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Chapterr 1 

Introduction n 

Considerr situations where data are measured with non-negligible error (or noise). 
Lett Y and Z be independent random variables with probability density function ƒ 
andd k. Then the random variable X — Y + Z has the density g = ƒ * k where 
**  denotes convolution. Under the assumption that Z is a random noise variable 
withh known distribution, the probability density function of Y can be estimated 
fromm observations Xi,... ,Xn. In this thesis we consider one particular class of 
estimatorss of ƒ based on kernel smoothing. 

Thee problem of measurements being contaminated with noise exists in many fields. 
Ann application is for instance the deconvolution with B-splines of histograms for 
DNA-contentt data obtained by microfluorometry (Mendelsohn and Rice. 1982). Or, 
considerr X to be the time from some starting point to the time that symptoms of a 
certainn disease appear, Y the time of infection of the disease, and Z the incubation 
period.. The known distribution of Z in these two examples will be quite different. A 
randomm noise variable is usually modeled by a symmetric distribution on the whole 
reall  line while the distribution of a time period will be a skewed distribution on the 
halff  line of positive reals. 

Stefanskyy and Carroll (1990) observed that the signal-plus-noise deconvolution prob-
lemlem has been extensively studied; however, the exact formulation of such problems 
differss from the ordinary probability density estimation problem. Stefansky and 
Carrolll  (1990) proposed a class of estimators which are similar to ordinary kernel 
densityy estimators in many respects. 

Firstt we review some aspects of the kernel density estimator. Then we show that 
thee principles of kernel smoothing can be adapted to deal with more complicated 
problemss such as deconvolution. Also we include other basic knowledge required for 
furtherr reading of this thesis. 
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1.11 Kernel estimators 

Lett us consider the standard density estimation problem. Given a sequence of inde-
pendent,, identically distributed observations X\ Xn with common probability 
densityy function ƒ. how can one estimate ƒ or its distribution function F? The usual 
nonparametricc estimator of F is the empirical distribution function 

11 " 

n n 

Becausee Fn is not differentiable we cannot estimate ƒ by its derivative. However, 
wee can smooth the empirical distribution function first and then take the derivative. 
Thatt is, we convolve F„  with a known smooth distribution function \V. 

ff 1 " 
F;{x)F;{x)  = J W(x - u)dFn(u) =-Y, W(x ~ Xj). 

'"-'"-  j = i 

Lett iv denote the derivative of W. Then the estimator of ƒ is given by 

jj). ). 
n n 

j z z 

Lett {hn} denote a sequence of positive bandwidths. In the sequel the subscript in 
hhnn is omitted. To control the curvature of ƒ*  we use u'/,(x) — w(x/h)/h instead 
off  w. for a kernel w which determines the shape of the bumps and a bandwidth 
h.h. The kernel function w is a probability density and the bandwidth h a positive 
number.. Thus, the kernel density estimator fvh is the sum of 'bumps" placed at the 
observations.. We get 

Thee additive form of (1.1.1) implies that ƒ,,/, inherits the continuity and differentia-
bilit yy properties of w. When h is small enough we get a very noisy representation 
off  the data, and by increasing h the estimator will be smoother until we get a very 
flatt estimate of roughly the shape of the chosen kernel. 

Nowrr we address some consistency results of the estimator. 
Consistencyy of the estimator ƒ at a single point x was studied by Parzen (1962). 
Lett the kernel w be a bounded Borel function, satisfying the conditions 

/

occ poc 

\w{x)\dx\w{x)\dx < oo, / w{x)dx — 1 and (1.1.2) 
-occ J — oc 

\xw(x)\\xw(x)\ —> 0 as \x\ — oc. 
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Thee bandwidths h were assumed to satisfy 

hh —> 0 and nh — oc asu — oc. (1.1.3) 

Underr these conditions it was shown that, provided ƒ is continuous at x. 

fnh{x)fnh{x) —» /(x) in probability asn —> oc. 

Fromm point-wise consistency, we move on to uniform consistency of the estimator. 
Supposee the kernel w is bounded, has bounded variation and satisfies (1.1.2), and 
thatt the set of discontinuities of w has Lebesgue measure zero. Furthermore ƒ is 
uniformlyy continuous on ( — 00,00), and 

hh — 0 and nh(\ogn)~] — 00 a s n ^ o c. 

Bertrand-Ritalii  (1978) showed 

sup\fsup\fnhnh{x){x) - f(x)\ ->0 a s n - > oc 

withh probability one. 

