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Chapterr 1 

Introduction n 

Writingg my Ph.D. thesis consisted of several tasks. Above all it meant trying to 
recastt my research work in a homogeneous setting. As a result of this, two main 
researchh fields converge in the present thesis: the field of constraint satisfaction 
(Partt I) and that of automated theorem proving in modal logics (Part II) . Un-
derlyingg the material in both Parts I and II is a persistent shared concern with 
knowledgee representation and reasoning, on the chosen representation, in an ef-
ficientficient manner. This is the main link between both parts, which is in rationale 
andd methodology rather than subject matter. 

Thee material of this thesis is thus organised into three main parts, as explained 
below.. This introduction is meant to be a guide for the reader through the tree 
partss of the present thesis. In the remainder of this chapter, I attempt to explain 
whatt follows: who could benefit from reading this thesis, and why so; the structure 
off  this thesis, i.e., how its parts and chapters are organised. 

1.11 Who Could Benefit from This Thesis 

Beforee starting the actual writing, I was suggested to always bear in mind an 
idealised,, non-expert reader for the thesis, the main reason being that the areas 
off  constraint programming and modal logics, both treated in the present thesis, 
seemm to pertain to two separate communities. As a matter of fact, the phrase 
"modall  logic" never occurs in the two main manuals for constraint programming 
andd satisfaction problems, see [MS98, Tsa93]; a similar fate is shared by the words 
"constraintt satisfaction problem" and "constraint programming" in manuals for 
modall  logics, for instance see [BdRVOl]. 

Partt  I of the thesis is devoted to constraint satisfaction problems and, in 
particular,, to a theoretical analysis of a class of algorithms, devised to boost the 
searchh for solutions to constraint satisfaction problems by inferring constraints. 
Bearingg in mind an idealised reader, non-expert of the constraint literature, I 
devotee part of Chapter 2 to introduce some basic concepts and fix the notation. 

1 1 



2 2 ChapterChapter 1. Introduction 

P a rtt I I of the thesis is concerned with boosting automated theorem proving 
forr basic modal logics. The non-expert readers of modal logics should find enough 
backgroundd material in Chapter 7 to enjoy the remainder of this second part. In 
particular,, the background material could be useful to constraint programmers 
whoo would like to see, in Chapter 9, how a constraint solver for basic modal logics 
cann be developed. 

Ass anticipated at the start of this chapter, in both Parts I and II there is a 
persistentt shared concern with knowledge representation and reasoning, on the 
chosenn representation, in an efficient manner. This is the main link between both 
partss of this thesis; even though Chapter 9 establishes a close connection between 
algorithmss for solving constraints (as explained in Part I) and modal reasoning 
(ass explained in Chapter 7, Part II) . In P a rt I I I , I elaborate on these issues and 
providee some conclusions. 

Thuss the material presented in the three parts of this thesis can be of interest 
too an ensemble of various researchers such as: 

1.. the programmer who wishes to grab a general and uniform view of the 
so-calledd constraint propagation algorithms, many of which are already im-
plementedd in all constraint programming environments; 

2.. in particular, the constraint programmer, who might be interested in what 
constraintt programming can do for modal automated theorem proving, or 
wishh to get familiar with non-standard constraint problems, for which the 
taskk is to return an optimal partial solution; 

3.. the logician or linguist with an interest in automated theorem proving or 
constraintt satisfaction problems; 

4.. the computer scientist, interested in satisfiability problems; 

5.. the relational database theorist who wishes to explore the similarities and 
differencess between her/his field and that of constraint satisfaction prob-
lems; ; 

6.. in general, everybody who is interested in Artificia l Intelligence — e.g. Tem-
porall  or Spatial Reasoning, Scheduling, Planning, Reasoning under Uncer-
tainty. . 

Inn the following subsection, I briefly explain the structure of this thesis: i.e.. how 
itss parts and chapters are organised and what their dependencies are. This is 
meantt to facilitate, to each reader, the creation of a personal reading path. 
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1.22 Structure of This Thesis 
Parts s 

Ass explained above, this thesis is tripartite. The parts are rather voluminous, so 
aa brief outline is given at the start of each of them. 

Partt I can be read independently of the remainder of the thesis. In addition, 
Chapterss 7 and 8 in Part II can be read without any prior knowledge of the first 
part.. Instead, Chapter 9 in Part II requires some knowledge of Chapter 2 in 
Partt I and Section 4.2. Part II I  can be read only after the other two parts. 

Furthermore,, both Parts I and II begin with a preliminary chapter (Chapters 2 
andd 7, respectively), where the terminology is fixed and the background material 
iss explained; in these preliminary chapters, a series of examples are proposed to 
thee non-expert reader, and each key definition is accompanied by a motivating 
toyy example, easy to grasp and remember. 

Chapters s 

Insteadd of providing a detailed overview of the whole thesis in this introduction, I 
decidedd to provide each of the remaining chapters with a rather detailed, mainly 
non-technicall  introduction. Those introductions are organised in three subsec-
tionss as explained below: motivations; outline; structure. 

Ann analogous choice holds for the conclusions: in Parts I and II , each chapter 
iss concluded by a synopsis of the presented material, and its connections with the 
remainderr of this thesis; when pertinent, there is also a discussion on the chapter 
results. . 

Motivations.Motivations. At the beginning of each chapter, I go through the effort of 
motivatingg why the proposed material could be of interest to the reader. For 
instance,, Chapter 2 pertains to the so-called constraint satisfaction problems; 
thuss that chapter begins by informally introducing the topic and surveying some 
off  its current applications. Similarly, Chapter 7, at the start of Part II (Diamond 
Satisfaction),, introduces the non-expert reader to modal logics by surveying some 
off  the areas where those logics can be traced, and have been successfully applied. 

Outline.Outline. Each introduction continues with a preliminary account of the main 
pointss that are covered in the chapter, in a brief and non-technical manner; ideally, 
thiss should give a glimpse of the chapter contents, without the burden of too many 
technicall  details at a first reading. 

Structure.Structure. Finally, at the end of each introduction, the structure of the chapter 
iss illustrated so that the expert reader can easily navigate through this. 
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Origin ss of the chapters. Some examples and definitions in Chapter 2 are 
takenn from [Gen98]. Chapter 3 presents a new version of material first presented 
inn [GenOO] and [Gen02]. Chapter 5 is largely based on the following articles: 
[BGR02],, first appeared as [BGROO], both written with S. Bistarelli and F. Rossi; 
[GenOla],, whose longer version is [GenOlb]. Chapter 8 is based on the joint 
paperr [AGHdROO], written with C. Areces, J. Heguiabehere and M. de Rijke. 
Chapterr 9 presents the results of on-going work with S. Brand and M. de Rijke. 



Partt  I 

Constraintt  Propagation 

"Chi"Chi bene incomincia è gia a meta dell'opera", 
dissedisse il  primo. ("A good start is half the battle", 
saidd the first.) 
G.. Rodari, Vecchi Proverbi, from Favole al Tele-
fono,fono, Einaudi, 1971. 

Thiss part concerns itself with constraints satisfaction problems, and mainly a 
classs of efficient approximate algorithms for them. 

Constraintt satisfaction problems, which constitute the core of this thesis, are 
introducedd in Chapter  2. 

AA theoretical analysis of those algorithms follow in Chapter  3. First this 
theoryy is applied to a number of efficient algorithms for constraint satisfaction 
problemss in Chapter  4. Then "non-standard" constraints are briefly introduced 
inn Chapter  5, and the theoretical analysis of Chapter 3 is extended to the cor-
relatedd algorithms. 

Finally,, in Chapter  6, we collect and characterise the functions that are 
usedd in the theoretical analysis of all those algorithms, for both the classical 
(seee Section 6.2) and the non-standard case (see Section 6.3). 

Thee following diagram shows the dependencies of the chapters or sections in 
thiss first part. 

PViiTvi-r rr  O 

Chai i 
! ! 

**  Cha] 

i i 

Chai i 

: : 

3terr 3 

: : 

Sectionn 6.2, 
Chapterr 6 

Sectionn 6.3, 
Chapterr 6 





Chapterr  2 

Constraints s 

2.11 Introductio n 

2.1.11 Motivation s 

Constraintt programming originated from the logic programming community and 
hass become a flourishing programming paradigm, which is implemented in a num-
berr of heterogeneous environments, like: ECL]PSe (see [Agg95]), CONSTRAINT 

HANDLIN GG RULES (see [Fru98]), Oz (see [Smo95]), CHIP (see [ADH+87]). As 
statedd in [MS98], constraint programming, "based on a strong theoretical foun-
dation,, [... ] is now becoming the method of choice for modelling many types of 
optimizationn problems, in particular, those involving heterogeneous constraints 
andd combinatorial search"; thus "constraint programming has recently been iden-
tifiedd by the ACM [Association for Computing Machinery] as one of the strategic 
directionss in computing research". 

Thee central notion of constraint programming is that of a so-called constraint 
satisfactionn problem, which in a nutshell consists of a finite collection of constraint 
relationss over a finite number of domains. 

Thee only task left to the constraint programmer is to formulate a given prob-
lemm as a constraint satisfaction problem. Then the problem is "solved" by the 
constraintt programming system, by means of general or domain specific methods. 
Heree "solving" can mean finding values, one from each domain, that "satisfy" the 
problemm constraints, or the optimal values, with respect to some criteria, for the 
problemm constraints. The latter task has grown into an independent area, and we 
shalll  introduce and study it separately in Chapter 5. 

Problemss that can be expressed in a natural way by means of constraints are, 
forr instance, those that lack efficient solving algorithms; like the MAP COLOURA-
BILITYY PROBLEM or the 3-SAT problem and, in general, combinatorial problems 
thatt are computationally intractable. Yet constraint programming has grown fur-
therr than this and it can be traced in areas like Temporal Reasoning, Scheduling, 

7 7 
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Planningg and Spatial Reasoning, see [DAA95]. 

Forr most of the aforementioned problems, the search for a solution usually 
involvess a number of fruitless computations before any solution can be generated. 
Nowadays,, constraint programming incorporates a variety of methods that are 
conceivedd for avoiding some fruitless explorations of the solution search space. In 
Chapterr 4, we survey a number of these methods. 

Moreover,, the relational aspect of constraints often allows the programmer to 
re-usee the same program for different purposes. In contrast, traditional program-
mingg languages do not usually provide support for specifying relations among 
thee various components of programs. It is then the programmer who bears the 
burdenn to specify and maintain those relations in a dynamic situation. 

Thee use of relations for programming is also popular in the database commu-
nity,, see the database relational model as for instance in [AHV95, U1180, UW97]. 
Indeed,, there are similarities between the two fields, as outlined in Chapter 6. 
However,, in a relational database, relations are usually extensionally charac-
terised,, namely as tables; the task here is to efficiently query the database and 
retrievee all solutions/answers to the query. On the other hand, constraints can 
bee assigned intensionally, like linear equations over real numbers are; the task is 
too satisfy all the problem constraints, and the solving algorithms are designed to 
cleverlyy produce a solution to the problem. 

2.1.22 Outlin e and Structur e 

Inn this chapter we introduce the so-called constraint satisfaction problems, and 
thee basic notions necessary for the comprehension of the remainder of Part I. 

Sectionn 2.2 presents the core notions of constraints, constraint satisfaction 
problemss and their solutions; the terminology that we adopt usually follows the 
standardd one; whenever we introduce some new conventions or terms, we signal 
thesee and explain their use. 

AA number of motivating examples are proposed in Section 2.3: these range 
fromm combinatorial problems (see Subsection 2.3.1) to problems that arise in 
areass like Image Understanding (see Subsection 2.3.3), Spatial and Temporal 
Reasoning,, Planning (see Subsection 2.3.4). Some of those examples return in the 
remainderr of this thesis: precisely when we explain the algorithms of Chapter 4, 
andd introduce non-classical constraints in Chapter 5. 

Thee algorithms that occur in the remainder of this thesis (Chapter 4, Sec-
tionss 5.4 and 5.5) are explained via transformations of problems, as presented in 
Sectionn 2.4, and via basic operations and orderings on problems, as illustrated in 
Sectionn 2.5. 
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2.22 Constraint Problems and Their  Solutions 

Inn a constraint programming environment, problems are cast in terms of variables, 
domainss and constraints: each variable is associated with a domain of interpreta-
tion,, from which it takes its possible values; constraints on variables restrict the 
allowedd domain values for variables. We define variables, domains, constraints 
and,, finally, constraint satisfaction problems precisely in Subsection 2.2.1. 

Thee notion of a solution to such problems is explained in Subsection 2.2.2. 
Intuitively,, a solution to a problem assigns values, to each domain variable, ac-
cordingg to the constraints imposed by the problem. For instance: we need to 
schedulee a series of meetings on a certain date, so we open our agenda on that 
datee and start filling  in columns, corresponding to different day hours; these are 
thee variables of our problem, and the events that can take place in those hours 
aree the variable values. A constraint for this problem could be that there are no 
meetingss that take place at the same hour. 

InIn conclusion, the choice of variables and domains defines the search space 
forr solutions; in the above case, the set of meetings that we want to schedule. 
Constraintss characterise the structure of the solution search space; e.g., the fact 
thatt there cannot be overlapping meetings. 

2.2.11 What Constraint Satisfaction Problems Ar e 

Variables s 

Too define a constraint satisfaction problem, we need a finite sequence of n dis-
tinctt variables, say r :=  (xi,... ,xn). Consider a non-empty sequence s := 
(XJJ,, . .. ,xim) of r variables such that, either ij  < ij+i  for each 1 < j < m, 
o r m== 1; then s is a scheme of r of length m. 

Wee shall usually denote the scheme of variables of a constraint satisfaction 
problemm by X; then r, s, t, or the same with subscripts or superscripts, will 
usuallyy denote schemes of X. 

Besides,, in this thesis, we shall write a scheme s :— {xix,... ,Xim) as s := 
rcjj,...,, Xim to avoid an overload of notation. Notice that, if a scheme r contains 
nn variables, then there are 2n — 1 possible schemes of r. 

EXAMPLEE 2.2.1. The scheme s :=  xi, x2, x3 gives rise to 7 schemes: i.e., si := xi , 
«22 := %2, S3  x3; s4 :=  xux2, «s := ^1,^3, «« := x2,x3; s itself. 

Theree are two useful operations on schemes: if s and t are two different schemes 
off  r, then sUt denotes the scheme of r on the variables in s and t\ we call this 
operationn the join of s and t. Vice versa, if f is a scheme of s, different from s, 
thenn s — t is the scheme on the variables of s minus those in t, and we shall refer 
too it as the projection oft out of s. 



10 0 ChapterChapter 2. Constraints 

EXAMPLEE 2.2.2. Let us consider r := Xi,X2,x3, and its schemes s :— xi,x2, 
tt :— x2,x3. Then the join of s and t is r itself; the projection of t out of s is X\. 

Domains s 

Eachh variable Xi in a scheme r := x i , . . ., xn is interpreted over a domain, usually 
denotedd with Di. The Cartesian product of all variable domains 

DD := £>! x  x Dn 

iss called the domain of r, whereas the set of pairs {Z^, Xj) is denoted by 

DD :={<£>!,an),..., <£>„,:r„)} . (DS) 

Thee set D in (DS) is referred to as the domain set of r. We shall usually adopt 
aa more compact notation and write a domain set in the form 

DD = Di,...,Dn 

everyy time meaning (DS) as above. 
Givenn a scheme s :— x^,..., Xjm of r, we denote the Cartesian product 

DDhh x  x Dim 

withh D [s]. Notice that, if s is a singleton as x*, then Di = D[XJ]. Similarly, if 
didi € Di for every Di G D, let <i be the tuple 

(di, . . . ,d„). . 

Thenn if [s] denotes the tuple (d ,̂..., djm). 
Inn case -D [5] and d [s]  reduce to singletons, we shall blur the above distinctions, 

thatt is we shall feel free to write Di instead of D [XJ] , as well as di in place of 
dd [xi].  Also, if s is the singleton of xi7 then the tuple d [s]  corresponds to di. 

Inn a number of cases that we investigate in the present thesis, domains are 
finite.finite. However, there are situations in which domains are allowed to be infinite, 
ass in the case of linear inequalities over real numbers; see the following example. 

EXAMPLEE 2.2.3. Given a scheme r := Xi, X2, X3, let the variables of r range over 
reall  numbers. Precisely, let D  ̂ be the closed interval [0,1], whereas D2 and D3 

aree equal to [1,3]. Then D is the Cartesian product D\ x D2 x D3. While D is 
thee following set: 

{{[0,1],x t),, <[l,3],x2), {[1,3],x 3)} . 

Noticee that, being D2 equal to D3, if we cast D as a set of domains, we would 
losee the association between variables and their domains. 
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Constraints s 

Inn this thesis, constraints are usually described as relations; so each constraint is 
associatedd to a scheme of variables, like in the database relational model. 

Formally,, given a scheme r and a domain D over r, let s :=  {x^,... ,xim} 
bee a scheme of r. Then a constraint over s, written as C(s), is a subset of the 
Cartesiann product D [s]. If k is the length of s, then C(s) is a k-ary constraint. 

Thee above definition of constraint has the advantage of being easily generalised 
too non-standard constraints, as presented in Chapter 5. Moreover, it naturally 
capturess the intuitive meaning of constraints: i.e., that of relating variable values 
andd thereby restricting possible assignments, as we shall make precise in Subsec-
tionn 2.2.2. 

InIn the literature, constraints as relations can be represented extensionally, for 
instancee as tables, or intensionally. The following is an example of the latter 
representation. . 

EXAMPLEE 2.2.4. Consider the following system of equations over real numbers: 

2xii  + x2 + 2 = 3x4 - 1 

XX22 = 3xi 

xi+xxi+x22 = 7x3 

£44 = x3 + x2 + 1 

Variabless are the unknown x{, for i — 1,. .. ,4. Domains are equal, for instance, 
too R. Each equality in the above system is regarded as a constraint on the related 
variables;; for example, the first equality is interpreted as a constraint C(xi,x2, x4) 
onn the scheme x\, x2, x^. 

Inn the case of Example 2.2.4, an extensional representation of constraints would 
bee impossible: it would have to list all the allowed triples of real numbers. 

Wee conclude this part with some definitions. Consider k different constraints 
onn k schemes of r, say Ci(s{) for i — 1, . . ., k. Then the set of pairs 

C:={{C(sC:={{C(s ll),s),sll),...,(C(s),...,(C(skk),s),skk)})}  (CS) 

iss referred to as a constraint set of r. If the number of involved constraints is of 
relevance,, then we call the above set a k-constraint set As in the case of domain 
sets,, we shall usually adopt a more compact notation and denote constraint sets 
ass (CS) in the following way: 

C:=C(s i ) , . . . ,C(a f c ) . . 

Wee have now all the ingredients, namely variables, domain and constraint sets, 
too formalise the notion of constraint satisfaction problem as below. 
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Constraintt  Satisfaction Problems 

AA  constraint satisfaction problem, briefly CSP, is a tuple P :=  (X, D, C) defined 
ass follows: 

1.. X is a scheme; 

2.. D is a domain set of X; 

3.. C is a constraint set of X. 

Wheneverr we need to be more specific and highlight the scheme X of a CSP, we 
shalll  talk of a CSP over X. So, by writing the CSPs over X, we refer to all the 
CSPss that have the same scheme X. 

2.2.22 Global Satisfaction 

Assignments s 

Givenn a scheme X of n variables and D := Di x  x Dn, a domain over X, a 
tuplee d € D is a total assignment or total instantiation. The name is motivated 
byy the fact that each tuple d 6 D gives rise to a function that assigns a single 
valuee in Di, namely d[i],  to each variable Xi £ X, thereby instantiating it; and 
vicee versa as well. We shall blur this distinction and consider assignments as 
functionss whenever convenient. 

Givenn a scheme s of X, a total assignment for s, namely a tuple of D [s], is 
ann s assignment over D. If the scheme s of X is not relevant, we generically talk 
off  assignment. 

Indeed,, if r is a scheme of s, every s assignment d gives rise to an r assignment, 
namelyy d \r\. In the literature, this is usually referred to as assignment restriction, 
sincee assignments are usually defined as functions. Vice versa, every r assignment 
ee can be extended to an s assignment, possibly more than one, in an arbitrary 
way.. So, if e € D [r],  then d € D [s]  is an r extension of e to s iff d [r]  — e. 

EXAMPLEE 2.2.5. The system of equations in Example 2.2.4 gives rise to a CSP. 
Ann example of a total assignment is the tuple d :— (0,1,2,3). If s is the scheme 
^i,x^i,x22,x$,,x$, then d [s]  is the s assignment (0,1,2). 

Consistencyy and solutions 

Lett us consider a CSP P := (X, D, C), and let C{s) be a constraint on a scheme 
ss of P. Suppose that the scheme t extends s. If a t assignment d over D is such 
thatt d[s] belongs to C(s), then we say that d satisfies or is consistent with the 
constraintt C(s). 

Informally,, a solution to the CSP P := {X, D, C) is a total assignment of 
whichh each projection, over a scheme s of X, satisfies every constraint of P over 
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s.s. Formally, consider a total assignment d over D; if, for every C(s) over s of P, 
thee tuple d[s] satisfies C(s), then we say that d satisfies or is consistent with P. 
Thee assignment d is commonly referred to as a solution to P. 

Thuss a CSP P is consistent or satisfiable iff there exists a total assignment that 
satisfiess it. The subset Sol(P) of the domain set D denotes the set of solutions 
toto P. 

EXAMPLEE 2.2.6. Let us consider the systems of equations in Example 2.2.4, that 
givess rise to a CSP. The total assignment d := (0,0,0,0) is not a solution because 
off  the fourth equation. If s is the scheme x\,x2, x3, then d [s]  is an s assignment; 
thiss can be extended to an assignment that is a solution to the system, namely 
ee := (0,0,0,1). In fact, it is not difficult to check that the assignment e satisfies 
alll  equations/constraints of the problem. 

2.33 Examples 

Wee started this chapter by claiming that CSPs are ubiquitous. In the remainder 
off  this section, we present some examples to support our claim. 

2.3.11 Map Colourabilit y 

Thee first example we discuss is combinatorial. A planar map, like the one sketched 
below,, can be represented by means of a graph G := (V, E) and a finite set A of 
colours,, one for each vertex x, in V. Hence the MAP COLOURABILITY PROBLEM 

(seee [GJ79]) consists in colouring the graph vertices so that no two adjacent 
verticess are painted with the same colour. 

xxx x 

I I 
{aqua,{aqua, cyan, blue} 

xx2 2 
Ï Ï 

{cyan} {cyan} 

^33 *—* {cyan, blue} 

Thee instance of the MAP COLOURABILITY PROBLEM which corresponds to the 
abovee map is the following: 

1.. the set of vertices is V :— {x\,x2, x3}; 

2.. the set of colours are, respectively: D\ := {aqua, blue, cyan} for x\\ then 
£)jj  := {cyan} for x2\ finally D3 := {blue, cyan} for x3; 

3.. the only arcs in the graph are (^1,0:2), (x2,x3), (xi,x3). 
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Thee encoding of this as a CSP is straightforward: 

1.. variables correspond to the vertices in V; 

2.. each colour set corresponds to a variable domain; 

3.. constraints are posted between those variables that are connected by an arc 
inn the graph: i.e., C(xilxj) states that xt and Xj have different colours, for 
11 < * < 3 < 3. 

AA solution to the MAP COLOURABILITY PROBLEM is an assignment of colours to 
alll  the variables that satisfy all the given constraints. In the case of the depicted 
mapp above, a solution is as follows: X\ is aqua, :r2 is cyan and x% is blue. 

2.3.22 Satisfiability Problems 

Inn Chapter 9, we shall also deal with propositional satisfiability. A conjunction 4> 
off  propositional disjunctions of the form 

pV^qVrpV^qVr (2.1) 

cann be encoded as a CSP as follows (other encodings have been devised in the 
literature,, see for instance [WalOO]): 

 variables are proposition letters, such as p, q and r; 

 domains only contain the Boolean values 0 (false) and 1 (true); 

 constraints are posted between those variables/letters that occur in the same 
disjunct.. For instance, (2.1) corresponds to a constraint on the variables p, 
qq and r, that only rules out the tuple (0,1,0) from the set {0, l } 3. 

AA solution is thus an assignment, to all the variables/letters in the formula (p, 
thatt satisfies <fi. 

2.3.33 Image Understanding 

Computerr vision is an important AI area, that arose as part of robotics. Nowa-
days,, its applications have moved beyond robotics; for instance, we encounter 
computerr vision methods in the interpretation of satellite data. 

Computerr vision involves image analysis and understanding. A prototypical 
problemm in this sense (see [DAA95]) is the scene labelling problem. The task is to 
reconstructt objects in a three dimensional scene by means of their bidimensional 
representations.. This problem was first encoded as a CSP by Waltz; see [Wal75] 
ass quoted in [DAA95]. The original problem is transformed from one of labelling 
liness to one of labelling junctions between lines. Waltz's procedure relies on two 
physicall  constraints to make the problem tractable: 



2.3.2.3. Examples 15 

 a number of combinations of line labellings at a junction are not physically 
realisable; ; 

 each line connects two junctions; thereby the labellings at the two junctions 
mustt both assign the same label to the line. 

Thuss the goal is to find a physically consistent set of labellings for junctions. 
Thee procedure by Waltz dramatically reduces the search space size by means of 
thee algorithms that will be presented in Section 4.2. We invite the reader to 
consultt [DAA95] for a more detailed account of this. 

Heree we focus on another typical problem of image understanding, successfully 
tackledd as a CSP in [Aie02]: document understanding. In Aiello's thesis (ib.), 
givenn a set of labellings that identify the basic components of a document, a CSP 
solverr is used to reconstruct a reading order for the document. For instance, the 
labelledd layout of Figure 2.1 is encoded as the following CSP: 

1.. each rectangular box in the drawing is associated with one variable; 

2.. variable domains collect pairs of real numbers, interpreting the upper-left 
cornerr and the lower-right corner of a rectangular box; 

3.. constraints are expressed through the bidimensional Allen relations. For 
instance,, in Figure 2.1, X\ and x<i are related as follows: X\ equalsy #2 states 
thatt the projections of the two documents on the Y axis coincide; whereas 
xii  precedesx £2 states that the horizontal component of x\ precedes that of 
xx22. . 

AA solution to the above CSP is a reading order that satisfies all the Allen con-
straintss of the problem. 

2.3.44 Temporal Reasoning 

Anotherr example we consider pertains to Qualitative Temporal Reasoning and 
Scheduling,, see [Gen98]. Suppose to have a series of tasks, each one taking a 
continuouss interval of time, and to be all accomplished the same day, as in the 
followingg simple plot. 

Ariee fidgets in his pocket, searching for his small agenda. Much to his 
surprise,, he realises to have lost it. All he can vaguely remember is 
too have an important meeting that day in Amsterdam, in the meeting 
roomm B2.24. He knows that he should meet Bert a long time before 
Barbaraa starts her meeting with Kees in the B2.24 room. Arie re-
memberss Cees talking about his own meeting with Dick in that room, 
andd that this should be over by the time Dora meets Alfons there. 
Besides,, the meeting of Barbara and Kees should be before the meet-
ingg of Dora and Alfons in the B2.24 room. Arie perfectly knows that 
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xxl l X 2 2 

#3 3 

Figuree 2.1: A labelled layout of a document page. 

alll  these events take place sequentially in the B2.24 room, with an 
intervall  of at least ten minutes in between any two meetings. Arie 
alsoo remembers that everybody has precisely one meeting that day. 
Aree Arie's memories consistent? 

Thiss story can be encoded as a CSP with four variables, one for each meeting 
inn the story. So, let us state the following: Xi means "Arie and Bert's meeting"; 
xx22 is "Barbara and Kees' meeting"; x3 denotes "Cees and Dick's meeting";
representss "Dora and Alfons' meeting". Each variable is interpreted over the real 
line.. Reading the story, we encounter four constraints between those variables; 
thee constraints are formalised through the Allen relation precedes and its inverse, 
follows: follows: 

1.. C(xi,x2) is xiprecedesx2; this states that Arie and Bert's meeting takes 
placee before Barbara and Kees' meeting; 

2.. C(x3, x4) is x3precedes x4; this encodes the fact that Cees and Dick's meet-
ingg takes place before Dora and Alfons' meeting; 

3..  is X2precedesx4; this translates the fact that Barbara and Kees' 
meetingg takes place before Dora and Alfons' meeting; 

4.. C(X\,XA) is X\ precedes V followsx4; this translates the fact that Arie and 
Bert'ss meeting has to take place before or after Dora and Alfons' meeting. 

Thenn a solution is found when all the above constraints are satisfied. 
AA more challenging application for constraint programming, involving Tempo-

rall  Reasoning, is provided by planning. We refer the reader to [KvB97] for a clear 
introductionn to planning as CSP, and a comparison of the constraint programming 
plannerr CPLANNER with other state-of-the-art planners. 
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2.44 Equivalent Problems 

AA number of CSP algorithms, like those that we present in Chapter 2, are better 
understoodd if we assume that the input problem has at most one constraint per 
scheme,, or even precisely one per scheme. These two properties are obtained, 
respectively,, by means of two procedures, named 'normalisation' and 'completion'. 
Wee describe those procedures in this subsection, and show that neither of them 
addd or remove solutions with respect to the original problem; thus they preserve 
equivalence,, which is precisely defined as follows — we remind that Sol(P) denotes 
thee set of all solutions to P, see p. 13. 

DEFINITIONN 2.4.1. Consider two CSPs P := {X,D,C) and P' := (X,D',C) 
onn the same scheme X. Then P and P' are equivalent CSPs if they have the same 
solutionn set: i.e., Sol(P) = Sol(P'). 

EXAMPLEE 2.4.2. Consider the CSP in Example 2.2.4 and the CSP with the same 
schemee and domains, that has as constraints the following equations over real 
numbers: : 

'5xi'5xi + 2 = 3 4̂ — 1 
X22 = 3xi 

4^11 = 7#3 

^ 44 = x3 + 3xi + 1 

Thee former CSP and the latter are equivalent, since they have the same solutions 
overr real numbers. In fact, the latter CSP is obtained from the former by replacing 
thee occurrences of x<i by 3xi in the first, third and fourth equations; this is an 
equivalence-preservingg transformation, which is taught in high schools. 

Thee above definition can be easily extended to compare CSPs on different schemes; 
yet,, we shall not be in need of such extension in the present thesis. 

2.4.11 Normalisation 

Iff  we transform a CSP so that it has at most one constraint on each scheme of 
variables,, we obtain a normal form for it, as explained in the following definition. 

DEFINITIONN 2.4.3. Consider a CSP P :=  (X,D,C). The normalisation of P is 
aa CSP P' :=  (X, D, C') that shares the variable scheme X and domain set D 
withh P. Then, for each scheme s of X such that there exist k > 1 constraints 
Ci(s), . ... ,Ck(s) on s i nP, 

 there exists precisely one constraint C'(s) in C, 

 and C'(s) is the constraint on s that is equal to f] i=l  Ci(s). 
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Thee problem P is normalised if it satisfies the above requirements. 

Thee above definition is consistent due to the following fact. 

FACTT 2.4.4. Every CSP has precisely one normalisation. D 

EXAMPLEE 2.4.5. The Temporal Reasoning problem in Subsection 2.3.4 is nor-
malised,, since there is at most one constraint on each scheme. 

Noticee that, in the above example, the original CSP has only binary con-
straintss and so does its normalisation. Indeed, intersection does not modify the 
arityy of constraints, hence the following fact. 

FACTT 2.4.6. A CSP has a k-ary constraint iff its normalisation does. D 

Thee above fact is trivial but not to overlook; in fact, some CSP algorithms only 
deall  with constraints of a fixed arity, like binary ones. Thus the above fact ensures 
thatt normalisation does not modify the nature of a CSP, so to speak; passing to 
thee normalisation is just to simplify the description of the algorithms. 

Solvingg a CSP also means finding a total instantiation that is consistent with 
everyy constraint of the problem. Therefore, the following question is of primary 
concern:: do we add or remove any solution by normalising a CSP? The answer is 
clearlyy negative, and its simple proof is outlined in the following lemma; it relies 
onn the fact that an instantiation is consistent with a CSP it if satisfies all its 
constraints. . 

LEMM AA 2.4.7. A CSP P and its normalisation are equivalent CSPs. 

PROOF.. Let d be a tuple in D that is consistent with all the constraints C(s) of 
P.P. Then consider a scheme s of X and analyse the following three cases. 

1.. If there is only one constraint C(s) in P, then the same constraint on s and 
noo other one is in the normalisation of P: hence d is consistent with the 
constraintt C{s) of the normalisation of P. 

2.2. If there is more than one constraint on s in P, then d [s]  has to be consistent 
withh all of them, thereby with their intersection as well. 

3.. Finally, if there are no constraints in P on s, then there are no constraints 
inn the normalisation of P either. 

Thee other implication follows by inspecting the same three cases and assuming 
thatt d is consistent with all the constraints of the normalisation of P. D 
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2.4.22 Completions 

Severall  constraint propagation algorithms can be better described by assuming 
aa stronger working hypothesis than normalisation: i.e., that the input problem 
hass precisely one constraint on each scheme of variables, so that the problem is 
completee in the following sense. 

DEF IN IT IONN 2.4.8. Consider a CSP P and its normalisation PN :=  {X,D,C}. 
Thee completion of P is the problem P := (X,D,C) whose constraint set C 
enjoyss the following properties: 

 for each scheme s of X, if C(s) belongs to C of PN, then it is also the only 
constraintt on s in C\ 

 if PN has no constraints on s, then C has precisely one constraint C{s) on 
s,s, that is D [s\. 

Wee say that a CSP P is complete iff P = P. 

Thee completion of a CSP is obtained by normalising the problem, and adding the 
necessaryy constraints as in the above definition. 

Whilee normalisation does not alter the nature of a CSP (i.e. if it is binary 
itss normalisation is binary too), its completion instead modifies it. For instance, 
iff  P is a binary CSP, the choice of P is by no means optimal: it may have too 
manyy constraints with respect to those in P. Some CSP algorithms (see Subsec-
tionn 4.4.2), require the input problem to be complete but only up to constraints 
off  arity at most k, so to speak. Hence, we refine the above definition as follows. 

DEF IN IT IONN 2.4.9. Consider a CSP P :=  (X, D, C) on n > 0 variables, and let 
A;; be a natural number, not greater than n and different from 0. 

 The CSP Pk is the k completion of P if the constraints of P*  are all the 
A;-aryy constraints of P. The problem P is k complete iff P = P*. 

 While Pg is the strong k completion of P iff the constraints of P% are all 
thee i-ary constraints of P for every 0 < i < k. The problem P is strongly k 
completecomplete iff P = P£. 

E X A M P L EE 2.4.10. The Temporal Reasoning problem in Subsection 2.3.4 is 2 
complete,, since it has precisely one binary constraint on each scheme of X\1 x2-, £3, 
X4X4 of length 2. 

Thee above definitions of completions are consistent due to the following fact. 
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FACTT 2.4.11. 
(i).(i). Every CSP P :— (X, D, C) on n variables has precisely one k completion 
andand one strong k completion, for every k < n. 
(ii).(ii).  The completion of P :=  (X,D,C) is the strong n completion of P, for n 
equalequal to the cardinality of X. G 

Ass in the case of normalisation, the completion of a CSP P is equivalent to 
P.P. The proof of the following lemma is analogous to that of Lemma 2.4.7. 

LEMM AA 2.4.12. 
(i).(i). A CSP P and its k completion are equivalent problems, for every k > 0 that 
isis not greater than the number of variables in P. 
(ii).(ii).  A CSP P and its strong k completion are equivalent problems, for every 
kk > 0 that is not greater than the number of variables in P. 
(Hi).(Hi). A CSP P and its completion P are equivalent problems.

2.55 Combining and Comparing Problems 

2.5.11 Basic Operations 

Mostt algorithms for solving or simplifying CSPs (see Chapter 4) can be described 
byy means of functions and their iterations. These functions are obtained by means 
off  some basic functions on relations, common to most of those algorithms, and 
inn addition some specific ones. We introduce the basic functions as below, since 
thiss will allow us to obtain a more general and compact notation to describe all 
thee algorithms presented in Chapter 4. 

Considerr a domain D over X := Xi,...,xn and a scheme 5 of X. Given 
BB C D [s]  and a scheme t :— Xj1,..., Xjk of s, the projection of B over t is defined 
ass follows: 

Ut(B)-BUt(B)-Bhhx...xBx...xBjkjk. . 

Whenn the reference to s is clear, we shall write nt instead of Tlf. So, for instance, 
DD [t]  is equal to Il t(£)) for every scheme t of X; in particular D = Hx{D). We 
extendd the operation on tuples d € D [s]  in the obvious way, and call Ylt(d) the 
projectionprojection of the tuple d on t, for t a scheme of s. 

Wee shall abuse notation and write Hi(B) and ITj(rf), respectively, whenever 
thee scheme reduces to the singleton scheme Xj, and refer to it as the projection 
overover the variable Xj. 

Theree is a sort of inverse operation to projection of domains and tuples, namely 
theirr join. To define this, let us consider two schemes s :— x^ , . . ., x^ and 
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tt :=  Xjx,..., Xjk on X, and let r denote the scheme sUt. Then, if B C D [s]  and 
EE C D [t],  the join of B and E, denoted by 

BME, BME, 

iss the subset of D [r]  of tuples d such that d [s] € B and d [t]  € £. This implies 
that,, if r' stands for the scheme of the variables which are common to s and t, 
thenn d e D[r]  yields d [r 1]  € B [r'\  D E [r'\.  The join of tuples is denned similarly 
and,, if d 6 D [s], e E D [t],  their join is denoted by d txi e. 

EXAMPLEE 2.5.1. Consider the scheme X := X\,X2,x$, and the domains D\ := 
{apple,, banana}, D2 :=  {chocolate, sugar}, D3 = {dentist}. If s is the 
schemee X\,X2, then £) [s] — D\ xD2 ; i.e., the set 

{(apple,, chocolate), (banana, chocolate), (apple, sugar), (banana, sugar)}. 

Considerr the subset B :=  {(apple, chocolate), (banana, chocolate)}  of D[s\. 
Thenn the projection of B over x<i is the set that only contains chocolate, whereas 
itss projection over X\ collapses into D\. Similarly, if we consider the tuple d := 
(banana,, chocolate, dentist) from the Cartesian product D\ x £>2 x D3, then 
d[s]d[s]  is (banana, chocolate). While, if t is the scheme Xi,x^, the tuple d[t]  is 
(banana,, dent ist). 

Now,, consider again the above subset B of D [s], the scheme t = xi,x^, and 
thee subset E :=  {(apple, dent ist)}  of D [t].  Then the join B M E is the set 

{(apple,, chocolate, dent is t ) }; 

whereass the join of E and the subset {dentist}  of Z?3 is E itself. 

2.5.22 Basic Orderings 

Ass we shall clarify in Chapter 3, all the algorithms that we present in Chapter 4 
transformm a given CSP into another, but variables are neither added nor removed 
duringg this transformation process, so that only domains and constraints are 
modified. . 

Besides,, those algorithms neither insert new values in the input domains, nor 
addd domain elements to the input constraints. In other words, the algorithms 
inn Chapter 4 transform CSP domains or constraints along a certain partial order, 
withoutt backtracking in the order; in Chapter 3, we shall provide mathematical 
contentss to these still vague claims. However, in the present section, we start 
introducingg the main orders along which those algorithms transform CSPs. 
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Thee upward closure of CSPs 

Thee notions of completion and its variants will allow us to easily define the order-
ingss on CSPs that we shall encounter when dealing with constraint propagation. 

Givenn two CSPs P\ and P2 on the same variable set, let us consider their 
completionn Pi := (X, D\,C\) and P2 := (X,-D2,C2). Then we write 

PiPi E P2, 

iff  the following statements both hold: 

 for each Xi € X, we have DXfl D D24, where D\  ̂ is the domain of xt in Pi 
andd £?2,i the domain of X{ in P2; 

 for each C\(s) in P\ and C^is) in P2, the relation Cx(s) D ^ ( s) holds. 

Therefore,, two CSPs on the same variable scheme are comparable through Q 
ifff  the domains and constraints of their respective completions are comparable 
throughh the D relation. Notice that, here and in the remainder of this thesis, 
wee consistently choose to adopt Q instead of its reverse C to denote the above 
relation.. The motivation for this choice is that it has become standard in the 
mathematicss and computer science literature (see [DP90]) to deal with partial 
orderss or pre-orders with bottom, or complete partially ordered sets (CPOs) with 
bottom,, least common fixpoints etc.; in other words, to use the C relation. 

Algorithmss as in Chapter 4 receive in input a CSP P, and transform it into 
aa CSP P' such that the relation P Q P' holds. Therefore, it is sensible to cir-
cumscribee the set of problems those algorithms can produce, so to speak, starting 
fromm the input CSP P, as specified in the following definition. 

DEFINITIONN 2.5.2. Consider a CSP P := (X, D, C) and the family P| of all 
problemss P' on X for which the relation P E P' holds. We call the family Pf 
thee upward closure or closure of P. 

Thee above definition is commonly known in the theory of partial orders and pre-
orderss as the upward closure with respect to the given relation, see [DP90]. The 
firstt of the following results holds in general for all upward closures; the other 
followss immediately from Definition 2.5.2. 

FACTT 2.5.3. Consider a CSP P and its closure P]. Then the following state-
mentsments hold: 

1-1- if Pi Q P2 and Px € P |, then P2 € P]; 

2.2. if Pi Q P2, then P2 | Q Pit D D 
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EXAMPLEE 2.5.4. Consider the CSP P with three variables, x\  and 2:3, whose 
domainss are equal to {0,1} , and with only two constraints, defined as follows: 
C(xi,xC(xi,x22)) states that x\ ^ xi, so it only contains the pairs (0,1) and (1,0); 
^(^2,^3)) states that x2 # £3, so it contains the same pairs as C(xi,x2). The 
completionn P has constraints on all the schemes of X\,X2,X3. Therefore, a part 
fromm the P constraints, P also has the following additional constraints: 

 unary constraints on the given variables, C{x\), Cfa )̂ and C{x$), all equal 
too {0,1} ; 

 C(xi,x3) is equal to {0,1}  ; i.e., it contains all pairs of 0 and 1; 

 C(xi,X2, X3) is the set {0,1}  . 

Problemss in P| can differ in domains or constraints from P. An instance of a CSP 
inn P| is the problem that is as P, except that its constraint C{xi,x$) is equal 
too {(0,1), (1,0)}  — corresponding to the inequality x\  ̂ X3. Another example is 
thee P] problem that has all domains empty, and constraints as P. 

Unfortunately,, the family P| is too large, as the above example suggests: it 
stilll  contains too many subproblems which are not related to any of the algorithms 
inn Chapter 4. Thereby, in the remainder of this subsection, we carve out those 
subfamiliess of P| that are related to specific classes of algorithms in Chapter 4: 
i.e.,, domain orderings and constraint orderings. 

Domainn orderings 

Theree are some algorithms for CSPs, such as arc consistency ones in Section 4.2, 
thatt only modify domains. Thus, consider a CSP P := (X, D, C), and the closure 
P |.. Let T{P) be a subfamily of P |, and assume that all problems in J-'(P) differ 
att most in their domains, but have the same constraints: i.e., 

iff  P' e F{P) and P' = (X, D\ C), then C' = C (2.2) 

Then,, if P belongs to ^ (P ), a partial ordering 

) ) 

iss a domain ordering over P. Notice that P is the bottom (i.e., the least element) 
off  such orderings. 

Whenn the family T{P) contains all the problems P' that satisfy the prop-
ertyy (2.2), we refer to the structure (JT(P), C, P) as the domain ordering on P. 

Thee CSP algorithms presented in Section 4.2 are explained via iterations of 
functionss that only modify CSP domain sets. So, given a domain ordering over 
P,, say (^"(P), E, X), we name a function of the form 

ƒƒ : ?{P) ^ f(P) (2.3) ) 
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aa domain function. However, all the problems in a domain ordering differ at most 
inn their domains. Therefore, it is natural to regard a domain function as defined 
onn the domains of ^ ( P ); i.e., if we introduce the family of domains 

V{P)V{P) := {D' : there exists P' G F(P) such that P' := (X, D', C)} 

andd restrict the ordering C on T{P) to the domains in T>(P), then we can equiv-
alentlyy regard a function as in (2.3) as a function of the form 

ƒƒ : V(P) i - V{P) 

onn the structure (X>(P), C, D), in which D is the domain set of P. Notice that 
DD is the bottom of such orderings. 

E X A M P L EE 2.5.5. Consider the problem P in Example 2.5.4. The domain order-
ingg on P only contains problems that have the same constraints as P, and differ in 
theirr domains. Thus problems whose domains contain 0 or 1; problems that have 
somee or all domains empty. The domain ordering on P contains all such prob-
lems.. A domain function is o~(xi\X\,X2) defined as follows on the domain family 
V{P)V{P) of P: if B := Bx, B2, P3 is in £>(P), then a{x1;x1,x2)(B) has domains B[, 
B'B'22 and B'3 defined as follows: 

B[B[  :=n1{C(xl,x2)nB1 x B 2 ) , 

B'zB'z  B3-

Thee set B' is still in the domain ordering of P, hence a(xi;xi,x2) is a domain 
function.. Analogously, functions of the form a(xi\ Xi, Xj) and a(xj;Xi,Xj) can 
bee defined for each pair of the problem variables Xi and Xj such that i < j . 
Suchh functions return in Section 4.2, where they are used to characterise certain 
algorithmss for CSPs. 

Constraintt  orderings 

Algorithmss for CSPs such as those in Section 4.3 (the so-called path consistency 
algorithms)) do not modify domains, but alter constraints. These algorithms usu-
allyy require to first complete the input CSP (see Definition 2.4.8). 

Thus,, consider a CSP P :=  (X, D, C) with n variables, and the closure P] 
off  P. Let F{P) be a subfamily of F t, and assume that all the problems in F{P) 
aree k complete, for k < n, and differ at most in their constraint sets: i.e., 

iff  P'  (X, D', C') e T{P), then P' = P'k and D' = D. (2.4) 

Then,, if P  ̂ belongs to ^{P), the structure 

(F(P),Q,P(F(P),Q,Pkk)) (2.5) 

iss a k-constraint ordering over P. Notice that Pk is the bottom of such orderings. 
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EXAMPLEE 2.5.6. Consider the problem in Example 2.5.4. All 2-constraint or-
deringss will contain P2, that is the problem that has the same scheme, domain 
andd constraints as P, plus the additional constraint C{x\,xz) equal to the whole 
sett {0,1}  . Those constraint orderings will differ for the binary constraints, that 
mustt be subsets of those of Pj. An example is the 2-constraint ordering that only 
containn P<i and the problem whose constraints are all equal to {(0,1)} . 

Supposee that all the problems in a subfamily T{P) of P| are strongly k complete 
andd differ at most in their constraints: i.e., 

iff  P' := {X, D\ C') € F{P), then P' = P"k and D' = D (2.6) 

Iff  the strong k completion of P, namely P£, belongs to T(P), then the structure 

{HP)^H){HP)^H) (2-7) 
iss a strong k-constraint ordering over P. Clearly, P£ is the bottom of such order-
ings. . 

