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CHAPTERR 2 

TQFTT and CFT 

Inn this chapter we discuss the axioms for Topological Quantum Field Theory (TQFT), 
thee connection with special kinds of tensor categories, and finally the axiomatic ap-
proachh to Conformal Field Theory (CFT). These subjects are all closely related as we 
wil ll  explain. A general reference for these topics and their interrelations is the recent 
bookk [BK] , although we follow a different approach. Historically, Topological Quan-
tumm Field Theories were introduced by Witten using the language of path integrals. 
Hiss approach was mathematically axiomatized by Atiyah [A] , who was inspired by a 
similarr mathematical abstraction of the path integral approach to Conformal Field 
Theoryy developed by G.Segal [S2]. 

2.1.. Modular tensor categories 

Inn this section we state the definition of a modular tensor category. This inevitably 
leadss to an overwhelming number of definitions. However notice that the theory of 
TQFTT leads to a conceptually satisfying picture of such categories, as we will explain 
inn later sections. A general reference for categories is of course [Mac]. 

2.1.1.. Bra ided tensor categories. First, recall that an additive category is 
aa category in which the Horn-sets are vector spaces over a field fc, for which the 
compositionn is bilinear, and in which there exists a zero object, as well as finite direct 
sums.. We will always be concerned with the ground field k = C. An abelian category 
iss an additive category in which all morphisms have kernels and cokernels, and every 
monomorphismm is a kernel and every epimorphism a cokernel. An object V is called 
simplesimple if every injection U w V, £ Ob(C) is either 0 or an isomorphism. A category 
CC is said to be semi-simple if the set of isomorphism classes of simple objects is finite 
andd any object of C is isomorphic to a direct sum of simple objects. We now start 
withh the definition of a tensor category [JS]: 
Definitionn 2.1. A tensor category is a category C equipped with 

i)i)  a bifunctor © : C x C - > C, 
ii)ii)  associativity isomorphisms 

oiuvwoiuvw  {U®V)®W - ^ U®{V®W), U,V,W e Ob(C) 

naturall  in U, V and W, 
in)in) a unit object 1 <E Ob(C) with natural isomorphisms 

Ayy : 1®V -=-> V, pv : V®1 -=+ V, 

33 3 
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suchh that the so called pentagon diagram 

( ( V i ® ^ ) © ^ ) ® ^^ — Q l 2 3 @ ' 4 ( V i ® ^ ® ^ ) ) ® ^ 

°1®2,3,4 4 Q'1.2©3.4 4 

rryyll®v®v22)®(v^®v)®(v^®v44)) v1®((v2®v3)®v4) 

<*1.2.3®44 ^ * ic?l®«234 

V,®V,® (V2®(V3®V4)) 

commutess for all Vi,V2, V3, VA e Ob(C), as well as the triangle axiom: 

(F i® i )®y 22
 a i : Q , 2> V i ® ^ ® ^ ) 

Pi®idPi®id22 N x it/i®A 2 

Vl®V 2 2 

Thee easiest example of a tensor category is the category of finite dimensional vector 
spacee Vectc, where the monoidal structure is given by the tensor product of vector 
spaces.. Another example is given by Rep(G), the category of finit e dimensional 
representat ionss of a compact Lie group G, where the monoidal structure is given by 
takingg the tensor product of representations. Notice that in these examples, there is 
ann isomorphism V1 g> V2~V2®Vi, for any pair of objects Vx and V2. This motivates 
thee following 

D e f i n i t i o nn 2 .2 . A tensor category is said to be bra ided if it comes equipped with 
aa natural isomorphisms 

0vw0vw  V®W — 

suchh that the hexagon diagram 

Vi®(VVi®(V22®Vi) ®Vi) 

a l ; 2 , 3 / / 

( V i ® ^ ) ® ^ ^ 

Pi,2®id3Pi,2®id3 ^ 
(V(V22®Vi)®V®Vi)®V3 3 

A .. 2 ©3 
:: > 

«2,1,3 3 

^^ w®v, 

(V(V22®V®V33)®V)®Vl l 

\p'2,3,l l 

VV22®(V®(V33®V®Vll) ) 

/id/id22®p®pl:3 l:3 

VV22®(Vi®V®(Vi®V33) ) 

commutess for all VUV2, V3 E Ob(C). and so does the same diagram with j3 replaced 
byy its inverse. 

Noticee that a braiding is simply a natural isomorphism of functors (3 : ® -^ ®r , where 
rr  : C x C —» C x C is the flip , i.e., T(V. W) = (W, V). A tensor category with a braiding 
iss called a braided tensor category, or a monoidal category. I t is called symmetric if 
0vw0vw ° Pwv = l\v®v, VV, W E Ob(C). The name braided category comes from the 
"universal""  example, the category of braids, see e.g. [Ka] . 
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2.1.2.. Ribbon categories. A further refinement of a braided category is given 
byy so-called Ribbon category. Again, the name is derived from the "universal" ex-
ample,, the category of Ribbons, see e.g. [Ka, Tu]. First, we need to introduce 
duals. . 

Definitionn 2.3. A monoidal category is called rigid if there exists an equivalence of 
categoriess * : C —> Cop together with morphisms 

eevv : V*®V -» 1, iv : 1 -» V®V*, 

forr every object V of C, such that 

(id(idvv®e®evv){iv®idv)){iv®idv) = idy, (ev®idv*)(id v*®i v) = i d y . 

Remarkk 2.4. In the literature, see [Ka, Tu, BK], one usually introduces right and 
leftt duals and defines a braided category to be rigid when it has both left and right 
duals.. The definition we give is adapted for later use, but is equivalent to the usual 
one:: The functor above gives the right duals whereas its inverse gives the left duals. 
Followingg [BK], we call an equivalence of categories * : C —> Cop a weak duality, if 
V*V* ,, for every object V of C, represents the functor Hom(l, V®—) : C —> Vectfc. 

Next,, a twist in a braided tensor category is given by a family of natural isomorphisms 
{0{0VV :<E Honic(V, V)} indexed by the objects of C, such that 

6v®w6v®w = {Ov®@w)Pw,v0v,w 

99VV** = {OvY 

Definitionn 2.5. A (weak) Ribbon category is a (weakly) rigid braided tensor 
categoryy with a twist. 

