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MathematicsMathematics is the art of giving the same name to different things.1 

Preface e 
Thiss thesis is intended to develop combinatorics to study the representation theory of affine 
Heckee algebras. Therefore, the aim of this preface is to explain what these algebras are, 
wheree they arise, and why they are studied; thereby serving as a motivation for the research 
whichh is described in the main text. 

0.1.. The braid group 

Thee most prominent and best-studied member of the Hecke algebra family is the Iwahori-
Heckee algebra. The importance of this algebra is best explained by the fact Üiat it arises as 
aa quotient of the group algebra of a braid group associated to a Coxeter group. These braid 
groups,, in particular the one of type A, are very natural and basic objects, that are frequently 
encounteredd in various disciplines. The braid group of type A (which is the archetypical one) 
cann be pictured as the group of permutations of a set of n objects, where one also remembers 
thee "history" of the permutation, i.e., we imagine the permuted objects as moving along a 
string.. A braid is thus a collection of strings which weave over and under one another, the 
groupp multiplication simply being the composition of one braid with another. An example of 
aa braid is pictured in Figure 1. 

FIGUREE 1. Example of a braid 

Wee denote by crj the operation which switches the lower endpoints of strings i and i + 1 
(keepingg all other endpoints fixed), with string i + 1 crossing above string i. If one lets 
stringg i + 1 pass below string i, we find the inverse operation CT"1. A general element of 
thee braid group is obtained by successively applying such operations. Notice that we do 
nott have a quadratic relation erf = 1: applying Oi twice only leads to further entanglement 
off  the strings. There are, however, still relations between the operators: obviously one has 
eri<jjeri<jj  = crjai if \i — j \ > 1, but moreover, one has erj<7i+i<7j = <7i+i<7i<7i+i. These relations 
aree called the braid relations. Artin was the first to realize the fundamental importance of 

'Poincaré,, Jules Henri (1854-1912) (As opposed to the quotation: Poetry is the art of giving different names to 
thee same thing) 
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thiss group. He studied it in [2], and showed that it is isomorphic to the fundamental group 
off  the regular orbit space of the symmetric group Sn>  acting by means of the permutation 
matricess on C". Consequently the braid group is sometimes referred to as Artin braid group. 
Artinss result was later generalized to finite reflection groups by Brieskorn ([5]) and to affine 
reflectionn groups by Looijenga and Van der Lek ([28]). 
Outsidee of daily life (e.g., walking two dogs), the braid group is ubiquitous in mathematics. 
Itt occurs in several, both obvious as well as at first glance more surprising places, such as the 
theoryy of knots and links, completely integrable systems in mathematical physics, the meory 
off  special functions (hypergeometric functions), cryptography, algebraic geometry, topology, 
quantumm groups, etc. 
Thee representation theory of the braid group is very difficult, and this is where one can bring 
thee Hecke algebra into play. The Hecke algebra is defined as the quotient of the group algebra 
off  the braid group with respect to the ideal generated by all {ai + l)(<7i — q) (q 6 Cx ) . The 
representationn theory of this algebra is more manageable, and any representation of the Hecke 
algebraa is of course also a representation of the braid group. 
Itt is with this representation theory that this thesis is concerned. Although this is only a 
firstfirst layer of the representation theory of the braid group, the theory is already very rich. 
Knowledgee at this level has provided powerful tools to exploit the presence of the braid group 
inn many situations. A striking example is the construction of Jones's polynomial invariant of 
knotss and links in [23]. 
Ourr approach towards the affine Hecke algebra however, has its origin in the representation 
theoryy of locally compact groups: it is a certain convolution algebra of compactly supported 
locallyy constant functions on such a group. This is in fact how Hecke algebras were his-
toricallyy introduced first, and this provides yet another very significant occurrence of these 
algebras. . 

0.2.. Convolution algebras 

Lett Q be a locally compact group, and K an open compact subgroup. Fix a Haar measure 
onn Q, and consider the convolution algebra C%°(G) of complex valued, locally constant, 
compactlyy supported functions on Q. Its subalgebra C£°(K\G/K), consisting of its K-bi-
invariantt elements, is called the Hecke algebra ofQ relative to K, and is denoted by H(Q; K). 
Itt is easy to describe a basis of Ti{G', K): suppose ƒ € H(G', K), then, since K is open and ƒ 
iss compactly supported, ƒ must be supported on only finitely many /sT-double cosets. Linear 
independencyy of the characteristic functions of the if-double cosets is obvious and thus, a 
basiss of H(G\ K) is given by the characteristic functions XKgK of the /^-double cosets. 
H(G\K)H(G\K) is isomorphic to the intertwining algebra of c — Ind^-1, the compactly induced 
representationn from the trivial representation of K. Its representation space may be realized as 
thee compactly supported left iC-invariant functions on Q, the ^-action being right translation. 
Convolutionn on the left by members of H{G', K) preserves this space, and commutes with 
thee (/-action, i.e., they are intertwining operators. This action identifies HiG', K) as the full 
algebraa of (/-intertwining operators on c — Ind^ l. 
Anotherr way to view the Hecke algebra, is as the subalgebra of C£°(G) that acts on the space 
off  AMixed vectors of any smooth representation of G- Normalizing Haar measure \xg on G 
suchh that K has volume one, we have 

