7 < ß, 
still resulting in profits. New series of premium cutting would follow, resulting finally in 
the situation where a high risk individual will obtain at least U (W — rjHD) as expected 
utility. 

The consequence of this result is that, since, for any 0 < t < n, 

U(W-T)HD) > FH(t)U(W-D-(riH-FH{t))D) 
+ (1-FH (t)) U(W- (VH - FH (t)) D), (5.75) 
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the high risks pay a premium smaller than or equal to the actuarially fair one. Hence, 
since a company cannot afford making losses, the low risks should pay premiums at least 
as high as the actuarially fair ones. This proves the fifth criterion with respect to the 
premium the low risks pay (higher than actuarially fair). So companies rely on the low 
risks for their profits and therefore have to make the conditions for individuals of this 
type as favorable as possible in order to be able to attract them, by offering a contract 
maximizing their expected utility. This proves the first criterion. 

The Lagrangian of the optimization problem is therefore equal to: 

£ = EL(tL,PL) + v(p(PH-(r,H-FH(tH))D) + (l-P)(PL-(r,L-FL(tL))D)) 
+p (EH (tH, PH) -U(W- VxD)) + j L {EL (tL, PL) - EL (tH, PH)} 
+lH{EH{tH,PH)-EH{tL,PL)}, (5.76) 

with i/,iL and j H acting as the Lagrange multipliers corresponding to the nonnega
tive profit constraint, the self-selection constraint for the low risks and the self-selection 
constraint for the high risks, in this order. Finally, p denotes the Lagrange multiplier 
specifying the constraint considered above (expected utility for the high risks at least 
equal to U(W-r}HD)). 

Recall, however, that we assumed 

FH{t)>b(t)FL(t), with b(t)>l; 0<t<n, (5.77) 

with equality in case t = n. As a consequence, the contract in the equilibrium for the 
high risks, should involve full coverage. If this were not the case, but instead a contract 
{tH,PHJ, with tH > 0, were offered, a firm could make profits by offering (0,P^), with 
PH such that 

U(W-P*H) = EH(tH,PH), (5.78) 

as argued in Subsection 5.3.2, where it was also shown that this contract does not violate 
the self-selection constraint for the low risks. So the high risks always purchase full 
coverage and, since the premium they pay is actuarially fair at highest, this proves the 
fourth criterion of the Wilson equilibrium. It follows that j L = 0, and the Lagrangian 
reduces to 

£ = EL (tL, PL) +V{p (PH - riHD) + (1 - p) (PL - (VL - FL (tL)) D)) 

+p {VHD - PH) + 7 H {EH (0, PH) - EH {tL, PL)} . (5.79) 

As proved in the appendix, the following restrictions hold: 

I) v > 0 & p {PH - r,HD) + (1 - p) (PL - (VL - FL (tL)) D) = 0, and 
II) p > 0 and/or j H > 0. 

So in an equilibrium, as I) indicates, the insurer breaks even on average. The interpre
tation of II) is as follows: the optimal contract for the high risks is never a policy with 
premium strictly lower than rIHD which is at the same time strictly preferable to the 
contract offered to the low risks. 
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Just as in the case of a monopolistic insurer, there are three different combinations 
to be taken into account. Again, this is contrary to the monetary deductible case, where 
the self-selection constraint for the high risks is always binding. In case of a probationary 
period, however, things may be different. The next example shows that actually equilibria 
satisfying the pair of constraints: 

M > 0 ; 7 F = 0, (5.80) 

(maximal premium constraint binding, self-selection constraint non-binding) may exist. 

Example 13 Consider, just as in Example 5: 

FH(t) = G(t), 0<t<t' 
= G{f), t>t' 

FL(t) = 0 0 < t < t' 
= H(t) t > t' 

Again, both G(t) and H (t) are specified to be continuous and non-decreasing functions on 
the intervals [0, £'] and [t',n], respectively, with G(0) = H(t') = 0, and G(t') > H{n). The 
contract (t',H(n)D), on the one hand gives the low risks maximal expected utility (for 
them it is actually the same as full coverage) and on the other hand will be considered 
by the high risks to be strictly inferior to (0,G(t')D). The former contract will never 
even be purchased by them since it actually involves no coverage at all. So an optimal 
solution involves offering (t',H(n)D) together with (0,G(t')D), having as property that 
the self-selection constraint for the high risks is not binding. 

For the sake of simplicity, we will restrict ourselves in the analyses that follow to cases 
where the ">"-sign can be replaced by the "="-sign. 

FH {t) = b (t) FL (t), with b (t) > 1; 0 < t < n, (5.81) 

The probationary period corresponding to the Rothschild-Stiglitz strategy, the latter hav
ing the property that both the self-selection constraint and maximal premium constraint 
are binding, is found as a solution of the equality: 

U(W-nHD) = b(tL)FL(tL)U(W-(nL-FL(tL))D-D) 

+ (1 - b (tL) FL(tL)) U(W- (nL - FL(t)) D). (5.82) 

This solution may not be unique but for the moment we assume it is the case. Later on in 
this section we will prove that it actually is unique if b (•) is constant and an exponential 
utility function applies. 

Definition 14 (Rothschild-Stiglitz strategy) We assume that the solution of (5.82) 
is unique, regarding the interval [0,n], and specify it by t^. Now the Rothschild-Stiglitz 
strategy is defined as the strategy of offering (0, nHD) together with (t^, (nL — F^ti)) D). 
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Then for all potential solutions of the optimization problem (5.79) with tL < ti, the self-
selection constraint is binding, but the maximal premium constraint is not, implying that 
the low risks subsidize the high risks. On the other hand, for all potential solutions of the 
optimization problem (5.79) with ti > ti, the maximal premium constraint is binding 
but the self-selection constraint is not: each contract pays the actuarially fair premium. 
The reason is, in graphical terms, that the high risks' indifference curve (an individual 
of a certain risk type is indifferent between two contracts lying on the same indifference 
curve applying to the same risk type) passing through (0, nHD) lies above the low risks' 
zero-profit curve (the curve consisting of contracts breaking even on average) for ti < ti 
and below it for tL > tL. This will be illustrated in Example 16. 

Hence, the optimization problem involves comparing: 

1. the contract (ti, Pi) of all the contracts satisfying the constraints: 

p (PH - nHD) + (1 - p) (PL - (nL - FL (tL)) D) = 0; (5.83) 

EH(tLPL)= EH(0,PH); (5.84) 

tLe [0,tL], (5.85) 

which maximizes the low risk class individuals' expected utility, with 

2. the contract (ti, Pi) of all the contracts satisfying the constraints: 

PL = (ifc - FL(tL)) D, (5.86) 
tLe [tL,n], (5.87) 

which maximizes the low risk class individuals' expected utility. 

Remark 15 In the monetary deductible case, the second partial optimization problem is 
trivial as the contract maximizing expected utility for the low risks is always the one with 
the lowest deductible. This may not be the case for the probationary period, as was argued 
by equation (5.70) and Example 11. 

Next, the optimal contract of the first partial optimization problem will be derived. Com
bining the corresponding constraints (5.83) and (5.84) results in the following relationship 
between tL and Pi: 

u(w- nHD + ^—^ (PL - (VL - FL (ti)) D)\ = EH (ti, PL). (5.88) 

Concerning the above inequality, in general neither one of the two variables ti and Pi can 
be written as a function of only the other one and hence in general the objective function 
can not be written as a function of only one variable. An exception is the exponential 
utility function, which will be considered in the next subsection. 
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5.4.3 Application: the exponential utility function 

In this subsection, U (•) is specified to be exponential with a being the coefficient of 
absolute risk aversion: 

U{x) = -ae-ax, a>0. (5.89) 

Furthermore, &(•) is assumed to be constant. Then the contract satisfying both the 
maximal-premium and the self-selection constraint is unique. This will be verified by 
substituting (5.89) into (5.82), yielding: 

ear,HD = ea{VL-FL(tL))D ^ fy ^aD - l) + l) . (5.90) 

The derivative of the right hand side of the above equality to tL is equal to 

F'L (tL) e<^-FL(tL))D (p (e«D _i)_aD (pFh (iL) (e-D - 1) + 1)) . (5.91) 

It follows that, if 

VL- baD(e<*D-l) ' V ' 

the right hand side of (5.90) is monotonously increasing as a function of tL, varying from 
ear,LD (< eanHDj t o ( ^ ^aD - l ) + 1 ) (> e0"1»0). On the other hand, if 

6 (eaD -l)-aD 

"<• > L p ( e ^ - l ) ' ( 5-9 3 ) 

the right hand side of (5.90) is monotonously increasing in tL for 

_j fb(eaD - 1 ) - Q £ > X 

tLe °'FL I baD{e<*D-l) 
(5.94) 

varying from ea^D (< e"'»0) to 

aD 
(5.95) 

and monotonously decreasing in tL varying from the last mentioned expression to 
(bqL (eaD - l) + l) (> e°""tD). Hence the solution tL, again denoted by tL, is in any 
case unique. As a consequence, in the equilibrium for all contracts with a probationary 
period tL < tL the self-selection constraint is binding, and the maximal premium con
straint is not. Contracts (tL,PL) designed for the low risks then satisfy (5.88), which in 
the given case of an exponential utility function reduces to 

PL = p LHD +1-^(T,L- FL(tL)) D-hn (bFL(tL) (eaD - l) + l ) ) . (5.96) 
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-> 

Figure 5.5: Illustration of case of an exponential utility function. 

The opposite applies for ti > t^: the maximal premium constraint is binding and the 
self-selection constraint is not. The low risks then buy a contract satisfying: 

PL = (VL-FL(tL))D, (5.97) 

while the high risks will buy (0,T]HD). The above results will be illustrated graphically 
by means of the following example: 

Example 16 We take n = 30, a = 1 • 10"5, D = 2 • 105, p = 0.4, 6 = 3, and 

1.01 • 0.00335 ™—(-^(»-'-O (5.98) 

Figure 5.5 illustrates the given case. It turns out that ti, being the probationary period ap
plying to the contract designed for the low risks in case ofthe Rothschild-Stiglitz strategy, 
is equal to 10.8416. Furthermore Pi = 18,114, where Pi denotes the premium corre
sponding to ti. The figure displays the set of contracts (tL, Pi) satisfying the constraints 
(solid curve). For ti < ti andti > tL, these constraints involve the equalities (5.96) and 
(5.97), respectively. The indifference curve for the high risks, passing through (Q,r)HD) 

and (ti,Pi) (dashed), has been drawn as well. Besides, another high risks indifference 

curve (dotted) is given, corresponding to a possible strategy of offering (0, Pfj) together 
with (t*L, PI), with t*i <ti. The figure shows that in that case the self-selection constraint 
(for the high risks) is binding, but not the maximal premium constraint (also for the high 
risks). It should be noticed, however, that this strategy is just a feasible one, and not 
necessarily equal to the equilibrium. 
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Let us consider the contracts (tL, Pi) with tL e [tL, n]. Recall from Example 11 that 

dE(tL,(ri-F(ti))D) 
dtL 

= F' (tL) e°W-<a-ntL))D) ( F ( tL) aD (e«o _ y _ (eaD _ 1 _ aD^ t ( 5 9 9 ) 

which is either positive for any value tL e [tL, n], or negative for any value tL e [tL, n], 
or negative for tL e [fi,t'L) and positive for tL € {fL,n], with t'L G (ti,n). It follows that, 
when restricting oneself to contracts with probationary period tL e [tL, n], a low risk class 
individual's expected utility is maximized either by offering (tL, (j)L - FL(tL)) D) or by 
offering (n, 0), which means no insurance at all. So contracts (tL,Pi) in the equilibrium 
set with tL S (tL,n) do not exist. 

The conclusion is that the optimization problem involves deriving the optimal solution 
with constraint 0 < tL < tL, and then investigating whether the contract designed for 
the low risks (this might also be a pooling contract with full coverage) will actually be 
purchased by individuals of that type. 

So we can use a constrained objective function (constrained, since it is subject to the 
constraint 0 < tL < tL) which can be written as a function of either tL or PL. This is 
derived by substituting (5.96) into the unconstrained objective function given in (5.79). 
Denote this function by V (tL,p). It turns out to be equal to 

V (tL, p) = e~aW {bFL(tL) (e"D - 1) + I)'' (FL(ti) {eaD - l) + l) 
.eoD(pvH+(i--p)(nL-FL(tL))) ^ (5.100) 

with first derivative 

dV(tL,p) 
dtL 

= e-aW (bFL{tL) (eaD - 1) + l p e ^ t o H + C i - r i f o L - ^ ) ) ) ^ ^ ) 

. f (Fi(ti) (e»° - 1) + 1) LJ^J}1)+1 + (1 - P) aD) 1 (ß 1Q1) 

I - (e- - l ) J 
The sign of this derivative is determined by the expression between large curly brackets. 
Therefore we will consider this expression, defined as s (tL,p). So 

/ b (eaD - 1) \ 

. fe,P) = (Fi(ti) {f - 1).+ 1) [pbFL{t^eaD_[) + l + (1 - P) *D) 

- (eaD - 1) . (5.102) 

Taking the derivative with respect to tL gives: 

9 « L " v / v ; V ( & F L ( < L ) ( e « D - 1 ) + 1 ) 
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The factor between large parentheses in the right hand side of the above equation increases 
monotonously in t^. We now define 

aD 
K (b-l)b{eaD-l)+aD' 

and 

dtL (iL=o) 

and 

dV(tL,p) 
dtL {tL=rL) 

respectively. They prove to be equal to 

and 

(5.104) 

r- » ° ( ^ (&)(«--i) + ') „ (5.105) 
(b-l)b {e<*D -l) + aD (bFL (tL) (eaD - 1) + l) 

= 0, (5.106) 

as the solutions of 

ds{tL,p) 
dtL ( i i=0) 

and 

* § £ ^ = 0 , (5.107) 

dtL (tL=rL) 

respectively. We have p* < p**. Next let PPOOL
 a n d Pus De *n e solutions of 

dV{tL,p) • 0 (5.108) 

= 0, (5.109) 

(eaD -1) -aD , 

r™ = H*»-l)-aD> (5-110) 

. JPFL (tL) (e°° - 1) + 1) ( ( e ^ - 1) - aD (F, (fL) (e°° - l) + l)) 

(FL(tL){e<*D-\) + l)(b{e«D-l)-aD(bFL(tL)(e°D-l) + l)y 

We now derive the following two theorems, proofs of which can be found in the appendix. 
In the first of these, a critical value is 

\n[FL{tL)(e°D-l) + l]-FL(tL)uD 
P2 - (b-l^aD • ( 5 ' 1 1 2 ) 

For p < p2, offering the pooling contract (0,pr]HD + (1 - p) r]LD) is to be preferred to 
the Rothschild-Stiglitz strategy, while for p > p2, the opposite holds. 
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Theorem 17 IfbnL < 1 and 

b< ^ , (5.113) 
0<- ecD _ i _ a £ > ' v 

i/ie following conclusions hold concerning p: 

1. If p< p2, it is optimal to offer only the contract {0,pnHD + (1 - p)nLD), provided 
that 

< l n ^ ( ^ - l ) + l ] - ^ ^ (5.114) 
( 6 - 1 ) ï7La.D 

If the above condition is not satisfied, it is optimal to offer only the contract (0, nHD). 

