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Chapter 3 

Adaptive update lifting: the axiomatic 
framework 

Multiresolution (MR) representations, such as pyramids and wavelets, provide a powerful tool 
for the analysis of signals, images, and video sequences. Classical MR transforms lead to 
an isotropic smoothing of the signal when going to lower resolutions. However, for various 
applications there is a strong demand for a more 'high-level' analysis and thereby for MR 
representations that take into account the characteristics of the underlying signal and do leave 
intact or even enhance certain important signal characteristics such as sharp transitions, edges, 
singularities, local extrema and other geometric structures of interest. The importance of 
such 'adaptive' or 'data-driven' representations has led to a wealth of new directions in MR 
approaches such as bandelets, ridgelets, curvelets, morphological wavelets, etc., which go beyond 
standard wavelet theory. These systems combine ideas of multiresolution analysis with notions 
of geometric features and structures in order to build decompositions which are suited to a given 
task. Often, this can be achieved by making the decomposition dependent on the underlying 
data. 

In this chapter, we propose a technique for building adaptive wavelets by means of an 
adaptive update lifting step followed by a fixed prediction lifting step. The adaptivity consists 
hereof that the system can choose between different update filters, and that this choice depends 
on the information locally available within the input bands (e.g., the gradient of the original 
signal). In this way, only homogeneous regions are smoothed while discontinuities are preserved. 

The chapter is organized as follows. Section 3.1 introduces the idea of adaptive wavelets 
and recalls some of the existing approaches in the literature. Section 3.2 presents a general 
framework for building non-redundant adaptive wavelets by update lifting. The rest of the 
chapter deals with a special class of adaptive update lifting scheme where the system can 
choose between two different update steps depending on the local gradient of the signal. After 
giving some mathematical notions in Section 3.3, the update filters and the decision function 
which triggers the choice of these filters are discussed in more detail in Section 3.4. Necessary 
and sufficient conditions for perfect reconstruction of such an adaptive system are derived in 
Section 3.5. 
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11 Chapter 3. Adaptive update lifting: the axiomatic framework 

3.1 Adaptive wavelets: existing approaches 
Originally, wavelet transforms were linear, and their construction was based on classical tools 
from functional and harmonic analysis such as the Fourier transform. However, classical wavelet 
transforms are not always suitable to analyze discontinuities encountered in real-world signals, 
in the sense that they perform a uniform smoothing which does not take into account the 
geometric structure of the signal. Moreover, such discontinuities (e.g., sharp transitions in one-
dimensional signals and edges in images) tend to give rise to large coefficients in their proximity, 
which is very undesirable in coding and compression applications. This has motivated a growing 
interest in finding new representations able to preserve important singularities in the signal 
while providing a compact representation. 

Indeed, for most tasks in signal and image processing, such as texture analysis, segmenta
tion, compression, denoising and deconvolution, it is of paramount importance that the repre
sentation at hand takes into account the geometric nature of the underlying signal. In other 
words, MR representations must adapt themselves to the signal structure. This can mean, for 
example, that the filters constituting a wavelet decomposition are 'shaped' or 'steered' by the 
input data. One can find several approaches to introduce some kind of adaptivity into an MR 
decomposition. In what follows we discuss some of these approaches. 

A first approach to adaptivity is to use arbitrary subband decomposition trees (wavelets 
packets or local cosine bases) to choose a basis depending on the signal. The best basis algo
rithm [168], for example, selects a wavelet basis by minimizing a concave cost function such as 
the entropy or an /p-norm. To further characterize the space-varying characteristics, the spa
tially adaptive wavelet packets were introduced in [72,118] by performing a spatial segmentation 
and adapting the wavelet packet frequency decomposition to each spatial segment. Similarly, 
adaptive local cosine basis decompositions [32] as well as jointly adaptive space and frequency 
basis decompositions [73] have been proposed for a better space-frequency representation. In 
such approaches, the filter coefficients are fixed for an entire block of data as the optimization 
criterion is a global one. However, using a single prototype filter may not characterize well the 
local variations of the signal. 

Another approach is to look for bases that are capable of 'tracking' the shape of the dis
continuities. This has led to construction of functions whose support has a shape that can 
be adapted to the regularity of the signal being analyzed. Donoho [50] studies the optimal 
approximations of particular classes of signals with an overcomplete collection of elementary 
functions called wedgelets. His construction is based on a multiscale organization of the edge 
data. Another construction due to Donoho [51] are the ridgelets. These are elongated functions 
especially suited for object discontinuities across straighl lines. Motivated by the problem 
of finding efficient representations of objects with discontinuities along curves, Candès and 
Donoho [23] introduced yet another representation system, the curvelet transform. Curvelets 
are based on multiscale ridgelets combined with a spatial band-pass filtering operation to iso
late different scales. It has been shown that, under certain assumptions, curvelet frames have 
optimal approximation properties for two-dimensional functions which are piecewise constant. 
This has led to different constructions and applications for the curvelet transform [24,142]. 

