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5.. A Generativ e Model of Poin t Scatterin g 

5.1.. Introductio n 

AA drawback of using range profiles for classifying aircraft is that measuring suf-
ficientt range profiles from which a statistical classifier can be constructed is not 
feasiblee (see chapter 1). A solution to this problem is to use a training set con-
tainingg simulated range profiles. Simulated range profiles differ significantly 
fromm measured range profiles (see section 2.6). If a classifier for measured pro-
filess is to be trained from simulated profiles, care must be taken to ensure that 
thee classifier bases its decision solely on the common features between simu-
latedd and measured profiles. 

AA reasonable assumption is that at least some of the dominant scatterers 
foundd in simulated profiles will also be present in measured profiles. For ex-
ample,, when observing a commercial airliner from approximately broadside, 
onee would expect scatterers to be located at the location of jet engines and the 
bodyy of the aircraft in both measured and simulated profiles. These dominant 
scattererss cause peaks at a certain location with a certain amplitude in both 
simulatedd and measured profiles. The peak locations, which are determined by 
thee positions of the associated scatterers on the aircraft, should be identical 
(withinn reasonable bounds) in both cases. 

Thiss is in general not true for peak amplitudes. It is very difficult to predict 
thee (relative) amplitude of peaks in simulated profiles, since not all scatter-
ingg behaviour is included in the simulation. If one or more scatterers are not 
presentt in the simulated profile, the (relative) amplitude of the remaining peaks 
aree useless for comparison with measured profiles. 

Thiss chapter therefore assumes that the common features between measured 
andd simulated range profiles are the slant ranges of amplitude peaks. 

Thee use of peak locations (in combination with amplitude information) as 
featuress for classification has previously been discussed in [8, 50], where a peak 
locationn probability function is defined which determines for each location in 
aa profile the probability that a peak occurs there. This function is estimated 
byy aggregating peak location information over all possible aspect angles. Since 
peakk locations are dependent on aspect angle (through the effects of TRM), this 
proceduree causes a 'widening' of the peak location distribution. This effect will 
bee more severe for increasing numbers of poses, and so this approach can only 
bee applied to training sets in which the pose does not change significantly. 
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Thiss chapter presents a method which uses peak locations as features for 
classification,, but does not build the classifier in the feature space. Instead, for 
eachh class the parameters of a generative model will be estimated, i.e., a set of 
parameterss from which, for any given aspect angle, the statistical distribution 
off  peak locations can be predicted. These generative models are then used to 
constructt a maximum likelihood classifier for radar range profiles. 

AA simple and adequate model for the distribution of peak locations in range 
profiless is a configuration of point scatterers, including their visibility to model 
occlusions.. The advantage of such a simple model is that its parameters (point 
scatterr locations and visibility areas) can be automatically estimated from a 
trainingg set of simulated range profiles. Once generative models for each air-
craftt are available, they can be used to determine the likelihood of an unknown 
seriess of profiles, conditioned on aircraft class. 

Inn recent literature [29, 30], a more sophisticated parametric model of radar 
scatteringg has been developed. This model includes more complicated scat-
tering,, and contains the point scatterer as a special case. This chapter uses 
aa simpler model in order to limit the complexity of the parameter estimation 
algorithm. . 

Expressingg the likelihood of peak locations given the model parameters re-
quiress the use of a set of hidden variables. The hidden variables of this prob-
lemm are the assignments of observed peaks in the profiles to scatterers in the 
model.. The optimal model parameters are estimated using an Expectation-
Maximisationn algorithm [51]. 

AA similar parameter estimation problem is presented in [52], where the goal 
iss to reconstruct the three-dimensional shape of an object from a set of images 
takenn from different camera positions. The hidden variables of this problem 
describee which observed image features correspond to which 3D feature of the 
object.. While the parameter estimation procedure presented in [52] provides 
thee basis for the procedure presented in this chapter, there are some significant 
differences. . 

Sectionn 5.2 provides detailed descriptions of the estimation of the parame-
terss of the generative models. Section 5.3 shows how the estimated models 
cann be used to construct a maximum likelihood classifier for range profiles. 
Sectionss 5.4 and 5.5 describe the experiments performed to test the models. 
Finally,, section 5.6 contains conclusions based on the experimental results. 

5.2.. Estimatio n of Model Parameter s 

Thiss section describes the construction of a model-based classifier for range 
profiles.. The generative model used by the classifier is capable of predicting 
thee distribution of amplitude peaks occurring in range profiles, given aircraft 
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typee and aspect angle. The parameters of the model are estimated from peak 
locationss extracted from a training set containing simulated range profiles. 

Alll  significant peaks in simulated range profiles are assumed to be caused 
byy point scatterers. There are a number of advantages in using such a simple 
model.. The parameters of a point scatter model are easy to estimate given only 
measurementss of peak locations in a set of profiles. Also, given such a model 
itt is possible to predict peak locations for any given aspect angle, i.e., it allows 
uss to interpolate between different aircraft poses. This is a crucial requirement 
forr a classifier for range profiles. 

