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Chapter 6 

Prediction of Claim Numbers Based 
on Hazard Rates 

6.1 Introduction 

As demonstrated in Chapter 2, a life insurance portfolio is a typical example of an ap
proach by means of hazard rates, since once a life dies, it leaves the portfolio for ever. 
As a consequence, statistical models based on hazard functions can be used in life busi
ness. Moreover, such models have found many applications concerning duration data, e.g. 
biometrics, labor economics and reliability theory. 

Keiding et al. (1998) showed that they can be applied to non-life problems as well. 
The main topic of the paper mentioned involves the estimation of the hazard of occurrence 
of claims due to casualty insurance portfolios of several types, where as time dimension 
either calendar time or time elapsed since the last claim of each type is taken into account. 
The aim of this chapter is to demonstrate that the hazard rate approach can be used in 
IBNR (Incurred But Not Reported) and RBNS (Reported But Not Settled) problems as 
well. We will consider the prediction of future claim numbers, by which we mean claims 
which have already been incurred by a contract but either have not been reported yet 
(IBNR) or have already been reported but not yet settled (RBNS). In the remainder of 
this chapter, the terminology used will be in accordance with the IBNR case. 

The set-up of this chapter is as foUows. In Section 6.2, the problem is introduced 
and the run-off triangle of claim numbers is displayed. After that, in Section 6.3, an 
overview of papers concerning the modelling of claim numbers will be given. It will 
be clarified that the modelling of claim numbers is usually done as part of setting up an 
IBNR micro model where assumptions concerning claim numbers and claim sizes are made 
separately. In this respect, they are to be distinguished from macro models, where only 
aggregate claim amounts are considered. It will be explained that models concerning claim 
numbers, as far as they appeared in literature, are either simplified or fully parametric. 
Section 6.4 will, after imposing an additional assumption concerning the reporting of 
claims, translate the problem considered in terms of hazard functions. After this, some 
statistical methods based on a proportional structure of hazard functions, at least in a 
continuous time dimension, will be proposed. In Section 6.5, we will consider one of the 
most important models of this class, namely the Cox model, which has the property of 
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being semiparametric rather than parametric. Besides, if the number of claims is small 
compared to the number of contracts under consideration, the hazard function can be 
approximately regarded as the product of two effects. Hence it includes the chain ladder 
method and separation method as special cases, which will be discussed in Subsections 
6.5.1 and 6.5.2. A numerical example is considered in Section 6.6. Section 6.7 gives 
conclusions as well as recommendations for further research. 

6.2 The run-off triangle of claim numbers 

A certain portfolio has been observed during J years. Let n; be the number of contracts 
which pay premiums during the i-th year (or the period [i — l,i)). These contracts are 
exposed to claims from the z-th year on. So we have the following, well known, run-off 
triangle for claim numbers: 

# of contracts Year of origin Development year 
1 2 ••• J - l J 

ni 1 nu n12 ••• nltj^ nu 

"l 2 n21 n22 ••• n2]J_i 

n\ J nji 

Figure 5.1 IBNR-triangle of claim numbers. 

In this triangle, n^ (i = 1, . . . , J,i + j < J + 1) denotes the observed number of claims 
that have occurred in year i and are reported j — 1 years thereafter. The IBNR-problem 
concerns predicting the future claim numbers ny with i = 2 , . . . , J and i + j > J + 2. 

6.3 Overview of comparable l i terature on prediction 
of claim numbers 

One of the first articles on forecasting future IBNR claim numbers is Verbeek (1972). Let 
Nij denote the random variable representing the number of claims occurring in year of 
origin i which are reported in year i + j—'l. Verbeek (1972) assumes that these numbers 
are Poisson distributed, with expectation equal to the product of two parameters to be 
estimated ("Po" is short for Poisson): 

^ • ~ P b ( f t + , . _ i a ) (6.1) 

In the specification above, ßi+j-\ and Pj represent the effects of calendar year of report 
and year of development, respectively. Hence Verbeek's model is to be interpreted as the 
separation method applied to claim numbers. In order to avoid overparametrization of 
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the model one usually imposes a restriction on the p-values, for instance Y2i=iPj = 1, as 
Verbeek did. In that case, J2j=i Pj c a n ^ e considered as the proportion of claims settled 
upon the end of the K-th development year, assuming that all claims are settled after 
J years. This method results in the same outcomes of the estimates as the arithmetic 
separation method, which is based on mechanical smoothing and uses a restriction similar 
to the one above. 

