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Chapterr 2 

Panoramicc Vision 

Conventionall  perspective cameras (film, digital or video) have a relatively narrow field 
off  view (typically 30° - 60°). In contrast, biological eyes often have a much larger field 
off  view. A pair of human eyes, for instance, cover a field of view of 120° in horizontal 
direction,, and 135° in vertical direction. There even exist species — diurnal insects, 
nocturnall  insects and some crustaceans — which have compound eyes enabling them to 
seee all around. Panoramic vision sensors, replicating such biological panoramic vision, 
cann be exploited in a variety of mobile robotics tasks. 

AA panoramic image can be a robust indicator of the robot pose and can be used for 
visionn based robot localization [42, 26]. In many mobile robot applications images arrive 
sequentiallyy as the robot moves around in its workspace. Panoramic images that are 
acquiredd at consecutive poses have almost complete visual overlap. This simplifies the 
matchingg of salient image features. Mobile robot applications that depend critically on 
establishingg reliable feature correspondences include navigation [111, 112, 35, 26] and 
cameraa motion estimation [86, 28, 50. 113]. Furthermore, the computation of camera 
motionn from panoramic images is more stable because small camera displacements give 
risee to image motion patterns distinctly different from image motion patterns caused by 
smalll  rotations [19]. Finally, a 3-D scene reconstruction can be obtained from just a few 
imagess [13]. 

Inn this chapter we introduce our panoramic vision sensor, which consists of a conven-
tionall  camera and a convex hyperboloid mirror mounted in front of the camera lens. In 
sectionn 2.1 we review different mechanisms to acquire panoramic images. In section 2.2 
wee present the geometric image formation of our panoramic vision sensor. The design of 
thee mirror and the calibration of the sensor are discussed in section 2.3. It is possible to 
mapp the images acquired by the sensor to other surfaces. This property can be used to 
constructt virtual cameras. In section 2.4 we show how a spherical image, a cylindrical 
imagee and a planar perspective image can be derived from a panoramic image captured 
byy the mirror based sensor. Such images can be regarded as though they are acquired by 
camerass with different projection surfaces. Conclusions are presented in section 2.5. 
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(a)) directional (b) panoramic (c) omni-directional 

Figuree 2.1: The view sphere and camera classes, (a) The field of view of directional cameras is a 
subsett of a hemisphere of the view sphere, (b) The field of view of a panoramic camera covers at 
leastt one great circle on the view sphere, (c) Omnidirectional cameras can see in all directions. 

2.11 Panoramic Vision Sensors 

Conventionall  perspective cameras measure the intensity of rays that all pass through a 
singlee point in space. This point is known as the effective pinhole, or the viewpoint of the 
camera.. A camera that measures irradiance from a single viewpoint is called a central 
camera.. The geometric image formation of a conventional camera can be described by the 
pinholee and by the plane onto which the scene is projected. The field of view of a camera 
cann be characterized by the area that is covered on the surface of a sphere centered at the 
viewpoint.. This sphere is called the view-sphere. Figure 2.1a displays the view-sphere 
andd the field of view of a conventional camera. The field of view of a conventional camera 
iss always less than a hemisphere (half the view sphere). Conventional cameras are called 
directionaldirectional because they face a particular direction, which is described by the normal to 
thee plane onto which the environment is projected. It is possible to construct (virtual) 
camerass that perform a projection onto a surface other than a plane. When the field of 
vieww of such a camera covers at least one great circle1 on the view sphere, the camera 
iss called panoramic. Panoramic cameras provide a 360° field of view in one direction, 
whereass in other directions their field of view is limited. An illustration of the field of 
vieww covered by a panoramic camera is shown in figure 2.1b. When a camera can see in 
alll  directions it is called omnidirectional. The field of view covered by an omnidirectional 
cameraa covers the entire view sphere, which is illustrated in figure 2.1c. 

Rota t i n gg cameras. The first approaches to obtaining panoramic images were software 
based.. In 1988 Zheng and Tsuji [115] were the first to construct a digital panoramic 
image.. In their approach, a sequence of images was acquired by panning a camera. Their 
panoramaa was constructed by taking a single column from each successive image and 

11AA great circle on a sphere is a circle that has the same radius as the sphere. 
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concatenatingg them. This approach is known as the slit camera approach. Later, it 
wass realized that perspective images obtained by a camera rotating about its center of 
projectionn are related by a parametric model (planar homography. see chapter 5). As 
aa result the images can be registered by fitting a small number of unknown parameter 
values,, and composed into a panoramic image [87]. A similar method can be applied 
whenn the scene observed is known to be planar. In recent years there has been a growing 
interestt in registering images acquired by a freely moving camera [81]. 

Dedicatedd hardware. Software based approaches using a rotating camera can produce 
highh resolution panoramic images. The main disadvantage is that it is time consuming 
too acquire a panoramic image. The use of these methods is limited to static scenes. To-
day,, there exist a wide range of vision sensors that are specifically designed to capture a 
panoramicc image instantaneously. Sensors consisting of multiple synchronized directional 
cameras,, each of them facing a distinct direction, can deliver high resolution omnidirec-
tionall  or panoramic images in real-time. In [11] a design involving 5 cameras attached on 
aa disc is presented that captures panoramic images in real-time. Immersive Media [59] 
producess a panoramic vision sensor consisting of a cluster of video sensors arranged in 
aa compact dodecahedral framework. Viewplus [101] produces an omnidirectional vision 
sensorr that combines twenty stereo vision units arranged on the faces of a icosahedron. 
Thee panoramic vision system produced by Full view [24] uses four cameras, each observing 
aa planar mirror. The mirrors are arranged in an inverted pyramid. 