Recently bandelets have been proposed by Le Pennec and Mallat [88]. They construct 
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orthonormal bases of wavelets which take advantage of the 'regularity of edges' in images. 
Singularities are first detected with so-called foveal wavelets, and then chained together to form 
edge curves. The foveal coefficients are then decomposed with standard wavelet bases. The 
resulting wavelets have their support in a band surrounding the edge curve, hence the name 
bandelet. 

Another MR representation for images which incorporate a specific geometric treatment of 
edges is proposed by Cohen and Matei [31]. Their approach is based on the nonlinear MR 
representation of Harten [67] while incorporating edge detection within the same transform. 

Chan and Zhou [26] extend the essentially non-oscillatory (ENO) technique1 [68] to modify 
the standard wavelet transform near discontinuities. Instead of changing the filter coefficients, 
they choose to change the input signal in the proximity of discontinuities through an extrapo
lation procedure. By recording these changes, the original signal can be recovered at synthesis. 

The introduction of the lifting scheme by Sweldens [146-148] opened the way to the design 
of nonlinear wavelet transforms [46,55,57,65,66,70]. In all these approaches, the flexibility and 
freedom offered by the lifting scheme were merely used to replace linear filters by nonlinear 
ones, such as those deriving from mathematical morphology. A severe limitation is that the 
filter structure is fixed, and thus cannot cope always with the sudden changes in the input 
signal. To overcome this problem, various lifting schemes with space-varying prediction filters 
have been proposed. 

Trappe and Liu [160] build adaptivity into the prediction step of the lifting scheme. Their 
aim is to design a data-dependent prediction filter to minimize the predicted detail signal. They 
distinguish two different approaches. Their first approach is global in the sense that the l2-
norm of the entire detail signal is minimized using Wiener filter theory. Their second approach 
is based on the classical adaptive filter theory for designing time-varying filter banks [69]. It 
uses a local optimization criterion and, in this case, the coefficients of the prediction filter 
vary over time (or space). Here the filter coefficients at a given location n are updated using 
the approximation signal x and the predicted detail y' at location n — 1. In this scheme, 
perfect reconstruction is automatic. A similar approach had been earlier proposed by Gerek 
and Qetin [60,61]. These latter approaches are causal in the sense that the computation of the 
detail signal at a given location depends 'only' on previously computed detail samples. That 
is, the detail sample y(n) is not used for determining the prediction filter at location n. This 
differs from our scheme, to be introduced in the next section, where both x(n) and y(n) are 
used for the computation of the filter coefficients. 

Claypoole et al. [29,30] propose an adaptive lifting scheme, which they call space-adaptive 
transform,, which lowers the order of the approximation near jumps to avoid prediction across 
discontinuities. In [30], the choice of prediction filter depends only on the approximation 
signal and thus, this approach still fits within the classical lifting framework (where perfect 
reconstruction is guaranteed), albeit that the lifting operator is nonlinear in this case. The 
approach presented in [29]. however, does not fit. within the classical lifting scheme as the 
prediction step does require input from both channels. To guarantee perfect reconstruction at 

'The basic idea behind an ENO scheme is to construct a piecevvise polynomial approximation of a given 
function by using only information from smooth regions. 
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synthesis, one has to keep track of the filter choices made at each sample. As a consequence, 
the resulting decomposition is no longer non-redundant. 

Our approach resembles the approach by Claypoole et al. [29] in the sense that it does not 
fit in the classical lifting scheme either. However, we choose our scheme in such a way that 
no bookkeeping is required. At the synthesis step we will still be able to recover the decision, 
i.e., the choice of the filter, made at the analysis step. Therefore, an important feature of our 
adaptive representation is that it is neither causal nor redundant. 

3.2 General framework for update lifting 

Assume that an input signal x°: 1d —> H , henceforth denoted by :r0. is decomposed into two 
components x and y. where possibly y comprises more than one band, i.e., 

y = {y(-\i) y(-\P)} w i t h P > i . (3.i) 

The bands x,y(-\l),... ,y(-\P), which generally represent the polyphase components of the 
analyzed signal a*o, are the input bands for our lifting scheme. In any case, we assume that 
the decomposition XQ •—» (x. y) is invertible and hence we can perfectly reconstruct. x0 from its 
components x and y. The first signal x will be updated in order to obtain an approximation 
signal x' whereas y ( - | l ) , . . • ,y(-\P) will be further predicted so as to generate a detail signal 
y' = {y' (:\l)..... y' (-\P)}. In our lifting scheme, the update step is adaptive while the prediction 
step is fixed. This implies that the signal y can be easily recovered from the approximation x' 
and the detail y'. The recovery of x from x' and y is less obvious. Henceforth, we concentrate 
on the update lifting step. 