Verbeek's paper is one of the few considering only claim numbers. In most papers, 
such specifications do not stand on their own, but instead are part of a micro model 
on aggregate claim amounts. Micro models have, contrary to macro models which are 
based on aggregate claims data, the property that they focus on insured individuals. 
As a consequence, claim numbers and individual claim amounts are usually specified 
simultaneously. In this section, we will restrict ourselves to contributions where the 
modeling of claim numbers is based on the estimation of fixed quantities, because the 
main model in this chapter has the same property. Contributions where this applies and 
which will be discussed below, are Bühlmann et al. (1980), Witting (1987) and the special 
cases in Norberg (1986). 

Norberg (1986), first of all, assumes that to each year i, a latent general risk condition 
corresponds, represented by a random variable, say Bi, in such a way that, conditionally 
given Bi=ßi: 

• the number of claims in year i, denoted by Ni, is Poisson distributed with parameter 
Vißi, where Vi represents the amount of risk exposed, e.g. the number of contracts 
in force at the beginning of year i, and 

• the number of claims in year i reported in year i + j — I, denoted by JVy, has the 
following distribution: 

^ - P o ^ f t f t ) , (6.2) 

with pj denoting the probability that a claim is reported j years after occurrence. 
The domain of j is {1, . . . , M} with M + 1 denoting the maximal time that can 
elapse between occurrence and notification of a claim. 

Finally, quantities related to different occurrence years are assumed to be independent. 
Note that the expected value of each random variable Nj is described as the product 

of an effect of the year of origin and an effect concerning the development year. So we have 
that, in case ßt is fixed, instead of being the outcome of a random variable, as considered 
in Section 4 of Norberg (1986), Norberg's specification of reported claim numbers reduces 
to the chain ladder method as V{ is known. 

Definition 1 (Chain ladder method) When we write about "chain ladder method", 
we mean that the relevant quantities (e.g. the parameter in a Poisson distribution) can 
be expressed as a product of an effect of year of origin and an effect of development year. 
For an overview of such models, the reader is referred to Mack (1994)- They are not to 
be confused with the original chain ladder method based on mechanical smoothing. In that 
case we will use the terminology "original chain ladder method". In Remark 3, estimates 
of Jiij corresponding to that approach will be given. 
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Concerning Nt as defined above, Bühlmann et al. (1980) and Witting (1987) use the 
same specification as Norberg (1986), except that ß{ is supposed to be fixed and identical 
for all i. Apart from that, however, the approach in both Bühlmann et al. (1980) and 
Witting (1987) is entirely different. They first concentrate on the time elapsed between the 
occurrence and first reporting of the claim, which is assumed to be identically distributed 
irrespective of the year of origin, and then assume each claim, once it has been reported 
for the first time, to follow a certain stochastic process. We will not consider this model 
any further. It should, however, be noted that, assuming 

• a claim can only be reported once (this will also be assumed in the next section), 
and 

• once a claim is reported, its size is known instantaneously, 

the specification in both papers has much in common with the original chain ladder 
method. 

So, only the papers by Norberg (1986) and Verbeek (1972) remain to be considered. 
Note that both involve a distributional assumption. In fact, both models, and related 
ones, are generalized linear models in the sense of Neider & Wedderburn (1972). 

The conclusion of the above survey is that the problem of the prediction of future 
claim numbers is either simplified by assuming that there are no significant factors except 
development time (Bühlmann et al, 1980 and Witting, 1987) or tackled by using a fully 
parametric approach (Norberg, 1986 and Verbeek, 1972). 

In this chapter it will be shown that a method exists which not only allows for including 
more effects than development time alone, but, in addition, is semiparametric, provided 
that the available data can be considered as failure data or duration data. This requires 
the assumption that a claim occurred can only be reported once, which in many lines of 
non-life insurance is a not too severe restriction. In the next section we will translate the 
given prediction problem in terms of hazard functions and then introduce some available 
prediction methods. 

6.4 The hazard rate approach 

In the remainder of this chapter it is assumed that each contract can report at most one 
claim per year of occurrence. If we instead are dealing with an RBNS (Reported But Not 
Settled) problem, the assumption is that there will be at most one claim payment for each 
claim reported in some year of origin. 

So we have that at the beginning of year j there are still rtj — Yjj~=i n\ja contracts 
exposed to having had a claim occurring in year of origin i. 

We assume that the reporting times of contracts of the same year of origin are in
dependent and identically distributed. Let % denote the reporting time of an arbitrary 
contract with year of origin i. We define the probabilities 

Pij = P [Ti = j], (6.3) 
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and the hazard rates 

P[Ti=j] 
ij P[Ti>jY 

(6.4) 

So the hazard rate in this context is equal to the conditional probability that an arbitrary 
claim with year of origin i is reported at time TJ, given that it had not been reported 
before. We assume further that the reporting times of contracts with different years of 
origin are independent. 