Camerass and curved mirrors . It is well known that curved mirrors can be used to 
increasee an otherwise limited field of view. In what follows, we wil l focus on catadioptric 
sensorss combining a single lens with a single curved mirror. To obtain a wide field of 
view,, one generally uses a mirror whose shape is a convex surface of revolution of a 
curvee describing the mirror profile. The mirror surface is thus determined by the profile 
curve.. The shape of the mirror determines the direction in which rays originating in the 
cameraa pinhole are reflected. In [34] a family of curved mirror shapes is derived that 
reflectt a world plane below the mirror in such a way that the image of the plane appears 
undistortedd in the catadioptric image. A planar mirror could be used for this purpose, but 
planarr mirrors do not increase the field of view. Using their curved mirror, an extremely 
widee field of view can be obtained. In [6] a family of mirror shapes is studied that yield a 
linearr relationship between the angle under which a ray enters the mirror and the angle 
off  reflection onto the camera. 

Wee are particularly interested in mirror shapes that can be used to construct panoramic 
visionn sensors that capture light rays that would meet at a single point in space had 
theyy not been reflected by the mirror. The point where the rays would meet is called 
thee effective viewpoint of the vision sensor. Figure 2.2 shows a diagram of a catadioptric 
visionn sensor with a single effective viewpoint. 

Catadioptricc systems that have a single effective viewpoint have two attractive properties. 
First,, because the sensor measures intensity of rays originating from a single point in 
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Figuree 2.2: A central catadioptric systems. Rays that would have passed through the focal point of 
thee mirror F are reflected in such a way that they pass through the focal point F' of the camera. As 
aa result, the camera measures intensity of rays originating in F. Therefore, F is called the effective 
viewpointt of the camera. 

space,, it is possible to produce other types of geometrically correct perspective images. 
Inn section 2.4 we describe in detail how virtual central spherical, planar and cylindrical 
camerass can be implemented. These virtual cameras have a pinhole that coincides with 
thee effective viewpoint of the catadioptric system. Only the surface onto which the 
environmentt is projected (a sphere, a plane and a cylinder respectively) is different. 
Secondly,, images acquired by such a sensor from different positions can be related via 
thee epipolar geometry. Each point in an image defines a ray. The epipolar geometry 
expressess the fact that the rays for corresponding points in two images meet at a single 
pointt in space. The epipolar geometry can be established for all cameras that perform 
aa central projection. It can be used to find matching image features in two views, to 
estimatee relative camera poses, and for 3-D reconstruction. The epipolar geometry and 
itss applications are discussed in detail in chapter 4. 

Forr catadioptric systems that do not have a single effective viewpoint, or non-central 
cameras,, the generation of geometrically correct perspective images is not possible. To 
il lustratee this, consider the sketch in figure 2.3. The figure displays the combination of a 
conicall  mirror mounted in front of a perspective camera. The rays that are reflected by the 
mirrorr do not intersect at a single point in space if they had not been reflected. Suppose 
wee wish to re-project the points Ui, 112 and u3, which are the respective projections of 
scenee points X i , X 2 and X 3 onto a sphere centered at an effective viewpoint. Let us 
requiree that the result of the re-projection is equivalent to a central projection onto a 
spheree from a desired effective viewpoint. For the sake of argument, let us choose V23 as 
thee desired effective viewpoint. The dotted circle centered at V23 in the figure represents 
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Figuree 2.3: A conical mirror in front of a conventional camera does not yield a single effective 
viewpoint.. The reflection rays from 112 and U3 intersect at V23. Point v23 is however not a single 
effectivee viewpoint of the catadioptric system; in general, the effective viewpoint for another pair of 
rayss intersect at a different point. For example, the reflection rays for u i and 112 intersect at v i 2 . 
Hence,, it is not possible to re-map the catadioptric image to a perspectively correct image formed 
at,, say, the sphere centered at viewpoint V23. A correct re-projection of u i is only possible when 
thee distance to X i is known. 

thee sphere onto which we wish to re-project. The mapping from points on the surface of 
thee mirror to pixels is an invertible mapping. A pixel coordinate thus uniquely defines a 
pointt on the mirror surface and vice versa. Given Ui, u2 and u3, their respective mirror 
surfacee points X i , X 2 and X 3 can be derived. Because X 2, X 2 and v23 are co-linear, 
thee central projection of X 2 onto the sphere is the same as that of X 2. Similarly, the 
geometricallyy correct projection of X 3 onto the sphere is uniquely determined by X 3. 
Pointss X i , X i and v23 are, however, not co-linear. In order to correctly re-project Ui, 
thee position of X i along the ray passing through X i and X i has to be known. Because 
fromm Ui only X i can be derived we can only guess where point X ! would project. 

Inn [63] the family of mirror shapes whose members can — theoretically — all be used 
too construct central catadioptric vision systems is derived. If z(r) is the profile of the 
mirrorr shape, where z denotes the height and r = \J'x2 + y2 is the radius, the complete 
familyy of mirror shaped is given by 

( - I M 1 * * ) - ^ )) (0<(<2,< (2'2) 
wheree c denotes the distance between the pinhole of the camera and the effective view-
point,, and t is a constant of integration. These equations reveal that the mirror profiles 
formm a 2-parameter (c and i) family of conic sections. Particular choices of the parame-
terss yield different types of mirror shapes. However, some choices describe mirror shapes 
thatt cannot be used in practice to construct a central catadioptric panoramic camera. 
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Forr t > '2 and c > 0 a hyporboloid is obtained. A hyperboloid is defined by the locus 
off  points for which the distance between two fixed points, called the foci F and F'. is 
constant.. When a hyperboloid is used to construct a catadioptric vision system, focus F 
liess inside the mirror. Rays that would have passed through F are reflected in such a way 
thatt they pass through the other focus F'. When it is ensured, by careful alignment of 
thee camera and the mirror, that the pinhole R of the camera coincides with focal point 
F'.F'. an omnidirectional vision sensor with a single effective viewpoint at F is obtained. 
Figuree 2.2 displays the hyperboloid mirror and its properties. Rees [76] was the first to 
realizee a central catadioptric vision system based on a standard perspective camera and 
aa hyperboloid mirror. 