Thee full Taylor series expansion for E fnh{x) has the form 

w{u)w{u) du - hf'{x) ƒ uw(u) du + y y u2w(u) du 

++ --- + ( - l ) p , / upu;(u)<fu + --- . 

Lett IL> be a symmetric function satisfying 

/

OOO /"OO 

w ( u ) d u = l,, / uru;(u)d« = 0, for r = 1, . . . , / >- 1 (1-1-4) 
-ooo J— oc 

uuppw(u)duw(u)du ^ 0(< oc). / . . 

Notee that p must be even, and for p > 2 the function u> must take on negative 
values.. Such a kernel w is called a kernel of order p. 

Wee get a so-called second-order kernel, for example as in Silverman (1986), when 
pp = 2 with a nonnegative kernel. Further, assuming that the unknown density ƒ is 
twicee continuously differentiate, we have in this case 

EE fnh(x) = f{x) + ^ ^ JX u2w(u) du + o(h2) (1.1.5) 
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and d 

Var(fnh(x))Var(fnh(x)) = A / ( * ) I"  w2{u)du + o{\). (1.1.6) 

Thee order in (1.1.4) can be taken to the limit , p —» oc. "infinite" order, resulting 
inn the faster rate of the decrease of the bias (assuming sufficient smoothness of ƒ). 
Onee example of such an estimator is the Fourier integral estimator, which is based 
onn the so-called sine kernel. w(x) = sin.r/(7rx). 

Obtainingg asymptotic normality is much in our interest, so we will review' the meth-
odss by which Parzen (1962) established asymptotic normality of the kernel density 
estimator.. By asymptotic normality we mean that for any real number c. 

U m P ( / " * W - E / - * W < e ) = » ( r ) .. ( 1 . L 7 ) 

wheree cr2(fnh(x)) = Var(/7J/,(j-)). Since the estimate f„j,(x)  in (1.1.1) may be written 
ass an average of independent random variables, it is easy to state conditions under 
whichh the sequence ƒ„/, is asymptotically normal. Write 

11 ." ^ 1 / x — X  \ 
fnh(x)fnh(x) = -^2znj. where ZUJ = -w[ JJ. (1.1.8) 

AA necessary and sufficient condition for (1.1.7) to hold is that for every e > 0, 

nP nP 
ZZnn\\ — E Zn\ 

o~{Zo~{Zn] n] 

>€Tl>€Tlï/2ï/2\\ - > 0, (1.1.9) 

ass 7i —-> oo. A sufficient condition, the Lyapounov condition (see Loève, 1977), for 
(1.1.9)) to hold is that, for some S > 0, 

EE Zn i — E Zn 11 

nW+«(ZnW+«(Znlnl)) ^ ° - *  n^ 3°- ( L L 1 Ü ) 

Notee that 

E\Zni\E\Zni\2+s2+s ~ jj+sf(*)f~  Wy)\2+%< 

while e 

2 2 11 f' 
az(Z„, )) ~ r / ( x ) / w'(y)dy. 
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Sincee E\Znl - E Znl\
2+Ö < 22+s(E\Zni\

2+S + |EZ„i|2+<5), and the fact that the 
quantityy in (1.1.10) can be written as 

hhl+sl+sE\ZE\Znlnl-EZ-EZnlnl\\
2+s 2+s 

{nh){nh)66//22hhll++ 66//22aa22++ 66(Z(Znïnï)' )' 

itt follows that (1.1.10) is satisfied. 

Sincee the introduction by Rosenblatt (1956) and Parzen, there is an abundant lit -
eraturee on the properties of the kernel density estimators. We refer to Silverman 
(1968),, Prakasa Rao (1983), Devroye and Györfi (1985), and Wand and Jones (1995) 
forr bibliographies. 

Usingg (1.1-1) we also get a kernel type estimator of the distribution function F. 
Write e 

FFnhnh{x)={x)=  fx fnh(u)du = W(^=r ) t1-1-11) 
J-ooJ-oo n

 = 1 \ n / 

withh W-̂ a;) = Jx w(u) du. Several properties of Fn  ̂ are well-known for a number of 
years.. For example, the uniform convergence of Fnh to F with probability one was 
provedd among others by Nadaraja (1964). Watson and Leadbetter (1964) proved 
thatt Fnh is asymptotically normally distributed. Moreover Winter (1979) showed 
thatt FJJ/J has the Chung-Smirnov property, i.e., 

limsupp (2n/ log log n)1'2 sup \Fnh(t) — F(t)\ < 1, almost surely. 
nn t 

1.22 Deconvolution kernel estimators 

Fourierr analysis has been effectively applied to the study of probability. Especially in 
thee deconvolution setting there are useful results in the theory of Fourier transforms. 
Recalll  that in deconvolution problems the distribution of the observations Xi is equal 
too G = K * dF, where F is the distribution of interest. 
Lett 4> denote a Fourier transform or a characteristic function and let a subscript 
denotee the corresponding density. If the characteristic function <p/{t) — EettY of 
aa random variable Y is absolutely integrable, the Fourier inversion theorem states 
thatt Y has a bounded, continuous density function f(x) given by 

f(x)f(x) = - / e-ltx<Pf(t)dt. 

