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Chapterr  7 

Quantumm Kolmogorov Complexity 

Inn the classical setting, the Kolmogorov complexity of a string is the length of the 
shortestt  program that can produce this string as its output, which is a measure of 
thee amount of innate randomness (or  information) contained in the string. In this 
chapterr  we define the quantum Kolmogorov complexity of a qubit string as the 
lengthh of the shortest quantum input to a universal quantum Turin g machine that 
producess the target qubit string with high fidelity. 

Inn related work, Paul Vitanyi [102,103] proposes to count the amount of clas-
sicalsical information that is necessary for  an approximating scheme of the quantum 
state,, whereas here we consider  the necessary amount of quantum information 
forr  a similar  scheme. We argue that our  definition is a natural and accurate 
representationn of the amount of quantum information contained in a quantum 
state.. Peter  Gacs [45] has also proposed two measures of 'quantum algorithmic 
entropy',, which are based on the existence of a universal semi-density matrix . 
Thesee measures partiall y correspond, it turns out, to Vitanyi' s definition and the 
onee presented in this chapter, respectively. 

7.11 Introductio n 

Inn classical computations, the Kolmogorov complexity of a finite string is a measure 
off  its randomness. [30, 64, 94] The Kolmogorov complexity of x is the length of the 
shortestt program which produces x as its output. It can be seen as a lower bound 
onn the optimal compression that x can undergo, and its expectation in a probabilistic 
ensemblee is close to the Shannon entropy. [35, 89] 

Kolmogorovv complexity has been shown to have a windfall of applications in fields 
ass diverse as learning theory, complexity theory, combinatorics, graph theory, and anal-
ysiss of algorithms.[67] 

Withh the advent of quantum computation, it is natural to ask what is a good def-
initionn for the Kolmogorov complexity of quantum strings. Our goal is to argue that 
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ourr definition is a natural and robust measure the amount of quantum information con-
tainedd in a quantum string, and that it has several appealing properties. 

Findingg a robust definition for quantum Kolmogorov complexity has been of inter-
estt for many years (see for example [95].) Paul Vitanyi [102, 103] has also proposed 
aa definition for quantum algorithmic complexity. Our definition differs significantly 
fromm Vitanyi's: the definition he proposes is a measure of the amount of classical in-
formationn necessary to approximate the quantum state with a penalty depending in the 
errorr of the approximation. More recently, Peter Gacs [45] has also proposed two def-
initionss for quantum Kolmogorov complexity, both of which are based on the notion 
off  a universal semi-density matrix. One of Gacs' definitions is close to ours, while the 
otherr is related to Vitanyi's. 

7.22 Desired Properties 

AA good definition of quantum Kolmogorov complexity should meet the following fun-
damentall  criteria. These are intended to insure that it gives an accurate representation 
off  the information content of a quantum string. 

 It should be robust, that is, invariant up to an additive constant under the choice 
off  the underlying universal quantum Turing machine. 

 It should bear a strong relationship with quantum information theory. 

 It should be closely related to classical complexity on classical strings. 

However,, quantum Kolmogorov complexity should not be expected to always be-
havee the way classical Kolmogorov complexity does. The reader may want to bear in 
mindd typical non-classical quantum phenomena such as the no-cloning theorem! 107], 
whosee consequences we will discuss in Section 7.14. 

AA first attempt at defining quantum Kolmogorov complexity of a qubit string X is 
too consider the length of the shortest quantum program that produces X as its output. 
Theree are many questions that arise from this 'definition'. 
Bitss or  qubits? The first question to consider is whether we want to measure the 
amountt of algorithmic information of a string in bits, or in qubits. Note that bit 
stringss (programs) are countable, whereas qubit strings are uncountable, so any def-
initionn that measures in bits would have to overcome this apparent contradiction. Paul 
Vitanyii  [102, 103] considers classical descriptions of qubit strings, whereas we con-
siderr qubit descriptions. 
Exactt  or  inexact? What does 'produce' mean? Is a minimal program required to 
producee the string X exactly, or only up to some fidelity? In the latter case, is the 
fidelityfidelity  a constant? Otherwise, how is it parameterized? (For exact simulation, we 
cann only hope to simulate a subclass of the Turing machines, say by restricting the 
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sett of possible amplitudes. What would be a reasonable choice?) We will use an 
approximationn scheme. 
Whatt  model of computation? The size of quantum circuits is not an appropriate 
measuree because it is possible to have a large circuit that has nevertheless a small 
descriptionn in terms of a generating computer program. For this reason we choice the 
Turingg model of computation. 
Whatt  is meant by 'quantum program?'  A program for a quantum Turing machine 
iss its input, and if we want to count program length in qubits, we must allow for 'pro-
grams'' to be arbitrary qubit strings. (These can be viewed as programs whose code 
mayy include some auxiliary 'hard-coded' qubit strings.) 
One-timee description or  multipl e generation? In the classical setting, the program 
thatt prints a string x e {0,1} " can be run as many times as desired. Because of the no-
cloningg theorem[107] of quantum physics however, we cannot assume that the shortest 
programm can be run several times to produce several copies of the same string. (This 
wil ll  be due to the fact that it is not possible to recover the original program after it 
hass produced its output.) There is also a second, but related, reason not to choose the 
multiplee generation option. The complex-valued parameters a, j3 6 C of a qubit \q) = 
a\0)+(3\l)a\0)+(3\l) can in principle contain an unbounded amount of information. If we would 
bee able to reproduce the state q over and over again and without error, then we would 
bee able to extract this information, and hence we would have to conclude that the single 
qubitt q contains an unlimited amount of information. This contradicts the fact that the 
quantumm mechanical system of a qubit q can only contain one bit of information.[53] 
Forr the above two reason, we will not require a 'reusability' condition. 