EXAMPLEE 2.5.7. Let us consider Example 2.5.6. Every strong 2-constraint or-
deringg will contain P |, namely the problem that is as P% in Example 2.5.6, and 
hass in addition the unary constraints on x\,  and X3, all equal to {0,1} . An in-
stancee of a strong 2-constraint ordering is given by the family of problems P| a nd 
P',, which is defined as follows: P' only differs from P| m ^ s unary constraints, 
whichh are all equal to the empty set. 

Supposee that a family !F{P) contains all the k complete problems that satisfy the 
propertyy (2.4). In this case, {F{P),Q,Pk} is called the k-constraint ordering on 
P.. If J-{P) contains all the strongly A; complete problems that satisfy (2.6), then 
wee refer to the structure (.F(P), Q, P£) as the strong k-constraint ordering on P. 

Domainn orderings are useful to characterise some functions for certain CSP al-
gorithms,, and so are constraint orderings. Thus, given a constraint ordering (2.5) 
orr (2.7), we name a function of the form 

ƒƒ : ?{P) 1- F{P) (2.8) 

aa constraint function. Since all the problems in a constraint ordering (2.5) or (2.7) 
differr at most in their constraints, we can redefine a constraint function as a 
functionn on the constraint set C of the constraint ordering (2.5) or (2.7). In fact, 
iff  we introduce the family of constraint sets 

C{P)C{P) := {C : there exists P' g T{P) such that P' := (X,D, C')} 

andd restrict the ordering C on F{P) to the constraint sets in C(P), then we can 
equivalentlyy regard a function as in (2.8) as a function of the form 

f:C(P)~C{P) f:C(P)~C{P) 

onn the structure (C(P), Q, C). Notice that C is the bottom of such orderings. 
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EXAMPLEE 2.5.8. A constraint function on the 2-constraint ordering in Exam-
plee 2.5.6 is the function a{xi,x2\x^) defined as follows. Consider the constraint 
sett B := B(xi} X2), B(x2,x3), B(xi,xs) in C(P); then a(xi,x2;x3)(B) has con-
straintss B[(x\,x2). B'2(x2,x3) and B'3(x\,x3) defined as 

B'{xi,xB'{xi,x22)) := B( i i , i 2)n l I I l i I 2 ( f l ( i i , i 2) MB(x2,x3)), 

B'{xB'{x22,x,x33)) := B(x2,x3), 

B'(xi,xB'(xi,x33)) := B(xux3). 

Thuss cr(xi, x2', x3)(B) is still in the 2-constraint ordering on P, hence o~{x\, x2, x3) 
iss a constraint function. Analogously, functions like a{xi,Xj\Xk) can be defined 
forr each pairwise distinct i < j and k, from 1 to 3. These functions return in 
Sectionn 4.3, where they are used to characterise certain algorithms for CSPs. 

2.66 Conclusions 

Inn this chapter, CSPs are introduced: these are shown to generalise a number 
off  well-known problems, such as map colourability, n-SAT, temporal and spatial 
reasoning,reasoning, scheduling and planning problems. In general, the task of finding 
aa solution to these problems is intractable. In the CSP community, a number 
off  approximate algorithms were devised for removing inconsistencies from the 
solutionn search space of CSPs; these algorithms are used before the search for 
solutions,, or to this alternated. 

InIn the following chapter, we present a simple theory to describe and analyse 
alll  those algorithms, and we put it at work in Chapters 4 and 5. 



Chapterr  3 

AA Schema of Function I terat ions 

3.11 Introductio n 

3.1.11 Motivation s 

Inn the remainder of the first part of our thesis, we shall gradually zoom on con-
straintt propagation. Under this name gathers a number of mainly polynomial-
timee algorithms; each of these iteratively remove certain inconsistencies from 
CSPs,, thereby attempting to limit the combinatorial explosion of the solution 
searchh space. More interestingly, all these algorithms avoid backtracking: at each 
iteration,, a constraint propagation algorithm may remove values from CSPs, but 
neverr add them back in subsequent iterations. 

Constraintt propagation algorithms are known in the literature under other 
variouss names: filtering, narrowing, local consistency (which is, for some au-
thors,, a more specific notion), constraint enforcing, constraint inference, Waltz 
algorithms,, incomplete constraint solvers, reasoners. However, here and in the 
remainderr of this thesis, we adopt the most popular name, and always refer to 
themm as constraint propagation algorithms. 

Inn [AptOOa], the author states that "the attempts of finding general principles 
behindd the constraint propagation algorithms repeatedly reoccur in the literature 
onn constraint satisfaction problems spanning the last twenty years". 

Onn a larger scale, the search for general principles is a common drive, shared 
byy theoretical scientists of diverse disciplines: a series of methods to solve certain 
problemss are devised; in turn, at a certain stage, this process calls for a uniform 
andd general view if a common pattern can be envisaged. For instance, think 
off  polynomial equations. Until the fifteenth century, algebra was a mere collec-
tionn of stratagems for solving only numerical equations; these were expressed in 
words,, and the account of the various solving methods was, sometimes, pure liter-
ature*.. It was Viète in his Opera Arithmetica (1646) to introduce the use of vowels 

*Cf.. "La 'grande arte': 1'algebra nel Rinascimento". U. Bottazzini. in Stoma della scienza 

27 7 
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forr unknown values; this simplified notation paved the way to a general theory 
off  polynomial equations and solving methods, no more restricted to numerical 
equations. . 

Inn this chapter, we propose a simple theory for describing constraint propaga-
tionn algorithms by means of function iterations] the aim is to give a more general 
vieww on constraint propagation, based on functions and their iterations. It is 
welll  known that partial functions can be used for the semantics of deterministic 
programs;; for instance, see [Jon97, LP81, Pap94], The primary objective of our 
theorisationn thus becomes that of tackling the following issues: 

 abstracting which functions perform the task of pruning or propagation of 
inconsistenciess in constraint propagation algorithms, 

 describing and analysing how the pruning and propagation process is carried 
throughh by constraint propagation algorithms. 

InIn this chapter, we mainly focus on the latter item, that is on how functions 
removee certain inconsistencies from CSPs and propagate the effects of this prun-
ing.. The basic theory, proposed in this chapter, will provide a uniform reading of 
aa number of constraint propagation algorithms. Then, in Chapter 6, only after 
describingg and analysing those algorithms in Chapters 4 and 5 via that theory, 
wee specify which functions are traced in their study. 

3.1.22 Outlin e 

Thee topic of this chapter is a basic theory of iterations of functions for constraint 
propagationn algorithms. 

Wee first characterise iterations of functions (see Section 3.2) and then in-
troducee the basic algorithm schema that iterates them by following a certain 
strategyy (see Section 3.3). Thus, in the remainder of this chapter, we investi-
gatee some properties of the proposed algorithm schema by studying those of the 
iteratedd functions and the iterations themselves, see Section 3.4. For example, 
idempotencyy of functions will be related to fruitless loops, in terms of pruning, 
thatt can be thereby cut off. In turn, this property of functions will be traced 
inn some specific constraint propagation algorithms in which it is used to avoid 
redundantt computations, see Chapter 4. 

Onn the one hand, the proposed algorithm schema is sufficient for describing 
manyy constraint propagation algorithms in terms of functions on a generic set, 
seee Subsection 3.3.1, or on an equivalent set, see Subsection 3.4.3. On the other 
hand,, a partial order on the function domain provides a sharper tool for analysing 
andd studying the behaviour of these algorithms, loosely speaking. More precisely, 
aa partial order on the function domain gives us a means to partially order the 

modernamoderna e contemporanea, vol. I, TEA. 
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possiblee computations of algorithms, see Subsection 3.3.2. Thereby, by means of 
thee domain order, we can pose and answer the following sort of questions about 
thee behaviour of constraint propagation algorithms. 

 Can the order of constraint propagation affect the result? 

 Or is the output problem independent of the specific order in which con-
straintt propagation is performed (see Theorem 3.3.8)? 

 Do constraint propagation algorithms always terminate? 

 Or what is sufficient to guarantee their termination (see Theorem 3.3.9 and 
Corollaryy 3.3.10)? 

InIn all the analysed cases in Chapter 4, functions for constraint propagation al-
gorithmss turn out to be inflationary with respect to a suitable partial order on 
theirr domain, see p. 32. This property of functions also accounts for the absence 
off  backtracking in constraint propagation algorithms: pruning of values is never 
resumed,, since every execution of a constraint propagation algorithm always pro-
ceedss along an order. 

Otherr properties of functions, related to the order, can be further used to 
prunee branches from the algorithm search tree; we shall study this issue in Sub-
sectionn 3.4.2. For instance, a property that we call stationarity will be introduced 
ass a stronger form of idempotency; hence functions that enjoy it need to occur at 
mostt once in any execution of the algorithm schema. 

3.1.33 Structur e 

First,, we introduce iterations of functions in Section 3.2, and the basic schema 
too iterate them in Section 3.3. Variations of the basic schema, along with the 
relatedd properties of functions, are treated in details in Section 3.4. Finally, we 
summarisee and discuss the results of this chapter in Section 3.5. 

3.22 Iteration s of Functions 

Givenn a finite set F of functions ƒ : O *-*  O over a set O, we define a sequence 
(o(onn : n € N) with values in O as follows: 

1.. Oo := -L, where J_ is a selected element of 0; 

2.. on+i := f{on), for some f e F. 

Eachh sequence {on : n £ N) is called an iteration of F functions (based on J_). 
Ann iteration of F functions {on : n E N) stabilises at on if on+k — on for every 
k>0. k>0. 
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Inn this chapter, we shall mainly be concerned with iterations of F functions 
thatt stabilise at some specific points: in fact, we shall be interested in iterations 
thatt stabilise at a common fixpoint of all the functions: namely, an element o e O 
suchh that 

ƒƒ (o) = o for all f e F. 

Indeed,, it is not sufficient for an iteration to stabilisee at o for this to be a common 
fixpointt of all the F functions, as the following simple example illustrates. 

EXAMPLEE 3.2.1. Consider O := {0,1,2}  and the set F with the following two 
functions: : 

/(O)) := 0, ƒ (1) := 2 and /(2) := 2, 

5(0) :== 1,5(1):= land 5(2):= 2. 

Now,, consider the iteration (on : n € N) based on 0 such that on+l := f(on) for 
everyy n € N. Indeed, the iteration stabilises at 0; but this is not a fixpoint of g 
sincee 5(0) 7̂  0. 

InIn the above Example 3.2.1, the function g is never selected. Would it be sufficient 
too choose g after ƒ to guarantee that o is a common fixpoint of the F functions? 
Certainlyy not: define first Oi := f(o0) = 0, then oj+1 :=  g(oj) for j > 0. This 
iterationn stabilises at 1 and not at 2, which is the only common fixpoint of the 
twoo functions ƒ and g. We can repeat the above trick infinitely many times, one 
forr every k > 0: in fact, it is sufficient to set oi+i  = f(oi) for 0 < i < k, and 
OjOj++ ii  :— g(oj) for j > k; still the resulting iteration stabilises at 1. How can we 
remedyy this? The answer is given below, by the algorithm schema in Section 3.3: 
thiss is designed to compute a common fixpoint of finitely many functions. 

3.33 The Basic Iteration Schema 

Thee Structured Generic Iteration algorithm, briefly SGI, is a slightly more general 
versionn of the Generic Iteration algorithm of [AptOOa]. Both of them aim at 
computingg a common fixpoint of finitely many functions, simply by iterating 
themm until such a fixpoint is computed. The SGI algorithm is more general in 
thatt its first execution can start with a subset of all the given functions; then 
thesee are introduced, only if necessary, in subsequent iterations. So SGI covers 
moree algorithms than the Generic Iteration algorithm does. 

Thee SGI algorithm is displayed as Algorithm 3.3.1. Its parameters are char-
acterisedd as follows. 

CONVENTIONN 3.3.1 (SGI). 

 F is a finite set of functions, all defined on the same set 0\ 
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 is an element of 0; 

 is a subset of F that enjoys the following property: every F function ƒ 
suchh that /(_L) 7̂  X belongs to

 G is a subset of F functions; 

 update instantiates G to a subset of F. 

Algorith mm 3.3.1: SGI(-L, F ,F) 

o:=_L; ; 
GG  F ; 
whil ee G # 0 do 

choosechoose g £ G; 
G:=G-{g}-G:=G-{g}-
o'o' :=  g(o); 
iff  o'  ̂ o then 

GG :=  G U update(G, F, </, o); 

vv J 
Ass we shall see below, the update operator returns a subset of F according to the 
functionss in G, the current O value o and F function #; its computation can be 
expensive,, unless some information on the chosen function g and input value o 
iss provided that can help to compute the F functions returned by update, as we 
shalll  see in Chapter 4. Besides, in the SGI  schema below, the function g is chosen 
nonn deterministically; no strategy for choosing g is imposed in this schema; but 
thiss is done on purpose, since SGI aims at being a general template for a number 
off  CSP algorithms. Indeed, the complexity of the algorithm will vary according to 
thee way in which the update operator will be specified and the function g chosen. 

3.3.11 The basic theory of SGI 

Thee SGI algorithm is devised to compute a common fixpoint of the F functions: 
i.e.,, an element o e O such that f (o) = o for every ƒ € F. Suppose that the 
followingg predicate 

VfeF-Gf(o)VfeF-Gf(o) = o {Inv) 

iss an invariant of the whil e loop of the SGI algorithm. If o is the last input of 
aa terminating execution of SGI, then G is the empty set and the predicate Inv 
abovee implies that o is a common fixpoint of all the F functions. We restate this 
ass the following fact, which is used over and over in the remainder of this chapter. 
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FACTT 3.3.1 (COMMON FIXPOINT). Suppose that the above predicate Inv is an 
invariantinvariant of the while loop of SGI. If o is the last input of a terminating execu-
tiontion of SGI, then o is a common fixpoint of the F functions. D 

Commonn fixpoint 

Thee Common Fixpoint Fact 3.3.1 above suggests a simple, yet sufficient condition 
forr SGI to compute a common fixpoint of the F functions: after an iteration of 
thee while loop, we only need to keep, in G, the functions for which the input 
valuee of the while loop is not a fixpoint. As for this, it is sufficient that the 
updateupdate operator in SGI satisfies the following axiom. 

AXIO MM  3.3.1 (COMMON FIXPOINT). Let o' := g{o) for g e F, and Id(g,o') := 
{9}{9}  if g{°') ¥" 0', el se Id{g,o') is the empty set. If o' 7̂  o, then 

update{G,update{G, F, g, o) D {ƒ e (F - G) : f (o) = o and ƒ (o') # o'} U Id{g, o'); 

otherwisee update(G, F,g,o) is the empty set. 

InIn other words, the update operator adds to G at least all the F functions, not 
alreadyy in G, for which 0 is a fixpoint and the new value o' is not; besides, g has 
too be added back to G if g{o')  ̂ o''. 

LEMM AA 3.3.2 (INVARIANCE) . Let us assume the Common Fixpoint Axiom 3.3.1. 
ThenThen the Inv predicate on p. 31 is an invariant of the whil e loop of SGI. 

PROOF.. The base step follows from the definition of Fj_ (see Convention 3.3.1 
above),, and the induction step is easily proved by means of the Common Fix-
pointt Axiom 3.3.1. Ü 

Thee above Common Fixpoint Fact 3.3.1 and Invariance Lemma 3.3.2 immediately 
implyy the following theorem. 

THEOREMM  3.3.3 (COMMON FIXPOINT). Let us assume the Common Fixpoint Ax-
iomiom 3.3.1. If o is the last input of a terminating execution of the SGI  algorithm, 
thenthen o is a common fixpoint of all the F functions. D 

EXAMPLEE 3.3.4. Let us consider Example 3.2.1 as input to SGI so that J_ := 0. 
First,, assume F  :=  {g}. In the first while loop, only g can be chosen and 
applied;; so, after the loop, v is set equal to 1. In the same loop, update adds ƒ to 
GG and g is removed from G. So, at the end of the first loop, G = {ƒ}  and o = 1. 
Thenn ƒ is chosen and applied to 1, o is set equal to 2 and G to the empty set at 
thee end of the loop. So SGI terminates by computing 2, a common fixpoint of the 
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twoo functions. Instead, if Fj_ is instantiated to the whole set F := {ƒ, g), there 
aree two possible executions of SGI, both terminating with 2. Note that, given 
Conventionn 3.3.1 and Axiom 3.3.1, there are three different executions of the SGI 
algorithmm with F := {ƒ, g) and _L := 0. 

SGII  iterations 

Wee started this chapter with generic iterations of functions, and provided a 
schemaa that computes a common fixpoint of finitely many functions. Hereby 
wee show how function iterations and the SGI schema are related. First of all, let 
uss denote by id the identity function on the domain of the iterated functions of 
F;; indeed all the common fixpoints of the F functions are, trivially, fixpoint of id. 
Thenn every execution of SGI gives rise to an iteration of the F U {id}  functions. 
Too explain how, we first introduce traces of SGI executions. 

Considerr an execution of the SGI algorithm — see Algorithm 3.3.1. The SGI 
tracetrace ((on, Gn) : n G N) of the execution is defined as follows: 

 o0 := _L, G0 := F ; 

 suppose that on and Gn are the input of the n-th while loop of SGI. If Gn 

iss the empty set, then on+\ :— id(on) and Gn+i :— 0. Otherwise, let g be the 
chosenn function and set on+i equal to g(on). Then we define Gn+\ as the set 
(Gn(Gn - {g}) U update(Gn, F, o, on) if on+1  ̂ on, else as the set Gn - {g}. 

Thenn {on : n € N) is an SGI iteration of the F functions. 

EXAMPLEE 3.3.5. Let us revisit Example 3.3.4. There we have the following three 
SGII  traces: 

1.. {(O,M),(l,{/}),(2,0),...) ; 

2.. {(O,{/, ff }),(O,M),(l,{/}),(2,0),...) ; 

3-- ((O,{/,5}),(l,{/}),(2,0),...) . 

Thee first trace corresponds to the SGI instantiation with  :=  {g};  whereas the 
SGII  instantiation related to the second and third traces is for  :— {ƒ, g}. 

Tracess provide another tool to formulate and study properties of SGI, like 
termination.. We shall say that the trace {(on, Gn) : n € N) stabilises at o*. iff the 
iterationn (on : n € N) does so and G* = 0. Now, the termination condition for 
thee while loop in SGI is that G must be empty; the last input o of a terminating 
executionn of SGI is the value computed by SGI. Hence it is easy to check that the 
followingg statements are equivalent: 

1.. the SGI algorithm terminates by computing o; 
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2.. the SGI trace stabilises at Ok — o. 

Wee reformulate this equivalence as the following fact, as it will allow us to switch 
fromm executions of SGI to traces, and vice versa, when dealing with the termina-
tionn of SGI. 

FACTT 3.3.6. An execution of the SGI algorithm terminates by computing o iff the 
associatedassociated trace stabilises at o.

3.3.22 Ordering Iterations 

Supposee that we can define a partial order C over the set O. Then this can be 
usedd to order iterations. 

Leastt common fixpoint 

Supposee that the F functions are monotone with respect to a partial order C on 
O;; namely, for every ƒ € F, 

oo C. o' implies f{o) Q f(o'). 

Thenn we can prove that the common fixpoints of the F functions, as computed 
byy SGI, coincide with the least fixpoint of the F functions. So let us assume the 
followingg statement. 

AXIO MM 3.3.2 (LEAST FIXPOINT). 

(i).(i). The structure (O, Q,-L) is a partial ordering with bottom i f O . 
(ii).(ii).  The F functions are all monotone with respect to C. 

Givenn the above axiom, we have the following lemma as in [AptOOa]. 

LEMMAA 3.3.7 (STABILISATION). Assume the Common Fixpoint Axiom 3.3.1 and 
thethe Least Fixpoint Axiom 3.3.2. Consider a fixpoint w of the F functions. Let 
(oi(oi : i e N) be a generic iteration of F that satisfies the following properties: 

 0o : = J - ; 

 Oj+i := g{Oi), for some g £ F. 

ThenThen 0{ Qw, for every f E F and ot in the iteration (OJ : ?GN), 

PROOF.. The proof is by induction on i € N. The base case is trivial since _L is 
thee bottom of the ordering. As for the induction step, let us assume that Oj C. w. 
Thus,, we invoke monotonicity (see Axiom 3.3.2) and obtain o!+i := g(o{) C. w.

Thee above lemma shows how a partial ordering can be used to compare com-
putationss of SGI with functions on the ordering, and highlights the role of mono-
tonicityy in the following result, which follows from the lemma and Theorem 3.3.3. 
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THEOREMM  3.3.8 (LEAST FIXPOINT). Let F be a finite set of functions over O, 
andand assume the Common Fixpoint Axiom 3.3.1 and the Least Fixpoint Axiom 3.3.2. 
ThenThen all the terminating executions of SGI  compute the same value: i.e., the least 
commoncommon fixpoint of all the F functions with respect to the partial order on O. D 

Terminatio n n 

Fromm this point onwards, let us write o \Z o' whenever o C. o' and o / o'. A 
C-chainC-chain in O is any subset of 0, that is totally ordered by C. 

Inn order to ensure the termination of SGI, for any input, we must ascertain 
thatt every SGI  iteration stabilises. If all the F functions are computable, every 
SGII  iteration is totally ordered by C, and all C-chains are finite, then we can 
guaranteee termination. The following axiom formalises these ideas. 

AXIO MM  3.3.3 (TERMINATION). 

oo Each ƒ e F is a computable function over a partial ordering with bottom 
. . 

oo The F functions are inflationary with respect to the partial order: namely, 
oo E f (o) for every o e O and ƒ € F. 

oo The ordering (O, C) satisfies the ascending chain condition (ACC), i.e. each 
(Z-chainn in O is finite. 

Now,, given the above axiom, we can prove the following termination result. 

THEOREMM  3.3.9 (TERMINATION 1). Assume the Common Fixpoint Axiom 3.3.1 
andand the Termination Axiom 3.3.3. Then SGI  always terminates, by computing a 
commoncommon fixpoint of the F function. 

PROOF.. At each iteration of the while loop, either o c o' — due to inflationarity, 
seee Axiom 3.3.3 — or g is removed from G. Axiom 3.3.3 yields that all C-chains 
aree finite; since G C F is finite too, the algorithm terminates. D 

Noticee that every finite partial ordering satisfies the ACC in Axiom 3.3.3; more-
over,, every function on a finite set is computable. Thus we draw the following 
conclusionn as a corollary of Theorem 3.3.9. 

COROLLARYY  3.3.10 (TERMINATION 2). Let us assume the Common Fixpoint Ax-
iomiom 3.3.1 and that the F functions are defined on a finite partial ordering with 
bottombottom {O, C, _L). Suppose that the F functions are inflationary with respect to 
C.. Then every execution of SGI  terminates. D 

NOTEE 3.3.11. Many algorithms for CSPs deal with finite domains. Whenever 
thosee algorithms are instances of SGI, the above Corollary 3.3.10 will ensure that 
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aa simple condition on the iterated functions is sufficient to guarantee the termi-
nationn of the instance algorithms. However, functions for non-standard CSPs as 
inn Chapter 5, often, have infinite domains; then Corollary 3.3.10 wil l not be of 
help,, and we shall need to resort to the above Theorem 3.3.9. 

3.3.33 Finale 

Thee main results concerning the basic SGI  algorithm schema are collected in the 
followingg corollary; this gathers Theorems 3.3.3, 3.3.8, 3.3.9 and Corollary 3.3.10. 
Figuree 3.3.3 depicts a search tree of SGI. under the assumptions of either one of 
thee statements in the following corollary. 

COROLLARYY  3.3.12. 
(i).(i). Assume the Common Fixpoint Axiom 3.3.1, the Least Fixpoint Axiom 3.3.2 
andand the Termination Axiom 3.3.3. Then every execution of SGI  terminates by 
computingcomputing the least common fixpoint o of the iterated functions. 
(ii).(ii).  Assume the Common Fixpoint Axiom 3.3.1 and that the F functions are 
defineddefined on a finite partial ordering with bottom (O, E,-L). Suppose that the F 
functionsfunctions are all monotone and inflationary with respect to C. Then every exe-
cutioncution of SGI  terminates by computing the least common fixpoint o of the iterated 
functions.functions. O 

Figuree 3.1: SGI  search tree. 
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3.44 Variation s of the Basic Schema 

3.4.11 The Generic Iteratio n Schema 

Wee started Section 3.3 by claiming that SGI is a slightly more general version of 
thee Generic Iteration (GI) algorithm of [AptOOa]. We shall also need to refer to 
thee latter schema in Chapter 4, and hence we explain it in more details as below. 

Thee difference between the two basic schemas is that the set of functions G in 
GII  is initialised to the whole set of functions F: i.e.,  is the whole set F. There-
fore,, we have the following results for GI as a consequence of Corollary 3.3.12. 

THEOREMM  3.4.1. 
(i).(i). Assume the Common Fixpoint Axiom 3.3.1, the Least Fixpoint Axiom 3.3.2 
andand the Termination Axiom 3.3.3. Then GI always terminates by computing the 
leastleast common fixpoint of the iterated functions. 
(ii).(ii).  Assume the Common Fixpoint Axiom 3.3.1 on update and that the F func-
tionstions are defined on a finite partial ordering with bottom (O, Q, J_). Suppose that 
thethe F functions are monotone and inflationary with respect to C.. Then GI always 
terminates,terminates, computing the least common fixpoint of the iterated functions. • 

3.4.22 Iteration s Modulo Function Properties 

Thee GI algorithm is a variation of SGI in that G is differently initialised. Other 
variationss of the basic schema SGI are obtained by optimising the instantiation 
off G in the while loop via update: in SGI, all the functions for which the new 
computedd value d — g(o) is not a fixpoint are added to G. Indeed, more functions 
aree added to G, more executions of the while loop are needed. In the following, 
wee study some properties of functions that allow us to reduce the number of 
executionss of the whil e loop by an efficient instantiation of G via update. Each 
propertyy is studied separately and gives rise to a different version of the SGI 
schema;; all these or their combinations will be used in Chapter 4. 

Idempotentt  functions 

Noticee that the chosen function g is removed from the set G of iterated functions 
inn SGI  if the test gg{6) = g(o) returns true. This is always true, independently of 
thee specific value o, if g is idempotent, as specified below. 

DEFINITIONN 3.4.2. A function g : O *->  O is idempotent if gg(o) = g(o) for every 
osO. osO. 
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Ass suggested above, an idempotent function can always be removed after being 
chosen.. The following diagram shows what happens otherwise. 

^ ^ ^ 
*  *fl(o) *99(o) 

Soo any iteration as above can be equivalently reduced to one in which the second 
applicationn of g is removed, if this function is idempotent; i.e., Id(g.o'), as in the 
Commonn Fixpoint Algorithm refaxiom:sgi:l, is always set to the empty set for 
gg idempotent. The following lemma is an immediate consequence of that axiom 
andd Definition 3.4.2 above. 

LEMM AA  3.4.3 (IDEMPOTENCY). Consider a finite set F of idempotent functions 
onon O. Then 

update{G,update{G, F,g,o)^GU{f EF-G : ƒ (o) = o and f(o') / o'} 

satisfiessatisfies the Common Fixpoint Axiom 3.3.1. D 

Lett us call SGII the version of SGI with the update operator as in Lemma 3.4.3, 
wheree the second I stands in for Idempotent. Then the following theorem is a 
triviall  consequence of that lemma and Corollary 3.3.12. 

THEOREMM  3.4.4. 
(i).(i). Assume the Least Fixpoint Axiom 3.3.2 and the Termination Axiom 3.3.3. 
ThenThen every execution o/SGII terminates by computing the least common fixpoint 
ofof the iterated functions, if these are all idempotent. 
(ii).(ii).  Assume that the F functions are defined on a finite partial ordering with 
bottombottom (O, C, _|_). Suppose that the F functions are all monotone and inflationary 
withwith respect to C. Then every execution of SGII terminates, computing the least 
commoncommon fixpoint of the iterated functions, if these are all idempotent. • 

Commutativee functions 

Commutativityy of an operation is a useful property in computations: it means 
thatt the operation provides the same result regardless of permutations of the 
combinedd elements. Function composition is not, in general, a commutative op
eration.. However there are classes of functions on which composition is commu
tative;; thereby the order in which these functions are composed is irrelevant. The 
followingg definition aims at capturing precisely this, and it is a special case of the 
notionn of centraliser of an element with respect to a given operation, like in group 
theory;; see for instance [Her75]. 
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DEFINITIONN 3.4.5. Let F be a set of functions over a set O, consider a function 
gg : O i—• 0 , and the subset Comm(F, g) of F of all functions ƒ such that 

fg{o)fg{o) = gf(o),iova\\oeO. 

Thenn the set Comm(F, g) is the set of F functions that commute with g. 

Ass stated and proved in [AptOOa], commutativity can be exploited to reduce 
executionss in the GI algorithm. This carries over to the SGI schema in the same 
manner. . 

LEMMAA 3.4.6. If the update operator satisfies the Common Fixpoint Axiom 3.3.1, 
thenthen so does update(G, F, g, o) — Comm(F, g). 

PROOF.. Suppose that fg{o) = gf{6); then f(o) — o implies gf(o) = g(o); thus 
updateupdate — Comm satisfies the Common Fixpoint Axiom 3.3.1 if update does. • 

Lett us rename SGI with Commutativity, briefly SGIC, the SGI algorithm with 
updateupdate — Comm in place of update. The above Lemma 3.4.6 allows us to transfer, 
too SGIC, all the results concerning SGI as summarised in Corollary 3.3.12. 

THEOREMM 3.4.7. 
(i).(i). Assume Assume the Common Fixpoint Axiom 3.3.1, the Least Fixpoint Ax-
iomiom 3.3.2 and the Termination Axiom 3.3.3. Then SGIC always terminates by 
computingcomputing the least common fixpoint of the iterated functions, 
(ii).(ii).  Assume the Common Fixpoint Axiom 3.3.1 on update and that the F func-
tionstions are defined on a finite partial ordering with bottom (O, CI, J_). Suppose that 
thethe F functions are all monotone and inflationary with respect to C. Then SGIC 
alwaysalways terminates, computing the least common fixpoint of the iterated functions. 
D D 

Stationaryy functions 

Whilee the properties of idempotency and commutativity do not rely on any partial 
orderr on the given set O, the following property does. 

DEFINITIONN 3.4.8. Let ƒ be an inflationary function, defined over a partial or
deringg (0, C). Then the function ƒ is stationary from o E O and o' if it enjoys 
thee following property: 

iff ƒ (o) ^ o, o C o' and ƒ(<?') C o" then f(o") = o". 

Moree in general, an inflationary function ƒ is stationary if there exist o, o' € O 
suchh that ƒ is stationary from them. 
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Inn other words: consider a totally ordered iteration and suppose that a stationary 
functionn ƒ is known to affect a value o in it; after the first application of ƒ to o or 
aa subsequent value o' in the iteration, ƒ does not change any value that follows in 
thee iteration. The following diagram shows schematically what happens whenever 
aa stationary function ƒ is applied again, after ƒ modifies a value in the iteration. 

f(o) f(o) 

V^^  V=̂  v=̂  
cc c c 

Inn brief, the iteration in the above diagram can equivalently be reduced to one in 
whichh the second application of ƒ is removed, if this function is stationary. The 
beloww lemma states precisely that stationary functions can be added at most once 
too C, namely the set of functions to iterate. 

Inn order to formulate the lemma properly, we resort to traces and state the 
followingg axiom. 

AXIO MM  3.4.1 (STATIONARITY). 

(i).. The F functions are all stationary on {O, E, -L) and, if f G F  and ƒ (_L) = _L, 
thenthen f is the identity on O. 
(ii) .. If {(on, Gn) : n G N) is the trace of an execution of SGI, Gn denotes the set 
ofof G functions at the n-th while loop of SGI; then put 

update(Gupdate(Gnn,, F, g, on) := < ƒ G F- (J Gk : ƒ(o„) = on, ƒ(on+1) ^ on+1 > ; 
II  k<n J 

thisthis for every n. 

Noww we can formulate the following Stationarity Lemma: there we assume that 
thee F functions are idempotent, since this simplifies the proof, even tough the 
extensionn to the non-idempotent case is possible. 

LEMMAA 3.4.9 (STATIONARITY). Assume the Stationarity Axiom 3.4-1 and that 
allall  the F functions are idempotent. Then update satisfies the Common Fixpoint 
AxiomAxiom 3.3.1. 

PROOF.. We only need to prove that, if ƒ G Uk<n Gk and ƒ S" Gn, then f(on+i) — 
oon+n+i.i. If ƒ G  and /(-L) = _L, then f(on+i)  ~ on+i by Axiom 3.4.1. Else, there 
mustt be Oi in the iteration such that i < n and f{oi) ^ Oj, due to Axiom 3.4.1 
again.. Since ƒ £" Gn, then there exists i < j < n and Oj in the iteration such that 
Oj+iOj+i  — f(oj). Therefore, inflationarity yields the following: 

OiOi Q Oj and f(oj) = Oj+i  Q on \Z on+i-
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Thuss we can conclude that Oj  ̂ /(o,), ot Q Oj and f(oj) \Z on+i hold. Then 
Definitionn 3.4.8 yields /(on+i ) = o„+i- • 

Inn Chapter 4, we make an extensive use of the variation of the SGI algorithm 
withh stationary and idempotent functions. So we rewrite SGI with Stationary 
andd Idempotent functions as the SGI IS Algorithm 3.4.1. 

Algorith mm 3.4.1: SGIISf-L,^, F) 

v:=v:=  J_; 
G :=0 ; ; 
whil ee Fj_ T̂  0 do 

choosechoose g £
FF  := F x - {g} ; 
o'o' \= g(o); 
iff  o' T̂  o then 

GG :=  G U update{G, F, g, o); 
F:=F-F:=F-  update{G, F, g, o); 
oo := o'; 

whil ee G ^ 0 do 
choosechoose g € G; 
G :=G-{<?} ; ; 
o''  := 5(0); 
ifif  o' 7̂  o then 

G : = G UU update(G, F, 5, o); 
FF :=  F — update(G, F, g,o); 

oo  : - o ' ; ; 

Thee Stationarity Lemma 3.4.9 and the Idempotency Lemma 3.4.3 allow us 
too transfer, to SGI IS, all the results concerning SGI as summarised in Corol
laryy 3.3.12. 

THEOREMM 3.4.10. 
(i).(i). Assume the Stationarity Axiom 3.4.1, the Least Fixpoint Axiom 3.3.2 and the 
TerminationTermination Axiom 3.3.3. Then every execution of SGIS terminates by computing 
thethe least common fixpoint of the iterated functions. 
(ii).(ii).  Assume the Stationarity Axiom 3.4-1, the Least Fixpoint Axiom 3.3.2, and 
thatthat the F functions are defined on a finite partial ordering with bottom (O, C, _L). 
ThenThen every execution of SGIS terminates by computing the least common fixpoint 
ofof the iterated functions. • 
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3.4.33 Iterations Modulo Equivalence 

Thee SGI algorithm with Equivalence (SGIE) is SGI with functions defined on an 
equivalencee structure (V, =} , and such that the if conditional depends on the 
equivalenceequivalence of the input and output values, and not necessarily their identity; 
seee Algorithm 3.4.2. Like for SGI, the update operator selects and returns func-
tionss of F. Thus this algorithm iterates functions from a set F until a value v is 
foundd for which gv(v) = v. Indeed, if the equivalence relation = collapses into 
thee identity, we have the SGI algorithm back. 

Algorith mm 3.4.2: , =, F , F) 

vv := v: 
GGvv:=Fl:=Fl vv--
whil ee Gv Ï 0 do 

choosechoose gv 6 Gv\ 
GGvv:=G:=G vv-{g-{gvv}; }; 
vv'' := gv(v)-
iff  v' ^ v then Gv := Gv U update(Fv7g

v,v); 
vv :— v'\ 

NOTEE 3.4.11. We let update(Fv, gv, v) be an unspecified subset of G. In fact, 
inn the case of the SGIE algorithm schema, the update operator varies according to 
thee instance CSP algorithms. However, as for the results in this part, we do not 
needd to assume anything more of update that it is returns a subset of F functions. 

SGIEE iterations 

Ass in the case of SGI, we associate SGIE traces with executions of an SGIE al-
gorithm.. Again, notice that the identity function idv on V does not affect any 
valuee in any computation of SGIE; i.e., idv(v) = v for every v EV. 

Thee SGIE traces ((vn,G^) : n e N) of executions of the SGIE algorithm are 
definedd like the SGI traces: 

VQVQ := J-y, Gl :=  F] 

supposee that vn and G„  are the input of the n-th while loop of SGIE. If G^ 
iss the empty set, then vn+\ := vn and G%+1 := 0. Otherwise, let gv be the 
chosenn function and set vn+i equal to gv{vn). Then the set G +̂1 is defined 
ass G„— {gv} Uupdate(Fv,G^,gv,vn) if vn+i ^ vn, otherwise as the set 
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Thee iteration (vn : n € N) is called an SGIE iteration of SGIE. 
Ass in the case of SGI, traces are useful to formulate and study termination 

conditionss on SGIE. So we shall say that the SGIE trace stabilises at vn if the 
iterationn {vn : n G N) does so and G„  = 0. The following equivalence will be 
usefull  in the below part. 

FACTT 3.4.12. An iteration of an SGIE algorithm terminates by computing v iff 
thethe associated trace stabilises at v. • 

Thee least =-class and termination 

Supposee that we can devise a partial order C on a quotient set O isomorphic to 
V/=,, such that {0, C,  turns out to be a partial ordering with bottom. Then 
wee can try to transfer the analysis and results concerning SGI, over the partial 
orderingg (O, E, 1.°), to SGIE over the equivalence structure (V, =). 

Lett Fv and F° be, respectively, a finite set of functions over V and O. Con
siderr a bijective map f : F° H-• Fv that maps the identity of F° to the identity 
functionn of Fv. Let us denote 

ffVV--=i(f°), --=i(f°), 

forr each f° G F°. Now, suppose that an SGIE trace {(vn,G%) : n e N) of Fv 

functionss can be associated with an SGI  trace ((on, G%) : n € N) of F° functions 
viaa f, and that such traces enjoy the following property: 

1.. VQ G o0 ; 

2.. for every n > 0, if vn+i = fv(vn) for fv e Gv
n then on+1 = f°(on) for 

f°f° G G„, and the following property holds: 

theree exists m > n + 1 such that vm G om. 

Thenn the two traces {(vn,G%) : n G N) and ((on,G%) : n G N) are called 
=-- equivalent via f. 

Thee characterisation of =-equivalence, via a function f, is sufficient to obtain 
thee following result. 

LEMMAA 3.4.13. Consider an SGI trace o :— (on : n G N) and an ^-equivalent 
SGIEE trace v := (vn : n G N). 

•• The trace v stabilises at a value v G V if the trace o does so at a value 
oeO; oeO; 

•• furthermore, the value o E O (where O is isomorphic to V/=) corresponds 
toto the =-class of v. 
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P R O O F.. Suppose that (on : n 6 N) stabilises at on. Then G° = 0, hence G  ̂ is 
emptyy due to the definition of equivalent traces above. Then vn G on follows from 
thee above definition. Therefore ((vn,G^) : n 6 N) stabilises at vn G on. • 

Thee following definition extends the notion of =-equi valence between traces to an 
analogouss between algorithm executions. 

DEF INIT IONN 3.4.14. If there exists a map f such that every SGIE trace with 
FFvv is =-equivalent to an SGI  trace with F° via f, then SGIE with Fv is called 
=-- equivalent to SGI with F°. 

Thee following theorem is a consequence of Facts 3.3.6 and 3.4.12, and the above 
Lemmaa 3.4.13. 

THEOREMM 3.4.15. Suppose that every execution of SGI terminates by comput-
inging the least common fixpoint o of the Fo functions. If SGIE with Fv functions 
overover (V, = ) is =-equivalent to SGI, then every execution of SGIE terminates by 
computingcomputing ^-equivalent values; i.e. values v in the =-class that corresponds to o.D 

Theoremm 3.4.15 above implies that we can study instances of the SGIE schema 
—— that takes in input a set V with an equivalence relation — if we can provide, 
forr them, equivalent instances of the SGI  algorithm schema: 

1.. we devise a partial ordering with bottom on a set O, isomorphic to the 
quotientt set V/=; 

2.. then we check whether the given instance of SGIE on V is =-equivalent to 
ann instance of SGI on O, with suitable functions on O; 

3.. if this equivalence holds, then Theorem 3.4.15 implies that, if SGI termi
natess by always computing the same value, then SGIE terminates by always 
computingg values which belong to the same equivalence class. 

Thesee transfer results, summarised as in the below corollary, are consequences of 
Theoremm 3.4.15, and Corollary 3.3.12 for SGI. 

COROLLARYY 3.4.16. Consider an instance o/SGI with F° functions on a finite 
partialpartial ordering Ö :— (O, C, 1°). Let SGIE be instantiated with Fv functions on 
anan equivalence structure V/= that is isomorphic to O. Furthermore, suppose that 
thisthis instance of SGIE is ^-equivalent to the instance o/SGI with the F° functions 
onon the partial ordering O. Thus we have the following results: 

•• if the F° functions are inflationary, then every execution of SGIE with the 
FFvv functions on V terminates; 
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•• if the F° junctions are also monotone, then every execution of SGIE with 
thethe Fv functions and V terminates, by computing values which are all in 
thethe =-class of the least common fixpoint of the F° functions. • 

Variation ss of SGIE 

Alll versions of SGI  can be modified similarly and so generate a corresponding 
versionn of SGIE. However, in Chapter 4, we only deal with the following variations 
off SGIE: 

oo the GI  algorithm (see Subsection 3.4.1) with equivalence, namely GIE; 

oo the SGI  IS algorithm (see Algorithm 3.4.1) with equivalence, denoted by 
SGIISE. . 

Alll these algorithms share the same parameters, which are specified as follows: 

•• an equivalence structure, namely a set V and an equivalence binary relation 

== on it; 

•• J.17, an element of V; 

•• a finite set Fv of functions fv : V •—> V; 

•• a subset  of Fv that contains every Fv function fv for which fv  ^ -L; 

•• the update operator that selects and returns a subset of F functions. 

Thee definitions and results given above for SGIE are easily extended to the cases 
off GIE and SGIISE. We leave the task to fill in the details to the reader. 

3.55 Conclusions 

3.5.11 Synopsis 

Thiss chapter presents a basic algorithm schema, SGI, and some of its variations. 
Thee SGI  schema iteratively applies functions until a common fixpoint of theirs is 
found:: the Common Fixpoint Axiom 3.3.1 provides a sufficient property for this, 
andd characterises the basic strategy of SGI. Then Axioms 3.3.1 and 3.3.2 state 
sufficientt properties for SGI  to find the least common fixpoint of the functions and 
terminate,, respectively. Notice that all those properties are encountered in most 
constraintt propagation algorithms, see Chapter 4 below; there, the SGI  schema or 
itss variations are used as "templates" to explain and differentiate those algorithms. 

Variationss of the basic schema are thus studied in Section 3.4: they are differ
entiatedd in terms of update and properties of functions; these differences account 
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forr different strategies of the algorithms in Chapter 4. Besides, some of those al-
gorithmss use additional support structures, so to speak: i.e., they remove values 
fromm the given CSP domains or constraints by storing information in other struc-
tures.. In those cases the SGIE, namely SGI on an set equipped with an equivalence 
relation,, proves useful: first the algorithms are instantiated to SGIE; then the ad-
ditionall  structures are "scraped away" through the adopted equivalence relation, 
soo that SGI can be used to analyse those algorithms too. These instances of SGI 
iteratee functions that only remove values from domains or constraints, and do it 
inn a monotone and inflationary manner; thus we are able to transfer the results 
obtainedd for SGI instances to SGIE instances. 

Somee of the main variations of SGI and SGIE are summarised in the following 
tablee that contains in each cell, from left to right: 

•• a variation of SGI or SGIE; 

•• the related properties of functions; 

•• where the related update operator is characterised; 

•• where a variation is applied in Chapter 4, which deals with constraint prop
agationn algorithms for CSPs — these are introduced in Chapter 2. 

SGII k SGIE 
Variations s 

SGIIS S 
SGIISE E 

GI I 

GIC C 

GIIS S 
GIISE E 

Properties s 
off Functions 

idempotency, , 
stationarity y 

commutativity y 

idempotency, , 
stationarity y 

Thee update 
Operator r 

Idempotencyy Lemma 3.4.3, 
Stationarityy Lemma 3.4.9 

Commonn Fixpoint 
Axiomm 3.3.1 

Commutativityy Lemma 3.4.6 

Idempotencyy Lemma 3.4.3, 
Stationarityy Lemma 3.4.9 

Wheree in 
Chapterr 4 

(H)AC-4, , 
(H)AC-5, , 

PC-4 4 
(H)AC-l, , 

PC-1, , 

AC-3 3 
PC-2 2 
KC C 

Chapterr 5 concerns itself with non-standard CSPs that allow to obtain optimal 
partiall solutions, according to certain criteria: the original algorithm schema for 
constraintt propagation is extended via SGI. In Chapter 2 and Sections 5.4, 5.5 of 
Chapterr 5, we also apply the results of the present chapter as displayed in the 
followingg table: this shows how properties of functions or update are correlated 
too properties of algorithms in both Chapters 2 and 5. 
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Properties s 
off  update 

orr Functions 
Common n 
Fixpoint t 

Axiomm 3.3.1 

Monotonicity y 
Axiomm 3.3.2 
Inflationarity y 
Axiomm 3.3.2 

Properties s 
off  Algorithms 

partiall  correctness 

confluence e 

termination n 

Wheree in 
Chapterr 4 

Corollariess 4.2.4, 
4.2.6,, 4.2.12, 4.2.15, 
4.2.16,, 4.3.5, 4.3.7, 
4.3.12,, 4.4.7, 4.5.4 

ass above 

ass above 

Wheree in 
Chapterr 5 

Corollaryy 5.4.4 

Corollariess 5.4.5 
andd 5.4.6 

Corollariess 5.4.7, 
5.4.144 and 5.4.15 

3.5.22 Discussion 
Usingg a single framework for presenting constraint propagation algorithms makes 
itit  easier to verify and compare these algorithms. Again from a theoretical view-
point,, this approach allows us to separate the properties that concur in the def-
initionn of a constraint propagation algorithm: e.g., inflationarity is related to 
terminationn and absence of backtracking; monotonicity to confluence; station-
arity,, commutativity and idempotence explain optimised strategies for various 
constraintt propagation algorithms. Preserving equivalence is another important 
propertyy of those algorithms: in such a general setting, we cannot tackle it, since 
wee study functions on "generic" sets, i.e., not on CSPs. Nonetheless, in Chap-
terr 4, it is always easy to prove, by means of the adopted functions, that constraint 
propagationn algorithms maintain equivalence. 