2.1.3.. Modular tensor categories. Finally we come to the definition of a 
modularr tensor category: 

Definitionn 2.6. A modular tensor category is a semi-simple ribbon category with 
finitelyy many isomorphism classes of simple objects, Endc(l) = fc, and the property 
thatt for all simple objects V ^ 1, 3W G Ob(C) such that 

PvwPvw 7̂  flwv 

AA modular tensor category is thus, by definition, "maximally non-symmetric". The 
definitionn we have given here differs from the standard one, see e.g. [Tu, BK], and first 
appearedd in [BB] where the two were shown to be equivalent. See also [Mu, KeLu]. 
Thee name modular tensor category is explained by the following proposition: 

Propositionn 2.7. Let C be a modular tensor category. Then the k-vector space 

0Homc(l,K©V7) , , 

wherewhere the V*  form a complete set of simple objects, carries a projective representation 
o/5L(2,Z). . 

Thiss can be proved explicitly, see e.g. [Tu, BK]. However, a conceptual explanation 
forr this result wil l be given by TQFT. 
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2 .1 .4 .. T h e G r o t h e n d i e c k group. For any abelian category C, its Grothendieck 
groupp K(C) is the quotient of the free abelian group on the set of isomorphism classes 
off  objects in C modulo the relation [V]  = [U]  + [W]  for every short exact sequence 

(2.1)) o - > £ / -  V - » W -  0. 

Whenn C is a rigid monoidal category we can make K(C) into a ring by 

[U]-[V][U]-[V]  = [U®V]. 

Thiss definition works, since in a rigid tensor category, the functor —®V : C —> C 
iss exact, see e.g. [BK] prop. 2.1.8.. and gives an associative ring with unit. The 
Grothendieckk group is commutat ive when C is braided. 

2.2 .. Topological Q u a n t u m Fie ld t h e o r y 

2 . 2 . 1 .. C o b o r d i s m categor ies . Historically, the notion of cobordism emerged 
inn the fifties in the work of Thorn on the so-called cobordism group. Later, it became 
clearr that cobordism is the natural language from the point of view of Morse theory 
[M] :: A Morse function ƒ : M —> R on an (n + l)-dimensional manifold gives a 
decomposit ionn of M into n-dimensional manifolds Ma. a € R of critical points of ƒ. 
connectedd by "simple" n + 1-dimensional manifolds Mab. From this decomposition 
onee wants to read off the global topology of M. The cobordism category allows one 
too write the decomposit ion of M as a composition of morphisms M — M  ̂ o . .. o Mcd 

betweenn (isomorphism classes of) n-dimensional manifolds. 

First,, construct the following bicategory (see [Mac] for the definition of a bicategory, 
alsoo called a weak 2-category): Its objects are given by smooth compact «-dimensional 
orientedd manifolds, and arrows are given by cobordisms between such manifolds: A 
cobordismm from Mi to M2 consists of a triple (N,fuf2) where TV is a smooth oriented 
(n(n + l)-dimensional manifold with boundary ON — dNinUdNoul and diffeomorphisms 
fxfx : M\ —> cWi n . f2 : M'2 —> dNaut. where / i is orientation reversing and f2 preserves 
thee orientation. 
Composit ionn of cobordisms is given by the following construction: Given cobordisms 
(N-fi-h)(N-fi-h) I r o m M to M2 and {K.g2.g^) from M2 to M:i, define 

NUNU9*K9*K ll ^ = ^ U A 7 { ( x , y ) . f2(r)=g2(y)}. 

Tlii ss space has a unique topology by requiring the obvious projection 7r : ATI I K -^ 

NN U^ / . -1 K t o ^c a n ° Pc n- continuous map. There is even a unique smooth structure 

turn ingg TT into a smooth map [M] . In this way. the triple (N U , -i K.fi,g3) forms 

aa cobordism from Mi to 7l/:j , called the composition of N and K. denoted Â  o K. 

Onee might hope to obtain a category in this way, with unit given by M x I. where 
11 = [0.1]. but unfortunately this is not the case. This is because of the fact, that the 
composit ionn of cobordism is not associative, but merely associative up to diffeomor-
phism.. i.e., 

(NoK)oL(NoK)oL ^No(KoL). 

Onee can add such diffeomorphisms as 2-arrows (i.e.. "arrows between arrows") to 

obta inn a bicategory. Of course, we require such diffeomorphisms between two cobor-

dismss Af and N' to commute with the embeddings f.t : Mr —* N and ƒ/ : Mt —> A r'. 
22 = 1,2. 
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Onn the other hand, taking diffeomorphism classes of cobordisms, one obtains a true 
categoryy Cob, called the n-dimensional cobordism category. Its objects are given by n-
dimensionall  compact manifolds, and arrows by diffeomorphism classes of cobordisms. 
Compositionn of arrows is induced by composition of cobordisms, and the unit is given 
byy the diffeomorphism class of the cobordism M x I. 
Cobordismm is an equivalence relation between manifolds, which is weaker than dif-
feomorphism:: Suppose ƒ : M\ —> M2 is a diffeomorphism, then the cobordism 
(Mii  x I,idMl,f~

l) is invertible in Cob with inverse (M2 x I,idM2,f). The objects 
MiMi  and M2 are therefore isomorphic in Cob. 
Finally,, observe that the disjoint union of n-dimensional manifolds induces a sym-
metricc tensor structure on Cob such that it becomes a monoidal category. Changing 
thee orientation, denoted by N (— N, gives a *-structure. In this way, the cobordism 
categoryy becomes a symmetric monoidal *-category. 

2.2.2.. Axioms for TQFT. Consider the n-dimensional cobordism category 
CobCob constructed in the previous section. Inspired by the path integral approach 
too quantum field theory, Atiyah [A] gave the following definition of a Topological 
Quantumm Field theory (TQFT): 
Definitionn 2.8. An n-dimensional TQFT is a monoidal *-functor Z : Cob —» Vectfc. 
Onee can think of this as a "representation,, of the cobordism category. Let us write 
outt what this all means: 
Ann n-dimensional TQFT consists of the following data: 

i)i)  A finite dimensional vector space Z(N) for every (n — l)-manifold N. 
ii)ii)  A vector Z(M) in the vector space Z(dM). 

