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We present the numerically exact time-evolution of a class of initial states in integrable onedimensional two-component quantum gases. This special class of states, formed from a simple
superposition of eigenstates, contains a well-localized particle of one species and a background gas
containing a density-depletion (hole) in the vicinity of this particle, looking much like an exciton.
The special structure of the initial states means that we can compute the time-evolution in a
numerically exact manner for large numbers N = 100 − 1000 of interacting particles, comparable
with those studied in experiments on cold atomic gases. The initial state can be pictured as a linear
superposition of spin wave excitations, and has significant overlap with simple spin flip excitations,
which have been studied in existing experimental setups. We study both fermionic and bosonic
quantum gases and highlight some differences between the two cases. In both cases, the initially
well-localized exciton dissolves, with particle-hole excitations spreading through the gas within a
light cone. The behavior of the light cone on varying the interaction strength and density of the
gas can be understood from existing exact results for the spin wave mass in these systems. Within
the light cone of the Bose gas, we see evidence of additional excitations about (finite momentum)
roton-like minima in the spin wave dispersion.
PACS numbers: 02.30.Ik,03.75.-b,67.85.-d,67.85.De,67.85.Fg

I.

INTRODUCTION

Predicting and understanding the nonequilibrium dynamics of strongly correlated quantum systems presents a
huge challenge in contemporary physics [1–3]. The study
of integrable quantum systems has been key in significantly advancing our understanding of such problems.
This special class of systems can be exactly solved using well-known techniques [4, 5] and, in some cases, their
nonequilibrium dynamics computed analytically, see for
example Refs. [6–14]. These studies have highlighted
the important role of local (and quasi-local) conservation
laws in constraining the nonequilibrium dynamics and
relaxation of isolated systems; the presence of additional
constants of motion prevents thermalization [6–37]. Instead, expectation values of local operators in subsystems
relax to time-independent values described by a generalized Gibbs ensemble [6–37]. Importantly, such behavior
and constrained dynamics can persist for intermediate
time scales even when integrability is broken [38–50].
So far, most of the studies of the nonequilibrium dynamics of integrable models have been restricted to those
models which contain a single species of particle, e.g.
spin-1/2 chains or spinless fermions. This is due to a
technical difficulty: there is a lack of knowledge of matrix elements of local operators in interacting multicom-
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ponent systems. Perhaps the simplest example of such
a system is the Yang-Gaudin model [51, 52] for a twocomponent quantum gas, described by the Hamiltonian
H=

~2 X
∂x Ψ†σ (x)∂x Ψσ (x)
2m
σ=↑,↓
X
+c
Ψ†σ (x)Ψ†σ0 (x)Ψσ0 (x)Ψσ (x),

(1)

σ,σ 0 =↑,↓

where m is the mass of the (bosonic or fermionic) particles, σ =↑, ↓ is a (pseudo) spin index that labels the
two particle species, and c is the interaction parameter.
In this model, there has been significant progress over
the last few years in obtaining efficient representations of
matrix elements; the ‘extreme imbalance’ limit (a single
particle of one of the species) was considered in Ref. [53],
whilst recent advances in the study of form factors of
GL(3)-invariant models [54–58] have opened the door to
obtaining matrix elements of local operators in more general cases [58].
Understanding the dynamics and properties of such
two-component quantum gases is important; they are
ubiquitous and play a central role in condensed matter
physics, as well as being routinely studied in experiments
on cold atomic gases [59–62]. Recent advances in the latter field have given rise to unprecedented levels of control
and tuneability of the system, both in terms of isolation
of the system from the environment and in the systematic
control of the strength and form of interactions and kinetics. Precise control over the constituents of the gas has
enabled the study of the ‘extreme imbalance’ limit [63–
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70], which one can picture as a single distinguishable impurity immersed in a bath. The nonequilibrium dynamics
of such an impurity have been the subject of extensive experimental [63–70] and theoretical [71–87] investigation.
In this work, we focus on the extreme imbalance limit
of the Yang-Gaudin model of two-component quantum
gases (1) and consider the nonequilibrium dynamics of a
special class of initial states. These states, constructed
from a simple linear superposition of eigenstates, contains
a single well-localized exciton-like density configuration
and have significant overlap with ‘spin flip’ excitations
studied in experiments on cold atomic gases [65]. Due to
the simple structure of this class of states, we can compute the numerically exact time-evolution for very large
numbers (N = 100 − 1000) of interacting particles, comparable to system sizes studied in existing experiments
on one-dimensional cold atomic gas (see, e.g., Ref. [68]).
We proceed as follows: in Sec: II A we will first detail the solution of Yang-Gaudin Fermi gas via the Bethe
ansatz and discuss some of its known properties. Section II B will take a brief aside to introduce how we compute observables via the matrix element expansion. Following this, in Sec. II C we introduce the special class
of initial states that we consider, and we discuss their
relation to simple ‘spin flip’ states which have been studied in experiments [65]. Having introduced the state, we
then discuss its nonequilibrium dynamics in Sec. II D. In
Sec. III we then give a similar sequence of discussion for
the Yang-Gaudin Bose gas, highlighting some important
differences to the fermionic case. We conclude in Sec. IV
and present some additional and complementary data in
the Appendix.

II.
A.

FERMIONS

The Yang-Gaudin Fermi gas

The Yang-Gaudin Hamiltonian (1) describes a system of two-component particles interacting via a deltafunction potential with strength c. In this work, we focus
on the case where the interaction is repulsive c > 0 and
we impose periodic boundary conditions; a system of N
particles is placed on a ring of circumference L. Herein,
we work in units where ~ = 2m = 1 and it will be useful to consider the dimensionless interaction parameter
γ = 2mc/~2 %, where % = N/L is the average particle
density.

1.

