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CHAPTERR 2 

Thee classical Springer  correspondence 

2.1.. Definition 

Thee Springer correspondence is a map from the unipotent classes of a connected reductive 
algebraicc group G to the irreducible characters of its Weyl group WQ. This map is obtained 
byy defining an action of Wo on the cohomology of the varieties Bu of all Borel subgroups 
containingg a given unipotent element u in G. The existence of this action is remarkable since 
Woo does not act on the varieties Bu themselves. In the original construction of Springer in 
[57],, G was defined over a finite field, and he considered Z-adic cohomology. Later ([58]) he 
foundd a way to carry over the construction to groups over C, and cohomology with coeffi-
cientss in Q. We wil l review here briefly the latter construction. Since its original discovery, 
manyy constructions of the Springer representations have been obtained. An overview of these 
constructions,, with references, can be found in [19]. 
Lett G be the simple adjoint algebraic group over C whose Weyl group is Wo. Then Springer 
hass shown that W0 acts on each of the cohomology groups &(&„)  = #*(#«, <Q>). The top 
nonvanishingg cohomology group is H2du(Bu), where du := dim(Bu). The dimension of 
jj2djj2duu ^ j equals the number of components of Bu, which all have dimension du. 
Thee component group A(u) of the centralizer Cc{u) also acts on H2du{Bu), and its action 
commutess with that of Wo. Springer has shown that A(u) x Wo acts irreducibly on each 
nonzeroo A(u)-isotypic subspace of H2d(Bu), and that die representations of W0 thus ob-
tainedd exhaust the irreducible representations of Wo exactly once if u runs through a set of 
representativess of the unipotent conjugacy classes of G. If V' is a character of A(u), we denote 
byy <f> UjXp the W0-character on die ^-isotypical part of H2dv (Bu). So the irreducible characters 
off  Wo can be parametrized by pairs (C, tp) where C is a unipotent conjugacy class of G and 
if;if;  is an irreducible character of A(u) for u € C. We write <f>  = <f>c^ if <j>  is parametrized by 
(C,, ip). Then every unipotent class yields at least one character of Wo, but in general not all 
characterss of A(u) occur. The ones that do occur are sometimes called geometric representa-
tions,, they are denoted by A(u)o. The trivial representation of a component group is always 
geometric. . 

Inn the literature one often multiplies Springer's original characters with the sign character 
e.. We will follow this convention. There are then two extreme cases: <£e,i = e when we 
considerr the unipotent class C = {e} , and <£ul = 1 when u is a regular unipotent element 
(whichh means that u is contained in only one Borel subgroup of G). In both of these cases, 
CG{U)CG{U) is connected and thus A(u) is trivial if we consider G of adjoint type. We now define 

DEFINITIONN 2.1.1. The Springer correspondents of the unipotent class C are the represen-
tationstations <j>c,ii»  where ip ranges over the irreducible characters of A(u)for A(u)for which the isotypic 
subspacesubspace in H2du (Bu) is nonzero, and u€ C. 
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Sincee thee trivial representation of the component group always occurs, we define <f>c :~ <f>c,i-

2.2.. Unipotent classes of S02n+i(&)  and Sp2n{k) 

Recalll  from 1.2.8 that there is a bijection between the Wo-orbits of real residual cosets for 
thee affine Hecke algebra associated to a root system of adjoint type, and unipotent classes in 
thee corresponding Langlands dual complex group, which is of simply-connected type. In this 
particularr occurrence of the Langlands dual group its isogeny class is not relevant; an easy 
argumentt ([6, 5.1]) shows that the unipotent classes of a connected reductive group G with 
centerr Z are in bijection with those of G/Z. For the affine Hecke algebra as well, there is a 
bijectionn between the real residual cosets of T = Hom(X, C*) and those of Hom(Q, Cx ) , 
sincee Hom(X,M>o) ^ Hom(Q, R>o). We may therefore select any affine Hecke algebra 
attachedd to a root system (Ro, X,RQ,Y, TV) with rank(Q) = rank(X). The Wo-orbits of its 
reall  residual cosets are then in bijection with the unipotent conjugacy classes of the complex 
semisimplee group G with the same root system. 
Thee aim of this section is to make this bijection explicit for the groups that have root systems 
off  type B or C. Therefore we review various aspects of the classification of unipotent orbits 
off  502n+i(C) and 5p2n(C). A particular type of unipotent conjugacy classes turns out to 
playy a special role. These are the so-called distinguished classes. For the reader's convenience 
wee repeat the definition here in case G is simple. 