The basic idea underlying our adaptive scheme is that the update parameters depend on the 
information locally available within both signals x and y, as shown in Fig. 3.1. In this scheme D 

Figure 3.1: Adaptive update lifting scheme. 

is a decision map which uses inputs from all bands, i.e., D = D(x, y) = D\x,y(-|l),....y{-\P)). 
and whose output is a decision parameter d which governs the choice of the update step: for 
every possible decision d of the decision map, we have a different update operator Uj and 
addition 0 r f . More precisely, if dn is the output of D at location n G Zd. then the updated 
value x'(n) is given by 

x'(n) = x(n) (Bdn U^y^n) = x(n) © ^ Udn{y(-\l),.. ..y(-\P))(n), (3.2) 
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and can be inverted by means of 

x(n) = x'{n) Qdn Ud„(y)(n) = x'(n) Qdn Udn ( j , ( . | l ) , . . .,y(-\P))(n), (3.3) 

where Qd denotes the subtraction which inverts ©d. Thus, presumed that d is known for every 
location n , we can recover the original signal x, and hence have perfect reconstruction. 

The invertibility of such a scheme is far from trivial if we want to avoid the overhead of 
storing the decision map (i.e., the decision parameter dn for every n). The reason is that 
dn = D(x,y)(n) depends on the original signal x while at synthesis we do not know x but 
'only1 its update x'. In general, this prohibits the computation of dn and in such cases perfect 
reconstruction is out of reach. However, as we will show later, under some special circumstances 
it is possible to recover dn from x' and y = { y ( - | l ) , . . . , y(-\P)} by means of a so-called posterior 
decision map D'. Obviously, this map needs to satisfy 

D'(x',y) = D(x,y), 

for all inputs x, y = {(/(- |1) , . . . , y{-\P)}, with x' given by (3.2). It is obvious that this condition 
is satisfied if the decision map depends only on y, since then we can choose D' = D. For that 
reason, we reckon the case where D depends only on y among the non-adaptive lifting schemes. 
In the sequel we shall only consider schemes which are truly adaptive. 

We assume that at each location n € Zd the update step depends only on x(n) and N 
samples from signal y, say y(n + lj\pj), where lj 6 Zd and pj € {1, P} for j — l,...,N. 
We use the notation: 

tjjin) =y{n + lj\pj), j = l,...,N. 

Note that we have some freedom in labeling the values y(n + l\p) by j . Fortunately, the specific 
choice of the labeling is of no importance. We give two examples to illustrate this notation. 

E x a m p l e 3 .2 .1 . First we consider the one-dimensional case with only two input bands x and 
y (hence P = l ) . Assume that samples x0(2n). x0(2n + 1) of the original signal correspond with 
samples x(n),y(n), respectively and that x(n) is updated with its two neighbors y(n - 1) and 
y(n). Thus, N = 2 and we could, for example, label yx(n) = y(n — l) and y2(n) = y(n) as shown 
in Fig. 3.2. Obviously another choice is yi(n) = y(n) and y2(n) = y(n - 1). Note that in both 
cases the labelings are not one-to-one: for example, for the former choice, y-2(n) = yi(n + 1). 

3/i (rc) •*(") Vzin) 

x0{2n - 1) x0(2n) x0(2n + 1) 

Figure 3.2: Example of indexing the input samples for one-dimensional signals. 

E x a m p l e 3.2.2. Next, we consider two-dimensional signals as depicted in Fig. 3.3. Here, 
we assume a decomposition with P = 3 corresponding with a square (i.e., 2 x 2 ) sampling 
structure. The geometrical interpretation of the three last band signals is as follows (see also 
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y(n-a-b\3) 

y(n-b\l) 

y(n-b\3) 

y(n-a\2) 

x(n) 

y(n\2) 

y(n-a\3) 

y(n\i) 

y(n\3) 

( 2 m - l , 2 n - l ) 

(2m,2n-l) 

(2m+l ,2n- l ) 

(2m-l,2rc) 

(2m. 2n) 

(2m+l,2n) 

(2m -l ,2n + l) 

(2m, 2n+l) 

(2m+l,2n+l) 

Figure 3.3: Left: coordinates for two-dimensional signals. Right: location of the input signals x and 
2/(-|l), -i/(-|2), 2/(-|3) after square sampling. Here a = (1,0)T and b — (0,1)'1. 

the right diagram in Fig. 3.3): after prediction, y(-|l),y(-|2) will represent the detail bands 
capturing vertical and horizontal details, respectively. The interpretation of y{-\3) is somewhat 
less intuitive. After prediction, it leads to what is usually called the diagonal detail band. 