Solution via the Bethe ansatz

Let us begin by considering the Yang-Gaudin model (1)
with spin-1/2 fermion fields
n
o
Ψσ (x), Ψ†σ0 (y) = δσ,σ0 δ(x − y),

(2)

where σ =↑, ↓ labels the spin-1/2 degree of freedom. The
fermionic Yang-Gaudin model (1) is integrable and exactly solvable via the (nested) Bethe ansatz [5, 51, 52, 88].
An eigenstate containing N particles, of which M have
flipped spins, is characterized by two sets of quantum
numbers: a set of N quasi-momenta {p} ≡ {p1 , . . . , pN }
and M spin rapidities {λ} ≡ {λ1 , . . . , λM }. These quantum numbers satisfy the logarithmic Bethe ansatz equations
2π I˜j = pj L +

M
X
α=1

2π J˜α =

N
X
j=1

φ2 (pj − λα ),

φ2 (λα − pj ) −

M
X
β=1

(3)
φ1 (λα − λβ ),

where the scattering phase φn (u) is given by
!
ic
n +u
,
φn (u) = i log ic
n −u
 un 
,
(4)
≡ 2 arctan
c
and we have defined the ‘integers’ I˜j , J˜α which satisfy

Z,
if M ∈ 2Z,
I˜j ∈
(5)
Z + 12 ,
if M ∈ 2Z + 1,

Z,
if (N + M ) ∈ 2Z + 1,
J˜α ∈
(6)
Z + 21 ,
if (N + M ) ∈ 2Z,
The integers obey an exclusion principle: I˜i 6= I˜j if i 6= j,
J˜α 6= J˜β if α 6= β. The ground state is formed from
the ‘Fermi sea’ of integers I˜j , a symmetric distribution
of the integers about 0. The eigenstate |{p}; {λ}i has
momentum P{p} and energy E{p} , which are given solely
in terms of the quasi-momenta
!
N
M
N
X
X
2π X ˜
pj =
J˜α ,
(7)
P{p} =
Ij −
L
α=1
j=1
j=1
E{p} =

N
X

p2j .

(8)

j=1

The integrability of the model is realized in the constants
of motion, which can also be constructed from the quasiPN
momenta In = j=1 pnj , with n ∈ N.
2.

Known properties

The Yang-Gaudin Fermi gas, as one of the simplest examples of an interacting multicomponent quantum gas,
has been extensively studied since its exact solution in
1967 [51, 52]. Its equilibrium properties are well understood [62]; the zero-temperature ground state was shown
by Lieb and Mattis to be unpolarized [89], the ground
state and low-energy excitations were extensively studied by Schlottmann [90, 91], and the finite-temperature
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thermodynamics has recently been considered [92]. The
strong coupling limit c → ∞ describes the low-density
limit of the Hubbard model [93]. In states with non-zero
polarization the phase diagram has been studied, both
via the Bethe ansatz and in experiments on cold atomic
gases [94]; the spin-imbalanced Yang-Gaudin Fermi gas
is a prime candidate for the observation of Fulde-FerrellLarkin-Ovchinnikov superconductivity [95, 96]. The fully
polarized state has been prepared experimentally and
used to study deviations from the Yang-Gaudin Fermi gas
due to p-wave scattering [97]. Experiments in cold atoms
have also studied the formation of bound state [98] and
the addition of an optical lattice (cosine potential) [99].

3.

Excitations of Yang-Gaudin gases

The Yang-Gaudin model (1) has an SU (2) symmetry; the eigenstates can be classified according to their
(pseudo) spin S, ranging from S = 0 to S = N/2. The
nature of the zero temperature ground state is surprisingly different for fermions and bosons; the fermionic
ground state is not magnetized [89], whilst the bosonic
ground state is completely polarized S = N/2 [100, 101].
Two types of excitations arise with the Yang-Gaudin
gas, which can be related to the integers appearing within
the logarithmic Bethe ansatz equations (3). The first
type of excitation, which we will call a ‘charge’ excitation, can be constructed by creating particle-hole excitations upon the Fermi sea of integers Ij (e.g., moving
one or more of the integers beyond the largest value in
the ground state configuration, leaving behind ‘holes’).
Secondly, there are ‘spin’ excitations which correspond
to the presence of integers Jα . For M > 1 the spin rapidities λα organize in to strings in the complex plane,
representing bound states.
For models possessing an SU (2) symmetry, general
considerations [102, 103] impose that spin wave excitations above the fully polarized state have quadratic dispersion at small momentum p  %
E(p) − E(0) ≈

p2
,
2m∗

(9)

where m∗ is the effective mass for the spin wave excitation. At strong coupling this effective mass m∗ can
become very large m∗ ∝ N [104–106], and this is responsible for the unusual “logarithmic diffusion” observed in
the low-energy behavior of dynamic correlation functions
in the Yang-Gaudin Bose gas [106].

B.

Time-evolution via matrix element expansion

Let us now take a brief aside and discuss how we compute observables and their time-evolution. We consider
an arbitrary state |φi; in the basis of eigenstates of the

Hamiltonian (1) it may be expressed as
X φ
|φi =
c{p},{λ} |{p}; {λ}i,

(10)

{p},{λ}

where cφ{p};{λ} = h{p}; {λ}|φi are normalized such that
hφ|φi = 1. Time-evolution of the state |φi is straightforward: each eigenstate in the superposition picks up a
phase factor under the time-evolution
e−iHt |{p}; {λ}i = e−iE{p} t |{p}; {λ}i.

(11)

The prescription for computing time-dependent expectation values is now clear. Provided we know the matrix
elements of an operator Ô(0), we can directly compute
its time-evolved expectation value
∗
X
X  φ
hφ|Ô(x, t)|φi =
c{p},{λ} cφ{k},{µ}
{p},{λ} {k},{µ}

×eit(E{p} −E{k} ) eix(P{k} −P{p} )
×h{p}; {λ}|Ô(0)|{k}; {µ}i .

(12)

For an arbitrary state, the sums over the eigenstates are,
in fact, infinite sums and it is necessary to truncate the
expansion by keeping only the ‘most important’ eigenstates. However, in the next section we will see that
for a judicious choice of initial state this is no longer a
necessity and the time-evolution can be computed in a
numerically exact manner. The matrix elements of local
operators Ô(0) which we require have been recently derived from the algebraic Bethe ansatz [53, 58]; we note
that determinant representations of matrix elements are
crucial for efficient numerical evaluation of the dynamics,
both in and out of equilibrium. Direct computations from
the coordinate Bethe ansatz (see, for example, Ref. [107]
for the Lieb-Liniger model) scale as (N !)2 and, as such,
are limited to very small numbers of particles N ≤ 7.
C.

