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Chapterr  4 

Quantumm Bounded Queries 

I tt  is known that that a super-polynomial quantum improvement can only be ob-
tainedd if we consider  problems that are more structured than those in the black-
boxx model of computation.! 10] In this chapter  we look at the query complexity 
off  problems that can be computed in polynomial time with the help of, for  exam-
ple,, an oracle for  the SAT problem. It is shown how in this setting a quantum 
computerr  requires less queries than a classical computer, provided that standard 
complexityy assumptions like P ^ NP are true. 

4.11 Introductio n 
Wee combine the classical notions and techniques for bounded query classes with those 
developedd in quantum computing. We give strong evidence that quantum queries to an 
oraclee in the class NP does indeed reduce the query complexity of decision problems. 
Underr traditional complexity assumptions, we obtain an exponential speed-up between 
thee quantum and the classical query complexity of function classes. 

Forr decision problems and function classes we obtain the following results (see the 
appendixx of Üiis thesis for a brief overview of these complexity classes): 

## pNP[2fc] c EQpNP[fc] 

## pNP^+i-2] g EQpNP[fc] 

## FP? P ( 2 f c + 1 -2 1 C FEQPNPt 2fc ' 

## ppNP C pEQpNP[0<logn)] 

Forr sets A that are many-one complete for PSPACE or EXP we show that FPA C 
FEQP"411'.. Sets A that are many-one complete for PP have the property that FP̂  C 
FEQP^'1'.. In general we prove that for any set A there is a set X such that FPA C 
FEQP*W,, establishing that no set is superterse in the quantum setting. 
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Thee query complexity of a function is the minimum number of queries (to some 
oracle)) that are needed to compute one value of this function. With bounded query 
complexityy we look at the set of functions that can be calculated if we put an upper 
boundd on the number of queries that we allow the computer to ask the oracle. This 
notionn has been extensively studied both in the resource bounded setting [2, 4, 5, 13, 
12,, 11, 17,60,75,104] and in the recursive setting[15,16]. This notion and its variants 
hass lead to a series of techniques and tools that are used throughout complexity theory. 

Inn this chapter we combine some of the bounded query notions with quantum com-
putation.. The main goal is to further—as was done by Fortnow and Rogers [43]—the 
incorporationn of quantum computation complexity classes into standard classical com-
plexityy theory. We feel that the synthesis of quantum computation and classical com-
plexityy theory serves two purposes. First, it is important to know the limits of feasible 
quantumm computation and these can be clarified by expressing them in the framework 
off  classical computation. Second, the insights of quantum computation can be useful 
forr classical complexity theory in turn. 

Wee start out with the class of sets (or decision problems) that are computable in 
polynomiall  time with bounded queries to a set in NP. We consider the setting where 
thee queries are adaptive (i.e., a query may depend on the answers to previous ones), as 
welll  as where they are non-adaptive. Classically, it is known that any decision problem 
thatt can be solved in polynomial time with A; adaptive queries to a set in NP (the class 
PNPM)) can also be solved with 2k — 1 non-adaptive queries (the class P„  '2 , where 
"H"" indicates the parallel or non-adaptive queries), and vice-versa [13]. In other words: 
pNP[fe]]  _ p ! - J M o r e o v e rj there is strong evidence that this trade-off is optimal 
inn the sense that every non-adaptive class Ptl ' ] is different for different values of 
k.k. For example if PM C pNpW, then the polynomial hierarchy collapses [60] (see 
alsoo [27, 52]). 

Wee will see that if we allow the query machine to make use of quantum mechan-
icall  effects such as superposition and interference the situation changes. In the non-
adaptivee case we will show that 2k classical queries can be simulated with only k 
non-adaptivee ones on a quantum computer and in the adaptive case we show how to 
simulatee 2k+1 — 2 classical queries with only k quantum queries. The natural quantum 
analogg of P is the class EQP, which stands for exact quantum polynomial time. This 
iss the class of sets or decision problems that is computable in polynomial time with a 
quantumm computer that makes no errors (i.e., is exact). Then, our results are that 

pNP[2*]] g E Q p N P W a n d p N P [ 2 * + ' - 2 ] g E Q p N P [ * ] _ 

Inn particular it follows from this result that p"P[2] C EQPNP[1] (see also [36]). 
Inn order to prove these results we combine the classical mind-change technique [13] 

withh the one query version (see [31]) of the first quantum algorithm developed by David 
Deutschh [38]. 