2. In case p > p2, the optimal strategy involves offering (0, nHD) anyway. Besides, 
(*!. (jlL - FL (*i)) D) will be offered, provided that 

e*D(VL-FL(rL)) nL{eaD-l)+l ( 5 n 5 ) 

FL (*L) (eaD - 1) + 1 

This theorem indicates that, if the fixed proportion between FH (t) and FL (t) is lower 
than a certain critical level, then there are only three strategies to be considered: a) the 
Rothschild-Stiglitz strategy; b) offering only the pooling contract (0, pnHD + (1 - p) nLD); 
c) offering only (0, nHD), implying that the low risks are excluded from coverage. 

Note, finally, that if 

eaD - 1 - O.D 
VL < (e„D _ x) a£> ' (5.116) 

the equalities (5.114) and (5.115) hold anyway. 

Theorem 18 If 

b> e £ — , (5.117) 

and 

F- N < LD{J>-I)>
 (5'118) 

the optimal strategy depends on p in the following way: 

1. p< pPOOL: it is optimal to offer only (0, pnHD + (1 - p) nLD), provided that 

lnk(e°g-l) + l ] - ^ ^ . ( 5 n 9 ) 
P< {b-l)nLaD 
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2- p > pRS: it is optimal to offer (0,nHD) together with (ti, (rjL — FL (tL)) D), pro
vided that 

0*D(,L-FL{rL)) < r,L(e°°-l) + l 

FL (*L) (e 1) + 1 
(5.120) 

3. PPOOL
 < P <

 PRS: it *s optimal to offer (t*L,Pl) together with (0,PJ), where 

f 

*I = FL1 

(l-p)(b(eaD-l)-(b+l)aD) 

' \ 
( 1 - P ) 

( ( 6 - l ) a Z ) - & ( e a D - l ) ) 2 

-p((b-l)aD + b(eaD -l))' 

2(eaD - 1 ) ( 1 - p)baD 

\ 

, (5.121) 

PI = p LHD + L-R(r,L- FL{t'L)) D-Uu (bFL(tl) (eaD - l) + l)) , (5.122) 

and 

P*H = ^D - {—£ (PI - (VL - FL (t*L)) D), (5.123) 

provided that 

eaPl (FL (tl) (eaD -l)+i)<r,L (eaD - l) + 1. (5.124) 

If the condition related to any of the three cases listed is not satisfied, then it is 
optimal to offer only (0,rjHD). 

The last theorem shows the conditions under which the optimal solution is most similar 
to the one derived in Miyazaki (1977) and Spence (1978): if FL {tL) falls below a certain 
upper bound and b exceeds a certain lower bound, and moreover, p belongs to a certain 
interval, then a low risk class member's expected utility is optimized by offering insurance 
with a deductible to the low risks, which is smaller than the deductible corresponding to 
the Rothschild-Stiglitz strategy. In addition the high risks are subsidized by the low risks, 
thus satisfying the fourth and fifth property of the Wilson equilibrium. Besides, there is 
a critical value of p, namely pRS, such that if this value is exceeded, then the Rothschild-
Stiglitz strategy applies. Because of this, the sixth property of the Wilson equilibrium 
is satisfied as well. Note however an essential difference with the third characteristic: it 
may be optimal to let the high and low risks buy the same contract. This is the case if p 
falls below another critical level, namely PPOOL-
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The optima considered are only the real ones if they improve the low risks' situation 
compared with no insurance. This is the reason why extra conditions concerning b and 
ft {f-LJ are imposed. Note however, just as in the previous theorem, that if 

•K^-QaD- < 5 ' 1 2 5 ) 

these conditions are always satisfied. 

Example 19 As in Example 10, we take n = 30, a = 1 • 10~5, D = 2 • 105, 

ï&-1-«*(-1BW î<MI*-1)) (5126) 

(so the mortality law is Gompertz (X,6,K) with parameters x = 35,0 = 0.003, K = 1.01J, 
and 6 = 3. The actuarially fair premium corresponding to the full coverage contract for 
the high risks is equal to 

??HD = 82,836. (5.127) 

The Rothschild-Stiglitz strategy comprises the contract 

tL = 10.8416, ft = (nL - ft (£)) D = 18,114. (5.128) 

We have that 

and 

ft (tL) = 0.047487 < 0.22391 = )baD{JD_l) , (5-129) 

aD 
b = 3 > .45568= — - , (5.130) 

eaD-l-aD' v ; 

so the first two conditions of Theorem 18 are satisfied. Furthermore: 

eaD _ l _ a£) 
VL - -13806 <{eaD_l)aD, (5.131) 

so the extra conditions regarding the three different cases considered in Theorem 18 are 
satisfied anyway. It turns out that pRS = 0.25567 and PPOOL

 = 0.36119. Hence the 
optimal solution is similar to the one given in Miyazaki (1977) and Spence (1978) for 
p £ (0.25567,0.36119). In Figure 5.6, the optimal values for PH and PL are displayed. 
The corresponding values for t^ are as in Figure 5.7. 

The reader may have noticed that the equilibria derived in this section have some prop
erties in common with the optimal strategies for the monopolistic insurer dealt with in 
the previous section. This is the reason why we will next spend an extra section on the 
properties both equilibria share. 



126 The Probationary Period as a Screening Device 

t 
P 
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->• 

Figure 5.6: Optimal values for PL (solid) and PH (dotted) as a function of p. 

0.256 0.266 0.276 0.286 0.296 0.306 0.316 0.326 0.336 0.346 0.356 

n -> 

Figure 5.7: Optimal values of t^ as a function of p . 
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5.5 Comparison between equilibria for bo th insur
ance markets 

We will first make some comments about the properties that the equilibria for the monop
olistic and competitive insurance markets have in common in general. (In this respect, 
the solution yielding maximal profit for the monopolistic insurer is also considered to be 
an equilibrium.) Then we will discuss the special cases of the exponential utility function, 
which were taken as the leading example throughout the whole chapter. 

5.5.1 In general 

It was shown that, if an insurer is able to monitor the individuals' accident probabili
ties, for both a monopolistic and a competitive insurance market, equilibria involve full 
coverage for all risk types. 

In this chapter, a partial stochastic order between the c.d.f.'s of the time-at-accident 
of low risks and high risks was assumed. This implies that, for both types of insurance 
markets, an equilibrium always involves full coverage for the high risks. Furthermore, the 
high risks are never worse off compared with symmetry of information (this also applies 
for a monetary deductible). As a consequence we get that the Lagrange function concerns 
three constraints in both cases, one of which (the low risks reservation constraint in case of 
a monopolistic market, the nonnegative profit constraint if the market is fully competitive) 
is always binding, just like at least one of the other two. 

Irrespective of the market form, the Lagrange function applying to the monetary 
deductible as a screening device has the property that the self-selection constraint for the 
high risks is always binding. This does not have to be the case for the probationary period, 
as was illustrated by one and the same extreme example for both market types (namely 
Examples 5 and 13, respectively). In other words: contracts with partial coverage may 
exist which will be purchased by the low risks, but which will be considered to be inferior 
by the high risks, when compared to a contract with full coverage against the maximal 
premium a member of the latter type can be charged. (This maximal premium is the 
actuarial premium in case of full competition and the maximal premium the high risks 
are willing to pay for full coverage if the insurance market is monopolistic.) 

5.5.2 The special case of constant absolute risk aversion 

The case of an exponential utility function was considered extensively in this chapter. It 
was shown that if the entire accident probability 77 exceeds a certain bound, depending 
on the welfare loss, denoted by D, and on the risk aversion coefficient, denoted by a, 
then there are contracts, with a relatively high probationary period, which will never be 
offered, either because the individual considered will ultimately be worse off (in case of 
a fully competitive market) or because they will contribute to losses from the company's 
point of view (in case of a monopolistic insurer). 

Such contracts will never be part of an equilibrium. A monopolistic insurer has always 
a more profitable strategy at its disposal of excluding the low risks from coverage and 
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charging the high risks the maximal premium they are willing to pay, while, on the other 
hand, the high risks, always buying full coverage, never subsidize the low risks. 

In both sections two theorems were derived, being in pairs similar and based on a 
constant proportion between the c.d.f.'s of both risk types, denoted by b. 

We will first focus on the Theorems 8 and 17. It was shown that, if 

b < e£ , (5.132) 

then offering a contract with a probationary period is never optimal if the insurer is a 
monopolist, while in a competitive market, offering a contract with a probationary period 
is never optimal if different from the one resulting from the Rothschild-Stiglitz strategy. 
If the proportion of high risks within the entire period is low enough, it is optimal to offer 
a pooling contract, a solution which never applies in case of a monetary deductible. 

Theorems 9 and 18 will now be compared. Suppose that the conditions of Theorem 9 
apply, so: 

b > — , (5.133) 

and 
b(e°°-l)-aD 

VL 2baD(e"D-l) K ' 

This implies 
_ b (e

aD _ l) - aD 

(̂">< L>(J--ir (5135) 

so the conditions of Theorem 18 are satisfied as well. Besides, it implies (5.125), hence 
in an equilibrium of a competitive market the low risks will always get coverage, with 
probationary period at most equal to tL. Solving a V ^ ' p ) = 0 (cf. (5.101)) for p results 

{bFL (tL) [fD - 1) + 1) ((e°° - 1) - aD (FL (tL) (e"g - l) + l)) 
9 {FL (tL) [eaD - 1) + 1) (6 (e"D - I) - aD (bFL (tL) ( e ^ - 1) + 1)) ' 

And solving % ^ = 0 (with ^§ft as in (5.42)) for p yields: 

. Aft 
ßsß. 

(5.136) 

(5.137) 
3^4 

with 

ßl = e a P i (eaD - 1) - aD (r,L (eaD - l) + l) ; (5.138) 

/?2 = & M e Q D - l ) + l ) - ( 6 - l K F i ; (5.139) 

ß3 = VL(eaD-l) + l; (5-140) 
ßA = (eaP^(b(eaD-l) + (b-l)aD)-baD(rlL(eaD-l) + l)). (5.141) 

which by applying (5.32) results in (5.136). 
So if the given conditions hold, the following can be concluded concerning the equilibria 

for monopolistic and competitive insurance markets: 
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1. For p < PPOOL
 = Pp°> it ig optimal for both market types to offer only one contract 

of full coverage. 

2. For PPOOL < P ^ PRS-I it is optimal in both cases to offer two contracts, one of which 
having a probationary period tL equal to 

/ 

tl = F? 

(l-p)(b(eaD-l)-(b+l)aD) \ 

1 
. ((b-l)aD-b{e°°-ï)f 

-p((b-l)aD + b(eaD-l))2 

2 (eaD - 1) (1 - p) baD 

\ 

(5.142) 

/ 

3. For p > pRS, the optimal strategy for a monopolist involves offering two contracts, 
one of which has a probationary period greater than t^ if p < p0, and no coverage at 
all if p > p0. On the other hand, if the market is fully competitive, the probationary 
period for the low risks will always be equal to tL . 

So if p < pRS, for both market types the equilibria coincide with respect to the proba
tionary period, provided the given conditions hold. 

5.6 Conclusions, final comments and recommenda
tions for further research 

Insurance companies have always been faced with the problem that they know less about 
individual persons than individuals know about themselves. As a consequence, they have 
to cope with the threat of adverse selection. In this chapter, the probationary period 
has been introduced as a method to design contracts in such a way that each individual 
person in a population selects the contract designed for him. This has been done for two 
extreme insurance market types, namely the monopolistic insurer and a fully competitive 
market. It has been compared with the more common screening instrument of a monetary 
deductible. This has been done under simplified assumptions such as the existence of 
only two risk classes, no discounting of interest and a partial stochastic order between the 
distribution functions of time-at-accident of a low and a high risk class individual. 

In order to be able to draw conclusions in an appropriate way, the case of symmetric 
information has been considered as well. For both market types it has been shown that in 
that case any individual will purchase full coverage, i.e. no probationary period. This will 
be against either the actuarial premium, in case the market is competitive, or against the 
maximal premium the individual considered is willing to pay, if there is only one insurer. 
It has also been shown however, that there may be contracts with a certain probationary 
period which are actuarially fan with respect to an individual but will not be purchased 
by him. It is difficult to explain this phenomenon. To our opinion, the reason seems to be 
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the fact that an insured gets less certainty from a contract with a probationary period, 
compared to a contract with a monetary deductible (which will always be purchased by 
a risk averse individual if actuarially fair). In the latter case, the insured at least always 
gets some compensation for a welfare loss, whereas in the former case there is the chance 
of getting no compensation at all. For other possible reasons, we refer to Eeckhoudt et 
al. (1988). 

The assumption of a partial stochastic order between the distribution functions of 
time-of-accident of the two respective risk classes has proved to be an essential one, since 
the equilibria resulting have at least some properties in common when compared with 
the corresponding ones for the monetary deductible. One characteristic is that the high 
risks will always purchase full coverage, i.e. insurance without a probationary period. 
Just as in the case of a monetary deductible, they are also at least as well off as they 
would have been in case of symmetric information. On the other hand, the low risks, 
and this is again the same as with the monetary deductible case, are either as well off 
(monopolistic insurer) or worse off (competitive market) compared with the situation of 
perfect availability of information. 

For both market types considered, using the probationary period as a screening device 
can give the insurer extra opportunities, since contrary to the monetary deductible, con
tracts may exist which will be purchased by the low risks, but not by the high risks. In 
general, however, it is difficult to draw conclusions, partly due to the fact that so many 
different specifications of the distribution functions of time-of-accident are possible. Some 
analyses have been carried out with the exponential utility function and an additional as
sumption concerning a fixed proportion between a high risk's probability and a low risk's 
probability of facing an accident before any point of time. It has been shown that, for a 
monopolistic insurance market, the strategy yielding a maximal profit is comparable with 
the one derived by Stiglitz (1977), provided that some restrictions hold. Under similar 
circumstances, the equilibrium in case of a competitive market has much in common with 
the one derived in Miyazaki (1977) and Spence (1978). For both market types, however, 
an equilibrium may involve a pooling contract with full coverage, where both risk types 
pay the same price. This can never happen in case of a monetary deductible. 

The approach in this chapter has been analytic. This has yielded some unambiguous 
results, though at the price of rather severe restrictions. Many extensions of the approach 
in this chapter are possible. One can, for instance, add interest as an additional parameter 
or relax the assumption of a partial stochastic order between the two above mentioned 
distribution functions of the low and high risks. It may be interesting to investigate 
how the conclusions derived in this chapter may then change. Other possibilities are the 
addition of more risk classes, the study of other utility functions than the exponential 
one, consideration of more moderate and more realistic insurance market forms (e.g. an 
oligopolistic market), and the addition of costs due to underwriting. Last but not least, 
one can study the consequences in a competitive market if the assumption used in this 
chapter that companies behave with foresight, is replaced by the one that they are myopic, 
i.e. do not take not account the competitors' reactions to their own strategy. 

The analyses in this chapter rely on the expected utility hypothesis, an assumption 
which is very often used in the literature, but which may contradict reality. Another 
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critical assumption is that individuals have perfect information on themselves. One can 
make this restriction more lenient by supposing that an individual's perception of his own 
profile is to be compared with the realization of a random variable, or more loosely stated, 
a "move of Nature". 

It should be noted that most (if not: all) of these extensions require thorough simula
tion studies in order to obtain well-founded conclusions. 
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Appendix A: First order conditions of optimization 
problem (5.31) 

The first order conditions of the reduced Lagrangian, displayed in (5.31) are: 

Table A. l 
First order conditions of maximization problem (5.31) 
A.1 | F = 0 
A.2 ^ = 0: 

A-3 £ - 0 

A.4 AL,Atf,7tf>0. 
A.5 | f > 0 

aXr. — 

A.6 I f >0 
A.7 # > 0 

P-{\H+1H)U'{W-PH) = Q. 