Suchh that, 
a)) Z is functorial w.r.t. diffeomorphisms of N and M. This means that any 

diffeomorphismm ƒ : N —> N' induces an isomorphism Z(f) : Z(N) —> Z(N'), 
suchh that Z(fg) = Z{f)Z{g). If ƒ extends to a diffeomorphism M —  M', 
wheree dM =*  N and dM' = N', then Z(f) : Z{N) -  Z{N') should map 
Z(M)Z(M)  ̂ Z(M'). __ 

b)) Z is involutive, i.e. Z(N) = Z(N)\ 
c)) Z is multiplicative, i.e. Z{NX II N2) = ^(A^i) ® Z{N2). 
d)) Z is transitive when composing cobordisms, i.e., for A ƒ i, AI2 with dM\ = 

~Ni~Ni U N2 and dM2 = ~N2 U iV3 we have 

(2.2)) Z(Mi U/v2 M2) = Z{M2)Z{Ml), 

wheree we have used condition b) and c) to view Z(M\) : Z{N\) —> Z(N2) 
ass a linear map. 

e)) Z is nontrivial, i.e., Z(0) = k and Z(N x I) — idZ(N)-

Thee vector Z(M) is called the partition function on M, and depends, by definition, 
onlyy on the diffeomorphism class of the manifold. It is only in this sense that the 
theoryy is called topological, because after all it is defined for smooth manifolds. Since 
aa closed d-dimensional manifold is simply a cobordism from the empty set 0 to itself, 
thee partition function assigns an invariant Z(M) G k to d-dimensional manifolds. 
Thesee are the celebrated manifold invariants associated to TQFT. Relation (2.2) can 
bee looked upon as giving a calculation device when cutting a manifold into simple 
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pieces,, similar to the Mayer-Vietoris sequence for ordinary cohomology. However 
noticee that, in contrast to cohomology. a T Q FT is always tied to a specific dimension. 
Thee main examples of manifold invariants that fit  into this scheme, such as, for 
example,, the Reshetikhin-Turaev invariant of 3-manifolds. have made contributions 
too low-dimensional topology. Notice that, because of the /i-cobordism theorem [M] , 
inn higher dimensions, the st ructure of a T Q FT wil l simplify. 
Onee can modify these axioms by altering the target category of the functor, as long as 
i tt remains a symmetr ic monoidal ^-category. For example, the category Hi lb of finite 
dimensionall  Hubert space gives rise to unitary TQFT 's and the category of ^ - g r a d ed 
vectorr spaces give supersyrnmetric TQFT 's etc. 

2 . 2 . 3.. 2 d - T Q F T. An often used, but i l luminating simple example of a T Q FT 
iss given by T Q FT in 2 dimensions [Q]. Recall the notion of a Frobenius algebra: 
AA Frobenius algebra A is a commutative, associative, unital algebra over a. field A-
equippedd with a nondegenerate trace tr : .4 —  k. The following is well known: 

T h e o r emm 2 .9. There is a bijective correspondence between 2d-TQFT's and finite, 
dimensionaldimensional Frobemas algebras. 

Thee proof is easy: First we define 

A-^ZiSA-^ZiS11). ). 

Thee algebra multiplication is induced by a pair of pants surface 

22 J :A®A^A. 

Associativityy of this multipl ication follows from the diffeomorphism 

tp-ïP tp-ïP 
Thee unit is given by 

ass one can check pictorially. Dually, the trace is given by 

ZZ (\\y ) =tr:A-+k. 

Conversely,, to prove that a finite dimensional Frobenius algebra gives rise to a T Q FT 
inn 2 dimensions, one uses the fact that any 2-dimensional surface can be cut into a 
unionn of disks, cylinders and three-holed spheres (in fact only pair of pants surfaces 
aree needed). The trace, the unit and the algebra multiplication then associate a 
linearr map to any such surface together with a pair of pants decomposition. To show 
thatt this map is independent of the decomposition, one checks invariance under four 
"simplee moves" taking one decomposition into the other. It is known [HT] that this 
iss sufficient to prove invariance of the decomposition. Consult [BK ] for more details. 
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Remarkk 2.10. The axiom that the functor of 2d-TQFT should map to the category 
off  vector spaces is in fact redundant. From a monoidal functor Z to abelian groups 
withh the additional requirement that Z(0) = k is a field, one deduces from the axioms 
thatt the abelian group associated to a circle is in fact a /c-module, i.e. a vector space. 
Remarkk 2.11. Theorem 2.9 is pleasing in the sense that it relates a TQFT in a 
specificc dimension to a known algebraic structure, a Frobenius algebra. Going up 
too higher dimensions, one may wonder if there are similar "algebraic gadgets" that 
correspondd to TQFT's. In dimension 3 this is known to be a modular tensor category 
[Tu],, and shows that for increasing dimensions, this type of qviestions tends to be a 
painfull  exercise in higher category theory. We will focus on d — 3 and show how the 
connectionn with category theory is made. This relation was first observed in [MS], 
inn the context of conformal field theory. 

2.2.4.. Two dimensional cobordisms. Of special interest for us is the two 
dimensionall  cobordism category, Cob2. First notice that every object is isomorphic 
too a disjoint union of circles. Let us simply denote by Cn the disjoint union of n such 
circles.. A cobordism from Cm to Cn is called an extended surface: 
Definit ionn 2.12. An extended surface is a smooth oriented 2-dimensional surface 
withh parameterized boundaries isomorphic to a disjoint union of circles. 
Upp to isomorphism such a cobordism is determined by its genus g. Its automor-
phismss are given by the orientation preserving diffeomorphisms that fix the boundary, 
Diff +(X,, dX). Its group of components 

F(X,dX)F(X,dX) :=Tr 0(Dift{X,dX)) 

iss called the mapping class group of X. It is not difficult to see that the two dimen-
sionall  cobordism bicategory is equivalent to the category where the 2-cells are given 
byy isotopy classes of diffeomorphisms. In this category, the group of automorphisms 
off  a extended surface is given by its mapping class group. This bicategory is closely 
relatedd to the Teichmüller tower of groupoids used in [BK] . The essential point is the 
existencee of a "horiziontal" homomorphism of the mapping class groups of X\ and 
X2X2 to the mapping class group X\ U51 X2 when gluing. 
Inn the following we will need a certain central extension of the 2-dimensional cobor-
dismm (bi)category. This is an extension by Z, and we write, symbolically, 

11 _> z -> Co62 -> Cob2 -> 1. 