Next the problem of predicting claim numbers will be put in a hazard functions frame
work, after which some statistical methods will be considered. 

6.4.1 Trans la t ing t h e p rob lem in t e r m s of haza rd functions 

The random variable representing the number of claims from year of origin i which are 
reported in development year j is denoted by iVy. These claim numbers are observable 
for 0 < i + j < J + 1. The assumptions imply that claim numbers from different years 
of origin are independent and that the joint distribution of the observable claim numbers 
from year of origin i is the multinomial distribution given by 

' J - i+l 

n iNv=nv} 
. 3=1 

«i,i • • • n-i.j-i+i 

J-i+l 

lb 
3=1 

J-i+1 

i - ^2 Pik 
fc=i 

- E S + 1 « 
(6.5) 

where 

ni,\ • • • n^j-i+i 
n,! 

n£+1^!-(^-£ü+1^)' 
(6.6) 

is a multinomial coefficient. This implies that the joint distribution of all observable claim 
numbers is given by 

= n 

J J - i+ l 

n n {^=ny} 
i= l j=l 

(( "' ) 

J-i+l 

3=1 

J-i+l 

fc=i 
'ik 

E J-i+l „ \ 

(6.7) 

Hence the observable claim numbers satisfy the (unconditional) multinomial model. We 
have 

3-1 

Pij = Y[ I1 ~ Xik) • Xi: (6.8 
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with, by definition: 

n(l-Aa) = l. 

Furthermore, 

fc=i 

J-i+l j-i+i 
1 - Y, Pik = J [ (1 - \ik). 

(6.9) 

(6.10) 
fc=i 

So the joint distribution of all observable claim numbers can also be expressed in terms 
of the hazard rates of the reporting times and we obtain 

J J - i+ l 

j 

- n 
t = l 

J 

= n 

i = i j = i 

'(.„.~„„)-nS+,(nü(i-A*)A„)"" 

(nt;+'(.-w)^E"r'"" J 
H (^(l-Ayr-^-"1*) 

^ n ^ i . . . n ^ j - j + i , 

This yields the fohowing log-likelihood function to be maximized: 

J J - i+ l 

(6.11) 

In f| p| {*«=««,-} 
_i=i j = i 

= 5> «•i,l • • • ™i,J-i+l 
J J - i+ l 

• ^ ] T I ny In [Ay] + ( ni - ^ ] niJo ) In [1 - A;/ 
t=l i=l \ V 30=1 

(6.12) 

The logarithms of the multinomial coefficients do not affect the optimal solutions of the 
likelihood maximization problem. They will be omitted in the special cases considered 
below. 

Remark 2 (The censoring concept) Statistical models based on the hazard rate ap
proach explicitly take into account that the study period, in this case equal to J years, 
is limited and therefore not of all contracts incurring claims the reporting time can be 
observed. Such contracts are said to be right-censored. The only thing we know about any 
contract with year of origin i, i G {1 , . . . ,J}, still in force at the end of calendar year 
J, is that it either incurred a claim with reporting time longer than J-i + l, or did not 
incur a claim at all. 
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6.4.2 A non-parametric method considering only development 
year 

One may assume that the relative development pattern of all claims is the same for each 
year of origin: 

\{j=Pj v ; , j e { i , . . . , J } , (6.13) 

equivalent to assuming that the variables Tt defined above are identically distributed, 
i € { 1 , . . . , J}- By substituting this into (6.12), we get as maximum likelihood estimators 
of pj, denoted by pj, j e { 1 , . . . , J} : 

ft = y = 1 n ' J
 r , (6.14) 

with, by definition, 
o 

£ « U b = 0 . (6.15) 
jo= l 

The right hand side of (6.14) can be seen to be the ratio of the number of "failures" 
in development year j to the number of contracts "at risk" at the beginning of year j . 
The estimate of the corresponding survivor function, representing the probability that no 
claims are reported within j years after occurring, is equal to: 

m>j}=n(i-fk)=n(-j^j i), (e-ie) 

also known as the Kaplan-Meier or product limit estimate of the survivor function. The 
predictions for the future claim numbers, denoted by nj-, i = 2 , . . . ,J,j = J—i+2,... , J, 
are 

3-1 

rhj=niY[(l-Pk)-Pj- (6.17) 
fc=i 

Remark 3 (Comparison with original chain ladder method) Contrary to the orig
inal chain ladder method, which instead has estimates 

i - i 
n7j = «iij-i+i _ c„iS+1, (6.18) 

s=J-i+l 

with 

?s,s+1 =
 ZS?,S+\ (6-19) 

the above method, like all methods described in the remainder of this chapter, requires the 
availability of the number of contracts n i ; i g {1 , . . . J}, which in most practical cases is 
not a severe restriction. 
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Usually, however, one supposes that there are more effects than only the development 
pattern, so covariates will have to be included. Therefore in the next subsection we 
introduce a specification satisfying this requirement. 