Fromm an applicative viewpoint, this approach allows us to parallelise constraint 
propagationn algorithms in a simple and uniform way and result in a general frame-
workk for distributed constraint propagation algorithms; see [MonOO]. This shows 
thatt constraint propagation can be viewed as the coordination of cooperative 
agents.. Additionally, such a general framework facilitates the combination of 
thesee algorithms, a property often referred to as solver cooperation or combi-
nation.. Finally, the generic iteration algorithm SGI and its specializations can 
bee used as a template for deriving specific constraint propagation algorithms in 
whichh specific scheduling strategies are employed. 





Chapterr  4 

Constraintt Propagation Algorithms 

4.11 Introductio n 

4.1.11 Motivation s 

Inn general, satisfying a constraint problem means computing a solution to it. 
CSPss can be so satisfied by a generate-and-test procedure: each possible combi-
nationn of assignments is generated and tested against the given constraints. More 
refinedd strategies rely on the backtracking method: variables are instantiated 
sequentially;; when a partial assignment is found inconsistent with a constraint, 
backtrackingg is performed to the last instantiated variable and, if possible, an-
otherr value gets assigned to it. There are several variations of this basic form 
off  backtracking, for instance see [BacOl, KvB97]. However, the run-time per-
formancee of backtracking is in general exponential for most CSPs, see [Kum92]. 
Inn [KvB97], the authors propose a theoretical comparison of backtracking algo-
rithmss for CSPs, based on a graph representation of these and on the number of 
visitedd nodes and edges. 

Whatt emerges from the analysis of the basic backtracking algorithm is that 
thee reason for its poor performance is due to "trashing": search keeps failing on 
thee same type of subspace of the solution search space. Constraint propagation 
algorithmss attempt to tackle this problem in various ways. For instance, con-
straintt propagation algorithms, known as arc consistency algorithms, prune a 
CSP'ss domains from values that are inconsistent with the binary constraints of 
thee CSP. Others, known as path consistency algorithms, prune inconsistent values 
fromm binary constraints of CSPs. 

4.1.22 Outlin e 

Inn this chapter, we present various algorithms for constraint propagation, and 
makee use of the SGI schema (see Chapter 3) to explain these algorithms: by 
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representingg them as instances of SGI  or one of its variations; by analysing them, 
applyingg the theoretical results studied in Chapter 3. 

Instantiation .. Every time we need to represent an algorithm as an instance of 
SGI,, we need to specify for SGI: 

•• an appropriate set, 

•• functions and a suitable partial order on the function domain, or on an 
equivalentt set (see Subsection 3.4.3), 

•• the update operator, which is in charge of returning the necessary functions 
too iterate in SGI. 

Analysis.. Thus the general results obtained for SGI  and its variations are used 
too analyse constraint propagation algorithms. For instance, inflationarity of func
tionss is related to termination of algorithms and the absence of backtracking. 
Stationarityy (see Definition 3.4.8) explain why some algorithms do not repeat the 
samee kind of pruning. But these are still too general statements; let us try to 
specialisee and clarify them in the context of the algorithms in this chapter. 

Classification.. Constraint propagation algorithms differentiate for the way and 
thee type of pruning they perform on CSPs: i.e., in the terminology of Chapter 3, 
theyy correspond to different domain functions (see p. 23) or constraint functions 
(seee p. 24). Thus a first broad classification separates constraint propagation algo
rithmss according to this criterion; the sections of the present chapter correspond 
too the different constraint propagation classes that so emerge. 

Sectionn 4.2 is dedicated to the so-called arc and hyper-arc consistency algo
rithms;; the SGI schema of Chapter 3 explains how those algorithms remove values 
fromm domains, and how the effects of the removals are propagated. In Section 4.3, 
wee describe and study the so-called path consistency algorithms by means of SGI; 
thee analysis there conducted also highlights how inconsistencies, at the level of 
binaryy constraints, are inferred and propagated along a 2-constraint ordering on 
thee problem (see Subsection 2.5.2). Sections 4.4 and 4.5 deal with generalisa
tionss of the above algorithm classes; again, the SGI  schema is sufficiently general 
too cover also these cases, and explain how pruning is performed (via functions) 
andd propagation of inconsistencies is carried over (in particular, via the update 
operator). . 

Separation.. A further, subtler analysis detects how each algorithm of a given 
classs enforces and reaches its level of consistency, and so differentiates such an 
algorithmm from the others that pertain to the same class. For instance, in Sec
tionn 4.2, we describe and analyse in total four arc consistency algorithms; their 
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differencess are easily grasped via the common language and framework of SGI 
functionn iterations (see Chapter 3). In fact, when these algorithms are shown to 
bee all instances of the SGI  schema, their differences can be explained in terms of 
diversee function iterations: e.g., through the use of diverse functions; through the 
usee of some properties of functions like commutativity (see Definition 3.4.5), or 
stationarityy (see Definition 3.4.8). 

4.1.33 Structur e 

Sectionn 4.2 is concerned with arc consistency and its generalisation, namely hyper-
arcc consistency. Then path consistency is described and studied in Section 4.3. 
Wee present an algorithm for fc-consistency and discuss it in Section 4.4, and finally 
relationall  consistency in Section 4.5. This chapter is concluded by a summary 
table,, see Section 4.6. 

4.22 Ar c and Hyper-arc Consistency 

Inn this section, we deal with constraint propagation algorithms that only modifies 
domainss of CSPs. We begin by introducing these notions, and then show how 
variouss algorithms for enforcing them can be recast in the framework of SGI. 

Firstt of all, let us introduce the main of those CSP properties that we deal 
withh in this section: i.e., hyper-arc consistency as defined by Mohr and Masini, 
seee [MM88]. 

DEFINITIONN 4.2.1. Consider a CSP P :=  {X, D,C) and a constraint C(s) of C. 
Thenn the constraint C(s) is hyper-arc consistent if the following condition is met: 

forr every Xi E s and a € A there exists d € C(s) such that a = d [i]. 

Wee call the CSP P hyper-arc consistent iff all its constraints are hyper-arc con-
sistent. . 

InIn other words: a CSP is hyper-arc consistent if, for each variable x  ̂of the prob-
lem,, each value in Z)» (the Xi domain) is part of each constraint of the problem 
thatt involves Xj. For instance, the MAP COLOURABILITY PROBLEM in Subsec-
tionn 2.3.1 is not hyper-arc consistent: in fact, the value cyan for Xi is forbidden 
byy the constraint (arc) on x\ and x^. 

Thee better known notion of arc consistency of [Mac97] is obtained by restrict-
ingg the above definition to the case of CSPs with only binary constraints; as in the 
casee of the aforementioned MAP COLOURABILITY PROBLEM. Hence, that notion 
cann be recast as follows: a binary constraint C(xi,Xj) is arc consistent if 

forr every a € Di there exists b € Dj such that (a,b) € C(xi,Xj), 

forr every b € Dj there exists a € A such that (a, b) € C(xi,Xj). 
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AA CSP with only binary constraints is arc consistent if all of its constraints are. 

EXAMPLEE 4.2.2. The MAP COLOURABILITY PROBLEM Pmap of Subsection 2.3.1 
iss not arc consistent, hence hyper-arc consistent. In fact, if we choose the variable 
xixi and look up for its values in D\, we see that cyan is forbidden by the constraint 
onn x\ and x2; also blue is forbidden by the constraint on X\ and x^. Therefore, 
ann arc consistency algorithm will remove the value cyan and blue from D\, so 
obtainingg a new CSP, with the same scheme and constraints as PmaP, and domain 
D\D\ :=  {aqua}. No value will be removed from the domain of #2, since cyan is not 
forbiddenn by any constraints that involves x2. On the contrary, the value cyan 
forr x$ will be removed from the domain of X3 because of the constraint on X2 and 
£3.. Therefore, the obtained CSP, on x\,x2,x3, has the same constraints as the 
MA PP COLOURABILITY PROBLEM Pmap but domains which are subsets of the Pmap 

ones:: i.e., D\ = {aqua}, D2 — {cyan}, D3 = {blue}. 

4.2.11 The Basic Ar c and Hyper-arc Consistency Algo-
rithm s s 

Inn this part, we describe and study the basic arc and hyper-arc consistency algo-
rithms.. First we introduce the basic algorithm for hyper-arc consistency, namely 
HAC-1,, of which the one for arc consistency, namely AC-1, represents a special 
case.. Then we show how GI can be instantiated to HAC-1, hence to AC-1. Finally 
wee infer some properties concerning those basic algorithms by studying their GI 
instances. . 

Thee HAC-1 and AC-1 algorithms 

Thee basic hyper-arc consistency algorithm HAC-1 enforces hyper-arc consistency 
byy choosing a variable domain and iteratively enforcing hyper-arc consistency on 
this;; AC-1 is like HAC-1 but it enforces arc consistency, i.e., only binary constraints 
aree taken in consideration. In what follows, we first instantiate GI to both HAC-1 
andd AC-1, and then analyse these via the correlated instantiations of GI. 

Instantiation n 

Too prove that the algorithm HAC-1 for hyper-arc consistency is an instance of the 
GII  algorithm, we need to specify, in the order, the following components: 

1.. a partial ordering with bottom; 

2.. a finite set of functions over the partial ordering; 

3.. the update operator. 
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Partiall  ordering wit h bottom. Consider a CSP P := {X,D,C). As partial 
orderingg for HAC-1, we adopt the domain ordering on P, written as 

(V(P),Q,D), (V(P),Q,D), 

andd partially ordered by the reverse of the subset relation, see Subsection 2.5.2. 
Therefore,, given two domain sets B := B\,..., Bn and B' := B\,..., Bn of prob-
lemss in the domain ordering, we have 

BB Q B' iff Bi D B[ for every i = 1, . . ., n. 

Rememberr that the input domain D is the bottom of such a domain ordering. 

Functions.. We associate a function o~{xi\ s) to each domain D{ in D, and con-
straintt C(s) of the given input problem P such that a;» € s. Then we define the 
functionn <r(xi,  s) as follows over the domain ordering: if B is a domain set in T>(P), 
thenn B' := cr(xi\ s)(B) differs from B at most in the domain B[ of x*, this being 

BJ:=H(C( fl)nB[8]). . 

Soo B' is always greater than B with respect to C, the domain order. Therefore 
eachh such function <T(XJ; S) is trivially inflationary and monotone with respect to 
C.. Moreover, all these functions are idempotent, since intersection and projection 
are. . 

Byy taking into account only the binary constraints we obtain an analogous 
characterisationn of arc consistency. The partial ordering is still the domain or-
deringg but now on a binary CSP; see also Subsection 2.5.2. Then we associate 
twoo functions, CT(XJ; Xi, Xj) and <j{xf,  Xi, Xj), with, respectively, the domain Di and 
Dj,Dj, for each problem constraint C(xi,Xj) of the input problem. Thereby we de-
finee such functions over t>(P) as follows, where B is a domain set in the domain 
orderingg on P: 

•• B' := a{xi\Xi,Xj){B) differs from B at most in the domain B\ on x^, since 

B[B[ := X\.i{C{xhXj) n Bi x Bj); 

•• B' := a{xy,Xi,Xj)(B) differs from B at most in the domain Bj on Xj, since 

B'jB'j := n j(C(x i jx i) n Bi x Bj). 

Update.. The update operator for HAC-1 is characterised as follows: 

update{G,update{G, F, <T(XÏ, S),B)\=F -G 

Clearly,, the above characterisation of update satisfies Axiom 3.3.1. Indeed, it 
iss not an optimal instantiation of update in terms of space and executions of 



54 4 ChapterChapter 4- Constraint Propagation Algorithms 

thee main while loop of GI. We shall see that the HAC-3 algorithm has a better 
instantiationn of the update operator, and hence that algorithm does not suffer 
fromm these drawbacks of HAC-1. 

AA similar characterisation of update can be given for AC-1, and we leave it to 
thee reader. 

Analysis s 

Thee use of the above defined functions is clarified by the following lemma, which 
alsoo sums up the relevant properties of the cr(xi] s) functions. 

LEMM AA 4.2.3. 
(i)(i)  A CSP P :=  {X, D,C) is hyper arc consistent iffD is a common fixpoint 
ofof all the functions of the form a(xi;s), hence the last one with respect to the 
domaindomain order on P. 
(ii)(ii)  Each function o~(xi\ s) is idempotent, monotone and inflationary with respect 
toto the order of the domain ordering on P. • 

Fixx now a CSP P. By instantiating the Gil algorithm with the above defined 
functionss a{xü s), we get the basic arc consistency algorithm AC-1. So we can 
provee that this algorithm enjoys the following properties as a consequence of the 
theoreticall results for SGI I, hence for Gil — see Theorem 3.4.4. 

COROLLARYY 4.2.4 (HAC-1 AND AC-1). Consider a finite CSP P := (X,D,C). 

•• Assume that P is not binary. Then the hyper-arc consistency algorithm 
HAC-11 on P terminates by computing the greatest hyper-arc consistent prob
lemlem that is equivalent to P; that is the least common fixpoint of the a{xi\ s) 
functions,functions, defined as above. 

•• Suppose that P is binary. Then the arc consistency algorithm AC-1 on P 
alwaysalways terminates by computing the greatest arc consistent problem that is 
equivalentequivalent to P; that is the least common fixpoint of the c{xi\x^xf) and 
o~(xj;Xi,Xj)o~(xj;Xi,Xj) functions, defined as above. 

PROOF.. We only need to observe that each a{xi\ s) function preserves equivalence 
andd then apply the results of Theorem 3.4.4. As for the equivalence, it is sufficient 
too notice that projection does not remove solutions from a CSP; therefore, neither 
itss composition with intersection does. Ü 
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4.2.22 The HAC-3 and AC-3 Algorithm s 

Inn the HAC-1 algorithm, each function er(xj;s) is associated with a variable do-
mainn Di and a constraint C(s) on a scheme to which the variable belong; each 
timee cr(xi;s) is applied and modifies its arguments, all functions of type a that 
aree associated with a constraint involving the variable Xi are added to the set 
GG of functions to iterate. In this section we show how this information about 
thee commutativity can be exploited to add less projection functions of the form 
<j{xi\s)<j{xi\s)  to the set G. What follows was devised in [AptOOa]. 

Recalll  that, in Definition 3.4.5, we introduced the notion of commutativity 
betweenn two functions, ƒ and g, on the same domain O as follows: 

fg(o)fg(o) = gf(o) for all o GO. 

First,, it is worthwhile to note that not all pairs of HAC-1 functions commute. 
Inn general, functions like a(Xi,XuXj) and c(xk]Xi,Xk) do not need to commute; 
seee [AptOOa] for an example of this phenomenon. 

Thee following lemma clarifies which of the above functions commute. 

LEMM AA  4.2.5 (COMMUTATIVITY) . Consider a CSP P and a constraint C(s) of 
PP on the scheme s. 

•• For Xi, Xj € s the functions a(xi;s) anda{xj\s) commute. 

•• If C'(t) is a constraint of P on a scheme t and the variable x, occurs in 
bothboth schemes s and t, then G{XC, s) and cr(xi\ t) commute. 

PROOF.. We only sketch how the first claim is proved, and refer the reader to 
[AptOOa]] for a full proof. 

Considerr a{xi\ s) and &(XJ] s), for i ^ j . Let B be a domain set in the domain 
orderingg of the given problem. The former function can only modify B{, the do
mainn of Xi\ whereas the latter function can only modify Bj, the domain of Xj. 
Bothh functions do it by looking up for d in C(s) such that d € B[s\. Whenever 
dd G B [s]  and d £ C(s), a(xi;s) and a{xj\s) remove the projections of d from 
BiBi and Bj, respectively. Instead, if d G C(s), neither d[i]  nor d\j]  are removed 
fromm Bi and Bj by o~(xi;s) and cr(xj\s), respectively. Therefore these functions 
commute.. D 

Fixx now a CSP. We derive a modification of the hyper-arc consistency algo
rithmm HAC-1 from Subsection 4.2.1 by instantiating, this time, the GIC algorithm 
schema,, see Subsection 3.4.1 and Theorem 3.4.7. We use the same set of functions 
a{xi\a{xi\ s) as for HAC-1. Additionally we employ the functional Comm (see Defini
tionn 3.4.5) that, given a function a(xi] s) from F , returns the set of functions that 
a{xi,a{xi, s) commute with: 

Comm(a(xi;Comm(a(xi; s), F) :=  {O-(XJ\ s), a{xi, t) : Xj € s and xt is in 5 and t]  . 
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Byy virtue of the Commutativity Lemma 4.2.5 each set Comm{(r{xi) s), F) satisfies 
thee assumptions of Lemma 3.4.6. 

Byy limiting oneself to the set of functions a{xi,Xi,xf) and a{xj\Xi,Xj) asso-
ciatedd with the binary constraints, we obtain an analogous modification of the 
correspondingg arc consistency algorithm. Using now the commutative version 
GIICC of Gil , we conclude that the AC-3 algorithm enjoys the same properties as 
thee AC-1 algorithm. A more general conclusion holds for HAC-1 and the instanti-
ationn of GIIC with the above functions a{xi\ s). 

Wee can now state that the HAC-3 and AC-3 algorithms enjoy the following 
properties,, which are immediate consequences of the Commutativity Lemma 4.2.5 
andd the theoretical results for SGIIC, hence for GIIC: i.e., Theorems 3.4.4 and 3.4.7. 

COROLLARYY  4.2.6 (HAC-3 AND AC-3). Consider a finite CSP P := (X,D,C). 

•• Assume that P is not binary. Thus the hyper-arc consistency algorithm 
HAC-33 on P, namely GIIC with the above defined a{xi\ s) functions, always 
terminatesterminates by computing the greatest hyper-arc consistent problem that is 
equivalentequivalent to P. 

•• Suppose that P is binary. The arc consistency algorithm AC-3 is an instance 
ofof GIIC on P with the above defined <j{xi\ Xi,Xj) and a{xy,Xi, Xj) functions. 
ThusThus it always terminates by computing the greatest arc consistent problem 
thatthat is equivalent to P. O 

Thee difference between (H)AC-3 and (H)AC-l relates to the different specifica
tionss of the update operator. As a consequence of this, the former will gain in 
executionn time. 

4.2.33 The HAC-4 and AC-4 Algorithm s 

Inn this part, we describe and study the HAC-4 algorithm of [MM88] via the SGIISE 
—— see p. 42 — and SGIIS algorithms — see p. 41. First we introduce the original 
algorithm;; then we display the necessary set and functions for the algorithm HAC-4 
too become an instance of SGIISE; finally, we infer properties of HAC-4 by studying 
ann equivalent SGIIS instance. 

Thee AC-4 algorithm is HAC-4 for binary constraints. We limit ourselves to the 
descriptionn and analysis of HAC-4, since AC-4 is a specialisation of HAC-4. For 
aa detailed analysis of AC-4 via iterations of functions, we invite the reader to 
consultt [GenOO]. 

Noticee that the HAC-4 and AC-4 algorithms assume the input CSP to be nor
malised,, i.e. to have at most one constraint on each scheme; see Subsection 2.4.1. 
Otherwise,, the CSP is first normalised, and then propagation takes place on its 
normalisation. . 
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T hee or ig inal a l go r i t hm 

Thee HAC-4 algorithm enforces hyper-arc consistency by first constructing a set of 
elements,, called G, that do not participate in any consistent instantiation for any 
off  the input problem constraints. Then the propagation phase is carried on as in 
Algorithmm A.4, see Appendix A. 

Inn the initial phase of HAC-4, a construction of structures and an initial pruning 
takee place. Each a € A> for every variable domain x*  of the problem, is checked: 
i.e.,, for each constraint problem C{s) such that x*  € s, only all d € C(s) for which 
dd [xi]  = a holds are stored in C(XJ, a; s). If one of the C{xi, a; s) is empty, then a 
iss removed from Di and the pair (XJ, a) is added to G. 

Inn the HAC-4 algorithm propagation phase (see Algorithm A.4, Appendix A), 
aa pair (x*, a) is non-deterministically chosen from G and the effects of the removal 
off  a from A are propagated through all C(xj,b; s). 

I ns tan t i a t i on n 

Sincee we want to instantiate SGISE to HAC-4, we are in need to define what follows: 

•• an equivalence set; 

•• suitable functions; 

•• the update operator. 

Equ iva lencee se t . Assume that P :=  {X, D, C) is a CSP with n variables. Thus 
considerr subsets of the form C(xi, a; s) of each input constraint C(s), i.e., one for 
eachh Xi G s and a £ Di. Denote with CHAC-4 & set of relations and sequences, 
definedd as follows: create a sequence of the form (XJ, a, s), for each i j , a € A and 
schemee s of X; then CHAC-4 collects all pairs of the form {C(s),(xi,a,s)). We 
usuallyy denote each such pair as C(x i 5 a; s). 

Forr instance, if C(s) = C(xi , X2) and D\ = {a} and D2 = {a, b}, then we have 
threee "copies" of C(s): C(xi,a;s), C(x2,a;s), C(x2,b;s). 

Givenn CHAC-4) we can finally define CHAC-4 as follows: 

•• CHAC-4 belongs to CHAC-4 ; 

•• if E belongs to CHAC-4> then E collects pairs of the form E(xi,a;s) := 
(E(s),(E(s), (xi,a; s)}, where E(s) C C(s), and (xj,a;s) is specified as for C(xi, a; s). 
Theree is precisely one E(xi, a; s) in E, for each C{xil a; s) in CHAC-4-

Givenn CHAC-4 as above, we define the equivalence structure {PRAC-4) =HAC-4) as 
follows: : 

•• its elements are subsets of tuples (B, E) in which: B is a domain set in the 
domainn ordering on P (see Subsection 2.5.2); whereas E is in CHAC-4! 
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•• the equivalence relation (B, E) =mc-4 {•#', E') holds iff B = B'\ 

•• the input element -LHAC-4 is set equal to the pair (D,CHAC-4)-

Indeed,, the binary relation =HAC-4 is an equivalence relation, since it is reflexive, 
symmetricc and transitive. 

Wee introduce the functions over PHAC-4 that we shall use to instantiate SGISE 
too HAC-4 as below. 

Functions.. In the following, we define two types of functions for HAC-4: one 
typee is used for the first while loop, the other type is for the second while loop. 

•• Let us define a function 9(xi,a;s) for each input domain problem D{ and 
elementt a € D{. Such function is the identity everywhere except, possibly, 
onn each E(x{, a; s) and Bf 

E'(xi,E'(xi, a; s) :=  seli=aC(xi, a; s), 
BlBl :=  B{ - {{a}  -UiiE'ixi.a-^))), 

wheree seli=a selects all the tuples d in C(xi,a;s) such that d[i]  = a. In 
words:: E(xi, a; s) is mapped into its subset E'(xi, a; s) of all d € C(XJ, a; s) 
—-- that is equal to C(s) — the i-th component of which is a. Then B[ differs 
inn a from Bi if E'(xi, a; s) turns out to be empty. 

• • Wee define a function <f>(xi,  a; s), for each C(xi, a; s). If a € Bi, then <f>(xi,  a; s) 
iss the identity. Otherwise it is the identity everywhere except on each cur
rentt domain Bj and current E{xj,b\s), for all Xj € s different from i and 
bebe Dj, that are mapped to Bj and E'(XJ, 6; s), respectively, as follows: 

E'{xj,b;s)E'{xj,b;s) := E(xj,b;s) — E(xi,a;s); 
B'jB'j := Bj - \JbeDj U^Eixj^a) - E'(Xj,b; a)). 

So,, whereas d(xi,a;s) prunes the value o from the current domain Bi if it 
hass no supports in C{s), the function (f>(xi,a;s) takes care of propagating 
thee effects of the removal of a from its domain. So <f>(xi t a; s) visits each set 
E(XJ,E(XJ, b; s), for Xj € s different from Xi and b € BJ; it removes the tuples in 
whichh a occurs from the supports of b, thus determines whether b should be 
removed. . 

NOTEE 4.2.7. Observe that all the functions of type <fi  as described in the latter 
itemm are the identity on the input problem: in fact, for each <f>  = 0(z,, a; s), the 
elementt a belongs to £>j, the input domain of x*, by definition of <j>{Xi,  a; s). So the 
onlyy functions that can modify the input problem are the 9 functions defined in 
thee former item. Besides, the 6 functions that do not modify the input problem 
collapsee into the identity function. 
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Thee update operator. We characterise the update operator as follows. 

•• U9{xi,a;s)(B,E) £ {B,E), then update{G,F,0{xi,a;s),P)) is the set of 
functionss <£(XJ, a; t) from (F —  — G. 

•• Similarly, if <j>(xi,  a; s){B, E) =É {B, E), then the set update{G, F, (j>{x ua; s)) 
onlyy contains all the functions <f>(xj,b;  t) of (F -  - G that satisfy the 
followingg conditions: Xj E s, j  ̂ i, b € Bj — Bj. 

Thee following result is trivial, hence we state it as a fact. 

FACTT 4.2.8. The HAC algorithm is an instance of the SGIISE with the above de-
finedfined equivalence set and functions. C 

Analysis s 

Now,, we also set up to study SGIISE, once this is instantiated with the above 
sett and functions. As for that, we need some technical lemmas; they are useful 
too prove that each SGIISE trace with 9 and <j)  functions over the equivalence set 
PHAC-44 can be mapped into an ^mc^-equivalent SGIIS trace over PHAC-4/ =HAC-4, 

andd that this computes the greatest hyper-arc consistent problem that is equiva
lentt to the input problem. 

Wee start considering the following functions that are then iterated by SGIIS. 
Thesee functions are defined on the domain ordering of P, see Subsection 2.5.2: 

•• Q{xi, a; s) is the identity on each Bj with j ^ i, whereas it maps Bi to 
B ! :=B« - ( { a} -n , (C ( s ) ) ) ; ; 

•• $(xi, a; s) is the identity on Bk with k = i or k £ s; whereas it maps every 
otherr Bj to Bj :=  Bj-Ej, where Ej is the set of all b G Bj that enjoy both 
thee following properties: 

3d3d e C(s) such that d [i]  = a and d [j]  = b, 
W£B{s)nC(s)d'\j]^b. W£B{s)nC(s)d'\j]^b. 

Thee update operator is characterised like in Lemmas 3.4.3 and 3.4.9: 

•• if Q(xi,a;s)(B) = B, then update(G,F,Q(xi,a;s),P) is the empty set; 
otherwisee update(G, F, 9(xi, a, s), P)) is the set of functions $(xi, a; t) from 
thee set (F- F )-G; 

•• similarly, if $(£*, a; s){B) = B, then update{G, F, $(xi, a; s), P) is the empty 
set.. If that is not the case, then the set update(G,F,$(Xi,a\s) only con
tainss all the functions $(xjt b; t) of (F - FL) - G that satisfy the following 
conditions:: Xj € s, j ^ i, b £ Bj — Bj. 
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Clearly,, the following statement holds, and it is proved as Lemma 4.2.3. 

LEMM AA 4.2.9. 

(i)(i)  A CSP P :=  (X,D,C) is hyper-arc consistent iff D is a common fixpoint of 
allall  functions of type © and <b, hence the last one with respect to the domain order 
onon P. 
(ii)(ii)  Each function of type 8 and $ is stationary, monotone and inflationary with 
respectrespect to the domain order on the input problem; besides, if a 0 function is the 
identityidentity on the input problem, then it is the identity function. D 

Att this point, we need to prove the following two lemmas, concerning executions 
off  SGI IS with the <p and 9 functions, before we can state our main equivalence 
results. . 

LEMM AA  4.2.10. Consider a CSP P and the associated PHAC-A equivalence set. 
LetLet  be the set of all the 9 functions as above. Suppose that B and E are 
thethe current input in an execution of the second while loop. Then we have the 
following: following: 

•• if d e E{x{, a; s) then d [i] = a; 

•• if4>(Xj, b;s) e G then b £ Bf, 

•• if 4>{xi,a\s) is the chosen function and d € E(xj,b;s) — E(xi,a;s), then 
dd [i] / a orbg Bj. 

PROOF.. The first item relies on the definition of 9{xu a; s) and update. Similarly, 
thee statement in the second item follows from the definition of 0{xj,b\s) and 
update. update. 

Ass for the last item, observe that every d € E(xj,b;s) belongs to C(s). If 
d[i]d[i] = a then the fact that d £ E(xua\s) is not due to 9{xua\s) but to some 
functionn of the form (j>{xk,c; s). If k ^ j , then d cannot belong to E(xj,b; s) ei
ther,, due to the same function <f)(xk, c; s). Hence d [i] ^ a. Finally, if k = j , then 
&& = d\j] = c> hence <j){xk, c; s) is equal to <j>(xj, b\ s). Thus the second item yields 
thatt bg Bj. D 

Givenn the above lemma, it is easy to conclude the following one concerning the 
equivalencee of the SGIISE algorithm, with 9 and 0 functions, and SGI IS with 9 
andd $ functions. 

LEMMAA 4.2.11. The SGIISE algorithm with PHAC-4; 9 and <f> functions is =HAC-4-

equivalentequivalent to SGI IS with PHAC-4/ =HAC-4, 6 and $ functions. 
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PROOF.. Consider an execution of the SGIISE algorithm with input 6, $ functions 
andd  :=  D; notice that the domain of functions is isomorphic to PHAC-4/ =HAC-4-

Thenn the equivalence of the iterations with 9 and 9 functions is obvious. On the 
otherr hand, the equivalence of executions with <f>  and $ functions follows from 
Lemmaa 4.2.10 and the above definition of update. In fact, if a & Bi, then 

'' E'(XJ, b; s) := Efa, 6; s) - E fa, a; s), 

B'jB'j := Bj - {J^Dj Uj(E(xjy 6; s) - E'fa, 6; s)), 

andd Lemma 4.2.10 entails B' = ${B). A similar argument proves the opposite 
implication.. D 

Therefore,, we get the following result concerning HAC-4 and its specialisation 
AC-44 to binary CSPs. 

COROLLARYY  4.2.12 (HAC-4 AND AC-4). 
(i).(i). Every execution of the HAC-4 algorithm terminates by computing the least 
fixpointfixpoint of the above defined O and $ functions; i.e., the greatest hyper-arc con-
sistentsistent problem equivalent to the input one. 
(ii).(ii).  Every execution of the AC-4 algorithm terminates by computing the least 
fixpointfixpoint of the above defined 0 and $ functions on binary constraints; i.e., the 
greatestgreatest arc consistent problem equivalent to the input one. 

PROOF.. Theorem 3.4.10 and Lemma 4.2.9 imply that every execution of the 
SGII  IS algorithm terminates, by computing the least common fixpoint of the 0 
andd $ functions; this is the greatest hyper-arc consistent problem that is equiv-
alentt to the input one, due to Lemma 4.2.9 again. Thus Lemma 4.2.11 and 
Corollaryy 3.4.16 yield our corollary. D 

4.2.44 The HAC-5 and AC-5 Algorithm s 

Thee AC-5 algorithm of [vHDT92] is itself an algorithm schema, devised to enforce 
arcc consistency on binary CSPs. As AC-4, the AC-5 algorithm is split in two 
mainn procedures: in the initial phase, a construction of structures takes place; 
thenn the real propagation part starts, and elements that do not participate in any 
consistentt instantiation to some problem constraints are iteratively removed from 
theirr respective domain. 

Thee original algorithm 

Thee algorithm by [vHDT92] is split into two main steps. We describe the following 
versionn of AC-5, as proposed in [vHDT92]. 
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Inn the first step, for any constraint Cfa, Xj) of the given CSP, the procedure 
arc-consarc-cons creates a subset A(i) of Dit for each xt of the problem; the set A(i ) 
collectss all the elements a € Dt for which no elements b exist in Dj such 
thatt (a,b) e C{xhXj). Then, for each a e A(i) , all triples <(2rfc,a;<),a) such 
thatt C(xj, Xj) is a constraint of the problem are stored for future iterations, 
andd the elements of the set A(i ) are deleted from Dj. 

Inn the second step, a triple ((xi,Xj),b) is non-deterministically chosen and 
deletedd from G\ if b has been removed from Dj, then loc-arc-cons updates 
thee set A(i ) C Di by adding all elements a that are no (more) supported in 
C(xi,Xj)C(xi,Xj) by any element of Dj (after b has been removed from Dj); then, 
forr each a e A(i) , all triples ((xk,Xi),a) such that C(xk,Xi) is a constraint 
off  the problem are stored for future iterations, and the elements of A(i ) are 
removedd from the domain Di. 

Ass pointed out in [vHDT92], AC-5 is a generic algorithm: in fact, it can also 
bee instantiated to AC-4 by slightly changing the definition of the sets A(i) . In the 
latterr case, the functions that we used for AC-4 are adopted. In case the definition 
off  A(i ) is chosen as stated item 1 and 2 above, we need a new equivalence relation 
andd new functions to instantiate SGI to this version of AC-5. 

Instance e 

InIn the following, we define the main ingredients to instantiate SGISE to the afore-
mentionedd version of AC-5: 

•• an equivalence set; 

•• suitable functions; 

•• the update operator. 

Equivalencee set. Consider a CSP P :=  (X, D, C) and define PAC_5 as the set 
off pairs {B,E), where B and E are both domain sets of the domain ordering on 
P,P, see Subsection 2.5.2. Then the binary relation =Ac-s over PAC-5 is defined as 
follows: : 

(B,E)(B,E) = (B',E') \SB = B'. 

Thee element _L is set equal to (D, D), where D is the input domain set. Indeed, 
thee above defined relation is of equivalence. 

Functions.. The set F contains two sorts of functions that we describe as below. 

1. . 

2. . 
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(9).(9). The function 6(xf, x*, Xj) corresponds to arc~consistency(xi, Xj, A*) : in fact, 
thee function 0(xï,Xi>Xj) maps {B,E) into {B',E') so that B and B' and, 
respectively,, E and E' differ at most in Bi and B[ as follows: 

'' E'i — Ei-UiiCix^Xj)), 
5,'' := Bi — E[. 

Thee function #(XJ;XÏ,XJ) is characterised in a similar way; we leave it to 
thee reader. 

((f)).((f)). The function (f>(xj, b; xi5 Xj) corresponds to the AC-5 procedure that is called 
local~arc-consistency(xi,Xj,b,local~arc-consistency(xi,Xj,b, Ai). In fact, if b g Bj, then <j>(xj,b;Xi,Xj) 
mapss (B, E) into (B', E') so that B and B' and, respectively, E and £?' 
differr at most in B» and B,' as follows: 

E[E[  := {a e Bi: Pl(a, Xj, 6; a; x», Xj) and P2(XJ, &; a; x*, Xj) hold }  , 
B'iB'i  : = Bj  — £*, 

wheree Pl(xj,b;a;Xi,Xj) and P2(XJ, b;a;Xi,Xj) are, respectively, 

3rfGC(5)(d[i]=aAdL?']]  = 6), (PI) VdeC(s) n B{s) d\i]  ̂ a, (P2) 

Otherwise,, if 6 G Bj , the function 0(XJ,&;XJ,XJ) is the identity function. 
Thee function (j)(x  ̂a; Xj, Xj) is characterised in a similar manner. 

Thee set F contains all the above defined functions. The subset  contains the 
functionss of type 6, which are the only F functions that can modify the input 
valuee (D, D). So F —  contains all the remaining functions of type 4>. 

Thee update operator. The first part of the proposed version of the algo-
rithmm AC-5 is encoded in the actions of inspecting and deleting all functions 
likee 6(Xi;Xi,Xj) or $(xj\Xi,Xj) from G in SGIISE; when, for instance, 0(xi\Xi,Xj) 
iss chosen and applied, the operator update propagates the effects of the eventual 
reductionn of Bj by adding the suitable functions <f>(xj,  b;Xi,Xj) to G. Besides we 
wantt to instantiate SGIISE to the second part of the algorithm AC-5 by means of 
thee functions 4>(xj,b;Xi,Xj) of F. Therefore we define update as follows: 

•• if 9(xi\ Xj, Xj)(B, E) ^ {B, E), then update(G, F, B(xi\ x», Xj), (B, E)) is the 
subsett of F — G functions <f>(xi,  a; Xi, Xk) or 0(XJ, a; x/t, x*) such that a € E[\ 
thee function 0(xj, (XJ,XJ)) is characterised analogously; 

•• if (f>(xj,b;Xi,Xj)(B,E) £ (B,E),thenupdate(G,F,<j>(xj,b;Xi,Xj),(B,E))is 
thee subset of F — G functions <f>(xi,  a; Xj, xfc) or 0(XJ, a; xfc, x*) of F — G such 
thatt a £ E[;  otherwise it is the empty set. An analogous characterisation 
cann be given for <j>(xi,  a; xi; Xj). 
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Noww it is trivial to check that AC-5 becomes an instance of SGIISE by means of 
thee above 9 and 4> functions. 

FACTT 4.2.13. The AC-5 algorithm is an instance of SGIISE. D 

Analysis s 

Itt is as well easy to check that SGIISE with the above 9 and <f>  functions is 
=AC-SS equivalent to SGIS with the functions 0 and <£> for AC-4, as described in 
Subsectionn 4.2.3. 

LEMM AA  4.2.14. The SGISE algorithm with the above 6 and <f>  functions is =AC-5-

equivalentequivalent to the SGIS algorithm with the 0 and $ functions in Subsection 4-2.3, 
forfor binary constraints, and defined on the 2 domain ordering on P. G 

Wee have now all we need to prove the following results concerning AC-5. 

COROLLARYY  4.2.15 (AC-5). Given a finite CSP P, the AC-5 algorithm always 
terminatesterminates by computing the greatest arc consistent problem equivalent to P; that 
is,is, the least common fixpoint of the functions of type 0 and <£> defined as above. 

PROOF.. Our thesis follows from Lemma 4.2.9 and Theorem 3.4.10, concerning 
thee 0 and ^ functions, via Lemma 4.2.14 and Corollary 3.4.16. • 

AA hyper-arc consistency version of AC-5 

Byy exploiting the generality of SGIISE, we can extend AC-5 to an algorithm 
schemaa that enforces hyper-arc consistency like AC-5 enforces arc consistency. 
Indeed,, it is sufficient to recast the above functions 9 and a for AC-5 as follows. 

(9).(9). The function 9(xi;s), where Xj £ s and C(s) is a constraint of the input 
problem,, maps {B, E) into {B', E') so that B and B', and respectively E 
andd E' differ at most in their i-th components as follows: 

" . E ^ ^ - I I ^ * ) ) , , 
.. B[ := Bi - E\. 

(</>).. The function <j>(xj,b;s) maps (B,E) into (B',E') so that B and B', and 
respectivelyy E and E' differ at most in their i-th components as follows, for 
everyy Xi € s different from xy. 

E\E\ := {a G Bi : P1(XJ, b; a; x*, Xj) and P2(XJ, b; a; Xi, Xj) hold } , 
B'B'{{  := Bi - El, 
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wheree Pl(xj,b;a\Xi,Xj) and P2(Xj, b;a;Xi,Xj) are, respectively, 

3deC(s)(d\i]3deC(s)(d\i] = aAd\j] = b), {PI) Vd'€B{s)r\C{s)d'\j]^b, (P2) 

Otherwise,, i.e. if & € Bj, the function <f>{xj,  b\s) behaves like the identity 
function. . 

Ass for AC-5, we can derive the following result by Theorem 3.4.10, via Lemma 4.2.9, 
andd Corollary 3.4.16. 

COROLLARYY  4.2.16 (HAC-5). Given a finite CSP P, the SGIIS algorithm with 
thethe above defined functions 6 and <j>  always terminates, by computing the greatest 
hyper-archyper-arc consistent problem equivalent to P. • 

4.33 Path Consistency 
Thee notion of path consistency was introduced in [Mon74]. It is defined for a 
speciall type of CSPs. For simplicity we limit ourselves to binary CSPs: i.e., their 
constraintss are only binary. 

Inn Subsection 2.5.1, we introduced the join operation on constraints. In case 
off binary relations like R C Di x Dj and S C Dj x Dk, the composition of R and 
S,S, which is defined as follows 

R-S:=R-S:= {(a, b) : (a, c) € R and (c, b) € 5} , 

amountss to a sequential application of join and projection to R and S. Note that, 
iff C{x{,Xj) is a constraint on the variables Xi and Xj, and C{xj)xk) is a constraint 
onn the variables Xj and xk, then UXijXj(C(xi, Xj) • C(xj,Xk)) is a constraint on the 
variabless x^ and Xk. Whereas, if k < j , then the composition of C(xi,Xj) with 
C(xk,Xj)C(xk,Xj) is not defined; yet, their join is. This is due to the commutativity of 
join,, as defined in Subsection 2.5.1. 

Wee first introduce the standard notion of path consistency, and then see how 
wee can recast it through the join operation. In the following definition, instead 
off schemes, we have sets of variables. 

DEFINITIONN 4.3.1. We call a CSP P := (X,D,C) path consistent if its 2 
completionn P2 enjoys the following property: for each set of distinct variables 
{xi,{xi, Xj,Xk} of P, we have 

C(xC(xuu xk) = C(xi, xk) n (C(xi, Xj) • C(xj,xk)). 

Inn other words, a CSP is path consistent if, for each triple of its variables, Xi, Xj 
andd Xk, the following holds: if {a,c) 6 C(xi,Xk), then there exists b G Dj such 
thatt (a,b) € C(xi,Xj) and (b,c) 6 C(XJ,xk). 
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Wee provide an alternative characterisation of path consistency. In fact, in the 
abovee definition, relations of the form C(x,x') are used, for any subset {x,x' } 
off  the considered sequence of variables. If {x,x'} is not a scheme of the given 
CSPP scheme of variables, then C(x, x') is a supplementary relation that is not 
aa constraint of the original CSP. At the expense of some redundancy we can 
rewritee the above definition so that only the constraints of the considered CSP 
aree involved. This is the contents of the following characterisation, whose proof 
followss from the definition of join, projection, intersection and composition. 

FACTT 4.3.2 (ALTERNATIV E PATH CONSISTENCY) . A 2 complete CSP is path con-
sistentt iff the three following relations hold all true 

C(xi,Xj)C(xi,Xj) :=  C(Xi,Xj)nUXitXj(C(xi,Xj)^C(xj,xk)), 
C{xC{xhhxxkk)) := C{xi,xk)r\I[ Xi^k{C{xi,xk)\AC{xj,xk)), 

_C{xj,x_C{xj,xkk)) := C(xi,a:jb)nlIIJiXfc(C(ii,a:j)MC,(a;i»a;*)) » 

forfor each scheme Xi,Xj,xk of the CSP variable. D 

EXAMPLEE 4.3.3. The Temporal CSP in Subsection 2.3.4 is not path consistent: 
inn fact, the relation follows in C(xi,X4) is not consistent with UXlX4(C(xx, X2) M 
C(xC(x22,X4)).,X4)). Thereby, path consistency algorithms will remove follow, and so 
reducee C(xi,X4) to the singleton relation precedes. 

4.3.11 The PC-1 Algorith m 

Thee PC-1 is the basic algorithm for path consistency; it is presented in Ap-
pendixx A. In the present subsection, we show that PC-1 is an instance of GI, and 
thenn we analyse it through GI iterations. 

Instantiatio n n 

Too instantiate the Gil algorithm to PC-1 we need to specify the following com-
ponents: : 

•• a partial ordering, 

•• finitely many function on this, 

•• and the update operator. 

Wee do it as below. 

Partiall  ordering. To study path consistency, given a 2 complete CSP P := 
(X,D,C),(X,D,C), we consider the 2-constraint ordering defined in Subsection 2.5.2. 
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Functions.. Next, given a scheme Xi,Xj,xk of the variables of P we introduce 
threee functions on the partial ordering on P as below. Denote an element of the 
partiall  ordering with B. 

•• The function o~(xi,xk;Xj) only modifies the binary constraint B(xj,xk) of 
B,B, by returning the following set B'(xi,xk): 

B'{xi,xB'{xi,xkk)) := B(xi,xk)nïlXitXk(B(xi,Xj) M B(xj}xk)). 

•• The function a(xi,Xj;xk) only modifies the binary constraint B(xi,Xj) of 
B,B, by returning the following set B'(xi,Xj): 

B'{xi,Xj)B'{xi,Xj) := B(xi,Xj)nUXi<Xi{B(xi,xk) M B(xj,xk)). 

•• The function a(xj,xk\Xi) only modifies the binary constraint B(xj,Xk) of 
B,B, by returning the following set B'(xj,xk): 

B'ix^Xk)B'ix^Xk) := B{xj,xk) C\nxi,Xk{B{xuXj) N B(xi,xk)). 

Inn what follows, when using a function a(xj,xk;Xi), we implicitly assume that 
thee variables Xi, Xj, xk are pairwise different and that j < k. 

Finally,, the notion of path consistency is clearly related to the common fix-
pointss of the above defined functions, and these are idempotent, monotone and 
inflationaryy over the constraint ordering. We collect these properties as in the 
followingg lemma, whose proof is just a consequence of the given characterisation 
off the functions a as above. 

LEMMAA 4.3.4. 
(i).(i). A CSP is path consistent if it a common fixpoint of the functions a{xil xk; Xj) 
defineddefined as above. 
(ii).(ii).  The functions o~(xi,xk;Xj) are idempotent, monotone and inflationary over 
thethe 2-constraint ordering of the given CSP. 
(Hi).(Hi). The functions a(xi,xk;Xj) do not remove solutions from the given CSP. 

Thee update operator. The update operator is specified as follows: 

update(a(xi,update(a(xi, xk; Xj), F, G, B) :=  {a(xi, xm; xn) : | {x%, xk) n {xh xm, xn} \ > 2} . 

Inn other words: each time a function o~(xi, xk; Xj) modifies B, all functions that 
involvee at least two of the variables Xi and xk are added to G. Indeed, this is 
nott an optimal instantiation of update. We shall see how it can be optimised 
byy resorting to commutativity again, as in the case of the AC-3 algorithm in 
Subsectionn 4.2.2. 



68 8 ChapterChapter 4- Constraint Propagation Algorithms 

Analysis s 

Givenn the above lemma, it is now easy to prove the following result, as a conse-
quencee of Corollary 3.3.12; it is sufficient to proceed as for HAC-1 and AC-1. The 
readerr is invited to consult [Apt99a, Apt00a] for a more detailed analysis. 

COROLLARYY  4.3.5 (PC-1). Consider a 2 complete CSP P :=  {X,D,C), such 
thatthat all constraints in C are finite. Let P be the input of PC-1. Then every 
executionexecution of PC-1 terminates, by computing the greatest path consistent problem, 
equivalentequivalent to P; i.e., the least common fixpoint of all the functions a(xi,Xk',Xj) 
defineddefined above. 

4.3.22 The PC-2 Algorithm 

InIn Section 4.2, we illustrated how the AC-3 constitutes an improvement of AC-
1,, by a clever instantiation of the update operator. The PC-2 algorithm is an 
improvementt of PC-1 much in the same spirit as AC-3 is of AC-1. 

Inn the PC-1 algorithm, each time a function o~{xi, x^, Xj) is applied and modifies 
itss arguments, all functions associated with a triplet of variables including X{ and 
XkXk are added to the set G of functions to iterate. This is not, indeed, an optimal 
choicee of update. 