Next,, we turn our attention to functions that are computable with bounded queries 
too a set in NP. Compared to the decision problems there is probably no nice trade-off 



4.2.4.2. Classical Complexity Theory 31 1 

betweenn adaptive and non-adaptive queries for functions. This is because the following 
iss known [17]: for any k the inclusion FP"PW C FPNP[fc_1] implies that P = NP. 
Moreover,, if FP*P C FPNP[0(logn)] then the polynomial time hierarchy collapses [12, 
87,98]. . 

Whenn the adaptive query machine is a quantum computer, things are different and 
wee seem to get a trade-off between adaptiveness and query complexity. We show the 
following: : 

F p NP[2*+ i -2 ]] Q FEQpNP[2fc] a n d F p N P Q F E Q pNP[0 ( l og n ) ] 

Heree FEQPNP^ is the class of functions that is computable by an exact quantum Turing 
machinee that runs in polynomial time and is allowed to make k queries to a set in NP. 
Thee proofs of these results use our previous results on decision problems and a quantum 
algorithmm developed by Deutsch-Jozsa [39] and Bernstein-Vazirani [22], 

Usingg the same ideas we are able to show that for any set A there exists a set X 
suchh that r~PA C FEQP*[1), establishing that no set is 'superterse'. Also because the 
complexityy of X is not much harder than that of A (the problem X is Turing reducible 
too .A), we get quite general theorems for complete sets of complexity classes. 

Forr a complexity class C that is closed under Turing reductions, and a problem 
AA £ C that is many-one complete for the class C, the inclusion FPC C FEQPŴ is 
proven.. This holds in particular for the set QBF of the true quantified Boolean formulae 
whichh is a PSPACE complete problem, and the complete sets for the class EXP. If C is 
aa class that is closed under truth-table reductions, then it holds that FP̂  C FEQP^ l̂ 
Thee Theta levels of the polynomial hierarchy and PP are examples of such classes. 

Thee ingredients for all our results are standard quantum algorithms combined with 
welll  known techniques from complexity theory. Nevertheless we feel that this com-
binationn gives a new point of view on the nature of bounded query classes and the 
structuree of complete sets in general. 

4.22 Classical Complexity Theory 

Wee assume the reader to be familiar with basic notions of complexity theory such as the 
variouss complexity classes and types of reducibility as can be found in many textbooks 
inn the area [6,7,46, 58]. The essentials for this chapter are mentioned below. 

Forr a set (decision problem) A we will identify A with its characteristic function. 
Hencee for a string x we have A(x) e {0,1} , and A(x) = 1 if and only if x e A. A 
classs C consists of a set of decision problems. A problem A is many-one poly-time, or 
<£j-completee for a class C if for any problem B e C, there exists a polynomial-time 
computablee function or "Karp-reduction" r such that x € B if and only if r(x) e A. 
Thee typical example of such a complete problem is SAT (the set of satisfiable Boolean 
formulae)) which is ^-complete for the class NP. The class FP indicates the set of 
functionsfunctions that can be calculated on a polynomial time, deterministic Turing machine. 
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Ann oracle Turing machine is non-adaptive, if it can produce a list of all of the 
oraclee queries it is going to make before it makes the first query. For any set A, the 
elementss of the class PA[fel (FPA[* ]) are the languages (functions) that are computable 
byy polynomial time Turing machines that accesses the oracle A at most k times on each 
input.. The class P;f  [*] and FP^*' allow only non-adaptive access to A. The notation 
pNP[q(n)]]  j s use(j  t 0 indicate algorithms that might require q(n) calls to an NP oracle, 
wheree q is a function of the input size n. 

Thee class NP can be generalized by defining the polynomial time hierarchy. We 
startt with thee definitions A^ = P and Ef = NP, and then for the higher levels continue 
inn an inductive fashion according to Ap

i+l  = PA? and E£+1 = NPE? for i = 2 ,3 , . .. 
Manyy complexity theorists conjecture that this polynomial time hierarchy is infinite, 
i.e.,, £?+1 ^ Ef for all i. 