Fromm X = Y + Z and the independence of Y and Z we have 

44gg(t)(t) =EeÜX ^Ee! ' < y + Z ) = <i> }{t)4> k{t). 
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Hence.. Of(t) = 0,}{t)/o^t) when ók(t) 7̂  0 for all t. In this identity we can estimate 
thee true characteristic function o(J(t) by o!hih(t) with gnh as in (1.1.1). The kernel 
estimatee g,,/, of g itself is also a convolution of the empirical distribution function of 
thee observations and the rescaled kernel function W),. We have 

°u,,(M)°u,,(M) = oir(ht)öt,nip(t). 

wheree 0fmp denotes the empirical characteristic function. Applying the Fourier 
inversionn theorem we define the density estimator ƒ„/, of ƒ as 

W,)4f.-"'^M ii  (1.2.1) 

whichh we call the deconvolutwn kernel density estimator. This estimator has been 
introducedd by Liu and Taylor (1989) and Stefansky and Carroll (1990). 
Wee can rewrite (1.2.1) as 

where e 

v(u)v(u) =  (" e-ifu-^^dt. (1.2.3) 

Thiss shows that the deconvolution kernel density estimator has the same basic form 
ass the ordinary kernel density estimator with a kernel function that depends on the 
bandwidth. . 

Byy the strong law of large numbers and the convergence of ow(ht) to 1. 0!hih(t) 
convergess to <pq(t) almost surely for each t when 11 —> oc. However, absolute inte-
grabilityy which is needed in the Fourier inversion theorem, may not hold for 0gtih(t). 
Onee way to overcome this problem to avoid integrating from — oc to oc. is to assume 
thatt <?„. has compact support. Examples are (Wand. 1998) 

1/22 < |*| < 1. 

Thee corresponding kernels are 

48(.r22 - 15) cosx - 144(2x2 - 5) sin* 
u-'U-rjj  = 

33 fsin(x/4)\4 
TT.r' ' 
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respectively. . 

Thee expectation of the estimator (1.2.1) has a familiar form. If , Yn are inde-
pendent,, then 

E(t ,(£_i)|yi.....y; ,) ) 

27rJ_27rJ_xxMt/hyMt/hy } 

XX <f)w(t)e-1tid'-Y^/hdt 
oc c 

Itt follows that 

E(/„, l(*)|y1,...,r„)) = ^ i . - ( ^ ) . 

Indeed,, conditionally on the unobservable Y's the estimator fnh{x) is equal to an 
ordinaryy kernel density estimator based on Yi , . . . ,Yn. Its expectation is then also 
equall  to the expectation of an ordinary kernel density estimator of ƒ. The equality of 
thee expectation remains valid even if the Y's are not independent, which is obvious 
byy repeating the above computation, conditioning on Yj only. This shows that the 
asymptoticss of the bias are the same as in ordinary kernel density estimation. 

Relatedd works on nonparametric deconvolution include Carroll and Hall (1988), 
Devroyee (1989), Liu and Taylor (1989). Stefansky (1990). Fan (1991a. 1991b). Fan 
andd Liu (1997), Cator (2001) and Delaigle (2002, 2003). 

1.33 Asymptotic properties 

Asymptoticc normality of the density estimator fTlh.(x) has been derived by Zhang 
(1990),, Fan (1991b), and Fan and Liu (1997). Zhang approached the deconvolution 
problemm in a semiparametric setting, and considered asymptotic normality of the 
estimatorr of the distribution function as well. Asymptotic normality of the density 
estimatorr based on a stationary sequence of observations has been established by 
Masryy (1993). 

InIn the deconvolution setting most of the papers addressed the problem of how to 
estimatee the unknown density and determined the optimal rates of convergence for 
specificc error distributions, for example by means of mean squared error properties. 

== - / 
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Thee rate of decay to zero, at minus infinity and plus infinity, of the modulus of the 
characteristicc function èk is crucial to the asymptotics. 