( 1 - P ) 
FL (tL) U' (W-PL- D) 

+ (l-FL(tL))U'(W-PL) 
(l-p)F'L(tL)D + [U(W-PL)-U(W-PL-D)} 
•h„F'H(tL)-XLFL(tL))=0. 

( A L - 7 H ) = 0. 

EL(tL,PL)>EL. 
EH{0,PH)>EH. 
EH{Q,PH)>EH{tL,PL). 

From (A.2) or (A.3) we have that Â  cannot be equal to zero. Furthermore it follows 
from (A.l) that the following combination of values of multipliers cannot be part of an 
optimal solution: 

Atf = 0,7 i f = 0. (5.143) 

As the constraint corresponding to Xi is binding, the following relation between ti and 
PL holds in any case (identical to (5.6) with ">"-sign replaced with the "="-sign): 

EL (tL, PL) = EL, 

yielding the following relationship (writing i^ as a function of PL): 

U{W-PL)-EL 
tL = F71 

U(W-PL)-U{W-PL-D) 

(5.144) 

(5.145) 

We now assume that the constraint corresponding to j H is binding. This is e.g. the case 
for b constant. Then the following relation between PH, tL and PL applies: 

U(W- PH) = b(tL) FL(tL)U(W -PL-D) + (l -b(tL)FL(tL))U(W - PL) • (5.146) 

Substituting (5.145) results in: 

PH = W - U'1 
U{W- PL) 

-b (FE1 {u^Zllt-k-D))) (U (W - PL) - EL) 
(5.147) 
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The expected profit resulting from offering the contracts, satisfying the constraints (5.145) 
and (5.147) is equal to: 

w-u-u 
= P\ 

U(W-PL) 

-b (F~1 ( U(W-PL)-EL 
U{W-PL)-U(W-PL-D) 

(U(W-PL)-EL) 
) ) 

-DVH 

+ (1-P)[PL-D[T]L 

U(W-PL)-EL 

U(W-PL)-U(W-PL-D) 
(5.148) 

Appendix B: Proof of the theorems of Subsection 5.3.2 

B.l. Proof of Theorem 8 

We have 

b< 
aD 

iaD - 1 - aD 
<=> ppo < p*. (5.149) 

For p < p*, QP^ is monotonously increasing in PL, so it is optimal to offer either only 

{0,Pl) or only (0 ,P^) , depending on whether p < px or p > p1: respectively. Regarding 

the case p> p*, note that the equation dTgp
L'p' = 0 has no roots for 

P> 
>(eaD - 1 ) - ( 6 - l ) a Z ) N 

b(eaD -l) + (b-l)aD) ' 

In the given case, under the given assumption (i.e. b < e a D °^_ a £ ) ) : 

'b(eaD-l)-{b-l)aD' " 

(5.150) 

b(eaD-l) + (b-l)aD 

(b-l)b (eaD - 1) ((& (eaD - 1) - (b - 1) aD)2 - ( 2 Q D ) 2 ) 

(6 (eaD - 1) + (6 - 1) aD)2 {{b - 1) b (eaD - 1) + aD) 

> 0. (5.151) 

Hence, for p > p*, 9Tfp
L'^ is strictly negative, so it is optimal to offer only (0, Pfj). This 

proves the theorem. 
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B.2. Proof of Theorem 9 

We have 

A aD b(eaD-l)-aD\ 
y>>eaD-l-aD^L< y

2haD{eJD_x) )^>Po>p-*p-<Pn<Po- (5-152) 

We now consider the several scenarios and distinguish between the cases 1: pPa < p** and 
2: pPo > p**. 

1. Ppo < p** : 

(a) p < p* : ar<gL'p) > 0 at PL = 0, monotonously increasing in PL, so 9fiP
p
L,p) > 0 

at PL = Ff. The optimal solution involves offering only the contract (0, P°). 

(b) p* < p < pPo : gP > 0 at Pj, = 0, monotonously increasing in P£ varying 
from 0 to the solution of 

5 2 F ( P ^ = 0 , (5.153) 
ÖP| 

and then decreasing,dTgP
L'p) > 0 at PL = P£. The optimal solution involves 

offering only the contract (0, P°). 

(c) pPo < p < p** : gP
L > 0 at PL = 0, monotonously increasing in PL varying 

from 0 to the solution of 

QP~2 °. (5-154) 

and then decreasing,8r^'p) < 0 at PL = Ff. The optimal solution is found as 
follows. In this case, the equation 

% ^ = 0 (5.155) 
dPL 

has a zero root faUing in the interval [0, P°] which at the same time is the 
optimal value of Pj,. This equality can be rewritten as follows: 

C (6 -1 ) (eaD - 1) e2aPL 

{ + /i » J (b (e°D - 1) + (6 - 1) "£>) e Q P i e ^ 
1 + ( 1 ~ ^ \ - 6 a £ e

2 ^  

eaPL (&eaP° - (6 - 1) e ° ^ ) (eaD - 1) 

resulting in two roots, namely 

PL = P°L + -\n[A(p;b;a;D)}, (5.157) 
a 
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with 

A (p; b; a; D) = 
2 (b - 1) {eaD - 1) 

(5.158) 

The root with the '+' sign turns out to be the relevant one. Denote this root 
by P£. Then the corresponding values for tL and PH are found by substituting 
P£ in (5.145) and (5.147), respectively. 

(d) p** < p < pQ: just as in case I.e. 

(e) p> pQ: dr{
d
P

p
L

L'p) < 0 at PL = 0, monotonously decreasing in PL, 8 r ^ ' p ) < 0 

at PL = Pi So 9f^p) < 0 for each PL G [0,P£], and therefore the optimal 
solution involves offering only (0, P#). 

2. pPo > p" : 

(a) p< p* : 9T{
a
P

p
L,p) > 0 at PL = 0, monotonously increasing in PL, so 9r(

dP
L

L'p) > 0 
at PL = 0. The optimal solution involves offering only the contract (0, P°). 

(b) p* < p < p** : argpL'p) > 0 at PL = 0, monotonously increasing in PL varying 
9PL 

from 0 to the solution of 

d2Y{PL,p) 

dPl 
= 0, (5.159) 

and then decreasing, aTfp'p^ > 0 at PL = P°. The optimal solution involves 
offering only the contract (0,P°). 

(c) p** < p < ppo : dr^p
L'^ > 0 at PL = 0, monotonously decreasing in PL 

,arip
L'p^ > 0 at Pi = P°. The optimal solution involves offering only the 

contract (0,P£). 

(d) ppo < p < p0 : dVfpL,p) > 0 at Pi = 0, monotonously decreasing in PL 

,dYfp^p) < 0 at PL = P£. The optimal solution is as in case l.d. 

(e) p> po • aTgPp^p) < 0 at PL = 0, monotonously decreasing in PL, aT
dP^p) < 0 

at PL = P°L. So a r ^ ' p ) < 0 for each PL € [0,P£], and therefore the optimal 

solution involves offering only (0, P%). 

Hence the theorem is proved. 
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Appendix C: First order conditions of optimization 
problem (5.79) 

The first order conditions of the reduced Lagrangian displayed in (5.79) are: 

Table C.l 
First order conditions of maximization problem (5.31) 
C.l -2±- = n • 

9PH U • 
^-M-7^'(WA-JP/f)=0. 

C.2 dPL
 U ' l1 p ) z / + ^ \+(l-^fe)) t / ' (W-PL) / 

ƒ F£(tL)J7'(W-PL-I>) \ 
I + ( I - ^ ( < L ) ) [ / ' ( ^ - P L ) J - U -

C.3 ^- = 0 • (t/ (W - Pi) - U (W - PL - D)) (lHF'H (tL) - F'L (tL)) 
+v(l-p)F'L(tL)b = Q. 

C.4 ^L,^H,JH > 0 . 

C.5 F - 0 : 

f- >0 : 
P- >0: 

p (PH - VHD) + (1 - p) (PL - (nL - FL (tL)) D) > 0. 
C.6 

F - 0 : 

f- >0 : 
P- >0: 

PH < VHD. 

C.7 

F - 0 : 

f- >0 : 
P- >0: EH(0,PH)>EH(tL,PL). 

From (C.2) or (C.3) we have that at least one of the variables v and -yH must be non
zero. But then v = 0 would imply that (C.l) has no solution. It follows that v > 0 
(implying that in an equilibrium the insurer breaks even on average). As the constraint 
corresponding to v is binding, the following relation between tL and PL and PH holds 
anyway: 

p {PH - r,HD) + (1 - p) (PL - (nL - FL (tL)) D) = 0. (5.160) 

Furthermore we have from (C.l) that the following combination of values of multipliers 
cannot be part of an optimal solution: 

M = 0,7 / f = 0. (5.161) 

Appendix D: Proof of the theorems of Subsection 5.4.2 

D.l Proof of Theorem 17 

Consider the case 

aD 

This implies that 

b < -^—; K- (5.162) 
eaD - 1 - aD K ' 

PPOOL < P*- (5.163) 

For all p < p*, we have that ^f1 > 0 for tL € [0, tL], so s (tL, p), determining the sign 

of Qt
L

L'p', is increasing everywhere. The consequence is that either: 
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• aV{gt
Lf] is positive for all tL € [O, tL], or 

• 9VdtL
L'P) i s negative for all tL e [0,*I], or 

• there is a value t°L £ [O, tL~\, such that dVgt
L'^ is negative for tL e [0, t°L) and positive 

f o r t L e {t°L,tL}. 

It follows that for p < p*, the equilibrium involves one of the following two strategies: 

1. For p < p2: offering only the pooling contract (0,prjHD + (1 — p)r]LD), provided 
that this will actually be purchased by the low risks, which is the case if 

EL (0, PVHD + (l-p) T,LD) > EL, (5.164) 

implying 

m[r,L^-l)+l]-,LoD 
{b-l)rjLaD 

2. For p > p2: the Rothschild-Stiglitz strategy, provided that the contract 
(*£i (VL ~ FL (*L)) D) will actually be bought by the low risks, which is the case if 

EL {tL, (VL - FL (FL)) D) > EL, (5.166) 

implying 

> ( , , - > K 5 9 ) < ^ j f ° - 1 ) + 1 , (5.167) 
FL {h) (e"° - 1) + 1 

If, for any of the above cases, the condition related is not satisfied (implying that the low 
risks will not purchase the contract), then the equilibrium involves offering only (0, r\HD), 
hence excluding the low risks from coverage. 

Regarding the case p > p*, note that the equality 

dV(tL,P) 
dtL 

has no solutions for 

0 (5.168) 

^(ôU-ij+^-iUJ- (5-i69) 

If p exceeds this upper bound, 9Vgt
L

L'p) is strictly positive for tL e [O, tL]. In the proof in 
Appendix B.l, it was shown that, under the given conditions, 

P * [b{*»-l) + (b-l)aD) • ( 5 ' 1 7 0 ) 

So for p > p*, the equilibrium involves the Rothschild-Stiglitz strategy, provided that 
condition (5.167) holds. Otherwise, the equilibrium involves offering only (0,rjHD). 
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D.2 Proof of Theorem 18 

We have that 

b>—n—; ^> (5.171) 
eaD-l-aD v ; 

and 

imply 

and 

. - , b(eaD-l)-aD F^< LD(J>-I)> (5-172) 

P** < Pus, (5.173) 

Pus > PPOOL, (5-174) 

PFOOL > P*- (5-175) 

As the proof of Theorem 17 showed, each equilibrium derived is always accompanied by a 
certain condition indicating that the low risk class individuals actually buy the contract 
designed for them. This will also be the case in this proof. It will turn out from the 
analyses that follow, that there are three kinds of equilibria, all subject to the condition 
just described. Just as in the proof of Theorem 17, for the pooling equilibrium and the 
Rothschild-Stiglitz strategy, these conditions are 

In \r]L (e
aD - l ) + ll - rjLaD 

P < IK iV n 5 - 1 7 6 

{b - 1) T]LaD 
and 

e*D{,L-FL(îl)) K r,L(e°°-l) + l 

FL (*L) (eaD - 1) + 1 

The equilibrium resulting from the next cases l.c, l.d and 2.d are subject to a condition 
which will be clarified in case I.e. 

Next we consider the several scenarios and distinguish between the cases 1: PPOOL < 
p** and 2: pPOOL > p**. 

! • PPOOL < P** • 

(a) p < p* : av^'£"p) < 0 at ij, = 0, s (<£,, p) monotonously increasing for tL G 

[0 , t i ] , dVgt
L'^ < 0 at tL = tL. The equilibrium involves offering the pooling 

contract (0, pr)HD + (1 — p) r]LD). 
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(b) p* < p < PPOOL '• aVdtLLP) < 0 at tL = 0, s (tL,p) monotonously decreasing at 
tL varying from 0 to the solution of 

ds{tL,p) 
dtL 

= 0, (5.178) 

dy(tL<ti < 0 at tL = tL. The equilibrium involves offering and then increasing,—^ 
the pooling contract (0, pr]HD + (1 - p) rjLD) 

(c) PPOOL < P < P** • ^mf1 >Oa.ttL = 0,s(tL,p) monotonously decreasing in 
tL varying from 0 to the solution of 

ds{tL,p) 
dtL 

0, (5.179) 

and then increasing,—^ 
av(<L-p) < 0 at tL = tL- In this case, the equation 

dV(tL,p) 
dtL 

(5.180) 

has a root falling in the interval [O, tL] which at the same time is the optimal 
value of tL. The equilibrium is found as follows: the two roots of the equation 
^ H = 0 are 

tL = FE1 

(1 - p) (b (eaD - 1) - (6 + 1) aD) 

± 1 
((b-l)aD-b(*»-l))*-

-p((b-l)aD + b(e°D-l))2 

2 {eaD - 1) (1 - p) baD 

V 

(5.181) 

I 
The root with the '-'-sign turns out to be the relevant one. Denote this root by 
t*L. Then the corresponding values for PL and PH are found by first substituting 
tl in (5.96), yielding P£ as defined in the theorem, and then substituting t*L 

and PI into (5.160). This yields P£ as defined in the theorem. This results in 
the strategy of offering (t*L , P[) together with (0, Pfr) which is the equilibrium 
if purchasing {t*L ,P£) gives the low risks a higher expected utility than not 
purchasing any insurance at all. This is the case if 

eaPl
 {FL (tl) (eaD

 -1)+1)<VL {^ - l) + 1- (5.182) 

(d) p** < p < pRS : as in case I.e. 

(e) P> Pas- ^ ^ > 0 at i£ 
0, s(tL,p) monotonously decreasing in tL, 

dV(tL,p) 
dtL 

strategy. 

> 0 at tL = tL. The equilibrium involves the Rothschild-Stiglitz 
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2. pPo > p** : 

(a) p < p* : jft
L'p' < 0 at tL = 0, s(tL,p) monotonously increasing in PL, 

—oY -̂ < 0 at tL = tL. The equilibrium involves offering the pooling contract 
(0,pr1HD + (l-p)vLD). 

(b) p* < p < p** : —gt < 0 at tL = 0, s(tL,p) monotonously increasing at ti 
varying from 0 to the solution of 

^ H - °. (5-183) 
OIL 

and then decreasing,9Vgt
L < 0 at tL = tL. The equilibrium involves offering 

the pooling contract (0, prjHD + (1 — p) rjLD). 