Whenn t —> oc. c —» oc and c/t — h is constant, equation 2.1 describes a paraboloid. Rays 
passingg through the focus of the paraboloid are reflected in a direction parallel to the 
minorr axis of symmetry. The paraboloid can be used to construct a central catadioptric 
systemm if the projection of the mirror into the image can be modeled by an orthographic, 
insteadd of a perspective, projection. This can be achieved using a telecentric lens, which 
cann be regarded as a lens whose focal point lies at infinity. The paraboloid based system 
hass several advantages over a hyperboloid based system. First, because the projection is 
orthogonal,, the distance between the mirror and the lens is allowed to vary. Secondly, no 
internall  reflections are caused by a transparent cylinder supporting the mirror because 
thee reflected rays are all parallel to the cylinder axis of symmetry [38]. Finally, the system 
iss easier to calibrate [27. 16. 46]. The major disadvantage is that telecentric lenses are 
expensivee and relatively large. 

Otherr solutions of equation 2.1 describe a plane, a sphere, a cone and an ellipse. If 
tt = 2 and c > 0. equation 2.1 reduces to the equation of a plane. Planar mirrors do not 
increasee the field of view; they only change the effective viewpoint. If c = 0 and t > 0. 
equationn 2.1 describes a spherical mirror, and for c = 0 and t > 2 it describes a conical 
mirror.. These mirror shapes cannot be used to construct a catadioptric system with a 
singlee effective viewpoint in practice because when c = Ü the effective pinhole and the 
effectivee viewpoint coincide. For the cone, this means that the pinhole is placed at the 
apexx of the cone. The only rays that enter the effective pinhole from the mirror are the 
oness that graze the cone. In the spherical case, the effective viewpoint lies at the center of 
thee sphere. The observer would therefore only observe itself and nothing else. Although 
thee cone and the sphere cannot be used to construct a central catadioptric system, these 
mirrorr shapes have been employed in a wide range of mobile robot applications that do 
nott critically depend on the single effective viewpoint property. Conic mirrors have been 
usedd in [111. 112. 113. 4]. Spherical mirrors have been used in [35, 108]. If t > 0 and 
cc > 0. a concave ellipsoidal mirror is described. The maximum field of view covered by 
suchh a system is only half hemisphere because of self-occlusion. This is probably the 
reasonn that ellipsoid mirror based systems are hardly encountered in literature. 
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2.22 Geometr ic Image Formation 

Ourr robot is equipped with a central catadioptric vision sensor consisting of a conven-
tionall  camera and a hyperboloid mirror. In this section we describe its geometric image 
formation,, which can be expressed as a sequence of coordinate transformations and cen-
trall  projections. 

2.2.11 Notation and definitions 

Pointss in 3-D space are represented by upper case letters, such as X. An upper case 
boldd symbol, such as X refers to a Cartesian or homogeneous coordinate vector of 
X.X. The Cartesian vector is of the form [Xi,X2,X3]

T. The homogeneous vector is of 
thee form [X4Xi, X4X2. X4X3. X4]

T. where X4 is an arbitrary non-zero scalar. When 
XX44 = 1, the homogeneous vector is said to be normalized. A normalized homogeneous 
vectorr is obtained by dividing a homogeneous vector by its 4th component. For con-
venience,, we define the operator J\f that performs the division, i.e. [Xi , X 2, X 3 , 1 ]T = 
N[XN[X44Xi,XXi,X44XX22,X4X3,Xi],X4X3,Xi]TT,, Several Cartesian coordinate frames wil l be defined to de-
scribee the geometric image formation. A coordinate frame (position and orientation) 
whosee origin coincides with a point Q wil l be referred to as Q. Vectors with a subscript, 
suchh as X Q , represent vectors measured in coordinate frame Q. A pure translation is 
representedd as 4 x 4 matrix T of the form 

I33 t 
0TT 1 

(2.3) ) 

wheree I 3 denotes the 3 x 3 identity matrix, 0 denotes the 3 x 1 null vector, and t denotes 
aa 3 x 1 translation vector. A pure rotation is represented as a 4 x 4 matrix R of the form 

R R 
R33 0 
0TT 1 

(2.4) ) 

wheree R3 is a 3 x 3 rotation matrix. A rigid transformation is represented by a 4 x 4 
matrixx M — T R. Subscripts, such as in M Q A . are used to denote a change in coordinate 
framess XQ = MQRXR. 

Thee upper case letter X is reserved to denote scene points. An upper case bold X refers 
too its coordinates. We use X to refer to the coordinates of the projection of X onto the 
mirror.. A lower case x refers to the projection of X (via the mirror) to the normalized 
imagee plane of the perspective camera. Finally, a lower case u refers to pixel coordinates 
off  a projected scene point X. 

Wee define two important coordinate frames: the mirror coordinate frame M and the 
cameraa coordinate frame R. The mirror coordinate frame is centered at F. the focal point 
insidee the mirror, and we assume its Z-axis coincides with the mirror axis of symmetry. 
Thee camera coordinate frame R is centered at F', the other focus of the hyperboloid. 
Thee coordinate frames and their relationships are illustrated in figure 2.4. 
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F'=F'=  R 

Figuree 2.4: Coordinate frames and their relationships. The mirror coordinate frame is centered at 
F,F, the focal point in the mirror. The pinhole of the perspective camera coincides with the origin of 
thee camera coordinate frame, which is centered at the other focal point F'. 

2.2.22 Hyperboloid image formation 

AA hyperboloid mirror is defined in the mirror coordinate frame M centered at the mirror 
focuss F by the equation 

(z(z + e)2 x2 + y2 

bb22 =L ™ 
wheree a and b are parameters whose ratio governs the shape of the mirror, and e = 
VaVa22 + b2 is the eccentricity of the mirror. The focal points F and F' are separated by a 
distancee 2e. See figure 2.5. 

Thee central projection of point X onto point X on the surface of the mirror is as follows. 
Lett X.\/ = [Xi, X 2, X3]

T denote the coordinate of point X specified in mirror coordinate 
framee M. The ray from F to A" can be specified by AX A/ . We seek A such that AX A/ = 
X A / .. Substituting the ray equation AX U into equation 2.5 gives 

(AA 33 + e)2 (XX,)2 + (AX 2)
2 

aa22 b2 

Expressedd in quadratic form, the above reads 

1. . 