Fann (1991a) pointed out that few results discussed the issue of how difficult de-
convolutionn really is, and where the difficulty comes from. Since the asymptotic 
normalityy results by Fan are most relevant to our work, we will survey his papers in 
moree detail. 

Hee distinguished two cases: ordinary smooth and super smooth deconvolution prob-
lems.. If the tail of the characteristic function decreases algebraically, then we are in 
thee ordinary smooth case. The tail of 0A-(0 then behaves like 

I<MOII  ~cii*r A . as I * I - ^ (1.3.1) 
forr some positive constants C\ and A. In the super smooth case the tail decreases 
exponentially.. The tail of (pk(t) then behaves like 

|<M*)l~C 2|«|A oeH f | A / ' i ,, as \t\ — oc (1.3.2) 

forr some positive constants A,^,C2 and some real constant AQ. 

Evenn in earlier days, for the ordinary kernel estimator two classes have been distin-
guished:: problems with characteristic functions 0/ that decrease algebraically and 
thosee with characteristic functions (pj that decrease exponentially, see Davis (1977). 
Notee that (1.3.2) of Fan stipulates a somewhat larger class of characteristic functions 
thann that of Davis, wTho assumed that for some positive p. 

\ó\óff{t)\{t)\  ~ e ^ | f | \ 0 < A < 2 . 

Wee point out that the above condition is in fact a necessary condition for the sym-
metricc stable density, see Chung (1974). 

Likee many others Fan basically treated the deconvolution estimator as an ordinary 
kernell  estimator. That is, (1.2.1) can be rewritten as (1-2.2) with (1.2.3). Conse-
quently,, we can follow the reasoning of Section 1.1. Thus, by checking the Lyapounov 
conditionn (1.1.10). it can be shown that 

VVar(/„fc(a:)) ) 

inn both cases, for suitable rates of h and under suitable conditions on k and w. 

Inn the smooth case the asymptotics are essentially the same as those of higher order 
derivativess of an ordinary kernel estimator of g{x) as we will see in Section 1.4. An 
expressionn for the variance in (1.3.3) in the ordinary smooth cases is given by 

Var(ƒ„„(*) )) = -h-2X-1-  ̂ F t2X\4>w(t)\2dt(l + o(l)): (1.3.4) 
n n 2irC?? ./_ 
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withh some constant C\ and A as in (1.3.1). Here the limi t variance depends on the 
(unknown)) value of g{x). To be able to use this variance g has to be replaced by a 
consistentt estimator. Another alternative is given by the fact that the variance can 
bee estimated by the sample variance based on 

11 (x — Xj\ 

withh v as in (1.2.3). This yields asymptotic normality for the studentized estimator. 
Soo we have under suitable conditions on h, see Fan (1991b), 

^UW-EUJx)^UW-EUJx) vm i ) ( 1 . 3 .5 ) 

withh either ^ = I £ ?= 1
 Zlj  o r sl = ÏÏ E J = i (^ - i E"=i Znj)

2

Inn the super smooth case the asymptotics are much more complicated. Asymptotic 
normalityy has been established for studentized estimators, i.e. the difference between 
thee estimators and their expectation is divided by an estimate of the standard de-
viation,, see (1.3.5). This random standardization is also motivated by the need of 
confidencee intervals. 

Evenn though Fan gave the exact expression of the asymptotic variance in the ordinary 
smoothh case, he mentioned that in the super smooth case it is hard (maybe impossi-
ble)) to find a simple expression. As a consequence, the asymptotic rate and constant 
off  Var( fnh) are not available. So no classical central limi t type theorem form can 
bee established. Instead he derived a lower bound for E Z ^ , to check Lyapounov's 
conditionn (1.1.10). Moreover he observed that the sample mean - X]n=i Znj may 
nott converge to E Zn\ for the given bandwidth, and consequently he did not use the 
samplee variance ŝ  in the super smooth case. 

Thee optimal rates of convergence are extremely slow for super smooth error dis-
tributions.. In Fan (1992) deconvolution for more practical use is considered. The 
questionn how high the noise level can be for deconvolution to be feasible is the 
mainn issue of this paper. The conclusion is that if the noise level is not too high, 
nonparametricc Gaussian deconvolution can still be practical. 

Veryy few works are written on deconvolution estimators of the distribution func-
tion.. Fan discussed the optimal rates of convergence of the distribution function 
estimators,, see Fan (1991a). Zhang (1990) also addressed the optimal rates of con-
vergencee under Z/2-norm and moreover gave some asymptotic normality results on 
thee estimator of the probability functional T(f) = ƒ f(x) dx. 