DEFINITIONN 2.2.1. Let Gbea connected simple group over an algebraically closed field K. 
ThenThen a unipotent element u G G is called distinguished if its connected centralizer CG(U)° 

doesdoes not contain a semisimple element other than the identity. 

Iff  a unipotent class contains a distinguished element, it is clear that it contains only distin-
guishedd elements. In this case we call the class itself distinguished. We remark also that there 
alwayss are distinguished elements, since a regular unipotent element is always distinguished, 
andd these form an open and dense subset of the unipotent variety. 
Inn case G is reductive, one may or may not choose to call a unipotent element for which 
everyy torus in CG(U)° belongs to the center of G, distinguished. For example, in [22] these 
elementss are indeed called distinguished. On the other hand, in the context of affine Hecke 
algebras,, this is not preferable. The reason is that otherwise one would lose the bijection 
betweenn Wo-orbits of real residual cosets of H and unipotent classes in G. 

2.2.1.. Elementary divisors partitions. Since both of the groups under consideration 
cann be realized as subgroups of an appropriate GLm(C), we first look at GLm(C). Then 
thee classification of unipotent classes is just the theorem of the Jordan normal form: any two 
unipotentunipotent elements are conjugate if and only if they have the same Jordan normal form, and 
thereforee the unipotent orbits in C7Lm(C) are parametrized by the partitions of m: in the 
naturall  matrix representation, the elementary divisors of a unipotent element of type A are 
(t(t - l ) A l , . . ., (t - 1)A'(A>. Now consider again the case G = S02n+i(Q  C GL2n+i(C) 
resp.. G = 5j>2n(C) C GZ/2„(C). It turns out that any two unipotent elements in G which 
aree in the same GL2n+i(C) resp. GZ/2n(C)-orbit, are also in the same G-orbit. Therefore 
thee unipotent conjugacy classes of G are also parametrized by partitions of 2n + 1 resp. 
2n,, however not every such partition occurs. One can show that, for G = 5 0 2 ^ i ( C ), 
thee partitions parametrizing unipotent classes are exactly those whose even parts occur with 
evenn multiplicity, whereas for G = Sp2n(C), the partitions parametrizing nilpotent orbits 
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aree those whose odd parts occur with even multiplicity. The distinguished classes among 
thesee are those whose partition consists of distinct odd parts resp. distinct even parts for 
S02n+i(C)S02n+i(C) resp. Sp2n(C). For proofs of these statements, see [22]. 

2.2.2.. Weighted Dynkin diagrams. Another way in which to encode the classification 
off  unipotent orbits is by means of weighted Dynkin diagrams. A weighted Dynkin diagram 
iss by definition a Dynkin diagram with a number from the set {0,1,2}  attached to each 
node.. We briefly recall the way to do this (described in [6, p. 395]). First we consider the 
casee G = S02n+i{C). Given a unipotent orbit corresponding to the elementary divisors 
partitionn A t- 2n + 1, we take the list which is the union (with multiplicity) of all the sets 
{Xi{Xi  — 1, A» — 3 , . . ., — Xi + 1} , and write its elements in decreasing order, say a\ > a<i > 
033 >  > <22n+i- Then an > 0 and the associated weighted Dynkin diagram has labels 
aiai — Ü2, Ü2 — 0 3 , . . ., an_i — an, a„. For example, if n = 5 the partition (155) gives the list 
aa - (4,4,2,2,0,0,0, - 2, - 2, - 4, -4) and weighted Dynkin diagram labeled 02020. Recall 
thatt the double bond in the Dynkin diagram is found between the rightmost two nodes. 
Forr G = 5p2n(C), we do the same, but the Dynkin diagram now is given the labels ai — 
Ai2,022 — 0 3 , . . ., o„_i — an, 2o„. For example, if n = 5, the partition (244) yields the list 
{3,3,1,1,1,, - 1 , - 1 , - 1 , - 3 , - 3 } , and weighted Dynkin diagram labeled 02002. 
Wee wil l come back to this description in a short while, therefore we now make the following 

DEFINITIONN 2.2.2. For G = S02n+i(C) orG = Sp2n(C), and a unipotent class Cx C G, 
letlet s(C\) be the vector ( ^ , . . . , ^ ) E l n described above. 