Let us assume that x(n) is updated with its eight, horizontal, vertical and diagonal neighbors. 
This involves the samples (starting at the east and rotating counter-clockwise): y(n\l),y(n -
a\3),y(n — a\2),y(n-a — b\3),y(n-b\l),y(n-b\3),y(n\2) and y{n\3). Here a, b are the unit 
row and column vectors (1 .0)T and (0,1)T , where the superindex 'T ' denotes transposition. In 
this example, choosing a counter-clockwise labeling direction, we get y\{n) = y{n\l), y^zin) = 
y(n — a |3) , jfe(ra) = y(n - a |2) , etc., as depicted in Fig. 3.4. Again, this labeling is not 
one-to-one: e.g., y2(n) = y8{n — a). 

3.3 Intermezzo: seminorms 

Before we give an explicit expression for the update step and examine the question under which 
assumptions it is invertible, we need to introduce the concept of seminonn and other notions 
that we will need in the sequel. 

Def in i t ion 3 .3 .1 . Let V be a vector space over IR. A function p: V —> B.+ is called a seminorm 
if the following two properties hold: 

(i) p{Xv) = \X\p{v), v e V, A e IR 

(ii) p{vi + v2) < p(vi) +p(v2), v{.v2 e V. 

This last inequality is called the triangle inequality. 
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ï/4(n) 

y->(n) 

Vein) 

Vz{n) 

x(n) 

V7(n) 

Sfe(n) 

Vi(n) 

ys(n) 

Figure 3.4: Example of indexing the input samples for two-dimensional signals. 

A large class of seminorms on R/ is given by the expression 

i 

p(v) = (52 \aIv T..\Q\1/<1 (3.4) 
i=l 

where a; € R ^ , i = 1 , . . . , I, and q > 1. By a T v we mean the inner product of the vectors a 
and v. 

For example, if q = 1 and ƒ = 1, we get 

p(u) = | a T v | , 

which we simply refer to as weighted vector seminorm. The seminorms given by 

r , f . . \ i / 2 p(v) = (vTMv) (3.5) 

where M is a symmetric positive semi-definite matrix, are called quadratic seminorms. It is 
not difficult to show that they belong to the family given by (3.4) with q = 2. Indeed, if M is 
a symmetric positive semi-definite matrix, we can write [76]: 

N 

M = J2 ^iUiuf, X, > 0, 
< i 

where {A, | 1 < / < N} are the eigenvalues of M and {u,: | 1 < i < N} are the (orthogonal) 
eigenvectors of M. The expression (3.5) becomes 

p{v) = vT(^2XiUiuJ)v 

1/2 N 1/2 

E* I T 12 
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Now, if we take a, = \f\,Uj, we get (3.4) with q = 2 and I = N. 
Recall that p is a norm if, in addition to (i)-(ii) in Definition 3.3.1, it satisfies p(v) = 0 if 

and only if v = 0. Obviously, every norm is a seminonn but not vice versa. In particular, the 
seminorm given in (3.5) is a norm when M is a symmetric positive definite matrix. A special 
case is the /2-norm which results when M is the identity matrix. The well-known /''-norms 
(1 < q < oc) are obtained from (3.4) with / = N and {a, | 1 < i < N) being the canonical 
basis2 of IRA. 

Let V be a vector space with seminorm p. For a linear operator A: V —» V we define the 
operator seminorm p(A) and the inverse operator seminorm. p~l(A) as 

p(A) = sup{p(Av) \ v e V and p(v) = 1} 

p"l(A) = sup{p(v) | v € V and p{Av) = 1 } . 

In the last expression we use the convention that p _ 1 ( ^ ) = °°- if p{Av) = 0 for all v e V. 
unless p is identically zero, in which case both p(A) and p _ 1 ( ^ ) a r e z e r 0 - Throughout the 
remainder, we will discard the case where p is identically zero and. consequently, we will always 
have p - 1 (A) > Ü. 

We list some properties of these two notions in the following proposition. 

Propos i t ion 3.3.2. Let V' be Hilbert space, let p: V —» R+ be a seminorm and A: V —* V be 
a bounded linear operator. 

(a) p~l{A) =p(A~1) if A tö invertible. 

(b) The following two conditions are equivalent 

(i) p(A) < oo 

(ii) p(v) = 0 implies p(Av) = 0 for v G V'. 