7.33 Classical Kolmogorov complexity 

Thee Kolmogorov complexity of a string, in the classical setting, is the length of the 
shortestt program which prints this string on an empty input. [67] 

Formally,, this is stated first relative to a partial computable function, which as we 
knoww can be computed by a Turing machine. 

Definitionn 21 (Kolmogorov complexity) Fix a Turing machine T that computes a 
universaluniversal function $ . For any pair of strings x,y £ {0,1}* , the Kolmogorov com-
plexityplexity C ofx relative to y (with respect to T) is defined as 

CCTT{x\y){x\y) := min{£(p) : ${(p,y)) = x}. 

Whenn y is the empty string, we simply write CT{X). 

Thee key theorem on which rests the robustness of Kolmogorov complexity is the 
invarianceinvariance theorem. This theorem states that the length of shortest programs does 
nott depend by more than an additive constant on the underlying Turing machine. In 
thee classical case, this theorem is proven with the existence of a particular type of 
universall  Turing machine. This machine has two inputs: a finite description of the 
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originall  Turing machine, and the program that this Turing machine executes to output 
thee string. 

Moree formally, the invariance theorem in the classical case can be stated as follows. 

Factt  18 There is a universal Turing machine U such that for every Turing machine T 
andand pair of strings x, y, 

Cu(x\y)Cu(x\y) < CT{x\y) + cT, 

wherewhere CT is a constant depending only on T. 

Givingg an invariance theorem will be key to showing that quantum Kolmogorov 
complexityy is robust. 

Sincee for any string x of length n, C(x) < n + 0(1), a string which has complexity 
att least n is called incompressible. The existence of incompressible strings is a crucial 
factt of Kolmogorov complexity, and very useful in applications thereof. 

Factt  19 For every string length n, there is a string x of length n such that C(x) >n. 

Thee proof that there exists incompressible strings is a simple application of the 
pigeonholee principle. By comparing the number of strings of length n (2") and the 
numberr of programs of length smaller than n (2n - 1 in total), one must conclude that 
theree is at least one string of length n which is not the output of any of the program of 
lengthh < n. 

7.44 Quantum Informatio n Theory 
Inn this section we describe the quantum, or Von Neumann, entropy of ensembles, and 
importantt properties which will be used in the proofs of our results. 

Wee start the section by defining the 'x quantity' for ensembles. 

Definitionn 22 (Holevo's chi quantity [53]) For an ensemble 8 = {{pi, pi)}, with p = 
Y^iY^i PiPi, Holevo's chi quantity equals 

X(E)X(E) := S(p)-Y^PiS(Pi)-
i i 

Notee that the x quantity depends not only on p, but also on the specific pairs (pi,pi). 
Thee following monotonicity property of Lindblad and Uhlmann will be very useful 

laterr on. 

Factt  20 (Lindblad-Uhlmann monotonicity [68,101]) Let £ = {{pi,Pi)}  be an en-
semble,semble, and S a completely positive, trace preserving mapping. For every such S 
andand S, it holds that: x(S(£)) < *(£)» where s(£) is * e transformed ensemble 
{(S(Pi),Pi)}. {(S(Pi),Pi)}. 
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Thee entropy of finite systems is robust against small changes. This continuity of S 
overr the space of finite dimensional density matrices p is also called insensitivity, and 
iss expressed by the following lemma. 

Factt  21 (Insensitivity of Von Neumann entropy (see Section II . A in [105])) If a se-
quencequence pi, p2, , has linifc^oo pk = p, then also limfe_00 S(pk) = S{p). 

Proof::  The convergence of pi, p2,  to p is understood to use some kind of norm for 
thee density matrices that is continuous in the matrix entries (i\p\ j). (The operator norm 
\p\\p\ = tr(pp*), for example.) The entropy S(p) is a continuous function of the finite set 
off  eigenvalues of p. These eigenvalues are also continuous in the entries of p. D 
Furtherr background on these measures of quantum information and their properties can 
bee found in [78, Chapter 5] and [105]. Another good source is Nielsen's thesis [73]. 