2.23.. The Bala-Carter  theorem. The key to describe the bijection between real resid-
uall  cosets of the Hecke algebra and unipotent conjugacy classes of the group 67, is the Bala-
Carterr theorem. This theorem shows how one can reduce the classification of unipotent con-
jugacyy classes of G to the classification of die distinguished unipotent classes in the Levi 
subgroupss of G. This is completely analogous to how one can reduce the classification of 
thee real residual cosets of the affine Hecke algebra H to the classification of the real residual 
pointss in the "Levi" quotient algebras Hi,. We have already seen in 1.2.8 that there exists 
aa bijection between the W0 -orbits of real residual points of H and distinguished unipotent 
conjugacyy classes of G. Since both H and G have the same root system RQ, the bijection 
follows. . 

THEOREMM 2.2.3. (Bala-Carter) Let G be a simple algebraic group over the algebraically 
closedclosed field K, where char(K) is good for G. Then there is a 1-1 correspondence between 
conjugacyconjugacy classes of unipotent elements in G, and pairs (L, Py), where L is a Levi subgroup 
ofGofG and Py is a distinguished parabolic subgroup of the semisimple part L' ofL. 

InIn fact, this bijection is such mat the 07-orbit corresponding to (L,P^) contains the dense 
orbitt of PL> acting on the Lie algebra of its unipotent radical. A proof of this meorem can be 
foundd in [6,5.9]. 

23.23. Bijection between real residual cosets and unipotent classes 

Wee can now state the combinatorial formulation of the bijection between Weyl group orbits 
off  real residual cosets of Ji (or, equivalently, residual subspaces of HI) and the unipotent 
conjugacyy classes of G. At the level of residual points, we have seen in 1.2.8 that (in the 
groupp case) if r = exp(7) e T is a real residual point (chosen in its Wb-orbit such that 7 is 
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dominant),, then 2^ yields the Dynkin diagram of a distinguished unipotent class in G. In the 
particularr cases that we are considering, this means the following: 

LEMMAA 2.3.1. Let 7 be a residual point for the graded Heche H algebra of type Bn with 
labelslabels k\ = fo (resp. k\ = 2^2̂  Then 2^ is equal to s(C\) (in the sense of 1.2.8) for a 
certaincertain distinguished unipotent class in G — 502n+i(C) (resp. G — 5p2n(C)| Conversely, 
ifC\ifC\ is a distinguished unipotent class in G, then s(C\)% is a residual point for EL This 
definesdefines a bijection between the Wo-orbits of residual points for Mand distinguished unipotent 
classesclasses in G. 

Too describe the bijection between general residual cosets and general unipotent classes we 
needd to know a combinatorial description of the pair (L, Pu) to which a unipotent element 
classs C\ C G bijects through the Bala-Carter theorem. Then C corresponds to the residual 
cosett M of H with RM = RL-, whose center CM is the residual point in HL corresponding 
too Pi /. 
Thee map we are looking for, giving the pair (L, Pi>) parametrizing the unipotent class C\, 
iss known. Let us describe it here explicitly. The reader is referred to [22] for further details. 
Lett G = 502n+i (k). Then let Zi > I2 >  > ls be the parts of A that occur an odd number 
off  times. All lj  are necessarily odd, and we define their sum as no = l ^ = i h- Notice that 
n00 is odd since 2n + 1 — no is even: it is the cardinality of the remaining partition, where 
alll  parts have even multiplicity. If we remove each lj  once from A, we get a partition where 
eachh part occurs an even number of times. If we remove each second part, we find a partition 
d\d\ > c?2 >  >dr- The Levi subgroup L we were looking for is then 

LL =*  SOno{k) x GLdl(k) x GLd2(k) x  x GLdr{k) 

andd the distinguished parabolic subgroup is the product of a distinguished parabolic subgroup 
inn each (semisimplified) factor. In the factor SOno (k), it is the one corresponding to the parti-
tionn (/1 > I2 >  > Is)- The group SLn(k) has only one class of distinguished parabolics, 
sincee only the regular unipotent conjugacy class, having partition (n), is distinguished. 
Inn the case G = Sp2n(k), we do the same. It now can happen that s — 0. All lj  wil l now be 
even.. The corresponding Levi will be 