A2(62A3
22 - a2X\ - a2X2) + X(b22eX3) + b4 

Solvingg for A results in two solutions for A, 

6 2 ( - eA 3 ) ) 
Ai ,, A2 

bb22XX22 - a2(X2 + X\ 

(2.6) ) 

(2.7) ) 

(2.8) ) 
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Figuree 2.5: The hyperboloid and its parameters. In order to obtain a single effective viewpoint, the 
distancee between the focal point F inside the mirror and the focal point F' of the camera should 
equall a constant value 2e (which follows from the mirror shape). The finite height h limits the 
maximumm vertical viewing angle a that can be obtained. 

Figuree 2.6 graphically displays three possible combinations of the signs of Xi and A2. 
Iff  a point X is located in the area marked by + +, the line passing through F and X 
intersectss both the actual mirror, and a "virtual mirror", which is centered at F'. This 
"virtuall  mirror" corresponds to the other sheet of the hyperboloid defined by equation 2.5. 
Thee intersection closest to F is the intersection with the actual mirror, i.e. we pick 
AA = min(Ai, A2). When the signs of Ai and A2 are different, the positive solution describes 
thee intersection between F and X. The negative solution describes the intersection with 
thee other sheet. In this case, we pick A = max(Ai, A2). Finally, when both Ai and A2 are 
negative,, the point lies inside the mirror and thus cannot be observed. The selection of 
thee correct value of A can be expressed more formally as 

A == < 

min(Ai ,, A2) if A! > 0 and A2 > 0 

max(Ai,, A2) if sign(Ai) / sign(A2) 

noo intersection otherwise 

(2.9) ) 

Wee define an operator VM that performs the central projection of a point onto the 
hyperboloidd as 

PMX* PMX* 

v, , 
0 0 
0 0 
0 0 

0 0 
XXA A 

0 0 
0 0 

0 0 
0 0 

A' i i 

0 0 

I) ) 
0 0 
0 0 
r r 

Xx Xx 
xx2 2 
xx3 3 
xx4 4 

(2.10) ) 

wheree r = 1/A, and A is obtained from the vector [X\, X2, X3]  using equations 2.8 and 2.9. 
Givenn a point X, we can derive its central projection X onto the mirror surface. 
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Figuree 2.6 : Intersections of a ray with the mirror. 

AA second central projection describes the mapping from points on the mirror surface into 
thee image. The mapping from mirror coordinates X « = 'PM'X-M to homogeneous pixel 
coordinatess UR in the image involves several coordinate transformations and a projection. 
First,, points expressed in the mirror coordinate frame are rotated and translated into the 
cameraa coordinate frame. Then, the points are projected onto the normalized image 
planee of the pinhole camera. Finally, an affine mapping brings the normalized image 
coordinatess into pixel coordinates. This sequence can be expressed as 

UC=KUC=KRRTPMTPMRMRMXXMM,, (2.11) 

wheree K.R is a 3 x 3 upper triangular camera calibration matrix that maps coordinates 
onn the normalized image plane to pixel coordinates, Vp = [I3 0] is the perspective 
projectionn matrix that projects points onto the plane Z = 1, and M J JM is the rigid 
transformationn (rotation and translation) relating the mirror frame M and the camera 
framee C. For details on the camera model, the reader is referred to [17]. The single 
effectivee viewpoint property of the catadioptric system is preserved under rotation of the 
cameraa or the mirror about their respective focal points because these keep the distance 
separatingg the camera pinhole and the effective viewpoint constant. It is however a 
commonn practice to align the mirror axis of symmetry with the camera Z-axis. In this 
way,, the maximal elevation viewing angle (with respect to the camera frame) is the same 
forr all points on the mirror edge. 

Wee have shown how points expressed in the mirror coordinate frame can be transformed 
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Figuree 2.7: A black needle coinciding with the axis of symmetry of the glass cylinder supporting 
thee mirror prevents internal reflections. A capped cone on top of the mirror obstructs the view of 
anythingg above the camera that is outside the field of view covered by the mirror. The capped cone 
reducess the effects of automatic gain correction. 

too points expressed in the pixel coordinate frame. Introducing a global world coordinate 
framee W, the projection of a point X represented by ~Kw to point u represented by 
thee normalized homogeneous vector u^ in the omni-directional image can concisely be 
writtenn as 

ucc = KRVPMRMVMMMWXW. (2.12) 

Wee have seen that the image formation of our catadioptric vision sensor can be described 
ass a composition of two central projections and a number of coordinate transformations. 
Thee first central projection maps a point in the world to a point on the surface of the 
mirror.. The second central projection maps a point on the surface of the mirror to a 
pointt in the image. 

2.33 Design and Calibration 

2.3.11 Our mirror 

Ourr hyperbolic mirror is manufactured by Accowle [1]. The mirror is made from alu-
miniumm and is supported by a glass hollow cylinder. A black needle extends from the 
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mirror.. The needle coincides with the main axis of the glass cylinder. Light that re-
flectsflects on the internal surface of the cylinder and then passes through the camera center 
off  projection crosses the main axis of the cylinder. The needle eliminates such internal 
reflections.. A diagram of the sensor is shown in figure 2.7. 

Becausee our camera performs automatic gain correction to prevent clipping of intensities, 
drasticc changes in the overall image intensity occur when lights mounted in the ceiling 
enterr or leave the field of view. As a simple but effective solution, we placed a capped 
conee on top of the omnidirectional vision system. The cone remains just outside the 
fieldd of view of the mirror and is large enough to occupy the entire field of view of the 
perspectivee camera. As a result, light from above is blocked by the cone. 

2.3.22 Design of the mirror 

Severall  considerations guide the design of a practical mirror; its dimensions and weight, 
itss coverage of the view sphere and the height at which the mirror has to be mounted 
withh respect to the focal point of the camera. 