5.2.1.. Observe d Variable s and Model Parameter s 

Thee training set for each aircraft consists of JV simulated range profiles. The 
aspectt angles at which these profiles were collected are denoted by 0 = {0n} 
fornn = 1,...,N. 

Thee parameters of the point scatter models will be estimated solely from the 
positionss of local amplitude maxima, i.e., peaks, in each profile. As explained in 
chapterr 2, range profiles are measurements of an aircraft's radar reflectivity as 
aa function of slant range r, defined in section 2.2. The positions of amplitude 
peakss can therefore be expressed as a set of slant ranges rnk, where n is the 
indexx of the profile in the training set, and k = 1,..., Kn, where Kn is the total 
numberr of amplitude maxima in the nth profile. Note that in general different 
profiless will contain a different number of amplitude maxima, and so Kn will be 
differentt for each profile. The complete collection of amplitude peak positions 
RR = {rnk}  are the observed variables of the problem. 

Thee distribution of peak locations is modeled by a generative point scatter 
modell  containing M point scatterers located at positions xm = (xm,ym,zm), 
m=m= 1,... ,M, in the aircraft-fixed coordinate system defined in section 2.2. For 
eachh scatterer, the corresponding peak location distribution, when observed 
att aspect angle 6, is modeled as a Gaussian distribution with mean r(0,xm) 
(definedd in equation (2.5)) and variance a^, 

p(r\xp(r\xmm,a^),a^) = 3V- ( r ; r (0 ,xm) ,O- (5.1) 

Notee that the variances a  ̂ are parameters of the generative models, and are 
assumedd to be independent of aspect angle. 

Sectionn 2.4 introduced the main sources of range profile variability. The sim-
ulatedd range profiles in the training set are not influenced by translational range 
migrationn or measurement noise, but they are influenced by speckle and occlu-
sion. . 

Bothh speckle and occlusion have an effect on the visibility of a scatterer. 
Specklee can cause the return of several scatterers present in a given range bin to 



56 6 5.. A Generative Model of Point Scattering 

cancell  out completely, and as a consequence no amplitude peak will be present 
inn that range bin. Similarly, if a scatterer is occluded at a given aspect angle, it 
doess not generate an amplitude peak in the corresponding profile. 

Thee effects of both speckle and occlusion will be collectively modelled by 
introducingg a visibility matrix V. It is a N x M matrix with elements vnm, with 
vvnmnm defined as the probability of scatterer m being visible when observed at 
aspectt angle 0n. If vnm = 1, the scatterer is visible, while a value of vnm = 0 
meanss it is occluded. Values of vnm between 0 and 1 indicate that speckle is 
causingg the visibility to rapidly fluctuate over a small changes of aspect angle 
(seee also section 5.2.6). 

Forr notational convenience, Y = {X, <r, V}  is used to denote the complete set 
off  model parameters X = {x m} , a = {<r m} and V = {vnm}. 

5.2.2.. Hidden Variable s 

Thee optimal model parameters Y*  are found by maximising the joint log like-
lihoodd of the observed variables R as a function of the model parameters Y, 
givenn the aspect angles 0, 

Y**  = argmax logp(R|Y;B). (5.2) 

Thee likelihood of observing the peak positions R is dependent on the way scat-
tererss in the model are assigned to the peaks, i.e, to solve (5.2) it is necessary 
too know which of the observed peaks rnk are measurements of the slant range 
positionss of which of the scatterers xm. An example of an assignment is shown 
inn figure 5.1. 

Recalll  that in profile n there are a total of Kn detected peaks, which have to 
bee assigned to a total of M scatterers. In general Kn * M , both because peaks 
mayy be present in the profile which were not caused by any of the scatterers, 
andd because of any of the peak detection issues described in section 2.4. 

Assignmentss are described by a set of assignment variables fl . Let üonk de-
notee an assignment between a detected peak and a scatterer, 

(x)(x)nknk e {0,1,...,M} , (5.3) 

Thee statement wnk = m means that the measured slant range location rnk of 
thee fcth peak in the nth profile is a measurement of fnm = f (0n,xm) , while 
confcc = 0 means this peak is not assigned to any scatterer. An overview of the 
relationshipp between scatterers, peaks and assignments is shown in figure 5.1. 

Thee set of assignments between peaks and scatterers in the nth profile are 
denotedd by u)n = {conk}, and the complete set of assignments between peaks 
andd scatterers over all profiles by £2 = {o>„} . 
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Figuree 5.1: Example of possible assignments wnk between 4 scatterers xm (here shown 
inn 2 dimensions instead of 3), and peaks in two profiles Zi and z2. Profile Zi, mea-
suredd at aspect angle d\, contains 5 peaks at slant ranges nk, where k = 1,..., 5. The 
secondd profile, z2, measured at a different aspect angle 02, contains only 3 peaks at 
slantt ranges r2k, where now k = 1,..., 3. 

Nott all possible assignment are valid assignments. An assignment ivn is 
validd if each peak is assigned to at most one scatterer, and each scatterer is 
assignedd to at most one peak. The first condition is always met due to the 
wayy assignments are encoded. The second condition must be enforced through 
otherr means, which are described later in this chapter. 