7.55 Symmetric Subspaces 

Wee use the symmetric subspace of the Hilbert space to prove some of our results on 
copiess of quantum states. Let Hd be a Hilbert space of dimension d with the basis 
statess labeled |1) , . . ., \d). The symmetric subspace Hy

d
m or \JmHd of the m-fold 

tensorr product space H®m contains the states that are invariant under permutation of 
itss m parts. As a consequence, it is a subspace spanned by as many basis vectors as 
theree are multisets of size m of { 1 , . . . , d}. If A = {ii,. .., im} is such a multiset of 
{ 1 , . . . ,, d} , then \A) is the normalized superposition of all the different permutations 
off  i\,..., im. The set of the different vectors \A) (ranging over the multisets A) is an 
orthogonall  basis of the symmetric subspace H^. This shows that the dimension of 
thee symmetric subspace is ("^j" 1), because choosing such a multiset is equivalent to 
splittingg a sequence of m zeroes into d (possibly empty) intervals. (If ji  is the size of 
thee of ith interval, then this number also represents that the element i € { 1 , . . . , d} 
appearss j t times in the multiset. The number of ways of splitting a sequence of size m 
intoo d intervals is (mJd^1).) 

Thee symmetric subspace Ti^m is the smallestt subspace of H®m that contains all the 
puree states of the form \4>)®m for all \<j>)  € Hd. 

Ass an example, consider the symmetric subspace H^3. For every qubit Q|0) +/3\ 1), 
wee can indeed express any three-fold copy in the four dimensions of H^3'-

(a|0)+/?| l ) f33 = a3|000) + a2/?(|001) + |010) + |100» + 

a/?2(|011>> + |101) + |110)) + /?3|111) 

-- a3|{0,0,0}) + aW3|{0,0, l }> + 

a0V3|{O,l, l} >> + /33|{1,1,1}>. 

Wee thus reach the important conclusion that there exists a unitary transformation from 
thee 3 qubits of the symmetric subspace H^3 to the two qubits of the space spanned 
byy the vectors |{0,0,0}), |{0,0,1}>, |{0,1,1}> and |{1,1,1}). The generalization of 
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thiss compression result for all values d and m is presented in Section 7.14. For more 
informationn on the symmetric subspace and its properties, see the paper by Barenco et 
al.al. [8]. 

7.66 Accumulation of Error s 

Thee following lemma is used to bound the error introduced when composing two in-
exactt quantum procedures. 

Lemmaa 18 (Fidelity of composition) Let plt p2 and p3 be three density matrices. 

IfF(pIfF(puupp22)) > 1 - <$i and F(p2,p3) > 1 - 62, 

thenF{thenF{PlPl,p,p33)) > 1 -2<5i -262. 

Proof::  We say that a bi-partite, pure state <pAB is the 'purification' of the (mixed) 
statee p if we obtain p by tracing out the B part of <fi AB: p = tvB{(t> AB)- The lemma 
noww follows from Uhlmann's theorem[44], which says that the fidelity between two 
(mixed)) states p\ and p2 equals the maximum 'pure state fidelity' j (fa \fa) |, with fa the 
purificationss of pi. U 
Thiss lemma is especially powerful in combination with the monotonicity property: the 
resultt that the fidelity between two states cannot decrease under a quantum mechanical 
transformation.. [9] It enables us to prove the following result that bounds the error of 
twoo consecutive operations. 

Lemmaa 19 (Fidelity after  two transformations) If U\ and U2 are two quantum me-
chanicalchanical transformations and p\, p2, p3 are density matrices such that 

F(pF(p22,U,U11[p[p 11))>l-S))>l-S11 and F(p3,U2(p2)) > 1 - 62, (7.1) 

then,then, for the combined transformation U2Ui, 

F(ps,, U2  UM) >l-2S1- 2Ö2. (7.2) 

Proof::  From F(p2, fA(pi)) > 1 — ^i. and the nondecreasing property of the fidelity it 
followss that F([/2(p2), U2  Ui(pi)) > 1 — <5"i. Lemma 18 concludes the proof. D 

Inn order to give bounds on the complexity of several copies of a state, as we do in 
Sectionn 7.14, we also need the following bound on the total error in the n-fold tensor 
productt of the approximation of a given state. 

Lemmaa 20 (Fidelity of copies) Let pfn and p®n be the n-fold copies of the mixed 
statesstates Pl andp2, then F(pfn,pfn) = (F(pi,p2))

n- Hence, ifF(puP2) > 1 - S, then 
F(pfF(pfnn,p®,p®nn)>l-nö. )>l-nö. 
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Proof::  Apply the matrix properties A®nB®n = (AB)®n and tr(,4®n) = (tr(A))n to 
thee definition of Equation 1.4 to obtain: 

F(pf»,pf»)) = tr 

// i ®n 
== tr ( ^y/p[  p2  yfp[ 

==  tl ( yjyfpi  p2  y/pi 

a a 

7.77 Quantum Kolmogorov Complexity 
Wee define the quantum Kolmogorov complexity QC of a string of qubits X, relative 
too a quantum Turing machine M, as the length of the shortest qubit string that, when 
givenn as input to M, produces on the output register the qubit string X. (Note that we 
onlyy allow M that have computable transition amplitudes. See the articles [22, 38], 
andd particularly Definition 3.2.2 in [22], for a further description of this computational 
model.) ) 

7.88 Input/Outpu t Conventions 
Firstt we will specify in more detail what is meant by the 'input' and 'output' of a 
quantumm computation. 