Inn [AptOOa], the author proves how fewer functions can be added via update, 
byy taking into account commutativity. To this end, the following lemma is proved. 
Itss proof is as for the case of AC-3, thus we invite the reader to consult the latter 
orr ib. 

LEMMAA 4.3.6. Consider a 2 complete CSP, involving among others the variables 
Xi,Xi, Xj, Xk andxi. Then the functions a(xi,Xk',Xj) and a(xi,Xk',X[) commute. ü 

Inn other words, each pair of functions of the form cr(xi, x^;^) commute; this for 
everyy variable scheme (x^, x  ̂ of the problem. The functional Comm{a{xi,Xk', Xj)) 
iss then defined as follows, for each variable Xj such that j  ̂ i,  ̂ k — consult also 
Definitionn 3.4.5: 

Comm(a(xi,Xk\Comm(a(xi,Xk\ Xj), F) — {a(Xi,Xkm,Xi) : xi is different from x  ̂ £&}  . 

Thus,, for each function of type a, the set Comm(a, F) contains precisely n — 3 
elements,, where n is the number of variables of the considered CSP. This quanti-
fiesfies the maximal gain obtained by using the commutativity information, loosely 
speaking:: more precisely, update will need less functions at each iteration of the 
instancee of GIIC for PC-2, than in the correlated instance of GI for PC-1. 

Byy virtue of the above lemma and Theorem 3.4.7, the following result is easily 
proved. . 
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COROLLARYY  4.3.7 (PC-2). Consider a 2 complete CSP P :=  (X,D,C), such 
thatthat all constraints in C are finite. Let P be the input of PC-2. Then every 
executionexecution of PC-2 terminates, by computing the greatest path consistency problem, 
equivalentequivalent to P; i.e., the least common fixpoint of all the functions a(xi,Xk]Xj) 
defineddefined above. • 

4.3.33 The PC-4 Algorith m 
Thee PC-3 algorithm was devised in [MH86]. However here we refer to its corrected 
version,, named PC-4, presented in [HL88]. This algorithm enforces path consis
tencyy on binary CSPs, by exploiting additional structures in the same fashion as 
(H)AC-44 and AC-5. So, in the following, we shall restrict our attention to binary 
CSPs,, and prove that PC-4 is an instance of the SGIISE algorithm schema. 

Noticee that we assume that the input problem P is 2 complete — see Sub
sectionn 2.4.2. This will help us to reduce the overload of notations, and it is a 
minorr change, since the initialisation phase of PC-4 reduces the input problem to 
itss 2 completion. Therefore, constraint propagation takes place on a 2 complete 
problem. . 

Thee algorithm 

Thee PC-4 algorithm is split into two parts: 

•• the first part of the algorithm consists in an initialisation of structures such 
that,, at the end of it, the following properties hold: if E is the current 
constraintt set and C the input one, then 

1.. (xk : d, xx : e) G G iff {xk : d, x\ : e) G C{xk,xi) - E(xk,xi), 

2.. each C{xk : d, x}•. : c; Xi) is a subset of £)/, and e G C(xk : d, Xj : c; x{) 
ifff (d,e) G C{xk,x{) and (e,c) G C(xi,Xj); 

•• in the second part, the real propagation phase takes place, see Algorithm A.5 
inn Appendix A. In fact, every tuple (xk • d, xi : e) G G is chosen and 
removedd from G, each only once; then the pairs, affected by the removal 
off (d, e) from C(xk,xi), are all inspected. So, if one of them has no more 
supportingg pairs in E{xk, x/), it gets removed from its corresponding binary 
constraint;; then it is added to G in order to propagate the effect of its 
removal. . 

Wee have slightly changed PC-4 (see Algorithm A.5 in Appendix A) for this makes 
itit easier to instantiate SGIISE to PC-4. Notice that this new version is equivalent 
too the original one by [HL88] and retains its worst time and space complexity; 
thee difference is in the use of structures of the form C(xk '• d, Xj : c; X[) instead 
off so-called counters. 
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Instant iat io n n 

Equivalencee set. We can assume that the input CSP P :— (X,D,C) is 2 
complete,, see Subsection 2.4.2; else we add the necessary constraints to it. 

Whilee arc consistency algorithms remove elements from domains, path con-
sistencyy algorithms such as PC-1 and PC-2 (see Subsections 4.3.1 and 4.3.2, re-
spectively)) propagate constraints by modifying binary constraints; so does PC-4. 
However,, contrary to PC-2 and PC-1, the PC-4 algorithm has also support struc-
tures,, like AC-4, AC-5 and their respective hyper-arc versions. Those structures 
aree used to avoid checking, more than once, that a given pair is consistent with 
thee input constraints in P :— (X. D.C). 

Inn order to define the equivalence set, for instantiating SGIIE to PC-4, we 
introducee supplementary structures as follows. For each scheme {xi.Xj) of the 
problem,, variable x  ̂ such that i. j / k. we put. for each a € Di. b E Dj, and 
cc e Dk: 

E(xiE(xi : a, Xk : c; x3) 

E(xkE(xk : c, Xi : a: Xj) 

E(xkE(xk : c, Xj : b: Xi) 

E(XJE(XJ : b, Xk '. c; Xi) 

={Ej.={Ej.  (i, a, k, c,j)) if i < k and Ei C D3, (IK ) 

={Ej,={Ej,  {k, c,i,a,j)) iïk<i  and E3- C D3; (KI ) 

==  {Ei: (h,c,j,b)) if k < j and E{ C Dt, (KJ) 

==  (Ei, (j, b, k, c, i)) iij<k  and Et C D{. (JK) 

Lett E denote the set that contains all such structures: precisely, either (IK ) if 
ii  < k or (KI ) otherwise, and (KJ) if k < j or (JK) otherwise; this for each scheme 
(xi.Xj),(xi.Xj), Xk such that A; ̂  i, a € D{, b € Dj and c 6 Dk- Thus Cpc-4 collects all 
setss like E, whose elements are structures as above. 

Finally,, we can define the equivalence set PHAC-4- that contains all pairs (B, E) 
definedd as follows: 

•• B belongs to the 2-constraint ordering on the problem P; 

•• E belongs to Cpc-4, i.e., is a collection of structures as above. 

Thee equivalence relation =HAC-4 w e need to define is, clearly, the following one: 
(B,(B, E) = (B', E') iff B - B'. 

Functions.. As in the cases of (H)AC-4 and (H)AC-5, there are two types of 
functions:: the former, denoted by 0, is used in the first whil e loop of SGIIE; the 
latter,, denoted by 0, is used in the second whi l e loop of SGIIE. We describe them 
ass below. 

TheThe 0 functions. For each (a, c) G C(x{, x^) and j — 1 , . . . , n different from i 
andd k, we define a function 9{xi : a , x^ '• c; Xj) that is the identity everywhere 
except,, possibly, on the following sets: 
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•• the subset E(xi : a , xjt : c; Xj) of Dj is mapped into the subset E'(xi : 
a,a, Xk : c; Xj) of Dj, such that b G £"(^i : a, x  ̂ : c; Xj) iff both the 
followingg properties hold: 

(a,, b) G C(xi,Xj) if i < j , otherwise (6, a) G C ( X J , X J ) , 
(6,, c) G C(xj,Xk) if j < fc, otherwise (c, 6) e C(xj,Xfc); 

•• the subset B(xi, xjt) of the input C{xj, x*) is mapped into its subset B'(xi, x/.) 
soo that 

BB'/'/xx.. x \ .= \B{xuxk)- {{a,c)} if E'{xi : a , xfc : c; Xj) - 0, 

|£?(xi,x f e)) else. 

77&ee </> functions. For each (a,c) G (7(2^, x*) and j — 1 , . . . , n different from 
ii  and A:, we define a function (f)(xi : a , Xk : c; Xj) that is the identity if (a, c) G 
B(arj,Xfc);; else, it is the identity almost everywhere except, possibly, on the fol
lowingg sets — where b ranges over Dj: 

•• If i < j each subset E'(xi : a, x3•, : b; x*.) of Dk is mapped into its subset 

E'(xiE'(xi : a, Xj :b; xk) := E(xi : a, Xj : b; xk) - {c} , 

elsee each E'(XJ : b, Xj : a; xk) of Z)fc is mapped into its subset 

£"(xjj : b, Xi : a; Xk) '•— E(XJ : b, x, : a ; x*) — {c} . 

Similarly,, if j < k each E'(XJ : b, x^ : c; Xj) is mapped into 

E'(XJE'(XJ : 6, Xfc : c; x*) :— E'fxj : b, x*. : c; Xj) — {a} , 

elsee each £"(£* : c, Xj : b; x») is mapped into 

E'(xE'(xkk : c, Xj : b; Xi) :— E(xk : c, x3• \ b; X;) - {a} . 

•• Then the set B(xi,Xj) is mapped into 

fftfft ,=\B(xi,Xj)-{{a,b)} if £ ' (XJ : a , x_, : 6; xfc) = 0, 

1JB(XJ ,XJ)) else, 

iff i < j , else the set B(XJ, X;) is mapped into 

ff(ff(xx.. x.\ . _ f ^ ^ j ' ^ ) - { ( M ) } if ^ ' ( ^ j : 6 , Xj : a ; xfc) = 0 , 
[B(xj,Xj)) else. 
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Similarly,, the set B(xj,xk) is mapped into 

mtmt \ \B{x3,xk)- {{b,c)} \i E'{Xj\b,xk:c;Xi) = 
£>£> [Xj7 Xk) • = \ 

II B(xj, xk) else, 

iff j < k, else the set B(xk,Xj) is mapped into 

(( Rt<r, v 
B'(xB'(xkk,Xj),Xj) := 

B(xB(xkk,, Xj) - {(c, b)} if E'{xk : c, x}•, : b; x{) = 0, 

B(xB(xkk,Xj),Xj) else. 

T h ee update o p e r a t o r Given the above functions of type 0 and 0, we can define 
thee update operator as follows: 

(9).(9). if Ti19(xi : a , xk : c; Xj)(B,E) ^ 5 , then update adds to G all the 0 
functionss of the form <f>(xi : a, xk : c; xi), tor I ^ i, k, j \ 

(0) .. if I l i0(x ! : a , Xfc : c; Xj)(B,E) ^ £?, then update adds to G all the <f> 
functionss of the following form: if i < j , all functions (j)(xi : a , x3: : 6; a:/) for 
(a,b)) € i^Xj,Xj) — E'(xi,Xj) and / 7̂  z, j , k, else all functions <£(:rj : 6, Xj : 
a;; Xfc) for (b, a) € £(£?,Xj) — Ef(xj,Xi) and I ^ i, j k; if j < fc, all functions 
4>{xj4>{xj : b, xk : c; X[) for (ft,c) 6 E(xj,xk) — E'(xj7xk) and f ^ i, j , A;, else 
alll functions « (̂x^ : c, Xj : b\ x{) for (c,b) E E(xk,Xj) — E'{xklXj) and 

Noww it is easy to check that the following statement holds. 

F A C TT 4.3.8. The PC-4 algorithm is an instance of SGIISE whenever this algo
rithmrithm iterates the above defined functions of type 6 and tp. 

Analys is s 

Ass in the case of (H)AC-4 and (H)AC-5, we need to define functions on the quotient 
sett P=MZ_Aj =HAC-4 to study PC-4 by means of SGI IS. Hence we define functions 
off two types, 6 and $ , as below. 

Inn order to obtain a more compact notation, we introduce the following short
handd in the remaining of this subsection. 

CONVENTIONN 4 .3 . 1 . For every pair of distinct i, j — 1 , . . . , n, let B(xi,Xj) de
notee B(xi7Xj) if i < j , else B(XJ,X{). 

Thuss B{xi1Xj) = B(xj,Xi), and this will simplify the presentation of thee functions 
forr SGI IS as below. 

TheThe G functions. For each pair (a,c) € C(xi,xk) in the 2 completion of P, 
andd j = 1 , . . . , n different from i and k, we define a function 0{xi : a, xk : c; Xj) 
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>> > 
thatt is the identity if (a,c) belongs to JlXitXk(C(xi,Xj) M C(xj,xk)); else it is the 
identityy almost everywhere except, possibly, on the set B(xj,xk) that is mapped 
intoo B'(xi,Xk), defined as follows: 

B'(xi,xB'(xi,xkk)) := B(xuxk) - {(a,c)} . 

TheThe $ functions. For each pair (a,c) G C(xi,xk) in the 2 completion of P, 
andd j T̂  i, k, we define a function <3>(xi : a, xk '• c; Xj) that is the identity if 
(a,c)(a,c) E B(xi,Xk); else it is the identity almost everywhere except, possibly, on 
thee constraint on the variables Xi and Xj, and on the constraint on the variables 
XjXj and xk: 

B'fa,B'fa, Xj) := B{xt, Xj) n UXitX. (Bfa, xk) \Ak¥=c B(xk,Xj)) if i < j , 

B'{xj,Xi)B'{xj,Xi) \- B(xj,Xi)r\UXj<Xi{B(xi,xk)\Xk^cB(xk,Xj)) else, 

wheree IXIfĉ c results from the composition of first M and then selk^c; 

» » 
B'(xj,xB'(xj,xkk)) •= B'(xj,xk) n nXjtXk(B(xj,Xj) Mi?£a B{xuxk)) if j < k, 

__ S'(xfc, rEj) := £'(:*;*, Xj) D nXfc^(5(^i, Xj) Mi?ta ö(xi ; x*)) else, 

wheree Mj-^ results from the composition of first N and then seli^a. 
Considerr now the 2-constraint ordering on P, see Subsection 2.5.2. We sum-

marisee the main properties of the above functions 0 and £ as in the following 
lemma. . 

LEMM AA 4.3.9. The above defined 0 and $ are monotone, stationary and infla
tionarytionary on the 2-constraint order on the input problem; besides, if a 0 function 
isis the identity on the input problem, then it is the identity function. • 

Givenn Lemma 4.3.9 we can infer the following result as a corollary of Theo
remm 3.4.10. 

COROLLARYY 4.3.10. Every execution of SGIIS, with input a finite CSP P and 
thethe above defined functions of type 0 and $? always terminates by computing the 
greatestgreatest path consistent problem that is equivalent to P. • 

Thee following lemma can be proved by an argument similar to that used in 
Lemmaa 4.2.11 for AC-4. 

LEMMAA 4.3.11. Every SGISE execution with 9 and 0 functions is =pc-4-equivalent 
toto an SGIS iteration with 0 and <S> functions. • 
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Noww we have all the technical results for proving the following statement. 

COROLLARYY  4.3.12 (PC-4). The PC-4 algorithm, with input a finite CSP P, 
alwaysalways terminates by computing the least common fixpoint of the above defined 
00 and <&  functions, that is the greatest path consistent problem, equivalent to the 
inputinput problem P. 

PROOF.. The claim follows by Lemma 4.3.11, Corollaries 3.4.16 and 4.3.10. • 

NOTEE 4.3.13. Note the difference in the termination conditions for PC-1 or PC-2 
versusversus PC-4. In the former two cases, we only need that the constraints are finite 
too ensure termination; hence, those algorithms can be applied and terminate in 
thee case of the Temporal CSP in Subsection 2.3.4. However, this is not the case 
forr PC-4: in fact the termination condition in Corollary 4.3.12 assumes that also 
domainss are finite. The reason is easy to explain via thee functions used for PC-4 in 
SGIIISEE or SGIIIS: these functions are parametrised by domain elements, hence 
wee have a finite number of F functions only if the input CSP domains are finite. 

4.44 Local Consistency 

4.4.11 Local Consistency as k Consistency 

InIn Section 4.2 and 4.3, we defined two properties of CSPs that gave rise to a 
numberr of constraint propagation algorithms: arc and path consistency. Freuder 
generalisedd both those properties to a general form of local consistency in [Fre78], 
Theree are two versions of this notion, a weak and a strong one, defined as below. 

Weakk consistency 

Considerr a CSP P :— (X,D, C) with n variables in X, and a scheme s of X of 
lengthh k. An assignment d for s is k consistent iff it satisfies every constraint C{s') 
off P over a scheme s' of s. So, different levels, hence notions of local consistency 
cann be defined for the same problem P :=  (X, D, C): 

•• the problem P is 1 consistent, or node consistent, iff, for every variable Xj 
off P, the unary constraint C(x{) on Xi is contained in the domain D{ of Xi\ 

•• given l < f c < | X | , P i s f c consistent iff every (k — 1) consistent assignment d 
forr P o n s can be extended to a A; consistent instantiation, for every possible 
extensionn s' ~ s U Xj of s. 

Supposee that k is equal to 2. Then arc consistency on binary CSPs, that are 
nodee consistent, clearly coincide with 2 consistency. The same holds for path 
consistency:: a binary CSP, node consistent, is path consistent iff it is 3 consistent. 
Wee summarise these properties as follows. 



4-4-4-4- Local Consistency 75 5 

FACTT 4.4.1. 
(i).. A binary CSP, 1 consistent, is arc consistent iff it is 2 consistent. 
(ii) .. A binary CSP, 1 consistent and 2 complete, is path consistent iff it is 3 
consistent.consistent. Q 

Strongg local consistency 

AA stronger notion of local consistency can be defined as follows: a problem P := 
(X,D,C)(X,D,C) is strongly k-consistent, for 1 < k < \X\, iff it is j-consistent for every 
j<k. j<k. 

Noticee that requiring a problem to be strongly A; consistent is by far more 
demandingg than requiring it to be k consistent. A problem can be trivially k + 1 
consistent,, if there are not k consistent instantiations, which is not the case for 
strongg k consistency. Consider the following example. 

EXAMPLEE 4.4.2. Let P be the CSP on two variables, Xi and x2, and x$, domains 
equall  to {0,1} , and constraints on each scheme of two variables, forbidding that 
thesee are equal (see Example 2.5.4). This problem is clearly arc consistent, hence 
22 consistent: in fact, for each variable, there is an instantiation for it that satisfies 
alll  binary constraints of P. However, P is not strongly 2 consistent, nor consistent. 

Ass the above toy example suggests, if a problem is "sufficiently" strong consistent, 
thenn it is also consistent. We make the above claim precise as follows. The 
prooff  is easy, and the requirement that at least one domain should not be empty 
iss fundamental to guarantee the existence of a 1 consistent instantiation; see 
alsoo [Fre78]. 

FACTT 4.4.3. Consider a CSP P with k > 1 variables. If P is strongly k consis-
tent,tent, with at least one not-empty domain, then P is consistent. • 

Thus,, a strongly n consistent CSP is globally consistent, i.e., any consistent in
stantiationn of a scheme of the variables can be extended to a consistent instanti
ationn of all of the variables without backtracking. 

4.4.22 The KS Algorith m 

Thee KS algorithm by Cooper [Coo89] is an optimisation of the synthesis algorithm 
byy Freuder [Fre78]. Both algorithms enforce strong k consistency over a CSP; the 
formerr can enforce k consistency with a minor simplification. We shall account 
forr the whole strong k consistency algorithm by Cooper here, and explain how 
thee GIISE schema can be instantiated to it. 

Inn the following part, we need to extend a scheme or remove a variable from 
it,, i.e. to make use of both projection and join, see Subsection 2.5.1. Hereby, we 
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remindd the following abbreviations: if s is a scheme of variables and Xj £ s, then 
tt := SUXJ will denote the scheme on the set of variables of s plus Xj. Similarly, if 
XiXi is one of the variables in s, then r := s - {xi}  will stand in for the scheme on 
thee variables of s minus x{. Finally, if d G C(s), the variable Xj does not occur in 
ss and a e Dj, then e := d M a is the tuple of D [s U {XJ}} such that e [s] = d and 
ee [j] - a. 

Thee original algorithm 

Ass in the case of PC-4, also the Cooper algorithm enforces propagation at the level 
off  constraints by exploiting additional structures for efficiency reasons; namely to 
storee already checked values. 

Thee algorithm by Cooper is split in two main sub-programs: the initialisation 
processs takes place in the first step; then propagation is achieved by iteratively 
pruningg i inconsistent values, for all i < k. 

However,, the first sub-program of KS is only meant to construct structures, 
theree is no pruning of values. There, the KS algorithm reduces the input problem 
PP to a A; strong complete one, for some k not greater than the number of variables 
inn P\ so to an equivalent problem that has precisely one constraint per scheme, the 
lengthh of which is not greater than k, see also Subsection 2.4.2. In Appendix A, 
wee present the initialisation and propagation phases in Algorithm A.l ; these are 
slightlyy modified versions of the original, in which counters (e.g. Counter [d,r,j]) 
aree used to store the number of support values in place of the support values 
themselves,, as we instead do (e.g. via C(d,r,j)). In the second sub-program, a 
prunedd tuple d is chosen and the effects of its removal from C{t) are propagated 
inn two stages. Let i be the length of t. If i < k, first all (i + 1) consistent 
instantiationss d' such that d' [t]  = d are considered; then, if i > 1, all (i - 1) 
consistentt instantiations d' on schemes s of t are checked for supports if d' — d [s\. 

Thereforee we shall overlook the initialisation phase of KS when defining func-
tionss to instantiate SGIISE. Nevertheless, we are able to devise functions for SGIE 
thatt account for the optimal behaviour of the propagation phase of KS, compared 
too the synthesis algorithm by Freuder; in fact, those functions are defined on a set 
thatt exploits further structures than constraint orderings. Hence we shall define 
ann appropriate equivalence relation on the domain of those functions, and show 
thatt we can devise a constraint ordering on the quotient set. Then we shall study 
thiss instance of SGIISE by passing to the quotient set and functions on this for 
SGIS. . 

Instantiatio n n 

Thee equivalence structure. Consider a CSP P :=  {X,D,C} and assume 
thatt it is strongly k complete. Remind, from Subsection 2.4.2, that the process 
off  strong k completion amounts to constructing an equivalent problem that has 
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thee same variable scheme and domain set as the original one, but precisely one 
constraintt over each scheme. 

Now,, let PKS be the class of pairs (B,E) in which B is a constraint set in 
thee strong ^-constraint ordering on P (see Subsection 2.5.2), and E is a family 
off  structures, defined as follows: for each scheme s on X , Xj £ s and d G C(s), 
preciselyy one structure of the form 

E{d,s,xj)E{d,s,xj) := (Ej,{d,s,Xj)), 

forr Ej a subset of Dj, belongs to E. 
Thee binary relation =KS on PKS is defined as follows: 

(B,E)=(B,E)=KSKS(B',E'}iiïB(B',E'}iiïB = B'. 

Indeed,, =Ks is an equivalence relation and the quotient set PKS/=KS is isomorphic 
too the universe Ok of the strong fc-constraint ordering on P. 

Funct ions.. For each scheme s of X of length i and d 6 D[s], we define a 
functionn <̂ >(d, s, i) that propagates the i inconsistent instantiation d to all the 
ii  — 1 and i + 1 instantiations. Namely, if (B, E) is the input to <j>(d,  s, i), then the 
outputt value (B', E') differs from {B, E) at most in the following components if 
dd $. B(s), else <j)(d,s,i) is the identity everywhere: 

•• in case i, the length of s, is less than k, then <f>(d, s, i) considers every Xk & s 
andd the resulting join scheme i : = s U {^jt}, and maps each such B(t) into 

B'(t)B'(t) := B(t) - (J {dMa}; 
a€Da€Dk k 

•• if i, the length of s, is greater than 1, then <f>(d, s, i) considers every Xj £ s, 
thee resulting projection scheme r :=  S—{XJ}, and modifies the sets E(r,e,j), 
forr each e G D(r), and B(r) as follows: 

" £ ' ( r , e , j )) := E(r,e, j) - {d[j}}  , 
B'(r)B'(r) := B(r)-{e : £ ' ( r , e , j ) = 0} . 

Th ee update operator. At this point, we are left to characterise the update 
operator:: if I l i0(e, s, i){B) ^ B, then update adds to G all the remaining F 
functionss 0(e, r,z - 1) or 4>(e',t,i + 1) such that e G B(r) — # ' ( r ) and e' € 

Givenn the above definitions of the functions 0 and update, we can state the 
followingg result as fact. 

F A C TT 4.4.4. The propagation phase of Algorithm A.I in Appendix A is an in-
stancestance of SGIISE: JL is the input PKS? ^ne set F collects all the (j>  functions 
asas defined above; the set  collects all the <fi(d, s, i) functions such that d 6 
DD [s] — C(s); the update operator is instantiated as above. 
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Analysis s 

Givenn the CSP P, we have to define functions, say <ï>, over the strong fc-constraint 
orderingg on P. If we let Ok denote the universe of such constraint ordering on 
P,P, then, clearly, Ok is isomorphic to PKS/=KS- Moreover, we want each GIISE 
iterationn with the functions <f>  over PKS to be =Ks-equivalent to an GilS iteration 
withh the functions $ over Ok. Therefore, we define such functions $ as below. 

Functionss over Ok. We define a set of functions 0 over the strong ^-constraint 
orderingg on P. For each scheme s of length i of X and d € C{s)7 let $(s, d, i) be 
thee identity if d e B(s), else it modifies only the following subsets of the input B: 

•• if i, the length of s, is strictly less than k, then $(s.d, i) considers every 
xxkk $L s and the resulting join scheme t :=  sU {xk}, and maps B(t) into 

B'(t):=B(t)-B'(t):=B(t)-  (J {rfM«}; 
a£Da£Dk k 

•• if i, the length of s, is strictly greater than 1, then $(d, s, i) considers every 
XjXj e s, the resulting projection scheme r :— s — {XJ}, and modifies B(r) as 
follows: : 

B{r)B{r) - {d [r]} if, for all d' e B(s), d' [r] = e 

yieldss d' [XJ] = d [XJ] , 

B(r)B(r) else. 

Clearly,, the $ functions are monotone, inflationary and stationary with respect 
too the strong fc-constraint ordering on P. The following lemma collects the main 
propertiess of these functions that will be used to study SGI IS for the Cooper 
algorithm. . 

COROLLARYY 4.4.5. 
(i).. A CSP P is strongly k consistent iff it is a common fixpoint of the $ func

tions,tions, hence their least one with respect to the strong k-constraint order on P. 
(ii).. The <ï> functions are monotone, stationary and inflationary with respect to 
thethe strong k-constraint order on P; besides, each  function that does not modify 
thethe input problem is the identity. D 

Thee proof of the equivalence of the considered instantiations of SGIISE and 
SGII IS is analogous to that for HAC-4. 

B'{r)B'{r) := 
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LEMMAA 4.4.6- SGIISE with the (f> functions over PKs is =KS-equivalent to SGIIS 
withwith the $ functions over Ok = PRS/ =KS- D 

Therefore,, we infer the following result from Corollary 4.4.5, Theorem 3.4.10, 
thee above Lemma 4.4.6 and Corollary 3.4.16. 

COROLLARYY  4.4.7 (KS). The KS algorithm over a finite problem P terminates by 
computingcomputing the least fixpoint of the functions <£> as above defined; i. e., the greatest 
stronglystrongly k consistent problem that is equivalent to P. • 

4.55 Relational Consistency 

Whereass in A; and strong A; consistency, variables and their instantiations are 
thee key notions, in the definition of relational consistency as below, relations 
ratherr than variables are under analysis. In this section we define this new notion 
off consistency, as in [DvB97], and prove that the basic algorithm schema for 
enforcingg it is an instance of GI. 

DEFINITIONN 4.5.1. Consider a CSP with constraint set C, and scheme X. As
sumee that C' := {C(si) , . . . , C(sn)} is a subset of distinct constraints in C, and 
ss is the join scheme of S\,..., sn. 

•• Let f be a scheme of 5. Then C' is relationally m consistent relative to t 
iff any t consistent instantiation can be extended to an s instantiation that 
satisfiess M? R(si). 

•• The set C' is relationally (i, m) consistent if it is relationally m consistent 
relativerelative to each scheme t of s, that has length i. If C' is relationally (i, m) 
consistentt for every i < m, then it is relationally m consistent. 

•• A CSP is relationally (i, m) consistent if every subset of m constraints in C 
iss such. The characterisation of relational m consistency is analogous. 

•• A CSP is strongly relational (i, m) consistent if it is (i, k) relational consis
tentt for each k < m. The characterisation of strong relationally m consis
tencytency is analogous. 

Too illustrate the above defined notions, we copy the following example directly 
fromm [DvB97]. 
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EXAMPLEE 4.5.2. Consider the CSP over the scheme X :— X\,x2, x3, x4. x5. where 
thee domains of the variables are all D = {a, b, c} and the relations are given by, 

C{x2,, x3, x4,x5) :— {(a, a, a, a), (b, a, a. a), (a, b, a, a), (a, a, b, a), (a, a, a, b)} 

C{xC{x11,x,x22,x,xss)) := {(ft,a, &), (c,&,c),(&ta,c)}. 

Thee constraints are not relationally 2 consistent. For example, the instantiation 
X2X2 = a, X3 = b, x4 = b is &  consistent instantiation as it trivially satisfies all 
thee applicable constraints. Similarly, the constraints are not relationally 3 con-
sistent.. For example, the instantiation x\ = c, x2 = b, x3 — a, x4 = a is, trivially, 
aa consistent instantiation, but it does not have an extension to x5 that satis-
fiesfies C(x2,x3,X4,z5) and C(xi,x2,x5) simultaneously. If we add the constraints 
C(xC(x22)) = C(x3) = C(x4) = {a} and C(xi) = C(x5) = {6} , the set of solutions of 
thee CSP does not change, and it can be verified that the CSP is both relationally 
22 and 3 consistent. 

Ass the authors of [DvB97] remark, when all the problem constraints are binary, 
relationall  m consistency is identical (up to minor preprocessing) to variable-based 
mm consistency. The virtue in their notion of relational m consistency is that it can 
bee embedded, naturally, into algorithms for enforcing desired levels of relational 
mm consistency, and it allows a simple generalisation of k consistency. 

However,, as for A; consistency and hyper-arc consistency, verifying relational 
mm consistency can be exponential even for relational 2 consistency, if the arity of 
thee constraints is not bound. 

4.5.11 The RC(im) Algorithm 

Thee original algorithm for relational m consistency, called RCm, is, in the authors' 
words,, "a brute-force algorithm for enforcing strong relational m consistency on a 
CSP".. In the remainder of the present subsection, we use GI to enforce relational 
(i,m)(i,m) consistency in the spirit of RCm (cf. [DvB97]), and then analyse this is 
instancee of GI. 

Instantiation n 

Considerr a CSP P :=  (X,D,C). To instantiate the Gil algorithm to RC(j,m) on 
P.P. we need to provide the following components: 

1.. a partial ordering on P; 

2.2. functions on the chosen partial ordering; 

3.. the specification of the update operator. 
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Partia ll  ordering. To enforce relational (i,m) consistency, we employ the i 
constraintt ordering on P as partial ordering. Thus we assume P :=  {X, D, C) to 
bee i complete; else we complete it as in Subsection 2.5.2. 

Functions.. Consider B in the i constraint ordering on P. Assume a scheme s, 
andd a scheme t of s such that the length of t is i. Thus consider m constraints 
B(si),B(si),...,..., B(sm) of B such that s — (J™ s»> a nd denote 

ss := ( s i , . . . , sm) . 

Finally,, define the function a(t, s, s) as follows on B: if B' :— o-(t,s,s)(B), then 
B'B' differs from B for the constraint on t, this being 

B'{t)B'{t) :=B(t)nll t{MSizs B(Si)). 

Iff  B'(t) is the empty set, then a(t,s, s) sets the whole B to the empty set. Else 
alll  the other constraints in B are unaffected by a(t, s, s). 

Thee update operator. The update operator returns the empty set if B'(t) is 
empty.. Else, it adds all the constraints of the problem to G for further inspection. 
Clearly,, this choice of the update operator could be optimised in a number of 
ways;; for instance, by requiring that update should only add the relations which 
aree affected by the change of B(t). 

Analysis s 

Att this point, it is routine to check that the functions a(t, s, s) are idempotent, 
monotonee and inflationary over the i constraint ordering. 

LEMM AA 4.5.3. 
(i)(i)  A CSP P := (X,D,C) is relational (i,m) consistent iff C is a common 
fixpointfixpoint of all the functions of the form a(t,s, s), hence the last one with respect 
toto the i constraint ordering on P. 
(ii)(ii)  Each function a(t,s,s) is idempotent, monotone and inflationary with respect 
toto the i constraint ordering on P. • 

Fixx now a CSP P. By instantiating the Gil algorithm with the above defined 
functionss ff(t,s,a), we get the algorithm RC(j,m). Thus we can prove that this 
algorithmm enjoys the following properties as a consequence of Theorem 3.4.4. 

COROLLARYY 4.5.4 (RC(itm)). Consider a CSP P :— (X,D,C) with finite con-
straints.straints. Suppose that P is binary. Then RC(,im) on P always terminates by 
computingcomputing the greatest relational (i, m) consistent problem that is equivalent to 
P;P; that is the least common fixpoint of the a(t, s, s) functions, defined as above. 
D D 
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Thee above result completes our analysis of quite a number of constraint propa-
gationn algorithms. In the following section, we summarise what we have learnt 
fromm this analysis, and so conclude the present chapter. 

4.66 Conclusions 

4.6.11 Synopsis 

InIn this chapter, we describe and analyse a series of constraint propagation algo-
rithmss through the unifying framework of SGI iterations, see Chapter 3. Prop-
ertiess of the algorithms are interpreted as properties of functions, so that the 
verificationn of the algorithms becomes a straightforward application of the theo-
reticall  results obtained for SGI function iterations. 

Thuss these algorithms are separated into classes, according to the space the 
correlatedd functions prune of inconsistencies: see the rightmost column in Ta-
blee 4.1. Then a more refined analysis differentiates between the algorithms that 
pertainn to the same class. In Table 4.1, such differences are expressed in the 
followingg terms: functions, whether these are related to sets (i.e., domains or 
constraints)) or points (i.e., values in domains or tuples in constraints); properties 
off  functions, (i.e. commutativity, inflationarity, stationarity and idempotency) 
usedd to avoid fruitless while loops, via an efficient instantiation of update. 

Algorithms s 

AC-1 1 
AC-3 3 

AC-4 4 

PC-1 1 
PC-2 2 

PC-4 4 

KC C 

RC(i,m) ) 

Functions s 

set t 
set t 

point t 

set t 
set t 

point t 

point t 

set t 

update update 

Axiomm 3.3.1 
commutativity y 

andd idempotency 
stationarity, , 
inflationarity y 
idempotency y 

Axiomm 3.3.1 
commutativity y 

andd idempotency 
stationarity, , 
inflationarity y 

andd idempotency 

stationarity, , 
inflationarity y 

andd idempotency 

idempotency y 

Searchh Space 

domainn ordering 
domainn ordering 

domainn ordering 

2-constraintt ordering 
2-constraintt ordering 

2-constraintt ordering 

(strong)) ^-constraint ordering 

i-constraintt ordering 

Tablee 4.1: Constraint propagation algorithms and their comparison through SGI. 
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4.6.22 Discussion 

Thee framework of SGI iterations allows us to verify various constraint propaga-
tionn algorithms in a systematic and uniform way, and compare them as above. 
Thee more traditional ways of verifying the correctness of those algorithms are 
complicatedd by the diversity of structures or representation of CSPs adopted in 
them;; cf. the algorithms in Appendix A. Besides, this heterogeneity complicates 
theirr direct comparison, which is usually done only by examples. 

Inn the cases of (H)AC-4, (H)AC-5, PC-4 and KS, CSP constraints and domains 
aree pruned of inconsistencies by means of additional support structures, used for 
timee efficiency reason; these have to be "scraped away" through an equivalence 
relationn (i.e., passing from SGIISE to SGI IS) to obtain functions that modify do-
mainss or constraints in a monotonie manner. This complicates the verification 
proofss and the simplicity of GI gets slightly lost. Nevertheless, at the level of do-
mainss and constraints, also those algorithms work in a monotone and inflationary 
manner:: i.e., they all iterate functions that satisfy our Axioms 3.3.1 and 3.3.2. 
Thiss results from the analysis conducted in this chapter. 

Thiss same analysis can be extended to algorithms like bound-consistency 
(seee [Apt99a]) that iterates functions defined on specific domains: intervals of 
reall  numbers. Other algorithms for arc consistency such as AC-6 can be studied 
throughh SGI as well. 

Thee AC-6 algorithm exploits the same intuitions behind AC-4: functions are 
sett based, in that each function ƒ is associated with a specific value c in a domain, 
andd searches whether c is consistent with a given constraint of the problem. The 
mainn difference is that AC-6 functions searches for only a single value b such that 
thee pair of b and c belongs to the given constraint; whereas AC-4 searches for all 
suchh b. Therefore, functions for AC-6 do not perform a universal selection but a 
sortt of existential selection: i.e., they stop their search when a value that satisfies 
certainn properties is found. In AC-6, this is achieved by imposing a total order 
onn each domain and selecting always the minimum value in the ordering that 
satisfiess the required properties. 

Wee shall clarify this difference, between the so-called universal and existen-
tiall  selection in Chapter 6. First, we enrich our class of constraint propagation 
algorithmss by studying non-standard constraints. The new algorithms are briefly 
presentedd in the following chapter, where they are still described and analysed 
viaa SGI iterations. 





Chapterr  5 

Softt Constraint Propagation 

5.11 Introductio n 

5.1.11 Motivation s 

Thee standard approach to constraint programming, as in Chapters 2 and 4, as-
sumess as constraints only the so-called crisp, hard or classical constraints. As 
statedd in Chapter 2 on p. 11, in the classical constraint programming paradigm 
aa constraint can only assign one out of two values to an instantiation: either 
true,true, the instantiation is consistent with the constraint, or false, it is inconsis-
tent.. While this approach leads to efficient constraint solving and propagation 
algorithms,, in some real life situations, it can be too restrictive, and a more 
expressivee framework is regarded as more adequate and natural. 

Forr instance, suppose a user is uncertain whether a constraint should either 
alloww or forbid a certain instantiation; namely the user cannot decide, on the 
evidencee of the available information, whether a certain set of values is consistent 
orr inconsistent with the constraint. Then the user has only two alternatives, either 
yess or no, in a crisp constraint setting. Instead, in a soft constraint environment 
thee user would be able to choose to what extent an instantiation can satisfy 
aa constraint. This is the case of systems for user interface applications, based 
onn constraint hierarchies (see [BFBW92, WB93, SMFBB93, BAFB96, Jam96, 
BMSX97,, Bar97a, Bar97b, Hos98, Bar98, BFB98]): a user can set preferences on 
geometricall  constraints, for example, between the cursor and the lines that the 
userr wants to draw on a computer screen; some constraints will have a higher 
priorityy over the others, so that any optimal partial solution to the problem has 
alwayss to satisfy them. 

InIn general, soft constraints allow users to model, naturally, those real life 
problemss which possess features like preferences, uncertainties, costs, levels of 
importancee or absence of solutions. 

85 5 
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5.1.22 Outlin e 

Theree are several formalisations of soft constraint problems. In this thesis, we 
considerr the one based on semirings [BMR97]. A semiring structure provides: 

•• a non-empty set of elements that represent the desired features, like uncer
tainties,, preferences or others; 

•• a partial order to compare those and thus constraints; 

•• two operations for combining features and hence constraints: one returns 
thee least upper bound with respect to the semiring order; whereas the other 
returnss a lower bound with respect to the same order. 

Thiss formalism is a generalisation of existing approaches to soft CSPs. For in
stance,, the semiring based framework is a generalisation of the following others: 
crispp CSPs, see Chapter 2; weighted or optimisation CSPs, see [DKL01]; valued 
CSPs,, see [SFV95, dGVS97, SchOO]; some fuzzy ([DFP93, Rut94]) and probabilis
ticc ([FL93]) CSPs. 

Inn the literature, some of the standard constraint propagation algorithms for 
crispp CSPs were successfully extended, and adapted, to semiring based CSPs. 
Thiss has lead to an algorithm schema, based on rules, for soft constraint propa
gation.. At each step of that schema, a subproblem of the original input problem 
iss solved, see [BMR97], In this chapter, we briefly recall this rule based schema 
andd show how it can be recast through iterations of functions, see Section 5.4 
below. . 

Constraintt propagation over crisp constraints was studied in depth in Chap
terr 4 by means of the SGI schema presented in Chapter 3. In this chapter, we 
provee that the SGI schema can also be instantiated to a number of soft constraint 
propagationn algorithms: all those that are instances of the rule based schema, 
sincee this is generalised by the SGI schema, see Section 5.4; a series of algorithms 
whichh the original rule based schema cannot account for, see Section 5.5. In or
derr to prove this, it is sufficient to define appropriate partial orders between soft 
CSPs,, see Section 5.3. 

Moreover,, by analysing the types of functions that SGI iterates, we shall prove 
inn Section 5.4 that soft constraint propagation can be enforced by means of func
tionss which are not necessarily idempotent, as instead originally demanded by 
thee rule based schema. Thus ours is a double generalisation: in fact, we neither 
requiree that functions for soft constraint propagation should solve a subproblem; 
norr that they should be idempotent, see Section 5.4. The relaxation of these as
sumptionss allows us to account for further notions of soft constraint propagation 
thatt are not expressible through the rule based schema, see Section 5.5. 

Therefore,, the SGI algorithm provides a general schema for soft constraint 
propagationn as well. Properties of the schema are applicable to all its instances. 
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InIn particular in Section 5.4 we apply SGI to soft CSPs and attack not so easy 
tasks,, like the following, in the context of soft constraint propagation: 

•• Is it true that each execution of a soft constraint propagation algorithm 
alwayss return the same result? When does it happen (see Subsection 5.4.3)? 

•• Under which conditions does every execution of a soft constraint propaga
tionn algorithm terminate (see Subsection 5.4.4)? 

InIn Chapter 4, we prove that the SGI algorithm always terminates whenever 
itit iterates inflationary functions over finite domains or constraints; this finiteness 
hypothesiss turn out to be common to all the analysed constraint propagation 
algorithmss in Chapter 4. However, when we deal with semiring based constraints 
thee set of preferences (i.e., the semiring universe) can be infinite, although the 
domainn and constraint set are finite: for example, probabilistic constraints can 
bee defined through a semiring that contains all the real numbers in the ordered 
intervall [0,1]. Furthermore, the semiring structure for weighted constraints con
tainss either all real or all natural numbers. Thus it is not realistic to assume 
thatt semiring based CSPs have finite constraints, hence we need to find another 
propertyy than finiteness to guarantee the termination of the SGI schema. 

Ourr first termination result is mainly concerned with the partial order over soft 
constraintt satisfaction problems. It can be used to prove the termination of soft 
constraintt propagation algorithms over weighted constraints, if preferences range 
overr natural numbers and suitable functions are used for soft propagation. Our 
secondd result for the termination of SGI is related to the two semiring operations 
andd its order. In turn, the latter result can be used to guarantee the termination 
off soft constraint propagation algorithms over probabilistic constraints. 

Bothh the aforementioned results guarantee termination in a number of cases, 
howeverr their hypotheses may be difficult to check. Nevertheless, when the second 
semiringg operation coincides with the greatest lower bound operation, the semir
ingg is also a distributive lattice; then all finitely generated sets, via the semiring 
operations,, are finite; thereby, functions for constraint propagation, expressed 
throughh the semiring operations, can only return finitely many values. For in
stance,, this is the case of crisp constraints, and also that of fuzzy constraints, 
e.g.. functions for constraint propagation are combinations of max and min on the 
intervall [0,1] of real numbers. Thus in such cases we obtain a third termination 
result,, whose range of applicability is the most restricted, but whose hypotheses 
aree the easiest to check. 

5.1.33 Structur e 

Thee chapter is organised as follows. First, Section 5.2 introduces semirings, the 
semiringg based formalism for soft constraints, and its basic operations on con
straints.. Section 5.3 treats some orders among semirings, constraints, and prob
lems,, necessary for defining soft constraint propagation via rules and SGI. So, in 
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Sectionn 5.4, the SGI algorithm schema is extended to soft CSPs, and is proved to 
encompasss the rule based schema for soft constraint propagation. Subsection 5.4.4 
iss concerned with the termination of the SGI schema. Finally, in Section 5.5 we 
displayy some arc constraint propagation algorithms and study them via SGI, and 
inn Section 5.6 we discuss some limitations of our approaches and possible future 
directions. . 

5.22 Soft Constraints 

Inn the semiring based formalism of [BMR97], a soft constraint is like a classical 
constraint,, namely a relation, such that each of its tuples gets assigned a pref-
erencee value. So, if we recast relations through their respective characteristic 
functions,, passing from crisp to soft constraints means allowing the characteristic 
functionn of a constraint to range over more values than just T (true) and J_ (false). 
Oncee additional values are provided for constraints, suitable operations for their 
combinationn and comparison have to be provided as well. Semiring structures, as 
characterisedd below, give us all those ingredients. 

5.2.11 Constraint Semirings 

Constraintt  semirings and lattices 

AA  constraint semiring, briefly c-semiring, is a structure»S := (5, <s, x, _L, T) that 
enjoyss the following properties: 

•• (S, ) is a complete lattice, with bottom _L, and top T; 

•• x is a binary operation on 5, which is commutative, associative, has  as 
absorbingg element and T as unit one. Moreover, x distributes over the least 
upperr bound operation, denoted with V. 

Noticee that the above definition is not the original one that is adopted in ib., 
neverthelesss ours is equivalent to the latter. In this thesis, we prefer the lattice 
characterisationn of c-semirings because it directly highlights the partial order 
relation,, which plays a central role in the study of termination for soft constraint 
propagation. . 

Somee useful properties of c-semirings 

Thee greatest lower bound operation and x are related. In fact, if A denotes the 
greatestt lower bound operation of S, then 

aa x b <s a A b, 
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forr every pair of elements a and b in S. The above relation holds iff both the 
followingg ones do: 

a x K s aa and a x b <s b. 

Too prove the above relations, it is sufficient to ascertain that x enjoys the following 
property: : 

aa x c <s a (5.1) 

forr every pair of elements a and c in S; this amounts to saying that x is inflationary 
withh respect to the reverse >s order relation. Now, the relation (5.1) holds iff 
xx is monotone with respect to <$. This can be proved to hold iff the following 
relationn holds: 

aa x c <s a x b if c <s b. (5.2) 

Thenn we exploit the fact that the top element T is the unit of x and infer (5.1). 
Soo we are left to prove the monotonicity relation as in (5.2). But this is easy, 
becausee the hypothesis c V b = b yields the equality 

aa x (c V b) = a x b, 

andd because x distributes over V. 
Wee collect all the above results and some well-known facts concerning the 

leastt upper bound operation V in the following lemma, as they will be used over 
andd over in this chapter; see also ib. 

LEMM AA 5.2.1. 

•• For every pair of elements a and b in S, we have that a x b <s a Ab. 

•• The x operation is inflationary with respect to>s, whereas V is inflationary 
withwith respect to <s : i.e., a <s a V c and axe <s c, for every a and c in S. 

•• Both x and V are monotone with respect to <g: i.e., a x b <s c x d, 
aa V b <s c V d whenever a <s c and b <s d. 

•• The V operation is idempotent: i.e., a V a = a, for every a 6 S. If x 
isis idempotent as well, then this coincides with A and the c-semiring is a 
completecomplete distributive lattice. 