Forr an extended surface X, consider the first homology group H\(X,R). It carries an 
skew-symmetricc pairing 

Hi(X,R)Hi(X,R) xHi(X,R) ->K, 
givenn by intersection. Only when X is closed, this pairing is nondegenerate and 
H\H\ (X, E) is a 2c/-dimensional symplectic vector space. In general, the kernel of the 
intersectionn pairing is exactly the image of the inclusion Hi(dX,R) -̂> Hi(X,M). 
Thee extension Cob2

 n as t n e same objects as Cob2, namely compact 1-manifolds, but 
aa morphism is given by a pair (X,L), consisting of an extended surface X and a 
Lagrangiann subspace L C Hi(X,R)/Hi(dX,R). Finally, a 2-arrow between (X\,Li) 
too (X2, L2) is given by a pair (ƒ, [7]), where ƒ : X\ —»> X2 is a smooth map and [7] 
iss a homotopy class maps 7 : / —> Lag{H\{X,R)) connecting L2 with f*L\. Since 
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7Ti(Lag(V))7Ti(Lag(V)) = Z, for any symplectic vector space, this defines an extension by Z. The 
essentiall  point of this definition is that it gives a coherent system of central extensions 
off  the mapping class groups of all two dimensional surfaces, i.e., of the Teichmüller 
towerr [BK]. The extension is trivial when restricted to genus zero surfaces. 

2.3.. Modular functors 

AA fundamental concept underlying the relationship between TQFT's and modular 
tensorr categories is that of a modular functor. We give a definition which differs 
fromm the literature, but in the end is equivalent. Let A b be the bicategory with 
semi-simplee Abelian categories as objects, functors between abelian categories (i.e.. 
A'-linearr on the vector space of morphisms) as 1-arrows and 2-arrows given by natural 
transformations.. This bicategory has a monoidal structure given by Deligne's tensor 
productt M of abelian categories [D]: Recall that, for two abelian categories C\ and 
Co.Co. the objects of C\ Kl C2 are given by finite sums of the form 

0 X ,, El Yh X, e Ob(Ci), Yi <E Ob(C2). 

whilee morphisms from X M Y to X' M Y' are given by elements in 

HomCll ( X X ' ) (8>HomC2(r.y'). 

Theree is a ^-structure that sends a category C to its dual C*. the category of all 
functorss C —> Vectfc and natural transformations. With these structures, we can 
state: : 

Definitionn 2.13. A topological modular functor is a monoidal weak *-functor 

ZZ : Cgb2 -+ Ab. 

AA genus zero modular functor is defined to be a monoidal functor from the subcategory 
whosee morphisms are restricted to be of genus zero. The category Z(Sl) associated 
too the circle is called the circle category. 

R e m a rkk 2.14. This definition differs from the one given in [BK] , although it will 
turnn out to be equivalent. For related definitions of this kind, see [Be, Ti] . 
Suchh a bifunctor consists of assignments 

1-manifoldd 51 

cobordismm E from <9Ein to <9E„ut 

smoothh map ƒ : S] —> E2 

v-> > 
-v~-> > 

-* -* 

categoryy C î 
functorr f/j : : Cyv. -+ CBY, 
naturall  transformation Tj Uu-Uu-- C / s2 2 

subjectt to some natural relations, reflecting the geometry of the cobordism category. 
Thiss implies that if the composition of two cobordisms Ei and E2 is given by E — 
E]]  U51 E2. then there is a natural isomorphisms of functors 

£ / " E = £ / E2 O E /E I . . 

compatiblee with the action of the diffcomorphism group by natural transformations. 
Thiss gives the following 

Proposit ionn 2.15 ([MS]). There is a bijective correspondence between topological 
genusgenus zero modular functors and weakly semi-simple Ribbon categories with finitely 
manymany isomorphism classes of simple objects. 
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Remarkk 2.16. With a different (but equivalent) definition of modular functor, this is 
Theoremm 5.4.1 of [BK] . It seems worthwhile to give the proof from the point of view 
off  Definition 2.13, since it is more geometric. Roughly speaking, the proof given below 
givess a geometric construction of the "structure functors" of the ribbon category. The 
equivalencee with [BK] follows when one realizes that such functors are represent able. 
Thee resulting objects in C constitute a modular functor in the sense of [BK] . 

PROOF.. => Recall the central extension of the cobordism category is trivial over the 
genuss zero component of the morphism spaces. We wil l show that C :— Z(S ) is a 
semi-simplee Ribbon category. A pair of pants surface defines a functor 

whichh we use to define a monoidal structure on C. The diffeomorphism on a four-holed 
spheree exchanging the two ways in which it can be cut into two 2-holed spheres, i.e., 

inducess a natural isomorphism of functors, giving the associativity of the monoidal 
structuree of C. That these isomorphisms make the pentagon diagram commutative 
followss from an identity in the diffeomorphism group of the five-holed sphere which 
cann be checked explicitly. The disk gives an object 

== l <E Ob(C), 

whichh gives a unit for the monoidal structure, since gluing a disk to a pair of pants 
producess a surface diffeomorphic to a cylinder, which represents the identity in the 
cobordismm category and therefore induces a functor naturally isomorphic to the iden-
tity.. The triangle axiom follows by an identity in the diffeomorphism group of a four 
holedd sphere. A diffeomorphism of a three-holed sphere exchanging the two incoming 
boundariess gives a natural isomorphism ® —» ®r and the hexagon axiom can again 
bee checked in a four-holed sphere. In this way we find a braided tensor category. 
Thee orientation preserving diffeomorphism z H-  z"1 induces an equivalence of cate-
goriess C ~ C*. With this equivalence of categories, the cylinder Sl x ƒ, induces an 
"innerr product" 

{ ,, ) : Z ^ J :CHC-> Veel*. 