Inn this section we explain how a mirror can be designed that meets a set of user specified 
requirements.. A first requirement is that the projection of the mirror should occupy 
thee whole image. In our derivation, we take the view that the mirror is to be used 
inn conjunction with a camera, which has a known focal length. Given a user specified 
mirrorr radius, this assumption results in a constraint on the height of the mirror. A user 
specifiedd maximal elevation angle then suffices to derive the mirror parameters a and b. 
Thee reader should note that a similar derivation can be performed when taking the view 
thatt the height and the mirror radius are specified by the user. These choices then result 
inn a constraint on the focal length of the lens. 

Too simplify the equations in our derivation, we suppose that the camera has no skew 
andd unit aspect ratio. Under this assumption, the mirror edge projects to a circle in 
thee image with pixel radius rpix. The desired pixel radius is chosen close the half the 
numberr of rows in the image in order to achieve the maximal resolution. Given a choice 
off  the mirror rim radius r, the height of the mirror rim above the effective pinhole can 
bee derived using similarity of triangles as 

h=f—,h=f—, (2.13) 
'' pix 

wheree ƒ is the known focal length in pixels. 

Thee next step is to choose a desired maximal elevation angle a (see figure 2.5 for an 
illustration).. The maximal elevation angle is attained for rays intersecting the mirror 
rim.. The height of the mirror rim, expressed with respect to the focal point F can then 
bee derived as 

;; = r t a n a. (2.14) 
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Becausee the distance separating the two focal points of the hyperboloid is 2e. the value 
off  e can be derived from the known height of the mirror rim h and z as 

ee = ^ . (2.15) 

Thee mirror parameters a and b can now be derived. The parameters a and b are related 
byy a single parameter t. which can be derived from equation 2.1 as 

aa = e^t—^, b = eyj-t, (2.16) 

wheree we have substituted e = c/2. If we substitute s = 2ft in the previous equation, 
andd substitute the coordinates (~,r) — (h — 2e,r) of a point on the mirror edge in the 
mirrorr equation, the mirror equation reads 

{{  ] 1, (2.17) 
e2(ll  — s) e2s 

whichh can be expressed in quadratic form as 

ss22ee22 + s(h2 - 2eh + r2) - r2 = 0. (2.18) 

Thee solutions for s are given by 

-{h-{h22 - 2eh + r2)  J{h2 - 2eh + r2)2 + 4e2r2 

ss = 2 ^  (2-19) 

Finally,, the parameters a and b are determined by plugging in the value t — 2/s in 
equationn 2.16. 

2.3.33 Calibration of the vision sensor 

Cameraa calibration is the process of determining the internal camera geometric and opti-
call  characteristics (intrinsic parameters) and the 3-dimensional position and orientation of 
thee camera frame relative to a certain frame of reference (extrinsic parameters). Calibra-
tionn of the omni-directional vision sensor can be done in two steps. First, the perspective 
cameraa can be calibrated by a conventional camera calibration method. Next, the camera 
iss positioned with respect to the mirror in such a way that the single effective viewpoint 
propertyy is obtained. 

Too calibrate the camera, 3-dimensional coordinates of reference control points on a cali-
brationn target and corresponding 2-D coordinates of the image observation are required. 
Wee use a checker-board patterned calibration target. The corners of the squares act as 
controll  points. They can be detected accurately with littl e user interaction. Camera 
calibrationn involves minimizing the error between measured positions of control points 
andd the positions of the control points as predicted by the camera model as a function of 
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thee camera model parameters. Various calibration methods have been presented in liter-
ature.. Linear camera calibration methods assume a linear camera model (i.e. the pinhole 
model).. While calibration is fast (no iterations are required) the accuracy is often poor 
becausee the model is too simplistic. The best known linear camera calibration method is 
duee to Tsai [97. 98. 107]. More realistic camera models include non-linear terms account-
ingg for lens distortion. We adopt the camera model presented in [33], which includes 
lenss distortion. This model requires a non-linear optimization. The optimization routine 
mayy get trapped in a local minimum of the error function. To decrease the probability 
off  getting trapped in a local minima, a good initial estimate of the model parameters is 
needed.. The risk of getting trapped is reduced by first using a linear technique to provide 
ann initial estimate of the model parameters. This estimate is subsequently refined using 
non-linearr optimization of all parameters. 

Thee next step involves positioning the camera with respect to the mirror in such a 
wayy that the single effective viewpoint property is obtained. Svoboda [84] proposes the 
followingg method. It is assumed that the mirror parameters are accurately knowm from 
manufacturing,, and that the intrinsic camera parameters have been estimated reliably. By 
design,, the desired height and the radius of the mirror rim are known. The perspective 
cameraa model can then be used to predict the image of the mirror edge as it should 
bee observed wThen the camera is positioned correctly with respect to the mirror. By 
overlayingg the prediction in a live video window, the camera position can be adjusted 
manuallyy so as to obtain an accurate registration of the observed and the predicted mirror 
rim.. We employed this strategy wdien we worked with a prototype of an omnidirectional 
visionn sensor w7e designed and manufactured ourselves. 

Thee support for the mirror produced by Accowle [1] is screwed directly on the C-mount 
off  the CCD camera. This leaves no degrees of freedom in positioning the mirror with 
respectt to the camera. However, our camera does not have a fixed focus lens but is 
capablee of zooming. The zoom setting (focal length) of the camera is motor controlled. 
I tt is initialized to a default setting on camera power up. The focal length of the camera 
mayy therefore vary slightly from session to session. Furthermore, the principal point 
(projectionn of the camera frame Z-axis into the image) is known to be difficult to estimate 
reliably.. Performing a full fledged camera calibration each session is a time consuming 
andd cumbersome process. Instead, we adopt the following simple calibration scheme that 
re-estimatess only the focal length and the principal point of the camera. 

