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CHAPTERR 3 

Bimoduless and Morita equivalence of Operator 
algebras s 

Thiss chapter is of an entirely introductionary nature. We will explain the fundamental 
rolee of bimodules and their tensor products in the structure theory of algebras. For 
operatorr algebras, in particular von Neumann algebras, there are many analytical 
subtletiess to impose this philosophy, as we will explain. An excellent reference for the 
theoryy of von Neumann algebras used in this chapter is [T] . 

3.1.. Motivatio n 

Too motivate what follows, we first consider the purely algebraic situation: We want to 
constructt a category that has rings as its objects, and morphisms given by bimodules. 
Moree explicitly, a morphism between two rings R and S is given by an R — S bimodule 
A/,, that is, a left R module which at the same time is a right S module such that the 
leftt and right action commute, (rm)s — r(ms), Vr £ R, m E M and s 6 S. Given 
aa Q - R bimodule M and an R - S bimodule N, the algebraic tensor product over 
R,R, M ®R N gives & Q — S bimodule. However, using this as composition of arrows 
inn the anticipated category, one finds that the tensor product is not quite associative, 
ratherr there is an isomorphism 

(K(K ®Q M) ®RN^KT< )Q (M ®R N) 

forr any right Q-module K, Q - R bimodule M, and left ^-module TV. To resolve 
thiss problem, we either add maps of bimodules as 2-arrows, so as to obtain a weak 
2-categoryy [Mac], or we pass to isomorphism classes of bimodules to obtain a true 
category.. In what follows we will use the latter option. Notice that the unit morphisms 
inn this category are induced by the ring itself, i.e., by R viewed as an R — R bimodule, 
ass we have M ® / j ü = M as well as R®R N = JV, for any right i?-module M and left 
tf-moduletf-module N. 
Calll  two rings R and S Morita equivalent if they are isomorphic in the category 
describedd above. Concretely, this means that there is an 'Invertible" R — S bimodule 
M,, that is, a bimodule for which there exists an 5 - R bimodule Â  such that A/® 5 AT = 
RR and N ®/? M = S. Such a bimodule is called an equivalence bimodule. Clearly, 
Moritaa equivalence defines an equivalence relation between rings. 
Denotee by Mod—i? the category of left modules over R, i.e., the category with objects 
leftt i?-modules and morphisms given by H-module maps. Since an equivalence R - S 
bimodulee M defines a functor from Mod-5 to Mod-i? by the tensor product over 5, 
whichh has an inverse, one easily deduces 

Propositionn 3.1. R~S **  Mod - R ~ Mod - S. 
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Thiss proposit ion expresses the fundamental idea behind the notion of Mori ta equiv-
alence:: Morita equivalent rings are precisely those rings which have the l 'same" rep-
resentat ionn theory. Notice that all known homology theories defined on rings, such 
ass algebraic X-theory, Hochschild and cyclic homology, are invariant under Morita 
equivalence. . 

3.2.. V on N e u m a nn a lgebras and co r respondences 

3 .2 .1.. I n t r oduc t i o n t o v on N e u m a nn a lgebras. The notion of a von Neu-
mannn algebra was introduced and developed in a series of papers by Murray and 
vonn Neumann start ing with [MvN] , under the name "rings of operators". The mo-
t ivat ionn of von Neumann came from the theory of group representations, see the 
exampless below, and his work on the mathematical foundations of Quantum Mechan-
ics.. Abstractly, a von Neumann algebra is a C*-algebra that is the dual of a Banach 
space.. In practice, von Neumann algebras are defined as certain ^-closed subalgebras 
MM C B(H) of the algebra of bounded operators on a complex Hubert space H that 
cann be characterized in several equivalent ways. The equivalence of the conditions is 
givenn by von Neumann's double commutant theorem that we now recall. First, define 
thee commutant of a subset. S C B(H) by 