(c) The following two conditions are. also equivalent 

(i) p-\A) < oo 

(ii) p(Av) = 0 implies p(v) = Ü for v € V'. 

(d) p(Av) < p(A)p(v) ifp(v)^0. 

(e) p(v) < p-1{A)p{Av) ifp(Av)^Q. 

Proof. The proofs of (a), (d) and (e) are straightforward. We prove (b) and (c). 
(/;): Assume (/), that is p(A) < oc. Now suppose that there exists a v e V such that 

p[v) = 0 and p(Av) ^ 0. We show that this gives rise to a contradiction. Fix a vector w € V 
with p(w) = 1. If A G K, then 

p(Xv + w) < \X\p(v) + p{w) = 1. 

2The vectors a, € IRjV, i = I. Ar, are said to be a canonical basis of IRA if a\ = (1.0 ,0) T , a2 = 
(0.1.0. ...A))'1' aN = (0 0, l)7 ' . 
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and also 

1 = p(w) < p(Xv + w)+ p(-Xv) = p(Xv + w), 

which means that 
p(Xv + w) = 1 for every A € R . 

By definition, 

p(A) > p(A(Xv + w)) > p(XAv) - p(Aw) = \X\p(Av) - p{Aw). 

Letting |A| —> oo, we arrive at the conclusion that p(A) = oc, a contradiction. 
Assume now that (n) holds. Define V0 C V as V0 = {v €. V | p(v) = 0} and V\ = VQ-. 

It is easy to see that for any « e V w c have p(v) = p(vi) where V\ is the projection of v on 
V'i. Obviously p defines a norm on the closed subspace V\. The decomposition of V into VÓ 
and Vi gives rise to a decomposition of the operator A into Atj where Atj maps Vj into Vt, for 
i,j = 0 ,1 . Thus we can write 

Av = (AQOV0 + A01Vi) + (A10v0 + Anvi), 

where the first and second expression between brackets lies in V0 and Vu respectively. The 
condition in (it) obviously means that ^4io = 0. It is then evident that 

p(A) = sup{p(Anvi) | p{vi) = 1} , 

and this coincides with the norm of An on \\ which, by definition, is finite. This proves (b). 
(c): This proof is very similar to that of (6). In the second part of the proof where it has to 

be shown that p~l{A) < oo, it is found that Aw = 0, An is invertible, and p~1{A) = p{A^), 
which is finite. • 

3.4 Choice of decision map and upda te filters 

We return to the framework of Section 3.2, and define the gradient vector v(n) = ( i ' i ( n ) , . . . , 

vN(n))T e R ' v by 

Vj(n) = x(n) - yj (n) , j = l,...,N. (3.6) 

Recall that y.j{n) = y(n + lj\pj), where the samples y(n + lj\pj) are those used by the update 
step. 

We assume that the decision map at location n depends exclusively on the gradient vector 
v(n). Furthermore, in the remainder of this chapter we consider binary decision maps where 
d can only take the value 0 or 1, governed by a simple threshold criterion: if the gradient is 
large (in some seminorm sense) it chooses one filter, if it is small the other. In particular, we 
consider binary decision maps of the form: 

D(X,y)(n)=^ M " ( » » > r 
V A ; (0 . if p(v(n)) <T 

(3.7) 
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where v(n) e 1RV is the gradient vector given by (3.6), p: R A —> IR+ is a seminoma, and T > 0 
is a given threshold. Instead of (3.7) we may also use the shorthand notation 

D{x,y)(n) = [p(v(n)) > T], (3.8) 

where [P] returns 1 if the predicate P is true, and 0 if it is false. 
Not every seminorm can be used to model an adaptive scheme. For example, if p{y{n)) 

depends only on differences i>,(n) - i'j(n), then the decision criterion in (3.7) is independent 
of the value of x(n), as can easily be seen by using (3.6). A simple condition on p which is 
necessary for the scheme to be truly adaptive is 

p{u) > 0, 

where u = (1 , l ) 7 is a vector of length A'. Indeed, it is easy to check that the condition 
p(u) = 0 is equivalent, to the conditio]) 

p(v + Xu) = p(v), v € R A \ A E U. 

Observe that the addition of A to x(n), while keeping all yj{n) constant, amounts to the 
addition of Ait to the gradient vector v(n). If such an addition does not affect the seminorm, 
then the corresponding decision criterion does not depend on .r(n), and hence the scheme is 
non-adaptive. 

A d a p t i v i t y C o n d i t i o n for t h e Seminorm. The seminorm p on R/ satisfies 

p ( w ) > 0 , (3.9) 

where u = ( 1 , . . . , l ) 3 is a vector of length N. 