LL =*  Spno(k) x GLdl(fe) x GLd2(k) x  x GLdr{k) 

andd again, its distinguished parabolic subgroup is the product of a distinguished parabolic 
subgroupp in each factor. In the factor Spno(k), it is the one corresponding to the partition 

{h>h>'-->{h>h>'-->  Is)-
Thee parameter values ki — k\ and fo = 2fci which occur in the Bn~ resp. Cn-group 
casecase are special, but are not the only special parameters. Later we will generalize the map 
{unipotentt conjugacy classes in G) —» {residual cosets of H) that we have just described. 
Wee denote it by / |c , where EC stands for Bala-Carter, and q denotes the ratio k^/ku i.e., 
att the moment we only have defined f*c forq e {| , 1} . Hence, if A describes a distin-
guishedd unipotent class, then /|C(A) = c with c = s (CA ) |. Now consider a general A 
parametrizingg a unipotent class, and let (L, PL>)  be the corresponding pair described by the 
Bala-Carterr theorem. Let p, be the partition which describes the distinguished parabolic PL>
Thenn /gC(A) = M, where M is the residual coset whose center CM is the residual point 
CMCM = / ^ ( A O in the graded Hecke algebra Hz,. In particular RM — RL-
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Laterr we will also give an equivalent combinatorial formulation of f^°. The image of a 
partitionpartition A parametrizing a unipotent orbit wil l be a double partition (f, 77) of n describing a 
residuall  coset. The partition £ is derived from the partition (di) above, while the partition 77 
comess from (lj). In fact, if we take & = di and 2r\j + 1 = lj>  then (£, 77) characterizes the 
residuall  coset completely and it is easy to check that indeed |£| -+- \q\ = n. This is because 
thee jumps (to be defined below) j» of the residual point f%°((li)) satisfy 2ji + 1 = /*  (see 
Lemmaa 3.5.1 below). In Chapter 7 we will give the generalization of /* c to arbitrary special 
valuess of the parameters. 

2.4.. Symbols 

Sincee for the groups of classical type, their unipotent classes as well as the irreducible charac-
terss of their Weyl groups admit a combinatorial parametrization, there exists in these cases a 
combinatoriall  description of the Springer correspondence. Lusztig has given such a descrip-
tionn for type B, which makes use of certain combinatorial objects called symbols. These, 
andd other, symbols also play a role in the calculation of the Green functions associated to the 
finitefinite groups of Lie type Sp2n(^q) and S02n+i (Fg). Later, we will introduce other symbols, 
whichh govern the (yet to be defined) Springer correspondence at other special values for the 
affinee Hecke algebra of type B. All these symbols are special cases of the general notion of 
symbolss as introduced by Malle ([43]) and Shoji. In [43], the symbols were used to classify 
thee "unipotent characters" of a complex reflection group G(e, 1, n), and to describe their de-
grees.. Shoji uses them to compute Green functions associated to G(e, 1, n) in [56]. Let us 
revieww here the part we need for our case, where e = 2, since the Weyl group of type Bn is 
isomorphicc to G(2,1, n). 
Fixx n > 2. Let Wo = Z/2ZI Sn be the Weyl group of type Bn. A 2-partition of n is a pair of 
partitionss a — (a1, a2) , such that \ax\ + \a2\ = n. (Note that Shoji would write this pair as 
(a0,, a1)). The set Vn,2 of 2-partitions of n parametrizes the set Wo of irreducible characters 
off  Wo. We denote by \ct the character of Wo corresponding to a. In particular, X(n,-) is m e 

triviall  character, and X(-,in) *s the sign character e. Now choose integers mi and m2, both 
att least equal to n, and put m = (mi, 7712). We denote by Zn(m) the set of 2-partitions a of 
n,n, where we regard a*  as an element of Zm i , written in the form 0 < al

m. <  < a\. Now 
fixfix  two other integers r > s > 0. We can now introduce the symbols. First we consider the 
2-partitionn A 0 = A° (m) = (Ai , A2) defined by 

Aii  : 0 < r < 2r <  < (mi - l ) r 
A2A2 : s <r  + s <2r + s <  < (7712 — l ) r + s 