S'S' = {x E B{H), xs = sx Vs e S}, 

i.e.,, S' consists of those bounded operators on H that commute with all elements of S. 
Second,, for the theory of von Neumann algebras it turns out to be essential to consider 
topologiess on B(H). other than the usual norm topology. Besides the weak and strong 
topologies,, one has the so called <r-weak topology on B(H), which is defined as the 
weak**  topology coming from the duality B(H) = Bi(H)*. (Recall that the ideal of 
t racee class operators Bi(H) forms a Banach space in the trace norm.) This topology 
tu rnss out to be fundamental for the study of von Neumann algebras. The double 
commutantt theorem of von Neumann now asserts that the following conditions for a 
uni tall  *-subalgebra M C B(H) are equivalent: 

i)i)  M = M". 
ii)ii)  M is closed in the a-weak topology. 

Noticee that this theorem relates an algebraic condition with a topological one. In 
fact,, these conditions are also equivalent to closedncss in the weak or strong topology. 
AA von Neumann algebra is now defined as a unital *-subalgebra M C B(H) satisfying 
onee (and hence both) of the conditions above. 
AA s ta te on a von Neumann algebra M is a linear functional u> : M —> C which is 
posit ive,, i.e., UJ(X*X) > 0 V.r e M. and satisfies u;(l) = 1. Such a state is called normal 
iff  it is continuous for the er-weak topology. In a concrete realization M C B(H), such 
statess tu rn out to be of the form 

^p(-r)^p(-r) =  tVH^X\ x e AL p e Bi{H). p > 0. 
tvtvH{P) H{P) 

Thee set of all normal functionals on a von Neumann algebra M is a Banach space, 
calledd the predual A/* . I t completely determines M as a Banach space by the duality 
MM = (Ah)*. (Recall that the er-weak topology is weaker than the norm topology, so 
AIAI is also norm-closed, and is in particular a Banach space.) 
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E x a m p l ee 3 .2. We give some basic examples, which are useful to keep in mind: 

a)a) A trivial example of a von Neumann algebra is B{H) itself. 
b)b) Consider a set S C B(H) with the property that S — S*, i.e.. it is closed 

underr taking adjoints. The algebraic characterization of a von Neumann 
algebraa easily implies that the commutant S' is a von Neumann algebra. 
Evenn further, the double commutant S" is then a von Neumann algebra 
thatt contains S, i.e., S C S". In fact, S" is the smallest von Neumann 
algebraa containing S, and it is usual to call S" the von Neumann algebra 
generatedd by S. 

c)) As a special example of b), consider a unitary representation IT : G —> U{H) 
off  a group G. Then 7r(G)' and ir{G)"  are von Neumann algebras, which can 
bee used to study the structure of the representation. 

d)d) As a special example of c), consider the left regular representation -K  ̂of 
aa locally compact group G on L 2(G), with respect to some choice of Haar 
measure.. In this case one has I:L{G)'  — TIR{G)", where TTR denotes the right 
regularr representation, and therefore TXR{G)' = TTL(G)". In other words, the 
leftt and right regular representation generate von Neumann algebras that are 
eachh others commutant. In fact, both algebras are isomorphic and the rep-
resentationn of this algebra on the Hubert space L2{G) is called the standard 
form,, see below. This von Neumann algebra is usually denoted by W*(G) 
andd called the group con Neumann algebra. For a semi-simple Lie group, 
thee structure of the von Neumann algebra is determined by the Plancherel 
formula.. In particular, when G is compact, the Peter-Weyl theorem gives 
ann explicit decomposition into finit e dimensional matr ix algebras. 

e)) Let (X,fi) be a measure space. The algebra L'X(X, /i) is a commutat ive 
vonn Neumann algebra. Conversely, the spectral theorem implies that any 
commutat ivee von Neumann algebra is of this form. This explains the point 
off  view of noncommutative geometry that von Neumann algebras give a 
noncommutat ivee version of measure theory. 