In the update step given by (3.2) wc need to specify the 'addition' ©d as well as the update 
filter Ud{y)(n), for the values (/ = Ü. 1. Henceforth, we assume that the addition @d is of the 
form: 

x 0 r f u = ad(x + u).. with a,, ^ 0. (3.10) 

Such a choice means in particular that the operation ©,/ is invertible. 
The update filter is taken to be of the form: 

N 

udn(y)(n) = Y,x^:>y^- (3-u) 

i.e., it is a linear filter of length N. The filter coefficients \dn,j depend on the decision dn given 
by (3.8). Combination of (3.2), (3.10). and (3.11) yields 

N 

•r'(n) = adnx(n) + Y,^r,j!)j(n). (3.12) 
j i 
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where 

Pd,j = Cïd^d.j • 

Obviously, we can easily invert, (3.12): 

1 
x(n) = —(x'(n) -^20dnjyj(n)) , 

presumed that the decision dn is known. Since dn depends on the components Vj(n) = x(n) — 
yj(n), j = 1 , . . . , N, and x(n) is not available at synthesis, recovery of dn from x' and y = 
{y(-\l),... ,y(-\P)} is not always possible. Thus, perfect reconstruction is tantamount to the 
recovery of dn, for every location n. from x' and y. Define the value 

N 

Kd = a<i+ ) , Pd,j, d = 0 , 1 . 
3 = 1 

We have the following result. 

Proposi t ion 3.4.1. Assume that the seminorm p on iRA satisfies the adaptivity condition in 
(3.9). A necessary condition for perfect reconstruction is KQ = « i . 

Proof. Assume that «o ^ «i. Let ( e R be such that 

\(KO-KI)Z\>-T-\- ( 3 - 1 3 ) 

p(u) 

Let n be a given location and assume that. x(n) = £ and yj(n) = f for j = 1 , . . . , N. Obviously, 
v(n) = 0 hence dn — 0. It follows immediately that (3.12) gives x'(n) = Ko£- However, if we 
take 2-(n) = £ + n and the same yj(n) as before, then v(n) — rju. Therefore, if \r/\ > T/p(u), 
then dn — 1 and we deduce that x'(n) = «i£ + ci]//. If we choose r/ = (K0 - Ki)£A*i, then, 
because of (3.13), the condition |̂ 71 > T/p(u) is satisfied. For this particular choice, however, 
«i£ + oi?7 = K 0 £ . Thus, we have shown that for the same values of yj(n), two different inputs 
for x(n) may yield the same output. Clearly, perfect reconstruction is out of reach in such a 
case. • 

Henceforth we assume K0 = «i- Obviously, to guarantee true adaptivity we need that the 
update filters for d = 0 and d = 1 are different. 

A d a p t i v i t y C o n d i t i o n for t h e U p d a t e F i l t e r s . The update filters for d = 0 and d = 1 do 
not coincide, i.e., 

p0j^phj for at least one j 6 { 1 , . . . , N}. (3.14) 

Throughout the remainder of this chapter we normalize the filter coefficients so that 

«0 = «1 = 1 • (3.15) 
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Note that such a normalization is possible only in the case where Kd^ 0. A system with Kd = 0 
would, in general, correspond to a prediction operator (i.e., high-pass filtering of .To to obtain 
the detail signal y'). while the condition «d -^ 0 is more appropriate for an update operator 
(i.e., low-pass filtering of Xo to obtain the approximation signal x'). 

Unfortunately, the condition in (3.15) is far from being a sufficient condition for perfect 
reconstruction. In the following section we will be concerned with the derivation of sufficient 
conditions for perfect reconstruction. 

Henceforth, to simplify notation, we will often omit the argument n. Thus we write x, //, in

stead of x(n), y.j{n), respectively, and v = ( t>i, . . . , v^)1 instead of v(n) = (v\ ( n ) , . . . . vN(n)) . 

Now, the update lifting step in (3.12) can be written as 

x' = adx + ^2 PdjVj • (3.16) 
j=\ 

Subtraction of ŷ  at both sides of (3.16) yields 

^(l-flwte-^flyt/i, (3-17) 

where 
v^x'-yi, i=l,...,N. (3.18) 

We call v' = (v[,... ,v'N)T the gradient vector at synthesis, and define the N x N matrix Ad 

by the right hand-side expression in (3.17). i.e., 

/ 1 — Pd,i —Pd,2 —0d,3 • • • —0d,N \ 

—0d,\ 1 — Pdfi ~Pd,3 • • • • 

- f l u -fk'2 '•• '• (3-19) A,,= 

\ —0d,\ ~Pd,2 ~0d,3 • • • 1 — 0d,N/ 

The adaptive update lifting step is described therefore by 

\v' = Adv 

\d=[p{v)>T], 

where p: H A —» JR+ is a given seminorm satisfying the adaptivity condition (3.9). In addition, 
we assume that the adaptivity condition (3.14) for the filters is satisfied, hence AQ ̂  A\. 