A class of exciton-like initial states

We now construct a special class of initial states which
are peculiar to two-component integrable models, and
contain a single well-localized mobile exciton-like density configuration. Focusing on the ‘extreme imbalance’
limit, which contains a single flipped spin M = 1, our
construction is inspired by the dark soliton yrast states
found in the Lieb-Liniger model by Kaminishi et al. [108],
whose numerically exact time-evolution has been studied
for large numbers of particles [109–112]. However, the
class of states that we consider is particular to multicomponent models: the state is formed from a linear superposition of eigenstates with a fixed set of momenta
integers {I} and the single spin rapidity integer J varied
between its bounds
E
E
1 X
{I} = √
{p}J ; λJ .
(13)
N
N
|J|<

2

4
(a) Minority species σ = ↓

0.5
0.4

1. The ground state configuration of integers, the
‘Fermi sea’,


N −1 N −1
N −1
{I}0 = −
,−
+ 1, . . . ,
.
(14)
2
2
2

3. The ‘shifted Fermi sea’, where we construct a
‘Fermi sea’ with, e.g., the negative integers:


2N − 1 2N − 1
,−
+ 1, . . . .
(16)
{I}s = −
2
2

0.3
0.2
0.1
0
30

35

40

45

50

55

1.

Density profile of the exciton-like state

Having introduced the initial state (13) in the previous section, let us begin by computing the initial density
profile
ρσ (x) = h{I}|Ψ†σ (x)Ψσ (x)|{I}i,

(17)

composed with the ground state configuration of integers (14). In Fig. 1 we present the density for the two
species σ =↑, ↓ of particles for a range of interaction
strengths γ = c/% = 2 − 50 for N = 100 particles at unit
density % = 1. The initial state with {I} = {I}0 contains a well-localized exciton-like density configuration,
which becomes increasingly localized with strengthening
interactions.

65

70

65

70

(b) Majority species σ = ↑
1
0.9
0.8
0.7
0.6
c = 50
c = 20
c = 10
c=5
c=2

0.5

We will particularly focus on the first case, where the
initial state (13) can be pictured as a linear superposition of states which contain a spin wave excitation [105].
The momentum of the spin wave in each state of the
superposition is given by P{p}J defined in Eq. (7). As
we have focused on the ‘extreme imbalance’ limit, in the
Yang-Gaudin Fermi gas we expect the initial state (13)
to be highly excited, as it is far from the unpolarized
ground state. For the Yang-Gaudin Bose gas, we expect
the opposite: the constructed state will be a low-energy
excitation, being close to the polarized ground state.
In the following two sections, we focus on the ground
state configuration of integers and present the density of
the initial state |{I}0 i (14) and its relation to a simple
experimentally relevant ‘spin flip’ state. We will return
to the other configurations of integers when computing
the nonequilibrium dynamics.

60

Position x

⇢" (x)

2. The ‘diluted Fermi sea’, where every other integer
is filled (symmetrically about zero)


2N − 1 2N − 1
{I}s = −
,−
+ 2, . . . .
(15)
2
2

c = 50
c = 20
c = 10
c=5
c=2

0.6

⇢# (x)

Here N is a normalization constant, and we introduce
the notation {p}J and λJ , which denote the set of momenta and the spin rapidity associated with solving the
logarithmic Bethe ansatz equations (3) with the configuration of integers {I} and the spin rapidity integer J.
We are not restricted in our choice of the integers {I}; in
this work we will consider three particular cases:

0.4
30

35

40

45

50

55

60

Position x

FIG. 1. Fermions: The density ρσ (x) = hΨ†σ (x)Ψσ (x)i with
(a) σ = ↓; (b) σ = ↑ for the exciton-like initial state (13) with
the ground state configuration of integers (14). We consider
N = 100 particles at unit filling % = 1 for a range of interaction strengths c = 2, 5, 10, 20, 50. Overlaps of the initial state
with a simple spin-flip excitation (18) are shown in Table I.

2.

Overlap with spin-flip excitation

Let us now address the following question: does the
initial state (13) have a significant overlap with some
simple-to-understand state, or are we constructing a state
which is unlikely to be physically realized in experiment?
In order to address this question, we consider a simple
state which contains a spatially localized spin flip excitation
Z
1
|sf i =
dxf (x)eiQx Ψ†↓ (x)Ψ↑ (x)|Ωi,
(18)
N
where f (x) defines the shape of the spin flip excitation,
|Ωi is an N -particle eigenstate of the one-component gas
and Q is a center-of-mass momentum for the spin flip
excitation. Each of these constituents can be chosen to
maximize the overlap of the spin flip state |sf i with the
initial state (13); the scalar product C = h{I}0 |sf i of the
initial state with the spin flip excitation will give us a
quantitative feel for how ‘close’ the two states are. We
can compute the scalar product C with knowledge of the
matrix elements of the spin flip operator Ψ†↓ (x)Ψ↑ (x),

5
γ
2
5
10
20
50
100
500

QL/2π
3
5
6
6
6
7
7

Overlap |C|
0.3231
0.4260
0.4788
0.5052
0.5175
0.5208
0.5233

(a) γ = 0.1

TABLE I. Fermions: Overlap of the initial state (13) with
the localized spin flip excitation (18) in the Yang-Gaudin
Fermi gas with momentum Q, chosen to maximize the overlap. We choose |Ωi to be the free fermion state with the Fermi
sea of integers. The shape of the spin flip excitation, f (x) in
Eq. (18), is chosen to reproduce the density of the impurity,
see Fig. 1. Here we have used N = L = 30.

provided in Ref. [53]. We fix f (x) in (18) to reproduce
the density of the σ = ↓ component (see Fig. 1) and
choose |Ωi to be the ground state of the one-component
gas. Table I presents the overlap of the initial state with
the spin flip excitation for a number of different interaction strengths with Q chosen to maximize the overlap.
In all cases, we see that the initial state (13) has significant overlap with the spin flip excitation (18), especially
at large values of the interaction strength. Importantly,
states similar to |sf i can be prepared experimentally [65],
so we expect that our initial state (13) should capture at
least some of the features of the nonequilibrium dynamics
observed in experiments.
D.