Althoughh the assignments ft are required to be able to express the likelihood 
off  the observations given the model, their correct value is unknown. They are 
thee hidden variables of the problem. The joined log likelihood occurring in (5.2) 
cann only be expressed as a marginalisation over the hidden variables CI: 

logp(R|Y;0)) = logXp(R,n |Y;0). 
n n 

Inn section 5.2.4 an exact definition of this likelihood will be given. 

(5.4) ) 

5.2.3.. Expectation-Maximisation Optimisation 

Fromm (5.2) and (5.4) it follows that the optimal model parameters Y* are those 
thatt maximise the joint log likelihood of peak locations R and the hidden as-
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signmentt variables Q, 

Y**  = argmax l o g ^ ^ R - " ! ^ © ) - (5-5> 

Duee to the dependence of the log likelihood on the unknown assignments H, 
equationn (5.5) can not be solved directly. 

AA common approach for maximum likelihood parameter estimation in the 
presencee of hidden variables is to use an Expectation-Maximisation (EM)[51, 53, 
54,, 55, 56]. The main idea behind EM optimisation is that although the true 
valuess of the hidden variables are unknown, it might be possible to estimate a 
distributionn over H, given the input data and an estimate of the model parame-
ters.. This distribution is then used to obtain an improved estimate of the model 
parameters. . 

EMM is an iterative algorithm, and consists of an expectation and a maximisa-
tiontion step. Let t be the number of the current iteration. 

 In the expectation step, a distribution qHO.) is computed such that 

4f (0)) = p(£l\R,y¥t,®), (5.6) 

wheree Yf is the current best estimate of the model parameters. 

 In the maximisation step, a new best estimate Vt+l  of Y*  is constructed by 
maximisingg the expected joined log likelihood of the observed and hidden 
variables,, where the expectation value is taken with respect to qHO.): 

Y t+11 = argmax Eq<  [ logp(R,n|Y;0)]. (5.7) 

Inn appendix A it is shown that this procedure maximises log p(R|Y; 0). Detailed 
descriptionss of the implementation of the expectation and maximisation steps 
aree given in sections 5.2.5 and 5.2.6. 

5.2.4.. Derivation of Likelihoods 

Thiss section derives explicit expressions for the likelihoods occurring in equa-
tionss (5.6) and (5.7). 

Thee joint likelihood of the observed and hidden variables can be written as 

p(R,fl|Y;0)) = p(R|n,Y;0)p(O|Y;0). (5.8) 
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Sincee p(R|n,Y;0) is conditioned on the assignments ft, this distribution is 
independentt of the visibility matrix V, since a scatterer assigned to any given 
peakk is visible by definition. Likewise, a scatterer which has not been assigned 
too any peak invisible by definition. Therefore, 

p(R|ft,Y;0)) = p(R\n,X,<T,Q). (5.9) 

Thee peak positions are assumed to be conditionally independent, 

NN Kn 

p(R|ft,X,<7;0)) = f ] UP(rnk\conk,X,(T\en). (5.10) 
n=lk=l l 

Thee distribution of the slant range rnk of a peak assigned to scatterer m, i.e., 
u>u>nn)c)c = m, is defined as the Gaussian distribution given by 

p(rp(rnknk\w\wnknk = m,X,a;0n) = J^{rnk;r{0 n,xm),o-^). (5.11) 

Iff  peak rnk is not assigned to any scatterer, i.e., wnk = 0, all slant range are 
equallyy likely, and so 

P(rP(rnnk\c0nkk\c0nk = O,X,o-;0„) = - , (5.12) 

wheree I is the unambiguous range interval, i.e. the total length of the profile, 
definedd in 2.2. 

Thee second term in (5.8) is the a priori  likelihood of the set of assignments 
ft,ft, given the model parameters Y. It is assumed to be only dependent on the 
visibilit yy matrix V, 

p(ftPf;e)) = p(ft|V). (5.13) 

Thee a priori likelihood of assigning a scatterer ra to any of the peaks in the nth 
profilee is just vnm, which is the probability of visibility of the with scatterer in 
thee nth profile. Assigning a scatterer which is considered occluded (vnm « 0) is 
thereforee considered very unlikely, while assigning a scatterer which is known 
too be visible (vnm ~ 1) is considered very likely. Likewise, the a priori likelihood 
off  not assigning the mth scatterer to a peak in the nth profile is 1 - vnm. 

Lett €nm be a binary variable indicating whether the mth scatterer has been 
assignedd to any peak in the nth profile, 

__ J" 1 if m G u)n 
€ n m " 11 0 i f m f o j n

 ( 5 ' 1 4) 
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Thee a priori likelihood of an assignment H is then given by 

N N 

P(CI\V)=P(CI\V)= Y\p(Wn\Vn) 
rt=1rt=1 (5.15) 
NN M 

n=\m=\ n=\m=\ 

Finally,, the distribution qHtl) defined in (5.6) can be rewritten using Bayes' 
rulee as 

HH F ' , (5.16) 
ocp(R|n ,Tt ;0 )p (n |Tt ;0 ). . 