Note that the matrix Ad can also be written as 

Ad = I - u / 3 j , (3.20) 

where I is the N x N identity matrix, and u = ( l . . . . , l ) r and (3d = (Pd,it• • • 1 Pd,N)7 are 
column vectors of length N. For its determinant we find, after simple algebraic manipulations. 

N 

det(Af) = 1 - Pau = 1 - J2 #W = Qd' 
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where we have used (3.15). Since we have assumed that ad ^ 0 for d = 0 ,1 , we may conclude 
that Ad is invertible. Moreover, one can easily show that 

-uPd = V 
1 

Oid 

Mda 1 + 

fid, 2 /3d,3 

&C,2 /?d,3 
<*d 

fo.2 
<*d 

V 

Pd.N \ 

1 
Old 

Putting 

(3d=-PJad, 
we find that ^4^1 takes a form similar to that of /l^: 

These expressions will be useful in the derivation of perfect reconstruction conditions. 

3.5 When do we have perfect reconstruction? 

In this section we formulate conditions on the seminorm and the update filters which guarantee 
perfect reconstruction. As a preparatory step, we will ' translate' the perfect reconstruction 
condition into another condition called the threshold criterion, stated in terms of the seminorm. 

Recall that the update lifting step described in the previous section is given by 

V1 = A4V 

d = \p(v) > T]. 

If p(v) < T at the analysis step, then the decision equals d = 0 and v' = AQV. If, on the other 
hand, p(v) > T. then d — 1 and v' = A±v. To have perfect reconstruction we must be able to 
recover the decision d from the gradient vector at synthesis v'. For simplicity, we shall restrict 
ourselves to the case where d can be recovered by thresholding the seminorm p(V), i.e., the 
case that 

d=\p(v)>T] = \p(v')>T']1 

for some T' > 0. We formalize this condition in the following criterion. 

T h r e s h o l d C r i t e r i o n . Given a threshold T > 0. there exists a (possibly different) threshold 
T' > 0 such that 

(i) if p{v) < T then p(A0v) < V: 

{11) \ip{v) > T then p{Ayv) > T'. 

The following result is obvious. 
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Proposition 3 .5 .1 . If the threshold criterion holds then we have perfect reconstruction. 

The corresponding reconstruction algorithm is straightforward: 

1. compute v' from (3.18); 

2. if p(v') < T' then d = 0, otherwise d = 1; 

3. compute x from (3.16), i.e., 

1 -

ad 3=1 

Thus it remains to verify the validity of the threshold criterion. The following result provides 
necessary and sufficient conditions. 

Propos i t ion 3 .5 .2 . The threshold criterion holds if and only if the following three conditions 
are satisfied: 

p(Ao) <oo andp-1(Ai) <oo (3.21) 

p(A0)p-1(Al)<l. (3.22) 

Proof. In this proof, we use the first and the second threshold criterion conditions defined in 
page 55, denoted by (i) and (ii) respectively. 

'if: put T' = P(AQ)T; we show that the threshold criterion holds. To prove (i), assume that 
p{v) < T. lip(v) = 0, then p(A0v) = 0 by (3.21) and Proposition 3.3.2(b). If p(v) > 0, then 
we get from Proposition 3.3.2(d) that 

p(A0v) < p(A0)p(v) < p(A0)T = T'. 

To prove (ii) assume that p(v) > T. From the fact that p~1(Ai) < oo and Proposition 3.3.2(c) 
we conclude that p(Axv) ^ 0 and we get from Proposition 3.3.2(e) that p(v) < p~l(Ai)p(Aiv). 
In combination with (3.22), this gives us 

P^v) ^ JTrh * P(Ao)p(v) > p(Ao)T = T'. 