3.2.2.. Co r respondences. As we have seen above, von Neumann algebras have 
aa tendency to "appear in pairs'1: namely, if M C B(H) is a von Neumann algebra, its 
commutantt M' is a von Neumann algebra as well, and their actions on H commute. In 
general,, a left module for M is given by a Hubert space H together with a continuous 
actionn of M, i.e., a normal (that is, a-weakly continuous) *-homomorphism M —> 
B(H).B(H). A right module for M is, of course, a left module for the opposite algebra 
A/ op.. We write a left action of x £ M on v £ H simply as v i—» xv, whereas 
thee right action is denoted by v i—> vx. Finally, for two von Neumann algebras 
MM and N, an M — N bimodule is given by a Hubert space H that is a left M 
modulee and a right N module such that the actions of M and N on H commute, 
i.e.. {xv)y — x(vy), x E AL y G A7, v e H. This means that we have M C N' and 
NN C M', generalizing the situation above: for any von Neumann algebra M C B(H). 
thee Hilbert space H is a correspondence from M to M' with equality in the two 
inclusionn above. A M — N bimodule is also called a correspondence from M to N 
[Con].. It is to be thought of as a "generalized morphism'1 from M to N. see Remark 
3.6. . 
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3 .2 .3.. T h e s tanda rd for m of a v on N e u m a nn a lgebra. As in the algebraic 
si tuat ion,, we want to construct a category with objects given by von Neumann alge-
brass and morphism given by (isomorphism classes of) bimodules. For this to work, 
wee have to be careful about the unit morphisins in this category, since the unit in 
thee algebraic category, namely the algebra itself, is not a Hubert space and cannot 
bee used for this purpose. I t turns out that this unit is given by the algebra, "suit-
ablyy completed into a Hilbert space'1, the so-called standard form of a von Neumann 
algebra. . 

Abstractly,, the standard form of a von Neumann algebra M is given by the following 
data:: It consists of an M - M correspondence H with the property that there is 
ann ant iuni tary operator J : H —> H satisfying J2 — ]. and giving an isomorphism 
M"M" pp = M', by x !-  JxJ. which should be the identity on Z{M) = Mf\M'. The theory 
off  Tomita-Takesaki implies that such a standard form exists for any von Neumann 
algebraa and is unique up to unitary equivalence. We wil l only outline how the existence 
partt of this theorem is proved. An excellent general reference for the Tomita-Takesaki 
theoryy is [T] . 

R e m a rkk 3 .3. To motivate the following constructions, suppose for simplicity that 
MM has a normal state UJ G M*  that is faithful, i.e., LÜ(X*X) = 0 <^ x = 0, x G M. The 
usuall  GNS-construction applied to UJ yields a Hilbert space H^. given by completion 
off  M in the inner product (x. y) := u{x*y). We do not have to take the quotient by the 
kernell  of the state, since LÜ is faithful. Consequently H  ̂ not only carries a left action 
off  M (in general, the kernel of a state is only a left-ideal), but also a right action. 
Takingg the adjoint in M induces, by continuous linear extension, an operator S on H^ 
thatt exchanges the left and right action of M on H.^. Taking the polar decomposition 
SS = J A1 / 2 . one obtains an operator J that gives H^. the structure of a standard form 
forr M. Notice that when UJ is a trace, that is. uj(xy) — ^(yx). Vx.y G M. one has 
SS = J and A = 1. 

Unfortunately,, there is no guarantee that a von Neumann algebra has a faithful normal 
state,, so we have to consider a weaker type of functionals on M, called weights. A 
weightt v is an additivê  map v : M+ - > E u { x } , where M+ is the cone of positive 
elementss in M. It is called normal if it is continuous for the rr-weak topology and 
semifinitee if the set of positive elements of finite weight, {x € M+. u{x) < oc} 
generatess M as a von Neumann algebra. (Recall that M is generated by M+.) As 
before,, we wil l also assume that u is faithful, i.e. v(x) = 0 <̂> ./  — 0. V.r G AI+. In 
fact,, any von Neumann algebra has a weight of this type. 

Next,, we try to mimic the GNS-construction above to generalize this construction to 
weights.. Given a faithful, semifinite. normal weight v on AL consider the vector space 

MMvv = {.r G M , u{x*x) < oc, v{xx*) < oc}. 