AA full camera calibration returns (amongst other parameters) a camera calibration matrix 
off  the form 

KK = 
u u 0 0 

o o 

ifu ifu 
ƒ, , 
0 0 

Cu Cu 

c, , 
1 1 

(2.20) ) 

wheree fu and fv encode the focal lengths (a unique value in meters) expressed in units 
off  horizontal and vertical pixels, 7 encodes skew between the sensor axes, and (cu,cv) 
encodess the principal point location. If we let 13 = fv/fu denote the aspect ratio, then 
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thee calibration matrix may be decomposed as 

'fu'fu 0 
KK = SA = fu fu 

0 0 

[11 7 0] 
00 3 0 
00 0 1 

(2.21) ) 

wheree S is a similarity transformation, and A is an affine transformation. We re-estimate 
thee coefficients in S, while fixing the ones contained in A to their estimates obtained from 
thee full camera calibration. In particular, a set of K points u*. lying on the mirror rim 
aree manually selected in an omnidirectional image using the mouse pointer. The inverse 
off  the affine transformation A is applied to undo the skew and non-uniform scaling. This 
givess a new set of points u'̂ . = A_1Ufc. A circle of the form (u' — cu)

2 + (v' — cv) = r2, 
wheree (cu,cv) denotes the center of the circle and r its radius, can then be fitted to the 
points.. The center of the circle is used as an estimate of the principal point. Its radius 
cann be used to derive an estimate of the focal length of the camera. 

Thee parameters of the circle can be estimated linearly from the points u'k by solving the 
followingg linear system of equations 

wheree a -2c„,, b = 2c7 7 

V2 V2 

vvkk 1 

22 2 

(2.22) ) 

Thee center of the fitted circle, andd c = cu + <r v -
correspondingg to the re-estimated principal point location, is derived from the estimated 
parameterss as (cu, c„) = (—a/2, -6 /2 ). Its radius can be calculated as r = yjc\ + c\ - c. 
Usingg similarity of triangles, the focal length fu can be re-calculated as fu — rhriTn/rrim, 
wheree r is the circle measured circle radius, hrim is the height of the mirror rim and rrim 

iss the radius of the mirror rim. 

2.44 Virtual Cameras 

Inn this section we introduce several virtual cameras. The virtual cameras are obtained by 
re-projectingg the catadioptric image onto different surfaces. A virtual spherical camera, 
aa virtual cylindrical camera and a virtual planar camera are developed. The spherical 
cameraa implements a re-projection of the catadioptric image onto a unit sphere centered 
att the effective pinhole. The cylindrical camera re-projects onto a cylinder. The planar 
cameraa re-projects onto a plane. The primary reason for developing these virtual cameras 
iss that certain tasks become easier. For example, lines in the world project to lines in 
aa planar perspective image, to sinusoids in a cylindrical panoramic image, whereas they 
projectt to general conies in the catadioptric image. 

Eachh virtual camera has its own coordinate frame; C denotes the coordinate frame asso-
ciatedd with a virtual cylindrical camera. P is used for a virtual planar perspective camera 
andd S is associated with a spherical camera. Al l virtual cameras share the same focal 
point,, which coincides with F. However, they may differ in orientation. 
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Figuree 2.8: A virtual spherical panoramic camera is defined by a sphere centered at the effective 
viewpointt F. The mirror coordinate frame and the spherical panoramic camera coordinate frame 
aree related by a rotation. 

2.4.11 Virtual spherical camera 

AA spherical perspective image is obtained by projecting the environment onto a sphere 
andd unfolding the sphere to a rectangular grid of pixels. The equation of a unit sphere 
centeredd at the origin is given by 

xx22 + y2+z2 = l. (2.23) 

Thee central projection of X onto a point X' on the surface of the unit sphere can be 
describedd as follows. Let X s = [X1: X2.X3]

T denote the coordinate of point X specified 
inn coordinate system S. The ray from F through X is specified by AX. We seek A such 
thatt AX = X , where X is a point on the surface of the sphere. The A for which the ray 
intersectss the sphere is found by solving the quadratic equation 

\\22(x(x22
1+1+xlxl  + x!)-i  = o. 

whichh is obtained by substituting AX into 2.23. Solving for A gives two solutions: 

Al. 2 2 

(2.24) ) 

-- (2.25) ) 
y/Xy/X11 + X2 + X3 

Thee solution describing the point of intersection between F and X is given by 

AA = max(A1:A 2). (2.26) 

Wee define an operator Vs such that X = P sX that performs the central projection of a 
pointt onto the sphere. 

P s X X 

Vi i 

0 0 
0 0 
0 0 

0 0 
-V, , 
0 0 
0 0 

0 0 
0 0 

xx4 4 
0 0 

0 0 
0 0 
0 0 
r r 

xx1 1 
xx2 2 
xx3 3 
x4 4 

(2.27) ) 
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wheree r = 1/A is obtained from equations 2.25 and 2.26. 

Thee coordinates of X can be expressed in a spherical coordinate representation x = 
[p,6,[p,6,1],1], where <p denotes the angular elevation, 9 denotes the angular azimuth, and 1 
denotess the unit radius. We define an operator S that transforms a normalized homoge-
neouss vector X representing a point on the unit sphere to x, 

SX SX 

Thee inverse S l is given by 

arctan2(X2,Xi ) ) 
arctan2(X3.. ^/xJTxJTxJ) 

1 1 
(2.28) ) 

ss \y ,0,1? ,0,1? 

c oss 9 COS <£> 

coss 9 sin ip 
sinsin 9 

1 1 

(2.29) ) 

Normalizedd homogeneous spherical image pixel coordinates U5 are related to X s by 

u55 = KsSAfVsXg, (2.30) 

wheree K s is a 3 x 3 upper triangular calibration matrix, which maps spherical coordinates 
too pixel coordinates. 