AA class C of languages is closed under Turing (truth-table) reduction if any de-
cisionn problem that can be solved with a polynomial time Turing machine and (non-
adaptive)) queries to a set in C, is itself also an element of C. Examples of such classes 
aree PSPACE, EXP, and the Delta levels Af+1. The classes PP and 0f+1 = Pf 
(Thetaa levels of the polynomial hierarchy) are for example closed under this truth-
table-reduction. . 

4.33 Quantum Complexity Classes 
Thee class EQP is the collection of those sets that can be computed by a quantum Turing 
machinee that runs in polynomial time and accepts every string j with probability 1 or 
0.. Likewise, we define the class of functions FEQP as the class of functions that can 
bee computed exactly by some quantum Turing machine that runs in polynomial time. 
Thee output of the Turing machine is the function value (rather than a single decision 
bit). . 

Wee model oracle computation as follows (see also [19]). An oracle Turing machine 
hass a special query tape, and during the computation the Turing machine may enter a 
speciall  pre-query state to make a query to the oracle set A. Suppose the query tape 
containss the state \i)\b) (i represents the query and b is a bit meant to receive the answer 
too the query). The result of this operation is that after the call the machine will go into 
aa special state called the post-query state and that the query tape has changed into 
\i)\A(i)\i)\A(i)  © b), where © is the EXCLUSIVE OR. We will denote this unitary operation 
byy UA> Note that UA only changes the contents of the special query answer bit b, and 
leavess all the other registers unchanged. 

Ass with classical oracle computation, we make the distinction between adaptive 
andd non-adaptive quantum oracle machines. We call a quantum oracle machine non-
adaptivee if on every computation path a list of all the oracle queries (on this path) is 
generatedd before the first query is made. 

Thee class EQPA[fcl are the sets recognized by an exact quantum Turing machine 
thatt runs in polynomial time and makes at most k adaptive queries to the oracle for 
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A.A. Likewise, we define classes like EQP^l9{n)] , FEQP^9(n)J, and FEQP^[9(n)], for non-
adaptivee decision, adaptive function, and non-adaptive function classes respectively 
(withh q(n) a function that gives an upper bound on the number of queries and n the 
sizee of the input string). 

4.44 Decision Problems 

Inn this section we will investigate the extra power that a polynomial time, exact quan-
tumm computer yields compared to classical deterministic computation when querying 
aa set in the class NP. In the case of deterministic computation the following equality 
betweenn adaptive and non-adaptive queries to NP is well known. 

Factt  6 [13, 29, 104] 

1.1. For all k>0we have p^2* " 1 ! = pNP[*]. 

2.2. For any polynomial q{n) > 1 the equality P"Plq{n)] = pNP[0(iog(«(n)))]  nolds 

Proof::  Both items are proved in a similar way which has two parts. The first part 
showss that computing a function in P,NP[2 ~1] can be reduced to computing the parity 
off  2k — 1 other queries to NP. The second part then proceeds by showing that using 
binaryy search one can compute the parity of 2k — 1 NP-queries with k adaptive queries 
too SAT. On the other hand, it is trivial to see that any computation with k adaptive 
queriess can be simulated exhaustively with 2*  — 1 non-adaptive oracle calls. D 

Theree is also strong evidence that the above trade-off is tight (see [14, 60]). It fol-
lowss for example that if P^P[2] = PNP[1' then the polynomial hierarchy collapses [60]. 
(Seee [27] for the latest developments with respect to this question.) 

Perhapss surprisingly the situation changes when the query machine is quantum 
mechanical.. Using the one-call-parity trick of Fact 3, we will show that a quantum 
Turingg machine can compute decision problems with half the number of non-adaptive 
queries. . 

Theoremm 3 For all k > 0 we have the inclusion ?"P[2k] C EQPj"*1*1. 

Proof::  Without loss of generality we will assume that the queries are made to SAT, and 
thatt the predicate that is computable with 2k queries to SAT is f(x). Let ipi, ijj 2, , fak 
bee the queries that the computation of ƒ (x) makes. We will use the proof technique 
off  Fact 6 (also called mind-change technique) which enables us to compute f(x) by 
calculatingg the single bit SAT(0i) ©  © SAT^jt)- Here the new formulae 4>x,..., 4>2k 
cann be computed in polynomial time from ^ i , , ̂ 2fe. ƒ. and x, but without having to 
consultt SAT. 