PROOF.. We are only left to prove the second part of the last item. So, let us 
assumee that x is idempotent. Then the relations 

aa A b <s a, 

aa A b <s b, 

andd the monotonicity of x with respect to <s entail the relation 

(aa A b) x (a A b) <s ax b. (5.3) 
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Byy hypothesis, x is idempotent, hence (a A b) x (a A b) is equal to aAb. This and 
(5.3)) yield the relation 

aa A b <s a x b. 

Thuss the equality a /\b = a x b follows now from the last relation above and its 
reversee as in the first item. • 

5.2.22 Soft Constraints 

Givenn a c-semiring S := (£, <g, x, _L, T), a domain scheme X and a domain D 
overr X (see Chapter 2), we can now define an «S soft constraint C(s), over a 
schemee s of X and the domain D on X, as a function 

C{s)C{s) : D [s]  H+ 5. 

Intuitively,, C(s) provides each tuple d £ D [s] with a preference value in the 
c-semiringg universe S. 

AA soft constraint satisfaction problem (SCSP) on S is a structure P = (X, D, C) 
thatt is defined as follows: 

•• X is a variable scheme and D is a domain set over X, 

•• C is a set of S soft constraints over schemes in X. 

Wheneverr the semiring S to which we refer is clear from the context, we shall not 
mentionn it; hence we shall usually write soft constraints and SCSP. 

5.2.33 Examples 

Crispp CSPs 

Crispp CSPs are SCSPs for which the chosen c-semiring is the Boolean algebra 

Bool=Bool= , 

inn which < is defined via the Boolean disjunction: a<6 i f faV& — b. 
Byy means of Bool we can associate a Boolean value, either _L (false) or T 

(true),, with each tuple of elements in D. So here a constraint over Bool corre
spondss to the characteristic function of a crisp constraint as in Chapter 2. 

Weightedd CSPs 

Weightedd or optimisation CSPs over natural numbers (see [DKL01]) can be de
finedd by means of the c-semiring 

WeightWeight = (N, <N, +, 0, +oo), 

inn which <^ is the standard total order over the set of natural numbers. 
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EXAMPLEE 5.2.2. Reconsider the MAP COLOURABILITY PROBLEM as in Subsec-
tionn 2.3.1 and suppose now to have exactly two colours, aqua and blue, for every 
variablee xi, x  ̂ and ar3 of the problem. Clearly, the problem does not admit any 
solutionn if expressed as a crisp CSP. But suppose now that we want to find an op-
timall  solution; in that, we want to maximise the number of satisfied constraints. 
Thenn it is sufficient to recast the same constraints we had in Subsection 2.3.1 as 
weightedd constraints. Each of them will assign 0 to the pairs (aqua, aqua) and 
(blue,blue),(blue,blue), and 1 to all the remaining pairs. In this case, given a total assign-
ment,, we shall count the number of constraints it satisfies (via 5Z), and if this 
thiss number is the maximum (with respect to <) we shall regard this assignment 
ass a "solution"' to this weighted MAP COLOURABILITY PROBLEM. 

Probabilisticc and fuzzy CSPs 

Probabilisticc CSPs with minimum and maximum (see [FL93]) can be defined via 
thee c-semiring 

Prob(min,Prob(min, max) = ([0,1], >R,max,0,1), 

inn which >R is the standard linear order over real numbers and max the corre-
spondingg maximum operator. 

Onn the other hand, fuzzy CSPs with maximum and minimum (see [DFP93, 
Rut94])) can be defined via the c-semiring 

Fuzzy(max,Fuzzy(max, min) = ([0,1], <R, min, 0,1), 

inn which <R is the standard linear order over real numbers and min the corre-
spondingg minimum operator. 

EXAMPLEE 5.2.3. Let us consider the MAP COLOURABILITY PROBLEM as in Ex-
amplee 5.2.2 again, and suppose that now we have a slight preference towards 
anyy assignment that gives x3 the colour aqua; that is, we are not happy with 
maximisingg the number of satisfied constraints, but we have a preference towards 
aa specific colour for a specific country. Then we could express this preference 
byy recasting C(xi,x3) and C(x2,x3) as fuzzy constraints, so that these assign a 
greaterr value in the interval [0,1] to the tuple (blue,aqua) than to (aqua,blue). 
AA "solution" is such that the returned value for the assignment aqua to x3 is the 
maximummaximum over all the minimum values for the assignments in which the colour 
aquaaqua is given to x3. 

5.2.44 Basic Operations on Soft Constraints 

Havingg defined soft constraints, we can now extend the basic operations for crisp 
constraints,, namely projection and join, to analogous operations for soft ones. 
Thesee are easily provided by means of the c-semiring operation x and the least 
upperr bound one; see [BMR97], where join is called combination. 
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Join n 

Givenn two constraints, Cx :=  Ci(si) and C2 := C2(s2), their join d M C2 is the 
constraintt over the scheme t :=  si U s2 such that 

C , M C 2 ( d ) : = C i ( d [ « i ] ) x C2 ( d y, , 

forr every d € D [t] (remember that d [SJ] is the projection of the tuple d over s*). 
Inn other words, the join of two constraints assigns, to each tuple, a value that 

iss the product (via the c-semiring x) of the respective values returned by the two 
jointt constraints. 

Thee join operation is associative, since x is. Therefore M, which is defined as 
aa binary operation, is easily extended to an operation over any finite number of 
constraints. . 

EXAMPLEE 5.2.4. In Example 5.2.3 the join of the two fuzzy constraints C\ := 
C(xi,xC(xi,x33)) and C2 := C(x2,xs) is a constraint on C(xi,x2,x3) that assigns, for 
instance,, to (aqua, blue, aqua) the minimum between the values Ci(aqua,aqua) 
andd C2(blue, aqua). While, in the case of Example 5.2.2, the join of the constraints 
C\C\ and C2, now interpreted over the weighted c-semiring with natural numbers, 
iss the sum of C\(aqua,aqua) and C2(blue,aqua). 

Projection n 

Givenn a constraint C := C(s) and a scheme t of s, the projection of C over t, 
denotedd by Ut(C), is the unique constraint over t such that 

UUtt(C)(d)(C)(d) := \/ {C(e) : eeD[s] and e [t]  = d] . 

So,, the projection of a constraint over 5 assigns, to each tuple d, the least upper 
boundd of the values assigned, by the original constraint, to all the tuples that are 
equall  to d when projected over s. 

EXAMPLEE 5.2.5. Let us consider Example 5.2.3 and assume that C := C(xi,x3) 
assignss 1/2 to (aqua,blue), then 1 to the most preferred assignment (blue, aqua), 
andd 0 to all the other ones. Then the projection of C over x3 is the constraint 
C(xC(x33)) on x3 that assigns 1 to aqua, and 1/2 to blue. If C assigns +oc to 
(blue,aqua),(blue,aqua), 1 to (aqua, blue), 0 to the remaining pairs, and is hence recast as 
aa weighted constraint as in Example 5.2.2, then the projection of C over z3 will 
assignn +oo to aqua and 1 to blue. 

5.2.55 Solutions and Equivalent Problems 

Solutions s 

Inn case of a crisp CSP P := (X,D,C), a solution to P is a tuple of D that 
belongss to each constraint in C, see Chapter 2. In other words, a solution is 
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aa tuple to which every P constraint assigns the value true, namely T, in the 
Booleann structure Bool, see Subsection 5.2.3. 

Wee repeat the same procedure for computing soft solutions. First, we need to 
completecomplete the soft problem P and obtain its completion P, like in Subsection 2.4.2 
inn case of crisp CSPs: 

•• if there is more than one constraint on a scheme s, say C\,..., Ck, then we 
replacee them with the constraint on s equal to Mj=1 d that corresponds 
too intersection in the crisp case; 

•• if there are no constraints on a scheme s in P, then we create a new con
straintt C :=  C(s) that assigns the top value to every tuple in D [s], namely 
C(d)C(d) := T, for every deD[s\. 

Considerr the completion P = (X,D,C) of an SCSP P. Then the solution to P 
iss the constraint 

Sol{P)Sol{P) =MC€P C\ 

thatt is the constraint which assigns, to each tuple, the product via x of the values 
assignedd by the constraints in the completed problem. 

Iff we are only interested in a solution over a scheme s of X, then we obtain a 
solutionsolution to P over s by projecting Sol(P) over s; so we define it as 

Sol(P,Sol(P, s) = UsSol{P). 

Clearly,, Sol{P) = Sol{P,X). 

Equivalence e 

Inn the case of crisp constraints, two CSPs on the same scheme are equivalent if 
theyy have the same set of solutions; see Definition 2.4.1. A similar characterisation 
off equivalence among problems is found in the semiring based case, with the 
requirementt that the problems share the same c-semiring and domain set. 

TwoTwo SCSPs on the same c-semiring S, scheme X and domain set D, say 
PiPi := {X,D,Ci) and P2 := (X1D,C2), are equivalent if Sol{Pi) = Sol{P2). In 
thiss case, we write Pi = P2-

Sincee two equivalent SCSPs are defined on the same c-semiring and domain 
set,, they also have equal solutions on each scheme of X: i.e., their equivalence 
yields s 

Sol{PSol{P11,s):=Sol{P,s):=Sol{P22,s),s) (5.4) 

forfor every scheme s of X. Notice that, if the two domains were different, there 
wouldd be no guarantee for (5.4) to hold. Indeed, the concept of equivalence and, 
moree specifically, that of solution in case of SCSPs are interesting and subtle 
issues,, see [BCROO, GenOla, GenOlb]. 
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EXAMPLEE 5.2.6. The solution to the max-min fuzzy CSP P of Example 5.2.3 
assigns,, to each state xt and colour for x{, a value in [0,1]. For instance, let us 
considerr the tuple of colours (aqua, blue, aqua) for xux2,x3. If C(x\,x2) assigns 
1/22 to (aqua,blue), C(x2,x3) assigns 1 to (blue,aqua) and C{xux3) assigns 1/3 
too (aqua, aqua), then Sol(P) will assign the minimum of all these values, i.e. 
1/3,, to (aqua, blue,aqua). Suppose that Sol(P) assigns 1/4 to (aqua, blue,blue). 
Thenn Sol(P, (xl,x2)) will assign 1/3, i.e. the maximum between 1/3 and 1/4, to 
(aqua,(aqua, blue). 

5.33 Soft Orders 

Ass in the case of crisp CSPs, we need partial orders on SCSPs, to compare both 
themm and the iterations of functions defined on them. In the crisp case, partial 
orderss are based on the subset relation, see Subsection 2.5.2. For instance, in the 
crispp case, we can compare the constraint Ci(s) and C2(s) if Ci(s) C C2(s). If we 
recastt the subset relation in terms of characteristic functions, we can rewrite it 
ass follows: 

XcM<XcM,XcM<XcM, (5.5) 

forr every d in the domain on s, where < can only compare T and J_. 
Now,, there is an obvious candidate for < in (5.5) when we generalise crisp to 

semiringg based constraints: that is, the partial order relation <s of the c-semiring. 
Followingg this idea, we first introduce a partial order relation among con-

straintss via <s, see Subsection 5.3.1; then we lif t such order to a partial order on 
constraintt sets in Subsection 5.3.2, and finally to problems, see Subsection 5.3.3. 

Inn order to simplify the discussion, we adopt a common convention when 
dealingg with soft constraints: we always assume that SCSPs are complete. If 
necessary,, incomplete SCSPs can first be completed. 

CONVENTIONN 5.3.1. In the remainder of this chapter, we always assume that 
everyy SCSP P is complete. 

Thee above assumption, strictly speaking, is not necessary for the results in 
thee remainder of this chapter. However, it simplifies our discussion and notation. 

5.3.11 Constraint Order 

Givenn the partial ordering < s of a c-semiring S, we can define a new partial order 
relationn among constraints, as follows. 

DEFINITIONN 5.3.1. Let «5 := (S, <s. x, X, T) be a c-semiring, X a scheme and D 
aa domain set over X. Then consider two constraints C\ :=  Ci(s) and C2 := C2(s) 
overr the scheme s of X. We write C\ Cs C2 if the following conditions are both 
satisfied: : 
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1.. for all the tuples d e D [s], C2{d) <s Cx{d); 

2.. there exists a tuple d G D[s] for which C2(d) <s Ci(d). 

Wee write C\ Qs C2 hi  c a se onl y the first relation holds. 

InIn other words, the constraint C\ is smaller than or equal to C2 in the order 
QsQs if the former constraint assigns, to each tuple, either the same value as C2, or 
aa greater value with respect to <s- Loosely speaking, C2 is preferred to C\ if the 
formerr constraint is possibly more restrictive than the latter, loosely speaking. 

THEOREMM  5.3.2. The relation C5 is a partial order among constraints defined 
onon the same c-semiring S := {S, <s, x, _L, T), scheme X and domain set D. 

PROOF.. We need to prove that Cs is a reflexive, antisymmetric and transitive re-
lation.. Reflexivity holds trivially. To prove antisymmetry, suppose that C\ Qs C2 

andd C2 Qs C\\ this yields that both constraints share the same scheme, say s. 
Now,, for all tuples d G D [s], we have both Ci(d) <s C2{d) and C2{d) <s Ci(d), 
hencee C\{d) = C2(d). Therefore, C\ = C2. The transitivity of C5 follows from the 
transitivityy of <$. • 

5.3.22 Constraint Set Order 
Wee can now easily extend the order C s over constraints to a new order between 
constraintconstraint sets as follows. 

DEFINITIONN 5.3.3. Let *S := (S, <s, x, _L, T) be a c-semiring, X a scheme and 
DD a domain set over X. Consider two sets of constraints, C\ and C2, over X, D 
andd S. We write C\ C c C2 if the following two properties both hold: 

1.. there exist precisely one constraint C\(s) in C\ on s, and precisely one 
constraintt C2(s) in C2 on s, for each scheme s of X; 

2.. for each scheme s on X, we have that the relation Ci(s) Qs C2(s) holds 
betweenn the constraints of C\ and C2 on s. 

Thee intuitive reading of C\ C c C2 is that the problems that C 2 yield are at least 
ass constraining as those of Ci, because C2 has at least as many more or equally 
restrictivee constraints as C\ has, loosely speaking. 

THEOREMM 5.3.4. Consider a collection C of constraint sets on the same c-semiring 
SS := (S, <s, x, _L, T), scheme X and domain set D. Then the relation Qc is a 

partialpartial order between constraint sets in C. 
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PROOF.. Reflexivity trivially holds. As for antisymmetry, suppose that both 
C\C\ Qc C2 and C2 Qc C\ hold. Thus both the following relations hold for 
eachh scheme s on X: C\(s) C5 C2(s) and Ci(s) Qs C2(s), for C\ G C\ and 
C2C2 G C2. Hence C\(s) — C2(s) for each scheme s on X, because C5 is a partial 
orderr relation, see Theorem 5.3.2. Transitivity follows similarly, by exploiting the 
transitivityy of C5. D 

5.3.33 Problem Orderings 

Att this point, we know two partial orders for SCPS: a partial order among con-
straintss (Qs)'i this lifted to constraint sets (Ec)- However, constraint propagation 
algorithmss have SCSPs in input; therefore, we need a partial order relation among 
SCSPss to enforce soft constraint propagation by means of the SGI algorithm. 

DEFINITIONN 5.3.5. Given a c-semiring S := (S, <s, x, _L, T), consider two prob-
lemss over it, with the same scheme X and domain set D, say Pi — (X,D,C\) 
andd P2 = (X, D, C2). Then we write Px QP P2 if Cx Qc C2. 

NOTEE 5.3.6. Notice how the above relation does not involve the domain set D 
att all; the comparison of semiring-based problems takes place at the level of 
constraintt sets. Compare it to the definition of partial orders on CSPs, see Sub-
sectionn 2.5.2. There are at least two reasons for such a difference, the latter 
followingg from the former: 

1.1. the definition of equivalence among SCSPs is meaningful only if the prob-
lemss share the same variable domains, see Subsection 5.2.5; 

2.2. arc consistency for SCSPs modifies unary constraints instead of variable 
domains;; in general, constraint propagation algorithms for SCSPs do not 
alterr the domains of variables. 

Wee are in the position to define a partially ordered structure that contains all of 
thee SCSPs that constraint propagation algorithms step-by-step compute, start-
ingg from their input SCSP. The following definition is a generalisation of Defini-
tionn 2.5.2 to the case of semiring based soft constraints. 

DEFINITIONN 5.3.7. Consider a c-semiring S :=  (S,<s, x,_L,T) and an SCSP 
PP := (X, D, C) over it. Then the soft closure of P, denoted by P |, is the class 
off  all problems P' on »S, X and D such that the relation P Qp P' holds. 

THEOREMM 5.3.8. Consider a c-semiring S :— {S, <s, x, _!_, T), and an SCSP 
PP :=  (X, D, C) over it. Then the following statements hold: 

•• {-PTi Qp) is a partial ordering; 
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•• the bottom of ( P | , CP) is P itself. 

PROOF.. We prove the first claim, the other one is immediate from the definition 
off P | . As usual, we only prove that the relation is antisymmetric, because transi
tivityy can be proved similarly and reflexivity is trivial. Hence, suppose that both 
PiPi E P P2 » n d Pi E P P\ n°l<i between two SCSPs in P\. So both those SCSPs 
aree defined on the same scheme X and domain set D. Moreover, C\ C c C2 and 
CiCi Qc Ci- From the two last relations and Theorem 5.3.4, we infer the identity 
dd = C2. Thus Px = P2. D 

Again,, we have an analogous result for crisp and soft CSPs. 

FACTT 5-3.9. Consider an SCSP P over a c-semiring S, and its soft closure Pf. 
ThenThen the following statements hold: 

1.1. if Pi CP P2 and Pi e Pt then P2 e PT; 

2.2. if Pi E P P2, then P2 T^ Pi | . ° 

Thee above statement has a counterpart in the crisp case: Fact 2.5.3. 
Wee have now obtained a partial ordering ( P | , C, P), for every problem P. The 

problemss in P | differ at most in their constraint components. However, such a 
partiall ordering on a SCSP P may contain too many problems with respect to 
thosee that specific soft constraint propagation algorithms step-by-step compute, 
startingg from the given SCSP P. 

Wee faced a similar situation with crisp CSPs: as our analysis in Chapter 4 
clarifies,, the closure of a problem carries over too many subproblems, that are not 
iteratedd by certain constraint propagation algorithms. So, in Subsection 2.5.2, we 
carvedd out those orderings — each based on a different subfamily of P | — that 
aree of interest in the analysis of constraint propagation algorithms as in Chapter 4. 

Inn the case of crisp CSPs, we distinguished between domain orderings (see 
p.. 24) and constraint orderings (see p. 25) on CSPs. We do not have this dis
tinctionn for SCSPs, since soft problem orderings are based on the comparison of 
constraintt sets only; see also Note 5.3.6. So all we shall need in the analysis of 
softt constraint propagation is the following refinement of the problem ordering 
onn SCSPs. 

DEFINITIONN 5.3.10. Let P be a problem over a c-semiring $, and consider its 
softt closure P | - Assume that T{P) is a family of problems P ' e PT- If P belongs 
too ^ (P ) , then the structure 

{F(P),Q,P) {F(P),Q,P) 
iss called a problem ordering on P. 

Givenn the above definition, any subset of PT, to which the complete problem P 
belongs,, gives rise to a problem ordering on P. This generality will prove helpful 
whenn studying termination conditions, see Subsection 5.4.4 below. 
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5.44 Soft Constraint Propagat ion via SGI 

Ourr goal in this section is to analyse soft constraint propagation. First we define 
aa schema for constraint propagation which is based on functions that are called 
"rules",, as originally defined in [BMR97], see Subsection 5.4.1; each of those rules 
iss limited to a combination of projection and join, in that they solve a subproblem 
off  the input problem. Then we extend soft constraint propagation based on rule 
iterationss by means of SGI  iterations — see also Subsection 5.4.2 — and conclude 
byy tackling the issue of termination for soft constraint propagation algorithms 
inn Subsection 5.4.4. 

5.4.11 Soft Constraint Propagation via Rules 

Severall  traditional constraint propagation algorithms for crisp CSPs can be ex-
tendedd to SCSPs. For this purpouse, the notion of constraint propagation rule 
wass introduced in ib. 

Rulee iterations 

Lett us consider a c-semiring «S := {S, <s, x, _L, T), a domain D over X and a 
constraintt C'(s) on a scheme s of X and the domain D. Assume that P := 
{X,{X, £>, C) is a problem over «S, and C{s) is the constraint on s of P. Then 
PP [C(s)/C'(s)\ denotes the problem that differs from P only in the constraint on 
s,, which is set equal to C'(s). 

Lett P be an SCSP as above; then consider a scheme s of X and a scheme t of 
ss itself. A constraint propagation rule rs

t for P, on s and t, is a function on P\ 
thatt is defined as follows: 

r*r* tt(P>):=P'[C(t)/Il(P>):=P'[C(t)/Il ttSol(P,s)}, Sol(P,s)}, 

forr any P' e Pf. 
Inn other words, the application of rf to P' e P] adds the constraint HtSol(P', s) 

overr the scheme t to P'. That constraint is obtained by combining all the con-
straintss of P' on s, and then projecting the resulting constraint over t. 

Oncee a c-semiring *S := (S,<s, x ,X,T) and an SCSP P := {X,D,C) are 
given,, a rule based on X is any rule rf for P, on two schemes, s of X, and t of s. 

Thee application of a sequence of rules to a problem is obtained by composing 
thee rules in their order of occurrence in the sequence. An infinite sequence of 
ruless from a finite set R is fair if each rule of R occurs in the sequence infinitely 
often. . 

So,, given a problem P := (X, D,C) and a finite set of rules R on X, rule-
basedbased constraint propagation RonX, starting from P, is defined as a fair iteration 
off  rules from R so that the first rule in the sequence is applied to P. The following 
statementt concerns itself with some properties of constraint propagation via rules. 
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THEOREMM  5.4.1 ([BMR97]). Consider a rule-based constraint propagation R, 
startingstarting from an SCSP P. IfR stabilises at P', then P' is a common fixpoint of 
allall  the rules from R. This common fixpoint P' is both unique and equivalent to 
P,P, provided that x is idempotent. D 

Noticee that fairness is assumed to ensure that the problem at which the iteration 
stabilisess is a common fixpoint of all the rules; and the idempotency of x is used 
too ensure both the uniqueness of the result and the equivalence. 

However,, the additional hypothesis of fairness is redundant for the SGI al-
gorithmm schema, as its task is accomplished by the update operator, see Sub-
sectionn 5.4.2. So we shall drop the assumption of fairness and only restrict our 
attentionn to bare iterations of rules. Still, we shall be able to prove that the 
stabilisationn point is always unique due to the monotonicity of rules, see Sub-
sectionn 5.4.3. In the following part, we list the main properties of rules — as 
functionss — as they are used in Subsection 5.4.3. 

Order-relatedd Properties of Soft Constraint Propagation Rules 

Wee recall, from Subsection 5.2.5, that two problems Pi and P2, defined on the 
samee scheme and domain, are equivalent if they have the same solution constraint; 
iff  this is the case, we write Pi = P2. 

Thee following lemma lists the main properties of soft constraint propagation 
ruless that are related to the SCSP order, see Definition 5.3.5. 

LEMM AA 5.4.2. Consider a problem P := {X,£),C} on a c-semiring S, and a 
rulerule r based on X. 

•• If P' € P], then r(P') is still in P |. So r, defined on X, is a function on 
P |.. Moreover, P' = r(P') if x is idempotent. 

•• Furthermore, P' C.p r(P'), for every P' e P | . 

•• Consider two SCSPs, P : and P2 in P]. If Px CP P2, then r{Pi) QP r(P2). 

PROOF.. The second property states that rules are inflationary functions over any 
constraintt ordering on P. This is based on the inflationarity of x and V, as in 
Lemmaa 5.2.1, and the definition of SCSP order. Whereas the last property is 
concernedd with the monotonicity of rules, and again follows from Lemma 5.2.1 
andd the definition of SCSP order. • 
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5.4.22 Soft Constraint Propagation via the SGI Schema 

Thee functions that are iterated in a rule based constraint propagation are of a 
specificc form: they are obtained from join and projection, so that each of them 
solvess a subproblem of the input problem. Whereas the SGI  algorithm does not 
imposee any specific request on the iterated functions. Functions can be of any sort 
inn the SGI  schema; so we are able to generalise rule-based constraint propagation 
ass follows. 

DEFINITIONN 5.4.3. Consider an SCSP problem P over a c-semiring S. A soft 
constraintconstraint function for P is a function ƒ : P| i—• P | . 

Noticee that a function ƒ on a family T{P) of P j , i.e., 

ƒƒ : HP) ~ HPl (5-6) 

cann be uniquely extended to a function on the whole set P | : that is to a constraint 
functionn as in Definition 5.4.3. We only need to define it equal to the identity 
onn every problem that does not belong to F(P). Vice versa, if ƒ is a constraint 
functionn and F(P) is closed for it as in (5.6), then ƒ can be restricted to a 
functionn over T{P). The distinction is only notational in this context, therefore 
wee shall usually ignore it, and freely refer to any function for which (5.6) holds 
ass a constraint function over T(P). 

Functionss versus rules. The characterisation of soft constraint function given 
inn Definition 5.4.3 abandons a number of assumptions and attributes of rules and 
rule-basedd constraint propagations (see Subsection 5.4.1): 

•• soft constraint functions do not necessarily compute solutions to subprob-
lems; ; 

•• soft constraint functions are neither assumed to be monotone and inflation
ary,, nor idempotent if x is; 

•• the fairness assumption on iterations of soft constraint functions is not re
quired. . 

Thee first generalisation is the most rewarding one, in that a number of constraint 
propagationn algorithms do not exactly solve subproblems, but compute an ap
proximationn of its solutions; see, for example, the basic algorithm for bound-
consistencyconsistency in [MS98], or generalised arc consistency for SCSPs as in Section 5.5 
below.. Thus SGI  for SCSPs allows us to instantiate more algorithms than the 
originall rule based schema. 

Ass for the fairness hypothesis, there is no loss in abandoning it, as update takes 
itss role. In fact, as far as the update operator satisfies Axiom 3.3.1, see Chapter 3, 
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thee SGI schema computes a common fixpoint of all the iterated functions. We 
rewritee that axiom and the SGI algorithm below for the reader's convenience, and 
specialisee them to SCSPs. Remember that Fp is the F subset that collects all 
thee F functions which could alter the input problem P. 

AXIO MM 5.4.1 (COMMON FIXPOINT). Let F be a set of functions on P |. Suppose 
thatt g{P') 7̂  P', for g € F and P' € P. Then the update operator adds to G all 
thee F - G functions ƒ such that f(P') = P' while fg(P') / g{P'). 

Algorithmm 5.4.1: SGI(P,FP,F) 

oo := P */, complete input problem; 
GG := FP-
whilee G Ï 0 do 

choosechoose g € G; 
G:=G-{g}; G:=G-{g}; 
o'o' := g(o); 
iff  o'  ̂ o then 

GG := GU update(G, F, g, o); 

Thee following result is a corollary of Theorem 3.3.3 in Chapter 3, and it states 
thee every execution of the SGI schema on SCSPs computes a common fixpoint of 
thee iterated functions. 

COROLLARYY 5.4.4. Consider an SCSP P on S :=  (S, <s, x, _l_, T) and a finite 
setset F of functions on a family F{P) of PI problems, to which P belongs. Then 
everyevery terminating execution of the SGI algorithm that satisfies the Common Fix-
pointpoint Axiom 5.4.1, with input P and F, computes a common fixpoint of all the 
functionsfunctions from F. • 

5.4.33 The Role of Monotonieity 

Ass in the case of crisp constraints, if an instance of SGI for soft SCSPs iterates 
functionss which are monotone, with respect to a certain problem order, than 
thatt instance of SGI always returns the same common fixpoint of the iterated 
functions;; i.e., the least problem, with respect to the assigned problem order, that 
iss a common fixpoint of all the iterated functions. So let us first recast Axiom 3.3.2 
forr generic problem orderings — as for these, see Definition 5.3.10. 

AXIOMM 5.4.2 (LEAST FIXPOINT). The finite set F only contains monotone con
straintt functions over a problem ordering (.F(P), C, P). 
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Givenn the above axiom, we infer the following corollary of Theorem 3.3.8. 

COROLLARYY  5.4.5. Consider an SCSP P on S := (5, <s, x, , T), a finite set 
FF of functions on a problem ordering (Jr(P),C.p, P), and assume the Common 
FixpointFixpoint Axiom 5.4-1 and the Least Fixpoint Axiom 5.4-2. Then every terminating 
executionexecution of SGI, with input P and F, computes the same problem: i.e., the least 
commoncommon fixpoint of all the F functions with respect to the problem ordering. • 

Thee above corollary is interesting in that it highlights the role of monotonicity in 
thee confluence of SGI on SCSPs. This property for rule based constraint prop
agationn was originally restricted in [BMR97] to the case of c-semirings with an 
idempotentt x operation, see Theorem 5.4.1. Instead. Corollary 5.4.5 allows us to 
extendd this to all executions of SGI with rules, independently of the idempotency 
off x, or the fairness hypothesis. 

COROLLARYY 5.4.6. Let R be a finite set of rules for an SCSP P := {X,D,C}. 
ThenThen all the terminating executions of SGI, with R rules and P as input, compute 
thethe same problem. This is the least common fixpoint of all the rules of F with 
respectrespect to the problem ordering on P. 

PROOF.. Lemma 5.4.2 yields that any rule based on X is an inflationary and 
monotonee soft constraint propagation function on (PI, Qp,P). Corollary 5.4.5 
impliess now our claim. G 

Wee now turn our efforts towards the issue of termination of SGI with SCSPs 
andd soft constraint functions. This is not an easy task in case of SCSPs; in fact, 
evenn if SCSP domains are finite, the c-semiring may be infinite, which is obviously 
aa source of possible non-termination. So, whereas for crisp CSPs inflationarity of 
functionss and finite domains are feasible and sufficient assumptions to ensure the 
terminationn of SGI (see Corollary 3.3.10), we shall see, in the following subsection, 
thatt this is not the case for all SCSPs. 

5.4.44 Termination 

Ass remarked in the preceding subsection, the presence of an infinite c-semiring 
universee may lead to a constraint propagation algorithm which does not always 
terminate.. In this subsection we focus on the issue of termination and investigate 
underr which conditions the SGI schema always terminates. We obtain general 
terminationn conditions, that yield the termination of every soft constraint prop
agationn algorithm that is an instance of SGI. 



5-4-5-4- Soft Constraint Propagation via SGI 103 3 

Problemm orderings and termination 

Ourr first termination result below, concerns itself with the problem order (see Def-
initionn 5.3.5): instead of demanding the finiteness of the ordering, we assume that 
itss ascending chains have finite length. Then Theorem 3.3.9 guarantees the termi-
nationn of the SGI schema, in case of soft constraint propagation functions which 
aree inflationary and computable. In other words, if Axiom 3.3.3 is satisfied. We 
rewritee that axiom as follows, and specialise it to the case of SCSPs and soft 
constraintt propagation functions. 

AXIO MM  5.4.3 (TERMINATION). 

oo Each soft constraint function ƒ 6 F is computable over a problem ordering 
(F(P),n(F(P),nPlPlp). p). 

oo The F functions are inflationary with respect to the assigned problem order, 
oo The ordering (T(P), Qp,P) satisfies the ascending chain condition (ACC): 

i.e.,, each Cp-chain in P] is finite. 

Thee following statement is an immediate consequence of Theorem 3.3.9. 

COROLLARYY  5.4.7 (TERMINATION 1). Let us consider an SCSP problem P on 
aa c-semiring S and a problem ordering TV :=  (T(P), CP, P) on P. Let us in-
stantiatestantiate SGI with P and a finite set F of functions on TV. Furthermore, let us 
assumeassume the Common Fixpoint Axiom 5.4.3. Then every execution of this instance 
ofof SGI terminates, computing a common fixpoint of the F functions. • 

Thee above corollary can be used to prove termination in some cases, like the ones 
discussedd in Section 5.5. However, it is a highly general result, so its hypothesis 
mightt be sometimes difficult to check. In turn, in some circumstances, specific 
propertiess of the adopted functions or c-semiring, easier to verify, can imply the 
assumptionss of the above corollary, and thus immediately ensure the termination 
off SGI. This is the case of problem orderings step-by-step computed from the 
c-semiringg operations, as made precise in the remainder of this section. 

Semiringg based functions and termination 

Thee termination result in Corollary 5.4.7 refers to any inflationary functions on 
aa problem ordering. In the following part, we explore and characterise some 
problemm orderings and functions that satisfy Axiom 5.4.3. 

Thee main motivation for relaxing the assumptions of Axiom 5.4.3 to a generic 
familyy of problems in P | is that, in general, the whole family P\ contains too 
manyy problems with respect to those generated by specific constraint propagation 
algorithms.. Above all, this is the case if we analyse constraint propagation algo
rithmss to establish whether and under which conditions they termination. The 
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followingg simple example, that pertains to a type of SCSPs of primary interest, 
explainss our concern. 

EXAMPLEE 5.4.8. We consider the fuzzy c-semiring {[0,1], <,rnin,0,1), and a 
fuzzyy CSP P over it. The problem P has variable domains equal to {a}  for 
bothh of its variables, x and y; P has just the trivial constraint c — (l,{x,y}), 
wheree 1 is the constant function that assigns the value 1 to each possible instan-
tiationn of x and y in D. Then P| is the class of all problems on x and y. It is 
evidentt that the problem order on P] cannot satisfy the ACC. 

Consider,, for instance, the set of problems Pn in P], the constraints of which 
aree defined as follows: 

•• both unary constraints on x and y assign 1 to a, their only possible instan
tiation; ; 

•• the constraint of Pn on x and y assigns the value \/n + 1 to the pair (a, a). 

Thee relation Pn c Pn+\  is of strict order for every n € N, since (1/n : n £ N) is 
ann infinite odescending chain. So we have an infinite C-chain in P\. 

AA similar example applies to probabilistic CSPs with max instead of min. 

However,, if we restrict our attention to soft constraint functions and families of 
problemss that are, in some sense, finitely generated via those functions, we may 
avoidd the flaws of the above example. First we characterise such families and then 
studyy SGI with them. 

DEFINITIONN 5.4.9. Consider an SCSP P \= {X, D, C) on a c-semiring S, and a 
finitefinite set F of constraint functions on P | . Define F(P) to be the following subset 
off P | : 

•• P belongs to F(P); 

•• if P' belongs to F(P), then there are finitely many F functions, say gi,... ,gk, 
suchh that P' is equal to gi • • • gk{P)', 

•• nothing else belongs to F(P). 

Thenn (F(P), C, P) is the problem ordering that is finitely generated by F on P. 

Thiss is a typical construction in set theory, see [DP90]. 
Thee following statement is only Corollary 5.4.7 rephrased for orderings gen

eratedd by F functions; there is nothing really new about it but the choice of 
orderings.. However, we shall use it as follows in the remainder of this section. 
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LEMM AA  5.4.10. Given a c-semiring S and an SCSP problem P on it, instantiate 
thethe SGI  algorithm with a finite set F of constraint functions and P. Suppose that 
AxiomsAxioms 5.4-1 and 5.4-3 hold for (F(P), Ep,-P) and the F functions. Then every 
executionexecution of the SGI  algorithm terminates, computing a common fixpoint of the 
FF functions. • 

Inn case of crisp constraints, such lemma could be applied to arc consistency prob
lemss and the ordering F(P) would be contained in the domain ordering over P, 
seee Section 4.2. However, in the soft case it may not be trivial to envisage F(P), 
orr a family that contains it and for which Axiom 5.4.3 holds. However, we do 
havee the c-semiring ordering and operations, and so the question is whether these 
cann be used to construct F(P) as in the above lemma. 

Inn the following, we focus on the c-semirings operations and partial order, and 
introducee the notion of semiring closure of a soft constraint problem; this mirrors 
thee notion of ordering generated by functions. 

DEFINITIONN 5.4.11. Consider an SCSP P :=  {X,D,C) over a c-semiring S := 
(S,(S, <s, x, .1, T), and the set C(P) of c-semiring values that occur in P: i.e., 

C(P):=C(P):= \J{C(d) :deD[s}}. 
cec cec 

Thenn the semiring closure of P , denoted by C(P), is the smallest (with respect 
too set inclusion) of all sets B that enjoy the following properties: 

1.. C(P) QBQS; 

2.. B is closed under V and x. 

Noticee that the previous definition is meaningful, since there always is a set that 
satisfiess the two properties as above; that is, the c-semiring universe S itself. 

Whatt we need now is to single out those constraint functions that, applied to a 
problemm P, compute values that are in the semiring closure of P. Such functions, 
intuitively,, are defined via the two semiring operations, V and x. So, given an 
SCSPP P, those functions will return values that are either in O(P) or obtained 
fromm elements of C(P) by means of V, x, or their composition. 

DEFINITIONN 5.4.12. Consider an SCSP P over S, and a soft constraint function 
gg : Pf i—• Pf. Then g is a semiring based function if, for every P' € P | , it enjoys 
thee following property: 

C(g(P'))C(g(P')) C C{P'). 
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Inn other words, the c-semiring values that a semiring based function associates 
withh a problem P' can all be found in the semiring closure of P'. 

Thee line of our argument should be clear by now: since semiring based func-
tionss can only return values in the semiring closure of their input problem, the 
terminationn of SGI with such functions can be established by studying semiring 
closures. . 

So,, let us turn our attention to semiring closures and semiring based functions 
ass in the following lemma. 

L E M M AA 5.4.13. Consider an SCSP P on S and a finite set of semiring based 
functionsfunctions F. Assume also that the c-semiring order <s satisfies the Descending 
ChainChain Condition (DCC), when restricted to C{P): i.e., there are no infinite de-
scendingscending <s-chains ofC(P) elements. Then the problem ordering F(P) satisfies 
thethe ACC. 

P R O O F.. Suppose that the thesis of this lemma does not hold. That is, suppose 
thatt there is an infinite chain of F(P) problems, 

PP = Po C P • • • \ZP Pn C P Pn+i C P • • • (5.7) 

where,, for each n > 1, Pn :— g\ • • • gk (F) , for some gi, • • • ,gk € F. Since all the 
FF functions g are semiring based, we also have 

C(PC(Pnn)) C C(P), (5.8) 

forr every n € N. We now aim at proving that an infinite descending <s-chain can 
bee extracted from (5.7), thereby contradicting our assumption on <$. 

Inn fact, (5.7) yields the existence of a constraint Cn e Pn that is strictly 
greaterr than Cn+\ € Pn+i', that is for which Cn \Zs Cn+\ holds. This is true for 
everyy n E N. As the chain in (5.7) is infinite, while the scheme X is finite, we can 
extractt (at least) an infinite chain of constraints, all on the same scheme s, from 
thee chain (5.7): 

•• • • ^s Cm{s) \Zs Cm+1(s) \ZS • • • (5.9) 

Now,, Cm(s) Us Cm+i(s) means that there exists a tuple d € D [s] for which the 
followingg relation holds: 

CCmm((SS)(d)>)(d)>ssCCm+1m+1(s)(d). (s)(d). 

Ass the variable domain set D is finite while the chain in Equation (5.9) is infinite, 
wee can extract an infinite chain of semiring elements from the chain (5.9) of the 
followingg form: 

•••>•••>ssCCkk(d')>sC(d')>sCk+lk+l(d')>(d')>ss------ (5.10) ) 
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Alll  the c-semiring elements that occur in (5.10) belong to C(P) due to (5.8). 
Therefore,, the restriction of the order <5 to the set C{P) does not satisfy the 
DCC,, which contradicts our hypothesis. E 

Thee following corollary follows now from Lemma 5.4.10 (which is Corollary 5.4.7, 
specialisedd to finitely generated orderings) via Lemma 5.4.13. 

COROLLARYY  5.4.14 (TERMINATION 2). Consider an SCSP P over S and a fi-
nitenite set F of semiring based functions. Assume the Common Fixpoint Axiom 5.4-1-
SupposeSuppose that the F functions are computable and inflationary over a problem or-
deringdering of the form (F(P), CP, P). Assume, also, that the c-semiring_ order <s sat-
isfiesisfies the Descending Chain Condition (DCC) when restricted to C(P); namely, 
therethere are no infinite descending <s-chains of C(P) elements. Then every exe-
cutioncution of the SGI  algorithm terminates, computing a common fixpoint of the F 
functions.functions. n 

Nevertheless,Nevertheless, even the assumptions of Corollary 5.4.14 may be difficult to 
check.. In fact, it might not always be trivial to determine the semiring closure 
off  a given SCSP P; furthermore, we should also check that the restriction of the 
semiringg order to the closure satisfies the DCC. Nevertheless, if the multiplicative 
operationn of the semiring is idempotent, then the semiring closure of any given 
problemm is always finite, and hence satisfies the DCC. 

COROLLARYY  5.4.15 (TERMINATION 3). Consider an SCSP P onS and a finite 
setset of F of semiring based functions. Assume the Common Fixpoint Axiom 5.4-1-
SupposeSuppose that these are inflationary on a problem ordering defined on F(P). As-
sume,sume, also, that the x operation of S is idempotent. 

•• Then the semiring closure of P is finite. 

•• Thus every execution of the SGI  algorithm terminates, computing a common 
fixpointfixpoint of the F functions. 

PROOF.. We only need to prove the first item, and the second follows then from 
Corollaryy 5.4.14. First, let us recall that a c-semiring with an idempotent x 
operationn is a distributive complete lattice, see Lemma 5.2.1. Furthermore, every 
finitelyfinitely generated sublattice of a distributive lattice is finite, see [DP90]. Thus 
everyy finitely generated sublattice of a c-semiring with idempotent x operation 
iss finite. 

Now,, the set C(P) of all semiring elements in P is finite, since every SCSP 
hass finitely many constraints, finite domains and finitely many variables. So the 
semiringg closure of P is finitely generated. Therefore the semiring closure of P is 
finite,, due the aforementioned result of lattice theory. • 
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Noticee that the above two results concerning terminations are the analogues 
off  Theorem 4.14 in [BMR97]. However there the set C(s) is assumed to be finite 
inn order to guarantee the termination of a constraint propagation algorithm. This 
hypothesiss is much more restrictive, and implies ours in Corollary 5.4.14. Thus 
Theoremm 4.14 in ib. is a special case of our Corollaries 5.4.14 and 5.4.15. 

Finale e 

Ourr results concerning termination can suggest various strategies for proving the 
terminationn of SGI  instances, like the following ones. 

•• If the constraint functions are semiring based and the multiplicative opera
tionn x of the c-semiring is idempotent. then we resort to Corollary 5.4.15. 

•• If x is not idempotent, but the soft constraint functions are semiring based, 
wee can check whether the restriction of the semiring order to the semiring 
closuree of P satisfies the DCC and appeal to Corollary 5.4.14. 

•• If the restriction of the semiring order to the semiring closure of P does 
nott satisfy the DCC or the soft constraint functions are not all semiring 
based,, then we can try to prove that the problem order on Pf, or a smaller 
problemm ordering on P satisfies the ACC. If the F functions are inflationary 
withh respect to that ordering, then SGI  terminates by Corollary 5.4.7. 

Inn Section 5.5 below, we investigate some examples of constraint propagation 
algorithmss for SCSPs, and briefly analyse them by means of the theoretical results 
off the present section. 

5.55 Soft Constraint Propagation Algorithms 

Inn this section, we briefly survey several soft constraint propagation algorithms 
andd show how the general results concerning SGI over soft CSPs can be used to 
bothh describe and analyse those specific algorithms. We restrict our attention 
too arc consistency algorithms over SCSPs; for these are the most used constraint 
propagationn algorithms over SCSPs and easier to explain. 

Ourr account of constraint propagation algorithms in this section has no pre
tencee of completeness. However, it proves that a number of constraint propagation 
algorithmss for SCSPs are extensions of their corresponding crisp counterparts, 
sincee all of them are instances of SGI. By these claims, we mean that the basic 
processs of "prune-and-propagate" is carried over, and only slightly modified by 
passingg from crisp to soft CSPs: 

•• pruning of domain or constraint values is transformed as reduction to more 
restrictivee constraint problems, so to speak; 
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•• whereas the propagation phase is characterised as in the crisp case, because 
updateupdate is not substantially different. 

Wee start our survey and analysis with the fuzzy and probabilistic cases, based 
onn the <R total order over real numbers, and the max or min operator. Then 
wee deal with a form of generalised arc consistency for soft constraint problems, 
thatt is defined through functions which are not finitely generated by means of the 
twoo c-semiring operations. Finally, we briefly present the partial arc consistency 
counterr algorithm by Freuder and Wallace, and show that this simple constraint 
propagationn algorithm is an instance of SGI too. 

5.5.11 Probabilisti c and Fuzzy Ar c Consistency Algorithm s 

Lett us consider, as in Subsection 5.2.3, a fuzzy CSP P :=  (X, D, C) based on the 
c-semiringg {[0,1], <R,min,0,1). Notice that x is the minimum operator, so it is 
idempotentt and the underlying c-semiring is a distributive lattice. 

Then,, given a unary constraint Cj, we define, for each Xj such that i ^ j , a 
functionn of the form ƒ (xi? s); the scheme s is equal either to {XJ, Xj) if i < j , or to 
{XJ,{XJ, x  ̂ if j < i. Then, ƒ (xi7 s), if applied to P, returns a problem P' that differs 
fromm P at most in its unary constraint C"(XJ), that is denned as follows: 

E(s)(d)E(s)(d) := mm{C{xi)(d[xi\), C(s)(d), C(:r,-)(dfo])}, for every d € D [s] , 
C'{xi){a)C'{xi){a)  := max{E{s){d) : d€D[s] and d[xt]  = a}, (5.11) 

inn which C(xi), C(XJ) and C(s) are all P constraints. Each ƒ (x^ s) function is a 
softt constraint function on F(P), that collects all problems P' such that P C P', 
andd P differs from P' at most in the unary constraints. 

Thus,, Corollary 5.4.15 can be directly employed to prove that any constraint 
propagationn algorithm with /(x i 7s) functions such as (5.11) always terminates, 
wheneverr it is an instance of SGI. The returned problem is a common fixpoint of 
thee iterated functions as in (5.11). 

Sincee those functions are also monotone with respect to the problem order C 
onn F(P), then all the executions of the SGI algorithm with them computes the 
samee problem; namely, the least common fixpoint with respect to the problem 
order,, that is more constraining than P. This is due to Corollary 5.4.5. 

Noticee that each function ƒ := /(XJ, s) such as (5.11) preserves equivalence: 

Sol{P)Sol{P) = Sol(f{P)). 

Itt is not a difficult exercise to verify that the above relation holds, since max and 
minn are both idempotent. We refer the reader to [GenOla, GenOlb] for a deeper 
analysiss on this topic. 