Noww the collection of symbols of type (r, s, m) is denoted by Z£*(m), and consists of the 
2-partitionss of the form A ( a) = a + A°, where we take the sum entry-wise. To stress the 
factt that they are a generalization of the symbols introduced by Lusztig, we write them down 
inn the same way, i.e, the entries of a1 in the top row, the entries of a2 in the bottom row, 
placedd as in the following example, with n = 5, ct  ( l 3,2), m = (6,5), r = 2, s = 1: then 
thee symbol is 

/ 00 2 4 7 9 11 \ 
\\ 1 3 5 7 11 ) 

Usually,, we will not be so much interested in the symbols themselves, but rather in a set of 
equivalencee classes of them, which we now introduce. Putting m' = (mi 4-1, m2 + 1), we 
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havee a shift operation Z%s(m) —> Z ^ m ' ) , which sends A (a) to A ' ( a) = A° (m ') -f a, 
wheree we regard a as an element of Zn(m') by adding zeroes in its entries. We denote by 
Z%Z%ss(m)(m) the classes in U m , Z^s{m') under the equivalence relation generated by shift op-
erations. . 
Wee call two elements A and A ' of Z%s{m) similar if they have representatives in Z%s(m) 
whichh have the same numbers as entries, and all with the same multiplicity. We call the set 
off  symbols that are similar to a fixed symbol a similarity class. For example, 

(( 0 3 6 \ , / 0 2 5 \ 

{{ 2 5 ) and { 3 6 J 
aree similar. 
Anotherr important tool we need is the so-called a-function. This is a function a : Z%s(m) —> 
N,, defined on A e Z^s{m) by: 

a(A)) = 2_] min(A,A')— \ J min(^,^ '). 

A.A'eAA /i,M'eA° 

InIn these sums, we assume that A ^ A' for all pairs that are contained in the same A*, and 
analogouslyy for p, and p'. However, equality can only hold for r = 0, which is a case we will 
nott consider. Since it is known that a is invariant under shift operations, we get a function a 
onn Z^s(m). Clearly, a is constant on similarity classes. 
Iff  (r,s) — (1,0) and m = (n + l ,n), the set Z^°(n + l,n) is used by Lusztig in [30] 
too parametrize unipotent principal series characters of Sp2n(^q) or S02n+i(Fg). In this 
casee the a-function computes the largest power of q dividing the degree of the corresponding 
unipotentt character p, which is the generic degree of the Weyl group character corresponding 
too p (see [6, p. 376]). This was the original definition of a. If ip is a special character (see 
below)below) then the a-value of its (1,0)-symbol coincides with dim(Z3u), if x  (u, 1) under the 
Springerr correspondence. 
Thee unipotent characters of Sp2n(^q) or SÖ2n+i(^q) in the other series are parametrized by 
symbolss with m — (n + d, n), n), with d = 2s + 1 an odd integer. 
Iff  (r, s) = (2,1) (resp. (2,0)), and m = (n + 1, n), the set 2%\n + 1, n) (resp. Z£°(n + 
1,, n)) was used by Lusztig to describe the Springer correspondence for G = Sp2n(k) (resp. 
GG = S02n+i(k))> for char(fc)̂  2. In these cases, the similarity classes are in 1-1 correspon-
dencee with the unipotent classes of G, and the a-value of a symbol coincides with dim(Bu), 
wheree u is in the unipotent class corresponding to the symbol. If char(k) = 2, Lusztig and 
Spaltensteinn use more general symbols in [40]. The explicit form of the Springer correspon-
dencee for char(k) ^ 2 in terms of symbols is described in the next section. 
Theree are also other values of (r, s) which have occurred in the literature, but we will not 
mentionn them in this text, except for the family symbols discussed below. 

2.4.1.. Family symbols. Another way to group Weyl group representations, apart from 
inn sets of Springer correspondents, is in so-called families. This way of partitioning is closely 
relatedd to the notion of special characters. These are by definition the Weyl group characters 
^^ for which the generic degree P  ̂(t) and the fake degree P^(t) have the same lowest degree. 
Thee family symbols are, in the language of Shoji, the equivalence classes Z^i™ + 1, rc) we 
getget from all 2-partitions. The families are then the resulting similarity classes. As is the 
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casee for the symbols governing the Springer correspondence, each of the resulting similarity 
classess contains an increasing symbol arising from a 2-partition. 
Thee connection between the Springer correspondence symbols and the family symbols is the 
following g 

LEMM AA 2.4.1. X(t,ri) ^ ^o is a special character <s=̂> X(^,v) is indexed by the trivial 
charactercharacter of the component group in both the Bn and the Cn-cases. 