(c) p** < p < PPOOL '• — a t 1 < 0 at <£, = 0, s {tL, p) monotonously decreasing dtL 

tL --
contract (0, prjHD + (1 — p) r)LD) 

dt 

a t *L,—Qt
L,p' < 0 at ti = £j> The equilibrium involves offering the pooling 
),pr)HD 

(d) PPOOL < P < Pus '• —dt~ > 0 at tL = 0, s(tL,p) monotonously decreasing in 

^L ,—Qt
L < 0 at t i = £j> The equilibrium is as in case I.e. 

(e) p > pRS : —gt
L'p' > 0 at tL = 0, s (tL,p) monotonously decreasing in tL, 

—at > 0 at i i = tL- The equilibrium involves the Rothschild-Stiglitz strat
egy-

Hence the theorem is proved. 



Chapter 6 

Prediction of Claim Numbers Based 
on Hazard Rates 

6.1 Introduction 

As demonstrated in Chapter 2, a life insurance portfolio is a typical example of an ap
proach by means of hazard rates, since once a life dies, it leaves the portfolio for ever. 
As a consequence, statistical models based on hazard functions can be used in life busi
ness. Moreover, such models have found many applications concerning duration data, e.g. 
biometrics, labor economics and reliability theory. 

Keiding et al. (1998) showed that they can be applied to non-life problems as well. 
The main topic of the paper mentioned involves the estimation of the hazard of occurrence 
of claims due to casualty insurance portfolios of several types, where as time dimension 
either calendar time or time elapsed since the last claim of each type is taken into account. 
The aim of this chapter is to demonstrate that the hazard rate approach can be used in 
IBNR (Incurred But Not Reported) and RBNS (Reported But Not Settled) problems as 
well. We will consider the prediction of future claim numbers, by which we mean claims 
which have already been incurred by a contract but either have not been reported yet 
(IBNR) or have already been reported but not yet settled (RBNS). In the remainder of 
this chapter, the terminology used will be in accordance with the IBNR case. 

The set-up of this chapter is as foUows. In Section 6.2, the problem is introduced 
and the run-off triangle of claim numbers is displayed. After that, in Section 6.3, an 
overview of papers concerning the modelling of claim numbers will be given. It will 
be clarified that the modelling of claim numbers is usually done as part of setting up an 
IBNR micro model where assumptions concerning claim numbers and claim sizes are made 
separately. In this respect, they are to be distinguished from macro models, where only 
aggregate claim amounts are considered. It will be explained that models concerning claim 
numbers, as far as they appeared in literature, are either simplified or fully parametric. 
Section 6.4 will, after imposing an additional assumption concerning the reporting of 
claims, translate the problem considered in terms of hazard functions. After this, some 
statistical methods based on a proportional structure of hazard functions, at least in a 
continuous time dimension, will be proposed. In Section 6.5, we will consider one of the 
most important models of this class, namely the Cox model, which has the property of 
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being semiparametric rather than parametric. Besides, if the number of claims is small 
compared to the number of contracts under consideration, the hazard function can be 
approximately regarded as the product of two effects. Hence it includes the chain ladder 
method and separation method as special cases, which will be discussed in Subsections 
6.5.1 and 6.5.2. A numerical example is considered in Section 6.6. Section 6.7 gives 
conclusions as well as recommendations for further research. 

6.2 The run-off triangle of claim numbers 

A certain portfolio has been observed during J years. Let n; be the number of contracts 
which pay premiums during the i-th year (or the period [i — l,i)). These contracts are 
exposed to claims from the z-th year on. So we have the following, well known, run-off 
triangle for claim numbers: 

# of contracts Year of origin Development year 
1 2 ••• J - l J 

ni 1 nu n12 ••• nltj^ nu 

"l 2 n21 n22 ••• n2]J_i 

n\ J nji 

Figure 5.1 IBNR-triangle of claim numbers. 

In this triangle, n^ (i = 1, . . . , J,i + j < J + 1) denotes the observed number of claims 
that have occurred in year i and are reported j — 1 years thereafter. The IBNR-problem 
concerns predicting the future claim numbers ny with i = 2 , . . . , J and i + j > J + 2. 

6.3 Overview of comparable l i terature on prediction 
of claim numbers 

One of the first articles on forecasting future IBNR claim numbers is Verbeek (1972). Let 
Nij denote the random variable representing the number of claims occurring in year of 
origin i which are reported in year i + j—'l. Verbeek (1972) assumes that these numbers 
are Poisson distributed, with expectation equal to the product of two parameters to be 
estimated ("Po" is short for Poisson): 

^ • ~ P b ( f t + , . _ i a ) (6.1) 

In the specification above, ßi+j-\ and Pj represent the effects of calendar year of report 
and year of development, respectively. Hence Verbeek's model is to be interpreted as the 
separation method applied to claim numbers. In order to avoid overparametrization of 
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the model one usually imposes a restriction on the p-values, for instance Y2i=iPj = 1, as 
Verbeek did. In that case, J2j=i Pj c a n ^ e considered as the proportion of claims settled 
upon the end of the K-th development year, assuming that all claims are settled after 
J years. This method results in the same outcomes of the estimates as the arithmetic 
separation method, which is based on mechanical smoothing and uses a restriction similar 
to the one above. 

Verbeek's paper is one of the few considering only claim numbers. In most papers, 
such specifications do not stand on their own, but instead are part of a micro model 
on aggregate claim amounts. Micro models have, contrary to macro models which are 
based on aggregate claims data, the property that they focus on insured individuals. 
As a consequence, claim numbers and individual claim amounts are usually specified 
simultaneously. In this section, we will restrict ourselves to contributions where the 
modeling of claim numbers is based on the estimation of fixed quantities, because the 
main model in this chapter has the same property. Contributions where this applies and 
which will be discussed below, are Bühlmann et al. (1980), Witting (1987) and the special 
cases in Norberg (1986). 

Norberg (1986), first of all, assumes that to each year i, a latent general risk condition 
corresponds, represented by a random variable, say Bi, in such a way that, conditionally 
given Bi=ßi: 

• the number of claims in year i, denoted by Ni, is Poisson distributed with parameter 
Vißi, where Vi represents the amount of risk exposed, e.g. the number of contracts 
in force at the beginning of year i, and 

• the number of claims in year i reported in year i + j — I, denoted by JVy, has the 
following distribution: 

^ - P o ^ f t f t ) , (6.2) 

with pj denoting the probability that a claim is reported j years after occurrence. 
The domain of j is {1, . . . , M} with M + 1 denoting the maximal time that can 
elapse between occurrence and notification of a claim. 

Finally, quantities related to different occurrence years are assumed to be independent. 
Note that the expected value of each random variable Nj is described as the product 

of an effect of the year of origin and an effect concerning the development year. So we have 
that, in case ßt is fixed, instead of being the outcome of a random variable, as considered 
in Section 4 of Norberg (1986), Norberg's specification of reported claim numbers reduces 
to the chain ladder method as V{ is known. 

Definition 1 (Chain ladder method) When we write about "chain ladder method", 
we mean that the relevant quantities (e.g. the parameter in a Poisson distribution) can 
be expressed as a product of an effect of year of origin and an effect of development year. 
For an overview of such models, the reader is referred to Mack (1994)- They are not to 
be confused with the original chain ladder method based on mechanical smoothing. In that 
case we will use the terminology "original chain ladder method". In Remark 3, estimates 
of Jiij corresponding to that approach will be given. 
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Concerning Nt as defined above, Bühlmann et al. (1980) and Witting (1987) use the 
same specification as Norberg (1986), except that ß{ is supposed to be fixed and identical 
for all i. Apart from that, however, the approach in both Bühlmann et al. (1980) and 
Witting (1987) is entirely different. They first concentrate on the time elapsed between the 
occurrence and first reporting of the claim, which is assumed to be identically distributed 
irrespective of the year of origin, and then assume each claim, once it has been reported 
for the first time, to follow a certain stochastic process. We will not consider this model 
any further. It should, however, be noted that, assuming 

• a claim can only be reported once (this will also be assumed in the next section), 
and 

• once a claim is reported, its size is known instantaneously, 

the specification in both papers has much in common with the original chain ladder 
method. 

So, only the papers by Norberg (1986) and Verbeek (1972) remain to be considered. 
Note that both involve a distributional assumption. In fact, both models, and related 
ones, are generalized linear models in the sense of Neider & Wedderburn (1972). 

The conclusion of the above survey is that the problem of the prediction of future 
claim numbers is either simplified by assuming that there are no significant factors except 
development time (Bühlmann et al, 1980 and Witting, 1987) or tackled by using a fully 
parametric approach (Norberg, 1986 and Verbeek, 1972). 

In this chapter it will be shown that a method exists which not only allows for including 
more effects than development time alone, but, in addition, is semiparametric, provided 
that the available data can be considered as failure data or duration data. This requires 
the assumption that a claim occurred can only be reported once, which in many lines of 
non-life insurance is a not too severe restriction. In the next section we will translate the 
given prediction problem in terms of hazard functions and then introduce some available 
prediction methods. 

6.4 The hazard rate approach 

In the remainder of this chapter it is assumed that each contract can report at most one 
claim per year of occurrence. If we instead are dealing with an RBNS (Reported But Not 
Settled) problem, the assumption is that there will be at most one claim payment for each 
claim reported in some year of origin. 

So we have that at the beginning of year j there are still rtj — Yjj~=i n\ja contracts 
exposed to having had a claim occurring in year of origin i. 

We assume that the reporting times of contracts of the same year of origin are in
dependent and identically distributed. Let % denote the reporting time of an arbitrary 
contract with year of origin i. We define the probabilities 

Pij = P [Ti = j], (6.3) 
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and the hazard rates 

P[Ti=j] 
ij P[Ti>jY 

(6.4) 

So the hazard rate in this context is equal to the conditional probability that an arbitrary 
claim with year of origin i is reported at time TJ, given that it had not been reported 
before. We assume further that the reporting times of contracts with different years of 
origin are independent. 

Next the problem of predicting claim numbers will be put in a hazard functions frame
work, after which some statistical methods will be considered. 

6.4.1 Trans la t ing t h e p rob lem in t e r m s of haza rd functions 

The random variable representing the number of claims from year of origin i which are 
reported in development year j is denoted by iVy. These claim numbers are observable 
for 0 < i + j < J + 1. The assumptions imply that claim numbers from different years 
of origin are independent and that the joint distribution of the observable claim numbers 
from year of origin i is the multinomial distribution given by 

' J - i+l 

n iNv=nv} 
. 3=1 

«i,i • • • n-i.j-i+i 

J-i+l 

lb 
3=1 

J-i+1 

i - ^2 Pik 
fc=i 

- E S + 1 « 
(6.5) 

where 

ni,\ • • • n^j-i+i 
n,! 

n£+1^!-(^-£ü+1^)' 
(6.6) 

is a multinomial coefficient. This implies that the joint distribution of all observable claim 
numbers is given by 

= n 

J J - i+ l 

n n {^=ny} 
i= l j=l 

(( "' ) 

J-i+l 

3=1 

J-i+l 

fc=i 
'ik 

E J-i+l „ \ 

(6.7) 

Hence the observable claim numbers satisfy the (unconditional) multinomial model. We 
have 

3-1 

Pij = Y[ I1 ~ Xik) • Xi: (6.8 
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with, by definition: 

n(l-Aa) = l. 

Furthermore, 

fc=i 

J-i+l j-i+i 
1 - Y, Pik = J [ (1 - \ik). 

(6.9) 

(6.10) 
fc=i 

So the joint distribution of all observable claim numbers can also be expressed in terms 
of the hazard rates of the reporting times and we obtain 

J J - i+ l 

j 

- n 
t = l 

J 

= n 

i = i j = i 

'(.„.~„„)-nS+,(nü(i-A*)A„)"" 

(nt;+'(.-w)^E"r'"" J 
H (^(l-Ayr-^-"1*) 

^ n ^ i . . . n ^ j - j + i , 

This yields the fohowing log-likelihood function to be maximized: 

J J - i+ l 

(6.11) 

In f| p| {*«=««,-} 
_i=i j = i 

= 5> «•i,l • • • ™i,J-i+l 
J J - i+ l 

• ^ ] T I ny In [Ay] + ( ni - ^ ] niJo ) In [1 - A;/ 
t=l i=l \ V 30=1 

(6.12) 

The logarithms of the multinomial coefficients do not affect the optimal solutions of the 
likelihood maximization problem. They will be omitted in the special cases considered 
below. 

Remark 2 (The censoring concept) Statistical models based on the hazard rate ap
proach explicitly take into account that the study period, in this case equal to J years, 
is limited and therefore not of all contracts incurring claims the reporting time can be 
observed. Such contracts are said to be right-censored. The only thing we know about any 
contract with year of origin i, i G {1 , . . . ,J}, still in force at the end of calendar year 
J, is that it either incurred a claim with reporting time longer than J-i + l, or did not 
incur a claim at all. 



6.4. The hazard rate approach 147 

6.4.2 A non-parametric method considering only development 
year 

One may assume that the relative development pattern of all claims is the same for each 
year of origin: 

\{j=Pj v ; , j e { i , . . . , J } , (6.13) 

equivalent to assuming that the variables Tt defined above are identically distributed, 
i € { 1 , . . . , J}- By substituting this into (6.12), we get as maximum likelihood estimators 
of pj, denoted by pj, j e { 1 , . . . , J} : 

ft = y = 1 n ' J
 r , (6.14) 

with, by definition, 
o 

£ « U b = 0 . (6.15) 
jo= l 

The right hand side of (6.14) can be seen to be the ratio of the number of "failures" 
in development year j to the number of contracts "at risk" at the beginning of year j . 
The estimate of the corresponding survivor function, representing the probability that no 
claims are reported within j years after occurring, is equal to: 

m>j}=n(i-fk)=n(-j^j i), (e-ie) 

also known as the Kaplan-Meier or product limit estimate of the survivor function. The 
predictions for the future claim numbers, denoted by nj-, i = 2 , . . . ,J,j = J—i+2,... , J, 
are 

3-1 

rhj=niY[(l-Pk)-Pj- (6.17) 
fc=i 

Remark 3 (Comparison with original chain ladder method) Contrary to the orig
inal chain ladder method, which instead has estimates 

i - i 
n7j = «iij-i+i _ c„iS+1, (6.18) 

s=J-i+l 

with 

?s,s+1 =
 ZS?,S+\ (6-19) 

the above method, like all methods described in the remainder of this chapter, requires the 
availability of the number of contracts n i ; i g {1 , . . . J}, which in most practical cases is 
not a severe restriction. 
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Usually, however, one supposes that there are more effects than only the development 
pattern, so covariates will have to be included. Therefore in the next subsection we 
introduce a specification satisfying this requirement. 

6.4.3 The proportional hazards specification 

A class of models that has been widely used in many scientific disciplines, including bio
metrics and (labor) economics, is the proportional hazards model, where, in a continuous 
time space, the hazard function is factored as 

A(t ,z)=0(z , /3)p( t ) , (6.20) 

where z denotes a vector of covariates, /3 a vector of unknown coefficients, while p(t), 
an unknown function, denotes the baseline hazard function (baseline, since it is equal 
to the hazard function itself if <j){z,ß) = 1). For an overview of the characteristics of 
this specification, see Kiefer (1988). One of the properties mentioned here is that the 
proportional effect of the hazard function on the covariates is independent of time: 

ain[A(t,z)] = dm[0(z,/3)] 
dz dz 

One can, of course, assume that p (t) belongs to a parametric family, and then estimate all 
coefficients by means of maximum likelihood, but this would give no advantage compared 
to the approaches considered in last section. If however, one assumes <j> (z, /3) to be as 
follows: 

0(z,/3) = e"'«, (6-22) 

then Cox (1972) showed that specification of p (t) is not required. In fact, we are then 
dealing with the semiparametric Cox model, which will be discussed in the next section. 