(b) γ = 0.5

Non-equilibrium dynamics of the exciton-like
state

We now consider the time-evolution of the initial
state (13) in the Yang-Gaudin Fermi gas. As (13) is
not an eigenstate of the Hamiltonian (1), we expect local
observables to evolve in time. The central object of our
study will remain the expectation value of the density
operators
ρσ (x, t) = h{I}|eiHt Ψ†σ (x)Ψσ (x)e−iHt |{I}i,

(19)

which we compute by the matrix element expansion discussion in Sec. II B. In the following two sections, we
will consider the weak coupling and strong coupling
limits, respectively, of the time-evolution of the initial
state (13) with the ground state configuration of the
integers {I} = {I}0 . Following this, we examine the
nonequilibrium dynamics with different configurations of
the integers.
1.

Weak coupling γ  1

Let us begin by considering the weak coupling limit.
As previously mentioned, for the ground state configura-

FIG. 2. Fermions: Time-evolution of the density profile of
the minority species ρ↓ (x, t) for the exciton-like state (13)
with N = 100 fermions on the length L = 100 ring and interaction parameter (a) γ = 0.1; (b) γ = 0.5. The configuration
of integers {I} is the ground state ‘Fermi sea’ and we rescale
the time axis by the Fermi time tF = 1/π 2 .

tion of integers (14), we can interpret the state as a linear
superposition of spin wave excitations. At weak coupling,
the spin wave velocity at small momentum p  % is given
by [104]
!
γ2
vs = 2p 1 − 4 + O(γ 3 ).
(20)
π
Accordingly, up to small differences in the initial state
configuration, we should expect the nonequilibrium dynamics of the system at small γ to be essentially
interaction-independent. As an example, in Fig. 2 we
show the time-evolution of the minority density for γ =

6
(a) Minority species σ = ↓

(a) γ = 100

(b) Majority species σ = ↑

(b) γ = 25

FIG. 3. Fermions: Time-evolution of the density profile of
(a) the minority species ρ↓ (x, t); (b) the hole in the majority
species 1−ρ↑ (x, t) for the exciton-like state (13) with N = 100
fermions on the length L = 100 ring and interaction parameter γ = 50. The configuration of integers {I} is the ground
state ‘Fermi sea’ and we rescale the time axis by the Fermi
time γtF = γ/π 2 .

0.1, 0.5 in a system with N = 100 particles on the length
L = 100 ring. We see that indeed the time-evolution is
very similar; in both cases, by the time excitations reach
the boundaries, the density within the light cone is almost constant – the exciton has completely dissolved.
2.

FIG. 4. Fermions: Time-evolution of the density profile
ρ↓ (x, t) for N = 100 fermions on the length L = 100 ring
with interaction strength (a) γ = 100; (b) γ = 25. The
configuration of integers in the initial state (13) is the ground
state ‘Fermi sea’. We rescale the time axis by γtF and observe
the (approximate) collapse of data for both cases; compare
also to Fig. 3(a) for γ = 50. Similar collapse is observed for
ρ↑ (x, t).

with the ground state configuration of integers {I}0 for
N = 100 particles at unit filling % = 1 with interaction
parameter γ = 50. The time axis is rescaled by γ and the
Fermi time tF = 1/EF = 1/(%π)2 ; we see that (at fixed
N, L) the results approximately collapse for different interaction strengths γ under such a rescaling, see Fig. 4.

Strong coupling γ  1

Now we turn our attention to the strong coupling
regime γ  1. In Fig. 3 we present the time-evolution
of the densities (19) starting from the initial state (13)

Under time-evolution the exciton delocalizes, with
particle-hole excitations spreading through the system
at a number of different velocities, the fastest velocity
defining an obvious light cone. The observed behavior,

7
light cone, although states with momentum close to the
Fermi momentum move slower than those with p ∼ kF /2.

2

1

0
1

0.5

0

0.5

1

Momentum k/kF

FIG. 5. The dispersion relation for the states in the superposition (13) for N = 100 fermions with interaction parameter
c = 50 for a number of system sizes. The momentum is
rescaled by the Fermi momentum kF = π% ≡ πN/L.

as well as the collapse of data upon rescaling the timeaxis by γtF , can be understood in the following manner.
The initial state (13) is a linear superposition of spin
wave excitations [105]. These spin wave excitations have
momentum p determined by the integers {I} and J of
each state in superposition (13) through Eq. (7). In the
strong coupling limit γ  1, the velocity of a spin wave
excitation with momentum p  % is known [104]




1
2π 2
vs = 2p
+
+ O γ −2 .
(21)
N
3γ

(a) Majority species σ = ↑
0.12
50
0.1
40

For the large number of particles we consider N  γ/π 2
and hence the first term in the bracket is negligible .
Accordingly, the time t∗ it takes for a spin excitation of
momentum p to travel unit distance is
t∗ =

1
3γ
,
≈
vs
4π 2 p

Other configurations of the integers {I}

Having discussed in detail the case of the ground state
configuration of integers {I}0 , let us now consider the
non-equilibrium dynamics of the initial state (13) with
the diluted Fermi sea {I}d and the shifted Fermi sea {I}s
of integers, see Eqs. (15) and (16) respectively. In Fig. 6
we present an example of the dynamics with the diluted
Fermi sea of integers (15). The initial state now contains both a superposition of spin wave excitations and
numerous charge excitations (corresponding to the particle/hole excitations in the integers {I}). We see that
the initial localized density excitation dissolves, with excitations propagating out within a light cone. The excitations in the Fermi gas propagate at almost twice the
speed of those in the ground state configuration of integers (14), which is natural as the momentum of the spin
waves should be approximately doubled (approximately
doubling their velocity).