Thee calibration matrix implements a scaling and a translation of coordinates and can be 
derivedd as follows. Let a be in an interval [amin, am a x] . Let b be in an interval [6Itl jn, bmax\. 
Lett Aa = öm ax — amin and Ab — 6max — 6min. The conversion of a coordinate va expressed 
inn a units to a coordinate Vf, expressed in b units can be written as 

VbVb = (l 'a - QmiiJ-T h 0,i 

Aa Aa 

Ab_ Ab_ 

'Aa' 'Aa' 

(2.31) ) 

Wee now derive the calibration matrix for a spherical camera whose field of view covers 
thee azimuth range <t>  e [—7r, vr], and whose elevation is in the range 6 e [ -a, a], where a 
denotess the maximal elevation angle of the hyperbolic mirror. The rows in a spherical 
imagee correspond to the elevation 9. The columns correspond to the azimuth ^. Let 
NNcc and iVr denote the number of columns and rows in the spherical image. Given the 
specifiedd number columns, we calculate the number of rows required to get approximately 
squaree pixels from the following ratio: 

air air 
71 71 

(2.32) ) 

Usingg these ratios, the number of rows Nr is calculated as 

NNrr — round (Nca). (2.33) ) 
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Figuree 2.9: A virtual cylindrical panoramic camera is defined by a cylinder centered at the effective 
viewpointt F. The mirror coordinate frame and the cylindrical panoramic camera coordinate frame 
aree related by a rotation. 

Thee camera calibration can then be derived as 

J11 J11 

0 0 
0 0 

0 0 
fv fv 
0 0 

uuc c 

Vc Vc 

1 1 
(2.34) ) 

wheree fu = Nr/2n, fv = Nc/2a, uc = nNr/2-K and uv = aNc/2a, which can be derived 
usingg equation 2.31. 

Thee mapping from pixel coordinates to points on the sphere is given by 

x ss = 5 -1K; 1us. (2.35) ) 

Generatingg an image obtained by a virtual spherical camera involves mapping pixel co-
ordinatess us in the spherical image to pixel coordinates in uR the image acquired by the 
reall  camera. The mapping can be expressed as 

uuRR = KRTPMRMVMRMSS-'K^US- (2.36) ) 

2.4.22 Virtual cylindrical camera 

AA cylindrical image can be obtained by projecting the environment onto a cylinder and 
unfoldingg the cylinder to a rectangular grid of pixels. 
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Thee equation of a cylinder with unit radius whose axis of symmetry coincides with the 
z-z- axis is given by 

xx22 + y2=l.  (2.37) 

Thee central projection of X onto a point X' on the surface of the cylinder can be de-
scribedd as follows. Let X c = [X\, X2l X3]

T denote the coordinate of point X specified in 
coordinatee system C. The ray from F through X is specified by AX. We seek A such 
thatt AX = X, where X denotes a point on the surface of the cylinder. The A for which 
thee ray intersects the sphere is found by solving the quadratic equation 

\\22{X{X22 + X2) - 1 - 0, 

whichh is obtained by substituting AX into 2.37. Solving for A gives two solutions: 

1 1 
Ai, , --

(2.38) ) 

(2.39) ) 

Thee solution that describes the point of intersection between F and X is given by 

AA = max(Ai,A2). (2.40) 

Wee define an operator Vc that performs the central projection of a point onto the cylinder, 

P cXX = 

wheree r — 1/A is obtained from equations 2.39 and 2.40. 

x, , 
0 0 
0 0 
0 0 

0 0 
xx4 4 
0 0 
0 0 

00 0 
00 0 

XXAA 0 
00 r 

xxx x 
xx2 2 
Xz Xz 
xx4 4 

(2.41) ) 

Thee coordinates of X can be expressed in a cylindrical coordinate representation x — 
[z,B,[z,B, 1], where z denotes the elevation, 0 denotes the angular azimuth, and 1 denotes the 
unitt radius. We define an operator C that transforms a normalized homogeneous vector 
XX representing a point on the unit sphere to x, 

CXX = 

BXCt&a2(XBXCt&a2(X22.. Xx) 

1 1 

(2.42) ) 

Thee inverse C 1 is given by 

c-1b,^, i ] rr  = 

coss 6 
sin# # 

z z 
1 1 

f2.43) ) 

Normalizedd homogeneous cylindrical pixel coordinates u^ can be related to X<? via 

uucc = KcCMVcXc- (2.44) 
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Figuree 2.10: A virtual planar perspective camera is defined by a plane at unit distance from the 
effectivee viewpoint F. The mirror coordinate frame and the virtual planar perspective camera 
coordinatee frame are related by a rotation. 

wheree A' is a 3 x 3 upper triangular calibration matrix that maps cylindrical coordinates 
too pixel coordinates. The form of the calibration matrix can be derived as explained in 
thee previous paragraph. 

Thee rows in a panoramic image correspond to the elevation z. The columns correspond 
too the azimuth ip. Let Nc and Nr denote the number of columns and the number of rows 
inn a panoramic image. From the specified number of columns, we calculate the number 
off  rows required to get approximately square pixels from the following ratio, 

h-2e h-2e 
NNr r 

(2.45) ) 

whichh is based on the ratio of the height of the mirror rim with respect to the focal point 
insidee the mirror and half the edge of the mirror rim. Using the ratio, the number of 
rowss Nr is calculated as 

(2.46) ) NNrr = Nc 
h-2e h-2e 

Thee mapping from pixel coordinates to points on the cylinder is given by 

xc=C-1K51uc. . (2.47) ) 

Generatingg an image obtained by a virtual cylindrical camera involves mapping cylindri-
call  pixel coordinates Ug to pixel coordinates u# in the image acquired by the real camera. 
Thee mapping can be expressed as 

tinn = KRVPMRMVMRMCC-1KC1HC- (2.48) ) 

2.4.33 Virtual planar perspective camera 

Pixell  coordinates u and coordinates on the normalized image plane x are related via 

upp = K p x P . (2.49) 
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AA virtual perspective camera can be specified by its calibration matrix. K p. The cali-
brationn matrix for an Nr x Nc image obtained by a camera with zero skew and square 
pixels,, covering a field of view of 7 degrees, can be expressed as: 

K K 
'jV c/2cot(7/2)) 0 Nc/2' 

00 A r
ccot(7/2) AV/2 

00 0 1 
(2.50) ) 

Thee mapping from virtual planar perspective image pixel coordinates to pixel coordinates 
inn the image acquired by the camera can be expressed as 

uuRR = KRPPRRPV^K^UP, (2.51) 

wheree Vpl extends the vector with a homogeneous component whose value equals 1. 