Proof.Proof. Translated into conditions on the symbols, the statement amounts to: for a 2-partition 
(£,77),, the family symbol is increasing <=> both the Springer symbols for Bn and Cn of 
(£,, 77) are increasing. So suppose £ = (£1 < £2 < "  < £m+i) and 77 = (771 < 772 <  < 
77™).. Then the family symbol is increasing if and only if 

(2.1)) £1 < r/i < £2 + 1 < m + 1 < £3 + 2 <  < 7)m + (m - 1) < £m +1 + m, 

whilee the 5n-symbol is increasing if and only if 

(2.2)) 6 < 771 < £2 + 2 < 772 + 2 < £3 + 4 <  < rjm + 2{m - 1) < £m +i + 2m, 

andd the Cn symbol is increasing if and only if 

(2.3)) £x < 77! + 1 < £2 + 2 < 772 + 3 < £3 + 4 <  < 77TO + 2m - 1 < £m +i + 2™. 

Thereforee we have to check the equivalence (2.1) «=> (2.2) and (2.3). 
Butt this is easy, considerr for example the direction '=>'. Then r)k + {k-1) < £jt+i + k =*> 
rikrik  < 6+1 + 1 => Vk + 2(fc - 1) < £fc+i + 2fc and 77* + 2fc - 1 < £fc+1 + 2fc. Similarly, 
ZZkk + {k-l) <rj k + (k-l) =*>  & < m =>  & + 2(k - 1) < 77fe + 2(k - 1) and 
&&  + 2 ( f c - l ) < i f c + 2 ( fc - l) + l . 
Thee other direction can be proved in the same way. G 

2.5.. Combinatorics of the Springer  correspondence for  type B 

Forr the classical groups of type B, C and D, the explicit determination of the Springer cor-
respondencee was done in [52]. An alternative formulation has been given by Lusztig in [29], 
whichh can also be found in [6]. 

2.5.1.. Finding all correspondents of a unipotent class. Recall that the irreducible rep-
resentationss of Wb are parametrized by the 2-partitions (£, 77) of n. To each such pair, we now 
associatee two symbols, one for Bn and one for Cn, which will allow to decide to which unipo-
tentt orbit the Weyl group representation is associated through the Springer correspondence. 
Inn the language of section 2.4, these symbols are Z%°(n + 1, n) for Bn and Z j ' 1 (n + 1, n) 
forr Cn. Since we look at equivalence classes of symbols up to shift operations, a canonical 
representativerepresentative of the symbol of (£, 77) is the one in which zeroes are added to £ or 77 so as to 
makee £ have one part more than 77, in which case we get for Bn 

andd for Cn 

/ £ ii  6 +2 £3+4 ... \ 
\\ m Ï72 + 2 % + 4 . .. / 

(( £1 6 + 2 6 +4 ... \ 
\\ T71 + I 772 + 3 773 + 5 ...J 
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Thenn it is shown by Lusztig that two Weyl group representations labeled by (£, 77) and (£', rj') 
aree Springer correspondents of the same unipotent conjugacy class in 502n+i(C) (resp. 
Sp2n(C))Sp2n(C)) if and only if the Bn (resp. C„)-symbols of (£, r/) and (£', 77') are similar. 
Noww let us describe which Weyl group representations are Springer correspondents of a given 
unipotentt orbit. We treat both cases separately. 

2.5.1.1.. Bn: The unipotent orbits in SÖ2n+i  (C) are parametrized by partitions of 2ra + 
11 whose even parts occur with even multiplicity. There is a map from partitions with this 
propertyy into double partitions of n, which is described in [6]. This map, let us call it <j>\ 
(wheree again the subscript denotes the quotient fc2/fci), is defined as follows. Given A h 
2rcc + 1, we define A*  := Ai < A2 + 1 < A3 + 2 < We then split A*  into odd and even 
parts,, which we write as 2£*  + 1 < 2Q + 1 <  and 2r)l < 2T72 < The partitions £ 
andd 77 are then defined as & := £*  — (i - 1) and % :— 77* — (i — 1). 
Noticee that this map takes a particularly simple form if A parametrizes a distinguished unipo-
tentt orbit C, i.e., if it consists of distinct odd parts: A = A 1 < A 2 < - < A2r+i for some 
rr  > 0. It follows easily that (£, 77) = 0i(A) is then equal to: 