6.5 The Cox model applied to prediction of claim 
numbers 

In this section, two specifications of the hazard function are considered which both prove 
to be special cases of the Cox model. In case time t is continuous, this model is of the 
following general shape : 

A(i;z)=p(t)exp(/3'z), (6.23) 

with z and ß denoting vectors of regressors and regression coefficients, respectively, while 
p(-) represents the baseline hazard. This model was introduced in Cox (1972) and dis
cussed extensively in Kalbfleisch & Prentice (1980). 

The Cox model has a broad range of applications, in particular in medical statistics. 
Its popularity is derived from the semiparametric estimation method first exhibited in 
Cox (1972). The method is semiparametric because 
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• 

• 

it is not parametric: estimation of /3 does not require specification of the baseline 
hazard function, and 

it is not non-parametric: the hazard function is specified proportionally and log-
linearity of the effect of regressors z is assumed (the latter argumentation is indicated 
by Keiding et al. (1998)). 

Because the Cox model is not non-parametric, it is not assumption-free. However, this can 
hardly be called a drawback, at least when compared to the models of Norberg (1986) and 
Verbeek (1972), discussed in Section 3, as, regarding the effects, they cannot do without 
specifications either. The assumptions related to the Cox model are even less restrictive 
than those related to the parametric method considered in Norberg (1986) and Verbeek 
(1972), as the latter two require specification of all parameters. Therefore, the probability 
of a misspecification in the Cox model is smaller than in the above mentioned parametric 
models. 

In general, parametric methods have the advantage that the estimation (usually by 
means of maximum likelihood) is relatively easy, but the drawback that the model may 
be misspecified. For non-parametric methods, it is just the opposite: estimation may be 
cumbersome but there is no chance of a misspecification. We will see in the next subsec
tions that the estimation of the parameters ß and the function p (t) in the semiparametric 
Cox model - by maximum likelihood - is not very complicated. Therefore, the model con
sidered in this section is not only more accurate than the parametric models discussed in 
the previous paragraph, but also shares its advantages. 

Defining the following survivor functions F(t;z) and F(t), in this context to be inter
preted as the probability that no claim is reported before time i by a contract with 
covariate vector z or by a "baseline" contract characterized by exp (ß'z) = 1: 

F(t;z) = e . /o^M«; (6.24) 

F(t) = e-Jo'pW* (6.25) 

we have that the following relationship holds: 

F(t;z) = (F(t))expiß'*). (6.26) 

By using the effect "development time" as the time variable, the Cox model can be used 
to predict future claim numbers. However, IBNR-models are discrete time models. By 
adopting j € { 1 , . . . , J} as discrete time variable, like we did before, the two respective 
relationships between hazard rate and survivor function, displayed in (6.24) and (6.25), 
respectively, should be altered in the following way: 

Fó{z) = l[(l-Xk(z)); (6.27) 
k<j 

Fj = J\(\-Vk), (6-28) 
k<j 
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with Fj (z) and Fj denoting the respective probabilities that the development time of a 
claim is larger than j . Replacing F(t;z) and F (t) in (6.26) with Fj (z) and Fj, respec
tively, and then substituting for each j € {1,...,J} the equalities (6.24) and (6.25), 
results in 

AJ(z) = l - ( l - p , r P ^ ) , (6.29) 

see Kalbfleisch & Prentice (1980, p. 98, formula (4.30)). 

R e m a r k 4 (Difference w i t h t h e a p p r o a c h in Cox, 1972) In the original paper of 
Cox (1912) the discrete time model 

- - a C l a x p O * ) , (6.30) 
l-Xj(z)dj I-Pjdj 

is proposed instead of (6.29). It also reduces to the continuous one in case the time 
intervals become infinitesimally small. Kalbfleisch & Prentice (1980) indicate that the 
differences between (6.29) and (6.30) tend to be very small if the values of the hazard 
functions are small as well, but that the above specification is only an approximation in 
the discrete time framework. 

We assume that the values for either the hazard function or the baseline hazard are small. 
It follows that (6.23) can be used as an approximation: 

A,- (z) = pj exp (ß'z). (6.31) 

In the run-off triangle, each item of data, i.e. a claim number, reveals two pieces of 
information, one of them being "development year". The other quantity is either "year 
of origin" or "calendar year of report". This results in the chain ladder method and 
separation method, respectively, if approximation (6.31) can be used, as both z and ß are 
one-dimensional. The two mentioned cases will be considered in the next two subsections. 

There will be problems with the numerical computations in this case, because the 
parameters cannot be defined uniquely. In order to avoid convergence problems, one can 
select a value of ß and determine the other values in an analogous manner, as is also done 
in the classical approach. 

Finally, similar to the approach in Kalbfleisch & Prentice (1980, p. 99), the following 
transformation will be used in order to remove range restrictions on the parameters: 

1j=\n(-\n(l-p,)). (6.32) 

6.5.1 The chain ladder method 

If the chain ladder method is applied, each hazard rate Ay is assumed to depend on two 
effects representing development year and year of origin, respectively: 

Ay = pj exp (ßi). (6.33) 



6.5. The Cox model applied to prediction of claim numbers 151 

Using transformation (6.32), the likelihood function, displayed in (6.12), becomes 

. r _ ^ f E / : i + 1 n i > [ l - e x p [ - e x p ( 7 j . + A ) ] ] 

The score statistics (see Kalbfleisch & Prentice (1980, p. 99-100)) are 

(6.34) 

dlnL 

and 

J-j+i _ j 

= ] T n« exp (7 i + ft) e" «*fo+ft) ( l - e - «P^+ft) ) 
« = 1 

- ^2 [rii - Y2 ni,Jo ) exp (TJ + ft) , 
i= l V 30=1 / 

J - t + 1 

(6.35) 

dlnL 

»A 
j - j + i 

5 3 ny exp (7, + A) e - -Pb+f t ) ( l - e-exp^+ft))-1 

] C [ni ~ J2 "'^° e x p ( 7 3 + A ) • (6.36) 
3=1 \ 30=1 / 

The Fischer information matrix (see Kalbfleisch & Prentice (1980, p. 100)) is: 

9 2 lnL d2\nL 

H = #11 #12 
Hoi H-n 

0-797 97 9/3 
9 2 lnL a 2 l n i 

(6.37) 
3/337 9/39/3 

where both ifu and H22 are diagonal matrices. The diagonal elements of Hn are 

<92mL 

" ô7
2 

J-3+1 
exp(7 i + Ä)e-exP(^+/'0 

. ^ - e x p ( 7 , + / 3 , ) + e x p ( 7 . + / 3 . ) _ l 

( 1-e" ?(7j+f t ) 
) ' 

J-3+1 / 3 
+ 5Z ni ~ S n^° )exp ( 7 J + A ) 

i=l \ 30=1 

(6.38) 

The elements of f/12 and H21 are 

<92lnL 

97,-ÖÄ 

n y exp ( 7 i + /3,) 6 - e x p ( % + f t ) ( e — P ( 7 J + ä ) + e x p ( 7 . + ft) _ 1 

. ( l _ e - e x p ( 7 , + / 3 i ) V 2 

+ ( "* ~ / L "*••"> ) eXP (73 + A) • (6.39) 
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The diagonal elements of H22 are: 

<92lnL 

dß] = J2 nv 
J-i+l 

£ 
3=1 

J-i+l 

exp(7 i+/3 i)e- e x p(^+ / 30 

( e - e x p ^ + f t ) + e X p ( 7 j + / 3 i ) - l ) 

+ £ ( ni ~ £ ni ô 
3=1 \ 30=1 

(6.40) 

We can compute the required estimators by means of the Newton-Raphson approach. 
Only a matrix of order J has to be inverted numerically. The simple starting value in 
Kalbfleisch & Prentice (1980, p. 101) is 

ßi=,0fori = l,..,J, 

and the maximum likelihood estimator of 7 at /3 = 0 : 

7, = In In j = l,..., J. 

(6.41) 

(6.42) 

Remark 5 Note that this estimator is actually the same as (6.I4). 

6.5.2 The separation method 

If one uses the separation method, one assumes that the hazard rate is the product of two 
effects, namely the development time and the calendar year: 

Ay = pj exp {ßi+j-x) • (6.43) 

In terms of this approach, the random variable Ntj can be interpreted as the number of 
claims with development time j occurring in calendar year i + j — T. 

Compared to the previous subsection, formulas (6.34) to (6.36) and (6.38) to (6.40) 
have to be modified, while (6.41) and (6.42) remain the same. The results are: 

^ f Eî- i "--j+1,3ln [1 - exP [- exP (ij + ßi)] ] 
~ i=i \ - Ej-i (n*-3+i - E^„=i "i-3+1,30) exp irti + ßi) 

(6.44) 

The score statistics are: 

j 
dlnL 
Ö7, = £ n«-3+i,3 exP (TJ + ßi) e~ ij+ßi) ( , - , -exp(li+ßi) y 

1=] 

- E ni-3+l - E ni-3+l,30 eXP {ij + ßi) -
30=1 

(6.45) 
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dlnL ]T -̂7+1,7 exp (7i + ßi) e—Pb+ft) (i _ e-«p(i,+A) j " 1 

7 = 1 

- ^ I nj_J+1 - ^ n w + l j 0 J exp (7i + &) . 
7=1 \ 30=1 ) 

(6.46) 

Again both Hu and H22 are diagonal matrices. The diagonal elements of Hu are: 

32lnL 
ô7j = E-'t—j+1,3 

exp(7j+A)e-exp(^+/30 

• (e- e x p (^ + f t )+exp( 7 j +/3 i ) - l ) 

+ J2 ( n--J+i - E nW+ijo ) exp (7j + ß^ . 
i=J \ jo=l 

(6.47) 

The elements of H12 and H21 are: 

d2lnL 
ö7,oft 

fÜ4w exP (7> + Ä) e-exp^+/3<) (e—K^'+ft) + exp (7, + ß.) - l ) 

+ «i-j+i - E ni-i+i.3o exP (7j + A) • 
70=1 

(6.48) 

The diagonal elements of H22 are: 

<92lnL 

dß\ 
Vim / J **i—j+l,j * 

7 = 1 

exp^.+ZJ^e-^CTi+ft) 

• ( e - e x p ( T i + f t ) + e x p ( 7 i + / ? i ) - l ) 

Vl_ e—p(7 i+/3,)V2 

+<5im 5 3 I n'-7+l - E "*•*> • (6-49) 
7=1 V 70=1 / 

The starting value is the same as in the chain ladder method. 

6.6 Numerical example 

In this section the methods derived will be applied on a real insurance portfolio. The 
data are shown below. The number of contracts each year of origin is equal to 70,000 (so 
ni = 70,000 for i = 1, . . . , J). The elements of the run-off triangle (see Figure 5.2) have 
normal font while the actual development of claim numbers is bold faced: 
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62 62 50 35 33 18 16 6 8 9 
50 107 45 31 22 16 16 6 14 8 
78 73 37 26 19 17 12 5 6 7 
55 50 23 16 16 4 5 8 7 5 
71 55 48 20 14 9 10 9 3 2 
74 75 41 26 15 6 13 5 8 0 
58 59 29 32 9 12 3 4 5 5 
83 49 34 24 12 12 6 10 6 8 
45 51 36 22 13 10 7 8 6 12 
73 60 30 28 17 14 20 5 12 9 

Figure 5.2 
IBNR-square with actual claim numb ers. 

As mentioned in Section 2, one of the parameters of the vector (ßtl... ,ßw) has to be 
selected. In this case, we have fixed ß10 and ß1 at 0 for the chain ladder method and the 
separation method, respectively. After 183 and 134 iterations, respectively, the following 
results for the estimations of the parameters have been obtained (s.e. denotes standard 
error) : 

Table 5.3a 

Results of estimation for chain ladder method; estimates, both absolute and 
relative with respect to standard error, and corresponding I gradient. 

Pa. Estimate Est./s.e. Grad. Pa. Estimate Est./s.e. Grad. 

7i -6.8660 -174.901 0.0009 ßy 0.0258 21.529 0.0009 
72 -6.8565 -165.256 0.0021 ß?, 0.0827 65.547 -0.0050 
7 3 -7.4071 -129.772 -0.0021 & -0.0191 -14.277 -0.0026 
74 -7.7782 -106.079 0.0007 ß4 -0.4567 -319.400 0.0016 
7 5 -8.0872 -88.221 0.0004 ß* -0.1558 -100.849 0.0008 
76 -8.5163 -68.129 -0.0001 ß« -0.0364 -21.490 0.0007 
77 -8.5760 -60.042 0.0018 ßl -0.2036 -107.633 0.0006 
7 8 -9.4489 -38.948 -0.0009 ß* -0.1293 -59.197 -0.0002 
79 -8.8092 -41.310 -0.0009 ß* -0.4231 -158.214 0.0010 
7io -8.9815 -26.932 -0.0008 
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Table 5.3b 

Results of estimation for separation method; estimates, both absolute and 
relat ive with respect to standard error, and corresponding ; gradient. 
Pa. Estimate Est./s.e. Grad. Pa. Est. Est./s.e. Grad. 

7i -7.0268 -179.002 0.0003 

72 -7.0359 -169.583 0.0001 ft -0.0987 -36.920 -0.0005 
73 -7.5722 -132.668 0.0005 ft 0.3873 177.288 0.0003 
74 -7.8836 -107.507 0.0000 ft 0.1126 59.492 -0.0020 
75 -8.1574 -88.982 0.0011 ft 0.0754 44.575 -0.0032 
76 -8.5775 -68.613 0.0001 ft -0.0045 -2.904 0.0073 
77 -8.6158 -60.306 0.0000 ft 0.0682 47.653 -0.0011 
78 -9.3497 -38.566 0.0017 ft 0.0819 61.193 0.0003 
79 -8.6037 -40.348 -0.0006 ft -0.2609 -206.779 -0.0017 
7io -8.9031 -26.712 0.0002 fto -0.0515 -42.995 -0.0033 

The elements of both the vectors ( 1 , . . . ,10) and either ( 1 , . . . , 9) or (2, . . . , 10), respec
tively, turned out to be mutually uncorrelated. Therefore only the correlation coefficients 
between the elements of the two respective vectors will be given: 

7i 
ft 

-0.004 
ft 

-0.004 
ft 

-0.004 
ft 

-0.003 
ft 

-0.004 
ft 

-0.005 
ft 

-0.004 
ft 

-0.005 
ft 

-0.005 
72 -0.004 -0.004 -0.004 -0.003 -0.004 -0.005 -0.005 -0.006 -0.005 
73 -0.003 -0.003 -0.003 -0.002 -0.003 -0.004 -0.004 -0.005 -0.000 
74 -0.003 -0.003 -0.003 -0.002 -0.003 -0.003 -0.003 -0.000 -0.000 
75 -0.002 -0.003 -0.003 -0.002 -0.003 -0.003 -0.000 -0.000 -0.000 
76 -0.002 -0.002 -0.002 -0.002 -0.002 -0.000 -0.000 -0.000 -0.000 
77 -0.002 -0.003 -0.002 -0.002 -0.000 -0.000 -0.000 -0.000 -0.000 
7s -0.002 -0.002 -0.002 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000 
79 -0.003 -0.003 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000 
7io -0.004 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000 

Figure 5.4a 
Correlation coefficients between estimated factors; chain ladder method. 
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A ßz Ä Ä ße ßi ßs ßs ,öio 
7i -0.002 -0.002 -0.003 -0.004 -0.003 -0.004 -0.004 -0.003 -0.003 

7S -0.002 -0.002 -0.003 -0.005 -0.006 -0.004 -0.004 -0.005 -0.000 

73 -0.002 -0.004 -0.004 -0.005 -0.006 -0.004 -0.005 -0.000 -0.000 

74 -0.004 -0.005 -0.005 -0.007 -0.008 -0.006 -0.000 -0.000 -0.000 

75 -0.003 -0.004 -0.005 -0.008 -0.009 -0.000 -0.000 -0.000 -0.000 

7fi -0.005 -0.007 -0.008 -0.009 -0.000 -0.000 -0.000 -0.000 -0.000 

77 -0.005 -0.007 -0.008 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000 

7s -0.007 -0.011 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000 

7s -0.007 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000 

7io 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 

Figui •e 5.4b 
Correlation coefficients between estimated factors; separation method. 