Thiss space has both the structure of a *-algebra. inducc l̂ by the algebra structure on 
M,M, and a positive definite inner product defined by 

(x.y)(x.y) :=v{x*y).  x,y.e Mv 

makingg it into a pre-Hilbert space. In fact, with this structure, Mt/ is a so-called 
leftt Hilbert algebra: A left Hilbert algebra A is a *-algebra. equipped with a positive 
definitee inner product making it a pre-Hilbert space such that the operator x ^ 
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x*,x*, x E A is closable with closure S, and the left regular representation of A acting 
byy left multiplication on itself is bounded, involutive and nondegenerate. Let A be 
thee unbounded operator defined by A = S*S, then one can write 

SS = JA1/ 2, 

wheree J is an antiunitary involution. Now, let M be the von Neumann algebra 
generatedd by the left regular representation. The Tomita-Takesaki theorem now states 
that t 

JMJJMJ = M', and AifMA~lt = M, W G R. 

Thatt is, M acts on the Hilbert space completion H of A in standard form, and 
associatedd to this standard form there is an action of R on M by automorphisms, i.e., 
theree is a homomorphism a : U — Aut(A/), given by 

aatt{x){x) = A"xA- i É , t e IR, x £ M. 

Thee operators J and A are called the modular operators, and the corresponding 
subgroupp <T(M) C Aut(M) is called the modular group. 
Inn the case at hand, i.e., of a faithful, semifinite, normal weight v on a von Neumann 
algebra,, one denotes the Hilbert space completion of Mv by L2{M, i/), and shows 
thatt M is isomorphic to the von Neumann algebra generated by the left regular 
representationn of M„  on L2{M,v). Therefore M acts on L2{M,u) in standard form, 
withh associated modular operators. In particular, one finds a canonical action of R on 
MM by automorphisms. Notice that in case v is a trace, i.e. v{xy) = v(yx), Vx,y G A/+, 
MMuu C M is a two-sided ideal and the the operator x >-  x* is already bounded of norm 
1.. As in Remark 3.3, A = 1, and the associated action of the modular group is trivial. 
Examplee 3.4. Recall example 3.2 d). Consider the following functional on C(.{G) C 
W*(G),W*(G), given by ƒ >-  /(e). This defines a faithful semifinite normal weight on the 
groupp von Neumann algebra W*(G), and the associated standard form is easily seen 
too be canonically isomorphic to the representation on L2(G). When the group is 
unimodular,, one has A = 1. In fact this example was the original motivation for the 
theoryy of this section. 

Remarkk 3.5. The above construction of the standard form depends on the choice of a 
weight.. When M is a type Hi factor, this is not a problem since such a von Neumann 
algebraa has a canonical trace, but in general this is not the case. For example, for 
aa commutative von Neumann algebra M = L°°(X,fi) any choice of a measure o 
withh suppa = X on X induces a faithful semifinite normal weight, whose associated 
standardd form constructed as above identifies with L2(X , da), with M acting by left 
andd right multiplication. Recall that, when X is a manifold one can construct the 
Hilbertt space L2(X) of 1/2-densities on X. This gives a canonical construction of the 
standardd form of Loc(X, ji), i.e., one that does not depend on the choice of a measure 
onn X. However, a suitable measure, that is, a measure which is locally in any chart 
compatiblee with the standard Lebesque measure, induces a trivialization of the bundle 
off  1/2-densities. Analogously, Connes [Con] has given a canonical construction of the 
standardd form L2(M) of a von Neumann algebra using the concept of 1/2-densities 
onn M. As in the commutative case, any faithful semifinite normal weight v induces a 
canonicall  unitary equivalence L2(M, u) = L2(M). 
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R e m a rkk 3.6. Let ó : Af —  Ar be a *-homomorphism of von Neumann algebras. 
Usingg the standard form L2{N) of N. one defines an M - N correspondence L2{<t>)  by 
let t ingg M act from the left on L2(N) through ó. This explains the term -generalized 
morphisms""  for correspondences. 