Wee consider quantum Turing machines with two heads on two one-way infinite 
tapes:: one input/work tape, and one output tape. We allow both tapes to be changed 
becausee we want to be able to move the input qubits to the output tape. 

Forr a QTM M with a single input, when we say M starts with input Y, we mean 
thatt M starts with the quantum state |y$00 ) on its input tape, and J00 ) on the 
outputt tape. The $ symbol is a special endmarker (or blank) symbol. 

Notee that testing for the end of the input can be done without disturbing the input, 
sincee we assume that the '$' state is orthogonal to the '0' and ' 1' states. (This is 
analogouss to the classical case, where where Turing machine inputs are encoded in a 
three-letterr alphabet; nevertheless we consider the actual input to be encoded only over 
thee characters 0 and 1.) A string is a proper input if there is only one position on the 
tapee where the the endmarker symbol *$' appears. We dismiss any non-proper inputs 
ass this would allow the endmarker to be in a superposition of several positions, which 
cannott be checked by the quantum Turing machine. 

Forr a QTM with multiple inputs, we assume that there is a convention for en-
codingg the multiple inputs so that they can be individually recovered. For exam-
ple,, when we write M(YI,YQ), we may assume that the input tape is initialized to 
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|lf(yi)OYiy2$000 : the sequence of ones l/ (yi ) is unambiguously delimited by the 
leftmostt zero in the string, and with the thus obtained value i{Y\) we can separate Yx 

andd Y2 from the remainder of the sequence. Likewise, for multiple outputs, if we write 
M(Yi,YM(Yi,Y22)) = (Xl,X2), we mean that Xi and X2 must be encoded according to a pre-
arrangedd convention so that Xi and X2 can be recovered individually from the output 
tape.. (We do not define prefix-free complexity in this thesis.) 

Wee let MT(X) denote the contents of the output tape after T steps of computa-
tion.. We consider only QTMs that do not modify their output tape after they have 
'halted'.. (Because of reversibility, they may modify the input/work tape after reaching 
thee halting state.) The output string M(X) equals the content of the output tape at any 
timee after M has stopped changing this tape. We allow the content of the output tape 
too be entangled with the input/work tape after M has halted. If this is the case, then 
thee output M(X) is the mixed state that one obtains by 'tracing out' the input/work 
tape.. Note that this output does not change when the computer continues to change the 
input/workk tape after is has officially halted. 

7.99 Defining Quantum Kolmogorov Complexity 

Forr some fidelity function ƒ : N —> [0,1] we will now define the corresponding quan-
tumm Kolmogorov complexity. 

Definitionn 23 (Quantum Kolmogorov complexity with fidelity  ƒ) For any quantum 
TuringTuring machine M and qubit string X, the /-approximation quantum Kolmogorov 
complexity,complexity, denoted QC*M{X), is the length of the smallest qubit string P such that 
forfor any fidelity parameter k we have F(X, M(P, t)) > f(k). 

Notee that we require that the same string P be used for all approximation parameters 
k.k. This way we do not have to consider a sequence of programs P1T P2,..., which may 
nott have a well defined limiting size lim^oo (-{Pk)-

Notee also that we allow both the string X, the program P, and the output M(P,lk) 
too be mixed states for the following reasons. There is no reason why the approximation 
M(P,M(P, lk) of a pure state X has to be pure as well. By allowing mixed states we avoid 
thiss problem, and, as a bonus, get also a definition for the complexity of mixed states. 
Becausee the fidelity and the time evolution of M is properly defined for mixtures this 
causess no serious problems. (Clearly, the program Pp that simply moves p from the 
inputt to the output tape will have to be mixed as well, which explains the necessity of 
mixedd input strings.) 

Wee will say that program P 'M-computes X with fidelity ƒ (&)' if for all k we have 
F(X,, M(P, lk)) > f(k). If ƒ is the constant function 1, we thus have the following 
definition. . 

Definitionn 24 (Quantum Kolmogorov complexity with perfect fidelity)  The perfect 
fidelityfidelity quantum Kolmogorov complexity is QÖM(X). 
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Thee problem with this definition is that we do not know whether an invariance theo-
remm can be given for this perfect-fidelity Kolmogorov complexity. This is because the 
invariancee theorems that are known for quantum computers deal with approximating 
proceduress rather than with exact simulations. We therefore prove an invariance theo-
remm for a weaker, limiting version, where the output of M must have high fidelity with 
respectt to the target string X: F(X, M(P, lk)) « 1. 

Definitionn 25 (Quantum Kolmogorov complexity with bounded fidelity)  Fora im-
perfectperfect fidelity e < 1, the complexity QCM{X) is the constant-fidelity quantum Kol-
mogorovmogorov complexity. 

Againn there are problems with this definition. First, it may be the case that some strings 
aree very easy to describe up to a given constant, but inherently very hard to describe for 
aa smaller error. Second, it may be the case that some strings are easier to describe up to 
aa given constant on one machine, but not on another machine. For these two reasons, 
thiss definition does not appear to be robust. 