Time t/ tF

E(0)
E(k)

3.
3

0.08

30

0.06

20

0.04

10

0.02

0

0
0

20

40

60

80

100

Position x

(22)

(b) Minority species σ = ↓
0.14

2

50

Time t/ tF

and hence t∗ /γtF = 3% /4p is interaction-independent.
This is the origin of the approximate data collapse at
fixed % with different interaction strengths γ upon rescaling.
The result (22) also gives some insight in to the observed spreading of the density: the light cone is governed by high momentum p spin waves contained in the
initial state (13), with lower momentum modes propagating more slowly through the gas (observed as oscillations
within the light cone, see Fig. 3 and Fig. 4). Similar behavior is seen when γ is varied through changing the system size L, with fixed particle number N and interaction
parameter c, see Appendix A. We can check that this picture gives the correct intuition (away from p  %, where
Eq. (21) applies) by plotting the energy-momentum relation for the states entering the superposition (13); this
reveals the full dispersion for the spin wave excitations in
the initial state (13) of the Fermi gas. We show this relation in Fig. 5; indeed high momentum modes govern the

0.12

40

0.1

30

0.08
0.06

⇢# (x, t)

4

⇢" (x, t)

L = 50
L = 100
L = 150
L = 200

1

5

20
0.04
10

0.02

0

0
0

20

40

60

80

100

Position x

FIG. 6. Fermions: Here we present an example of the nonequilibrium time-evolution of the initial state (13) with the
diluted Fermi sea of integers (15) for (a) σ =↑ fermions; (b)
σ =↓ fermions. We consider N = 100 particles on the length
L = 100 ring with interaction parameter γ = 10.
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III.

60

0.45

A.

The Yang-Gaudin Bose gas

0.4

0.25

⇢" (x, t)

0.35

40

0.2

1

Time t/ tF

50

0.3
30
20

0.15
0.1

10

0.05
0

0
0

20

40

60

80

100

(b) Minority species σ = ↓
60

0.7

50

0.6

Having consider the nonequilibrium dynamics of the
initial state (13) in the Yang-Gaudin Fermi gas, we now
turn our attention to the Yang-Gaudin Bose gas. We
consider the Hamiltonian (1) with bosonic fields Ψσ (x)
which obey the canonical commutation relations
h
i
Ψσ (x), Ψ†σ0 (y) = δσ,σ0 δ(x − y).
(23)
The index σ = ↑, ↓ labels a pseudo spin-1/2 degree of
freedom: in the context of experiments on cold atomic
gases, it may label two hyperfine states [65, 113] or two
different species of atoms [68].
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FIG. 7. Fermions: Here we present an example of the nonequilibrium time-evolution of the initial state (13) with the
shifted Fermi sea of integers (16) for (a) σ =↑ fermions; (b)
σ =↓ fermions. We consider N = 100 particles on the length
L = 100 ring with interaction parameter γ = 10.

As with the Fermi gas, the Bose gas is exactly
solvable [51, 88]; an N -particle eigenstate |{k}; {ν}i
which contains M down bosons is characterized by two
sets of quantum numbers: N quasi-momenta {k} ≡
{k1 , . . . , kN } and M spin rapidities {ν} ≡ {ν1 , . . . , νM }.
These sets satisfy the logarithmic Bethe ansatz equations
(cf. Eqs. (3)) [51, 88]
2πIi = ki L −
2πJα =

N
X
l=1

Figure 7 shows the non-equilibrium dynamics of the
shifted Fermi sea of integers (16) initial state (13). We
see that the initially well-localized density configuration
moves rapidly to the left whilst slowly delocalizing. By
time t ∼ 10tF , the localized wave packet has propagated
around the ring; this repeats with the wave packet delocalizing more as time progresses. The spreading of the
wave packet is clearly suppressed in comparison to the
ground state configuration (14), see Fig. 3. This is quite
natural – if we think of the spin wave dispersion, Fig. 5,
the spreading of the wave packet is now governed by the
difference in velocity between the fastest and slowest leftmoving spin wave excitations. Compare this to the difference in velocity between the fastest left-moving and
fastest right-moving modes which governs the spreading
of the ground state configuration of integers {I}0 , see
Fig. 3, and we naturally get a suppression of the spreading in the shifted Fermi sea case.

Solution via the Bethe ansatz

M
X
α=1

φ2 (ki − να ) +

φ2 (να − kl ) −

M
X
β=1

N
X
l=1

φ1 (ki − kl ),
(24)

φ1 (να − νβ ),

where the scattering phase is defined as in the Fermi gas,
i.e.,
!
ic
n +u
φn (u) = i log ic
,
n −u
 un 
,
(25)
≡ 2 arctan
c
see Eq. (4). {I} ≡ {I1 , . . . , IN } and {J} ≡ {J1 , . . . , JM }
are sets of ‘integers’ satisfying
(
Z
if (N + M ) ∈ 2Z + 1,
Ii , Jα ∈
(26)
Z + 21
if (N + M ) ∈ 2Z.
The sets of integers obey an exclusion principle: Ii 6= Ij
for i 6= j and Jα 6= Jβ for α 6= β. The eigenstate
|{k}; {ν}i has energy E{k} and momentum P{k} given in
terms of the quasi-momenta by Eq. (8) and Eq. (7), respectively. The ground state configuration of the integers
{I} is a “Fermi sea” about the origin [114]. The scattering phase (4) is bounded |φn (u)| ≤ π/2 and hence so are
the integers |Jα | ≤ (N + M )/2. An analogous restriction
applies in the one-dimensional Hubbard model [93]. The
integrability of the model is realized in the constants of
PN
motion In = j=1 kjn where n ∈ N.
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FIG. 8. Bosons: The minority density profile ρ↓ (x) =
hΨ†↓ (x)Ψ↓ (x)i for the exciton-like initial state |{I}i, see
Eq. (13). We have considered the ground state configuration of the integers {I}0 . Data is presented for N = 100
particles at unit filling for a number of interaction strengths:
c = 1, 5, 10, 25. Overlap of the initial state with a simple spin
flip excitation (18) are shown in Table II.

2.

Known properties

Equilibrium properties of the Yang-Gaudin Bose gas
are relatively well understood [61]; at zero-temperature
there is a well-known theorem that the ground state of a
two-component Bose gas with spin-independent interaction is spin-polarized [100, 101]. This can be seen from
the Bethe ansatz solution [115, 116]; these techniques
can also be extended to finite-temperature and used
to study the temperature-dependent polarization [117]
and other thermodynamic quantities [118], as well as
to the case of inhomogeneous systems [119]. Excitations above the zero-temperature spin-polarized ground
state have also been studied using the coordinate Bethe
ansatz [105, 116]. At strong coupling, unusual logarithmic diffusion was observed in the slip-flip dynamical correlation functions due to the large effective mass for spin
waves [105, 106]. Out of equilibrium, much less is understood; progress has been hampered by lack of knowledge
of matrix elements, although for small numbers of particles N ∼ 10 the dynamics of a Gaussian impurity has
been studied [85].

1.