Finally,, let us consider a probabilistic CSP P :=  (X,D,C) based on the c-
semiringg ([0,1], >R,max,0,1). Notice that x is the maximum operator, so it is 
idempotentt and the underlying c-semiring is a distributive lattice. 
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Ass in the fuzzy case, arc consistency is enforced by means of functions of the 
formm f(xi, s). When this function is applied to P, it returns a problem P' that 
differss from P at most in its unary constraint C'(Xi), that is defined as follows: 

E{s){d)E{s){d) := max{C(xi)(d\i]), C(s)(d), C{xi)(d\j])},  for every deD[s], 

C'{xi)(a)C'{xi)(a) := min {E{s){d) : d e D [s]  and d [xt]  = a}, (5.12) 

inn which C(art-), C(xj) and C(s) are all P constraints. As in the case of fuzzy 
CSPs,, we conclude that any constraint propagation algorithm with f(xi,s) func-
tionss as in (5.12) always terminates, whenever it is an instance of SGI (by Corol-
laryy 5.4.15). The returned problem is the least common fixpoint of the iterated 
functionss as in (5.12), with respect to the problem order (by Corollary 5.4.5). 

5.5.22 Generalised Arc Consistency Algorithms 

Thee above functions in Equations (5.11) and (5.12) are semiring based functions, 
ass characterised in Definition 5.4.12. However, the user may profit from having at 
her/hiss disposal further functions than those provided by the chosen c-semiring. 

Too our knowledge, it was first Schiex to underline the faults of soft arc con-
sistencyy for weighted CSPs and propose a solution to it. In fact, as shown for 
instancee in [SchOO], if only addition is used to enforce soft constraint propagation, 
equivalencee gets lost. So, in [SchOO, CS01], arc consistency is refined by intro-
ducingg a sort of inverse operation to addition; this new operation is not — in our 
terminologyy — semiring based. 

Algorith mm 5.5.1: AC-proj  and AC-join 

proceduree AC-proj (C(s), x{, a) 
/?? := min {C(s){t U {a}) :teD[s- {xt}}}; 
C'{xi)(a):=mm{C(xi)(a),P}; C'{xi)(a):=mm{C(xi)(a),P}; 
ifif  C'{Xi){a)  ̂ C(xi){a) then 

C(^)(a):=C"(x,)(a); ; 
forr deD[s] do C(s)(d,a) :=C{s){d,a) - 3: 

proceduree AC-join(C(s),Xj,a) 
forr d e D [s - {xi}]  do 

P-Z^sCixMidUiamxj]); P-Z^sCixMidUiamxj]); 

77 := max{c(s)(dU{a}),j:XjesC(xMdU{a}) [Xj])]  ; 

Thee resulting algorithm in [CS01] iterates two sorts of functions, illustrated as 
inn Algorithms 5.5.1. The algorithm of [CS01] can be easily turned into an instance 
off  SGI. Hence this explains how the algorithm computes a common fixpoint of 
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alll  the iterated functions. The algorithm of [CS01] preserves equivalence, but 
neitherr its confluence nor its termination can be ensured in the general case; 
inn fact, functions for this are neither inflationary nor monotone over the soft 
constraintt orderings. 

5.5.33 Maximal CSPs 

Ann interesting case of weighted CSPs, see Subsection 5.2.3, is constituted by 
maximall  CSPs, briefly max-CSPs. Given an over constrained CSP, namely a 
CSPP that does not admit solutions, Freuder et al. (see [FW92]) devised a series 
off  algorithms to maximise the number of satisfied constraints, regardless of their 
importance.. In other words, each constraint can assign one out of two levels of 
preferencee to each constraints; either 0 (yes), or 1 (no). Then, at each step of the 
basicc algorithm in [FW92], the number of constraints, unsatisfied by the extension 
d'd' of the current assignment d, gets computed; then this number is compared 
withh the stored number of unsatisfied constraints by a previously computed total 
assignmentt — the initial stored number being 0 or another lower bound, chosen 
byy the programmer. If the stored number is less than the new computed value, 
thenn search is abandoned along the path of d'; else it continues to extend it to 
anotherr variable. This basic branch-and-bound algorithm terminates when the 
numberr of violated constraints is minimised, and a total assignment that does so 
iss returned. 

Inn [FW92], Freuder and Wallace devise also a form of arc consistency for 
max-CSPs,, named partial arc consistency. Their partial arc consistency counter 
(PACC)) algorithm computes the number of satisfied constraints for each variable 
instantiation.. The PACC algorithm is extended, by means of SGI, to its hyper 
arcc version, namely the Partial Generalised Arc Consistency Counter (PGACC) 
Algorithmm 5.5.2 displayed as below. This is a naive algorithm, and it could be 
improvedd in a number of way, for instance by ordering variables. However, we 
onlyy aim at showing that PACC is an instance of the more general schema, SGI, 
forr soft constraint propagation. 

Firstt we regard the given max-CSP as a weighted CSP, so that its constraints 
cann only assign either 0 or 1 to their tuples. Therefore our extension of the par-
tiall  arc consistency counter algorithm becomes straightforward. In fact, instead of 
assumingg only binary constraints, we check that a variable instantiation is consis-
tentt with constraints of any arity. As for this, we introduce new unary constraints 
inn the original problem; namely we define a "counter constraint" CC(i) for each 
variablee Xj of the problem. So each CC(i) assigns a natural number to each value 
off  the original CSP domain £>*; whereas all the original problem constraints can 
onlyy assign either 0 or 1 to their tuples. In other words, CC(i) is assumed to 
countt the number of satisfied constraints for each assignment a of the variable 
Xi.Xi. If no prior knowledge is assumed, each CC(i) of the extended input problem, 
denotedd by P, assigns 0 to each value in D{. 
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Thee functions, iterated by the PGACC algorithm, are defined as follows: for 
eachh value a in £>j, the input problem domain, we define a function f(xila) of 
thee form min {_, Y\ J2-}ia)- So, given a problem P{ D P, the computed problem 
K+ii  :— f(xi,a)(Pk) differs from Pk at most in the added constraint CCk+i(x,) 
thatt is characterised as follows: 

CCk+1(zj)(a)) := min l C*{XJ), ]~[ ^ {Ck(s) : xt G s, s ^ i j }  (o). 

Noticee that each selected function is removed after being applied in PGACC, 
andd that update is always empty; in fact the adopted functions f{i,a) are all 
idempotentt and commutative. Therefore, there is no propagation as, commonly, 
inn the case of classical crisp constraints. 

Algorith mm 5.5.2: PGACC(P, F) 

PP :— given problem, extended with GC; 
G:=F-G:=F-
whil ee G ^ 0 do 

choosechoose f(xi,a) 6 G; 
PP :=  f{Xi,a){P); 
G:=G-{f{G:=G-{f{ XiXi,a)} ,a)} 

Thee above algorithm can only count the number of constraint violations for each 
assignment.. It could be modified so as to incorporate a propagation phase, as 
suggestedd in see [FW92]. 

Thee fact that PGACC terminates is obviously true, since there is no propagation 
phase;; i.e., update is empty. The termination of the PGACC algorithm is also a 
triviall  consequence of Corollary 5.4.7, since the generated problem order on P is 
alwayss finite, and hence it satisfies the ACC. 

5.66 Conclusions 

5.6.11 Synopsis 

Inn the present chapter, constraints with preference values, i.e., soft constraints, 
aree introduced and a number of constraint propagation algorithms for these are 
studied.. So, the SGI schema is used to represent and analyse semiring-based con-
straintt propagation algorithms, as we did in Chapter 4 for classical constraints. 
Therefore,, the SGI algorithm provides a general schema for soft constraint prop-
agationn as well. Again, the results obtained for the schema are applicable to all 
itss soft instances as straightforward corollaries. 
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Inn particular, termination is not an easy issue in the context of soft constraint 
propagationn algorithms: yet our analysis stresses the role that, in this, inflationar-
ityy of soft constraint functions and well-founded orders play. This results in three 
generall  termination properties that can be applied in different soft frameworks, 
ass we summarise at the end of Subsection 5.4.4. 

5.6.22 Discussion 

Thee SGI algorithm schema iterates functions according to a certain strategy; 
howeverr these are not required to have special properties for the algorithm to 
computee a common fixpoint of theirs. Due to this generality, we are able to 
instantiatee this schema to a larger class of soft constraint propagation algorithms 
thann the rule based schema of [BMR97] can account for, see Section 5.5. 

Also,, properties of functions, i.e. monotonicity and inflationarity, are studied 
ass separate issues in Chapter 3. Thus their respective roles in connection with 
certainn behaviours of soft constraint propagation algorithms are differentiated. 
Thiss is already an achievement: in the soft constraint literature, often, the two 
propertiess are studied together and the role of each in the analsys of soft con-
straintt propagation thus gets lost. This distinction can help in the design of new 
algorithms:: e.g., it is often the case that in planning we do not want an algorithm 
too terminate, and an optimal solution is the one that maximises the number of 
satisfiedd constraints; hence inflationarity is a property that should be overlooked 
inn the design of algorithms for such problems. On the other hand, the capability 
too predict the outcome of the algorithms' computations could be essential; thus 
monotonicityy becomes an important requirement. 

Inn the remainder of this part, we conclude our theoretical analysis of constraint 
propagationn algorithms: in the following chapter, we summarise and specify all 
thee functions used to characterise them. 
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Constraintt Propagation Functions 

6.11 Introductio n 

6.1.11 Motivation s 

Thee relational model is one of the best-known database models, see [U1180]: the 
primitivee entities are relations, represented as tables, and operations on these. 
Thee relational model has at least two advantages: it is easy to grasp; it supports 
aa high-level programming language called SQL (Structured Query Language) that 
allowss the user to query the database, update and retrieve data stored in tables 
throughh a number of functions. 

InIn Chapters 4 and 5 we described and analysed, via iterations of certain 
functions,, a number of constraint propagation algorithms for classical and soft 
constraints,, respectively. At this point, we collect all those functions in a ho-
mogeneouss setting, thereby putting forward the resemblances and differences of 
thosee constraint propagation algorithms and the query programs in the relational 
databasee model. 

6.1.22 Outlin e and Structur e 

Inn the introduction to Chapter 3, we claim that our theorisation of constraint 
propagationn algorithms has two aims: 

•• one of describing and analysing constraint propagation algorithms in terms 
off function iterations; this is accomplished in Chapter 3; 

•• the other of abstracting which functions perform the task of pruning or 
propagationn of inconsistencies in constraint propagation algorithms, in both 
thee crisp (see Chapter 4) and soft (see Chapter 5) cases. 

InIn Chapter 3 we do not specify which functions are used for constraint propagation 
—— there we only study properties of functions as traced in constraint propagation 
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algorithms.. We do so in this chapter; thus we complete our theoretical work and 
tacklee the task in the latter item. 

Sectionn 6.2 characterises the basic and derived operations that are traced in 
thee representation and analysis of classical constraint propagation algorithms in 
Chapterr 4. Finally, in Section 6.3, we define functions useful in the description 
andd analysis of soft constraint propagation algorithms as in Section 5.5. 

6.22 Functions for CSPs 

InIn what follows, we usually need to fix a scheme X and a domain set D o n l . 
Sincee structures of the form 

CS:=(X,D) CS:=(X,D) 

wil ll  often recur in the remainder of this chapter, we name them constraint systems. 
Wee follow the conventions of Subsection 2.2.1, and let D denote the domain 
D\D\ x • • • x Dn. Then for a constraint C(s) of CS we mean a constraint on a 
schemee s of X, that is a subset of D [s\. In the limit, D [s]  is a CS constraint as 
well;; i.e., the universal constraint on s. 

6.2.11 Atomic Formulas 

Thee user of a database will often query the database to select information that 
matchess some criteria: for instance, the database could store bibliographical data, 
andd the user, a librarian, could be interested in selecting all books in a category 
thatt were published before or after a certain year. Such criteria are usually 
expressedd through numerical formulas such as 2 < 3, meaning that every value in 
thee second column must be less than the one in the third column that is in the 
samee row. 

Wee use something similar to formulas like 2 < 3 for defining functions for 
constraintt propagation in Chapter 4: for instance, functions for HAC-4 (see Sub
sectionn 4.2.3) are defined through a selection operation such as 

selselXi=aXi=aR(s) R(s) 

thatt extracts all tuples d from R(s) for which the equality d [xi]  — a holds. The 
followingg definition then aims at characterising the basic formulas, such as x,- —a, 
thatt are used to express criteria for selecting data from CSP domains. 

DEFINITIONN 6.2.1. 
(i).(i). Consider a constraint system CS :— (X,D) with variable scheme X :— 
(xi , . . . ,, xn) and domain D :— D\ x • • • x Dn. The set of CS atomic formulas is 
definedd as follows: 

•• t = d and t ^ d are atomic formulas for each scheme, scheme t of X and 
tuplee d e D [t}; 
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•• t E S [t]  is an atomic formula for each scheme t of X and constraint S(t) of 
CS; CS; 

•• nothing else is an atomic formula. 

(ii).(ii).  Consider a scheme s of X, a scheme t of s, and assume that C(s) is a 
constraintt of CS on the scheme s. Given a tuple e € C(s) and an atomic formula 
off the form t = d, we say that C(s) satisfies t = d in d if e [t]  — d; similarly, C(s) 
satisfiess £ / d in e if e [i] 7̂  d; it satisfies £ € S in e if e [t]  E S. 
(Hi).(Hi). A CS formula ip(t) is an atomic formula or a finite conjunction of CS 
formulas:: i.e., 

n n 

wheree each ipi(ti)  is an atomic formula and t is the join U"=1 U. If C(s) is a 
constraintt of CS and t is a scheme of s, then C(s) satisfies tp(t) in e € C(s) if it 
satisfiess each atomic subformula V»(£«) °f ^(*) m e-

Thee definition of conjunctive formula is not, loosely speaking, necessary if 
wee do not mind the order in which elements are selected: in this case, its effect 
cann be obtained by composing a finite number of basic functions, as defined in 
Subsectionn 6.2.2 below. However, conjunctions of atomic formulas are useful to 
introducee derived formulas such as the following, which is itself a convenient 
shorthand:: given a scheme s of X, a finite number of schemes tj, ...,£& of s, and 
tt equal to the join of these, put 

tt C D [s]  := ti e D [s]  A • • • A tk G D [s] . 

Noticee also that, if 5" is a finite constraint over s, i.e., 

SS = {di,...,dn}, 

thenn the formula t E S [t]  is equivalently rewritten as the conjunctive formula 

tt = dx [t]  A • • • A t = dn [t]. 

Hence,, if S is as above, we can also introduce the following shorthand 

too denote the finite conjunction t / d\ [t]  A • • • A t ^ dn [t]. 
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6.2.22 Basic Functions 

Inn what follows, we assume that a constraint system CS :— (X,D) is given. 
Ass usual, D denotes the domain D\ x • • • x Dn and D [s]  the domain over the 
schemee s. Constraints and domains over CS are denoted by the letters R or S, 
withh additionally superscripts. At this point, we can distinguish a number of 
effectivelyy computable basic functions over CS as follows. 

Union.Union. Set-union of R and S over the same scheme s. 

Join.Join. Let R be over the scheme s and R' over the scheme t. The join of R and 
5,, denoted by RMS, is a relation over the scheme sUt defined as follows: 
ee G RMS iff there exists d € R and d' € R' such that d(s) — e(s) and 
d'(t)d'(t) = e{t). 

Projection.Projection. Given R over s and a subsequence t of s. the projection Ht{R) of 
i?? over t is the set of tuples d for which there exists e e R and e [t]  — d. 

UniversalUniversal selection. Consider a CS constraint R(s) and a CS formula i/'fi), 
forfor t a subscheme of s. Then \fsel^R is the subset of all i? tuples d such 
thatt d[£] satisfy ip(t). 

ExistentialExistential selection. Consider a CS constraint R(s) and let ip(t) be a CS 
formula,, for t subscheme of s. Then 3sel^R is either a singleton {d} for 
dd € R such that d [t]  satisfies ijj(t),  or the empty set if no tuple in R satisfies 

6.2.33 Constraint Propagation Functions 

Thee set of constraint propagation functions over CS is the smallest inductive set 
off functions that contains the basic functions and is closed under composition. 

Simplee examples are the difference function and the Cartesian product. 

EXAMPLEE 6.2.2. 

Intersection.Intersection. Set-intersection of R and 5, over the same scheme s, is defined 
byy means of the join operation: R n S :— R M S'. 

Difference.Difference. Consider two finite constraints R and S over the same scheme s. 
Thenn the difference of R and 5, denoted by R — S, is VselsgsR-

CartesianCartesian product. Let R be over s and S over s' such that s and s' are disjoint 
schemes.. Then RxS is the join of i? and 5: i.e., RMS. 

Thee two relations in Example 6.2.2, finite difference and Cartesian product, are 
obtained,, by means of composition, from basic constraint propagation functions. 
Thee following example proposes a constraint propagation function that is instead 
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generatedd from a derived constraint propagation function, i.e., the Cartesian prod-
uct. . 

EXAMPLEE 6.2.3. 

CartesianCartesian •product operator. Given two constraint propagation functions ƒ 
andd g, let ƒ xg be the function defined as 

fxg{R,S):=f(R)xg(S) fxg{R,S):=f(R)xg(S) 

forr every R and S. Then ƒ xg is the Cartesian product of ƒ and g. 

6.33 Functions for  SCSPs 

Inn Chapter 5, we surveyed some constraint propagation algorithms for soft con-
straints.. The definition of basic functions for those algorithms is complicated by 
thee presence of preference structures as c-semirings. 

AA  c-semiring constraint system CS carries over the c-semiring structure *S := 
(S,(S, <s, x, J_, T) used to define soft constraints, see also [BMR97]: 

CS:={X,D,S), CS:={X,D,S), 

wheree X and D are as in the classical case. As for the rest, we follow the 
conventionss introduced in Section 5.2, and define a soft constraint ofCS as a soft 
constraintt on a scheme s of X, that maps D [s]  into the c-semiring universe S. 

InIn Section 5.5, it is shown how a number of soft constraint propagation al-
gorithmss employ different functions from, in our terminology, the semiring based 
functionss (see Definition 5.4.12). Those functions are strictly dependent on the 
specificc c-semiring structure adopted, or depend on some extensions of it, see Sub-
sectionn 5.5.2. Therefore, it is rather difficult to provide a sufficiently general 
definition,, unless the c-semiring framework is replaced by a more general struc-
ture;; such as universal algebras, with a lattice structure on the underlying uni-
verses,, [GenOla]. 

6.3.11 Soft Constraint Propagation Functions 

Heree we limit ourselves to summarise the basic functions used for soft constraint 
propagation,, without any pretence of completeness. 

Union.Union. Given two constraints R and S over the same scheme s, the union of R 
andd S is the constraint on s defined as follows: RuS(d) — R(d) V S(d), for 
eachh d E D [s]. 
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Join.Join. Let R be over the scheme s and R' over the scheme t. The join of R and S, 
denotedd by RMS, is a relation over the scheme r : = s Ui defined as follows: 

RMS(e)RMS(e) = R(e) x 5(e), 

forr every e £ D[r];  see p. 92. 

Projection.Projection. Given R over s and a subsequence t of s, the projection nt(/?) of 
RR over £ is the function from D [s]  to the c-semiring universe S that maps 
eachh d € D[s] to the c-semiring value \/ {e £ D[s] : e [t]  — d}; see p. 92. 

Itt is also possible to generalise, to some extent, the operations of selection from 
thee classical to the soft case. We do it as below and then explain how these could 
bee useful in the design of constraint propagation or solving algorithms for SCSPs. 

Firstt of all, notice that universal selection amounts to assigning T to all the 
tupless for which a certain formula holds true; and implicitly assigning _L to all the 
otherr ones. On the other hand, existential selection returns T only to the first 
tuplee that is found to satisfy a certain formula; JL to all tuples if none satisfies the 
formula.. However, a c-semiring offers us more than two values. Thus, we modify 
thee definition of CS formulas in Definition 6.2.1 as follows. 

DEFINITIONN 6.3.1, 
(i).(i). Consider a constraint system CS :— (X,D,S) with variable scheme X := 
{xi,...{xi,...,, xn) domain D := D\ x • • • x Dn, and c-semiring S. The set of CS atomic 
formulasformulas is defined as follows: 

•• t — a and t < a are atomic formulas for each scheme t of X, tuple d £ D [t] 
andd c-semiring value a; 

•• t ^ a and t > a are atomic formulas for each scheme t of X, tuple d € D [t] 
andd c-semiring value o; 

•• nothing else is an atomic formula. 

(xi).(xi). Consider a scheme s of X, a subsequence t of s, and assume that C :— C(s) 
iss a soft constraint of CS on the scheme s. Given a tuple e € D(s) and an atomic 
formulaa of the form t — a, we say that C satisfies t = a in e if ïlt{C{e)) = a; 
similarly,, C satisfies t ^ a in e if Ilt(C(e)) ^ a; it satisfies t < a in e if IIt(C(e)) < 
a,, and t > a in e if IL_(C(e)) > a. 
(in).(in). A CS formula ïft(t) is an atomic formula or a finite conjunction of CS 
formulas:: i.e., 

71 1 

4>{t)4>{t) :=/\il>i{U) 
ii  = \ 

wheree each tpi(U) is an atomic formula and t is the join [X=1U. If C(s) is a 
constraintt of CS and t is a subsequence of s, then C(s) satisfies ^(t) in e E C(s) 
iff it satisfies each atomic subformula ^i(U) of ip{i) in e. 



6.3.6.3. Functions for SCSPs 121 1 

Notee that we choose a local definition of satisfiability: we evaluate ^?(t) true in 
C(s)C(s) and a tuple e E D(s). Other choices are possible: for instance, we could 
definee satisfiability with respect to C(s) and the maximum value returned by 
C(s)C(s) on D [s], i.e., by using the projection function n( on the whole domain D [s\. 
However,, this local definition of satisfiability is sufficient to characterise a univer-
sall  selection function for soft constraints as a generalisation of the corresponding 
functionn for classical constraints. 

UniversalUniversal selection. Consider a relation R(s) and a CS formula ijj(t),  for t a 
subschemee of s. Then V_se/^i? is defined as follows: for each d 6 D[s\, 

.. «/ ,v I R{d) if R satisfies tb in d, 
selselttR{d)R{d) = { 

II  otherwise. 

Thee definition of selection could be more general: for each c-semiring value a, 
wee could have a selection function V_se^,a that maps each tuple d that does not 
satisfyy ip to a. 

6.3.22 On Optimal Strategies 

Att this point, let us revisit the definition of solution constraint for an SCSP 
P:=P:=  (X,D,C), cf. p. 92: 

5oZ(P,s) :=nsM C epC, , 

Supposee that the user queries a soft constraint system and only wants to retrieve 
allall  those tuples d € D [s]  from the system for which Sol(P,s) > o, where a is a 
certainn preference value in the c-semiring universe, that the user chooses. Then 
V_seZs>a,, applied to Sol(P,s), will return the user only those tuples to which 
Sol(P,Sol(P, s) assigns a value greater than a. 

Incidentally,, notice that the above method for computing solutions does not 
seemm highly efficient: in fact, first we have to compute M, then II and, only 
afterwards,, select those tuples. A better choice would be to apply a selection 
functionn as soon as possible, that is before applying txi. But then M would return 
aa constraint on X, the scheme of the CSP P, that assigns J_ to all the tuples 
inn the domain D. The situation can be remedied by adopting the more general 
definitionn of selection so that this assigns to each tuple, that do not satisfy a 
formula,, the maximum value T of the c-semiring. 

Itt would be interesting to see whether this abstract view on constraint prop-
agationn and solving functions could be useful to tackle optimisation tasks, as in 
thee above case: 

•• which function is it better to apply first to satisfy the user's query in an 
"economic"" manner from the viewpoint of computations? 



122 2 ChapterChapter 6. Constraint Propagation Functions 

Finally,, a soft generalisation of existential selection can be given as in the case 
off  the universal selection function; we let the reader spell out the details. This 
functionn could be applied, for instance, whenever a user wants to retrieve only a 
solutionn that satisfies a given formula, and not all of them. 

6.44 Conclusions 

6.4.11 Synopsis 

Inn Chapter 3, a template for constraint propagation algorithms is proposed: that 
iss the SGI algorithm schema, which iterates functions according to a certain strat-
egy.. The present chapter collects the functions used for constraint propagation, 
inn both the crisp and soft case, in a homogeneous setting; the class of functions 
inn SGI iterations is thus restricted to those that are actually traced in constraint 
propagationn algorithms in Chapters 4 and 5. 

Also,, this digest highlights that a number of operations are common to con-
straintt propagation algorithms and to languages for manipulating data in rela-
tionall  database systems. We briefly elaborate on this issue as below. 

6.4.22 Discussion 

Thee theoretical analysis of constraint propagation algorithms, proposed in this 
chapterr and in Chapter 3, can immediately be used for optimisation tasks. Query 
optimisationn is already a well explored topic in the database community. Most 
optimisationn strategies involve transforming algebraic expressions; for instance, 
iff  two operations commute, then the order in which these are applied is not 
relevant;; therefore, the optimal sequence of applications is obtained by applying 
firstt the least expensive operation. We encounter something similar in Chapter 3: 
aa number of properties of functions, such as stationarity or commutativity, are 
provedd to optimise the performance of the basic SGI schema; these properties are 
tracedd in a number of constraint propagation algorithms in Chapter 4. 

Therefore,, a closer investigation of the similarities and differences between the 
twoo worlds, that of constraint algorithms and that of database query languages, 
appearss to be promising for optimisation tasks. The fact that there is a common 
language,, that of operations on relations as explained in this chapter, helps to 
clarifyy further the connections between database theory and CSP algorithms, and 
shouldd help in transferring the acquired knowledge and the developed strategies 
fromm one field to the other. 

Inn [VarOO], the author showed how certain classes of finite CSPs can be re-
duced,, in polynomial time, to Datalog programs or view-based query answering, 
andd vice versa; notice that, there, the aim is to identify tractable classes of CSPs; 
nott to analyse the behaviour of each single algorithm, as instead we do. Also, 
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thee analyses in [GLS99] have the same objective as those of [VarOO]. However, 
thee theoretical analysis of constraint propagation algorithms, proposed in this 
chapterr and in Chapter 3, could also help in this respect. 

Inn the following part, relations continue to be the protagonists of this the-
sis.. Relations and relational structures are in fact at the basis of modal logics; 
thesee make use of restricted formal languages for describing relations and rela-
tionall  structures: loosely speaking, properties of these are expressed as theorems 
off  modal logics. Thus we shall also see how constraint programming, which ma-
nipulatess relations, can be used for automated theorem proving in modal logics. 
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Partt  I I 

Diamondd Satisfaction 

"Niente"Niente affatto ", disse il  secondo, "la virtü sta nel 
mezzo".mezzo". ("Not at all", said the second, "virtue is 
mostt often found in the middle of the road".) 
G.. Rodari, Vecchi Proverbi, from Favole al Tele-
fono,fono, Einaudi, 1971. 

Afterr five chapters devoted to CSPs and efficient reasoning on them, we change 
tackk quite drastically. This part of the thesis is concerned with automated the-
oremm proving in modal logics. The standard relational translation of modal lan-
guagess into first-order languages is introduced in Chapter  7. Then its refinement, 
calledd the "layered translation", is presented in Chapter  8, and proved to pre-
servee satisfiability in the case of basic modal logics. In Chapter  9, we see how 
thee same semantic intuitions which motivate the layered translation give rise to 
constraintt satisfaction solvers for basic modal logics. So in the end we return to 
constraintss and CSPs after all. 

Chapterr 2 and the introduction to Section 4.2 are needed for the comprehen-
sionn of Chapter 9. The following diagram summarises the dependencies of the 
chapterss or sections in this second part, and their dependencies on some material 
inn Part I (see the dotted box). 

Chapterr 2, 
Sectionn 4.2 





Chapterr  7 

Modall  Logics 

7.11 Introductio n 

7.1.11 Motivation s 

Modall  logic [BdRVOl] was originally conceived as the logic of necessity and pos-
sibility.. Indeed, for many years modal logic was viewed as an extension of propo-
sitionall  logic by the addition of the modal operators O (possibly) and D (nec-
essarily).. To some extent this picture is still valid and useful. For instance, in 
thee branch of modal logic that is known as epistemic logic, the modal language is 
usedd to reason about the knowledge of an agent. Under this reading, U<f) stands 
forr "the agent knows that 0". 

Butt over the past decade or so, the picture has changed, or rather, broadened 
considerably:: modal logic has developed into a powerful discipline on the interface 
off  computer science and mathematics that deals with restricted logical languages 
forr talking about various kinds of relational structures (see [AreOO]). Let us elab-
oratee on this. First, relational structures (that is, sets equipped with relations 
onn them) are to be found just about everywhere. For example, in computer sci-
ence,, we use labelled transition systems (LTSs) to model program executions, 
butt an LTS is just a set (the states) together with a collection of binary relations 
(thee transition relations) that model the behaviour of programs [HROO]. Second, 
modall  languages are restricted languages because they talk about relational struc-
turess in a special way: modal formulas are evaluated locally, at a particular state, 
andd only the states that are linked to the current state through a relation may 
bee explored. Because of such restrictions, many modal logics end up being frag-
mentss of first-order logic. Moreover, they often end up being decidable fragments 
off  first-order logic. The decidability of many important modal systems stems 
fromm the step-by-step way that modal formulas are evaluated. More generally, 
thee latter helps to explain why many modal logics enjoy the so-called tree model 
property:property: if a formula has a model, it has a model that looks like a tree. The tree 

127 7 



128 8 ChapterChapter 7. Modal Logics 

modell  property has become a key tool in establishing decidability and complexity 
resultss for modal languages [Gra99, Var97]. And as we shall see below, a very 
strongg form of the tree model property can be used to devise practical algorithms 
forr modal languages — but this is running ahead of things. 

Wee have to address another issue first: what do constraints and constraint 
propagationn have to do with modal logic? Sitting, as it does, between first-order 
andd propositional logic, two natural strategies suggest themselves for reasoning 
withh modal logic: 

•• constrain first-order methods so that they become decision procedures for 
modall logics, 

•• boost propositional reasoning methods so that they fit modal languages. 

Inn this part of the thesis, we follow both strategies. More specifically, in Chapter 8, 
wee follow the first strategy when we exploit the stepwise way of evaluating modal 
formulas,, and use it to devise a new translation from the modal language into a 
highlyy constrained fragment of first-order logic. We provide ample experimental 
evidencee to show that this translation into a fragment of first-order logic yields 
significantt improvements in processing times. 

Then,, in Chapter 9, we follow the other strategy: boosting propositional meth
odss to make them work for modal languages. Various computational problems 
havee been solved by reformulating them as propositional satisfiability (SAT) prob
lems.. Even problems for higher complexity classes than SAT can be efficiently 
solvedd by reformulating them as (a sequence of) SAT problems. This is what 
wee do: to solve the modal satisfiability problem we reformulate it as a sequence 
off SAT problems, and each of those SAT problems is then reformulated as a 
constraintt satisfaction problem — see also Subsection 2.3.2. 

7.1.22 Outlin e and Structur e 

Thee present chapter introduces the non-expert reader to the basics of modal 
logics.. In Section 7.2, we briefly touch on modal languages, the basic modal 
logicss and their semantics, as needed for the comprehension of the remaining two 
chapterss of this thesis. We only assume from the reader a working knowledge 
off propositional logic, so to speak. Section 7.3 treats the standard relational 
translationn from modal to first-order languages; as for the latter languages, it is 
sufficientt to know them as extensions of propositional languages through variables 
andd quantifiers, relation and function symbols. 
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7.22 Background 

7.2.11 Modal Languages 

Formulass of a unimodal language are built up from proposition letters p, using 
thee propositional operators -i. V, A and the modal operators O and • . Formally, 
lett P be a set of proposition letters, that we usually denote as p or q, or possibly 
thesee with indices. So, consider all sets B of finite strings of modal operators, 
propositionn letters and operators, that enjoy the following properties: 

1.. PQB; 

2.. if <f>  belongs to B, then so does ->0; 

3.. if <f>  and I/J belong to B, then so do ip A 0 and ijj  V </>; 

4.. if <f>  belongs to B, then so does 0<p. 

Thenn the unimodal language AiC(P) is the smallest (with respect to subset in
clusion)) of such sets. We denote formulas of M.C{P) by means of Greek alphabet 
letters,, usually (j) and ip. 

Thee dual of the box operator • , namely the diamond operator O, is introduced 
ass an abbreviation: i.e., 0<f>  stands for -*0-xf>, for every (j) in M.£(P). 

Lett Index be some index set. Formulas of the multimodal language denoted by 
M.M.C{Index,M.M.C{Index, P) are built up, as in the unimodal case, from proposition letters, 
byy using V, A as above, and modal operators • , , for i £ Index. 

Sincee the extension to the multimodal language is often straightforward, we 
usuallyy state definitions and results for the unimodal language, and only sketch 
thee corresponding ones for the multimodal case. 

7.2.22 Modal Models 

ModelsModels for MC(P) are structures of the form M — (M, R, V), where: 

•• W is a non-empty domain, 

•• R is a binary relation on W, 

•• V is a function from P into the power set p(W). 

Thee elements of W are often referred to as states or worlds. They are supposed 
too represent the states/worlds in which a proposition p holds true. 

Inn fact, truth is defined relative to a state in a model, following the classical 
interpretationn of propositional operators. The important case is given by formulas 
withh modal operators. Formally, consider a model M. and a world w E W. Then 
wee write A/, w \= 4>, and read it as .M satisfies <f>atw,\ïï the following is true: 



130 0 ChapterChapter 7. Modal Logics 

1.. in case 0 is p € P, w G K(p) holds; 

2.. in case 0 is ->-0, jVf, iu |= ift holds; 

3.. in case 0 is fa V fa, M, w (= ^ or A4, w |= ;̂2 hold; 

4.. in case 0 is fa A fa, both M, w \= fa and jVf, w \= fa hold; 

5.. in case 0 is D^, for any v G W, we have that either Rwv does not hold or 
M,,vM,,v f= 0 does. 

Formulass of the form Oip are interpreted dually: 

M,M, w (= Oi/-' iff there exists v € A/ such that M., v (= 0 and 7?U>Ü. 

Modelss for MMC(Index, P) are structures of the form 

(W,{if cc : i G index}, V), 

onn which modal operators Dif for i G Index, are interpreted using the associated 
binaryy relation i?i, marked by the same index i € Index. 

AA natural generalisation of the above definition is that of satisfiability of 0 in 
aa model M. for the language of 0: the modal formula 0 is satisfiable in the model 
MM,, or the model satisfies 0, if 0 holds true at some world of M. The formula 0 
iss satisfiable if there exists a model, for the language of 0, that satisfies 0. 

Thee notion of unsatisfiability is then derived in the obvious manner. 

7.2.33 Basic Modal Logics 

Att this point, we have seen both modal languages (see Subsection 7.2.1) and 
structuress for interpreting those languages, namely models (see Subsection 7.2.2). 
Thee next step consists in defining logics in those languages, and see if and how 
eachh is the perfect counterpart of some class of models: i.e., if soundness or 
completenesss holds for the logic with respect to a certain class of models. In the 
remainderr of this subsection, we introduce the non-expert reader to basic modal 
logics,, and state their soundness and completeness with respect to the class of 
alll  models; we refer those interested in a complete introduction to modal logics 
too [BdRVOl]. In what follows, we only assume some basic knowledge of logics like 
propositionall  logic: i.e., the notion of tautology, axiom and inference rule. 

Wee start with the basic unimodal logic, as in the following definition. 

DEFINITIONN 7.2.1. Given a unimodal language MC :=  MC(P), the basic modal 
logiclogic K in M.L has the following set of axioms, where ip, 0 and 6 range over all 
thee modal formulas in MC: 

(PI).. 0 - ty -> 0); 
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(P2).. ( 0 - ^ ) -> ( - ^ - - t f ) ; 

(P3).. (*  -> (tf ->*) ) - ((</> ->* ) - > (V> - *)) ; 

(K l ) .. D(^>-» )̂ -> (D<£-+D^). 

Thee inference rules of K" are as follows: 

(MP).. 0 , 0 - > ^ ; 

(NEC).. 0/O0. 

Ann /AC formula <ƒ> is a K theorem if it is either an axiom of the above form, or 
iss obtained by applying one of the rules MP or NEC to K theorems. 

Iff  <p is a K theorem, then we write \~K <P or simply h <f>. 
Thee definition for K(Index) is analogous to the above one, the only difference 

beingg in the language: all the K axioms and rules come with indices. 
Ass stated at the opening of the present part, we are interested in automated 

theoremm proving. In this setting, a strategy to prove that a formula is a theorem 
off  a logic appeals to the related semantics: the prover has to derive that the 
negationnegation of the formula is unsatisfiable. Hence, if the logic is sound and complete 
withh respect to its semantics, this strategy allows us to test whether a formula 
iss or is not a theorem of a logic. As far as basic modal logics are concerned, 
soundnesss and completeness hold as follows. 

THEOREMM  7.2.2. 
i.. A unimodal formula is a theorem of K iff its negation is unsatisfiable. 
ii .. A multimodal formula is a theorem of K(Index) iff its negation is unsatisfi-
able.able. D 

Forr a proof of Theorem 7.2.2, the reader is invited to consult [BdRVOl], 

7.2.44 Examples 

Noww that we have introduced some basic formal machinery for modal logic, let 
uss return to the informal discussion in Section 7.1, and provide some examples to 
complementt it with. 

Recalll  that in epistemic logic, •</» is read as "the agent knows that 0" and 
forr that reason one often writes K(j>  in stead of Ü0. Given that we are talking 
aboutt knowledge in epistemic logic (as opposed to, say, belief or rumour), it seems 
naturall to view all instances of D0 —• 0 as true: if the agent really knows that 0, 
thenn <j>  must hold. On the other hand (assuming that the agent is not omniscient) 
wee would regard 0 —• K<j>  as false. 
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Wee pointed out, in Section 7.1, that labelled transition systems are an espe-
ciallyy important kind of relational structures, and, hence, of modal models. They 
aree typically described using temporal logic, where one has modal operators [G] 
andd [H].  The intended interpretation of a formula [G]0 is "<̂> is always going to be 
thee case", and the intended interpretation of [H](f>  is "0 has always been the case". 
Wee can express many interesting assertions involving time with this language; for 
instance,, we could use request{ —>• -i[G]ignoredi to say that, whenever resource i 
iss requested, it is eventually granted. 

Researcherss developing formalisms for reasoning about graphs have sometimes 
comee up with notational variants of modal logic. For example, computational lin-
guistss use Attribute-Value Matrices (AVMs) for describing feature structures (di-
rectedd acyclic graphs that encode linguistic information). Here is a fairly typical 
AVM: : 

PERSONN 1st 
NUMBERR plural 

CASEE dative 

AGREEMENT T 

Butt this is just a two dimensional notation for the following modal formula: 

(AGREEMENT)((PERSON)) !s£ A (NUMBER) plural) A (CASE)dflt*t;e. 

Similarly,, researchers in artificial intelligence needing a notation for describing and 
reasoningg about ontologies developed description logic. For example, the concept 
off  "being a free-lance musician" is true of any individual who is a musician and 
iss employed by someone who organizes a birthday party. In description logic we 
cann define the latter concept as follows: 

musiciann l~l ^employer.organizer. 

Butt this is simply the following modal formula lightly disguised: 

musiciann A(employer)organizer. 

Thee links between modal logic on the one hand, and feature and description logic 
onn the other, are far more interesting than these rather simple examples might 
suggest;; see [BdRVOl] for details and references on these connections. 

7.33 The Standard Translation 

Ass we pointed out in the introduction to the present chapter, modal languages 
cann often be mapped into fragments of suitable first-oder languages. To make 
thiss annotation precise, we need some basic definitions. 

Thee begin with, the vocabulary of the first-order language FO(P) has a unary 
predicatee symbol P for each proposition letter p in P, and a single binary relation 
symboll  R. Instead of a single binary relation symbol, the vocabulary of the first-
orderr language TO{lndex, P) has a binary relation symbols Ri for each i 6 Index. 
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DEFINITIONN 7.3.1. [vB83] The standard relational translation ST(4>) of unimodal 
formulass into first-order formulas of TÖ(P) is defined as below. In what follows, 
lett x and y be distinct individual variables: 

STSTxx(p) (p) 
STSTxx(^<f>) (^<f>) 

STSTxx{(f>A^) {(f>A^) 

STSTxx(cj>ViP) (cj>ViP) 

STSTxx(0<f>) (0<f>) 

STSTxx{n4>) {n4>) 

==  P(*), 
== ^STX{4>1 

==  STx(<t*)ASTx(iP), 

==  STx(<t>)VSTx(iP), 

==  3y{RxyASTy(4>)), 

==  \/y(^Rxy\/STy{<t>)). 

(7.1) ) 
(7.2) ) 

(7.3) ) 
(7.4) ) 

Thee translation ST is defined to be STx for a generic individual variable x. 

Thee above is easily extended to a translation taking multimodal formulas into 
J-'ÖJ-'Ö]]  (Index, P), by means of the relation symbol Ri instead of R in the translation 
off  the operators Oj and Dj, for i € Index. 

NOTEE 7.3.2. In (7.1) and (7.2), P is the unary predicate symbol corresponding to 
thee proposition letter p. Observe how (7.3) and (7.4) reflect the truth definitions 
off  the modal operators. 

Ass a consequence of Note 7.3.2, models for the unimodal language MC(P) and 
thee multimodal language MMC(Index, P) can be recast as structures for the 
correspondingg first-order languages !FO(P) and TÖ(Index, P), respectively. To 
interprett the unary predicate symbols, we look up the values of the corresponding 
propositionn letters in the valuation. 

EXAMPLEE 7.3.3. 

•• The unimodal formula D(->p V Op) translates into the first-order formula 
Vt// {^Rxy V (-^Py V 3z (Ryz APz))). 

•• The multimodal formula Dj(-ipVOfcp) translates into the first-order formula 
V?// {^Rixy V {-^Py V 3z (Rkyz A Pz))). 

THEOREMM 7.3.4 ([vB83]). A modal formula is satisfiable iff its standard rela-
tionaltional translation is. 

Thee above result effectively embeds the modal languages considered here into 
first-orderfirst-order languages, and paves the way to deciding modal satisfiability by first-
orderr means, as explained in Subsection 8.2.2. 
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7.44 Conclusions 

Thee standard translation from modal to first-order languages, devised in [vB83], is 
att the base of correspondence theory: in this setting, the translation is conceived as 
aa first step in the study of the expressivity of modal languages for describing both 
modelss and the relational structures models are based on, namely frames. Thus 
thee standard translation is devised to preserve satisfiability, as quoted above, and 
alsoo satisfiability at every world of certain relational structures, that is validity 
withh respect to classes of frames. 

Ass we prove in Chapter 8, our translation preserves satisfiability, but not 
validity.. Our aim is to make use of automated theorem provers to decide whether 
aa modal formula is a theorem of a certain modal logic or not. For this task, 
preservingg satisfiability is sufficient, due to the soundness and completeness of 
thee logics we are interested in, see Subsection 7.2.3. Given this, the goal of our 
translationn becomes to convey information that boosts automated theorem proving. 
Therefore,, our translation aims at preserving the structure of the original modal 
formula,, as much as possible, and encoding semantic properties of basic modal 
logicss that are computationally relevant, loosely speaking. Chapter 8 explains 
howw this is achieved. 
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Thee Layered Translation 

8.11 Introductio n 

8.1.11 Motivation s 

Thee need for efficient automated reasoning methods for modal logics is increas-
inglyy being felt in areas such as knowledge representation, reasoning about pro-
grams,, and reasoning systems for autonomous agents [AreOO, WasOO]. We can 
identifyy at least four general strategies for modal theorem proving: 

1.. develop purpose-built calculi and tools, like tableaux systems; 

2.. translate modal problems into automata-theoretic problems, and then adopt 
automata-theoreticc methods to obtain answers; 

3.. translate modal problems into first-order problems, and use general first-
orderr tools; 

4.. build dedicated solvers for modally quantified formulas on top of solvers 
forr propositional formulas; for instance, in [Seb97, GSOO], a tableux-based 
proceduree for modal logic is built on top of the Davis-Logemann-Loveland 
proceduree for the propositional component, known as DPLL or DP in the SAT 
communityy — where the letter P stays for Putnam. 

Thee advantage of indirect methods such as (2), (3) and (4) is that they allow 
uss to re-use well-developed and well-supported tools instead of having to develop 
neww ones from scratch. 

Inn this chapter, we focus on the third option: translat ion-based theorem prov-
ingg for modal logics, where modal formulas are translated into first-order formu-
lass and reasoning problems are to be fed to first-order provers. Our starting 
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pointt is the standard relational translation introduced in Section 7.3. First-
orderr theorem provers perform poorly on the standard outputs of this transla-
tionn [ONdRGOl, HS97]. To overcome this, very sophisticated decision procedures 
havee been developed [dNdR02] together with alternative translations [ONdRGOl]. 

Ourr proposal in this chapter consists in a simple refinement of the standard 
relationall  translation that allows us to encode additional modal information. In 
fact,, this new translation centres around a strong form of the tree modal property, 
whichh is often identified, nowadays, as one of the main reasons for the good 
computationall  behaviour of those modal logics that enjoy it (see [Gra99, Var97] 
andd also Section 8.3 below): a modal formula is satisfiable (or more precisely: 
K(Jndex)-satisfiable)) if and only if it is satisfiable at the root of a model based 
onn a tree. 

8.1.22 Outline 

Wee divide the material of this chapter in two main parts. First, we propose our 
neww translation of modal formulas. Our translation results from the composition 
off  the standard relational translation and a translation that maps modal formulas 
intoo an intermediate multimodal language. It is in this intermediate multimodal 
languagee that we first encode the semantic property known as the tree model 
propertyy — this fact is also used in Chapter 9. This semantic information is then 
partiallyy encoded by the relational translation into the layered fragment: i.e., the 
first-orderr fragment that is carved out by the new translation. This fragment 
iss contained in the one identified by the standard translation; more precisely, 
thee former fragment is strictly contained in the latter in the case of multimodal 
languages. . 

Inn the second part of the present chapter, we show how to use a first-order 
theoremm prover on the first-order fragments identified by the standard translation 
andd the new one, respectively. The theorem prover SPASS is used to perform the 
experimentall  comparison between the outcome of the two translations: hence the 
analysiss of the comparison results, that we illustrate in Section 8.5, highlights 
thatt SPASS performs up to several orders of magnitude better on the outcome of 
thee new translation than on the standard one, in terms of both memory space 
andd execution times. 

Thee encoding of formula layers, carried over by our translation, is the key 
factorr behind the improvement in performance: it is this encoding that allows us 
too partially exploit the tree-model property of K(Index) at the purely syntactic 
levell  of the theorem proving process. 

8.1.33 Structure 

Thee chapter is organised as follows. In Section 8.2, we provide the base infer-
encee rules behind first-order theorem proving, as this is used then in Section 8.5: 
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i.e,, propositional and first-order resolution. Then Section 8.3 is devoted to the 
so-calledd tree model property of basic modal logics. That property is used in 
Sectionn 8.4 to define our refinement of the standard translation from modal into 
first-orderr logics. In that section, we also introduce the layered fragment of first-
orderr logic, as carved out by the new translation. We then show, in Section 8.5, 
howw the theorem prover SPASS performs better on that fragment than on the full 
first-orderr fragment carved out by the standard translation. We conclude this 
chapterr with Section 8.6. 