Next,, we use Fact 3 to compute the parity SAT(0J) © SAT(<&+1) for odd i (1 < 
ii  < 2k) with k non-adaptive queries to SAT. Finally we compute the parity of these 
answers,, thus obtaining the necessary information for calculating ƒ (x). D 
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Lemmaa 3 P,NP[2] C EQPNpW (see [36]). 

Wee do not know whether this is tight. It would be interesting to either improve this 
resultt to PNpl2l c EQPNP[1' or to show as a consequence of this that the polynomial 
timee hierarchy collapses. 

Factt 6 relates adaptive query classes to non-adaptive ones, thereby establishing an 
exponentiall  gain in the number of queries (2k - 1 versus k queries). We will now show 
howw to use the Deutsch trick to improve this result slightly in the quantum case. 

Theoremm 4 P ^ 1 - 2 ! c EQPN™ for all k> 0. 

Proof::  The proof is by induction on k. For k = 1 we return to the situation of 
Lemmaa 3. Let the predicate ƒ (x) be computable with 2fe+1 - 2 non-adaptive queries to 
SAT.. As in the proof of Theorem 3 we reduce the 2fc+1 - 2 queries Vi that ƒ (x) makes, 
too the calculation of the parity-bit SAT^) 0  © SAT( 2̂fc+i_2). Next, we construct 
22k+lk+l  — 2 new formulae xi, , X2fc+!-2 according to: 

XiXi is satisfiable -«=> | {0 i , . . ., ^^-2} n SAT| > i. 

Thee construction of each such Xi can be done in polynomial time. Consider the non-
deterministicc polynomial time Turing machine M that on input {i, 0 i , . . ., 4>2k+1-2)> 
acceptss if and only if it can find for i of the formulae a satisfying assignment. Cook 
andd Levin [34, 66] —proving that SAT is <^ -complete for NP— showed that any 
polynomiall  time non-deterministic Turing machine computation M(x) in polynomial 
timee can be transformed into a formula that is satisfiable if and only if M(x) has an 
acceptingg computation. Let Xi be the result of this Cook-Levin reduction. 

Notee the following two properties of those formulae Xi' 

1.. The parity SAT(0I) © -  © SAT((/>2jt+i_2) is the same as the parity SAT(XI) © 
 © SAT(x2fc+i-2). 

2.. For every i we have SAT(xi) > SAT(XÏ+I) . 

Noww we are ready to make the first query. We compute the parity of X2*-1 afld 
X2*-i+2*-i -- This can be done in one query using Fact 3. By doing this we have at 
thee cost of one query reduced the question of computing the parity of 2k+1 — 2 formu-
laee to computing the parity of 2k - 2. These we can solve using A; — 1 queries using the 
inductionn hypothesis. To see this observe the following. For convenience set a = 2k~l 

andd b = 2k~l + 2k - 1. 
Supposee the parity of Xa and Xb is odd, with a < b. From the second property 

above,, it follows that Xa = 1 and Xb = 0» and hence that xi , , Xa are all satisfiable 
andd Xb, ) X2fc+!~2 are all unsatisfiable. Also note that a is even, so the parity of 
Xiii ) X2*+!-2 is the same as the parity of Xa+i>  Xb-i (these are 2k - 2 many 
formulae). . 

Onn the other hand assume that the parity of Xa and x& is even. This means (again 
usingg property 2 above) that Xa, , Xb are all either satisfiable or unsatisfiable and 
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hencee have even parity. So again the question reduces to the parity of the remaining 
formulae:: xu - , Xa-i and Xb+i, , *2*+i-2- Which happen to be 2*  - 2 many 
formulae..

Inn essence the above technique seems to boil down to searching in an ordered list 
Xi>> , X2*+i-2- In [56] it has been shown that this can not be done with less than 
£fi^£fi  ̂ - 0(1) queries. On the other hand, results by Farhi et al. [42] and [56] indicate 
thatt the query complexity of the ordered search problem is upper bounded by - log n + 
0{\),0{\), with a at least 1.88.... Using these results it is likely that we can strengthen the 
abovee theorem to P^P[2Qfc"0(1)] c EQPNPM. 