3.2 .4.. T h e re la t i v e t ensor  p roduc t . We now describe the relative tensor 
productt of Hilbert spaces over a von Neumann algebra [Con], following [Sa], see 
alsoo [T] . Let (H1.TT1) be a right ^ / -module and {H2.TT2) a left ^ / -module. Fix a 
s tandardd form L2(M, v), given by a normal semifmite faithful weight u of M. Intro-
ducee the subset D(H2,u) C H2 of ^-bounded vectors, i.e.. n e D(H2,u) if there is a 
boundedd intertwiner Rr]  £ HOUIM (L2(M), H2) such that 

RRnn{x)=xi{x)=xi hh V T G MV. 

Byy a theorem of Connes [ C o n l ] . D{H2,u) is a dense M-stable subspace of H2. On 
D{HD{H 22.v).v) one can define an "M-valued inner product" {  . ) v by 

{r]i.r{r]i.r hh))uuxx := JR^R^Jx. Vx G L2(ALv). 

Noticee that this is well defined since R*hRV2 E RomAI{L
2{M), L2(M)) = M' and we 

havee used the isomorphism JM'J = M induced by ./. Then one defines the following 
pre-innerr product on the algebraic tensor product H\ ® D(H2. v): 

(3-1)) ( 6 ®Vut2®r)2){) :=  <&. m ( f t , . %> u) & ) „ ,

Thiss form is positive semidefmite. and the Hilbert space completion of the quotient 
off  Hi ® D(H2, v) by the kernel of this form is called the relative tensor product of Hy 

andd H2 over M and denoted by Hx E„  H2. Notice that there is a canonical projection 
TT„„  :D(H1^)®H2^HlMl/H2. 
Moree generally, in the case that Hx is an N - M correspondence and H2 is an 
MM - K correspondence, the left N- and right A'-action on Hi (g> D(H2.v) quotients 
too Hi M„  H2. and furnishes this Hilbert space with the structure of an N — K 
correspondence.. This defines composition of correspondences, viewed as general-
izedd morphisms between von Neumann algebras, and indeed one easily proves that 
L2Oi)EE3„L2(<£2)) = L2(ó2°éi) for two *-homomorphisms é\ : N —» Al. ó2 : M —  K, 
c.f.. Remark 3.6. 

R e m a rkk 3.7. Recall that in the purely algebraic situation of section 3.1, the tensor 
productt of two modules over an algebra, just like a tensor product of two vector spaces, 
iss characterized by a universal property. As such, the tensor product is uniquely 
definedd up to isomorphism, but one has a canonical construction in terms of simple 
tensorss generated by the modules itself. 
Inn the case of the relative tensor product, just like the standard form of a von Neu-
mannn algebra (c.f. Remark 3.5). the construction depends on the choice of a weight. 
Connes""  Radon Nikodym theorem, see e.g. [Con, T ] . implies that all construction 
aree unitari ly equivalent, but it is important to realize that in this way one may not 
havee a canonical construction. In view of this. Connes constructs in [Con] the relative 
tensorr product, denoted by 

HiHi  EM H2. 

ass follows: Consider the vector space generated by "simple1*  tensors ^®ur), where v is 

aa faithful semifmite normal weight on M, and £ G D{H\,v), subject to identifications 
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givenn by Connes' Radon Nikodym theorem when changing from one weight to the 
other.. One introduces a pre-inner product by (3.1) and the relative tensor product 
iss the Hubert space completion of the quotient by its kernel. This construction does 
nott depend on the choice of a weight, but notice that there is no canonical projection 
irir  : Hi <g) H2 —> Hi (HIA/ H2. Fixing a weight induces an isomorphism Hx MM H2 — 
HiHi  M„  H2

 a nd gives a projection ixu : D(H\,v) <S> H2 —> H\ E A/ H2 

Besidess these analytical subtleties, one has the properties one would expect of a tensor 
product: : 

Propositionn 3.8. The relative tensor product has the following -properties: 

i)i)  (Left and right unit) For any M — N correspondence H we have canonical 
isomorphismsisomorphisms L2(M) SA / H S H ^ H %N L2(N) 

ii)ii)  (Associativity) For a left M-module Hi, an M — K correspondence H2, and 
aa right K-module H3> we have (Hi RM H2) MK H3 = Hx BA / {H2 ®K H3) 

Remarkk 3.9. Notice that one does not have a "balancing property" v\x ® v2 = 
vivi ® xv2, x E M like in the algebraic tensor product of bimodules over algebras, but 
ratherr a twisted version, viz. v\x ® v2 — v\ ® o-_l/2(x)v2 for suitable x E M [Sa]. 