6.4.3 The proportional hazards specification 

A class of models that has been widely used in many scientific disciplines, including bio
metrics and (labor) economics, is the proportional hazards model, where, in a continuous 
time space, the hazard function is factored as 

A(t ,z)=0(z , /3)p( t ) , (6.20) 

where z denotes a vector of covariates, /3 a vector of unknown coefficients, while p(t), 
an unknown function, denotes the baseline hazard function (baseline, since it is equal 
to the hazard function itself if <j){z,ß) = 1). For an overview of the characteristics of 
this specification, see Kiefer (1988). One of the properties mentioned here is that the 
proportional effect of the hazard function on the covariates is independent of time: 

ain[A(t,z)] = dm[0(z,/3)] 
dz dz 

One can, of course, assume that p (t) belongs to a parametric family, and then estimate all 
coefficients by means of maximum likelihood, but this would give no advantage compared 
to the approaches considered in last section. If however, one assumes <j> (z, /3) to be as 
follows: 

0(z,/3) = e"'«, (6-22) 

then Cox (1972) showed that specification of p (t) is not required. In fact, we are then 
dealing with the semiparametric Cox model, which will be discussed in the next section. 

6.5 The Cox model applied to prediction of claim 
numbers 

In this section, two specifications of the hazard function are considered which both prove 
to be special cases of the Cox model. In case time t is continuous, this model is of the 
following general shape : 

A(i;z)=p(t)exp(/3'z), (6.23) 

with z and ß denoting vectors of regressors and regression coefficients, respectively, while 
p(-) represents the baseline hazard. This model was introduced in Cox (1972) and dis
cussed extensively in Kalbfleisch & Prentice (1980). 

The Cox model has a broad range of applications, in particular in medical statistics. 
Its popularity is derived from the semiparametric estimation method first exhibited in 
Cox (1972). The method is semiparametric because 
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• 

• 

it is not parametric: estimation of /3 does not require specification of the baseline 
hazard function, and 

it is not non-parametric: the hazard function is specified proportionally and log-
linearity of the effect of regressors z is assumed (the latter argumentation is indicated 
by Keiding et al. (1998)). 

Because the Cox model is not non-parametric, it is not assumption-free. However, this can 
hardly be called a drawback, at least when compared to the models of Norberg (1986) and 
Verbeek (1972), discussed in Section 3, as, regarding the effects, they cannot do without 
specifications either. The assumptions related to the Cox model are even less restrictive 
than those related to the parametric method considered in Norberg (1986) and Verbeek 
(1972), as the latter two require specification of all parameters. Therefore, the probability 
of a misspecification in the Cox model is smaller than in the above mentioned parametric 
models. 

In general, parametric methods have the advantage that the estimation (usually by 
means of maximum likelihood) is relatively easy, but the drawback that the model may 
be misspecified. For non-parametric methods, it is just the opposite: estimation may be 
cumbersome but there is no chance of a misspecification. We will see in the next subsec
tions that the estimation of the parameters ß and the function p (t) in the semiparametric 
Cox model - by maximum likelihood - is not very complicated. Therefore, the model con
sidered in this section is not only more accurate than the parametric models discussed in 
the previous paragraph, but also shares its advantages. 

Defining the following survivor functions F(t;z) and F(t), in this context to be inter
preted as the probability that no claim is reported before time i by a contract with 
covariate vector z or by a "baseline" contract characterized by exp (ß'z) = 1: 

F(t;z) = e . /o^M«; (6.24) 

F(t) = e-Jo'pW* (6.25) 

we have that the following relationship holds: 

F(t;z) = (F(t))expiß'*). (6.26) 

By using the effect "development time" as the time variable, the Cox model can be used 
to predict future claim numbers. However, IBNR-models are discrete time models. By 
adopting j € { 1 , . . . , J} as discrete time variable, like we did before, the two respective 
relationships between hazard rate and survivor function, displayed in (6.24) and (6.25), 
respectively, should be altered in the following way: 

Fó{z) = l[(l-Xk(z)); (6.27) 
k<j 

Fj = J\(\-Vk), (6-28) 
k<j 
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with Fj (z) and Fj denoting the respective probabilities that the development time of a 
claim is larger than j . Replacing F(t;z) and F (t) in (6.26) with Fj (z) and Fj, respec
tively, and then substituting for each j € {1,...,J} the equalities (6.24) and (6.25), 
results in 

AJ(z) = l - ( l - p , r P ^ ) , (6.29) 

see Kalbfleisch & Prentice (1980, p. 98, formula (4.30)). 