AA stronger notion of approximability is the existence of an approximation scheme. 
(See,, for example, the book by Garey and Johnson [46, Chapter 6] for more on approx-
imationn algorithms and approximation schemes.) For constant-approximability, differ-
entt algorithms (with different sizes) can exist for different constants. In an approxima-
tionn scheme, a single program takes as auxiliary input an approximation parameter fc, 
andd produces an output that approximates the value we want within the approximation 
parameter.. This is the model we wish to adopt for quantum Kolmogorov complexity. 

Definitionn 26 (Quantum Kolmogorov complexity with fidelity  converging to one) 
TheThe complexity QC^(X) is equal to QCf

M(X), where f{k) = 1 - \. 

Wee choose to encode the fidelity parameter in unary, and the convergence function to 
bee ƒ (A;) = 1 - \ so that the model remains robust when polynomial time bounds are 
added.. We discuss this further in Section 7.10. 

Wee may also define QC^(X\Y), the complexity of producing X when Y is given 
ass an auxiliary input, in the usual way. 

7.100 Invariance 

Too show that our definition is robust we must show that the complexity of a qubit 
stringg is minimized by a particular type of universal machine, and is invariant, up to an 
additivee constant, under the choice of a different Turing machine. 

Wee use the following result, proved in the paper of Bernstein and Vazirani [22]. To 
bee precise, we use the notation M to denote the classical description of the quantum 
Turingg machine M. (Recall that we only consider quantum Turing machines whose 
amplitudess can be computed to arbitrary precision with a finite classical description.) 
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Factt  22 (Universal quantum Turin g machine [22]) There exists a universal quantum 
TuringTuring machine U with a unite classical description such that the following holds. For 
anyany quantum Turing machine M (which has a finite classical description), for any pure 
statestate X for any approximation parameter k, and any number of time steps T, we have 
F(U(M,X,F(U(M,X, lk,T),MT(X)) > 1 - A. (Remember that MT is the contents of the 
outputoutput tape of M after T time steps.) 

Theoremm 16 (Quantum invariance theorem) There is a universal quantum Turing 
machinemachine U such that for any quantum Turing machine M and qubit string X, 

QC])(X)QC])(X) < QC\)(X) + cM, 

wherewhere CM is a constant depending only on M. 

Proof::  The proof of this theorem follows from the existence of a universal quantum 
Turingg machine, as mentioned here in Fact 22. Let U be this UTM. The constant cM 

representss the size of the finite description M that U requires to calculate the transition 
amplitudess of the machine M. Let P be the state that witnesses that QC]^(X) = £(P), 
andd hence F(X, M(P, 1*)) > 1 -  for every k. 

Withh the description M (with length CM), U can simulate with arbitrary accuracy 
thee behavior of M. Specifically, U can simulate machine M on input (P, \Ak) with a 
fidelityy of 1 - ^ . Therefore, by Lemma 18, F(X, C/(M, P, l4*) ) > 1 - £. D 
Thee same holds true for the conditional complexity, that is, there exists a UTM U such 
thatt for all quantum machines M and quantum strings X, Y we have QC])(X\Y) < 
QC%(X\Y)QC%(X\Y) + cM. 

Henceforth,, we will fix a universal quantum Turing machine U and simply write 
QC(X)QC(X) instead of QC]}(X). Likewise we write QC(X\Y) instead of QC]}(X\Y). 
Wee also abuse notation and write M instead of M to represent the code of the quantum 
Turingg machine M used as an input to the universal Turing machine. 

Thee simplest application of the invariance theorem is the following lemma. 

Lemmaa 21 There exists a constant c, such that for any qubit string X, QC{X) < 
i(X)i(X) + c. The value of c depends only on our choice of the underlying universal 
TuringTuring machine. 

Proof::  Consider the quantum Turing machine M that moves its input to the output 
tape,, yielding QCM(X) = £(X). The result follows by invariance. D 

Wee may also define time-bounded QC is the usual way, that is, fix T : N — N 
aa fully-time-computable function. Then QCT(X\Y) is the length of the shortest pro-
gramm which on input (Y, lk), produces X on its output tape after T(£(X) + £(Y)) 
computationn steps. The simulation of Bernsteinn and Vazirani entails a polynomial time 
blowupp (polynomial in the length £(Y) of the input and the length k of the fidelity 
parameter),, so there will be only a polynomial time blowup in the corresponding in-
variancee theorem. 
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7.111 Properties of Quantum Kolmogorov Complexity 
Inn this part we compare classical and quantum Kolmogorov complexity by examining 
severall  properties of both. We find that many of the properties of the classical com-
plexity,, or natural analogs thereof, also hold for the quantum complexity. A notable 
exceptionn is the complexity of m-fold copies of arbitrary qubit strings. 

7.122 Correspondence for  Classical Strings 

Wee would like to show that for classical states, classical and quantum Kolmogorov 
complexityy coincide, up to a constant additive term. 

Lemmaa 22 There is a constant c, such that for every unite, classical string x, it holds 
thatthat QC{x) < C{x) + c. 

(Thee constant depends only on the underlying universal Turing machine.) 
Proof::  This is clear: the universal quantum computer can also simulate any classical 
Turingg machine.

Thee converse is also true, as shown by Peter Gacs [45]. 