H(G;K)H(G;K) = XK*C?(G)*XK, 
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wheree \K is the characteristic function of K. One can then show that the correspondence 
VV H-+ VK defines a bijection between irreducible, smooth representations of Q that contain a 
ÜT-fixedd vector, and irreducible representations of H{G; K). 
Wee now specialize to the Hecke algebra for which we have developed our combinatorics. Let 
FF be a non-archimedean local field with ring of integers Ö. Let p = nO c Ö be its maximal 
ideall  and suppose that O/p = ¥q. Let Q be a reductive linear algebraic group defined over 
FF and let Q be the group of its F-rational points. To understand best what is going on, it 
iss instructive to consider the standard example Q = GLn{F) (a nice account of the Hecke 
algebraa for p-adic GLn can be found in [17]). Since the focus of this thesis is on the root 
systemss Bn and Cn, we will also include the example Q = Sp2n(F). We view the latter 
groupp as a subgroup of GL/2n(F): 

(0.1)) Sp2n{F) = {AtGL2„ {F)\A>(_0
Jn £ ) » = ( - ! 'o)}' 

wheree Jn is the matrix containing ones on its anti-diagonal and zeroes elsewhere. The reader 
iss referred to [18] and [60] for further details and proofs of these assertions. 
Thee crucial fact about Q is that it possesses a i? JV-pair. Let us repeat here the definition. Note 
thatt the concept of a BAT-pair applies to any group G. 

DEFINITIONN 0.2.1. Let G be a group, with subgroups B and N. These form a BN-pair if 
thethe following axioms are satisfied. 
(i)G=(B,N). (i)G=(B,N). 
(ii)(ii)  H = BnN is normal in N. 
(Hi)(Hi)  N/H = Wo is generated by a set of elements Si,i € I, with sf = 1. 
(iv)(iv) IfriiGiN  maps to si G Wo under the natural homomorphism N —  Wo then riiBrii  ^ 
R R 
(v)(v) For each n G N and each rii  we have nBn C BriinB U BnB. 

Thee quadruple (G, B, N, S) (where S — {si,i e /} ) is also called a Tits system. If G has a 
.BiV-pair,, then the Bruhat decomposition asserts that we have a disjoint union 

(0.2)) G= ] J BwB. 
w€Ww€W0 0 

AA reductive p-adic group possesses a Z?iV-pair, where the role of B is played by a Borel 
subgroup,, see e.g. [41]. We remark that the group being p-adic is not essential here; this 
holdss as well in the "absolute case" where we consider a connected reductive algebraic group 
G(k)G(k) with k an algebraically closed field (see [59]), and also for G(¥q) a finite group of Lie 
typee (see [6]). In the example Q = GLn (F), we obtain a i?iV-pair by taking for B the Borel 
subgroupp of upper triangular matrices, and for N the group of matrices which contain exactly 
onee non-zero entry in each row and column. Then N f\ B = T, the maximal torus consisting 
off  the diagonal matrices. The Weyl group W0 — N/T is the group of permutation matrices. 
Inn case Q = Sp2n(F), a Borel subgroup is obtained by taking the intersection of Q with a 
Borell  subgroup of GL2n(F). 
Assumingg that Q is p-adic, reductive, and split over F, we can find another (almost) B JV-pair 
inn Q. Consider the group K0 := G(0). This is a maximal compact subgroup of Q. Reduction 
moduloo p yields a map 0(0) —* £(Fq), the finite group of Lie type. The inverse image of a 
Borell  subgroup is by definition an Iwahori subgroup of Q. In the case of GLn(F), a matrix g 
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belongss to Q{ö) if both g and g~l have entries in Ö. An Iwahori subgroup is thus conjugate 
to o 

// ö* O ... O \ 

i ^  ̂ v °*  . 