Usingg the independence assumptions (5.11) and (5.15), equation (5.16) can be 
writtenn as 

N N 
q'itl)q'itl)  oc f l p(r„|a)n,X

t,crt;Ön)p(cünlVt). (5.17) 
n=l l 

Sincee the space of possible assignments is discrete, ql(Cl) is completely de-
finedd by a set of probabilities q[

nkm, defined as 

flnkm=P(flnkm=P(wwnknk = m|R,Yt;0)> (5.18) 

i.e.,, ql
nkm is the posterior likelihood of assigning the fcth peak in the nth profile 

too scatterer ra. 

5.2.5.. Descriptio n of the Expectatio n Step 

Unfortunately,, because of the constraints on valid assignments co„  (described 
inn section 5.2.2), it is impossible to directly calculate (5.18). Instead, the ql

nkm 

wil ll  be estimated by sampling the posterior distribution over valid assignments. 
Fromm this set of samples the qt

nkm is estimated as 

00 5 = 1 

wheree 6 is the Kronecker delta function and S is the total number of samples. 
AA Markov chain Monte Carlo (MCMC) algorithm is used to obtain the sam-

ples.. Monte Carlo algorithms (or more specifically, Metropolis-Hastings algo-
rithmss [57, 58]) sample a target distribution by sequentially generating new 
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sampless from a proposal distribution, which are then either accepted or rejected 
basedd on the value of some acceptance ratio a. 

Inn MCMC algorithms, the proposal distribution takes the form of a Markov 
process,, which means that a new sample oo'n is generated probabilistically from 
thee last accepted sample wn, according to a so-called Markov transition proba-
bilitybility  p{w'n\wn). 

Thee exact sampling process, which is performed for each profile separately, 
iss as follows: 

1.. Start with a valid assignment ws
n, 5 = 1. 

2.. For 5 = 1 to S, 

a)) Randomly generate a new valid assignment w'n from ws
n according 

too the Markov transition probability p(w'n\w
s
n). 

b)) Calculate the acceptance ratio a, 

aa__ piw'^In^O^pWnWn) ( 5 2 Q) 

piwïtlTn^On)piwïtlTn^On) p{tVn\tD5n)' 

c)) If a > 1, accept co'n by setting eu^+1 = w'n. Otherwise, accept w'n with 
aa probability a. If the proposal is rejected, set eu^"1 = ws

n. 

Thee acceptance/rejection mechanism ensures that the final set of samples are 
drawnn from p{£l\R, Y'; 0 ). This property of the sampling process is, apart from 
somee general restrictions [54], independent of the exact choice for the Markov 
transitionn probabilities. The Markov transition probabilities do however deter-
minee the efficiency of the sampling process. To ensure the algorithm explores 
thee search space sufficiently while still generating high probability samples, the 
followingg method for generating new samples was used: 

1.. Randomly choose a scatterer m e 1,. . ., M. 

2.. Find the current assignment k of ra, where k e 1,..., Kn means m is cur-
rentlyy assigned to peak k, i.e, cos

nk = ra, and k = 0 means ra is considered 
occludedd in the current value of cos

nk. 

3.. Randomly change the assignment for m from k to k', according to the 
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probabilityy P(k'\k,m) defined as 

p(k'\k,m) p(k'\k,m) 
P(k'\k,m)P(k'\k,m) = 

p(k'\k,m)p(k'\k,m) = -

XkXkrr p(k'\k,m)' 
00 if k' = k, 
(11 - Vnm) if fc' = 0 and k' * k, 
p(rp(rnknk'\x'\xmm,a,amm;0;0nn)) x vnm if k' e l,...,Kn and k' * k. 

(5.21) ) 

4.. If m is now assigned to a peak formerly assigned to another scatterer m', 
repeatt the above process for scatterer m'. Otherwise, stop. 

Thee last step in the algorithm ensures that the resulting proposal assignment 
w'w' is always a valid assignment. 

Finally,, estimates of (\tnkm are constructed from the resulting set of samples 
usingg equation (5.19). These estimates are then used to construct the expected 
jointt log likelihood in the maximisation step. 

5.2.6.. Description of the Maximisation Step 

Inn the maximisation step, a new best estimate Yt+l  of the model parameters 
iss found by maximising the expected joint log likelihood of the observed and 
hiddenn variables, 

YYt+it+i  = argmaxf r̂ [ logp(R,n|Y;0)] 
¥¥ (5 22) 

-- a rgmax r̂ [logp(R|n,X,cr;0) + logp(H|V)], 
X,o\V V 

wheree the last step uses the definitions presented in section 5.2.4. The ex-
pectedd joint log likelihood can be expressed in terms of the ql

nkm (defined in 
equationn (5.18)) as 

NN K M 

EEqqtt [logp(R\a,X,a;S)] = X S X Qnkmlo&P(rnk\u>nk = m,X,a;6n). 
n=ll  fe=l m=0 

(5.23) ) 
Thee new best estimate X t+1 of X is most easily defined in terms of virtual 

measurementsmeasurements fnm and virtual measurement variances &L, defined as [52] 

r. . 
-- ^ k " l Qnkm rnk 

nmnm ' YKn a1 

^k=\^k=\ll inkminkm (5.24) 
&L&L  = at at 

2-k=ii  <4nk 
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ff  or n = 1,.. ., N and m = 1,.. .. M. Using these definitions, equation (5.23) can 
bee written as 

^ [ l ogp (R |aX ,< r ;0 )]]  = C+ f £ {fnm~f2
nm)\ (5.25) 

n=ll  m=l 

wheree C is a constant which does not depend on X. A new estimate X t+1 of 
thee scatter positions can be found by maximising (5.25) using a General Least 
Squaress solver. 