Withh this, one can prove, as in [Ti] that the category is semi-simple with finitely 
manyy isomorphism classes of simple objects. Therefore, we have an equivalence of 
categoriess C ~ Cop. Notice that the opposite category is dual to C in the sense that 
theree is a natural functor 

CMCCMCopop  ̂ Vectfc, X B Y -+ Homc(X , Y). 
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Thereforee any functor C —  Vectf r is isomorphic to one of the form Hom( ,A). A e 
Ob(C).. Combining the equivalences C ~ C* ~ Cop, one finds an equivalence of cate-
goriess * : C —> Cop, characterized on objects by the equality 

(A.B)(A.B) = Uomc(A\B). VB € Ob(C). 

Thiss defines the weak duality. The twist 6 is given by the natural transformation 
off  the identity, induced by a Dehn twist T of the cylinder that rotates one of the 
boundaryy components over TT. That this defines a twist can be checked geometrically 
inn the diffeomorphism group of a three-holed sphere. In conclusion. C is a semisimple 
weakk Ribbon category. 

<=<=  Let C be a semi-simple Ribbon category with finitely many isomorphism classes 
off  simple objects. Define Z(Sl) :- C. and the monoidal structure gives a functor 
associatedd to a pair of pants, the unit object the functor associated to a disk. Since 
CC is semi-simple and has a finite set of isomorphism classes of simple objects, one 
cann identify functors £/E : Cö s.n -  feÜU, with objects in C^%. KCyE o u l. Using this 
identification,, one finds functors for any genus zero extended surface with a pants 
decomposit ion.. Now the diffeomorphism group acts by permuting pants decomposi-
t ions,, and its action on the set of pants decompositions of a surface factors over its 
groupp of connected components, the mapping class group. This group is generated by 
Dehnn twists around closed noncontractible loops and braiding isomorphisms around 
twoo boundary components of a pair of pants surface in the decomposition. Now, for 
thee first, the Dehn twist, we use the twist isomorphism 6 and for the latter we use 
thee braiding isomorphism 3 in C to define a natural transformation associated to an 
elementt of the mapping class group. To show that this assignment of functors and 
naturall  transformations is independent of the choices made, i.e., of the pants decom-
posit ionn and the presentation of the mapping class group used, one uses the result of 
[BK ]]  chapter 5.

R e m a r kk 2.17. Analogous to the 2d-case. definition 2.13 implies that the circle cat-
egoryy is a "module'" over Vect,.. more precisely, it is a module category. In the 
l i terature,, such a category is called a 2-vector space. 

T h e o r e mm 2 .18 ( [MS]) . There is a bijeetwe correspondence between topological mod-
ularular functors and weakly modular tensor categories. 

P R O O F.. We have already seen in Proposition 2.15 that the restriction to genus zero 
givess a Ribbon category. The modularity wil l come from higher genus surfaces. Ac-
tually,, we only need to prove the "maximally non-symmetric" condition in Definition 
2.6.. For this, it is enough to observe that the braiding 3 induced from a diffeomor-
phismm on a three holed sphere, induces an element of the mapping class group of a 
one-holedd torus by gluing a cylinder to a three holed sphere. 

andd that this element does not square to 1. This proves the condition in Definition 
2.66 for the simple objects, and therefore, by semi-simplicity of C, for all objects. For 
thee implication in the other direction, consult [BK ] Theorem 5.7.11. D 
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Corollaryy 2.19. In a modular tensor category C, the k-vector space Uomc{E, Uz(F)), 
forfor £ a cobordism from Cin to Cout carries a projective representation of the mapping 
classclass group r(£,<9£), for any E e Ciu and F e Cout. 

PROOF.. This follows, given the previous equivalence of MTC's and modular functors, 
fromm the fact that a central extension of mapping class group acts on UY, by natural 
transformations.. I—I 

Thiss gives a natural proof of the representation of 5L(2, Z) of Proposition 2.7. Taking 
intoo account the composition of the cobordisms, the mapping class groups for all 
cobordismss constitute a so called tower of groupoids, see [BK] , called the Teichmiiller 
tower.. (The idea for this goes back to Grothendieck.) In this sense, a modular tensor 
categoryy gives rise to a representation of this tower. 

UnitaryUnitary modular functors. As we have seen in Remark 2.17. the circle category 
iss automatically a 2-vector space. Analogous to the situation in TQFT, it seems 
naturall  to define a unitary modular functor to be a bifunctor from the two dimensional 
cobordismm category to the subcategory of 2-Hilbert spaces. Recall, see [B], that a 
2-Hilbertt space C is a module category over the symmetric monoidal category of finite 
dimensionall  Hilbert spaces, together with an "inner product", i.e., a functor 

{{  , ) c :C%C  ̂ Hilb. 

AA functor between 2-Hilbert spaces has an adjoint, and a modular functor functor 
ass defined in Definition 2.13 is said to be unitary if the circle category Z{S1) is a 
2-Hilbertt space and the adjoint of the functor Ux associated to a 2d cobordism is 
givenn hy Ux — Ux»- In this case, the resulting modular tensor category is called 
unitaryy [Tu], and the representation of the mapping class group is unitary. 

GrothendieckGrothendieck group. Consider the functor of taking the Grothendieck group of an 
abcliann category. This takes a functor between abelian categories to a homomorphism 
too abelian groups, and functors that are naturally isomorphic induce the same ho-
momorphism.. Therefore, composing the bifunctor in Definition 2.13 with the functor 
thatt takes an abelian category to its Grothendieck group, one obtains a true functor 
fromm the two-dimensional cobordism category to abelian groups, that is, a 2d-TQFT! 
(seee Remark 2.10). By Theorem 2.9, together with theorem 2.18, we observe that the 
Grothendieckk group of a modular tensor category is a Frobenius algebra, so that we 
find find 
Propositionn 2.20. The Grothendieck ring of a modular tensor category is in a nat-
uralural way a Frobenius algebra over %. 
Remarkk 2.21. Because of this proposition, it is tempting to think of a modular 
tensorr category as a "categorical version" of a Frobenius algebra. This statement can 
bee made precise and identifies a modular tensor category as a "Frobenius object" in 
Ab.. A Frobenius object in Vectc is simply an ordinary Frobenius algebra, i.e., a 
2d-TQFT,, see [Fr2, Ti]. 