\\ P ... P O* J 
Forr Q = Sp2n(F), the group IGL^F) D £ is an Iwahori subgroup of Q. 
AA proper subgroup of Q containing an Iwahori subgroup is called a parahoric subgroup. 
Thee groups KQ — Q(ö) and X give rise to several formulas expressing the structure of Q. 
Wee first describe the double cosets of Q w.r.t. the maximal compact subgroup K0. This 
decompositionn is called the Cartan decomposition, and reads 

gg = KQA+KO, 

wheree the union is disjoint. By A+, we mean the subsemigroup in the maximal torus T = 
( F xx )n consisting of the matrices that map to (ir l1,..., wln) such that h >  > ln- Hence, 
forr Q = GLn(F), A+ consists of the diagonal matrices diag(nl1,... ,-n-'71) such that /i > 

 > ln- For Q = Sp2n{F) in the realization (0.1), we obtain the elements of the form 
diag(7rdiag(7rl1l1 ,nh,... ,nln,7r~ln,... ,ir~h,Tr~h) with/i . 
Thee Hecke algebra H(G, Ko) thus has a basis indexed by A+. Since the pair {Q, K0) is a 
so-calledd GePfand pair, one can show (using a famous argument of Gel'fand) that the identity 
iss an anft'-automorphism of H(G, Ko). In other words, this algebra is commutative. 

0.3.. The Iwahori-Hecke algebra 

Replacingg B by X (and keeping N) almost leads to another BiV-pair, but not quite, since 
axiomm (iii ) is violated: (in general) one no longer gets a Coxeter group as Weyl group N/(ln 
N).N). However, it is possible (see [20]) to relax condition (iii ) into one which is satisfied for X 
andd N, while retaining the features of the theory based on the original axioms in 0.2.1. For 
example,, the corresponding Bruhat decomposition reads: 

(0.3)) Q = ] J XwX, 
w£W w£W 

wheree W = X/(X C\N) is the extended affine Weyl group of G- It is almost a Coxeter 
group,, in the sense that it has the structure W = W3**  x O, where W  ̂ is the affine Weyl 
groupp associated to Wo and f2 is an abelian group. If G is not just reductive, but moreover 
semisimple,, then i l is finite. It is trivial if G is of adjoint type. We call W the (extended, if 
QQ  ̂ 1) affine Weyl group of Q. The relation between Wo and W is also made apparent in 
thee formula 

G(0)G(0) = XWQX. 

Noticee that the right hand side is obviously compact since X is compact and Wo is finite. Inn the 
examplee G = GLn(F), consider in the maximal torus the subgroup A = {d ia t?^ '1, . . ., nln) | 
lili  € Z} . Then the Weyl group Wo normalizes A, and the affine Weyl group W is equal to 
WW = Wo  A. We may present it with generators si,...,sn and h, where the Sj generate the 
Coxeterr subgroup W9*  of W. In fact, we may choose the Si such that s i , . . ., sn_i generate 
WQ.. A convenient realization is to take as their matrices in the standard representation of 
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GLGLnn{F),{F), the permutation matrices interchanging the i-th and (i + l)-th basis vectors. For 
thee matrices of sn and h, take (recall that -K is a generator for the maximal ideal p in O) 

ssnn = 

// 0 

0 0 
ƒ « -! ! 

\\ TT 0 

00 TT" 1 \ 

0 0 

oo / 

/ / 

andd h = 

Vo o 0 0 

0 0 r - l l 

0 0 
\ \ 

oo / 
Observee that the Coxeter group generated by the s» is indeed a normal subgroup of W: one 
verifiess easily that hsih~l = Si+i (cyclic). 
Thee corresponding Hecke algebra H(Q,T) was introduced by Iwahori and Matsumoto in 
[21].. It is nowadays called an Iwahori-Hecke algebra. The study of this algebra is, in view of 
thee above remarks, equivalent to the study of the representations of Q that contain Iwahori-
fixedd vectors (the "Iwahori-spherical" representations). It follows from (0.3) that the Iwahori-
Heckee algebra has a basis indexed by the extended affine Weyl group W. It is known that the 
TTww satisfy the braid relations. Moreover, for a simple reflection s, one has 

(0.4)) {Ts + l){Ts-q) = 0. 

Usingg these relations, it follows that H(G,Z) is a deformation of the group algebra of the 
affinee Weyl group. Note that the quadratic relation (0.4) on Ts does not depend on s. Such 
ann Iwahori-Hecke algebra is said to have "equal labels". On the other hand, replacing q by 
qq = {q{s) G Cx ; s simple}  in (0.4) such that q(s) = q(s') for W-conjugates, still defines an 
associativee algebra H(W, q). We call any such algebra an (extended, if f2  ̂ 1) affine Hecke 
algebra.algebra. One can also take the q(s) to be formal variables, in which case one speaks of the 
genericgeneric Hecke algebra. 
Lett V be an irreducible admissible module of Q, then V1 is a H = H(0,1)-module. We 
denotee by Ho = H{Ko,J) — H(G, B) the subalgebra which is generated by Tw, w 6 Wo-
Off  course V is also a Xo-module, and a natural question is to wonder what the decomposition 
off  V upon restriction to K0 is, i.e., what the "branching laws" are. Since Ho = H(Ko,T), it 
followss that VT|T<0 equals the H(Ko,l)-module (V\K0)