The IBNR-square with estimated claim numbers for the chain ladder method, to be 
compared with the actual claim numbers in Figure 5.2, is shown in Figure 5.5a. On the 
other hand, regarding the separation method we have restricted ourselves to the estimation 
of the claim numbers available. The reason lies in the fact that the pattern of subsequent 
estimates in the row /?2, • • • ,ßj is irregular, so it is very hard to extrapolate these in 
order to obtain the estimates ßJ+i, • • • , /32ji if no information about future developments 
is available. 

74.9 75.5 43.5 30.0 22.0 14.3 13.5 5.6 10.7 9.0 
79.2 79.9 46.0 31.7 23.3 15.2 14.3 6.0 11.3 9.5 
71.6 72.2 41.6 28.7 21.0 13.7 12.9 5.4 10.2 8.6 
46.2 46.6 26.9 18.5 13.6 8.9 8.3 3.5 6.6 5.6 
62.4 63.0 36.3 25.0 18.4 12.0 11.3 4.7 8.9 7.5 
70.3 70.9 40.9 28.2 20.7 13.5 12.7 5.3 10.0 8.5 
59.5 60.0 34.6 23.9 17.5 11.4 10.7 4.5 8.5 7.2 
64.1 64.7 37.3 25.7 18.9 12.3 11.6 4.8 9.2 7.7 
47.8 48.2 27.8 19.2 14.1 9.2 8.6 3.6 6.8 5.7 
72.9 73.6 42.4 29.2 21.5 14.0 13.2 5.5 10.4 8.8 

: figure 5.5a 
IBNR -square with estimated claim numbers for the chain ladder 
method (to be compared with Figure 5.2). 
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62.1 55.7 53.0 29.4 21.6 13.1 13.5 6.6 9.9 9.0 
56.3 90.6 40.2 28.4 19.9 14.1 13.7 4.7 12.1 
91.5 68.8 38.7 26.2 21.4 14.3 9.7 5.8 
69.5 66.3 35.8 28.2 21.7 10.1 12.0 
67.0 61.2 38.5 28.6 15.4 12.5 
61.8 65.8 39.0 20.3 19.0 
66.5 66.7 27.7 25.0 
67.4 47.4 34.1 
47.9 58.4 
59.0 

Figure 5.5b 
IBNR-square with estimated claim numbers for the separation 
method (to be compared with Figure 5. 2). 

One may want to apply a certain quantity on the results, measuring the deviation of the 
estimated claim numbers (in Figures 5.5a and 5.5b) from the actual one (in Figure 5.2). 
An example is taking the average of the squared differences between the corresponding 
claim numbers. We will not do this, however, since it may then be tempting to compare 
the outcomes of the model in this section with those resulting from a parametric method, 
while in our view the Cox model cannot be compared with any parametric model in such a 
way. By doing such analyses, one would ignore the main benefit of the method considered 
in this section, i.e. that it requires less severe restrictions than a parametric approach. 

6.7 Conclusions and recommendations for further re
search 

In this chapter, the IBNR problem of predicting future claim numbers was translated 
into one concerning the estimation of hazard functions. Such an approach relies on the 
assumption that a claim occurring can only be reported once. If this holds, the non-life 
actuary has a variety of statistical methods at his disposal. In this chapter, we discussed a 
major one, namely the Cox model based on proportional hazard rates. It has, in contrast 
to the parametric methods which have appeared in the literature up to now, the property 
that it is semiparametric. In this case, this means that estimation of the coefficients 
related to the effects (covariates) does not require specification of the baseline hazard 
function, representing the effect of development year. As a consequence, the chance of a 
misspecification is not as great for the Cox model as it is for a parametric model. 

If one supposes that the hazard functions, or the conditional probabilities that a claim 
is reported given that it has not been reported before, are small, then, by approximation, 
each hazard function can be specified as the product of several effects. This reduces to 
either the chain ladder method or the separation method, depending on whether, besides 
development year, the single effect of either year of development or the effect of calendar 
year of report, respectively, is included in the model. For both the special cases, it turned 
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out that the parameters were relatively easy to estimate by means of maximum likelihood. 
Both versions were also numerically illustrated. 

Recalling formula (6.29) 

Ai(z) = l - ( . l - p i )
e x p ( / 3 ' z \ (6.50) 

note that the model dealt with in this chapter only allows for z being equal to one of the 
unit vectors of length J. Other exogenous factors, such as region and age, can, however, 
be included by simply altering the length of both the vectors z and /3, such that to each 
additional effect, one additional element in both /3 and z corresponds. 



Chapter 7 

Conclusions 

In this thesis, two themes were combined in insurance mathematics and insurance eco
nomics. In insurance models, the themes, hazard rates and heterogeneity, have not often 
been studied together before. The research has lead to five self-consistent chapters in 
which the problems of heterogeneity in models with hazard rates were discussed. We 
came to some interesting solutions. 

Chapters 2 and 3, both dealing with life insurance, are to a large extent founded on the 
quantitative measures of solidarity developed by De Wit k. Van Eeghen (1984). They 
base the subsidizing solidarity on the difference between the actual loss suffered and the 
loss that would have occurred in case of equivalence on the level of an individual contract. 
This difference, called the parameter effect, is fixed for non-life contracts but random 
for life contracts, except when the contract is paid by single premium. In Chapter 2, the 
subsidizing solidarity defined for a life insurance agreement has been based on the expected 
values of the parameter effects. This has not only been done for the entire contract term 
but also for parts of it. For this situation, we have defined parameter effects for parts of 
the contract term by specifying appropriate amounts at risk and risk premiums. 

In our analysis in Chapter 2, we have based ourselves on the general life insurance 
treaty developed by Norberg (1990, 1991, 1992). We have also considered a special case 
thereof, namely a hierarchical Markov chain, which has been discussed in Wolthuis (1994). 
Then the solidarity measures can not only be allocated to parts of the contract period, 
but also to states such as "Alive" and "Disabled for the third time". The formulas reduce 
even more in complexity if only the classical two states "Alive" and "Dead" apply, and 
there are only premium and benefit payments at integer times, i.e. at the beginning or 
the end of a policy year. The measures for the subsidizing solidarity are then relatively 
easy to compute. 

The quantity in the case just mentioned is applied in Chapter 3, introducing a system 
based on sharing the aggregate mortality result allocated to a certain period (which can 
very well be a policy year). It appears that the system designed here can contribute to 
a lower level of subsidizing solidarity, namely in case of division among the deaths' heirs 
if the actual number of deaths is at least above average. In order to share only positive 
mortality profits, the amount at risk should then be of negative sign. This involves 
insurance agreements with negative amounts at risk, such as annuities. In Chapter 3, it 
has also been demonstrated that there are cases where the subsidizing solidarity reduces 
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to zero, but then there is no insurance at all either. In any case, the system at least has 
one benefit from the insurer's point of view, namely that it has a decreasing impact on 
the variance of the aggregate loss. This variance is minimal if the entire mortality result 
is shared. 

In Chapter 3, the insurer has complete information on all individual mortality rates. In 
Chapter 4, the information is incomplete. We studied two different situations, assuming 
that the insurer knows the minimum possible and the maximum possible mortality rate. 
In the first case the average mortality rate is known. If additionally only positive mortality 
profits are divided, we showed that it is in many cases safe to assume that this average 
mortality rate pertains to all individuals. In the second case, the mortality rates are 
random and specified as in the model discussed in Tong (1989), Bäuerle (1997) and Bäuerle 
& Müller (1998). Then deriving the safest risk premium boils down to making the safest 
assumption about the group structure of the portfolio. By group structure we mean the 
number of groups to which the individuals can be allocated and the sizes of these groups. 
In that case, it is in general hard to draw conclusions. For some specific examples it has 
turned out that, in case of a portfolio small in size and low mortality rates, it is safe 
to assume that all individuals stem from different groups, provided that only positive 
mortality profits are shared. 

Problems to obtain conclusions in general have also been experienced in Chapter 5, dis
cussing imperfect information in combination with adverse selection and the screening 
device of a probationary period. Whereas the results obtained by Rothschild & Stiglitz 
(1976), Wilson (1977), Miyazaki (1977), Spence (1978) and Stiglitz (1977), all regarding 
the monetary deductible as a screening instrument, are quite straightforward, this does 
not apply for the probationary period. This is to a large extent due to the fact that so 
many different specifications of the distribution functions of time-at-accident (or, equiv-
alently, so many different specifications of the time-dependent hazard rate functions) of 
both risk classes are possible. However, we found out that the equilibria resulting in case 
of a probationary period do have much in common with the equilibria derived by the 
authors just mentioned, if a so-called partial stochastic order between the distribution 
functions of a high risk and a low risk class individual holds (this means that the proba
bility of causing an accident before any relevant point of time for the high risks is at least 
as high as the corresponding probability for the low risks). It has been proved that in that 
case the high risks always purchase full coverage, i.e. insurance without a probationary 
period, irrespective of the market type (whether it is monopolistic or fully competitive). 
This property also holds for the monetary deductible as a screening instrument. 

If there is one monopolistic insurer, the low risks will always pay the maximal premium 
they are willing to pay, whatever probationary period applies to them. If the utility of the 
individual is of exponential form, it has been shown that the insurer's strategy yielding 
maximal profit is under certain conditions similar to the one derived by Stiglitz (1977) 
for the monetary deductible. This means that the low risks always pay the maximal 
premium they are willing to pay and that they will not buy any insurance (as the premium 
is too high) if the actual proportion of high risks in the population is sufficiently high. 
One important difference compared with Stiglitz' conclusions is, however, that it may be 
optimal to offer the same contract of full coverage to both groups. This is the case if the 
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proportion of high risks in the population is sufficiently low. 
Concerning the situation of a competitive insurance market, we made the crucial 

assumption that all companies take into account their competitors' rational reactions to 
their own strategy. This, together with the assumptions made before, implies that an 
equilibrium in the market always exists. The high risks will pay a premium which is at 
most actuarially fair. Since each insurer must break even on average, the low risks must 
therefore pay a premium being at least actuarially fair. This implies that there may (still) 
be subsidizing solidarity: the low risks subsidize the high risks. Just as in the case of a 
monopolistic insurance market, the exponential utility function has been taken as the 
main example. Under this specification, the equilibrium resulting has much in common 
with the one derived in Miyazaki (1977) and Spence (1978), provided some restrictions 
hold. This means that, if the actual proportion of high risks in the population exceeds 
a certain critical level, all individuals will pay actuarially fair premiums. Otherwise, the 
probationary period for the low risks will be lower than in the case just dealt with, but 
the low risks will subsidize the high risks. Just as in the case of a monopolistic insurer, an 
equilibrium may involve a pooling contract of full coverage - where the low risks subsidize 
the high risks - if the proportion of high risks in the population falls below another certain 
critical level. Such an equilibrium does not exist in the monetary deductible case. 

In Chapter 6, a statistical model based on hazard rates and observed heterogeneity is 
applied to predict future claim numbers. The hazard rate is in this context equal to 
the probability of reporting a claim in some year, conditionally given that it has not 
been reported before. The chain ladder method and the separation method (where the 
heterogeneity involves the year of origin and the calendar year of report, respectively) 
have been treated as special cases of the semiparametric Cox model we used, and it has 
turned out that the parameters are relatively easy to estimate by means of maximum 
likelihood. In addition, the model allows for including other exogenous factors, such as 
age and region. 

To conclude, it can be stated that the aim of this study has been fulfilled. The topics 
of hazard rates and heterogeneity can very well be combined in actuarial models. To 
actuarial researchers it is advised to develop generalized models comprising both a time 
dimension and a heterogeneity component. This study may help them to start up. 

Some models in this thesis are more convenient for application in actuarial practice in 
the short term than others. We recommend non-life actuaries to apply the semiparametric 
Cox model in Chapter 6 for predicting future claim numbers. Actuaries employed at 
individual life companies are encouraged to develop systems of mortality profit sharing 
(dealt with in Chapters 3 and 4) based on the assumption that an insurer has only 
incomplete information available about the risk profile of individuals. 
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Samenvatting (Summary in Dutch) 

Omschrijving titel 

Zoals de titel aangeeft staan in dit proefschrift drie termen centraal die hieronder één voor 
één aan de orde zullen komen. 

Dat het in dit proefschrift vooral over kansen gaat wordt in de titel aangegeven door 
het begrip "hazard rate". Letterlijk betekent hazard rate "kwade kans", maar daarmee is 
de werkelijke betekenis van het begrip niet, of hooguit maar voor een deel, weergegeven, en 
wel om twee redenen. In de eerste plaats is aan een hazard rate altijd een tijdsdimensie 
gekoppeld. Een hazard rate is een voorwaardelijke kans. Algemeen gedefinieerd is een 
hazard rate namelijk de kans op een bepaalde gebeurtenis op een bepaald tijdstip of in 
een bepaalde periode, gegeven al datgene wat tot het begin van dat tijdstip of het begin 
van die periode gebeurt. Een voorbeeld van een hazard rate is de kans voor een actieve 
30-jarige werknemer om op zijn 50e voorgoed arbeidsongeschikt te worden, gegeven dat 
deze van zijn 30e tot zijn 35e gezond, van zijn 35e tot zijn 40e arbeidsongeschikt en van 
zijn 40e tot zijn 50e gezond is. Een ander voorbeeld van een hazard rate is de kans dat 
een fabrieksmachine na 10 jaar defect raakt gegeven dat deze in die 10 jaar nooit defect 
is geweest. Maar, en dit is de tweede reden waarom "kwade kans" de lading niet geheel 
dekt, het hoeft bij hazard rates niet alleen te gaan om gebeurtenissen waaraan velen een 
ongunstige associatie toekennen. Een voorbeeld van een hazard rate is ook de kans dat 
25-jarige man op zijn 50e verjaardag een baan vindt, gegeven dat hij tot zijn 50e werkloos 
is. Of de kans voor een pasgeboren meisje om bij het bereiken van haar 60e verjaardag in 
het huwelijk te treden, gegeven dat ze van haar 20e tot haar 25e, van haar 30e tot haar 
40e en van haar 45e tot haar 59e getrouwd is. 

Uit de bovenstaande voorbeelden kan men afleiden dat het bij een hazard rate gaat om 
een (voorwaardelijke) kans om van de ene toestand in de andere terecht te komen: van 
gezond naar voorgoed arbeidsongeschikt, van "machine werkt" naar "machine defect", 
van werkloos naar werkzaam of van alleenstaand naar gehuwd. Zijn alle hazard rates 
bekend, dan kunnen ook onvoorwaardelijke kansen worden bepaald: bijvoorbeeld de kans 
voor een 30-jarige werknemer om binnen 20 jaar arbeidsongeschikt te worden of de kans 
voor een machine om minstens 10 jaar geen mankementen te vertonen. 