Coefficients.Coefficients. A correspondence M —> H <— N is completely determined by its 
coefficients:: Fix a faithful, normal, semifinite weight v on AT. For two vectors £, r]  G 
D(H\,v),D(H\,v), the so-called coefficient of the correspondence H is given by the complete 
positivee map <̂>£ : M —» N defined by 

0i„{x)0i„{x)  = {xZ.Ti)veN, VxeA/. 

AA complete positive map, see [T], is analogous to a state on a von Neumann algebra, 
exceptt for the fact that instead of being a functional (i.e., a normal continuous map 
too C), it maps to another von Neumann algebra. The GNS construction for states 
generalizess to the Stincspring construction: Given a complete positive map <p : A1 —
N.N. consider the tensor product A/°p & N equipped with the pre-inner product 

(xi(xi ® yux2 ® y2) := v{yl(p{x\x2)y2), xt ® yt e M"11 0 N. 

Sincee <fr  is completely positive, this defines a positive semi-definite inner product. The 
Hubertt space completion H  ̂ of the quotient by the kernel of this sesquilinear form, is 
inn a natural way a correspondence from M to N. When the complete positive linear 
mapp is the coefficient of a correspondence, its is easy to see that there is an isometric 
embeddingg of correspondences 

Iff  this map is surjective. we say that the correspondence is cyclic. The construction 
wee have just outlined shows that every correspondence is a direct sum of cyclic ones. 
Noww we come to the relative tensor product. It turns out that the relative tensor 
productt has coefficients given by the composition of the coefficients of both corre-
spondences.. That is. for correspondences M —  Hi <— N and N —  H2 <— A', weights 
vv and r on N and A', vectors £i,£2 € D(Hup), r/i,r/2 £ D{H2,r), we have the 
equality y 
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seee [Con] chapter V. appendix B. Because of this property, knowledge of the coef-
ficientss of correspondences is very useful for the computat ion of the relative tensor 
product. . 

3-2.5.. M o r i t a equ iva lence of v on N e u m a nn a lgebras. We are now in the 
posit ionn to construct the category of von Neumann algebras and bimodules [La2]. As 
inn the algebraic case, its objects are given by von Neumann algebras and its morphisms 
aree given by equivalence classes of correspondences. Two correspondences Hi and H2 

betweenn M and N are said to be equivalent if there is a unitary isomorphism between 
ƒƒ]]  and H2 intertwining the left M and right A'-action. Composition of morphisms is 
inducedd by the relative tensor product over von Neumann algebras, which indeed is 
associativee up to unitary isomorphism. The unit arrow is given by the class induced 
byy the standard form of a von Neumann algebra, and given the preceding analysis, it 
iss easy to check that this defines a category. 

Followingg the algebraic situation, one now calls two von Neumann algebras Morita 
equivalentt when they are isomorphic in this category. For two von Neumann algebras 
MM and N. this means that there must be an M - N correspondence H\. as well as 
ann N - M correspondence H2 such that there are unitary isomorphisms 

HHAA MN H2  ̂ L2(M). H2 EA1 Hx ^ L2(N). 

I tt was shown in [La2], see also [Sa], that this definition of Morita. equivalence is 
equivalentt to the older definition in [Ri] . For a von Neumann algebra M, define the 
representat ionn category be the category of left modules, i.e.. normal ^-representations 
onn Hilbert spaces. Then an equivalence bimodule implementing the Morita equiv-
alencee between M and N induces, by taking the relative tensor product, a functor 
betweenn representation categories, and in this way one finds Rieffel's theorem that 
Mori t aa equivalent von Neumann algebras have equivalent representation categories. 
Forr more details, consult [La2] . 