2.4.. Extended TQFT 

Thee previous section explains how modular tensor categories are related to modular 
functors,, but its connection to TQFT remains mysterious. It was shown in [Tu] 
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thatt a modular tensor category uniquely determines a 3d-TQFT. generalizing earlier 
workk [RT], which had only produced the corresponding 3-manifold invariant. This 
approachh uses the fact that any 3-manifold can be obtained by surgery in S3 along 
aa framed link, as well as the corresponding Kirby calculus to check independence of 
thee link that is used. 
Conversely,, it is believed that a general 3d-TQFT induces a topological modular 
functor,, see [BK] . From the point of view of the previous section, all this implies 
thatt we should be able to extend the functor giving the topological modular functor, 
too a collection of assignments 

1-manifoldd S1 ^ category CSi 
cobordismm E from <9£in to <9Eout -^ functor UY.  Q>xin —  ^ÖEOU, 

cobordismm M, OM = Ei II E2 ~*  natural transformation TM : U î —  U 2̂ 

subjectt to natural conditions reflecting the geometry. This scheme differs from the 
onee following definition 2.13 by the fact that we now allow "cobordisms between 
cobordisms""  to induce natural transformations between functors. Notice that such 
cobordismss necessarily are manifolds with corners, and one has to be careful with the 
exactt definition. Also, framing this assignment into categorical language, i.e. as a 
"functor""  from some "cobordism category" to the "category of abelian categories" is 
nott so obvious. For this we refer to [KeLu], which uses so called double categories. 
Forr our purposes, the two dimensional modular functor will suffice, so we will not 
discusss this any further. 

2.5.. Conformal Field theory 

Onee can think of conformal field theory as a slightly more involved version of 2-
diinensionall  TQFT, in the sense that partition functions depend on more structure 
off  the surface, most notably on a conformal structure [S2]. Therefore, let us first 
investigatee the complex cobordism "category". 

2.5.1.. The moduli space of ex tended R iemann surfaces. Let X be an 
extendedd surface, and let us have a look at the "moduli space" £x of different complex 
structuress one can put on X. Equipped with a complex structure. X will be called an 
extendedd Riemann surface, that is. a smooth surface with parameterized boundaries, 
togetherr with a conformal structure on the interior. It is natural to call two extended 
Riemannn surfaces equivalent if there is a diffeomorphism from one to the other that 
preservess the boundary parameterizations and is biholomorphic on the interior. This 
equivalencee relation comprises the definition of the moduli space of extended Riemann 
surfaces. . 
Moree concretely, denote by J(X) the space of almost complex structures on X. Recall 
fromm [ES], that this is a contractible space. In one complex dimension, any almost 
complexx structure is automatically a complex structure, and two almost complex 
structuress determine the same conformal structure on X iff they differ by a diffeo-
morphismm in Diff +(X dX), which acts on J(X) by pull-back. Therefore, the moduli 
spacee can be identified with 

(2.3)) Ex = J{X)/Difi+(X,dX). 
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Firstt observe that DifF^X , dX) acts freely, for suppose that an almost complex struc-
turee J G J{X) is a fixed point of ƒ G Diü+(X,dX). This means that ƒ is a biholo-
morphicc map of Xj onto itself, which equals the identity on dX. But this implies 
thatt ƒ must be the identity map. 
Thiss free action can be used to give the quotient (2.3) the structure of a smooth 
infinitee dimensional Fréchèt manifold. Notice that this is not as straightforward as it 
mayy seem, since we are not dealing with the action of a Banach-Lie group on a Banach 
manifold,, and we cannot use the implicit function theorem. However, its structure 
ass an inverse limi t of Hilbert manifolds will suffice, similar to the construction of the 
(finitee dimensional) Teichmiiller space as an infinite dimensional quotient. We will 
oftenn confuse a complex Riemann surface E with the topology of X with its image in 
ExEx and write E G Ex-
Givenn this fact, we can easily read off the topology of the moduli space Ex- The 
contractibilityy of J(X) implies that Ex is a model for the classifying space of the 
mappingg class group, i.e., it has homotopy type 

(2-4)) *i{£x)-<[  0) %lLl 

Thee action of DifT+(X) on J{X) quotients to an action of Diff +(<9X) on Ex- This 
givess a Lie algebra homomorphism Vect(<9X) —> TEx, which extends to the complex-
ificationn Vectc(dX), and turns out to be surjective. The kernel of this map at a given 
pointt E G Ex is obviously given by the set of vector fields that have an extension to 
aa holomorphic vector field on E and in this way one finds that the tangent space to 
EE G Ex identifies with [BS, KNTY] 

(2.5)) TEEX = Vectc(dE)/Vectc(E), 

wheree Vectc(S) C Vectc(öE) denotes the space of complex vector fields on 9E that 
havee an extension to a holomorphic vector field on S. By a Mayer-Vietoris argument, 
thiss isomorphism is compatible with the Kodaira-Spencer isomorphism for closed 
surfacess under the gluing map defined in section 2.5.3. 
Remarkk 2.22. Recall that there is no group that integrates the Lie algebra Vec t t ^1) , 
andd therefore it is most natural to consider the pair (Difi c+(,S1), VectciS1)) as a 
Harish-ChandraHarish-Chandra pair, see [FZ]. Then the above identification of the tangent space 
givess the moduli space Ex a (Diff +(51), Vectc(51))-structure: There is a surjective 
homomorphismm Vectc^S"1) —  TEx, compatible with the action of Diff+fS'1) on Ex-
Remarkk 2.23. There are several other pictures of this moduli space. The first is 
ass the moduli space of closed Riemann surfaces E with n holomorphically embedded 
diskss fi : D —> E, i = 1 , . . ., n. One can also develop a "metric picture" as a space of 
conformall  equivalence classes of constant curvature metrics for which the boundaries 
aree geodesies. 