Factt  23 (See [45] for the proof.) There is a constant c, such that for every unite, 
classicalclassical suing x, it holds that C(x) < QC(x) + c. 

7.133 Quantum Incompressibility 

Inn this section, we show that there exist quantum-incompressible strings. Our main 
theoremm is a very general form of the incompressibility theorem with some useful 
speciall  cases as corollaries. 

Assumee we want to consider the minimal-length programs that describe a set of 
quantumm states. In general, these may be pure or mixed states. We will use the 
followingg notation throughout the proof. The mixed states p i , . . ., pM be the target 
stringss (those we want to produce as output). Their minimal-length programs will be 
<7i,...,, aM, respectively. The central idea is that if the states pi are sufficiently differ-
ent,, then the programs a{ must be different as well. We turn this into a quantitative 
statementt with the use of the insensitive chi quantity in combination with the mono-
tonicityy of quantum mechanics. 

Earlier,, Michal Horodecki used a similar technique to prove a closely related result 
[55],, which shows that the Holevo quantity is a lower bound for the optimal compres-
sionn rate for ensemble of mixed states. 
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Theoremm 17 For any set of strings pu...,pM such that Vi, QC(pi) < I, this I is 
boundedbounded from below by 

i i 

wherewhere p is the 'average' density matrix p — -gYliPi- (Stated slightly differently, this 
sayssays that there is an i such that QC(pi) > S(p) — jjYli S{pt)-) 

Proof::  Take pi,.. .,PM and their minimal programs <j\,..., CFM (and hence QC(pi) = 
£(<Ti)).£(<Ti)). Let Sk be the completely positive, trace preserving map corresponding to the 
universall  QTM U with fidelity parameter k. With this, we define the following three 
uniformm ensembles: 

 the ensemble £ — {(pi, ~j)} of the original strings, 

 £G the ensemble of programs {(<Ji,jj)},  and 

 the ensemble of the ^-approximations £k = Sk(£a) = {{pk,jj)},  with pk = 
SSkk{<Ti). {<Ti). 

Byy the monotonicity of Fact 20 we know that for every A;, x(£k) < x(£x)- The chi 
quantityy of the ensemble £a is upper bounded by the maximum size of its strings: 
x{£(r)x{£(r) < maxi{^(cri)}  < /. Thus the only thing that remains to be proven is thatx(£fc), 
forr sufficiently big k, is 'close' to x(£)- This will be done by using the insensitivity of 
thee Von Neumann entropy. 

Byy definition, for all i, lim^oo F(pi }  p
k) = 1, and hence Hm/t-̂  p\ — pt. Because 

thee ensembles £ and £k have only a finite number (M) of states, we can use Lemma 21, 
too obtain lim^oc x{£k) — x{£)- This shows that for any S > 0, there exists a k such 
thatt x{£) — <5 < x{£k)- With the above inequalities we can therefore conclude that 
x(£)x(£) — S < I holds for arbitrary small 6 > 0, and hence that / > x{£)- n 

Thee following four lemmas are straightforward with the above theorem. 

Lemmaa 23 For every length n, there is an incompressible classical string of length n. 

Proof::  Apply Theorem 17 to the set of classical strings of n bits: px — \x)(x\ for all 
xx e {0,1}" . All px axe pure states with zero Von Neumann entropy, hence the lower 
boundd on / reads I > S(p). The average state p = 2_n Ylx \x)(x\ *s the total mixture 
2"nII  with entropy S(p) = n, hence indeed I > n. O 

Lemmaa 24 For any set of orthogonal pure states |0 i ) , . . ., \4>M), the smallest I such 
thatthat for all i, QC(4>i) < I is at least log M. (Stated differently, there is an i such that 
QC(<Pi)>QC(<Pi)>  log M.) 

Proof::  All the pure states have zero entropy S((f>i) — 0, hence by Theorem 17: / > 
S(p).S(p). Because all <&s are mutually orthogonal, this Von Neumann entropy S(p) of the 
averagee state p = jjJ2i\^*)(^i\  equ a ls log M. O 
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Lemmaa 25 For every length n, at least 2n — 2n~c +1 mutually orthogonal qubit strings 
ofof length n have complexity at least n — c. 

Lemmaa 26 For any set of pure states |0 i ) , . . ., \<j> M), the smallest I such that for all i, 
QC{<f>i)QC{<f>i)  < I is at least S{p), where , £ > = £ £, |&)<<fc|. 

7.144 The Complexity of Copies 

Itt is trivial to copy a classical bit string x to the m-fold state x®m. As long as we know 
thee integer m, the complexity of x®m is no bigger than that of the single copy x, or in 
Kolmogorovv complexity terms: C(x®m\m) < C(x) + 0(1). This no longer holds in 
thee case of quantum information, as it is in general not possible to copy an unknown 
quantumm state.[107] Typically for a quantum state X, the complexity QC(X®m\m) 
wil ll  grow as m gets bigger. This should not surprise us because a large number m of 
copiess enables us to estimate the amplitudes of X more accurately than a single copy 
would.. Hence, we can 'extract' more information from X®m if we have more copies 
off  X. An obvious upper bound on the quantum Kolmogorov complexity of X®m is 
QC(X®QC(X®mm\m)\m) < m  QC(X). QC(X). The two main theorems of this section tell us that, 
despitee the 'no cloning' phenomenon of quantum mechanics, it is possible to compress 
copiess of pure states. This result is established with the help of the theory of symmetric 
subspaces.. We start with the general upper bound. 