8.22 Modal Theorem Proving via the Standard 
Translationn and Resolution 

Resolutionn is at the core of most automated theorem provers for first-order logic. 
Itt is a refutation procedure, whose goal is to derive a logical contradiction from 
aa given formula. The basic rule applies to conjunctions of disjunctions, and is 
essentiallyy based on the following propositional tautology: 

MAA  (\J L V -.Af) -> \JL. 

Inn other words: the occurrence of both M and ->M as in the antecedent of the 
abovee formula is irrelevant with respect to the truth value of the overall formula. 
Thuss M and ->M can be safely removed. 

Inn what follows, we give a precise content to this brief introduction, as much 
ass space allows. We only assume the reader to have an idea of what substitutions 
andd variable renamings are. For a complete introduction to the topic, there are 
aa number of good texts in the literature: we refer the interested reader to [RV01] 
forr a comprehensive overview of automated reasoning methods, to [Lov78] for an 
introductionn to them, based on logics; to [Doe94] for a more logic-programming 
approachh to resolution, and to [Apt97] as its natural companion for the logic 
programmingg language Prolog. 

8.2.11 Propositional Resolution 

Beforee passing a propositional formula to a theorem prover based on resolution, 
thee formula has to be in "conjunctive normal form". This is essentially a conjunc-
tionn of disjunctions, where negations are pushed inwards. We provide a bit of 
terminologyy below, as it will be used over and over in the remainder of the thesis. 

AA propositional literal is either an atom, like p, or a negation of an atom, 
likee ->p. We shall mainly consider disjunctions of literals in the remainder of this 
chapter:: for instance, formulas like p V -<q. Literals of the form L and ->L are 
complementary. complementary. 



138 8 ChapterChapter 8. The Layered Translation 

Thee following definition is used over and over in the remainder of this thesis, 
thuss we highlight it as follows. 

DEF IN IT IONN 8.2.1. A propositional formula <p is in conjunctive normal form 
(CNF)) if it is a conjunction of disjunctions of literals. 

Forr instance: ->p A (->q Vp) is in conjunctive normal form, whereas ->(p Vg) Ap is 
not.. There is a standard procedure, based on the famous De Morgan tautologies 
off  classical logic 

-<(p-<(p A -up «-> ->(<£ V ip). ->4> V ->ip <-• - i ( 0 A ip), 

thatt reduces any given formula to its conjunctive normal form. In the above 
example,, the formula ->(p\/q) Ap is reduced to the equivalent formula -ipA->qAp. 

Literall disjunctions are transformed into the set of their literals, called clauses 
(thiss is the clausification process); for instance, p V ->q is reduced to {p, ->q}. 
Heree and in the following, we adopt the standard convention of representing a 
clausee without parentheses; for instance, {p, ->q} will be rewritten as p, q. Then 
aa conjunction of literal disjunctions is represented as a set of clauses. These are 
usuallyy represented as list. For instance, the formula ->p A (p V q) corresponds to 
thee clause set represented as the following clause list: 

1.. -.p, 

2-- p, q-

Thuss the binary ground resolution rule can be applied to a clause set and return 
aa clause set as displayed in the following. 

L,LL,LUU...... ,Ln ->L,L1?... ,L'm , 

AA derivation via (Res) of the empty clause from a given clause set C is a sequence 
off clause sets, each of which is either C or obtained from antecedent clause sets 
inn the sequence via (Res). 

Thiss simple rule is sufficient for determining whether a formula is a classical 
tautology,, due to the following result. 

T H E O R E MM 8.2.2. A propositional formula is unsatisfiable iff the empty clause 
cancan be derived from it by means of (Res). 

AA proof of the above statement can be found, for instance, in [Lov78]. 
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8.2.22 First-order  Resolution 

Thee first-order case is more complicated than the propositional one due to the 
presencee in the language of variables, function symbols and quantifiers. 

Lett us assume that the only logical symbols that occur in the formula <j>  are 
conjunction,, disjunction and negation; this is not a restricted assumption, since 
thee other logical symbols can be defined in terms of this. 

AA first-order formula like 0 is first reduced by pushing all negation symbols 
inwards,, and so obtaining its negated normal form. This is done by using the 
followingg classical equivalences: 

Vx00 <-> ->3-i0, 3x0 *r+  -iV-i0, 
->(f>->(f>  A -it/> <-> ->(0 V^) , - I ^ V - I ^ < - » - I ( ^ A ^ ) , 

Thenn the resulting formula is reduced to its Skolem form (there are different and 
equivalentt versions of this, see [dN94]). This amounts to substituting variables, 
boundd by only existential quantifiers, by new different constant symbols (i.e., not 
occurringg elsewhere in the formula). Moreover, each occurrence of an existential 
quantifier,, within the scope of n + 1 occurrences of universal quantifiers of the 
formm Vx0 • • • Vxn, results in the removal of the variables bound by the existential 
quantifier,, and their substitutions with new different function symbols, applied to 
thee variables bound by the universal quantifiers; e.g., f{x\,...,xn). The resulting 
formulaa is satisfiable iff the original formula is. 

Ass soon as a formula is in Skolem form, all universal quantifiers are moved 
leftwards,, renaming variables if needed; then all these universal quantifiers are 
removed.. For instance, \/x(Rx/\\/xSx) is equivalently transformed into VxVy(i?xA 
Sy),Sy), and then into Rx A Ry, where we implicitly read all variables as being 
universallyy quantified over. 

Finally,, the resulting formula is reduced to its conjunctive normal form (see Sub
sectionn 8.2.1), and this into a clause set as in Subsection 8.2.1. In the first-order 
case,, literals are atomic formulas or their negations. For instance, Rx, ^Ry and 
RxRx are first-order clauses; the set that contains both of them is a clause set. 

Thee resulting clause sets can be passed to the resolution rule for first-order 
logic.. However, the presence of universally quantified variables forces us to "unify" 
variabless in the resolution inference. For instance, Rx and ->Rc do not contradict 
eachh others propositionally. But remind that Rx is implicitly universally quanti
fiedfied over; thus Rx stands also for Re, so to speak; therefore the two clauses Re 
andd -iRx constitute a contradiction in first-order logic. Roughly speaking, the 
wayy we can put forward this contradiction is by interleaving propositional reso
lutionn steps and substitutions. In our example, first Rx would be instantiated 
too Re, and afterwards a propositional resolution step would infer a contradiction, 
byy generating the empty clauses. Put more precisely, we need to incorporate 
unification,, as defined below, in the first-order resolution inferences. 

Thee unification procedure by Martelli and Montanari, as quoted in [Apt97], 
returnss the most general unifier 9 of a set of terms. Initially, 0 is instantiated to 
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thee set containing t = s, where t and s are the given two terms to unify. Non-
deterministically,, an equation t = s is chosen from 8, and the associated action is 
performed: : 

1.. in case t = s is of the form ftx • • • tn = gsx • • • sm, then the procedure halts 
andd returns fa i lure if ƒ and g are two different function symbols; else 
mm = n and the procedure restarts with 6 equal to the union of (6 — {t = s}) 
andd the set {xi = yl,..., xn = yn}\ 

2.. in case t = s is x = s and x occurs elsewhere in 0, then each occurrence of 
xx in 9' := 9 - {s — t) is simultaneously substituted by s, and 8 is set equal 
too 9' U {x = s}: 

3.. in case t — s is x = s and x occurs in s, then the procedure halts and 
returnss fa i lure; 

4.. in case t = s is t = x, then E is set to (E - {s = i)) U {x = t}; 

5.. in case t — s is x = x, then remove it from 9. 

Thee same procedure is applicable with atoms in place of terms. In both cases, 
itit terminates (see [Apt97]) by producing either failure, or a most general unifier 
onlyy if it exists; this is unique modulo variable renamings. 

Resolutionn calculus, in the first-order case, can be cast in terms of two rules: 
resolutionresolution and factorisation. These embed unification and, if applied to a clause 
set,, each returns a clause set as displayed in the following: 

MM,...,LMM,...,L M;VX L>„  MM N>,. L 
LLlflfi,...,i,..., L'nfi, L[n,... L'mii Nfi, Li»,..., Ln/x

 v ' 

wheree fi is the most general unifier of the literals, respectively, in {M, ->M} 
andd {N, N }. The (Res') rule is applied to two clauses that have no variables in 
common.. This requirement of variable disjointness can be easily met by renaming 
variables,, if necessary. 

AA derivation via (Res') and (Fact) of the empty clause from a given clause 
sett C is a sequence of clause sets, each of which is either C or obtained from 
antecedentt clause sets in the sequence via (Res'). 

Again,, we have a result similar to the one in Theorem 8.2.2; see [Lov78] for a 
proof. . 

THEOREMM 8.2.3. A first-order formula is unsatisfiable iff the empty clause can 
bebe derived from it by means of (Res') and (Fact). 
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8.2.33 Challenging Cases 

Considerr the formula D(-.p V Op) of Example 7.3.3 again; that formula is clearly 
satisfiable,, for instance, on a model with only one world and no relations. Proving 
thiss in first-order logic, by means of resolution, amounts to showing that the set 
withh the following clauses is satisfiable: 

1.. -.fl(a,y), -P(</), R(y,f(y)), 

2.. -.*(<!, z), -P(*), P(ƒ(*)). 

Observee now that the above clauses have two resolvents: 

3.. -nfl(a,a), ^P(a), --P(/(a)), P{f{f(a))) 

4.. -rt(a, ƒ(*)), *(ƒ(*),ƒ(ƒ(*))) , "•*(«,*)• "^(*)-
Clausess 2 and 4 resolve to produce the following new clause: 

5.. ifl(o, ƒ(ƒ(*))), *(ƒ(ƒ(*)), ƒ(ƒ(ƒ(2)))), -fl(a, ƒ(*)), -A(a, ^), -P(*) . 
Clausess 2 and 5 resolve again to produce an analogue of 5, with even higher 
term-complexityy etc. None of the clauses is redundant and can be deleted; in 
thee limit our input set has infinitely many resolvents. This shows that standard 
resolutionn may not terminate in the case of clauses that result from the standard 
translationn of satisfiable modal formulas, even though the satisfiability problem 
forr basic modal logics is decidable — in non-deterministic space. 

Ann obvious question suggests itself: What went wrong in the above example? 
Moree precisely: Which features of the original modal formula get lost when clauses 
aree generated from the first-order formulas returned by the standard translation, 
thatt is instead needed by the above resolution based method to terminate? How 
cann we recover that information? 

Observee that, to obtain the resolvent in line 4, the unary P literals were 
resolvedd upon; these literals (or rather the modal operators in which scope the 
literalss are) occur at different modal depths in the original formula ü(p —• Op). 
Thuss this resolution step is pointless, from the perspective of modal logics like K: 
thee negative P literal derives from the D-operator, so this literal occurs at modal 
depthh 1; whereas the positive P literal is also bound by the O-operator, hence this 
literall occurs at modal depth 2. Unless we stipulate so, by means of additional 
axioms,, distinct modal depths are independent. A similar comment pertains to 
thee resolvent obtained in line 3, where again we resolved upon binary R literals 
thatt correspond to modal operators occurring in the formula at different modal 
depths. . 

Similarr examples as the above one, and the questions they pose triggered our 
refinementt of the standard relational translation. In [AGHdROO], the latter was 
refinedd by marking literals, with distinct modal depths, by means of syntactically 
distinctt indices. The mathematical justification is provided by a strong form of 
thee tree model property, as we explain below, in Section 8.3. 
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8.33 The Importance of Having Layers 

Thee example in Section 8.2.3 is interesting in many ways. Above all, it high-
lightss how the structure of the original modal formula gets lost in the standard 
translationn process from modal to first-order formulas in clausal form, and nat-
urallyy suggests how this information could help to avoid the flaws of first-order 
resolutionn in deciding the satisfiability of modal formulas. In fact, in our remark 
followingg the quoted example, we propose to consider "layers" of modal formulas 
ass key information to be retrieved and passed to the theorem prover. We explain 
preciselyy what we mean by layers and their use with respect to first-order theorem 
provingg in the remainder of the present section. 

8.3.11 Trees and Layers 

InIn what follows, S+ and S* denote the transitive and reflexive, transitive closure 
off  the relation S, respectively. 

DEFINITIONN 8.3.1. A rooted tree, or simply a tree is a relational structure of the 
formm T :— (T, S) that enjoys the following properties: 

1.. T, the set of nodes, contains a special node r e T, called the root; 

2.. the root r is the only node in T such that Vt eT (S*rt); 

3.. every element of T, distinct from r, has a single S predecessor: that is, 
Vtt € T(3s G T A Sst A W e T(Ss't -+ s' = t)): the root has no S 
predecessors; ; 

4.. S+ is acyclic: i.e., Vt 6 T(^S+tt). 

AA path in a tree T is a finite sequence of T nodes of the form s := {U : i <n) 
suchh that St{ti+i holds for every two adjacent nodes U and ti+i  in the sequence 
andd tQ is the root r of T. The length of the path s is the number n of nodes in s 
minuss 1. 

Thee above properties are quite intuitive if we keep in mind the image of a tree. 
Thee first property states that a tree cannot be empty, at least its root must belong 
too it. The second property qualifies the root as the only node from which all the 
otherr nodes can be reached, via a finite number of S transitions. Then the third 
propertyy requires that any node, different from the root, should have precisely one 
predecessorr via an S transition; moreover, the root cannot be reached via any S 
transition.. The last property imposes a tree to be free of loops: i.e., there cannot 
bee a finite number of 5 transitions starting and finishing at the same node. 
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DEFINITIONN 8.3.2. 

•• A tree model for the unimodal language MC{P) is a model M = (W, R, V) 
suchh that the relational structure (W, R) is a tree. 

•• A tree-like model for the multimodal language MMC(Index, P) is a model 
(W,(W, {Ri : ie Index}, V) such that (W, \J{ ft) is a tree. 

•• A logic L has the tree model property if every L-satisfiable formula is satis-
fiablee at the root of a tree or tree-like model for L. 

Thee advantage of dealing with a tree-like structure T is that every world of T 
cann be reached through a unique path of T's relations starting from w. We state 
thiss well-known property of trees as a fact (for instance, see [WÜ96]), and it is 
immediatee to prove given our Definition 8.3.1. 

FACTT 8.3.3. There is precisely one path terminating at each node of a tree-like 
structure.structure. D 

Thee above fact is used over and over in the remaining proofs of this chapter, to 
welll define valuations in models via paths of trees or tree-like structures. 

8.3.22 Modal Depth and Layers 

Thee notion of layering for basic modal logics emerges at both the semantic level, 
viaa tree models, and the syntactic level of modal formulas. In fact, tree or tree
likee models as introduced above come with a layering induced by paths. Likewise, 
thee parse tree of a modal formula induces a natural formula layering, where new 
layerss begin at nodes labelled by modal operators. For instance, in D(-ip V Op), 
thee operator • occurs in layer 1, while the operator O and its argument occur 
inn layer 2. The following definition captures precisely this sort of syntactical 
layering. . 

DEFINITIONN 8.3.4. Let <f>  be a modal formula. The modal depth mdepth(</>) of 4> 
iss defined as: 

mdepth(p)) = mdepth(-<p) = 0 
mdep th^Ax)) = mdepth(^ V \) = max{mdepth(^),mdepth(x)} 

mdepth(O^)) = mdepth(ü^) = 1 + mdepth(V')-

Theree is a direct correlation between formula layers and layers in a tree or tree
likee models; we state and prove it in the following section. As a consequence of 
thee results below, literals occurring in distinct formula layers will not be resolved 
upon,, and not be combined; in this manner, we avoid the problems encountered 
inn the example discussed in Subsection 8.2.3. 
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8.3.33 The Tree Model Property: Layers at Work 

Sincee we are only concerned with satisfiability in a world, the theorem below 
allowss us to restrict our attention to a tree model and its root. Furthermore, the 
resultt below highlights the link between the modal depth of a formula, on which 
ourr translation is based (see Definitions 8.4.1 and 8.4.7 below),, and the layering 
thatt comes with a tree-like model, as remarked after Definition 8.3.4. 

Thee proof of the following statement can be found in books of modal logic 
likee [dR93, BdRVOl]. 

THEOREMM  8.3.5 ( T R EE MODEL P R O P E R T Y ). Let C be any multimodal language, 

<j)<j)  an C formula, and A4 an C model. Then there exists an C tree-like model T 
thatthat enjoys the following properties: 

•• <ƒ> is satisfiable at the root ofT iff it is satisfiable in M.; 

•• consider a natural number i such that 0 < i < mdepth(^>), and assume that 
ijjijj  is a subformula at modal depth i in (f>;  then the satisfiability of i\) can be 
testedtested in a T world t such that, if k is the length of the T path to t, then 
ii  < k < mdepth(0). D 

Figuree 8.1 below illustrates Theorem 8.3.5 for the simple case of <j>:—  OOp V Oq: 
too test the satisfiability of <fi  and OOp we need to walk, from the root, along paths 
off length at most 2; the satisfiability of both Op and Oq can be tested starting 
fromm layer 1, and reaching at most layer 2; finally, the satisfiability of p and q can 
bee tested in the layer 2. 

<>Op<>Op  V Oq 

OOp OOp 

Op Op LH H 

Figuree 8.1: The Tree Model Property. 

Observee that the tree model property and the finite model property are inde
pendent:: in fact, there are modal logics for which the former fails but the latter 
holds,, and vice versa. We refer the reader to any introduction to modal logic for 
these;; see [BdRVOl], for instance. 
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8.44 Layer by Layer 

Inn this section we exploit the tree model property to devise our refinement of the 
standardd translation of modal formulas into first-order formulas. 

Thee new translation proceeds in two steps. First, modal formulas are trans-
latedd into formulas of an intermediate modal language. It is in this intermediate 
stepp that the layering induced by trees (see Theorem 8.3.2) is made explicit at the 
syntacticall  level: the modal depths of formulas (see Definition 8.3.4), which are 
relatedd to the layers of tree-like structures as in Theorem 8.3.5, are encoded as in-
dices.. In turn, these intermediate formulas with layers as indices are passed to the 
standardd translation (see Definition 7.3.1), and thus transformed into formulas of 
aa first-order language. 

Alll  in all, the new translation will mark relations and propositions according to 
thee number of modal operators in whose scope a given modal subformula occurs; 
i.e.,, the modal depth at which the subformula occur. For instance, the modal 
formula a 

OOp OOp 

iss translated into a multimodal formula with diamonds and proposition letters 
labelledd according to the modal depth at which these occur in the above formula: 

O1O2P2. . 

Thee standard relational translation into first-order logic transforms the latter into 
thee following formula: 

3y3y (Rixy A 3z(R2yz A P^z)). 

Similarly,, 0(p —* Op) becomes first üi(pi —• O2P2); then the standard translation 
generatess the first-order formula 

Vyy {Rixy -> (Pi(y) - 3x(R2yx -+ P2x))). 

Inn the remainder of the present section, we focus on the unimodal case (see Sub
sectionn 8.4.1 below), and briefly touch on the multimodal one (see Subsection 8.4.2 
below),, since this constitutes a trivial extension of the former. 

8.4.11 The Unimodal Case 

Ass the above example illustrates, our final relational translation is reached via 
ann intermediate step through an intermediate multimodal language. This collects 
thee modal operator and the proposition letters of the given unimodal language, 
andd mark them with natural numbers, as formalised in the following definition. 

DEFINITIONN 8.4.1. Consider a modal language MC :— MC(Index,P), and a 
multimodall language TM.C, := 1MC(P) with set of propositions equal to {pn : 
pp £ P}, and modal operators in {Oj, O, : i > 0}. 
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• • Supposee that 4> is a modal formula of M.C. Let n be a natural number. The 
translationn Tr((f), n) of 4> into the intermediate multimodal language 2M.C 
iss defined as follows: 

Tr(p,Tr(p, n) 

Tr(ipTr(ip A \,n) 

Tr(Otp,Tr(Otp, n) 

PmPm Tr(^ip, n) 

Tr(ip,n)Tr(ip,n) ATr(x,n), T r ( ^ V x , n) 

OOn+1n+1Tr(il>,nTr(il>,n  + l), 7V(D^,n) 

== ->7V(^,n), 

== 7 V ( ^ n ) v 7 V ( x , n ), 

== Dn + 17V- ( ^ ,n+ l ). 

Denotee by LTX the composition of 7V(_, 0) and STX: i.e., for every modal 
formulaa <p, 

LTLTxx(<p)(<p) :=STxoTr{(f>,0). 

Thee layered relational translation LT is LTX, for a generic first-order variable 

Inn the two lemmas below, we adopt the following notational convention. 

CONVENTIONN 8.4.2. If T is a tree or tree-like structure with root r, then let 
path(t)path(t) denote the length of the T path to t. 

Noticee that this path is unique in virtue of Fact 8.3.3. 

LEMM AA 8.4.3. Let <fi  be a unimodal formula and T a tree-like model in the lan-
guageguage of 4>. If the intermediate multimodal formula Tr(cp,n) is satisfiable at a 
worldworld t in the model T such that path(t) = n, then the unimodal formula (p is 
satisfiablesatisfiable as well. 

PROOF.. Let T be a tree model as in the above statement, with universe T, a 
finit ee number of labelled relations Ri and valuation V. 

Now,, let us construct a unimodal model N on T whose relation R is defined 
ass follows: 

RR :=  {(t, u) e T x T : Rjtu for some Rj of T }  . (Rel) 

Thee valuation V' of the model M is defined as follows: for every proposition letter 
pp and for every t such that path(t) = n, t e V'(p) iff t e V{ Tr{<j),  n)). 

Givenn this model Af and our tree-like model T, we can prove the following 
strongerr claim, from which follows our lemma: 

T,t\=T,t\= Tr{<f),n) iffW,*  (= 0, 

forr every t € T such that n is equal to path(t). 
Wee prove the above claim by structural induction on (j>.  The atomic and 

Booleann cases are easy to spell out, since both immediately follow from the above 
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choicee of V' and the fact that the intermediate translation TV is a homomorphism 
onn Boolean formulas, see Definition 8.4.1. Next, assume that 0 is a formula of 
thee form Oij). In this case, 

Tr{4>,n)Tr{4>,n) = On+lTr(il>,n+l). 

Assumee that i is a node of T, and the length of the T path to t is n; i.e., 
path(t)path(t) = n. We have that T,t \= Tr(4>, n) iff there exist u and Rj in T such that 
Rjtu,Rjtu, and T, u (= Tr(xp,n). Since path(u) is equal to the length of the path to t 
pluss 1 (i.e., the length of the Rj transition from t to u), by induction hypothesis 
wee know that T, u |= Tr{i}),  n + 1) is equivalent to Af, u (= xj). Therefore, this and 
(Rel)) yield that T, t f= Tr{4>, n) ffiM,t\=<f>.  • 

Inn the following lemma, we prove the reverse implication of the above lemma. 

LEMMAA 8.4.4. Let 4> be a unimodal formula and T a tree model in the language 
ofof 4>. If 0 is satisfiable at the world t in the model T such that path(t) = n, then 
thethe intermediate multimodal translation Tr(<p,n) of 4> is satisfiable as well. 

PROOF.. We define a model J\f := (T, {Rn+\ : n > 0} , V') that has the same 
universee T asT. The relations of J\f are defined by stipulating the following: 

Rn+iuvRn+iuv holds iff both path(u) = n and Ruv hold. 

Wee complete the characterisation of jV* by defining its valuation V' as follows: 
forr every proposition letter p and every world t € T such that path(t) = n, we 
stipulatee that t e V'( Tr(p, n)) holds iff t € V(p). 

Thee following intermediate claim follows easily now by structural induction 
onn 0, like in Lemma 8.4.3: for every unimodal formula 0, every world t and n 
suchh that path(t) = n, we have 

T,tT,t (= 4> \SM,t h Tr((f),n) holds. 

Ourr lemma is clearly an immediate consequence of the above claim. D 

Wee now combine the above lemmas and prove that the intermediate transla
tionn Tr preserves satisfiability. 

THEOREMM 8.4.5. Assume a modal formula <p. Thus the following holds true: 

•• (j>  is satisfiable iff its intermediate modal translation 7r(0, n) is satisfiable; 

•• <p is satisfiable iff its intermediate modal translation 7V(0,0) is satisfiable. 
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PROOF.. The first item is an immediate consequence of Lemmas 8.4.4 and 8.4.3, 
viaa Theorem 8.3.5, and it yields the second item. • 

Finally,, the combination of Theorems 8.4.5 and 7.3.4 yields that the layered trans
lation,, being the composition of Tr and the standard translation, preserves sat
isfiabilityy too. 

THEOREMM 8.4.6. Let <fi  be a modal formula. Then <fc is satisfiable iff LTx((f>) is 
so,so, for any first-order variable x. 

PROOF.. The statement follows from Theorems 8.4.5 and 7.3.4, since LTX results 
fromm the composition of the standard translation STX and Tr(_, 0), see Defini
tionn 8.4.1. • 

Inn the subsection below, we reformulate some of the above definitions and state
mentss for the case of the multimodal logics K(Index). 

8.4.22 The Multimodal Case 

Thee layered relational translation is easily extended to the multimodal language 
MMC(Index,MMC(Index, P) by means of a slightly more complex encoding. We need strings 
off labels instead of natural numbers to capture the different relations involved. 
Thee result is an analogous of Definition 8.4.1. 

Thee set of operators of the intermediate language is now labelled by sequences, 
whosee values are the indices of the modal operators of the original language; so 
iss its set of proposition letters, as we specify below. 

DEFINITIONN 8.4.7. Consider a multimodal language MMC :— MMC(Index, P), 
withh modal operators in {ü0, Oa : a £ Index}. Then the multimodal language 
TMMCTMMC :— XMMCilndex, P) is the multimodal language with set of proposi
tionss equal to {ps : p £ P and s E Index*}, and modal operators in {Gs, Os : 
ss e Index*}. 

•• Suppose that <f> is a multimodal formula in MMC. Let s G Index*. The 
intermediatedd translation Trm(^,s) of 0 into the intermediate multimodal 
languagee J MMC, for a string s in Index*, is defined as follows: 

TrTrmm(p,n) (p,n) 
TrTrmm(^ip,n) (^ip,n) 

TrTrmmtyAx,n) tyAx,n) 
TrTrmm(^(^ Vx,n) 

TrTrmm(O(Oaaip,s) ip,s) 

TrTrmm{a{aaa^,s) ^,s) 

== Pn, 

== ^Trm(iJ>,n), 

== Trm{ip,n) A Trm{x,n), 

== Trm(ip,n) V Trm{x,n), 

== Os*(a)Trm(^,s* (a)), 

== as*{a)Trm(i;,s* (a)). 
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•• MLTX denotes the composition of the translation Trm{-, e) above and STX: 
i.e.,, for every multimodal formula 4> of MMC, 

MLTMLTxx(d>):^ST(d>):^STxxoTroTrmm{^e), {^e), 

wheree e is the empty sequence. The multimodal layered relational translation 
MLTMLT is MLTX for some first-order variable x. 

•• The layered fragment of first-order logic is the range of the multimodal 
layeredd translation. 

Thee following result is proved as in the unimodal case. We let the reader spell 
outt the details or check the proof in [AGHdROO]. 

T H E O R E MM 8.4.8. Let 4> be a multimodal formula. Then § is satisfiable iff MLTx(<f>) 
isis so, for any first-order variable x. • 

8.4.33 Finale 

Thee layered translation constitutes a new way of turning modal problems into 
first-orderfirst-order problems. The new translation, and the intermediate translation into 
multimodall languages are both conservative, in the sense that they can work on 
toptop of existing strategies for first-order and modal logics, respectively. We discuss 
thee latter fact in Chapter 9, and put at work the former in Section 8.5 below. 

Inn particular, the layered translation is a refinement of the standard transla
tion;; hence the layered fragment is contained in the fragment identified by the 
standardd translation and in its generalisation, i.e., the guarded fragment. Thus 
wee can use any decision procedure and strategy tuned for the latter, see [dNdR02]. 
Wee state this precisely as follows. 

THEOREMM 8.4.9. Let 1ZST(<1>) cmd T^-LT{4>) denote the sets of clauses derivable 
byby means of resolution and factoring from ST((j)) and LT(<p) respectively. Then 
| 7 £ST (0 ) || < \HLT{4>)\- The same result holds with LT replaced by MLT. • 

Thee above result yields that first-order theorem provers will perform at least as 
welll on the layered translations as on the standard one. In the section below, we 
reportt our experimental comparison between the two translations. This witnesses 
thee improvements — up to orders of magnitude better — that the theorem prover 
SPASSS gains by means of the new translation LT. 
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8.55 Experimental Comparisons 
Inn this section, we compare the two translations, the standard versus the layered 
one,, by running some experimental tests. First we briefly introduce and comment 
onn the problem set and prover used in our experiments, then we display and 
explainn the results. 

8.5.11 The Problem Set 

Ourr tree-based heuristics was evaluated by running a series of tests on a number 
off  problem sets. Our main focus was on the modal QBF benchmark. This bench-
markk is the basic yardstick for the Tableaux Non-Classical Systems Comparisons 
(TANCS)) competition on theorem proving and satisfiability testing for non-classical 
logics,, see [TAN00]. It is a random problem generator that has been designed to 
evaluatee solvers of either satisfiable or unsatisfiable problems of the modal logic 
K. . 

Thee modal formulas of this benchmark are generated by means of quanti-
fiedd Boolean formulas. For the generation, first a quantified Boolean formula is 
generatedd with C clauses, quantifier alternation depth equal to D, and maximum 
numberr of variables V for each alternation. Then the resulting quantified Boolean 
formulaa is translated into modal logic via an encoding that was originally pro-
posedd by Halpern, see [Hal95]. See [HdROl] for a detailed analysis of the QBF 
testt set. 

Thee output of the QBF generator is is a file named p-qbf-cnf-K4-Cn-Vm-DZ, 
inn which the numerical parameters are explained as follows: n is the number of 
clauses;; m the number of variables; D the quantifier depth. 

8.5.22 The Theorem Prover 

Testss were performed on a Sun ULTRA II (300 MHz) with 1Gb RAM, under 
Solariss 5.2.5, with the automated theorem prover SPASS version 1.0.3. This is 
ann automated theorem prover for full sorted first-order logic with equality that 
extendss superposition by sorts and a splitting rule for case analysis; it has been 
inn development at the Max-Planck-Institut für Informatik for a number of years, 
seee [SPA00]. SPASS was invoked with the automode switched on; no sort con-
straintss were built, and both optimized and strong Skolemization were disabled. 

8.5.33 Experimental Comparisons 

Thee modal QBF benchmark 

Too explore the behaviour of our heuristics in a large portion of the landscape of 
thee K-satisfiability problem, we randomly generated sets of 10 problems by means 



8.5.8.5. Experimental Comparisons 151 

C/V/D D 
5/2/1 1 
10/2/1 1 
15/2/1 1 
5/2/2 2 
10/2/2 2 
15/2/2 2 
5/2/3 3 
10/2/3 3 
15/2/3 3 
5/2/4 4 
10/2/4 4 
15/2/4 4 
5/2/5 5 
10/2/5 5 
15/2/5 5 
5/3/1 1 
10/3/1 1 
15/3/1 1 
5/3/2 2 
10/3/2 2 
15/3/2 2 
5/3/3 3 
10/3/3 3 
15/3/3 3 

STST Average Time LT Average Time 
9.62222 0.53469 
3.99099 0.41734 
0.131722 0.10859 
450.444 0.66141 
370.099 0.78297 
147.388 0.75656 
N/AA 36.048 
N/AA 58.886 

2094.44 94.192 
N/AA 20.362 
N/AA 33.084 

2094.44 35.068 
N/AA 1136.1 
N/AA 2896 
N/AA 3758.2 

7.18622 2047.9 
9.7522 2324.2 
14.0666 1506.8 
N/AA 7.0931 
N/AA 8.3192 
N/AA 9.3902 
N/AA 1445.2 
N/AA 4045.1 
N/AA 4865.4 

M M 
1 1 
1 1 
0 0 
3 3 
3 3 
2 2 

N/A A 
N/A A 

1 1 
N/A A 
N/A A 

1 1 
N/A A 
N/A A 
N/A A 

2 2 
2 2 
2 2 

N/A A 
N/A A 
N/A A 
N/A A 
N/A A 
N/A A 

Tablee 8.1: Comparison by average time. 

off  the modal QBF generator for different sets of parameters. Table 8.1 compares 
thee average time in CPU seconds, while Table 8.2 compares the average number of 
clausess for two methods: layered (our improved translation, see Definition 8.4.1) 
andd standard (the relational method, see Definition 7.3.1). The shorthand C/V/D 
inn the first column denotes the number of clauses, the number of variables, and 
thee depth used in the generation. Columns labelled by M show the magnitude 
off  the difference between the preceding two columns, i.e., round(logNfN'). We 
usedd a time out of 3 hours on a shared machine; N/A indicates that a value is 
nott available due to a time out. 

Ass can easily be seen from Tables 8.1 and 8.2, our improved translation method 
outperformedd the standard translation in every case, both in computing time 
(CPUU time) and number of clauses generated. This is not only an average be-
haviour,, but it was observed in each instance. For some configurations the drop 
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C/V/D D 

5/2/1 1 
10/2/1 1 
15/2/1 1 

5/2/2 2 
10/2/2 2 
15/2/2 2 

5/2/3 3 
10/2/3 3 
15/2/3 3 

5/2/4 4 
10/2/4 4 
15/2/4 4 

5/2/5 5 
10/2/5 5 
15/2/5 5 

5/3/1 1 
10/3/1 1 
15/3/1 1 

5/3/2 2 
10/3/2 2 
15/3/2 2 

5/3/3 3 
10/3/3 3 
15/3/3 3 

STST Average LT Average 
Clausee Number Clause Number 

56955 726 
23677 546 
100 10 

272099 437 
223066 500 
113688 473 

N/AA 10714 
N/AA 15395 
457899 20786 

N/AA 3121 

N/AA 4971 

N/AA 5358 

N/AA 48546 
N/AA 91767 
N/AA 106870 

1059600 4372 
1081100 5390 
726055 6687 

N/AA 1804 
N/AA 2221 
N/AA 2687 

N/AA 52153 
N/AA 107800 
N/AA 119150 

M M 

1 1 

1 1 

0 0 

2 2 
2 2 
1 1 

N/A A 
N/A A 
1 1 

N/A A 
N/A A 
N/A A 

N/A A 
N/A A 
N/A A 

1 1 
1 1 
1 1 

N/A A 
N/A A 
N/A A 

N/A A 
N/A A 
N/A A 

Tablee 8.2: Comparison by average number of generated clauses. 

inn computing time is as much as three orders of magnitude or two. This is al-
wayss the case when the depth of the formula increases, as our translation cleverly 
exploitss the modal depth information. The average number of clauses generated 
wass nearly always smaller by one order of magnitude. 

Inn Figure 8.2 we display a sample from our experimental results: 64 instances 
off  the 10/3/1 configuration. The top curve indicates the CPU time needed by the 
standardd relational translation, and the bottom one the CPU time needed by the 
layeredd translation. Note that the standard translation can be very sensitive to 
certainn hard problems, which results in significant differences between easy and 
hardd instances; the layered method responds in a much more controlled way to 
hardd problems. Interestingly, the curves follow each other, even at many orders 
off  magnitude of difference. This shows that our heuristics does not change the 
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Testt in p-qbf-cnf-K4-C10-V3-D1 
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Figuree 8.2: A sample from the tests. 

naturee of the problem: it simply makes it much easier for the resolution prover. 

Thee latter phenomenon can also be observed more globally. The plots in 
Figuree 8.3 were obtained with the following settings: V = D = 2, while C ranged 
fromm 2 to 40. Figures 8.3 (a) and (b) show the number of clauses generated 
andd the CPU time needed, respectively, for the standard and layered method, 
whilee 8.3 (c) plots the proportion of satisfiable instances as C increases. The 
curvess for the standard and layered methods are very similar, with the layered 
methodd lacking the sharp lows and highs that seem to be characteristic for the 
relationall  method. Both display a clear easy-hard-easy behaviour, but the layered 
translationn is better by several orders of magnitude. 

Notee that the biggest improvements are achieved in the satisfiable region, i.e., 
forr C < 26. Once we were confident that the layered method consistently displayed 
aa good behaviour and a significant improvement over the standard translation, 
wee ran the standardized tests provided by TANCS (64 instances randomly gener-
atedd with the 20-clauses/2-variables/2-depth parameters); see Figure 8.4 for the 
outcomes. . 

Finally,, to obtain the results in Figure 8.5 we generated 64 instances of prob-
lemss for 2 and 3 variables with depths ranging from 1 to 6, again with a time 
outt of 3 hours. The figure shows the average values we obtained. We ran the 



154 4 ChapterChapter 8. The Layered Translation 

Testt for V=2. D=2, C=2-40 

-''-''  ~ ~ ^ 

Standardd clauses 
Layeredd clauses 
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Numberr ot clauses in onginal formula 

Testt for V=2. D=2, C^2-40 

Standardd user time 
Layeredd user time ! 

55 20 25 30 35 

imberr ot clauses in original tormula 

Testt tor V=2. D=2. C=2-40 

Numberr of clauses in original formula 

Figuree 8.3: Easy-hard-easy. 
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Testt in p-qbf-cnf-K4-C2Q-V2-D2 
Standardd Clauses 
Layeredd Clauses 
Standardd Time 
Layeredd Time 
Satisfiable e 
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Figuree 8.4: Standard TANCS Test 20/2/2. 
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Figuree 8.5: LT Tests on 64 Problem Instances. 
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samee tests with the standard instead of the layered translation, but even for mod-
eratee depths the computing time and number of clauses exceeded the available 
resources. . 

Additiona ll  Tests 

Givenn that the problems returned by the QBF generator were generally too hard 
forr the prover using the standard translation, we also performed tests with a 
numberr of easier problem sets — so to speak — that include the one proposed 
byy Heuerding and Schwendimann in [HS96], which were used in, for example, 
Tableaux'98.. Invariably, the layered translation outperformed the standard one; 
itit  was able to solve substantially harder instances in all categories. 

8.66 Conclusions 

8.6.11 Synopsis 

Inn this chapter, a new relational translation of modal formulas into first-order 
formulass is described. The key idea underlying this refinement is to encode a 
veryy strong form of the tree model property in an intermediate translation into 
multi-modall  languages, and hence in a translation into first-order languages — see 
Definitionn 8.4.1. 

Usingg our tree-based heuristics, we have consistently observed improvements, 
bothh in terms of the number of clauses generated and in terms of CPU time used. 

8.6.22 Discussion 

Soo the methodology used pays off: instead of modifying theorem provers, or de-
velopp new ones from scratch, we reuse existing ones and optimise their behaviour 
byy refining the encoding of the modal problems. In the future, it could be inter-
estingg to explore the behaviour of our heuristics in larger parts of the problem 
space. . 

Itt could also be interesting to see how to encode weaker forms of the tree model 
propertyy to boost the performance of resolution provers on input from different 
modall  logics, such as K4, S4, and temporal logic. 

Inn Chapter 9, we appeal to the same semantic intuitions underpinning the 
resultss of this chapter. As noticed above, the intermediate translation is already 
basedd on these: it makes explicit, at the syntactic level, that the satisfiability of a 
modall  formula can be tested propositionally, proceeding layer by layer (i.e., index 
byy index) in the modal formula. It is precisely this semantic property which is 
usedd in procedures for modal logics that are based on propositional solvers, as 
explainedd in the following chapter. 



Chapterr 9 
Diamondss and Constraints 

9.11 Introduction 

9.1.11 Motivations 

Inn Chapter 8 we base the satisfiability procedure for K and K(Index) on a 
translationn from modal logic into the layered fragment of first-order logic. This 
translationn goes through an intermediate translation which maps modal formulas 
intoo formulas of an intermediate multimodal language. This intermediate trans-
lationn itself possesses interesting features: 

•• it encodes a very strong form of the tree model property, 

•• it preserves satisfiability, 

•• and, as a consequence, it could be directly employed to check the satisfia
bilityy of the original modal formulas. 

Thee work of [GSOO] exploits similar semantic intuitions but without appealing to 
thee tree model property directly. In fact, Giunchiglia and Sebastiani prove that 
aa refinement of a SAT solver, called ÜC-SAT, can be used for K(Index) theorem 
proving:: this decision procedure for K(Index) logics is built on top of the Davis-
Logemann-Lovelandd (DP) procedure for propositional logics. The SAT solver DP 
iss called on a modal formula. The propositional satisfiability of the input formula 
iss first checked. If the result is positive, search is not abandoned, but the modal 
componentss of the formula are examined: one by one, each subformula with a 
diamondd as its main operator is checked against all the subformulas that have a 
boxx as their main operator; this is done by means of DP again. 

Inn this chapter, we follow a similar approach: however, instead of using DP, we 
wantt to use constraint propagation (see Chapter 4) and solving algorithms. At 
thiss early stage of our work, we are not aiming to be competitive with today's high-
performancee modal provers, such as DLP [PS02], FaCT [Hor02] and RACER [HM02]. 

157 7 
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Ourr aim in this chapter is to explore to what extent existing constraint satisfaction 
techniques,, developed for propositional satisfiability, can be used in automated 
theoremm proving for modal logics. 

9.1.22 Outline and Structure 

Inn this chapter, we propose to use constraint solving and propagation algorithms 
too determine the satisfiability of modal logics. These procedures are all based on 
constraintt algorithms for propositional formulas, as the aforementioned ÜT-SAT 
algorithmm is based on DP. 

Ourr work in this chapter consists of two stages. The modal formula is first 
transformedd into a CSP, see Subsection 9.4.2. Then a preliminary constraint based 
proceduree for this encoding is proposed in Subsection 9.4.3. Search for solutions 
iss alternated with a hyper-arc consistency algorithm, as described in Chapter 4. 
Wee sketch a proof of the correctness and completeness of the procedure for K 
formulas.. A refinement of this procedure and alternatives to it, still based on 
CSPP solvers, are proposed in Section 9.6. 

Inn the literature, a number of constraint propagation and solving algorithms 
havee been studied for reasoning about satisfiability problems. Thus, our work 
constitutess a first attempt to exploit well-known and corroborated techniques 
off  constraint propagation and satisfaction for these problems to tackle modal 
satisfiability.. We also report on preliminary experimental work aimed at testing 
thee procedures proposed in this chapter on benchmark modal formulas. 

9.22 The SAT Based Approach 

Inn the remainder of this chapter, we implicitly assume that we are dealing with 
modall  languages in which every occurrence of the O operator has been replaced 
by-nD. . 

CONVENTIONN 9.2.1. We assume that, in the modal language MC(P), each oc-
currencee of all modal operators O is replaced by the equivalent -.D^. 

Thiss will avoid that the solver treats modal formulas such as O^p and Op in a 
differentt way. 

Thee following further convention on propositional formulas is consistent with 
thee actual implementations of the DP procedure as in [Seb97], and does not con-
stitutee a theoretical limitation; see also ib. 

CONVENTIONN 9.2.2. The set of atoms in propositions or clause sets are totally 
ordered. . 
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Conventionn 9.2.2 avoids that theorem provers based on DP treat formulas such 
ass p V q and q V p as different. The original DP procedure receives as input a 
CNFF formula and determines whether the formula is satisfiable or not. The basic 
K-SATT algorithm, displayed as Algorithm 9.2.1, applies a modified version of the 
DPP procedure, recursively, on sequences of modal formulas. 

Wee interpret what the K-SAT procedure does by resorting to the tree model 
property,, see Definition 8.3.2. We recall that the intermediate translation (see Def-
initionn 8.4.1) is already based on this property: i.e., a multimodal K(Index) for-
mulaa tjj  is satisfiable iff it is so at the root of a tree-like model. This means that 
subformulass of tp can be evaluated layer by layer: first subformulas in layer 0 are 
evaluated;; if these are found consistent, subformulas at deeper layers are evalu-
ated,, in a top-down manner. This is also what Algorithm 9.2.1 does in tree-like 
terms. . 

Algorith mm 9.2.1: JC-SAT(V) 

proceduree K-SAT(ip) 
retur nn i t -SATw^, true); 

proceduree KSATw{ip,(i) 
iff  /i = false then retur n false; '/, backtrack 
iff  n = true then retur n KSATA{U)\ 
iff  a unit disjunct L is in ift then 

retur nn Ü£T-SAIV(Unit-propagate(I/, ip), fj, A L); 
LL := Select-branch-variable(V'); 
retur nn K-SATw (Unit-propagate(ij; , L), v A L) or 

if-SATw(Unit-propagate(,̂, ^L), v A —>L) 

proceduree K-SATA(V) 
&&  := f\ {(j)  : •</> occurs in u} ; 
forr  each • # such that ->•# occurs in fi do 

88 := -.0; 
iff not KSAT(6 A $) then retur n false; '/. backtrack 

retur nn true; 

VV J 
Algorithmm 9.2.1 presents only the basic version for K, restricted to CNF formulas. 
Thus,, given a CNF formula 0 and a literal L of 0, Unite-propagate performs 
unitt propagation, which is explained as below. 

DEFINITIONN 9.2.3. Given a CNF formula 0 and a literal L in 0, unit propagation 
off L in <j)  consists of the following procedures: 

•• unit resolution: replace each disjunct of the form ->L V ij)  by tp in <j>; 

A A 
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•• unit substitution: remove each disjunct of the form L\/ ip from 0. 

Thee original algorithm K-SAT can deal with formulas of any format by refining 
Unite-propagate,, see [GS00]. The correctness of Algorithm 9.2.1 is based on 
thee result below. To formulate it, we need to briefly explain how a propositional 
assignmentt can generate a formula. 

DEFINITIONN 9.2.4. Consider a finite propositional language and an assignment 
fifi  of truth values to the set of its proposition letters P: i.e., ii  : Z' H {0,1}. 
Thenn the formula generated by LI is 

AA  {Pi : »(Pi) = !> A A ^Pi  : ^ « ) = °>

Wee denote the formula generated by a propositional assignment fi by P((i). The 
abovee definition is essential for the formulation of the following result; for a proof, 
seee [Seb97]. 

THEOREMM 9.2.5. Consider a modal language AiC and an AiC formula 4> of the 
form form 

V D ^ v ^^  v V4 
modalmodal part proposition 

ThenThen 4> is satisfiable in an M.C model iff there exists a truth-value assignment (j. 
toto the propositional variables in the propositional language 

VV :— {p : p occurs in some L\ in 0} U {Q0}, £30], £ <fi} 

suchsuch that the V formula P(fi) generated by fi is M.C satisfiable, and fi satisfies 
thethe V formula 0. 