2.5.2.. Examples. Some examples can be explicitly constructed. For the easiest, 
considerr the disk D. By the Riemann mapping theorem, any complex disk can be 
mappedd holomorphically onto the unit disk in the complex plane, by a map that 
iss unique up to an automorphism of the unit disk, i.e., an element of PSL(2, R). 
Therefore,, one has 

EEDD = DifF f (51)/P5L(2,E). 
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Next,, consider a cylinder C. Ignoring the parameterization of the boundary, any 
complexx cylinder is conformally equivalent to an annulus Aq = {z G C, q < \z\ < 1}, 
withh q € (0,1) [Ab] . The only automorphisms of such a surface are given by the rigid 
rotationss T, and we find 

(2.6)) £c = (0,1) x (Diff +(51) x Diff +(S1))/T. 

2.5.3.. Gluing. As we have seen, an important property of extended surfaces is 
thatt they can be glued. Now, can this still be done when they are endowed with a 
conformall  structure? 

Propositionn 2.24. Suppose that topological  ̂ X — X1U51X2, and consider £1 E £x1 

andand £2 G £x2  Then X has a unique conformal structure, denoted by £1U51 £2, whose 
structurestructure sheaf is given by 

ƒƒ e 0E l us lE2 «=> fk, € 0El and / |S2 G GE2. 

PROOF.. The proof of the conformal structure follows the construction of the Schottky 
doublee of a Riemann surface in [Ab]: The essential point is to show that the sheaf 
abovee defines a conformal structure in the neighbourhood of the closed curve 7 in 
XX along which Xi and X2 are glued. Therefore, consider a function ƒ in an open 
neighbourhoodd U C X such that U H £1 ^ 0 and U n £2 7̂  0. Using the coordinate 
chartss on T,\ and £2, one can map U onto C, such that U fl £1 is mapped onto the 
upperr half plane, U fl £2 onto the lower half plane, and U D 7 C R. By definition 
off  the conformal structures £1 and £2 , this map is holomorphic on the interior of 
UU n £1 and LT n £2. Therefore, ƒ is continuous on U C C and holomorphic on the 
complementt of U C\ R. It then follows that ƒ is in fact holomorphic in the whole of 
£ƒ,, i.e.. also on U C\ M.: Draw a rectangle C in U C C intersecting both the upper and 
lowerr half plane. By Cauchy's formula, one has 

forr z $. R inside C. However, the right hand side represents an analytic function for 
alll  z inside C. and since the left hand side is continuous on the whole of U, the left 
andd right hand sides remain equal also for z G R. Therefore, ƒ is holomorphic on 
U.U. D 

Remarkk 2.25. Sometimes it is convenient to consider complex surfaces with bound-
aryy parameterizations that are analytic, that is, the parameterization map ƒ : S1 —> 
<9££ extends to a holomorphic map ƒ : Aq —> £ for some small annulus Aq. For such 
surfacess the above proposition is immediate. 

2.5.4.. The complex cobordism category. Of course, up to diffeomorphism, 
extendedd surfaces are classified by the number of boundary components and the genus, 
andd the moduli space for two diffeomeorphic surfaces are isomorphic. The complex 
cobordismm category 8 has the same class of objects as the topological cobordism 
category,, but the morphisms are now cobordisms endowed with a conformal structure. 
Soo the objects are given by Cn, and a morphism from Cm to Cn is an equivalence 
classs of extended Riemann surfaces £ with <9£ = Cm II Cn. Again, we will refer to 
CCmm as the incoming boundary <9£in and to Cn as the "outgoing boundary" <9£out. 
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Thee space of all raorphisms from Cm to Cn is denoted by £m,n- As we have seen in 
sectionn 2.5.1, these Em,n have a natural topological, and even smooth structure. With 
respectt to this smooth structure, the space of morphisms is the disjoint union of its 
connectedd components £m,n(<?) of extended Riemann surfaces of genus g. Gluing of 
extendedd Riemann surfaces, as in proposition 2.24, induces the composition 

(2.7)) &m,k X Okfi > Om,n-

Withh these structure maps, the complex cobordism category is not quite a category 
inn the true sense, since it has no unit morphisms. Whereas a category is usually 
consideredd to be a generalization of a monoid, the structure we have here is analogous 
too a semigroup, c.f. section 2.5.7. However, in what follows it is useful to think of £ as 
iff  it were a category, giving the obvious meaning to functors etc. With this in mind, 
observee that just like the topological cobordism category, the complex cobordism is a 
symmetricc monoidal *-category: 

i)i)  there is a monoidal structure, by taking the disjoint union of 1-manifolds, 

ii)ii)  by reversing the parameterization at a boundary component, one obtains a 
m app Em,n —> £m + l,n-l- __ 

in)in) complex conjugation E H S induces a map £m.n —> £n,m-

2.5.5.. Central extensions. As for TQFT, we actually need to consider central 
extensionss of the cobordism category. Since £ is a topological category, i.e., the 
morphismm spaces have a topology such that composition is continuous, it is natural 
too require that the morphism spaces of a central extension of £ by C* actually form 
aa complex line bundle over the morphism spaces of £. Such central extensions can be 
classifiedd [S2], and turn out to be isomorphic to a tensor power of a certain universal 
extension,, which we will now describe. 
Thiss central extension is given by the determinant line bundle. Consider the d-
operatorr associated to the Riemann surface E. This operator is not Fredholm since 
EE has a boundary, and we have to add boundary condition in order to make it so. 
Thee parameterization at each boundary allows us to impose the following boundary 
conditions:: We consider the operator d : f2°(E) -+ Q0,1(£) acting on sections that 
havee negative Fourier coefficients at the incoming boundaries and have nonnegative 
Fourierr coefficients at the outgoing boundaries. With these boundary conditions, the 
«^-operatorr becomes Fredholm, and we can associate its determinant line 

Det(<9)) = A rnax(kerd)*  ® Amax(cokerd), 

wheree d now denotes, in sloppy notation, the 9-operator with the boundary conditions 
above.. We will see later that this indeed defines a central extension of £, i.e., that 
theree are coherent isomorphisms of determinant line bundles inducing composition in 
thee category, see also [S2, H]. 