4.55 Functions computable with queries to NP Oracles 

Noww we turn our attention to function classes where the algorithm can output bit strings 
ratherr than single bits. We will see that in this scenario the difference between classical 
andd quantum computation becomes more pronounced. 

Wee start out by looking at functions that are computable with queries to a complete 
sett for the class NP. Classically the situation is not as well understood as the class of 
decisionn problems. There is strong evidence that the analog of Fact 6 is not true. 

Factt  7 The following holds for the classical, exact computation of functions: 

1.1. If for some k>0 we have FP"p[fe+1' c FPNP[fc], then P = NP [17]. 

2.2. If for all polynomials q(n) (with n the size of the input string): FP^p[9(n)1 C 
ppNPtofiogn)]̂^  ̂ N p = R (and  ̂ polynomial nierarchy couapSes) [12, 87, 
98]. 98]. 

Whenn we allow the adaptive query machine to be quantum mechanical the picture be-
comess again quite different. We will show for example that the inclusion FP*p[<ï(n)] C 
FEQpNP[21og(,(n))]]  h o l d s ( a n d m i s d o es n ( ) t i m p l y Np = R  ̂ f a r a s w e j ^ ^ ' 1 j n o f d e r 

too do so we will use Fact 4. 
Lett us turn back now to our setting of bounded query classes. Using the quantum 

trickss of Sections 2.4 and 2.5 we can establish the following result. 

Theoremm 5 For exact function calculation with the use of an oracle in NP it holds that 

l.FP:l.FP:P{2k+1P{2k+1--2]2]CFEQP"Wforanyk>0, CFEQP"Wforanyk>0, 

2.. FPNP C FEQPNP[0(logn}]. 

Proof::  Fix k > 0, the input z of length m and let g be the function in FP^AT[2*+1"2]. 
Supposee that g(z) = (ai  a„) = a with n = mc for some c depending on g. The 
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goall  is to obtain the state: 

(Output)) = - L £ (-1)<->|*>, (4.1) 
V ZZ x€{0, l} " 

sincee with this state one application of H®n will give us a = 5(2) (c/ 2.6). Clearly, we 
cann obtain this state if we have access to a function ƒ with the property 

n n 

fftt(x)(x) = ^ctiXi mod 2, (4.2) 
t= i i 

forr every x e {0, l} 71. 
Thee goal thus is to transform the function we have access to—SAT in our case— 

intoo one that resembles the one in Equation 4.2. The way to do this is to make use of 
aa quantum subroutine. Observe the following: the binary function fz(x) = (x,a) is 
inn p^AT[2fc+1-2l because we can first compute g(z) = a with 2k+1 - 2 queries to SAT 
andd then determine {x, a). By Theorem 4 this function is computable in EQPSAT[fcl. 
Hence,, when we use this adaptive EQP algorithm in superposition we have the desired 
functionn ƒ. There is however one problem with this approach. The algorithm that 
comess out of Theorem 4 leaves several of the registers in states depending on the input 
xx and SAT. For example the algorithm that computes the parity of two function calls 
inn one generates a phase of (-1) depending on the value of the first function call (see 
Equationn 2.4). These changes in registers and phase shifts obstruct our base quantum 
machinee and as a consequence the sum computed in Equation 2.6 does not work out 
thee way we want {i.e., the interference pattern is different and terms do not cancel out 
ass nice as before.) 

Thee solution to this kind of 'garbage' problem is as follows: 

1.. Compute fz{x) with k queries to SAT. 

2.. Copy the outcome onto an extra auxiliary qubit (by setting the auxiliary bit b to 
thee EXCLUSIVE OR of b and the outcome). 

3.. Reverse the computation of fz{x) making another k queries to SAT. 

Observee that when we compute fz{x) in this way, all the phase changes and registers 
aree reset and are in the same state as before computing ƒ, except for the auxiliary qubit 
thatt contains the answer. Since the subroutine was exact (i.e., in EQP) the answer 
bitt is a classical bit and will not interfere with the rest of the computation. Note that 
thiss corresponds exactly to one oracle call to ƒ. Thus we simulated 1 call to ƒ with 
2fcc queries to SAT and hence have established a way of producing the desired state of 
Equationn 4.1. 