Theoremm 18 There exists a constant c, such that for an arbitrary pure state X and 
integerinteger m it holds that 

QC(X®-\m)QC(X®-\m) < log ( " ^ l ^ + c , <7" 3> 

andand hence QC(X®m) < log (m^c^X) + O(logm). 

Proof::  First we outline the proof, omitting the effect of the approximation. Consider a 
puree qubit string X whose minimal-length program is Px. To produce m copies of X, 
itt suffices to produce m copies of Px and execute these m programs. 

Wee can always assume that this Px is a pure state, because for a mixture of pro-
grams,, any of the pure programs in the mixtures will produce X as well. Let I be 
thee length QC{X) of Px\ we denote the 2'-dimensional Hubert space by H. Consider 
H®H®mm,, the m-fold tensor product of H. The symmetric subspace HWm is cf-dimensional, 
wheree d = (mJl^1)- The sequence Pfm sits in this symmetric subspace, and can 
thereforee be encoded exactly using log d + O (log m) qubits, where the m term is used 
too describe the rotation from the d-dimensional space to the m copies in H®m. Hence, 
givenn m, the quantum Kolmogorov complexity of X®m is bounded from above by 
logg d + 0(1) qubits. 
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Forr the full proof, we will need to take into account the effect of the imperfect 
fidelitiess and prove that we can reach a fidelity not smaller than 1 - £. 

Thee first part of the computation consists of the mapping from the d dimensions to 
thee symmetric subspace 'Wm. This is the transformation \i)  ̂ |Aj) for 1 < i < d, 
whichh labels all the multisets At C { 1 , . . . , 21} of size m. We approximate this unitary 
transformationn with enough accuracy such that the output has fidelity > 1 - ^ with 
thee perfect state Pf1. 

Next,, we execute the programs Px with a fidelity parameter of 4/cm. Hence the 
joint,, m-fold evolution Ufm establishes F(X®m, Ufm{P®m)) > 1 - i (Lemma 20). 

Wee finish the proof by employing Lemma 19, which tells us that the overall fidelity-
errorr of the above two transformations cannot be bigger than £

Thiss upper bound is also very close to being tight for some X, as we show in the 
nextt theorem. 

Theoremm 19 (Incompressibility for  copies of quantum states) For every m and n, 
therethere is an n-qubit state X such that QC(X®m) > log i"1^1)-

Proof::  Fix m and n and let H be the 2n-dimensional Hilbert space. Consider the (con-
tinuous)) ensemble of all m-fold tensor product states X®m: £ = {(X® m, p)}, where 
fj,-fj,-11 = fXen dX is the appropriate normalization factor. The corresponding average 
statee is calculated by the integral p = p j X e n X®mdX. This mixture is the totally 
mixedd state in the symmetric subspace HVrn (see Section 3 in [106]), and hence has 
entropyy S(p) = log ("^J^-1). Because all X®m are pure states, we can use Lemma 26 
too prove the existence of an X for which QC{X®m) > log ("J,2"" 1)

Thee results of this section can be viewed as a refinement of thee no-cloning theorem, 
inn the following sense. The quantity QC(X®m\m), for any state X, gives a measure 
off  how clonable that particular state is. Theorem 19 tells us that there exist strings that 
aree 'maximally non-clonable'. 

7.155 Subadditivity 

Considerr the following subadditivity property of classical Kolmogorov complexity. 

Factt  24 For any x and y, C{x,y) < C{x) + C{y\x) + 0{\og{C(x))). 

Inn the classical case, we can produce x, and then produce y from x, and print out the 
combinationn of x and y. In the quantum case, producing Y from X may destroy X. 
Inn particular, with X = Y, the immediate quantum analog of Fact 24 would contradict 
thee m — 2 case of Theorem 19. 

AA natural quantum extension of this result is as follows. 

Lemmaa 27 For any pair of quantum strings X,Y, we have QC(X,Y) < QC(X,X)+ 
QC(Y\X)QC(Y\X) + 0(\og(QC(X))). 
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7.166 The Complexity of Correlations 
Inn this section we will use quantum Kolmogorov complexity to quantify the complex-
ityy of the correlation between two systems. For a bipartite state PAB we denote this 
quantityy by QCor(pAB), which is defined as follows. 

Definitionn 27 (Quantum Kolmogorov Complexity of Correlations) Consider a bi-
partitepartite state PAB ofn+m qubits where n qubits are on A's side and B has the remaining 
mm qubits. The quantum Kolmogorov complexity QCor of the correlation between A 
andand B is defined by 

QCor{pQCor{pABAB)) :=  QC(pAB\pA,pB), 

wherewhere PA = trB(pAB) and pB = trA(pAB). 