R e m a r k 4 (Difference w i t h t h e a p p r o a c h in Cox, 1972) In the original paper of 
Cox (1912) the discrete time model 

- - a C l a x p O * ) , (6.30) 
l-Xj(z)dj I-Pjdj 

is proposed instead of (6.29). It also reduces to the continuous one in case the time 
intervals become infinitesimally small. Kalbfleisch & Prentice (1980) indicate that the 
differences between (6.29) and (6.30) tend to be very small if the values of the hazard 
functions are small as well, but that the above specification is only an approximation in 
the discrete time framework. 

We assume that the values for either the hazard function or the baseline hazard are small. 
It follows that (6.23) can be used as an approximation: 

A,- (z) = pj exp (ß'z). (6.31) 

In the run-off triangle, each item of data, i.e. a claim number, reveals two pieces of 
information, one of them being "development year". The other quantity is either "year 
of origin" or "calendar year of report". This results in the chain ladder method and 
separation method, respectively, if approximation (6.31) can be used, as both z and ß are 
one-dimensional. The two mentioned cases will be considered in the next two subsections. 

There will be problems with the numerical computations in this case, because the 
parameters cannot be defined uniquely. In order to avoid convergence problems, one can 
select a value of ß and determine the other values in an analogous manner, as is also done 
in the classical approach. 

Finally, similar to the approach in Kalbfleisch & Prentice (1980, p. 99), the following 
transformation will be used in order to remove range restrictions on the parameters: 

1j=\n(-\n(l-p,)). (6.32) 

6.5.1 The chain ladder method 

If the chain ladder method is applied, each hazard rate Ay is assumed to depend on two 
effects representing development year and year of origin, respectively: 

Ay = pj exp (ßi). (6.33) 
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Using transformation (6.32), the likelihood function, displayed in (6.12), becomes 

. r _ ^ f E / : i + 1 n i > [ l - e x p [ - e x p ( 7 j . + A ) ] ] 

The score statistics (see Kalbfleisch & Prentice (1980, p. 99-100)) are 

(6.34) 

dlnL 

and 

J-j+i _ j 

= ] T n« exp (7 i + ft) e" «*fo+ft) ( l - e - «P^+ft) ) 
« = 1 

- ^2 [rii - Y2 ni,Jo ) exp (TJ + ft) , 
i= l V 30=1 / 

J - t + 1 

(6.35) 

dlnL 

»A 
j - j + i 

5 3 ny exp (7, + A) e - -Pb+f t ) ( l - e-exp^+ft))-1 

] C [ni ~ J2 "'^° e x p ( 7 3 + A ) • (6.36) 
3=1 \ 30=1 / 

The Fischer information matrix (see Kalbfleisch & Prentice (1980, p. 100)) is: 

9 2 lnL d2\nL 

H = #11 #12 
Hoi H-n 

0-797 97 9/3 
9 2 lnL a 2 l n i 

(6.37) 
3/337 9/39/3 

where both ifu and H22 are diagonal matrices. The diagonal elements of Hn are 

<92mL 

" ô7
2 

J-3+1 
exp(7 i + Ä)e-exP(^+/'0 

. ^ - e x p ( 7 , + / 3 , ) + e x p ( 7 . + / 3 . ) _ l 

( 1-e" ?(7j+f t ) 
) ' 

J-3+1 / 3 
+ 5Z ni ~ S n^° )exp ( 7 J + A ) 

i=l \ 30=1 

(6.38) 

The elements of f/12 and H21 are 

<92lnL 

97,-ÖÄ 

n y exp ( 7 i + /3,) 6 - e x p ( % + f t ) ( e — P ( 7 J + ä ) + e x p ( 7 . + ft) _ 1 

. ( l _ e - e x p ( 7 , + / 3 i ) V 2 

+ ( "* ~ / L "*••"> ) eXP (73 + A) • (6.39) 
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The diagonal elements of H22 are: 

<92lnL 

dß] = J2 nv 
J-i+l 

£ 
3=1 

J-i+l 

exp(7 i+/3 i)e- e x p(^+ / 30 

( e - e x p ^ + f t ) + e X p ( 7 j + / 3 i ) - l ) 

+ £ ( ni ~ £ ni ô 
3=1 \ 30=1 

(6.40) 

We can compute the required estimators by means of the Newton-Raphson approach. 
Only a matrix of order J has to be inverted numerically. The simple starting value in 
Kalbfleisch & Prentice (1980, p. 101) is 

ßi=,0fori = l,..,J, 

and the maximum likelihood estimator of 7 at /3 = 0 : 

7, = In In j = l,..., J. 