Heterogeniteit is synoniem voor ongelijksoortigheid. Een heterogene groep bestaat uit 
mensen of zaken die verschillende eigenschappen hebben. In de titel staat "Heterogeneity 
of hazard rates" wat erop duidt dat het verschil in eigenschappen bij die mensen of zaken 
vertaald wordt in een verschil in kansen op één en dezelfde gebeurtenis. Zo heeft niet 
iedere fabrieksmachine dezelfde kans om het na 10 jaar trouwe dienst te begeven en heeft 
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niet ieder pasgeboren meisje met een huwelijks ver loop als in de tweede alinea beschreven 
dezelfde kans om op haar 60e te trouwen. 

Het derde begrip uit de titel ("insurance"), staat voor het toepassingsveld van de an
dere twee begrippen. Het gaat om verzekeringen, meer specifiek om de verzeke-
ringswiskunde en verzekeringseconomie. 

Doel proefschrift 

Heterogeniteitsmodellen gebaseerd op hazard rates hebben vele toepassingen gevonden in 
wetenschappelijke disciplines als medische statistiek, demografie, arbeidsmarkteconomie 
en econometrie. Dit is ook wel verklaarbaar want in alle genoemde vakgebieden speelt tijd 
een belangrijke rol en een aanpak met behulp van hazard rates - die een functie van de 
tijd zijn - is bij uitstek geschikt om processen in de tijd te analyseren. Bovendien wordt 
er nadrukkelijk van uitgegaan dat de personen of zaken waarom het gaat een heterogene 
groep vormen en dus verschillende kansen op dezelfde gebeurtenis hebben. (Het is zelfs 
mogelijk om rekening te houden met heterogeniteit als deze niet waarneembaar is.) Denk 
bij toepassingen aan het voorspellen van de resterende levensduur van een patiënt die een 
bepaalde behandeling heeft ondergaan (medische statistiek) of het schatten van de kans 
dat een werkloze die een bepaalde opleiding heeft gevolgd binnen vijfjaar na scholing een 
vaste baan vindt. 

Problemen op actuarieel gebied zijn vaak bij uitstek geschikt om aan te pakken door 
middel van hazard rates met een heterogeniteitsaanname. Immers, bij verzekeringscon
tracten is de tijdsdimensie niet te verwaarlozen. Dit geldt al helemaal voor levensverze
keringen die in de regel meerdere jaren omvatten en waarbij de premie doorgaans gegaran
deerd is. Maar ook bij schadeverzekeringen kan een actuaris bijna nooit om het begrip 
tijd heen. Zo bestaan er ook in de schadeverzekeringsbranche contracten voor meerdere 
jaren, ook al kan de premie gedurende de looptijd van het contract worden aangepast aan 
de schade-ervaring. Verder is de veronderstelling van heterogeniteit een realistische, ook 
als de risico's bij acceptatie niet van elkaar te onderscheiden zijn. 

Desondanks zijn er in de literatuur over de verzekeringswiskunde en verzekerings
economie tot dusverre maar weinig publicaties verschenen waar de beide concepten he
terogeniteit en hazard rate aan de orde komen. Dit geldt zowel voor het leven- als het 
schade-actuariaat. Beide disciplines zullen hieronder aan bod komen. 

Een aanpak door middel van hazard rates is inherent aan het leven-actuariaat. Een 
klassiek voorbeeld is te vinden in de elementaire levensverzekeringswiskunde waar het 
alleen gaat om de vraag of een verzekerde nog in leven is of reeds is overleden (en zaken 
als ziekte en arbeidsongeschiktheid geen rol spelen). We hebben het over de sterfte-
intensiteit als een bijzonder geval van een hazard rate: de kans dat iemand na een tijdstip 
ergens in de toekomst overlijdt gegeven dat deze op dat tijdstip nog in leven is (dit is 
een andere kans dan de onvoorwaardelijke kans dat zo iemand na het genoemde tijdstip 
overlijdt). Als alle relevante sterfte-intensiteiten bekend zijn kunnen ook alle mogelijke 
meerjarige overlevingskansen en over lij denskansen worden vastgesteld. 
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Aan de andere kant blijft het heterogeniteitsaspect echter achterwege of op zijn minst 
onderbelicht. Zo is in de praktijk in de meeste gevallen de risicoclassificatie beperkt, 
zeker in vergelijking met veel schadeverzekeringen. Hoewel kandidaat-verzekerden in veel 
gevallen een acceptatieprocedure moeten ondergaan en sommige verzekeringmaatschap
pijen rookgewoonten als risicofactor hanteren hangt de premie vaak alleen maar af van 
geslacht, leeftijd en eventueel gezondheidstoestand. Bovendien is de standaardveronder
stelling die van homogeniteit (gelijksoortigheid). Er wordt standaard van uitgegaan dat 
mensen die op grond van de gebruikte risicofactoren identiek zijn (bijvoorbeeld alle niet-
rokende vrouwen van 27 jaar oud die op grond van de uitslag van de acceptatieprocedure 
als gezond kunnen worden bestempeld) ook daadwerkelijk hetzelfde risicoprofiel hebben 
(bijvoorbeeld dezelfde kans om de komende 30 jaar te overleven). De homogeniteitsaan-
name geldt al min of meer sinds het ontstaan van de levensverzekeringswiskunde, inmid
dels ruim 300 jaar geleden. 

Een dergelijke veronderstelling geldt niet in het schade-actuariaat. De risicoclassificatie 
en premiedifferentiatie is bij schadeverzekeringen vaak al een stuk verfijnder dan bij le
vensverzekeringen omdat in veel gevallen meer risicofactoren meetellen bij de bepaling 
van de premie. Bovendien bestaan er modellen in het schade-actuariaat waarbij expliciet 
rekening wordt gehouden met niet-observeerbare heterogeniteit tussen contracten. Dus 
ook al zijn twee contracten identiek op grond van de gebruikte observeerbare risicofactoren 
(bijvoorbeeld bij autoverzekering: dezelfde auto, dezelfde leeftijd en hetzelfde geslacht 
van de bestuurders en dezelfde regio waarin de bestuurders wonen), dan nog wordt er 
van uitgegaan dat de schadekansen verschillend kunnen zijn. Die verschillen komen tot 
uitdrukking in de schade-ervaring van deze twee contracten. Deze schade-ervaring kan 
dan worden gebruikt om de premie in de loop der tijd aan te passen; we hebben dan met 
ervaringstarifering van doen. Credibiliteitsmodellen, waarbij de premie voor elk contract 
een gewogen gemiddelde is van de schade-ervaring van het individuele contract en van de 
schade-ervaring van de collectiviteit van soortgelijke contracten in de portefeuille van de 
verzekeraar, zijn hiervan een voorbeeld. In de praktijk zijn vooral bonus-malus systemen 
een voorbeeld van ervaringstarifering. 

Anderzijds heeft een aanpak door middel van hazard rates tot nu toe weinig ingang 
gevonden in het schade-actuariaat. Dit heeft gedeeltelijk te maken met het feit dat veel 
modellen gebaseerd zijn op slechts één periode. Maar ook in gevallen waar het tijdsaspect 
van wezenlijk belang is, zoals het bepalen van voorzieningen voor nog niet afgewikkelde 
schaden, vindt doorgaans geen modellering op basis van hazard rates plaats. 

In dit boek worden in de hoofdstukken 2 tot en met 6 (hoofdstuk 1 leidt in en hoofdstuk 
7 geeft de conclusies weer) onderwerpen uit de verzekeringswiskunde en -economie behan
deld waarbij de beide begrippen hazard rate en heterogeniteit een belangrijke rol spelen. 
Dit houdt in dat er altijd een tijdsdimensie is en dat de contracten in de portefeuille 
van een verzekeraar verschillende risico's vormen. Zowel problemen op het gebied van 
levensverzekering als die op het terrein van de schadeverzekering komen aan de orde. 
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De onderwerpen van het proefschrift 

Basis van de bovengenoemde modellen voor ervaringstarifering in het schade-actuariaat, 
waarbij de niet observeerbare heterogeniteit tussen contracten steeds nauwkeuriger kan 
worden geschat naarmate de tijd verstrijkt en de schade-ervaring voor elk contract toe
neemt, is het zogeheten vaas-uit-vazenmodel. Eenzelfde vaas-uit-vazenmodel is van toepas
sing op alle contracten die hetzelfde risicoprofiel hebben op grond van de observeerbare 
risicofactoren. (Dus als een individuele levensverzekeraar mensen bij acceptatie alleen 
beoordeelt op grond van leeftijd en geslacht gaat het om mensen met dezelfde leeftijd en 
hetzelfde geslacht.) Neem aan dat in een grote vaas meerdere kleine vazen zitten. In iedere 
kleine vaas zitten knikkers. Bij ieder willekeurig contract is sprake van twee loterijen. De 
eerste loterij houdt in de trekking van een kleine vaas uit de grote. De realisatie van deze 
trekking legt het risicoprofiel van het contract vast. De tweede loterij is de trekking uit de 
kleine vaas van een knikker. De realisatie van deze laatste trekking is de totaalschade die 
een verzekeraar lijdt op het contract. De clou is dat alleen deze tweede trekking voor de 
verzekeraar observeerbaar is. Voor de mogelijke uitkomsten van de eerste trekking moet 
de verzekeraar zich baseren op ervaringen met soortgelijke contracten uit het verleden. 
Nieuwe verzekeringnemers betalen in eerste instantie een soort doorsneepremie omdat er 
nog geen schade-ervaring is opgebouwd. Aangenomen dat de verwachte omvang van de 
premiebetalingen overeenkomt met de verwachte omvang van de uitkeringen, houdt dit 
in dat de goede risico's de slechte subsidiëren. Formeler gesteld is er sprake van sub
sidiërende solidariteit. Het zijn de Wit en van Eeghen geweest die in 1984 aan deze vorm 
van solidariteit (en dit is ook wat de meeste mensen onder solidariteit verstaan als het om 
verzekeren gaat) een kwantitatieve maatstaf hebben gegeven. Overigens, ook als iedere 
polishouder een premie zou betalen die precies zou zijn afgestemd op het te verzekeren 
risico, zou er sprake zijn van een vorm van solidariteit. Binnen een pool van identieke 
risico's betalen de polishouders zonder schade namelijk voor hen met schade. We hebben 
het dan over de kanssolidariteit, het fundament van verzekeren op individuele basis. Ook 
voor de kanssolidariteit hebben de Wit en van Eeghen in 1984 een kwantitatieve maatstaf 
afgeleid. Het typerende van ervaringstarifering is dat gaandeweg de subsidiërende soli
dariteit minder wordt (omdat elk contract zijn eigen schade-ervaring opbouwt) maar de 
kanssolidariteit in stand blijft. 

Het bovengenoemde vaas-uit-vazenmodel wordt in hoofdstuk 2 toegepast op een indi
vidueel levensverzekeringscontract. Maatstaven voor subsidiërende solidariteit, gebaseerd 
op die van de Wit en van Eeghen, worden opgesteld. Dit wordt niet alleen gedaan voor de 
gehele contractduur - die doorgaans meerdere jaren omvat - maar ook voor afzonderlijke 
polisjaren. De reden voor dit laatste is dat een verzekeraar ook geïnteresseerd is in maat
staven op jaarniveau. Het blijkt dat complicaties optreden omdat bij levencontracten 
premiebetaling niet is beperkt tot het tijdstip van afgifte van de polis (in dat laatste geval 
zou er sprake zijn van koopsombetaling). Dat er doorgaans gereserveerd moet worden 
voor toekomstige uitkeringen maakt de zaak er ook ingewikkelder op. 

Bij individuele levensverzekeringen heeft het - in tegenstelling tot schadeverzekeringen 
en collectieve levensverzekeringen - geen zin om premies aan te passen in de tijd omdat 
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er geen verschil is tussen wel en geen ervaringstarifering. Dit wordt in hoofdstuk 2 ook 
formeel bevestigd. Wil een verzekeraar toch de bovengenoemde subsidiërende solidariteit 
tussen contracten verminderen - om zich in te dekken tegen het gevaar van zelfselectie 
door kandidaat-verzekerden - dan zal deze naar andere methoden moeten omzien. Het 
systeem van proportionele sterftewinstdeling, uiteengezet in de hoofdstukken 3 en 4, is een 
poging daartoe. Gekeken wordt naar het sterfteresultaat in een periode. Het systeem zit 
zo in elkaar dat een vaste, van tevoren bekende, proportie van het totale sterfteresultaat 
aan het einde van die periode wordt gedeeld met een aantal belanghebbenden. Twee 
varianten worden onderscheiden. In het eerste geval zijn de belanghebbenden degenen die 
de periode hebben overleefd. In de tweede variant zijn het de nabestaanden van degenen 
die in de periode zijn overleden die delen in de sterftewinst. Wil er sprake zijn van 
winstdeling dan moet het werkelijke aantal overledenen wel aan een criterium voldoen. 
Dit criterium kan zo worden gesteld dat alleen positieve sterftewinsten worden gedeeld 
(dit laatste is in de praktijk normaal gesproken vereist). 

In hoofdstuk 3 wordt vooral nagegaan wat de invloed van dit systeem is op de sub
sidiërende solidariteit. Het is moeilijk om conclusies te trekken, maar in veel praktisch 
relevante gevallen draagt het systeem bij tot een verminderde subsidiërende solidariteit, 
als er sprake is van een contract met negatief overlijdensrisico (vroegtijdig overlijden 
van een individu is dan voordelig voor de verzekeraar), zoals een lijfrente. Voorwaarde 
is dan dat gedeeld wordt indien het werkelijke aantal overledenen minstens zo groot is 
als het verwachte aantal (zodat alleen positieve sterftewinsten worden gedeeld) en dat 
de nabestaanden van de overledenen de begunstigden van het winstdelingssysteem zijn. 
Mogelijk kan de subsidiërende solidariteit ook verminderd worden bij verzekeringen met 
positief overlijdensrisico (vroegtijdig overlijden is dan nadelig voor de verzekeraar) zoals 
overlijdensrisicoverzekeringen, als dan de overlevenden de begunstigden zijn van het de
lingssysteem en gedeeld wordt indien het werkelijke aantal overledenen niet groter is dan 
het verwachte aantal. Voorwaarde hiervoor is dat het verwachte aantal overlij densgevallen 
groter is dan één. Indien namelijk alleen wordt gedeeld aan de overlevenden als iedereen 
overleeft heeft dit geen enkele invloed op de subsidiërende solidariteit. (Hetzelfde geldt 
voor deling aan de nabestaanden onder de voorwaarde dat alleen wordt gedeeld indien 
iedereen overlijdt, maar dit is in de praktijk van veel minder belang.) 

Los van het solidariteitsvraagstuk heeft het systeem in ieder geval een voor de verze
keraar aantrekkelijke eigenschap, namelijk dat het bijdraagt tot een lagere variantie (maat 
voor de fluctuatie) van het totale sterfteresultaat. 