((r.r.  A. (c v ,.\\ — \ A3 - 1 A2r+i - 1 ,A2 + 1 A4 + 1 A2r + 1^ 
(2.4)) (£,77) = (( — — , 2 , . . ., - ) '( 2 ' 2 ' " " ' — 2 — " 

2.5.1.2.. Cn :. We now explain the analogous procedure for the Cn group case. If we 
havee a partition of 2n which parametrizes a unipotent orbit in Sp2n(C), we first make sure 
itit  has an even number of parts by adding Ai = 0 if necessary. Then we perform the same 
proceduree as in the ön-case. Again this map, let us call it  takes a simple form if A 
parametrizess a distinguished unipotent class, i.e., if it consists of distinct even parts. In this 
case,, if A has 2m parts, we find for (£, r})  = <f>i  (A) that 

(t(t \ — ((— — ^2mv ƒ Ai A3 A 2 m - 1 x̂ 
V?''  W) \\ n 1 9 ' * "  ' ' O 2 ' 9 ' "  ' 9 

Inn each of these cases, the map <pq gives us, for a partition A h 2n or 2n+1, a Weyl group rep-
resentationn which is a Springer correspondent of the unipotent class C\. The other Springer 
correspondentss of C\ are those representations having symbol similar to the one of 4>q(X). 
Forr example, in the £?n-case, the distinguished unipotent class consisting of the regular unipo-
tentt elements is parametrized by (21 + 1), and so has one Springer correspondent: the trivial 
representationn indexed by (I, - ) . One also checks easily that the Springer correspondent of 
thee unipotent class C = {1} , which has partition A = ( l 2 f + 1) , has as Springer correspondent 
(—,1'),, the sign representation. This is in agreement with Definition 2.1.1. In both group 
cases,, we can therefore also associate a symbol to a unipotent class C\, viz. the symbol of 
<MA) . . 

InIn both cases, the image of the maps 0i and <j>  1 consists of those double partitions (£, rf) for 
whichh the symbol is increasing, i.e., for which we have £1 < 771 < £2 4- 2 < r;2 4- 2 < 

 < 77jt + 2(k - 1) < £fc+1 -I- 2k in case Bn, and £1 <Th + l < 6 + 2 < f t e + 3< 
 < Vk + 2(fc — 1) + 1 < £fc+i + 2k in case Cn. It is also known that for both types of 

symbols,, every similarity class contains an increasing symbol A (a) for some 2-partition a. 
Thiss property will no longer hold for the symbols we wil l later associate to 2-partitions at 
otherr special values of the parameters of the Hecke algebra. 
Wee can describe easily the inverse ipq of the maps <j> q. If q = 1, then we start with an 
increasingg symbol, from which we derive a double partition (£,77), and we consider £ as 
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havingg one part more than 77. Then we form (^*, »?*), A*  and A in the obvious way. To find 
thee inverse of <j>i,  we do the same, but now we have to consider £ as having the same number 
off  parts as r\ (either by removing the first zero of £ or adding a zero to rj), since the resulting 
partitionn A has an even number of parts. We extend the domain of tj}q to all 2-partitions by 
definingg ipq{ct)  il> q(ft) where ft is the unique 2-partition such that the symbol of ft is 
similarr to the one of a, and ft has increasing symbol. Later on, we will give a description of 
thee analogue of these maps ipq at the other special values of q = A^/fci. 

2.5.2.. Relation between symbols and characters of the component group. Let C\ c 
GG be a unipotent class. Let <£9(A) = (£, rj), whose symbol is (as we have seen) increasing. 
Thenn it is known that X(£,r>) = ^c» i.c, (£, rj)  corresponds to the trivial character of the 
componentt group. The fact that me trivial character always occurs in the parametrization of 
thee Springer correspondents of a given unipotent class is therefore equivalent to the fact that 
everyy similarity class of symbols contains an increasing symbol. Moreover, given a Springer 
correspondentt (a, /3) = <j>c,%p of C, there exists a combinatorial method to determine the 
characterr ip of A(u) from the symbol of {a, ft), see e.g. [6]. 