(6.41) 

(6.42) 

Remark 5 Note that this estimator is actually the same as (6.I4). 

6.5.2 The separation method 

If one uses the separation method, one assumes that the hazard rate is the product of two 
effects, namely the development time and the calendar year: 

Ay = pj exp {ßi+j-x) • (6.43) 

In terms of this approach, the random variable Ntj can be interpreted as the number of 
claims with development time j occurring in calendar year i + j — T. 

Compared to the previous subsection, formulas (6.34) to (6.36) and (6.38) to (6.40) 
have to be modified, while (6.41) and (6.42) remain the same. The results are: 

^ f Eî- i "--j+1,3ln [1 - exP [- exP (ij + ßi)] ] 
~ i=i \ - Ej-i (n*-3+i - E^„=i "i-3+1,30) exp irti + ßi) 

(6.44) 

The score statistics are: 

j 
dlnL 
Ö7, = £ n«-3+i,3 exP (TJ + ßi) e~ ij+ßi) ( , - , -exp(li+ßi) y 

1=] 

- E ni-3+l - E ni-3+l,30 eXP {ij + ßi) -
30=1 

(6.45) 
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dlnL ]T -̂7+1,7 exp (7i + ßi) e—Pb+ft) (i _ e-«p(i,+A) j " 1 

7 = 1 

- ^ I nj_J+1 - ^ n w + l j 0 J exp (7i + &) . 
7=1 \ 30=1 ) 

(6.46) 

Again both Hu and H22 are diagonal matrices. The diagonal elements of Hu are: 

32lnL 
ô7j = E-'t—j+1,3 

exp(7j+A)e-exp(^+/30 

• (e- e x p (^ + f t )+exp( 7 j +/3 i ) - l ) 

+ J2 ( n--J+i - E nW+ijo ) exp (7j + ß^ . 
i=J \ jo=l 

(6.47) 

The elements of H12 and H21 are: 

d2lnL 
ö7,oft 

fÜ4w exP (7> + Ä) e-exp^+/3<) (e—K^'+ft) + exp (7, + ß.) - l ) 

+ «i-j+i - E ni-i+i.3o exP (7j + A) • 
70=1 

(6.48) 

The diagonal elements of H22 are: 

<92lnL 

dß\ 
Vim / J **i—j+l,j * 

7 = 1 

exp^.+ZJ^e-^CTi+ft) 

• ( e - e x p ( T i + f t ) + e x p ( 7 i + / ? i ) - l ) 

Vl_ e—p(7 i+/3,)V2 

+<5im 5 3 I n'-7+l - E "*•*> • (6-49) 
7=1 V 70=1 / 

The starting value is the same as in the chain ladder method. 

6.6 Numerical example 

In this section the methods derived will be applied on a real insurance portfolio. The 
data are shown below. The number of contracts each year of origin is equal to 70,000 (so 
ni = 70,000 for i = 1, . . . , J). The elements of the run-off triangle (see Figure 5.2) have 
normal font while the actual development of claim numbers is bold faced: 
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62 62 50 35 33 18 16 6 8 9 
50 107 45 31 22 16 16 6 14 8 
78 73 37 26 19 17 12 5 6 7 
55 50 23 16 16 4 5 8 7 5 
71 55 48 20 14 9 10 9 3 2 
74 75 41 26 15 6 13 5 8 0 
58 59 29 32 9 12 3 4 5 5 
83 49 34 24 12 12 6 10 6 8 
45 51 36 22 13 10 7 8 6 12 
73 60 30 28 17 14 20 5 12 9 

Figure 5.2 
IBNR-square with actual claim numb ers. 

As mentioned in Section 2, one of the parameters of the vector (ßtl... ,ßw) has to be 
selected. In this case, we have fixed ß10 and ß1 at 0 for the chain ladder method and the 
separation method, respectively. After 183 and 134 iterations, respectively, the following 
results for the estimations of the parameters have been obtained (s.e. denotes standard 
error) : 

Table 5.3a 

Results of estimation for chain ladder method; estimates, both absolute and 
relative with respect to standard error, and corresponding I gradient. 

Pa. Estimate Est./s.e. Grad. Pa. Estimate Est./s.e. Grad. 