T- In other words, the multiplicities 
off  the Iwahori-spherical representations of KQ in the restriction of V to Ko are detected by 
thee restriction of the K-module V1 to Ho- A conjectural application of our combinatorics 
iss to describe the Ho-type of a certain important class of representations of the affine Hecke 
algebraa with unequal labels. We wil l come back to this below. 
Wee have been considering thus far Hecke algebras of type H(G, I). However, the affine 
Heckee algebra turns out to play a role in a more general setting, thus describing a larger 
portionn of the representation theory of Q. Let again K be a compact open subgroup of Q, and 
lett (7T, V) be a representation of K. Then we define H(G',K,n) as the space of compactly 
supportedd locally constant functions 

H{G;K,n)H{G;K,n) = {fe C™(G)®End(V) \ /(fcixfc2) = Tr(k1)f{x)Tr{k2)Vkl,k2 eK,xe Q}. 

Inn the same manner as for H(G, K)y we then obtain a bijection between irreducible admissible 
representationss of Q in whose restriction to K we find n, and the irreducible representations 
off  H{G\ K, 7r). On the other hand, in several cases of interest the algebra H{G\ K, ir) is an 
affinee Hecke algebra (see [35,44]): 

THEOREMM 0.3.1. Let Q be the group of F-rational points of a simple algebraic group defined 
overover F. Let Pbea parahoric subgroup with pro-unipotent radical U. Recall that the quotient 
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MM = P/U is then the group of ¥ q-rational points of a reductive algebraic group defined over 
WWqq.. Let IT be the inflation of a unipotent cuspidal representation ofM to P. Then we have an 
isomorphismisomorphism of associative algebras 

H(G;P,n)*H(W,q), H(G;P,n)*H(W,q), 

wherewhere H(W, q) is the (possibly multilabel) affine Heche algebra associated to a root system 
RR which has Weyl group W, and R is determined by the pair (Q, P). 

Itt is thus desirable to understand the representation theory of the affine Hecke algebra in large 
generality,, with unequal labels. In the case H = H(G, T), where it is moreover assumed that 
QQ is of adjoint type, the irreducible representations of H have been classified by Kazhdan 
andd Lusztig in [26], also including criteria to distinguish tempered and discrete series repre-
sentations,, in terms of so-called Langlands parameters. On the other hand, for the general 
multi-labell  case, or even the case where Q is not of adjoint type, such a classification is not yet 
complete.. By results of Lusztig ([32]), the representation theory of an affine Hecke algebra 
withh fixed root labels is equivalent to the representation theory of the cross product of an asso-
ciatedd graded Hecke algebra with a finite group acting on it. Lusztig then proceeds to classify 
thee irreducible representations of a graded Hecke algebra with certain unequal labels in [37]. 
Hiss classification is in terms of geometric data which are themselves not easy to compute. 
Anotherr approach, and the one by which this thesis is inspired, is to study the representation 
theoryy of these cases that "occur in nature", as limit cases of the "generic case" where there 
aree no relations between the different root labels. The idea is that this generic case is in fact 
simpler.. For example, it is part of our conjectures that in the generic case for type B, the ir-
reduciblee discrete series representations are separated by their central characters, something 
whichh does not hold in the situation of Theorem 0.3.1. 
Wee wil l be mainly concerned with the Hecke algebra H of type Bn in this thesis. In the equal 
labell  case of type Bny one may use Green functions to describe the Wo-type of a tempered 
representationn with real central character r. These Wo-modules have a natural grading, where 
thee representation in the top degree is irreducible and occurs with multiplicity one; it is a 
Springerr correspondent of a certain unipotent class C in the Langlands dual group of Q. This 
unipotentt class is determined by the central character r. There exists a purely combinatorial 
descriptionn of all the involved objects as well as of the maps between them. 
Thee leading principle in this thesis is to generalize all the combinatorics of the equal label 
casee to the general case, generic or not. The generic case turns out to be indeed the simplest 
possiblee situation, combinatorially speaking. 
Thee combinatorics that we develop then have the following conjectural application: 

(1)) To give generalized Langlands parameters for the irreducible tempered representa-
tionss of H with real central character; 

(2)) To construct a generalized Springer correspondence providing an explicit bijection 
betweenn the set of generalized Langlands parameters and WQ; 

(3)) To describe the restriction of an irreducible tempered representation of H with real 
centrall  character to Wo» as a graded module. 

Inn fact, the top degree of the graded module of (3) is an irreducible representation of Wo, 
whichh is the Springer correspondent of (2). 
AA more detailed outline of our results is deferred to section 1.5, at which point we will have 
developedd the necessary extra notational conventions. 