1.44 Inversion 

Lett us consider deconvolution problems where the known distribution is exponential, 
Laplace,, or equal to their repeated convolution. In these cases we can use inversion 
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formulass of Van Es and Kok (1998). expressing F in terms of the distribution of the 
observationn and its derivatives. 

Lett E\ Em be m independent standard exponentially distributed random vari-
abless and let G^1 denote j - t h derivative of G. Van Es and Kok showed that if the 
Z;; have the same distribution as \\E\ +  + \mE,n. then we have the inversion 
estimator r 

m m 

FF = Y,siJ,)(Xi Xm)G{jK (1.4.1) 

wheree .s„, (A] Arn) denotes the j-th order elementary symmetrie polynomial of 

thee rn variables Ai A,„. given by s,n ~ 1 and 

si/?(Aii  A„,) = Y, A / |---A / j . forj = l m. (1.4.2) 
l < nn <---<ij<in 

Inn these cases estimators are obtained by substituting kernel estimators of the density 
off  the observations and its derivatives. 

Thee simplest example of (1.4.1) is standard exponential deconvolution. where the 
estimatorss are given by 

FFnhnh(x)(x) = Gnh(x)+gnb(x). (1.4.3) 

fnhi-r)fnhi-r) = 9nh(:r)+g'nh(.r). (1.4.4) 

Ann obvious question is whether we should use equal bandwidths in Gnb and g„/t, or 
not.. This problem is addressed in Chapter 2. 
Assumingg that F is continuously differentiable and that the kernel w satisfies (1.1.4). 
thee asymptotic normality Fnb in (1.4.3) can be established as follows. 

^nh~(F^nh~(Fnhnh(x)(x) - EF(.r)) = y/nh{gnfl{x) - Egnh{x)) + \fnh~(G,ih(x) - EGnh(x)) 

==  y/^h{9nh(x) -Eg„h(x)) + oP(l) Z (g(x)jw2(u)du)l'2V. 

wheree V - A r(0.1). 

Inn the Fourier setting, where k in (1.2.1) is the standard exponential density, the 
characteristicc function of k is <?/,.(f) = 1/(1 - it). By the identity Otr>(t) — itow(t). 
(1.2.3)) equals 

2*J-~2*J-~ ók(t/h) 

== J- r e-itx<pw(t)(l-it/h)dt 
^^ J-oc 

== — / e-ifx0w{t)dt-— it0w{t)e-itJCdt 

==  w(x) + jw'(x). (1.4.5) 
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Soo the inversion estimator (1.4.1) and the Fourier type estimator (1.2.2) are equal. 

Likewise,, if L\.  . Lm denote m independent standard Laplace distributed random 
variables,, and if Z has the same distribution as fiiL\  - + fimLm. then in the points 
wheree F is different iable. we have 

TTl l 

j=0 j=0 

andd its density estimator 

171 171 

// = £ ( - 1 ) ^ ? ( M I - - - - - / 4 ) < ?( 2 J ) . (1-4.6) 

Thiss deconvolution problem is more suited to model symmetric measurement error. 
Forr increasing m the error distribution becomes smoother, and we have to estimate 
higherr derivatives of g. This confirms the fact that the estimation problem is harder 
forr smoother k. In the limi t we get Gaussian deconvolution after rescaling. In 
thiss important deconvolution model an inversion formula of Pollard (1953) has been 
implementedd by Gaffey (1959) and Masry and Rice (1992) to obtain estimators of ƒ. 
Thee inversion contains infinitely many derivatives of g which makes it much more 
complicatedd than the inversion in the problems above. 

1.55 Outline of the thesis 

Forr the simple inversion estimator (1.4.4) we investigate the gain to be achieved 
whenn we use different bandwidths instead of equal bandwidths in Chapter 2. 

Inn Chapter 3 we derive asymptotic normality of Fourier estimators of the density, 
thee distribution function at a fixed point, and of the probability of an interval. We 
considerr super smooth deconvolution problems where the exponential decay of the 
taill  of the characteristic function is faster than that of the Cauchy distribution. 

Whetherr the restrictions of Chapter 3 are essential or not will be discussed in the 
nextt chapter, Chapter 4. We will show where the difficulty comes from and establish 
asymptoticc normality for specific distributions in the exclusive class. 

Inn Chapter 5 we investigate the problem of setting test limits by means of three 
differentt types of deconvolution estimators: isotonic, simple inversion, and Fourier 
typee estimators. 
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