Thee second part of the theorem is proved in a similar way now using part 2 of 
Factt 6. n 
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4.66 Terseness, and other  Complexity Classes 
Thee quantum techniques described above are quite general and can be applied to sets 
outsidee of NP. Classically the following question has been studied (see [12] for more 
information).. For any set A define the function FA(xx, ...txn) = (A(xi)  A(xn)) 
whichh is an n bit vector telling which of the x^s is in A and which ones are not. A 
basicc question now is: how many queries to A do we need to compute FA1 Sets for 
whichh F£ can not be computed with less than n queries to A (i.e„  FA <g FPA["_1^) 
aree called P-terse. We call the decision problem A P-superterse if F£ <£ FPx [n_1] for 
anyy set X. The next theorem shows that this last notion is not useful in the quantum 
setting. . 

Theoremm 6 Let A be a subset of N and let the function FA : Nn -» An be defined 
byby F*{xu ...,xn) := (A(xi),..., A{xn)), where A{x) = 0 if x $ A and A{x) = 1 
ifxifx e A. For any set A there exists a set X C N such that for all n we have FA e 
FEQPXW. FEQPXW. 

Proof::  Let X be the following set: 

XX = {(zl---zn,xi---xn)\(F*(z1,...,zn)iX1---xn) = l}. 

Usingg the same approach as the proof of Theorem 5 it is not hard to see that F* can be 
computedd relative X with only a single query. a 

Usingg the same idea we can prove the following general theorem about oracles for 
complexityy classes other than NP. 

Theoremm 7 Let Cbea complexity class and the set A S^-complete for C. 

1.1. If C is closed under ^-reductions then FPC = FPA C FEQP^11 = FEQPc[l1. 

2.2. IfC is closed under <p
tt-reductions then FP̂  = FP̂  C FEQP^[1] = FEQPC[1]. 

Proof::  Let ƒ be the function we want to compute relative to A. Without loss of gener-
alityy we assume that £(f(z)) = £(z)c for some c depending only on ƒ. As before we 
constructt the following set: 

XX = {(z,y)Kf[z)1y) = llwAe(y)=e(zy = i{f(z))}. 

Ass in Theorem 6 it follows that f(z) is computable with one quantum query to X. 
Sincee C is closed under <£-reductions and X<^A, it follows that X e C. Further-
more,, since A is ^-complete for C it also follows that X<p

mA. Thus the quantum 
queryy can be made to A itself instead of X. The proof of the second part of the theorem 
iss analogous to the first. D 

Thiss last theorem gives us immediately the following two lemmas about quantum 
computationn with oracles for some known complexity classes. 
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Lemmaa 4 

ppPSPACEE c pEQpPSPACE[l] 

FPEXPP C FEQPEXP[1] 

FPA-- C FEQPA?W 

forfor the Delta levels Af in the polynomial time hierarchy. 

Lemmaa 5 

FPPPP C FEQPppW 

F P ^^ C FEQPe<W 

witherwither = P^. 

Thee first lemma holds in particular for A = QBF (the set of true quantified Boolean 
formulae)) which is PSPACE-complete. Observe also that the situation is quite different 
inn the classical setting, since for EXP-complete sets the above is simply not true. 

4.77 Conclusions and Open Problems 
Wee have combined techniques from complexity theory with some of the known quan-
tumm algorithms. In doing so we showed that a quantum computer can compute cer-
tainn functions with fewer queries than classical deterministic computers. Many ques-
tionn however remain. Is it possible to get trade-off results between the adaptive class 
EgpNP[fc]]  a nd t he non-adaptive EQP^Pl2*~1] for quantum machines? Are the results we 
presentt here optimal? (Especially the recent results on exact searching in an ordered 
list[42]]  and [56] deserve further analysis as they seem to suggest a reduction of the 
quantumm query complexity of Theorems 4 and 5 by a factor of two.) 

Whatt can one deduce from the assumption that PNP C EQPNPllj? Is it true that for 
anyy set A we have PA C EQP^'1' or are there sets where this is not true? A random set 
wouldd be a good candidate where more than one quantum query is necessary. 