7i -6.8660 -174.901 0.0009 ßy 0.0258 21.529 0.0009 
72 -6.8565 -165.256 0.0021 ß?, 0.0827 65.547 -0.0050 
7 3 -7.4071 -129.772 -0.0021 & -0.0191 -14.277 -0.0026 
74 -7.7782 -106.079 0.0007 ß4 -0.4567 -319.400 0.0016 
7 5 -8.0872 -88.221 0.0004 ß* -0.1558 -100.849 0.0008 
76 -8.5163 -68.129 -0.0001 ß« -0.0364 -21.490 0.0007 
77 -8.5760 -60.042 0.0018 ßl -0.2036 -107.633 0.0006 
7 8 -9.4489 -38.948 -0.0009 ß* -0.1293 -59.197 -0.0002 
79 -8.8092 -41.310 -0.0009 ß* -0.4231 -158.214 0.0010 
7io -8.9815 -26.932 -0.0008 
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Table 5.3b 

Results of estimation for separation method; estimates, both absolute and 
relat ive with respect to standard error, and corresponding ; gradient. 
Pa. Estimate Est./s.e. Grad. Pa. Est. Est./s.e. Grad. 

7i -7.0268 -179.002 0.0003 

72 -7.0359 -169.583 0.0001 ft -0.0987 -36.920 -0.0005 
73 -7.5722 -132.668 0.0005 ft 0.3873 177.288 0.0003 
74 -7.8836 -107.507 0.0000 ft 0.1126 59.492 -0.0020 
75 -8.1574 -88.982 0.0011 ft 0.0754 44.575 -0.0032 
76 -8.5775 -68.613 0.0001 ft -0.0045 -2.904 0.0073 
77 -8.6158 -60.306 0.0000 ft 0.0682 47.653 -0.0011 
78 -9.3497 -38.566 0.0017 ft 0.0819 61.193 0.0003 
79 -8.6037 -40.348 -0.0006 ft -0.2609 -206.779 -0.0017 
7io -8.9031 -26.712 0.0002 fto -0.0515 -42.995 -0.0033 

The elements of both the vectors ( 1 , . . . ,10) and either ( 1 , . . . , 9) or (2, . . . , 10), respec
tively, turned out to be mutually uncorrelated. Therefore only the correlation coefficients 
between the elements of the two respective vectors will be given: 

7i 
ft 

-0.004 
ft 

-0.004 
ft 

-0.004 
ft 

-0.003 
ft 

-0.004 
ft 

-0.005 
ft 

-0.004 
ft 

-0.005 
ft 

-0.005 
72 -0.004 -0.004 -0.004 -0.003 -0.004 -0.005 -0.005 -0.006 -0.005 
73 -0.003 -0.003 -0.003 -0.002 -0.003 -0.004 -0.004 -0.005 -0.000 
74 -0.003 -0.003 -0.003 -0.002 -0.003 -0.003 -0.003 -0.000 -0.000 
75 -0.002 -0.003 -0.003 -0.002 -0.003 -0.003 -0.000 -0.000 -0.000 
76 -0.002 -0.002 -0.002 -0.002 -0.002 -0.000 -0.000 -0.000 -0.000 
77 -0.002 -0.003 -0.002 -0.002 -0.000 -0.000 -0.000 -0.000 -0.000 
7s -0.002 -0.002 -0.002 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000 
79 -0.003 -0.003 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000 
7io -0.004 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000 

Figure 5.4a 
Correlation coefficients between estimated factors; chain ladder method. 



156 Prediction of Claim Numbers Based on Hazard Rates 

A ßz Ä Ä ße ßi ßs ßs ,öio 
7i -0.002 -0.002 -0.003 -0.004 -0.003 -0.004 -0.004 -0.003 -0.003 

7S -0.002 -0.002 -0.003 -0.005 -0.006 -0.004 -0.004 -0.005 -0.000 

73 -0.002 -0.004 -0.004 -0.005 -0.006 -0.004 -0.005 -0.000 -0.000 

74 -0.004 -0.005 -0.005 -0.007 -0.008 -0.006 -0.000 -0.000 -0.000 

75 -0.003 -0.004 -0.005 -0.008 -0.009 -0.000 -0.000 -0.000 -0.000 

7fi -0.005 -0.007 -0.008 -0.009 -0.000 -0.000 -0.000 -0.000 -0.000 

77 -0.005 -0.007 -0.008 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000 

7s -0.007 -0.011 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000 

7s -0.007 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000 -0.000 

7io 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 

Figui •e 5.4b 
Correlation coefficients between estimated factors; separation method. 