Givenn the new position estimates X t+1, the maximum likelihood solution for 
thee model variances are given by 

(rr(rr tt + \^2 _ Zn=l £fc=l Q-nkm (rnk ~ fnm)) (t- „ „ , 

2-.n=l2-.n=l 2_,fc=i Qnkm 

Too estimate the visibility matrix, the expected log likelihood (5.15) can be 
writtenn in terms of the assignments D. as 

EEqqtt [ l 0 g p ( f t | Y ; ö ) ] = XXénmlOg(Vnm) + (1 - 6 „ m ) l o g ( l - Vnm), (5-27) 
nn m 

wheree enm is defined as the expectation value of enm, 

eenmnm = Eqt [enm]  = 2^,cinkm. (5.28) 

Thee maximum likelihood solution v  ̂ is the given by 

vvnmnm = Ênm = Z^Qnkrn- (5.29) 
k k 

Equationn (5.29) should be interpreted as follows: the probability of scatterer m 
beingg visible in profile n is equal to the sum over k of the probabilities that 
scattererr m is assigned to peak k. 

Althoughh the estimate (5.29) is the maximum likelihood solution, it does not 
reflectt the physical properties of radar scattering correctly. The problem is 
thatt in the training set, a scatterer is either present in a profile, or it is not. 
Unconstrainedd optimisation of the visibility matrix using (5.29) would therefore 
resultt in a 'binary' visibility matrix, i.e., all elements vnm would be either 0 or 
1. . 

Thiss is a problem in the case of speckle. As described in section 5.2, speckle 
causess a the visibility of a scatterer to vary rapidly over small changes in as-
pectt angle. Therefore, speckle should be modelled as a probability of visibility 
betweenn 0 and 1. 
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Too remedy this problem, the visibility matrix is smoothed after the new esti-
matess (5.29) have been calculated, by applying a Gaussian filter to the elements 

NN M 
,t,t + \ _ y Y w ,vt+i 

uu nm - £_* Z- vvn'm'  v
n'm'^ 

n' = l' = l  m' = l 

Thee elements v'1  ̂ form the new estimate of the visibility matrix V t+1. 
AA drawback of using this smoothing procedure is that the new estimate V t+1 

noo longer maximises the expected log likelihood (5.27). Consequently, the con-
vergencee of the parameter estimation algorithm is no longer guaranteed as it is 
forr true EM algorithms. Nevertheless, the approach converges in practice, and 
thee resulting estimate of V does more accurately reflect the physics of radar 
scattering. . 

5.3.. Model-Based Classification 

Thiss section describes the construction of a maximum likelihood classifier for 
simulatedd range profiles. Although such a classifier has no practical application, 
itt can validate the assumptions underlying the generative point scatter model if 
itt performs well. Furthermore, the classifier described in this section is the basis 
forr a maximum likelihood classifier for measured range profiles, described in 
chapterr 6. 

Lett c = 1,. . ., C denote the class labels of the aircraft in the database. It is 
assumedd that for each aircraft a generative point scatter model fc has been 
estimated.. The task of the classifier is to assign a class label c*  to a leg of 
simulatedd profiles Y = {y n}  with aspect angles 0 = {0 n} . 

First,, the peak locations R = {rnk} are extracted from the leg Y. Then, the 
maximumm likelihood classifier assigns to the leg the class label c* of the gener-
ativee model  y¥c which maximises the likelihood of the peak locations R, 

c**  = argmaxlogp(R|Yc;0). (5.32) 
c c 

Ass discussed in section 5.2.2, the likelihood /?(R|YC; 0) can only be expressed 

(5.30) ) 
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ass a marginalisation over the hidden assignment variables £1, 

c*c*  = a rgmax log^p(R,n |Yc ;0) 
cc n 

== argmaxlogX^(RI^.Xc, t rc;0)p(n|Vc;0) (5.33) 
cc a 

== argmaxlogF[^(Riaxc,ox ;0) ] p ( n ) Vc ; 0 ), 

wheree E denotes expectation value. 
Notee that in equation (5.33) the prior distribution p{Cl\\c;Q) over the as-

signmentss is now conditioned explicitly on the aspect angles 0 in the test set. 
Thiss is necessary because in general, the profiles in the test set will be obtained 
att different aspect angles than the profiles in the training set from which the 
generativee models have been estimated. However, the elements of the visibil-
ityy matrix Vc are the probability of visibility for the different scatterers at the 
aspectt angles present in the training set. 

Thee elements of Vc will therefore be linearly interpolated (as a function of 
aspectt angle) to estimate a new visibility matrix Vc, with elements v£m denoting 
thee estimated probability of scatterer m being visible in the nth profile of the 
testt set. 