Overlap |C|
0.2002
0.2926
0.3353
0.3573
0.3621
0.3640
0.3653

TABLE II. Bosons: Overlap of the initial state (13) with the
localized spin flip excitation (18) in the Yang-Gaudin Bose
gas with momentum Q, chosen to maximize the overlap. We
choose |Ωi to be the one-component state with the Fermi
sea of integers shifted one position to the left relative to the
ground state. The shape of the spin flip excitation, f (x) in
Eq. (18), is chosen to reproduce the density of the impurity,
see Fig. 8. Here we use N = L = 30. The computed overlap
is only weakly dependent on the system size at fixed density.

the impurity sector σ = ↓, as an efficient representation
for matrix elements of the majority density are currently
not known to us, cf. Ref. [58]. We see a similar qualitative picture (with much more drastic c-dependence)
to the fermionic case, cf. Fig. 1; there is a single welllocalized density configuration for the impurity when c is
large. For small and intermediate strengths of the interaction, the impurity delocalizes to a larger extent than
the fermionic case. By analogy with the Fermi gas, we
expect there to be a well-localized hole in the background
gas, forming an exciton-like configuration. Our data is
presented for N = 100 particles at unit density % = 1.

2.

Overlap with spin-flip excitation

As with the fermionic case, see Sec. II C 2, we consider
the overlap of the initial state (13) with a simple spin
flip excitation (18). In Table II we present the overlap
for a range of interaction strengths; once again, we see
that the initial state (13) has a considerable overlap with
simple spin flip states which may be prepared experimentally [65].

3.
B.

QL/2π
2
4
5
6
6
6
6

Other configurations of the integers {I}

The exciton-like initial state

Density profile of the exciton-like state

We now turn our attention to the initial state (13) constructed within the Yang-Gaudin Bose gas. We present
the impurity density profile
ρ↓ (x) = h{I}|Ψ†↓ (x)Ψ↓ (x)|{I}i,

(27)

composed with the ground state configuration [114] of
integers {I}0 in Fig. 8. We are limited to examining

We are not limited to studying the ground state configuration of integers {I}0 ; we can consider any configuration. As with the fermions, we will also consider (cf.
Eqs. (15–16)):
1. The ‘diluted Fermi sea’, where every other integer
is filled
{I}d = {−N, −N + 2, . . .}.

(28)

2. The ‘shifted Fermi sea’, where we construct a
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(a) {I} = {I}d
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Non-equilibrium dynamics of the exciton-like
state

We now turn our attention to the time-evolution of the
initial state (13) in the Yang-Gaudin Bose gas. We study
the expectation values of the ‘impurity’ σ = ↓ density
operator [120]

0.1

ρ↓ (x, t) = h{I}|eiHt Ψ†↓ (x)Ψ↓ (x)e−iHt |{I}i,

0.05

(30)

which we compute by the matrix element expansion described in Sec. II B.
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At weak coupling, the effective mass of the spin wave
m∗ with small momentum p  % is given by [105, 121]
√
2 γ
m
=1−
,
(31)
m∗
3π
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FIG. 9. Bosons: The density ρ↓ (x, t) for the initial state (13)
with (a) the diluted Fermi sea of integers {I}d , see Eq. (28);
(b) the shifted Fermi sea of integers, see Eq. (29). We consider
N = 100 particles on the length L = 100 ring for a number
of interaction strengths c (labelled). cf. Fig. 8 for the ground
state configuration of integers {I}.

‘Fermi sea’ with, e.g., the negative integers:
{I}s = {−N + 1, −N + 2, . . . , 0}.

Weak coupling γ  1

which shows that correlations between the particles gives
rise to non-analytic corrections to the bare spin wave
mass. Notice that the interaction corrections to the bare
mass are much stronger for the Yang-Gaudin Bose gas
than the Fermi gas, cf. Eq. (20). The weak coupling spin
wave dynamics do not coincide for bosons and fermions.
We will not discuss further the weak coupling case of
the bosons, as the initial density profile, see Fig. 8, is
far from well-localized and the picture of spin wave excitations emerging from a point and propagating clearly
does not hold. The shape of the impurity can be partially
sharpened up by choosing a different configuration of the
integers {I}, see Sec. III B 3.
2.

(29)

In Fig. 9 we present the initial state density for N =
100 bosons on the length L = 100 ring for both the configurations of integers introduced above. For the diluted
Fermi sea, Eq. (28), we see that there are some significant
changes when compared to the ground state configuration, see Fig. 8. Firstly, at small interaction strengths the
multiple peak structure is removed, whilst for large interactions the peak has broadened and reduced in height.
Additionally, for strong interactions there are small amplitude oscillations superimposed on the main peak structure. The state described by the diluted Fermi sea of integers is now rather complicated – as well as containing
a superposition of spin wave excitations, there are also
numerous N/2 charge excitations within each state. For
the shifted Fermi sea of integers, Eq. (29), the t = 0 behavior is reminiscent of the ground state configuration
with some additional broadening of the peak structure.

Strong coupling γ  1

Let us now consider the strong coupling regime γ  1.
We present data for a system of N = 100 boson on
the length L = 100 ring with interaction parameters
γ = 25, 50 in Fig. 10, where we choose the ground
state configuration of integers {I}0 [120]. As with the
fermionic case, we see that the two cases collapse on to
one another after rescaling the time axis by γtF . The origin of this is the same as with the fermions, see Eq. (21)
and Eq. (22); the spin velocity in the γ  1 limit of the
Bose gas and the Fermi gas coincide [105, 121] (this is not
surprising, as the bosons ‘fermionize’ at γ = ∞, obeying
a hardcore exclusion principle).
There are, however, differences between the Fermi gas
and the Bose gas. Noticeably, the oscillations in the Bose
gas are much less ‘clean’ than the Fermi gas (cf. Fig. 3)
as the result of there being two prominent light cones, revealed much more clearly when the density is varied, see
Fig. 11. The second prominent light cone behaves very
differently to the leading front: the excitations propagate
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(a) γ = 25