This concludes the proof of the 'if'-part. 
'only if: to prove that p(A0) < oo, assume that p(v) = 0 and p{A0v) ^ 0. We show that this 

will give rise to a contradiction. Choosing A > T'/p(A0v) we have lAlp^o^) > T'. However 
p(Xv) = \X\p(v) = 0, and we have a contradiction with (i). The fact that p~l(Ai) < oo 
is proved analogously. Thus it remains to prove (3.22). Choose T = 1 and let T' be the 
corresponding threshold given by the threshold criterion. We derive from (i) that p{A0) < T'. 
Now (ii) reads as follows: if p(v) > 1 then p(A]v) > T'. Suppose that (3.22) does not hold, 
i.e., P(AQ)P~1(A\) > 1 (p(A0) ^ 0, otherwise p~1(A{) should be infinite). From the definition 
of p~l(Ax) (see page 50), it follows that there must be a vector v € R.A' with p(Ayv) = 1 
and p(A0)p(v) > 1. Putting v' = p(A0)v, we get p(v') > 1 and p(Aiv') = p(A0) < T' which 
contradicts (ii). Therefore, (3.22) must hold. D 
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Note that the proof of the above proposition shows that it is sufficient to choose T' = p(A0)T. 
We have shown that a sufficient condition for perfect reconstruction is the threshold crite

rion, i.e., (3.21)-(3.22). In the next chapter, we will specialize to certain class of seminorms. 
Now, we prove some results related to the specific form of the matrix Ad = I — u0r

d. We start 
with the following auxiliary result. 

Proposi t ion 3.5.3. Let p be a seminorm on IR and let VQ be the kernel ofp, i.e., the linear 
subspace of RN given by 

V0 = {v € RN I p(v) = 0} . 

If A = I - U01 and p(u) ^ 0, then p(A) < 00 if and only if (3 € VQ-. 

Proof, 'if: assume that (3 £ VQ-. Following Proposition 3.3.2 we must show that p(v) = 0 
implies that p(Av) — 0. If p(v) = 0 then v e V0 hence (3Tv = 0. This implies that Av = 
v — u0 v = v and hence that p(Av) = 0. 

'only if: assume that p(A) < 00 and (3 $. VQ^-. Thus there is a v G Vó with (3Tv = 1. Then 
Av = v — u(3Tv = v — u. Since p(u) ^ 0, we have 0 ^ p(u) < p(u — v) +p(v) = p(u — v), and 
therefore p(u — v)= p(v — u)= p(Av) 7̂  0. Since p(v) = 0 we conclude from Proposition 3.3.2 
that p(A) = 00, a contradiction. This concludes the proof. • 

We now investigate the eigenvalue problem Av = Av with A = I — up . This can be 
written as v — U01 v = \v. We have to distinguish the cases A = 1 and A ^ 1. If A = 1 we 
find flTv = 0 and from A ̂  1 we get that v is a multiple of u. Thus we arrive at the following 
result. 

Lemma 3.5.4. Let A = I - u(3T and a = det{A) = 1 - (3ru. 

(a) If a = 1 then A has only one eigenvalue A = 1; the eigenspace is the hyperplane flTv = 0. 

(b) If a 7̂  1 then A has eigenvalues l , a . The eigenspace associated with eigenvalue A = 1 is 
the hyperplane f3Tv = 0, and the eigenvector associated with X = a is u. 

Note that in both the cases (o) and (b) we have Au — au. We apply this result to the matrix 
Ad given by (3.19) or, alternatively, by (3.20). Assuming p(u) > 0 (see (3.9)), we get that 

p{Ad) > p{Adu)/p(u) = \ad\ 

p-\Ad) > p(u)/p(Adu) = \ad\-
1. 

On the other hand, if there exists a v with {3dv = 0 and p(v) ^ 0 then 

p{Ad)> I and p-^Ad)^ 1. (3.23) 

Thus we arrive at the following necessary conditions for the threshold condition to hold. 

Proposi t ion 3 .5.5. Assume that the seminorm p satisfies the adaptivity condition p(u) > 0. 
(a) The threshold criterion can only be satisfied ?ƒ |a:o| < |a:i|. 
(b) Assume in addition that P(VQ) ^ 0, p(vi) ^ 0 for some vectors vd with 0^vd = 0 for 
d = 0 ,1 , then the threshold criterion can only be satisfied if |or0| < 1 < | a i | . 
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Proof. The threshold criterion can only hold if (3.22) is satisfied, that is p(AQ)p-i(Al) < 1. If 
p(u) > 0, then we have p(Ao) > |QO| and p~l{Ay) > | ö i | - 1 . Thus a necessary condition for 
(3.22) to be satisfied is \a0\ • \cvi\~l < 1- This proves (a). 

To prove (b), assume that for d = 0,1 we have p(vd) ^ 0 for some vj with /3dVd = 0. Since 
both P(AQ) and p~l(A\) are at least 1 by (3.23), we conclude that |QO| < 1 and | Q I | _ 1 < 1. 
This concludes the proof. D 

Before considering a number of special cases in the next chapter, we observe that the problem 
becomes trivial if N = 1. In this case there is, apart from a multiplicative constant, only one 
seminorm, namely p(v) = \v\. Now the threshold criterion holds if and only if |Q ( ) | < |o i | . 
Henceforth we restrict ourselves to the case N > 1. 