2.4.44 Re-sampling issues 

Inn the previous paragraphs we have shown how the coordinates of pixels in a virtual 
imagee are mapped to pixel coordinates in a catadioptric image. The presented mappings 
specifyy the locations where the input image is to be re-sampled. Generating an output 
imagee can be done in a straightforward manner; each pixel in the output image is mapped 
too a point in the input image (catadioptric image). The intensity value at the mapped 
pointt is then assigned to the respective output pixel. There is one issue however; the 
re-samplingg grid does not coincide with the input sampling grid, which is taken to be the 
integerr lattice. What value should be assigned to input coordinates that lie in-between 
pixels?? The solution is to convert the discrete input image into a continuous surface, a 
processs known as reconstruction or interpolation. Once the input image is reconstructed 
itt can be sampled at any position. 

Inn our re-sampling implementation we use bi-linear interpolation to reconstruct the 
catadioptricc input image. The bi-linear interpolation method is as follows. Suppose 
uu = (u.v), where u and v are integer coordinates, map to uR = (uR. VR) in the catadiop-
tricc image. Bi-linear interpolation uses the image intensities at the four pixels {uR0. VRQ). 
{URI,VRO){URI,VRO) {URO,VJII), {ufu,Vfii) which are closest to (uR, VR) in the catadioptric image: 

uuR0R0 = ftoor{uR). URI = um + 1, vR0 = floor(t^), vRl = vR0 + 1. (2.52) 

Thee intensity values are interpolated along the u-axis to produce two intermediate results 
IQIQ and Ii, 

hh = IR{UR, VRO) = IR(URO. VRO)(URI ~ uR) + IR{UR1,VRO){UR - uR0). (2.53) 

AA = I{uR,vRi) = IR(um.vR1)(um - uR) + IR(UR1,VRI)(UR - URO), (2.54) 

wheree I(u.v) denotes the intensity at pixel (u,v) in the catadioptric image. Then, the 
intensityy I(uR,vR) is computed by interpolating the intermediate values IQ and I\ along 
thee v-axis: 

I(u.I(u. I') = I0(VRI - VR) + h(vR - VRQ). (2.55) 
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(a)) cylindrical re-sampling grid (b) perspective re-sampling grid 

Figuree 2.11: Course re-sampling grids and re-sampled images, a) re-sampling grid for forming a 
cylindricall panoramic image, b) re-sampling grid for forming a perspective image, c) cylindrical 
panoramicc image, d) perspective image. The re-sampling grids illustrate that proper re-sampling 
requiress smoothing with space-variant filtering kernels to prevent aliasing. 

Thee advantage of bi-linear interpolation over other interpolation methods is that it is 
computationallyy inexpensive. A disadvantage of the method is that at places where the 
inputt image is under-sampled, aliasing occurs. Aliasing results in spurious resolution; the 
outputt image has high-frequency components that are not present in the input image. 

Too overcome this issue one can either increase the sampling rate, or bandlimit the input 
imagee [110]. The first solution is ideal but costly. The second solution forces the input 
imagee to conform to the low sampling rate by attenuating the high frequency components 
thatt give rise to aliasing artifacts. The suppression of high-frequency components can 
bee done by filtering the input image with a low-pass filter such as a Gaussian kernel. 
Figuree 2.11a displays a course re-sampling grid used to transform the catadioptric image 
intoo the cylindrical panoramic image shown in figure 2.11c. We see that the sampling 
ratee decreases as we get further from the image center. Figure 2.11b displays a course 
re-samplingg grid used to transform the catadioptric image into a perspective image shown 
inn figure 2. l id. In this case, the re-sampling rate increases as we get further from the 
imagee center. Both cases illustrate that a proper re-sampling of catadioptric images into 
otherr perspective image representations requires smoothing of the input image with a 
kernell  whose shape and size varies with position (space-variant filtering). 
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2.55 Conclusions 

Inn this chapter we have discussed a central panoramic catadioptric vision sensor. We have 
reviewedd various methods and sensor designs aimed toward acquiring panoramic imagery. 
Roughly,, approaches can be categorized as image mosaicing (using images acquired by a 
singlee rotating camera), dedicated hardware (often employing multiple cameras arranged 
inn a compact framework), and catadioptric vision sensors. 

Catadioptricc vision sensors employ a curved mirror that is mounted in front of a camera 
lens.. Such sensors are particularly well suited for mobile robot applications because they 
instantlyy provide a panoramic image, are compact, relatively cheap, consume littl e power, 
andd suffer littl e from wear-and-tear because they have no moving parts. Of particular 
interestt are catadioptric systems that respect the single effective viewpoint constraint. 
Thee single effective viewpoint constraint expresses the fact that the radiance is measured 
fromm a single point in space. The single effective viewpoint property enables camera 
motionn and scene structure estimation. Furthermore, images acquired by the sensor 
cann be re-sampled to form other perspective image representations, which may be more 
suitablee for certain tasks such as feature tracking or visualization. 

Thee re-sampling into other perspective image representations requires that the sensor has 
aa single effective viewpoint and that the intrinsic parameters of the sensor are known. 
Ourr sensor is based on a hyperboloid mirror to obtain panoramic vision. The alignment 
off  the mirror with respect to the lens is critical to obtain a single effective viewpoint. We 
havee described simple calibration schemes to correctly align the mirror and the lens, and 
too estimate the intrinsic parameters of the camera. Re-sampling furthermore requires a 
formm of intensity interpolation. In the applications in forthcoming chapters we use the 
bi-linearr interpolation method that may lead to aliasing in case the catadioptric image is 
under-sampled.. A form of space variant filtering is required to resolve this issue. The issue 
hass received littl e attention in panoramic vision literature and could be an interesting 
directionn for future research. 