(b) γ = 50

the ‘slow mode’ by studying the full spin wave dispersion
relation by computing the energy and momentum of each
state in the superposition (13) through Eqs. (8) and (7).
In Fig. 12 we show the dispersion relation for N = 100
bosons with interaction c = 50 on the L = 50−200 length
ring (cf. Fig. 11), which should be compared to Fig. 5
for the Fermi gas. We see that there are rather dramatic
differences between the states for bosons and fermions,
and it is this difference which is the origin of the ‘slow
mode’.
Firstly, if we restrict our attention to states with momentum |k| ≤ kF , we see that the two cases look very
similar, as is to be expected at strong coupling. However,
focusing on the initial state (13) for bosons, spin wave
excitations extend to momentum |k| ≤ 2kF – this is a
result of the rules for the quantum numbers (26) which
lead P
to two choices for the Fermi sea (see [114]) satisfying | j Ij | = N/2. As a result, the maximal value of the
momentum of a state (7) is |P{k} | ≤ 2kF , rather than kF
as for fermions [114].
Let us define the spin wave velocity through the relation
vs =

FIG. 10. Bosons: Time-evolution of the density profile
ρ↓ (x, t) = h{I}|Ψ†↓ (x, t)Ψ↓ (x, t)|{I}i for N = 100 bosons
at unit filling with dimensionless interaction parameter (a)
γ = 25; (b) γ = 50. The set of integers {I} is the ground
state ‘Fermi sea’ configuration. Rescaling the time-axis by
γtF = γ/π 2 results in the two cases ‘collapsing’ on to one
another.

through the gas in a manner not taken into account by
the t → t/γtF rescaling when the system size is varied.
What is the origin of this ‘slow mode’ within the leading light cone? To start, we can rule out two scenarios: (i)
low momentum spin wave excitations p  % with velocity (21); (ii) ‘charge excitations’ moving with the Fermi
velocity vF ≈ 2π%. In both cases, it is easy to show that
the time it takes for the excitations to propagate distance
L/2 does not scale in the same manner as that observed
for the ‘slow mode’.
Having ruled out low-momentum spin wave excitations
and charge excitations, we can gain some insight into

dEJ
,
dPJ

(32)

where EJ , PJ are the energy and momentum of the state
with spin rapidity integer J in the superposition (13). We
show the spin velocity for excitations with momentum k
in Fig. 13. We see that there are two ‘major’ propagation velocities in the system, vs,1 corresponding to the
cluster of states with momentum |k| ∼ kF /2 and vs,2 corresponding to states with momentum |k| ∼ 3kF /2. For
clarity, we label these velocities explicitly in Fig. 13. The
ratio of these two propagation velocities varies with the
system size L, which has important implications for the
‘slow mode’. For the reported data, we have vs,2 /vs,1 ≈
0.7 when L = 50 which drops to vs,2 /vs,1 ≈ 0.2 when
L = 200. This is consistent with the behavior of the
‘slow mode’ seen in Fig. 11; the ‘slow mode’ becomes
increasingly slower when compared to the leading light
cone with increasing system size. Thus, we propose that
excitations about the roton-like minima in the dispersion, Fig. 12, which correspond to the velocity vs,2 in
Fig. 13, are the origin of the ‘slow mode’ observed in
the time-evolution of the bosonic initial state (13). This
roton-like minima in the spin wave dispersion was noted
in Ref. [116] and persists to small values of the interaction
parameter c ∼ 1.
3.

Other configurations of the integers

Finally, we consider the non-equilibrium dynamics of
the initial state (13) for bosons constructed with two
other distributions of the integers {I}, the diluted Fermi
sea (28) and the shifted Fermi sea (29).
In Fig. 14, we present the nonequilibrium dynamics
with the diluted Fermi sea; the state now contains both
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(a)

(b)

(c)

(d)

FIG. 11. Bosons: We trace how the time-evolution of the density profile ρ↓ (x, t) = h{I}|Ψ†↓ (x, t)Ψ↓ (x, t)|{I}i evolves with
changing the system size L with fixed numbers of particle N = 100 and interaction parameter c = 50. The ground state
configuration of the integers {I} is considered. Data is presented for (a) L = 200 (γ = 100); (b) L = 150 (γ = 75); (c) L = 100
(γ = 50) and (d) L = 50 (γ = 25). The time axis is rescaled by γtF = c/(%3 π 2 ). A pronounced ‘slow mode’ is observed with
dilution of the system.

spin wave excitations and numerous charge excitation
(corresponding to particle-hole excitation of the Fermi
sea of integers, see Sec. II A 3). The initial configuration, containing a localized density configuration as
shown in Fig. 9, dissolves with excitations propagating
out within a light cone. The light cone splits into a double
peak structure after t ∼ 30tF , unlike the Fermi gas (see
Fig. 6). This is reminiscent of the double peak structure
in Fig. 10, which is the result of the spin wave roton-like
excitation.
The shifted Fermi sea of integers (29) also begins with
a localized density excitation, as seen in Fig. 9. Due to
the shifting of the Fermi sea of integers (29), the state
now carries an average center of mass momentum; the

localized density propagates to the left and spreads. The
spreading of the peak is clearly suppressed when compared to the ground state configuration, see Figs. 10 and
11. As with the discussion of the fermions, see Sec. II D 3,
this is a natural expectation.

IV.

CONCLUSIONS

In this work we have investigated the nonequilibrium
dynamics of a class of exciton-like initial states (13) which
can be constructed in two-component integrable quantum gases. Focusing on the ground state configuration
of integers {I}0 , these states can be pictured as a lin-
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FIG. 12. The dispersion relation for the states in the superposition (13) for N = 100 bosons with interaction parameter
c = 50 for a number of system sizes. The momentum is
rescaled by the Fermi momentum kF = π% ≡ πN/L and we
measure the energy relative to E(0), corresponding to the configuration of integers I = {−N/2, . . . , −N/2 + 1}, J = −N/2.
cf. Ref. [116].