In hoofdstuk 3 is verondersteld dat de verzekeringsmaatschappij alle overlij denskansen 
van de verschillende verzekerde personen in zijn portefeuille perfect kent. Op zich is dat 
een wat vreemde assumptie omdat de verzekeraar hierdoor in staat is om de risico's 
perfect te classificeren en bij elk contract de premie perfect af te stemmen op het risico. 
De verzekeraar heeft het winstdelingssysteem dus niet nodig om de onderlinge subsidiëring 
tussen de contracten te verminderen. Invoeren van dit systeem zou wel goed te verdedigen 
zijn als het bedrijf geen volledige en perfecte informatie zou hebben over de personen. De 
lezer kan hoofdstuk 3 dan ook het beste zien als een tussenstap op weg naar een model 
waarbij dat inderdaad wordt aangenomen. Men kan bijvoorbeeld veronderstellen dat op 
ieder individu een vaas-uit-vazenmodel van toepassing is, zoals in hoofdstuk 2 aan de orde 
is gekomen. Een ander voorbeeld is aan te nemen dat de verzekeraar van elk individu 
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in de portefeuille alleen de minimaal mogelijke en de maximaal mogelijke overlijdenskans 
kent en verder weet wat de gemiddelde overlij denskans van een persoon in de portefeuille 
is. In hoofdstuk 3 is uitgegaan van perfecte en volledige informatie om na te kunnen gaan 
of het systeem überhaupt zou kunnen werken. 

In hoofdstuk 4 wordt de veronderstelling van perfecte observeerbaarheid versoepeld. 
Er wordt niet meer aangenomen dat alle overlij denskansen bij de verzekeraar bekend zijn. 
Nagegaan wordt hoe een veilige risicopremie (door verzekerden te betalen aan het begin 
van de periode) kan worden gevonden, ervan uitgaande dat de minimaal mogelijke en 
maximaal mogelijke overlij denskans gegeven zijn. Er worden twee varianten onderschei
den die te maken hebben met de vraag hoe de overlij denskansen gedurende de periode 
gespecificeerd zijn. In het eerste geval zijn de overlij denskansen vast (dat wil zeggen: 
van tevoren bepaald) en is de gemiddelde sterftekans bekend. Aangetoond wordt in het 
proefschrift dat het in veel gevallen veilig is om te veronderstellen dat de sterftekans voor 
alle personen in de portefeuille gelijk is aan de gemiddelde overlij denskans. In het tweede 
geval zijn de overlij denskansen stochastisch: Moeder Natuur neemt eerst een beslissing 
over die waarde van de sterftekans per individu in de portefeuille. Een specifiek model 
wordt behandeld. In deze samenvatting zullen niet alle ins en outs aan de orde komen 
maar in ieder geval wordt aangenomen dat de verzekerden in een aantal groepen is op te 
splitsen. De verzekeraar kent de groepsstructuur van de portefeuille niet (d.w.z. weet niet 
hoeveel groepen dit zijn en hoe groot deze groepen zijn) maar weet wel welke beslissin
gen Moeder Natuur zou kunnen nemen over de sterftekans van ieder individu indien de 
groepsstructuur bekend zou zijn. Het is moeilijk om algemene conclusies in het te trekken 
maar een aantal bijzondere gevallen van sterftewinstdeling is behandeld, waarbij het het 
veiligst is om te veronderstellen dat elk contract uit een andere groep afkomstig is (het 
totaal aantal groepen is dan dus gelijk aan het totaal aantal contracten.) 

Hoofdstuk 5 gaat in op de problematiek die kan ontstaan bij asymmetrie van infor
matie. In dat geval weten (kandidaat-)verzekerden meer over zichzelf dan verzekeraars 
over (kandidaat-)verzekerden. Aan de orde komt een model waarin het mogelijke gevolg 
hiervan, namelijk zelfselectie, nadrukkelijk speelt. We gaan ervan uit dat de gehele bevol
king in twee groepen is op te splitsen: individuen met een grote kans op schade, hierna 
te noemen de hoge risico's en personen met een kleine kans op schade, die hierna de 
lage risico 's zullen worden genoemd. In de economische literatuur is aangetoond dat de 
verzekeraar gebruik kan maken van het eigen risico als screening instrument. Dit betekent 
in dit geval dat twee contracten met verschillend eigen risico en ook verschillende prijs op 
de markt worden gebracht. Eén van deze contracten bevat een eigen risico en is bedoeld 
voor de lage risico's. Het andere contract, zonder eigen risico dus met volledige dekking, 
is bedoeld voor de hoge risico's. De contracten worden zodanig geconstrueerd dat de hoge 
risico's ook daadwerkelijk voor het contract met volledige dekking zullen kiezen en de lage 
risico's inderdaad voor het contract met eigen risico. Hierbij wordt geprofiteerd van het 
feit dat de lage risico's eerder bereid zijn een eigen risico te accepteren. 

Diverse auteurs op het gebied van de speltheorie hebben aangetoond dat zowel voor 
een monopolistische verzekeringsmarkt als voor het geval van een markt van volledige 
concurrentie een evenwicht kan worden bereikt. In zo'n geval hanteert elke verzekeraar 
in de verzekeringsmarkt dezelfde strategie omdat geen enkel bedrijf er baat bij heeft een 
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ander beleid te voeren. Zo'n evenwicht wordt gekenmerkt door een strategie als hierboven 
beschreven. Indien er maar één, monopolistische, verzekeraar is komt dit evenwicht neer 
op een strategie die voor een maximale winst zorgt. In geval van volledige concurrentie is 
aangenomen dat alle verzekeraars bij het bepalen van hun strategie nadrukkelijk rekening 
houden met reacties van concurrenten op de lange termijn. 

Bij levensverzekering komt, omdat het verzekerde bedrag bij "schade" (in dat geval 
overlijden) vast ligt, een eigen risico neer op een lagere uitkering. Voorwaarde voor het 
bestaan van een evenwicht is, zeker bij een markt van volledige concurrentie, dat alle 
verzekeraars inzage van elkaar hebben over de verzekeringsaankopen van elk individu. 
Aan deze voorwaarde hoeft niet te zijn voldaan ook al wordt bij acceptatie in de praktijk 
van een kandidaat-verzekerde gevraagd of deze bij andere verzekeraars ook polissen heeft 
lopen. 

Bij de carenztijd als screening instrument speelt dit probleem niet. De carenztijd 
van een polis is namelijk de tijd, gerekend vanaf het tijdstip van afgifte van de polis, 
gedurende welke geen uitkering plaats vindt bij het optreden van een gebeurtenis met 
schade waarvoor de polis dekking biedt. Als dus de carenztijd bij een arbeidsongeschikt
heidsverzekering eenjaar bedraagt dan wordt niet uitgekeerd indien de verzekerde binnen 
een jaar na het afsluiten van de verzekering arbeidsongeschikt wordt. (In dit verband 
moet de carenztijd niet verward worden met een wachttijd. Als de wachttijd bij een 
arbeidsongeschiktheidsverzekering een jaar is, wordt niet uitgekeerd gedurende het eerste 
jaar van arbeidsongeschikt zijn maar in latere jaren wel.) 

Toepassingen van de carenztijd zijn te vinden bij ziektekosten-, tandarts- en rechtsbij-
standsverzekeringen. Het gaat er bij de verzekeraar om zich teweer te stellen tegen risico's 
die al spelen nog voordat de verzekering wordt afgesloten en die tot schade zouden kunnen 
leiden waarin de verzekering voorziet (zoals lichamelijke aandoeningen of reeds lopende 
geschillen van juridische aard). Verder is in Nederland bij collectieve verzekeringen sinds 
begin 1998 het middel van de carenztijd in zwang geraakt als gevolg van de invoering van 
de Wet op de Medische Keuringen, die de mogelijkheden voor pensioenverzekeraars om 
kandidaat-verzekerden medisch te keuren sterk aan banden heeft gelegd. 

In hoofdstuk 5 wordt onderzocht in hoeverre de carenztijd als screening instrument 
effectief is. Daarbij wordt een vergelijking gemaakt met het bovengenoemde eigen risico als 
screening instrument. In het algemeen zijn conclusies moeilijk te trekken. Indien er echter 
vanuit gegaan wordt dat de kans voor de hoge risico's om schade te lijden vôôr om het 
even welk relevant tijdstip minstens zo groot is als de kans voor de lage risico's om schade 
te lijden vôôr hetzelfde relevante tijdstip hebben de evenwichten wel wat eigenschappen 
gemeen met de evenwichten die hierboven voor het eigen risico aan de orde zijn gesteld. 

Voor een monopolistische verzekeringsmarkt houdt dit namelijk het volgende in: 

1. De hoge risico's kopen altijd een contract met volledige dekking. 

2. De lage risico's worden altijd volledig uitgebuit. Dit houdt in dat de premie die ze 
betalen ook de maximale premie is die ze bereid zijn te betalen. 

Ook bij volledige concurrentie vertonen de evenwichten overeenkomsten met die voor een 
eigen risico: 
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1. De hoge risico's kopen altijd een contract met volledige dekking. Ze betalen een 
premie ten hoogste gelijk aan de actuariële premie (dit is de premie die precies in 
overeenstemming is met het bijbehorende risico). 

2. De lage risico's betalen een premie tenminste gelijk aan de actuariële premie. 

3. De verzekeraar maakt naar verwachting winst noch verlies op zijn gehele portefeuille. 

Indien er ook nog vanuit wordt gegaan dat de graad van risico-aversie voor elk persoon 
constant is (dit houdt in dat de premie die zo'n persoon maximaal bereid is te betalen 
voor een verzekering niet afhangt van zijn totale vermogen) en nog wat voorwaarden zijn 
vervuld lijkt het evenwicht sterk op het evenwicht dat ontstaat bij het eigen risico. Dit 
geldt zowel voor een monopolistische als een volledig concurrerende markt. Een funda
menteel verschil blijft echter, voor beide markttypes, dat een evenwicht ook kan inhouden 
dat maar één contract, zonder carenztijd, aan iedereen wordt verkocht. De premie is 
in dat geval gelijk aan de maximale premie die de lage risico's bereid zijn te betalen 
(bij een monopolistische verzekeraar) of een doorsnee-premie waarbij de verzekeraar naar 
verwachting quitte zal draaien en de lage risico's de hoge subsidiëren. Voorwaarde voor 
een dergelijk pooling contract is dat het aandeel van hoge risico's in de bevolking klein ge
noeg is. Een dergelijk evenwicht bestaat niet bij een eigen risico als screening instrument 
(althans, niet onder de assumpties die in dit proefschrift zijn gedaan). 

In hoofdstuk 6 komt een probleem aan de orde dat typerend is voor de schadeverzekerings
sector: het voorspellen van toekomstige schade-aantallen. Het gaat hierbij om schaden die 
reeds zijn opgetreden maar nog niet door de verzekerde zijn gemeld (IBNR: Incurred But 
Not Reported) of om schaden die reeds zijn gemeld maar nog niet door de verzekeraar 
zijn afgehandeld (RBNS: Reported But Not Settled). In de literatuur zijn reeds ver
scheidene modellen ontwikkeld om dit probleem aan te pakken. Kenmerk van de meeste 
van deze modellen is dat ze parametrisch zijn. In dat geval wordt ervan uitgegaan dat 
de kansverdeling die ten grondslag ligt aan de waarnemingen (IBNR: het aantal claims 
dat wordt gerapporteerd; RBNS: het aantal gerapporteerde claims dat wordt afgehan
deld) tot een zekere soort verdeling behoort. Het voordeel van een dergelijke aanpak 
is dat het schatten van de effecten van de gebruikte risicofactoren op de toekomstige 
claimaantallen, door middel van de Maximum Likelihood methode, vrij eenvoudig is. Een 
belangrijk nadeel is echter dat de kans bestaat dat de genoemde soort kansverdeling ver
keerd gekozen is (met andere woorden: er sprake is van een misspecificatie) waardoor het 
schatten volgens Maximum Likelihood niet consistent is. (Een schatting is consistent als 
de kans dat een waargenomen waarde afwijkt van een bijbehorende geschatte waarde naar 
nul gaat als het aantal waarnemingen oneindig groot is). 

De niet-parametrische schattingsmethoden vereisen geen specificatie van een bepaalde 
soort kansverdeling, waardoor er geen kans op inconsistentie bestaat. Daar staat echter 
tegenover dat het schatten van de bovengenoemde effecten vaak een ingewikkelde aan
gelegenheid is die veel waarnemingen vergt. 

Tussen de beide soorten in zijn er de semi-parametrische schattingsmethoden die van 
een gedeelte van de effecten vergen dat ze tot een bepaald type kansverdeling behoren. 
Van dergelijke methoden wordt vaak gezegd dat ze de voordelen hebben van zowel de 
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parametrische als de niet-parametrische methoden (en hiermee ook de nadelen van beide 
missen). 

Dit blijkt ook het geval te zijn voor het semi-parametrische Cox-model dat in hoofdstuk 
6 centraal staat. Het schatten van de effecten gaat in de praktijk vlot (ook met Maximum 
Likelihood) en de methode vereist een minder vergaande specificatie dan een parametrisch 
model. Wel geldt de voorwaarde dat iedere schade hooguit één keer gemeld kan worden 
(IBNR), danwei dat iedere gemelde schade met slechts één betaling gepaard gaat (RBNS). 

In hoofdstuk 6 worden twee bijzondere gevallen, die in de praktijk vaak voorkomen, 
uitgebreid aan de orde gesteld en van een numeriek voorbeeld voorzien. Het gaat om de 
chain ladder methode (de risicofactoren zijn in dit geval het tekenjaar (het kalenderjaar 
waarin de schade wordt geleden) en het loopjaar (het aantal jaren dat verstrijkt tussen het 
tekenjaar en het kalenderjaar waarin de schade wordt gemeld)) en de separatiemethode 
(ook hier is er sprake van twee risicofactoren, namelijk het loopjaar en het kalenderjaar 
waarin de schade wordt gemeld). 

Conclusies en aanbevelingen 

In dit proefschrift is aangetoond dat de begrippen "heterogeniteit" en "hazard rate" goed 
met elkaar kunnen worden gecombineerd in het actuariaat. Actuariële wetenschappers 
worden hierbij aangemoedigd om gegeneraliseerde modellen te ontwerpen, waarbij er zowel 
een tijdsdimensie als een heterogeniteitscomponent aan de orde is. Hiertoe zou dit werk 
als een aanzet kunnen dienen. 

Wetenschap is een zaak van lange(re) adem en sommige modellen in dit proefschrift 
zijn meer geschikt voor praktische toepassing dan andere. Wij kunnen schade-actuarissen 
aanbevelen om het semi-parametrische Cox-model te gebruiken voor de voorspelüng van 
toekomstige claimaantallen. Actuarissen werkzaam in het individuele levenbedrijf en be
last met het probleem van "asymmetrie van informatie" wordt geadviseerd te werken aan 
systemen van sterftewinstdeling. Deze moeten dan gebaseerd zijn op de veronderstelling 
dat de informatie, die de verzekeraar over het risicoprofiel van individuen heeft, onvolledig 
is (een voorbeeld hiervan is het vaas-uit-vazenmodel in hoofdstuk 2). 
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Globally stated, a hazard rate is the probability that a certain event in a 

certain period happens given what has happened before the beginning ofthat 

period. An example of a hazard rate is the probability of an employee 

becoming disabled at the age of 40 given that he or she had been never been 

disabled before. 

A heterogeneous group consists of different types of things or people. 

If there is heterogeneity in an insurance portfolio, the insurance 

contracts in that portfolio represent different risks. 

Models based on heterogeneity in hazard rates have found access in 

scientific disciplines as medical statistics, labor economics and 

econometrics, but seldom occur in insurance mathematics and insurance 

economics. This study is a start-up to fill this gap. Several insurance 

issues will be discussed where both the concepts hazard rate and 

heterogeneity play an important role. Both life and non-life insurance 

topics will be dealt with. We will consider unobserved heterogeneity in 

individual life insurance (Chapter 2), a system of mortality result sharing 

(Chapters 3 and 4), the probationary period as a screening device in case 

of asymmetry of information between insurer and individual (Chapters) and 

the prediction of future claim numbers (Chapter 6). 
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