Thee prior distribution p(£l\\c; 0) is defined as 

p(Cl\Vp(Cl\Vcc;Q);Q) = p(il\Vc) 

"f,, , w (5.34) 

n=ll  m=l 

withh enm defined in (5.14). 
Unfortunately,, explicitly calculating the expectation value (5.33) is intractable 

duee to the large number of possible assignments. A common solution is to 
estimatee the expectation value (5.33) by averaging ^(Rin.X0, ^ ;©) over a set 
off  S samples ds from p(Cl\Vc), 

11 s 

£[p(R| f l ,Xc ,ac ;e ) ]p ( n| ^)) * - £ p t R i n ^ X ^ ; © ) . (5.35) 
33 5=1 

However,, the distribution p(Cl\\c) is not very informative, since it does not 
includee the information present in the peak locations R and the other model 
parameters.. Therefore, a large number of samples would be required to reliably 
estimatee the expectation value (5.35). 

Fortunately,, equation (5.35) can be rewritten in such a way that it can be ap-
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proximatedd as the average over a set of samples drawn from the posterior dis-
tributionn p{Q.s\R, Y c;0). The posterior distribution is much more informative 
thann the prior p(Q.\Vc), and so less samples are required to reliably estimate 
thee log likelihood. 

Equationn (5.35) is rewritten as follows. In appendix A, equation (A.4), it is 
shownn that the log likelihood can be written as [55] 

log£[p(R|aXc,ox ;e) ]p ( n ivc)=JE[logp(R,a!Yc;0) l r ( n ! R T C.e) ) 

++  H[p(a\R,y¥c;&)}, 

wheree H[p(n |R,Tc;0 )] denotes the entropy of p(n|R,Yc;0), defined by 

H[p(n\R,YH[p(n\R,Ycc;Q)];Q)]  = -£ [ logp{n|R,Tc;0) ]p ( n | R T C ; 0) 

== -Xp(n |R,Yc;0 ) logp<n|R,Yc;0 ). (5" 37) 

n n 

Bothh the expectation value and the entropy term on the right-hand side of equa-
tionn (5.36) can be approximated as an average over samples 0.s, but now from 
thee posterior distribution p(fts|R, Y c;0): 

£[ logp(R,n|Yc;0) ]p ( n | R Y C ; 0)) « ^\ogp(K,Cïs\f
c]e)t <5-38> 

H[p(Cl\R,VH[p(Cl\R,Vcc;®));®))  * - i 2 logp(n , |R ,Yc ; 0 ). (5.39) 
**  s 

Thee samples used to calculate (5.39) can be obtained using the exact same sam-
plingg algorithm used during the training of the generative models, discussed in 
sectionn 5.2. 

5.4.. Experiments 

Thiss section describes the experiments performed to test both the quality of 
estimatedd point scatter models, and the use of these models to construct a 
classifierr as described in section 5.3. 

5.4.1.. Data Description 

Thee data used in the experiments described in this section consist of simulated 
profiless from the five commercial aircraft described in section 2.7. The profiles 
weree divided into a training set and a test set. The training set contained, for 
eachh aircraft, 240 profiles collected on a rectangular grid of aspect angles shown 
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Figuree 5.2: Overview of aspect angles used for generating the training and test data. The 
dots,, arranged in a rectangular grid, denote the location of the aspect angles used in 
constructingg the training set. Also shown are the aspect angles of the sequences in 
thee test set, together with the corresponding aircraft code-names. 

inn figure 5.2. Aspect azimuth covered a range from 70 to 99 degrees, while 
aspectt elevation ranged from 87.5 to 105 degrees. 

Sincee commercial aircraft tend to be longer and wider than they are high, 
changess in aspect azimuth generally have a greater effect on range profiles than 
changess in aspect elevation. Therefore aspect azimuth was sampled in steps of 
11 degree, while aspect elevating was sampled in steps of 2.5 degrees. 

Forr the classification experiments an independent test set containing simu-
latedd profiles was obtained. The test set consists of five legs containing 50 
rangee profiles each, one leg per aircraft. The profiles in leg were generated 
alongg continuous paths in aspect angle, also shown in figure 5.2. 

5.4.2.. Model Estimation 

Inn the first experiment, the training set was used to estimate the parameters of a 
generativee point scatter model for each aircraft, using the procedure described 
inn section 5.2. 

Thee slant ranges rnk of all local maxima were estimated by fitting a quadratic 
functionn to the amplitudes of the five range bins surrounding each local maxi-
mum. . 

Selectingg the model order, i.e. the number of scatterers to use in the model, is 
aa difficult problem, for which no robust and efficient automated solution exists. 

" " 

B74F F V V FK100 | MD80 0 

B73S S 
EA31 1 
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Instead,, the number of scatterers in each model was chosen a priori to be 25. 
AA good initialisation for the model parameters X, a and V is important to 

preventt the algorithm to converge to a local minimum. After experimenting 
withh different initialisation schemes, a cross-shaped formation was chosen to 
initialisee the scatter positions. In this initialisation scheme, one-third of the 
scattererss are located evenly spaced across the center of aircraft's hull. The re-
mainingg scatterers were evenly spaced along a line roughly following the wings. 
Thee exact locations of these lines was determined by manual examination of 
thee aircraft models. 