FIG. 14. Bosons: Here we present an example of the nonequilibrium time-evolution of the initial state (13) with the
diluted Fermi sea of integers (15) for σ =↓ bosons. We have
considered N = 100 particles on the length L = 100 ring with
interaction parameter γ = 10.
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FIG. 13. Bosons: The velocity vs of spin wave excitations
with momentum k in a system of N = 100 boson with interaction parameter c = 50 for a number of system sizes
L. The momentum is rescaled by the Fermi momentum
kF = π% ≡ πN/L. For the L = 50 data we explicitly highlight
the peak velocities vs,1 and vs,2 discussed in the text.

ear superposition of spin wave excitations and they have
significant overlap with realistic ‘spin flip’ states (18).
The superposition of spin waves with different momentum p, leads to a single well-localized particle-hole density configuration, looking much like an exciton. The
simple structure of this class of states means that the
time-evolution can be computed for large numbers of particles N ∼ 100 − 1000 (see Appendix B), comparable to
those studied in experiments [65]. Additionally, summation of matrix elements required for the time-evolution
is numerically exact, with no need for truncation or approximations.
Under time-evolution, the initially well-localized

FIG. 15. Bosons: Here we present an example of the nonequilibrium time-evolution of the initial state (13) with the
shifted Fermi sea of integers (29) for σ =↓ bosons. We have
considered N = 100 particles on the length L = 100 ring with
interaction parameter γ = 10.

exciton-like configuration dissolves, with particle-hole excitations spreading through the gas within a light cone.
The leading edge of the light cone is due to high momentum spin waves in the initial state (13); lower momentum modes propagate more slowly and appear within
the light cone (see Fig. 3 and Fig. 10). When interactions
are strong, the time-evolution of the density for different
interaction strengths collapses upon rescaling the time
t → t/γtF , which can be understood from the strong
coupling expansion of the spin wave velocity (21). For
weak interactions, the dynamics are independent of γ for
sufficiently weak interactions (which are much smaller for
bosons than fermions, compare Eqs. (20) and (31)).
A prominent difference between the Fermi gas and the
Bose gas is the appearance of a ‘slow mode’ upon varying the system size in the Bose gas at strong coupling.
Simple scaling arguments rule out this ‘slow mode’ being
associated with low-momentum spin wave excitations or
low-energy density excitations (with velocity close to the
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Fermi velocity). We have presented evidence that the
‘slow mode’ is a signature of excitations about a (finite
momentum) roton-like minimum in the spin wave dispersion [116]. These spin wave roton-like excitations of
the Yang-Gaudin gas should be the subject of future investigations, as there may be interesting implications for
finite-temperature properties of the Yang-Gaudin Bose
gas, as well as other nonequilibrium dynamics.
The special structure of the initial state (13), which
can be interpreted as a superposition of spin wave excitations on top of a background gas defined by the integers
{I}, does have some important consequences. We do not
see any evidence of ‘quantum stutter’ behavior [85]; the
quadratic dispersion at small momenta means that spin
wave excitations are essentially free (with an interactiondependent effective mass) to propagate through the background gas. Whilst the state (13) will have some small
overlap with the initial state considered in Ref. [85], a
large number of states with different distributions of integers is required to capture the physics there, and scattering between different types of excitations in the system
(e.g., different configurations of the integers {I} and J)
is clearly important.
We have also explored some of the flexibility offered
by the class of initial states (13) and we present data for
other configurations of the integers {I}; we focused on
two particular choices: the ‘diluted Fermi sea’ and the
‘shifted Fermi sea’. Ultimately, the nonequilibrium timeevolution of the initial state with the diluted Fermi sea
of integers {I}d is very similar to the ground state configuration. The leading edge of the light cone with {I}d
travels approximately twice as fast as the case with {I}0 ,
reflecting the fact that the momentum of the spin waves

is doubled. With the shifted Fermi sea of integers {I}s ,
the state now has a finite center of mass momentum and
the initially localized exciton-like configuration moves as
it spreads.
Our study highlights the power of integrability, as well
as the importance in a judicious choice of state. Our initial state has significant overlap with a simple state that
can be experimentally prepared (see, e.g., Ref. [65]), but
contains very few eigenstates (proportional to the number of particles studied). This simple structure, when
combined with knowledge of the eigenstates and matrix elements obtained from integrability, allows us to
compute the exact dynamics of a large system of particles with finite interaction strength. The results that
we present are obtained with modest computational resources for numbers of particles far beyond the reach of
state-of-the-art exact diagonalization.
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Appendix A: Varying the system size with fixed N , c in the Yang-Gaudin Fermi Gas

In Fig. 16 we present additional data for how the nonequilibrium dynamics of the initial state (13) in the YangGaudin Fermi gas change with system size L with fixed particle number N and interaction strength c. This should
be contrasted to the Bose gas, Fig. 11, where a prominent ‘slow mode’ is visible at lower densities. The approximate
collapse of data at large γ fails, as the 1/N term in the velocity, see Eq. (21), becomes increasingly important.
Appendix B: Example computation with very large number N = 1000 of particles

In this appendix we provide some sample data for very large system sizes of N = 500 − 1000 particles. To begin,
in Fig. 17 we present the time-evolution of the initial state (13) with the ground state configuration of integers (14)
for N = 1000 fermions with density % = 1/2 and interaction strength γ = 100. As expected, we see essentially the
same behavior as for smaller system sizes, cf. Fig. 16(a). Next, we present the time-evolution of ρ↓ (x, t) for N = 500
bosons at unit filling and interacting strength γ = 50 in Fig. 18. As with the fermionic case, we see the same behavior
as with small system sizes, cf. Fig. 10(b).
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ring with interaction parameter c = 50 [(a) γ = 100; (b) γ = 200]. The configuration of integers in the initial state (13) is
the ground state ‘Fermi sea’. We rescale the time axis by γtF and observe the (approximate) collapse of data for both cases;
compare also to Fig. 3 for c = 50, L = 100.
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T. Esslinger, “Confinement induced molecules in a 1D
Fermi gas,” Phys. Rev. Lett. 94, 210401 (2005).
[99] J. Heinze, J. S. Krauser, N. Fläschner, B. Hundt,
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[119] O. I. Pâţu and A. Klümper, “Thermodynamics, density profiles, and correlation functions of the inhomogeneous one-dimensional spinor Bose gas,” Phys. Rev. A
92, 043631 (2015).
[120] We are currently limited to studying the single σ =↓
boson in the two-component Lieb-Liniger model, as the
matrix elements of the majority component are not
known to us, although there has been recent work in
this direction [58].
[121] M. T. Batchelor, M. Bortz, X. W. Guan,
and
N. Oelkers, “Collective dispersion relations for the onedimensional interacting two-component Bose and Fermi
gases,” J. Stat. Mech. 2006, P03016 (2006).