9.33 Constraint Satisfaction and SAT Formulas 

Theree is one obvious way of reformulating a SAT problem as a CSP. It requires a 
propositionn to be reduced to its CNF; hence each resulting conjunct is regarded 
ass a constraint. For instance, the disjunction 

->xVyVz->xVyVz (9.1) 

iss regarded as the constraint C(x. y, z), the explicit description of which only rules 
outt the triple (1,0,0) from the interpretation domains of the variables x, y and z. 
Inn this formulation, arc consistency or hyper-arc consistency can take the place 
off unit propagation as proved in [AptOOb]. 
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Inn the remainder of this section, we focus on the aforementioned encoding 
off  formulas as (9.1) into constraints, and analyse a constraint propagation and 
solvingg algorithm for it. In Section 9.6, we suggest possible improvements to this, 
andd how a different encoding of formulas as CSPs could be used for performing 
modall  automated reasoning. 

Att this point, we fix the type of CSPs we deal with in the remainder of the 
presentt chapter. 

DEFINITIONN 9.3.1. A Boolean CSP P :— (X,D,C) has domains that only con-
tainn 0 or 1. 

Hence,, Boolean constraints have the same domains and only differ in the chosen 
representationn of constraints in this chapter; see [WalOO] for three other different 
encodingss of propositional formulas as CSPs. 

9.3.11 Mapping CNF Formulas into Constraints 

Givenn Definition 9.3.1, it is not difficult to map CNF formulas into equivalent 
Booleann constraints. In this subsection, a constraint corresponds to a disjunction 
off  literals — these are atoms or their negation, see Subsection 8.2.1. An explicit 
representationn of such a constraint gives just the truth assignments that satisfy 
thee clause. We provide the translation below. 

DEFINITIONN 9.3.2. Consider a CNF formula ip. First, remove all propositional 
tautologiess from ip and let ip' be the resulting CNF formula. Denote by At the 
orderedd set of atoms that occur in ip' (see Convention 9.2.2). Then apply the 
followingg procedure on all disjuncts <p in ip': 

•• if 0 is a unit disjunct L, then: if L is a propositional atom pi, set D{ = {1}; 
iff L is the negation of a propositional atom p*, then set Di :— {0}; 

•• else, create a constraint C(<p) on the ordered set of variables {p^,... ,Pim} 
thatt occur in <fi:  a tuple d of 0's and 1's belongs to C{(p) iff the set of truth 
assignments s 

MM := {pij  •-» d [ij]  : j = 1 , . . . , m} 

satisfiess the formula 0; 

•• associate the domain {0,1} with all the atoms that do not occur in unit 
clausess in ip'. 

Denotee by Tg^(ip) the resulting Boolean CSP. 

Thee following result clearly holds. 

FACTT 9.3.3. An assignment fi satisfies a CNF formula ip iff its restriction to the 
variablesvariables in Tg^f(ip) satisfies ip viewed as a Boolean CSP. • 
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9.3.22 Constraint Solving Algorithms 

Inn Subsection 4.1.1, we briefly discussed constraint solving algorithms, by men-
tioningg two well-known schemas: generate and test (GT) and backtracking (BT). 
Wee now provide some more details on them. In GT, all variables are instantiated 
(generation),, and the resulting total assignment is tested against the problem 
constraint.. In the BT schema, variables are instantiated sequentially; as soon as 
alll  the variables relevant to a constraint of the problem are instantiated, the re-
sultingg partial assignment is checked against the constraint. Whenever a partial 
assignmentt violates any of the constraints, BT backtracks to the last instantiated 
variable,, whose current domain is non-empty. Thus BT searches through the space 
forr solutions in a depth-first manner, see [Kum92]. 

Inn this subsection, we discuss a constraint solving methodology based on BT: 
thiss amounts to embedding one of the constraint propagation algorithms that we 
explainedd in Chapter 2 in BT. We explain this below, following the presentation 
off  [Kum92]. 

Thee generic BT schema with some form of constraint propagation receives a 
CSPP as input and computes a new CSP at each step. For instance, suppose that 
constraintt propagation amounts to enforcing hyper-arc consistency in BT; then 
hyper-arcc consistency is performed on each CSP that is step-by-step computed 
inn the BT algorithm. If the current CSP has singleton domains (i.e., variable 
domainss have precisely 1 element) and is hyper-arc consistent, then the problem 
iss solved: i.e, the solution consists in assigning to the variables the unique value 
foundd in their respective domains. If during constraint propagation the domain 
off  any variable becomes empty, then this CSP is removed from the search space. 
Otherwise,, one of the variables, whose current domain has more than one element, 
iss selected and a new CSP is computed, for each possible assignment of this 
variable.. A BT algorithm checks the consistency of these computed CSPs in a 
depth-firstt manner until a solution is generated. 

Thiss brief outline is just one of many algorithms based on the schema "BT 
++ constraint propagation". Those algorithms differ in the backtracking method 
usedd and, more interestingly for us, in the specific constraint propagation algo-
rithmm used. Moreover, there is not just the issue of which constraint propagation 
algorithmm should be employed, we also have to decide when to use the algorithm, 
andd til l what point in the search space. In what follows, we shall not concern our-
selvess with this last aspect of backtracking schemas: a good introduction to this 
iss still, to our knowledge, [Kum92]. Instead, in Subsection 9.3.3 below, we shall 
focuss our attention on a specific algorithm schema that fits in the "BT+constraint 
propagation""  methodology: forward checking. 
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9.3.33 The Forward Checking Algorith m Schema 

Forwardd Checking (FC) is an algorithm schema that works like BT, except that 
domainss of still unassigned variables change dynamically: when a variable Xi is 
assignedd a value, the algorithm performs hyper-arc consistency checks on domains 
off  variables that are still unassigned, by inspecting constraints on those variables 
andd Xi. When hyper-arc inconsistency is detected, backtracking to the last as-
signmentt for Xi occurs; another value is assigned and, if this is inconsistent with 
aa constraint on it, backtracking resorts to the variable instantiated before Xj. 
Nowadays,, there are a number of variants of this basic schema; they mainly differ 
inn the choice of domains and constraints on which hyper-arc consistency is per-
formed,, see [BMFL02]. The algorithm schema FC is displayed as Algorithm 9.3.1 
below.. Variables are partitioned in two sets, A and U: 

•• A stores the set of variables that occur in the current assignment; 

•• U stores the remaining set of variables. 

Thee algorithm HAC is called when the currently inspected variable x^ is assigned 
aa value a € Dt, and there are constraints in the current CSP P := {X,D,C) 
thatt involve xt. Thus HAC performs a limited form of hyper-arc consistency on the 
problemm which has constraints C(s) such that xf is in s, and domains of the form 
DjDj such that Xj is in s. The specific choice of which and how many variables Xj, 
fromm U or A, can occur in the constraints C(s) of this problem varies according 
too the specific FC algorithm chosen. 

Algorith mm 9.3.1: FC(A,U,fi,D) 

ifif  F — 0 then retur n //; 
choosechoose Xi from U; 
stopstop := false; 
whil ee Dt ^ 0 and not stop do 

choosechoose a € A ; 
Temp^iTemp^i := fiU {x^ :— a] ; 
TempDTempD := HACfo, a,U - {x4} , D - {A}); 
iff not TempD = 0 then 

retur nn FC(A U {xt} M - {^} , Ternpp, TempD); 
elsee stop = true: '/, backtrack 

VV  J 
Walshh [WalOO] provides a theoretical analysis of CSP-based approaches to SAT, 
andd shows that a version of FC, called nFCl, outperforms the basic DP procedure 
onn the encoding in Definition 9.3.2. The correctness and completeness of nFCl is 
provedd in [BMFL02]. To state the result, we need the following terminology, that 
alsoo explains the name nFCl: 
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denotee by C^ the set of constraints on a scheme s in which the current 
variablee X{ and exactly one variable from U occur; 

denotee by CPJj; the set of constraint projections on a scheme t in which the 
currentt variable X{ and exactly one variable from U occur. 

Iff  Xi is the current variable passed to HAC, then perform hyper-arc consis-
tencyy on the problem with domain Di — a, constraints in C' :— Cn

cX UCF ,̂ 
andd domains of variables, different from Xi, that occur in the schemes of C'. 
Iff  an empty domain is generated, then return an empty domain set, else 
returnn the hyper-arc consistent domain set so generated. 

Hencee nFCl is the resulting version of FC. The name nFCl is motivated by the 
choicee of constraints: n means that hyper-arc consistency is performed, and this 
involvess constraints of any arity n; instead, 1 refers to the fact that exactly one 
uninstantiatedd variable is chosen to enforce hyper-arc consistency. 

THEOREMM  9.3.4 ([BMFL02]). If the given CSP is consistent, then nFCl returns 
aa consistent assignment for it;  else it reports that the problem is inconsistent. • 

9.44 The KCS? Algorithm 

InIn the remainder of this chapter, we focus on a procedure for satisfying modal 
formulass via constraint propagation and satisfaction, that is based on the semantic 
intuitionss underlying the intermediate translation in Definition 9.3.2. We suggest 
aa number of other similar procedures in Section 9.6 below. 

9.4.11 Examples 

Beforee explaining the procedure KCS? in Subsection 9.4.2 below, we start by con
sideringg an example formula in CNF, its encodings as CSP and how the procedure 
iCCSPP works on it. Let us consider the following modal formula: 

rj)rj)  : = D(p\/q)A^n(pAq) Ap. 

Afterr the minimum layer of the formula is computed, i.e., 0, the following CSP is 
returnedd — with propositional formulas as variables: 

1.. three propositional variables: D(p V q); 0(p A q); p; 

2.. the variable domains of D(p A q) and p are set to {1}; the variable domain 
off n(p A q) is set to {0}; 

164 4 

3.. no constraints. 
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Thenn the CSP is passed to the CSP prepositional solver that returns the only-
possiblee assignment fi (unique for this formula; in general, split may be needed to 
choosee among alternative assignments): JJ, maps the three variables, in the order 
givenn above, to the triple (1,1,0). 

Thee modal procedure, invoked on y, does the following: selects all formulas, 
withinn the scope of a • operator, and join them in a conjunction $: 

®® :=  p\/ q. 

Thiss is the universal theory: in model-theoretic terms, this is the formula that is 
too be satisfied by each modal successor at level 1 of a state satisfying D(pVg) at 
levell 0. Then, each formula that occurs in the scope of a negative occurrence of 
aa • operator is negated, hence transformed in CNF: in this case, the result is a 
formulaa 0 defined as 

BB : = -<p V -ig. 

Theree may of course be multiple such existential theories 0, which have to be 
satisfiedd at level 1, not necessarily at the same state. The conjunction $ A 6 is 
passedd to the propositional procedure; in this case, the conjunctive formula that 
iss passed on is 

(pVg)A(npVng). . 

Thee formula is translated into a new CSP and its consistency is checked; this 
resultss into two possible assignments, hence the procedure halts returning that 
thee original formula is satisfiable. 

9.4.22 Mapping Modal Formulas into CSPs 

Ass the example in Subsection 9.4.1 illustrates, proposition letters and modally 
quantifiedd formulas are both treated as propositional variables; namely variables 
withh only two possible values, 0 or 1. 

Considerr a unimodal language M.C := AiC(P), and an MC conjunction <f>  of 
nn disjunctions of the form 

riri  V nu 

\/D0}} VV-.DÖJ, V \JL\ (9.2) 
JJ ƒ / l ^ 

modall part proposition 

forr i = 1 , . . . , n, where each L\ is either a proposition letter or its negation. The 
disjunctionn is then encoded as a constraint by treating all formulas of the form 
•^>jj or ->D^., as propositional literals, and applying the encoding T j ^ as in 
Definitionn 9.3.2. Formally, we have the following definition. 
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DEFIN IT IONN 9.4.1. Consider a modal formula (f> in CNF. Suppose that <f>  is a 
conjunctionn of n formulas such as (9.2). Let C{4>) be the set of distinct propo-
sitionss that occur in the set of literals L\ in <fi.  Thus consider the propositional 
languagee whose set of proposition variables is 

PropProp := C{<P) U {G0j , D0J. : i = 1 , . . ., n} , 

andd consider 0 as a proposition in this language; call it (j)Prop. Then the CSP 
translationtranslation of the modal formula ip into CSP form is 

CSP(<f>):=Tf$fCSP(<f>):=Tf$f {(jf"*). 

Usingg Fact 9.3.3, we obtain an analogue of Theorem 9.2.5. 

COROLLARYY 9.4.2. Consider a modal language Ai£ and a formula ip in CNF. 
TheThe formula ip is satisfiable in an A4C model iff there exists a truth-value as-
signmentsignment \i that satisfies CSPfy), and such that the propositional formula P(p) 
generatedgenerated by fi is M.C satisfiable. 

P R O O F.. Assume that <f>  is a conjunction of disjunctions (9.2), and that all tau-
tologicall  formulas such as p V ->p have been removed from <j).  Let C{<f>)  be the 
sett of distinct propositions that occur in the set of literals L\ in <f>.  Denote by V 
thee propositional language whose letters are the C{(j>)  propositions and all the cj) 
disjunctss GI/TJ and G0*.,. 

Supposee that p is an assignment that satisfies CSP(4>). Then it satisfies (p 
ass a V formula, by Fact 9.3.3. Assume that P{p) is satisfiable in an MC model 
AiAi and world w. This implies that, if (i assigns 1 to a V letter in 0, then this 
holdss true at w in M ; else it holds false. If fi does not assign any value to an 
MCMC proposition letter p, than we extend \i to p by means of the valuation in M.. 
Thuss M. satisfies 0 at w. 

Vicee versa, suppose that Af, w (= 0. Then define the V assignment fi as 

n((f>n((f> ii)) = imM,w\=(l>\ 

forr each proposition letter <ft of "P. It is not difficult to prove by structural in-
ductionn that p, makes 4> true as a V formula and that M, w \= P{^). The result 
noww follows from Fact 9.3.3. G 

9.4.33 Mapping Modal Inferences into CSP Inferences 

Inn Algorithm 9.4.1 below, FC returns an assignment for the input CSP. During 
search,, an empty assignment (false) is generated iff the current CSP is detected to 
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bee inconsistent; i.e., the corresponding formula is unsatisfiable. Then backtrack-
ingg takes place and another value for the last instantiated variable is checked etc. 
Iff  no assignment can be found, the FC algorithm concludes that the input CSP is 
unsatisfiable.. Thus the propositional search space is explored by FC, interleaving 
backtrackingg with hyper-arc consistency, in a depth-first manner. 

Thee subprocedure KFC has to handle modal satisfiability: more precisely, 
KFCKFC determines modal satisfiability by calling constraint satisfaction procedures 
overr Boolean CSPs. 

Wee only sketch a proof of the correctness and completeness of Algorithm 9.4.1. 

THEOREMM  9.4.3. The ÜTCSP procedure returns a non-empty assignment iff the 
inputinput modal formula is satisfiable. 

PROOF.. The procedure BoolCSP transforms the given formula into as CSP as 
inn Definition 9.4.1. This is proved consistent by FC iff the formula is satisfiable 
ass a propositional formula, see Theorem 9.3.4 and Fact 9.3.3. Our theorem now 
followss from Corollary 9.4.2. D 

Algorith mm 9.4.1: KCSP 

proceduree BoolCSP(V') 
retur nn BoolFC(CSP(^)); 

proceduree BoolFC{CSP{i}))) 
/.:=FC(CSP(^)); ; 
iff  \i — false then retur n false; '/. backtrack 
elsee retur n KFC(fi); 

proceduree KFC{(x) 
$$ := /\ {(f>  : Ucj) is assigned 1 in n} ; 
forr  each D0 in fi that is assigned 0 do 

66 := CNF(-0); 
ifif  not BoolCSP(0 A <&) then retur n false; */, backtrack 

retur nn true; 

Noticee that the KCSP algorithm interleaves steps in which modal information is 
"hidden""  — within the scope of modal operators — so as to get a propositional 
problem,, with steps in which modal information is "unpacked" — i.e., the KFC 
subproceduree is called on the modally quantified formulas. 
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9.55 Experimental Assessment 

Thiss section contains a brief experimental discussion of KCSP. In order to test 
ourr preliminary procedure, we considered two test sets: 

•• manually coded formulas: these were devised following the criteria proposed 
inn [HS96] for the creation of benchmark formulas; 

•• several formulas from the problem sets proposed by Heuerding and Schwendi-
mannn in [HS96], which were used in, for example, Tableaux'98 — see also 
p.. 155, where this set is used to compare the output of the layered transla
tionn to the one of the standard translation. 

Thee KCSP algorithm was implemented in ECL/PS6, version 5.4, by Sebastian 
Brand;; the implementation is called mc.pl. A translator from the [HS96] format 
intoo the format of mc. pi was provided by Juan Heguiabehere. We ran our exper
imentss on an AMD Athlon Processor (1.1 GHz), with 512 MB RAM, under Red 
Hatt Linux 7.1. 

Thee program mc. pi returns a full search tree for the input formula. This is not 
ann efficient choice, and in future experiments we shall also take this feature into ac
count.. Yet, this choice gave us a better idea of the behaviour of the algorithm, and 
thiss is our major concern at this stage of the work. Several formulas used in the 
experimentss are available at http://www.cwi.nl/~gennari/thesis/kcsp.html. 

Byy running the tests in [HS96], we noticed a clear difference between the be
haviourr ofmc.pl on unsatisfiable and satisfiable formulas. So our discussion is 
dividedd in two subsections as below: results with unsatisfiable formulas; experi
mentss with satisfiable formulas. 

Thee current implementation of KCSP is still a prototype, and it cannot com
petee with highly optimised theorem provers for modal logics as those discussed 
inn Section 8.1. In the final Subsection 9.5.3, we elaborate on this issue and some 
possiblee improvements to the basic procedure KCSP, that are triggered by the 
experimentall work presented as below. 

9.5.11 The Unsatisfiable Case 

Ourr experiments with manually coded formulas were rather promising: we passed 
too mc.pl a series of modal formulas with at most 18 distinct proposition letters, 
modall depth between 0 and 3, and at most 18 disjuncts; no redundant propo-
sitionall tautologies occur in those formulas. On each instance, the program an
sweredd correctly within 0.36 seconds; a number of these formulas, and the related 
searchh trees explored by mc. pi are on the aforementioned web page. 

Oncee we were confident that our algorithm consistently displayed a good be
haviourr on manually coded formulas, we considered a number of K theorems, 
ass provided in [HS96]: there, theorems are partitioned into sets, and formulas 

http://mc.pl
http://www.cwi.nl/~gennari/thesis/kcsp.html
http://ofmc.pl
http://mc.pl
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inn a set usually differ in the number of propositional letters (V) and the modal 
depthh (D). To run our experiments, first those K theorems were negated, then the 
obtainedd unsatisfiable formulas were transformed in CNF — see Definition 8.2.1. 

Figuree 9.1 below displays some of the tests that we ran: each label on the 
horizontall  axis corresponds to a different test set; thus the results for the first 
twoo formulas from the considered test set are compared in terms of CPU seconds, 
ass displayed along the vertical axis. 

166 6 

30 0 

§§ 25 •• 
H H 
SS 20 

1 1 
Q. . 

10 0 

55 • 

0 0 

Testt formulas from [HS96] 

—1 1 

__ _ _D 
1 22 1 2 1 2 1 2 

k_branchh k_d4 k_line k_path 

11 2 

k_poly y 

* * 

11 2 

k_t4 4 

Figuree 9.1: Comparison of the first two formulas from test sets in [HS96]. 

Tablee 9.1, displayed below, reports more formulas than those compared in Fig
uree 9.1; the parameter C stands for the maximum number of distinct atoms (i.e., 
variables)) in clauses (i.e., constraints) of the tested CNF formula. As in Sec
tionn 8.5, we gave the theorem prover a time out of an hour; thus the abbreviation 
NAA means that we did not obtain an answer within this time bound. As it is 
clearr from Figure 9.1 and Table 9.1, tests become harder for the KCSP algorithm 
whenn C> 3, and D> 4 or V> 4; in fact, such values can result in more calls to 
thee KCSP procedure, and more backtracking points. 

9.5.22 The Satisfiable Case 

Thee best performances of the jftTCSP algorithm was achieved in the unsatisfiable 
case,, and the algorithm does not seem to be efficient in the satisfiable case yet. 
Wee believe that this behaviour of the algorithm does not depend on its current 
implementation,, but on the design of the algorithm itself. For instance, the i f CSP 
algorithmm does not fully exploit the fact that the input formulas are disjunctions; 
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Testt formula 
kJbranch-pl kJbranch-pl 
kJbranchjp2 kJbranchjp2 

k-d&jpl k-d&jpl 

kud4_p2 kud4_p2 
k-dumjpl k-dumjpl 
k-dumjp2 k-dumjp2 
kJinjpl kJinjpl 
kJiinjp2 kJiinjp2 

k-path-pl k-path-pl 
k-path-p2 k-path-p2 
kjphjpl kjphjpl 
k-phjp2 k-phjp2 

k-poly-pl k-poly-pl 
k-polyjp2 k-polyjp2 
kJt^jpl kJt^jpl 
kJtA_p2 kJtA_p2 

V V 
5 5 
7 7 
1 1 
1 1 
1 1 
1 1 
2 2 
3 3 
6 6 
6 6 
3 3 
6 6 
7 7 
15 5 
4 4 
4 4 

D D 
2 2 
3 3 
4 4 
5 5 
4 4 
5 5 
2 2 
3 3 
1 1 
2 2 
1 1 
6 6 
3 3 
6 6 
6 6 
7 7 

C C 
3 3 
3 3 
2 2 
2 2 
4 4 
4 4 
4 4 
4 4 
1 1 
2 2 
2 2 
3 3 
2 2 
2 2 
3 3 
3 3 

C PUU seconds 
0.03 3 

32.15 5 
0.00 0 
1.03 3 
8.55 5 
NA A 

0.11 1 
0.47 7 
0.00 0 
0.47 7 
0.00 0 
NA A 

0.01 1 
0.02 2 

15.54 4 
165.69 9 

Tablee 9.1: Test K theorems from [HS96] 

i.e.,, it tries to return a total assignment, even when a partial assignment to 
itss variables could be sufficient for determining satisfiability. As for this, let us 
considerr a conjunction of 2ra > 2 formulas of the form 

pVq\V---Vql pVq\V---Vql 

p V - g i V - - - V - < , , 

withh 1 < i < n. Such a formula is clearly satisfied by assigning 1 to p, and 
anyy other value to the remaining propositional letters. Still the Boolean forward 
checkingg procedure in KCSP will search for a consistent total assignment, and 
uselesslyy enforce hyper-arc consistency. The situation becomes even worse when 
eachh qj is substituted by a modally quantified formula; in fact this results in 
uselesss calls to the KFC modal procedure. 

9.5.33 Finale 

Ass remarked in Subsection 9.5.2 above, the KCS? algorithm still explores fruitless 
branchess of the search tree. Such useless explorations depend on the basic FC 
algorithmm schema: this is a complete solver that returns a total assignment to the 
inputt problem. In contrast, the DP procedure does not suffer from this drawback, 
thankss to unit substitution: unit substitution removes, from the search tree, 
thosee disjunctions in which the current variable that is assigned the value either 
truetrue or false occurs positively or negatively, respectively. Therefore, a natural 
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optimisationn of the basic Hf CSP algorithm will consist in embedding some form of 
unitt substitution into JK~CSP; then it will be meaningful and interesting to have 
bothh a theoretical and an experimental comparison of such a variation of the basic 
Hff  CSP procedure and the K-SAT algorithm. 

Inn the following section, we propose other possible variations of the basic 
KCSPKCSP module: there, either hyper-arc consistency (see Subsection 9.6.1) or for-
wardd checking (see Subsection 9.6.2) are replaced by different constraint based 
algorithms. . 

9.66 Variations of KCSP 

Inn this section, we briefly propose two other possible approaches to determining 
modall  satisfiability via constraint propagation and solving algorithms. 

9.6.11 Boolean CSPs and Constraint Propagation 

Theree is at least one other main reformulation of a SAT problem as a CSP. This 
makess use of so-called Boolean constraints. These are represented implicitly as 
Booleann formulas and equality constraints of the following forms, where x, y and 
zz stand in for generic CSP variables: 

xx — y is an EQ constraint; (EQ) 

-«a;; = Ï, is a NOT constraint; (NOT) 

xx A y — z is an AND constraint; (AND) 

xx V y = z is an OR constraint. (OR-) 

Thee equality symbol in the constraints above is interpreted as <-*•, the logical 
connectivee of bi-implication. We can now provide a formal definition for Boolean 
CSPss with the above types of constraints. 

DEFINITIONN 9.6.1. A Boolean CSP P := (X,D,C) is a BOOL CSP if its con
straintss are of the form (EQ), (NOT), (AND) or (OR) as above, that we call 
BOOLBOOL constraints. 

Too reason about such constraints, rules such as the following one are employed: 

x\/y=z,x\/y=z, x = 0, z=\ h y = l , (9.3) 

thee intuitive reading of which is: if x or y have the same truth values as z, x is 
falsee and z is true, then y must be true. A set of independent rules, called BOOL, 
iss provided in [AptOOb]. As the author proves, applying the set of rules BOOL is 
"equivalent"" to performing unit propagation. To formulate this equivalence, first 
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aa mapping of BOOL constraints into clause sets is provided (by interpreting the 
equalityy symbol = in the BOOL constraints as the logical connective <-•); hence 
byy providing the opposite translation. Thus the author can prove, through those 
translations,, that unit propagation and the BOOL rule system can simulate each 
otherss in constant time, but "the simulation of the unit propagation by means of 
thee Boolean constraint propagation [i.e., the BOOL rules] leads to a generation of 
redundantt constraints", due to the introduction of redundant variables. However, 
whatt is more interesting to us is the following equivalence. 

THEOREMM 9.6.2 ([APTOOB]). A CSP, without empty domains, is hyper-arc con-
sistentsistent iff it is closed under the applications of the rules of the BOOL system. 

Hence,, the BOOL system could be used instead of hyper-arc consistency in 
JCCSPP to enforce modal consistency. 

9.6.22 When a Bit of Cross-eye Helps 

AA third interesting approach is that of incorporating look-back enhancements of 
BT,, like Conflict Direct Backjumping (CDB), into the basic DP procedure; see [BS97]. 
Look-backk algorithms go in the opposite direction with respect to forward check
ing:: more precisely stated, look-back algorithms exploit information about search 
thatt has already taken place, i.e., the set of the assigned variables A in the termi
nologyy of FC. The advantage of an algorithm like DP with CDB with respect to FC 
iss that, like DP, the first does not need to return a total assignment. In fact, unit 
propagationn is present in this improved version of DP; it is implemented by main
tainingg a pointer to the constraint, in the input CSP, that causes the exclusion of 
aa specific assignment. We refer the reader to [BS97] for an accurate description 
off it and the related experimental work. 

Givenn that also this improvement of DP is complete and correct, it could be 
interestingg to see how it could improve the basic K-SAT algorithm for modal 
logics.. Not only could this be worth more exploration, but also a combination 
off look-ahead techniques, like FC, and look-back techniques, like CDB, already 
developedd in the CSP community: in fact, as the experimental work in [BS97] 
highlights,, "the dramatic performance improvements resulting from the incorpo
rationn of look-back is in fact due to a synergy between the look-ahead techniques 
andd look-back techniques applied". 

9.77 Conclusions 

9.7.11 Synopsis 

Inn Chapter 8 we partially encode the tree model property in a translation from 
modall to first-order logics; as shown in that chapter, this does pay off, and it 
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allowss us to reuse existing, sophisticated theorem provers for modal logics, without 
modifyingg them. 

Inn the present chapter, the tree model property is still behind a series of 
proceduress for modal logics. In fact, all these "reason" propositionally, layer by 
layer,, on the input modal formula. They differentiate according to the basic 
propositionall  solver adopted. 

Again,, we try to reuse the "existing technology" for CSPs, and make it work for 
modall  reasoning: this time, the encoding is not into first-order formulas but into 
sequencess of CSPs, so to speak. These are passed to a propositional solver, that 
iss slightly modified so as to "open" boxes and diamonds, and enforce satisfiability 
withinn them too, in a top-down manner. 

9.7.22 Discussion 

Ass shown in the first part of this thesis, a number of constraint techniques have 
beenn developed in the literature for tackling constraint satisfiability and, in partic-
ular,, propositional satisfiability in an efficient manner. This chapter constitutes 
aa first attempt to use constraint satisfaction algorithms for propositional satisfi-
abilityy in the field of automated theorem proving for modal logics. Besides, we 
spendd an entire section, namely Section 9.6 above, on possible variations of the 
solvingg schema proposed in this chapter, and possible optimisations to the latter. 

Itt would also be interesting to study whether soft constraint propagation and 
solvingg algorithms could be used for testing a limited form of modal satisfiability. 
Inn some cases, we would like to set preferences on properties of the system: so 
that,, even when not all properties can be satisfied, an optimal solution, with 
respectt to our preferences, could still be returned. This could also constitute an 
interestingg test-bed for soft constraint solving and propagation algorithms. 





Partt  II I 

Finale e 

"Gravissimo"Gravissimo errore", esclamö il  terzo "il  dolce è 
inin fondo". ("Terrible mistake", exclaimed the 
third,, "the sweet comes at the end".) 
G.. Rodari, Vecchi Proverbi, from Favole al Tele-
fono,fono, Einaudi, 1971. 

Inn this part we formulate the conclusions to the thesis and discuss some re-
mainingg questions. 





Chapterr  10 

Conclusionss and Questions 

Lookin gg Backwards 

Thee main themes shared by the two parts of this thesis are knowledge represen-
tation,tation, and efficient automated reasoning on the chosen representation: Part I 
iss concerned with a theoretical analysis of CSP algorithms, described through 
functionn iterations; Part II deals with efficient reasoning in the context of modal 
logics,, by refining the way in which modal formulas are represented and passed 
too theorem provers. These parts are thus closer in rationale and methodology 
ratherr than in their contents. Below, we further motivate this claim by outlining 
thee results in this thesis. 

Backk to Part I . This part describes and analyses a number of efficient algo-
rithmss for CSPs: the constraint propagation algorithms. Our aim, there, is purely 
theoretical:theoretical: a unifying theory underpinning these algorithms, capable also to dif-
ferentiatee between them. Thus, in Chapter 3, we propose an algorithm schema, 
SGI,, for constraint propagation algorithms. A simple theory for SGI is there de-
veloped.. One of the primary objectives of our theorisation is declared to be the 
followingg (p. 28): 

usingg SGI or some of its variations for describing and analysing how the 
prune-and-propagatee process is carried through by constraint propa-
gationn algorithms. 

Hence,, in Chapter 4, different domains of functions (e.g., domain orderings) are 
relatedd to different classes of constraint propagation algorithms (e.g., arc consis-
tencyy algorithms); thus each class of constraint propagation algorithms is associ-
atedd with a type of function domains, and so separated from the others. Then 
wee analyse each such class: we distinguish functions on the same domains for 
theirr different ways of performing pruning (point or set based), and consequently 
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differentiatee between algorithms of the same class (e.g., AC-1 and AC-3 versus 
AC-44 or AC-5). 

Besidess and foremost, we also correlate properties of functions (e.g., commu-
tativityy or stationarity) to different strategies of propagation in constraint algo-
rithmss (see, for instance, AC-1 versus AC-3), and suggest that these can be used 
forr optimisation tasks. 

Inn Chapter 5 the SGI schema is applied to soft CSP algorithms, thereby clari-
fyingg some of the similarities and differences between the crisp and soft constraint 
propagationn algorithms. Also, properties of functions, e.g., monotonicity and in-
flationarity,, are studied as separate issues in Chapter 3. Thus their respective 
roless in connection with certain behaviours of soft constraint propagation algo-
rithmss are differentiated. This is an achievement per se: in the soft constraint 
literature,, often, the two properties are studied together and the role of each 
inn the analysis of soft constraint propagation thus gets lost. Furthermore, we 
alsoo obtain three new general conditions for the termination of semiring-based 
constraintt propagation algorithms via this abstract approach. 

Therefore,, the adopted schema proves to be suitable for verifying constraint 
propagationn algorithms, classifying them, comparing them, explaining and sepa-
ratingrating their properties. All these is done through the unifying framework of SGI 
functionn iterations. See also Table 4.1, p. 82. 

Finallyy we characterise all the functions used for constraint propagation; in 
factt the other goal of our theorisation is (see Chapter 3): 

abstractingg which functions, iterated as in SGI or its variations, per-
formm the task of pruning or propagation of inconsistencies in constraint 
propagationn algorithms. 

Wee accomplish this in Chapter 6, restricting the field of domain or constraint 
functionss to those that are actually traced in the surveyed constraint propagation 
algorithms. . 

Backk to Part II . In this part we shift perspective and approach, even though 
thiss part is concerned with relations and relational structures too, but in the 
contextt of modal logics. While the aim in the first part of this thesis is purely 
theoretical,, in Part II our task is described as follows, see Subsection 7.1.1: 

determiningg the satisfiability of modal formulas in an efficient manner. 

Inn Chapter 8, we focus on one way of doing this: we refine the standard translation 
ass the layered translation, and use existing theorem provers for first-order logic on 
thee output of this refined translation. We provide ample experimental evidence 
onn the improvements in performances that are gained through the refinement, 
seee Section 8.5. 

Thee refinement of the standard translation has strong semantic motivations: 
aa strong form of the tree modal property. This property is also used in the basic 
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algorithmm schema in Chapter 9. In fact, that property is behind the proposed 
algorithmss based on constraint satisfaction methods. First modal formulas are 
encodedd into propositional formulas and these into CSPs. The chosen constraint 
solverr thus proceeds "layer by layer" in the encoding of the modal formula and in 
itss candidate models, by applying a CSP solver for propositional satisfiability at 
eachh layer. 

Chapterr 9 brings us back to constraint algorithms, and apply them to modal 
reasoningg problem. It constitutes a first attempt to tackle modal satisfiability by 
meansmeans of constraint propagation algorithms, as explained in Chapter 4, or various 
refinementss of the basic backtracking schema for constraint satisfaction. 

Backk to the origins. A series of constraint propagation algorithms have been 
devisedd in the literature and only lately this kind of work has been accompa-
niedd by parallel work aiming at capturing the general principles behind those 
algorithms.. In [Apt99a], the author studied constraint propagation through fair 
iterationss of functions; see Section 4 in [Apt99a] for a complete overview of sim-
ilarr approaches. Later, in [AptOOa], the hypothesis of fairness was abandoned 
andd the update operator took its place in a general algorithm schema for function 
iterations.. We extended this in [GenOO] to explain the AC-4 algorithm of Mohr 
andd Henderson [1986] and the AC-5 one of Van Hentenryck et al. [1992], which 
itselff  generalises several arc consistency algorithms. Our extension also explains 
thee HAC-4 algorithm of Mohr and Masini [1988], i.e. the generalisation of AC-4 
too n-ary constraints. In [Gen02], we provided another extension of the original 
schemaa to explain the PC-4 path consistency algorithm of Han and Lee [1988] 
andd the KS algorithm of Cooper [1989], that can achieve either ^-consistency or 
strongg fc-consistency. We also extended the theory of function iterations to soft 
constraintss in the joint papers [BGROO, BGR02]. Part I of this thesis presents a 
unifyingg framework for all those generalisations, thus it explains all those algo-
rithmss and also the basic strong relational consistency algorithm of Dechter and 
vann Beek [1997]. 

Inn Part II , the work in Chapter 8 is based on a joint paper [AGHdROO] with 
Areces,, Heguiabehere and de Rijke. This refined the standard translation of van 
Benthemm [1983]. Our refinement there is motivated by semantic intuitions. These 
samee intuitions trigger the work in Chapter 9: the design of a constraint solver 
forr modal logics, based on the propositional solver of [GSOO]. 

Lookin gg Ahead 

Ass the above section highlights, a number of questions follow up from this thesis. 
Wee briefly discuss some of them as below, starting with those related to CSPs 
andd then passing to modal logics. 
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Constraintt  Propagation 

InIn the above section, we conclude that the SGI schema appears to be sufficiently 
generall  to abstract the common features of constraint propagation algorithms. 
Besidess and foremost, the SGI schema is sufficiently expressive and ductile to 
alloww us to distinguish each of those algorithms according to its specific strategy 
inn iterating functions, so to speak. Certainly, a proof theoretic view of constraint 
propagationn algorithms would be more general than the SGI based one. It seems 
thuss natural to investigate whether such a proof theoretic view can be as expres-
sivee as the SGI based approach. 

Inn the conclusions to Chapter 6, we suggest that it would be interesting to 
comparee the given characterisation of constraint algorithms in terms of functions 
too the database relational model: in particular, this could be useful for optimisa-
tionn tasks as our discussion on p. 122 pinpoints. We also suggest how this view 
cann be extended to soft CSPs; we spotlight the problems that we face in this 
extension,, and how these can be tackled. 

Inn the conclusions to Chapters 4 and 5 we also suggest how the approach via 
functions,, adopted in this thesis, could be useful in devising new algorithms, or 
neww notions of constraint propagation; the basic algorithm schema can be SGI or 
aa variation of it, the iterated functions should be polynomial-time computable. 
Inn what follows, we touch on this issue in the context of modal logics. 

Diamondd Satisfaction 

AA question emerges from the second part of this thesis: how efficiently constraint 
basedd algorithms can be applied to modal reasoning problems. The question can 
bee investigated by working further on both the following issues: 

•• mapping modal formulas into CSPs, 

•• mapping inferences on modal formulas into constraint propagation and sat
isfactionn steps. 

Forr instance, efficient reasoning in this setting can be achieved by refining the 
encodingss of modal formulas into CSPs, as proposed in Chapter 9; just like we do 
inn Chapter 8 where we refine the standard translation of modal formulas into first-
orderr formulas. In turn, these refined encodings could provide more information 
too constraint-based propagation and satisfaction algorithms, and this information 
couldd result in more efficient constraint-based algorithms. 

Thee area of automated theorem proving for modal logics could also constitute 
aa test-bed for soft constraint algorithms, as suggested in Section 9.7. In real 
timee systems, modal formulas are used to express properties of the systems; in 
thiss context, the user is often interested in retrieving an optimal solution, that 
prioritisess certain properties. Hence soft CSPs and algorithms may be employed 
inn such situations, or existing algorithms may be optimised for these tasks. 
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Origina ll  Algorithm s 

Algorith mm A.l : KS{X, D,C) 

G:=0; ; 
FF :=  {(d,s) : d € D [s] , s a scheme on X} ; 
forr  each i :— 1,..., n and (d, s) E F s.t. the length of s is i do 

forr  each Xj ̂  s do C{d,s,Xj) := DJ; 
iff  (rf, s) & C(s) for some constraint on s then 

G:=GU{(d ,s , i ) } ; ; 
FF :— F — {(d, s)} ; % to inspect it at most once 

whil ee G ̂  0 do 
choosechoose (s,d, i) G G; 
GG := G-{(<* , a, i ) } ; 
iff  z < fc then 

forr  each scheme t = s U {;rfc}  s.t. xk & s and a G D*  do 
ee = d M a; 
ifif  (t,e) € F then 

G:=GU{(«,É,ii  + l ) } ; 
FF := F — {(e,t)};% to inspect it at most once 
C(t):=C(t)-{e}; C(t):=C(t)-{e}; 

iff  i > 1 then 
forr  each j ; = 1. .. i do 

rr  :=s- {XJ} ; 
ee :=rf[r] ; 

C ( c , r , j ) : = C ( c , r , j ) - { d W } ; ; 
ifif  C(e, r, i ) = 0 and (e, r) € F then 

G : = G u { ( e , r , i - l ) } ; ; 
FF :=  F — {(e, r)}  ; % to inspect it at most once 
C{r):=C{r)-{e}-C{r):=C{r)-{e}-
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Algorith mm A.2: MC-1(X, D,C) 

SS := {C(s) : C(s) is a constraint of the problem constraint set C}  ; 
D'D' := D, 
whil ee S ^ 0 do 

choosechoose C(s) G S; 
5 : = 5 - { C ( S ) } ; ; 
forr  each x, € s 

D\D\ := {o € A , : 3d e G(s) n D [s]  s.t. d [xt]  = a} ; 
iff  D\ / A then 

55 := S U {C(«) : 3j G s s.t. j G i}  ; 
AA := D[-

Algorith mm A.3: AC-3(X, D, C) 

SS :— {C(xi, Xj), C{XJ, X{) : C(xi,Xj) is in the problem constraint set C} 
D'D' := Z>; 
whil ee S Ï 0 do 

choosechoose C(xk,xi) G 5; 
55 := 5-{C(x*,a:/)} ; 
D**  := {a e Dk, • 3(a, 6) G C(x*, xj) n D [x*, x{\ s.t. d [xfc] = a] ; 
iff  £)£ / Dk then 

55 := 5 U {G(xfe, Xi), C{xi, xk) : k / i, /}  ; 

Algorith mm A.4: HAC-4(X D, C, G) 

whil ee G ^ 0 do 
choosechoose (xi,a) G G; 
G : = G - { ( x , , a ) } ; ; 
forr  each G(xj,a;s) do 

forr  each Ï J 6 s - {z}  do 
forr  each b G Dj do 

C(xj,b;C(xj,b; s) := C{xj,b; s) — {d} ; 
ifif  C(xj, è; s) = 0 and (XJ, b) then 

G:=G(j{(x j ,&)} ; ; 
FF := F — {(xj,b)} ; % to choose it only once 
D[j):=D[j]-{b}; D[j):=D[j]-{b}; 
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Algorith mm A.5: PC-4(X, £>, C) 

whil ee G £ 0 do 
choosechoose (xk : d xi : e) E G; 
G:=G-G:=G- {{xk : d, xt : e)}; 
forr  each j = 1 , . . ., n and c 6 Dj do 

iff  A; < j then 
C(xfcc : d, Xji : c; xf) := C(x*  : d, Xji : c; xt) — {e}  ; 
iff  C(xk : d, Xj : c; xi) = $ and (xfc : d, IT, : C ) G F then 

G:=GU{ (x * :d ,x . ,, :c) } ; 
FF := F — {(xk : d, x3•, : c)}  ; % to choose it once 
C(xC(xkk,, Xj) := C(xjt, x,-) - {(d, c)} ; 
else e 
C(xjj  : c, xk : d; xi) ;= C(XJ : c, xk : d; xj) - {e} ; 
iff  C(xfc : d, Xj; : c; xj) = 0 and (XJ : c, xk : d) € F 

G:=GU{(xj:c,xG:=GU{(xj:c,xkk : d)}  ; 
FF := F — {(XJ : c, xfc : rf)}; % to choose it once 
C(xj,x;fc)) :=C(xj,xfc) - { (c ,d ) } ; 

iff  j < I then 
C(XJC(XJ : c, xi : e; xk) := C(j  : c, / : e; fc) — {d} ; 
ifif  C(xj : c, x\ : e; x^) = 0 and (XJ : c, xi : e) E F then 

GG := GU {(XJ : c, xi : e)}  ; 
FF := F — {(XJ : c, xi \ e)}  ; % to choose it once 
C(xj,xi)C(xj,xi) := C(xj,xO - {(c,e)} ; 
else e 
C{xiC{xi : e, Xj : c; xfc) := C(xj : e, Xj : c; xfc) - {d}  ; 
iff  C(xj : e, Xj : c; Xfc) = 0 and (xj : e, Xj : c) e F then 

GG := Gö {(xi : e, Xj : c)}  ; 
FF := F — {(xi : e, Xj : c)}  ; % to choose it once 
C{xi,C{xi, Xj) := C(xh Xj) - {(e, c)}  ; 
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Samenvatting g 

Ditt proefschrift gaat over efficient automatisch redeneren. Het bestaat uit drie 
delen. . 

Deell  I behandelt zogeheten constraint propagation algoritmes. Dit zijn ef-
ficiënteficiënte algoritmes voor het oplossen van constraint satisfaction problems. In 
Hoofdstukk 2 geven we een inleiding tot dergelijke algoritmes: constraints worden 
gekarakteriseerdd als relaties op domeinen waarin variabelen hun waarden nemen. 
Dee doelstellingen in Deel I zijn van een theoretische aard: een algemene theorie 
waarinn de voornoemde algoritmes geformuleerd en begrepen kunnen worden. Om 
preciess te zijn, de theorie die we in Deel I ontwikkelen, beoogt nieuwe inzichten 
tee verschaffen omtrent de volgende vragen: 

1.. Volgen constraint propagation algoritmes een gezamenlijk strategie? 

2.. Wat zijn de verschillen en overeenkomsten tussen die algoritmes? 

Omm de eerste vraag te beantwoorden wordt in Hoofdstuk 3 een algemene algoritme-
schemaa SGI voorgesteld: binnen dit schema wordt, volgens een bepaalde strategie, 
eenn verzameling functies herhaald met als doel het vinden van een gezamenlijk 
dekpunt.. Het algemene algoritme-schema, en een aantal varianten op dit schema, 
wordenn in Hoofdstuk 3 bestudeerd. De varianten zijn essentieel bij het beantwo-
ordenn van de tweede vraag die we hierboven noemden. 

Dee theorie van Hoofdstuk 3 wordt in Hoofdstuk 4 toegepast om klassieke con-
straintt propagation algoritmes door middel van iteraties van functies te beschri-
jvenjven en analyseren. Soft constraints zijn expressiever dan klassieke constraints, en 
zee worden voornamelijk gebruikt om onzekerheid te modelleren. Desondanks is 
dee theorie van Hoofdstuk 3 algemeen en expressief genoeg om ook soft constraint 
propagationn algoritmes te beschrijven en analyseren. 

Nadatt we hebben laten zien dat constraint propagation algoritmes instanties 
zijnn van ons algemen SGI schema, doet zich de volgende vraag voor: 

•• welke functies verwijderen inconsistenties in constraint propagation algo
ritmes? ? 
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OmOm deze vraag te beantwoorden geven we in Hoofdstuk 6 een karakterisering van 
functiess voor zowel klassieke als soft constraint propagation algoritmes. Hiermee 
besluitenn we Deel I. 

Inn Deel I I  werken we opnieuw met relaties. Dit deel betreft de modale logica, 
waartoee we in Hoofdstuk 7 een inleiding verschaffen. In dit tweede deel van het 
proefschriftt twee manieren voor om de volgende vraag te antwoorden: 

•• hoe kan de vervulbaarheid van modale formulas op een efficiënte manier 
bepaaldd worden? 

InIn Hoofdstuk 8 beantwoorden we deze vraag door modale logica in eerste-orde log
icaa te vertalen: we verfijnen de standaard vertaling van modale naar eerste-orde 
logica,, en tonen aan hoe de nieuwe vertaling de het gedrag van op resolutiemeth
odenn gebaseerde stellingbewijzers op modale formules verbetert. 

Hoofdstukk 9 exploreert een interessant nieuw onderzoekthema: hoe efficiënt 
zijnn constraint propagation en satisfaction algoritmes voor modale logica? In 
ditt hoofdstuk reduceren we de vervulbaarheid van algemene modale logica tot 
vervulbaarheidd van propositielogica, waarna we constraint algoritmes gebruiken 
hethet laatste probleem op te lossen, in plaats van meer gangbare Davis-Putnam 
algoritmes. . 

Deell  II I  geeft een samenvatting van de inhoud van het proefschrift, en besluit 
mett een discussie over een aantal open vragen. 
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