The IBNR-square with estimated claim numbers for the chain ladder method, to be 
compared with the actual claim numbers in Figure 5.2, is shown in Figure 5.5a. On the 
other hand, regarding the separation method we have restricted ourselves to the estimation 
of the claim numbers available. The reason lies in the fact that the pattern of subsequent 
estimates in the row /?2, • • • ,ßj is irregular, so it is very hard to extrapolate these in 
order to obtain the estimates ßJ+i, • • • , /32ji if no information about future developments 
is available. 

74.9 75.5 43.5 30.0 22.0 14.3 13.5 5.6 10.7 9.0 
79.2 79.9 46.0 31.7 23.3 15.2 14.3 6.0 11.3 9.5 
71.6 72.2 41.6 28.7 21.0 13.7 12.9 5.4 10.2 8.6 
46.2 46.6 26.9 18.5 13.6 8.9 8.3 3.5 6.6 5.6 
62.4 63.0 36.3 25.0 18.4 12.0 11.3 4.7 8.9 7.5 
70.3 70.9 40.9 28.2 20.7 13.5 12.7 5.3 10.0 8.5 
59.5 60.0 34.6 23.9 17.5 11.4 10.7 4.5 8.5 7.2 
64.1 64.7 37.3 25.7 18.9 12.3 11.6 4.8 9.2 7.7 
47.8 48.2 27.8 19.2 14.1 9.2 8.6 3.6 6.8 5.7 
72.9 73.6 42.4 29.2 21.5 14.0 13.2 5.5 10.4 8.8 

: figure 5.5a 
IBNR -square with estimated claim numbers for the chain ladder 
method (to be compared with Figure 5.2). 
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62.1 55.7 53.0 29.4 21.6 13.1 13.5 6.6 9.9 9.0 
56.3 90.6 40.2 28.4 19.9 14.1 13.7 4.7 12.1 
91.5 68.8 38.7 26.2 21.4 14.3 9.7 5.8 
69.5 66.3 35.8 28.2 21.7 10.1 12.0 
67.0 61.2 38.5 28.6 15.4 12.5 
61.8 65.8 39.0 20.3 19.0 
66.5 66.7 27.7 25.0 
67.4 47.4 34.1 
47.9 58.4 
59.0 

Figure 5.5b 
IBNR-square with estimated claim numbers for the separation 
method (to be compared with Figure 5. 2). 

One may want to apply a certain quantity on the results, measuring the deviation of the 
estimated claim numbers (in Figures 5.5a and 5.5b) from the actual one (in Figure 5.2). 
An example is taking the average of the squared differences between the corresponding 
claim numbers. We will not do this, however, since it may then be tempting to compare 
the outcomes of the model in this section with those resulting from a parametric method, 
while in our view the Cox model cannot be compared with any parametric model in such a 
way. By doing such analyses, one would ignore the main benefit of the method considered 
in this section, i.e. that it requires less severe restrictions than a parametric approach. 

6.7 Conclusions and recommendations for further re
search 

In this chapter, the IBNR problem of predicting future claim numbers was translated 
into one concerning the estimation of hazard functions. Such an approach relies on the 
assumption that a claim occurring can only be reported once. If this holds, the non-life 
actuary has a variety of statistical methods at his disposal. In this chapter, we discussed a 
major one, namely the Cox model based on proportional hazard rates. It has, in contrast 
to the parametric methods which have appeared in the literature up to now, the property 
that it is semiparametric. In this case, this means that estimation of the coefficients 
related to the effects (covariates) does not require specification of the baseline hazard 
function, representing the effect of development year. As a consequence, the chance of a 
misspecification is not as great for the Cox model as it is for a parametric model. 

If one supposes that the hazard functions, or the conditional probabilities that a claim 
is reported given that it has not been reported before, are small, then, by approximation, 
each hazard function can be specified as the product of several effects. This reduces to 
either the chain ladder method or the separation method, depending on whether, besides 
development year, the single effect of either year of development or the effect of calendar 
year of report, respectively, is included in the model. For both the special cases, it turned 
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out that the parameters were relatively easy to estimate by means of maximum likelihood. 
Both versions were also numerically illustrated. 

Recalling formula (6.29) 

Ai(z) = l - ( . l - p i )
e x p ( / 3 ' z \ (6.50) 

note that the model dealt with in this chapter only allows for z being equal to one of the 
unit vectors of length J. Other exogenous factors, such as region and age, can, however, 
be included by simply altering the length of both the vectors z and /3, such that to each 
additional effect, one additional element in both /3 and z corresponds. 