Thee algorithm is rather insensitive to the initial values of a and V. All vari-
ancess were initialised to cr̂  = 10m2. The elements vnm of v were initialised to 
0.75,, but any reasonable value seemed to work well. 

Thee remainder of the free parameters were set as follows. The EM algorithm 
wass run until either the scatter positions had converged, or the maximum num-
berr of 100 iterations was reached. For each profile, 105 assignments were sam-
pledd each iteration. 

5.4.3.. Classificatio n 

Too test the use of the estimated models for classification, as well as the approx-
imationn of the log likelihood described in section 5.3, the following experiments 
weree performed. 

Fromm each profile in the test set the locations of significant peaks were ex-
tracted.. Then, each sequence in the test set was classified using the classifier 
describedd in section 5.3. 

5.5.. Result s 

Thiss section discusses the results of the experiments described in the previous 
section.. Section 5.5.1 describes the results of the model estimation experiment. 
Sectionn 5.5.2 contains a more in-depth discussion of the results of estimating 
thee model parameters for the Boeing 747-500. Finally, in section 5.4.3 the re-
sultss for the classification experiment will be presented. 

5.5.1.. Model Estimatio n Result s 

Thee estimated point scatter locations and model variances are shown in fig-
uress 5.3, 5.4 and 5.5. In general, the estimated scatter locations are located on 
orr near the body of the original aircraft model. From the figures it can be ob-
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Figuree 5.3: Estimated point scatter locations and model variances for the Airbus 310 
andd McDonnel-Douglas 88. The top figures show the projection on the xy-plane, 
thee bottom figures the projection on the yz-plane. The stars denote the estimated 
scatterr positions xm. The circles have a radius of am. 
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Figuree 5.4: Estimated point scatter locations and model variances for the Boeing 747-
4000 and the Boeing 737-500. The top figures show the projection on the xj-plane, 
thee bottom figures the projection on the >-z-plane. The stars denote the estimated 
scatterr positions xm. The circles have a radius of am. 
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Figuree 5.5: Estimated point scatter locations and model variances for the Fokker 100. 
Thee top figures show the projection on the xy-plane, the bottom figures the pro-
jectionn on the ^z-plane. The stars denote the estimated scatter positions xm. The 
circless have a radius of crm. 
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servedd that scatterers located on the starboard side of the aircraft are usually 
inn better correspondence with the model than those located on the port side. 

Thiss effect is caused by occlusion. Since all profiles in the training set were 
measuredd from approximately broadside, scatterers located on the port side of 
thee aircraft are occluded by the aircraft body for aspect elevations close to zero. 
Forr these scatterers, less peak location samples are available, which decreases 
thee accuracy of the location estimates. 

Thiss effect is most noticeable in the decrease in accuracy of the z-coordinate 
estimatee of scatterers located on the port side. 

5.5.2.. Example: Boeing 747-500 

Figuree 5.4(a) shows the estimated scatter positions and model variances for the 
Boeingg 747-400, while figure 5.6 shows the corresponding visibility matrix. Fig-
uree 5.7(a) shows the peak locations extracted from the Boeing 747-400 training 
set,, while figure 5.7(b) shows the predicted peak locations based on the es-
timatedd model parameters. The peak locations were predicted at exactly the 
samee aspect angles as in the training set, so the two plots in figure 5.7 can 
bee compared directly. Note that the order in which the profiles are shown in 
figuree 5.7 is arbitrary, and has been chosen such that the data set is easily visu-
alised.. The estimation procedure is independent of any ordering. 

First,, note the two scatterers located on both wingtips at locations (14.7, 31.8, 
-2.16)) and (14.9, -31.6, -3.94). They are shown in figure 5.4(a) as A and B. The 
locationss are of these scatterers are in good, but not exact, correspondence with 
thee actual model.The reason for the inaccuracy can be seen in figure 5.7(a). The 
twoo 'tracks' corresponding to these scatterers are easily observed at the left and 
right-handd side of the figure. As can be seen from this figure, peaks from other 
scattererss are located close to parts of the track caused by scatterers A and B. 
Thiss causes uncertainty in the expectation step, which results in a less accurate 
estimationn of the scatter positions. 

Itt is apparent from figure 5.7(a) that the scatterer on the left-hand wingtip is 
occludedd in a large number of profiles. The occlusion is caused by the fact that 
thiss wingtip is occluded by the hull of the aircraft when observing the aircraft 
att aspect elevations close to zero. This behaviour is accurately reflect in the 
estimatedd model, as can be seen in figure 5.6. The visibility matrix for scatterer 
BB is shown in figure 5.6 in row four, column four. The visibility matrix clearly 
showss scatterer B to be occluded between zero and 5 degrees elevation. Only 
forr aspect azimuths larger than 95 degrees is it visible at 5 degrees elevation for 
-- this occurs because the hull is not as high at the rear as it is near the middle 
off  the aircraft. Similar occlusion effects also occur for the scatterers located 
aroundd the farthest jet engine on the left hand wing, shown in columns one and 
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Figuree 5.6: The estimated visibility matrix for the B74F. Each figure represents the esti-
matedd visibility of a scatterer in the model. The axes, shown on the lower right-hand 
sidee of this figure, are the same for each scatterer. Below each figure, the position of 
thee corresponding scatterer is given. 
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(a)) Peak locations in the training set of the Boeing 
747-400.. Some clear tracks are easily observed. 
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(b)) Peak locations predicted by the model fitted on 
thee above data set, at the same aspect angles as 
inn the training set. Only peaks with an estimated 
probabilityy of visibility larger than 0.5 are shown. 