2.5.6.. Axioms for CFT. Consider the "category1' of Hubert spaces and trace 
classs maps. Similar to the complex cobordism category, this is not a true category, 
sincee for an infinite dimensional Hubert space the identity operator is not trace class. 
However,, in a similar spirit, it is a symmetric monoidal category under the Hubert 
spacee tensor product, and the space of morphisms carries a *- operation that takes 
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ann operator to its adjoint. With this at hand, a conformal field theory is nothing but 
aa "projective representation" of the complex cobordism category: 

Definitionn 2.26 (G. Segal [S2]). A conformal field theory is given by a continuous 
projectivee monoidal *-functor T from the complex cobordism category to the category 
off  complex Hilbert spaces and trace class maps. 

Concretely,, this means that one has 

i)i)  A Hilbert space ƒ/, such that T(Cn) = H®r\ i.e., T is monoidal. 
it)it)  A trace class operator Ts : H®m —  H®n, determined up to scalar c E C*, 

forr each conformal equivalence class E E £m,n- Alternatively, this can be 
thoughtt of as a ray [v%] e Hin <S> Hout, using the correspondence 

TEBTEB11 (Hin, Hnut)~>v = ^2ën ® Ten E Hin &  Hout. 
n n 

wheree {en}  is a basis for Hitl, between trace class operators and vectors. 
Hi)Hi)  The equality 

upp to a complex scalar, whenever £ = Ei Uck £21 for £1 € £m.k and £2 € 
£k,n-£k,n- This means that the vector determined by the trace class operator 
T%T%11 o TE2 is an element of the ray determined by £. The complex numbers 
involvedd in the equality should satisfy obvious cocycle conditions obtained 
fromm associativity. 

iv)iv) T  ̂ — X£, i.e., T is a *-functor. 

Remarkk 2.27. These axioms were originally inspired by the path integral approach 
too conformal field theory. For a very clear exposition of this, see [Ga]. 
Remarkk 2.28. The collection of moduli spaces {£Ti.i{g)} 3.n>a forms a so called mod-
ularr operad [GK] . In particular, restricting to genus zero one obtains a true operad. 
Usingg this language, the axioms above imply that, for zero central charge, the Hilbert 
spacee H of the conformal field theory forms an algebra over this operad. In that case, 
aa three-holed sphere W\ induces a multiplication operation 

TVV : H®H -+ H, 
"" 3 

whichh is almost associative. (It is associative only if the theory does not depend on 
thee conformal structure of the surfaces, i.e., is topological.) This multiplication is also 
knownn as the operator product expansion. The resulting algebra is closely related to 
thee theory of vertex operator algebras [H] . 

2.5.7.. The semigroup of annuli. The genus zero component of £iA, i.e., of 
Riemannn surfaces that are homeomorphic to an annulus, forms a semigroup S under 
thee gluing operation (2.7). Notice that it is not a monoid since the complex cobordism 
categoryy is not a true category, i.e.. S has no unit. The semigroup *S carries an 
involutionn by the complex conjugation A >-> A. A £ S. For q e C*Kl. define Aq = {z E 
C,, |g| < J2| < 1}, parameterized by z and qz. One easily checks that Aqi -Aq2 = Aqiq2, 
soo one finds that S contains the semigroup C*<x as a subsemigroup. 
Itt is clear from the axioms that a CFT gives, in particular, an involutive representation 
off  the semigroup £ on H by contraction operators. The point of view expressed in 
[S2]]  is that the semigroup of annuli should be considered to be the complexification of 
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thee diffeomorphism group of the circle, and that the representation of this semigroup 
givenn by a CFT is therefore related to the action of the Virasoro algebra in the 
physicss literature. Recall, see e.g. [PS], that there is no complex group integrating 
thee Virasoro algebra. 

2.5.8.. Teichmiiller space. Recall that for closed Riemann surfaces it is conve-
nientt to view the moduli space as a quotient of its universal cover, called Teichmiiller 
space,, by the mapping class group. This is motivated by the fact that the moduli 
spacee is singular and shows that in general it will be an orbifold. Although the ex-
tendedd moduli space Ex is already smooth itself, it wil l be useful in the sequel to 
introducee its universal cover 

T x : == J(X)/Diff+(X,9X) , 

wheree Diff^pfT, dX) is the connected component of the identity in Diff +(X, dX). 
Againn this is smooth manifold, evidently simply connected, equipped with a canonical 
projectionn onto Ex that makes it its universal cover. Observe that Tx now carries a 
smoothh action of the group 

(2.8)) Kx  Diff +(X)/Diff+(X,dX) . 

Thiss is a covering group of the Diff +(S'1) and its action covers the action of the latter 
onn Ex  By definition, the group Kx hts into an exact sequence 

(2.9)) 1 -+ T(X, dX) -> )CX -  Diff + (dX) -> 1. 

Thee mapping class group T(X,dX) acts on Tx by deck transformations, and the 
fibrationfibration Tx —  Ex is a model for the universal fibration ET(X, dX) —  BT(X, dX) 
overr the classifying space. 
Too distinguish complex Riemann surfaces under the equivalence relation given by 
Teichmiillerr space, one can consider surfaces with a marking. In fact, inspired by the 
Fenchell  Nielsen coordinates, one may consider complex surfaces with a pair of pants 
decompositionn and a marking on each of the components, that is a trivalent graph with 
onee vertex and three vertices ending on a different boundary component. The pants 
decompositionn is given by specifying 3g — 3 + 2n closed curves C = {QI , . . ., asg-3+2n} 
onn X. Notice that this specifies a gluing map 

nono  Ep x . .Xp  Ex 

2g2g — 2-\-n times 

Twoo surfaces are said to be equivalent if they are biholomorphic by a map that 
preservess the marking up to isotopy. It is not difficult to see that the space of such 
equivalencee classes of surfaces is exactly Teichmiiller space Tx