Becausee the complexity QCor(pAB) can never be bigger than QC(PAB), the following 
generall  upper bound holds. 

Lemmaa 28 There exists a constant c such that for every bipartite, n + m-qubit state 
PABPAB we have 

QCor(pQCor(pABAB)) < n + m + c. (7.4) 

Proof::  Apply Lemma 21 to the relation QCor{pAB) < QC{pAB).
Thee gap between the correlation complexity QCor and the Kolmogorov complexity 
cann be made arbitrarily big as is shown by the next lemma. 

Lemmaa 29 There exists a constant c such that for any combination of lengths n and m, 
therethere is an n+m-qubit string pAB with maximum Kolmogorov complexity QC{pAB) > 
nn + m, combined with a constant lower bound on the complexity of the correlation 
QCor(pQCor(pABAB)) < c. 

Proof::  Consider the set of classical strings of length n+m. Clearly, these states can be 
expressedd as tensor products XAB — XA ® XB, where XA (XB) are n (m) bit strings. 
Byy the program of size c that moves the inputs XA and XB to the output tape (thus 
producingg XAB) we obtain QCor{XAB) = QC(XAB\XA:XB) < c. On the other 
hand,, by Lemma 23, at least one of these strings XAB also has to obey QC(XAB) > 
nn + m. D 

Thee central idea behind the definition of QCor is that we consider the complex-
ityy of the correlations 'high' when the partial states pA and pB do not contain much 
informationn about the total configuration pAB. In this sense it is possible that all the 
complexityy of a state is contained in its correlations. The following lemma expresses 
thiss result. 

Lemmaa 30 For every length n, there exists a bipartite, n + n-qubit state pAB with 
maximummaximum correlation complexity QCor(pAB) > 2n. 
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Proof::  First we consider the n — 1 case of two distributed qubits. Take the four Bell 
statess \<fAB) = ^( |00) + |11», \<fAB) = ^( |00) - |11», \<P* AB) = ^(|01) + |10}), 
andd \(j)AB) — -4(|01) — 110)). As these states are mutually orthogonal, we can use 
thee uniform source £ = {{4> AB., \)} to encode two bits of information.[21] It is also 
straightforwardd to see that all the partially traced out states are identical to the same 
totallyy mixed qubit: <f> A = <\> B = J(|0><0| + |1){1|) = \l for all i. Hence, for one of 
thee 0's we must have QCor{4>l

AB) = QC^^Wl ® I) > 2. 

Thiss result easily generalizes to the n + n-qubit case if we take the n-fold tensor 
productt of the above source. We can use the words of this £®n to encode 2n bits of 
information,, while the partially traced out words all equal the totally mixed n qubit 
statee 2~nI, This shows that for at least one of the words it must hold that its correlation 
complexityy is not smaller than 2n. D 

Itt would be incorrect to think that the complexity QCor is 'yet another measure 
off  entanglement'. It is true that tensor product states XA ® XB have a low correla-
tionn complexity, but so have highly entangled states like (-^IO^OB) + 4=|:Ul.B})®n-
Moreover,, the definition also covers the complexity of purely classical correlations. 
Ratherr than quantifying entanglement, we expect the above definition to be useful in 
thee context of 'communication complexity theory'. The last section of this chapter will 
explainn this point further. 

7.177 Extensions and Future Work 
Wee have argued that the QC of Definition 26 is a robust notion of Kolmogorov com-
plexityy for the quantum setting. It would be interesting to see if an invariance theorem 
cann be shown for the ideal quantum Kolmogorov complexity of Definition 24. It would 
alsoo be interesting to see if the invariance theorem (Theorem 16) can be improved in 
general. . 

Kolmogorovv complexity in the classical setting is a good tool for showing lower 
boundss in computational complexity. For instance, one can show lower bounds in clas-
sicall  communication by using classical Kolmogorov complexity. A simple example is 
thee following lower bound on the communication complexity of the equality function. 
Assumee that there is a protocol that decides whether two strings of length n are equal, 
inn which t bits are exchanged. Consider an incompressible string x of length n, and 
simulatee the protocol on input (x,x). Let T be the transcript of the communication 
onn that input. Now we argue that the Kolmogorov complexity of the string can be 
boundedd above by a function of t. To print x, we use the transcript and the protocol 
too find x as follows. Without loss of generality, assume that the second player always 
decidess whether or not to accept the input. For every candidate z for x, simulate the 
protocoll  for the second player on input z, and use the transcript to obtain the commu-
nicationn that the second player would have received from the first player. Because the 
protocoll  is sound, the simulation will only accept if z — x. We output whenever a 
stringg is found that causes the protocol to accept. This program which prints x is of 
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sizee (roughly) t, and therefore we have n < C(x) < t, from which we can conclude 
thatt the communication complexity of the equality function is at least n. 

Couldd a similar argument be carried over to the quantum setting? If so, then by ap-
plyingg this framework to other problems in quantum complexity, quantum Kolmogorov 
complexityy could become a powerful new tool in proving lower bounds. 

Thee number of applications of classical Kolmogorov complexity is countless, and 
itt is our hope that this definition will lead to a similar wide variety of applications in 
quantumm complexity theory. 