Figur ee 5.7: Observed peak locations and model predictions for the Boeing 747-400. 
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Class s 
B73S S 
B74F F 
EA31 1 
FK10 0 

MD80 0 

B73S S 
1.00 0 
0.00 0 
0.00 0 
0.00 0 
0.00 0 

B74F F 
0.00 0 
1.00 0 
0.00 0 
0.00 0 
0.00 0 

EA31 1 
0.00 0 
0.00 0 
1.00 0 
0.00 0 
0.00 0 

FK10 0 
0.00 0 
0.00 0 
0.00 0 
1.00 0 
0.00 0 

MD80 0 
0.00 0 
0.00 0 
0.00 0 
0.00 0 
1.00 0 

Tablee 5.1: Classification performance of the maximum likelihood classifier for simu-
latedd range profiles. The table shows the fraction of range profiles assigned to the 
classess shown in the column labels. The row labels denote the true class label. 

twoo of the third row in figure 5.6. 
Closerr to the hull it is much harder to extract point scatterers from the peak 

locationn shown in figure 5.7(a). Especially in the region -10 < r < 10, many 
peakss occur close to each other. This makes it very difficult to establish defini-
tivee assignments in the expectation step of the algorithm. This in turn causes 
thee point scatter location estimate to be rather inaccurate. This can easily be 
seenn by observing the scatterers located closely to the hull in figure 5.4(a). 

Althoughh the exact location of these scatterers might not correspond per-
fectlyy to the original model, the predicted peak locations are accurate. This 
cann be seen in figure 5.7(b), which shows the predicted peak locations at the 
samee aspect angles as in the training set. Clear correspondences between fig-
uress 5.7(a) and 5.7(b) can be seen. 

5.5.3.. Classificatio n Result s 

Thee maximum likelihood classifier assigned the correct label to each of the 
legss in the test set, i.e. the classification error was 0%. For completeness, the 
resultingg confusion matrix is shown in table 5.1. The row labels in the confusion 
matrixx show the true class of the leg. The elements of the confusion matrix are 
thee fraction of legs assigned to the class shown in the column labels. 

5.6.. Conclusion s 

Thiss chapter introduced a generative model of peak locations in range profiles, 
whichh is capable to generate the distribution of peak locations for a given air-
craftt type at any desired aspect angle. 

Thee parameters of the generative models consist of M 3D point scatter loca-
tionss X, a set of M variances o~ ,̂ and a visibility matrix V which models visibility 
effectss caused by occlusion and speckle. It has been shown that these model 
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parameterss can be reliably estimated using an Expectation-Maximisation algo-
rithm.. Although the point scatter assumption is simple, it does fit the scatterers 
inn the simulated training data set very well. 

Thee parameter estimation algorithm is based on an algorithm previously de-
scribedd in [52], but has been improved on in several ways. In [52], the feature 
extractionn process was performed a priori by a human operator, while in this 
chapterr an automatic feature extraction algorithm is used. Also, in [52] the 
problemm of occlusion is handled by selecting an a priori probability of occlu-
sion.. In this chapter, the probability of visibility of each scatterer in the model 
iss explicitly modeled as a function of aspect angle. Furthermore, the parameters 
off  the visibility model are estimated from the training set. 

Modell  parameters have been estimated for each of the five aircraft shown 
inn figure 2.4. It has been shown that the estimated model parameters show 
goodd agreement with the aircraft models. In particular, many of the estimated 
scatterr positions coincide with clearly identifiable features on the aircraft body. 
Furthermore,, the estimated visibility matrices clearly identify the regions in 
aspectt angle in which scatterers are occluded. 

Thiss chapter also introduced a maximum likelihood classifier for radar range 
profiles,, based on the previously estimated generative models. The classifier 
assignss a class label to the slant range positions of amplitude peaks extracted 
fromm each profile in a test set. The classifier calculates an approximation of 
thee log likelihood of the set of peak positions for each of the estimated point 
scatterr models. It then assigns to the test set the class label of the model for 
whichh the resulting log likelihood was the highest. Although calculation of the 
truee log likelihood is intractable, the approximations described in section 5.3 
alloww us to calculate an estimate of the true log likelihood. 

Sincee the classification used a test set containing simulated range profiles, the 
perfectt classification results merely provide a proof of principle: model-based 
rangee profile classification from peak locations is a feasible approach. The fi-
nall  goal is of course to classify measured range profiles, using the generative 
modelss estimated from simulated range profiles. This is the topic of the next 
chapter. . 


