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I. DENSITY OF STATES

The localization properties of the system are best characterized by analyzing the eigenstates at the maximum of
the density of states (DoS). As shown in Fig. S1, for Model (3) of the main text the DoS is not symmetric with a
maximum at E = 0, as it is e.g. for the PLBRM model. This is best understood by considering an infinitely long-range
power law, a = 0. In this case, the DoS is basically a singular peak at E = 1, since N − 1 states are degenerate with
energy E = 1 [3, 4]. For a > 0, the DoS broadens and its maximum is shifted towards E = 0. For a � 1, the DoS
approaches a peak at E = 0 [1] but in contrast to the nearest-neighbor hopping models with off-diagonal disorder,
where the chiral symmetry enforce the symmetric form of DoS, it remains highly asymmetric. Our results on f(α)

and |ψ(n)|2 shown in the main text and below are evaluated at the DoS maximum, but we obtain similar results in a
broader range of energies.

II. HOPPING OF TETRAMERS AND HIGHER n-MERS

For a total particle number N that is not equal to 2k, with k being a positive integer, one should also include
trimers, sectamers, etc. in the basis set of the wave functions. The n-mer states with n close to N are already not
compact. However, the number of such extended states has measure zero, and they can be omitted. The derivation
of the hopping amplitude for n-mers with a large n is quite cumbersome, and for this reason we only present it here
for tetramers. The related amplitude is given by:

1/ran,m + 1/ran,m+1 − 1/ran,m+2 − 1/ran,m+3 + 1/ran+1,m + 1/ran+1,m+1 − 1/ran+1,m+2 − 1/ran+1,m+3

− 1/ran+2,m − 1/ran+2,m+1 + 1/ran+2,m+2 + 1/ran+2,m+3 − 1/ran+3,m − 1/ran+3,m+1 + 1/ran+3,m+2 + 1/ran+3,m+3 (1)

= 4/ranm + 1/ran,m+1 + 1/ran+1,m − 1/ran,m+3 − 1/ran+3,m − 2/ran+2,m − 2/ran,m+2 '
−16a(1 + a)

R2+a
nm

≈ −16a

R2
nm

.

Note that Eq.(1) gives a secular matrix, whose eigenvalues and eigenvectors determine the lowest-order perturbation
theory in the parameter a � 1. As the pre-factor in front of 1/R2+a is proportional to a, the parameter a should
be put equal to zero in the rest of the terms of Eq.(1). This leads to −16a/R2

nm as the final result of this equation.
A precise determination of the power of Rnm at finite a requires an accurate analysis of higher-order terms of the
perturbation theory.

III. STAGGERING AND RANDOMIZATION OF SIGN OF HOPPING AMPLITUDE

Consider Model (6) of the main text, where the sign of the single-excitation hopping acquires a random part.
As already mentioned in the main text, Model (6) can be physically realized considering a spatially pinned two-
component system, in which the spin-like excitations may be transferred either between particles of the same or of
different species. Due to the different intra- and inter-species spin exchanges, the excitation hop is different depending
on the components involved. If the spatial pinning is species-insensitive, for any given realization of the pinning
potential there will be a random distribution of the two components. As a result, a spin-like excitation transferred
among the particles will experience not only the power-law decay, but also an additional random prefactor depending
on the components between which the hop occurs. This corresponds to Model (6). In this case, the |n − m|−2a

contributions of 〈H2
n,m〉 and 〈Hn,m〉2 do not cancel each other, and hence ∆Hn,m ∼ |n − m|−2a for |n − m| � 1.

In this sense, Model (6) has the same localization properties as the standard PLBRM model (despite of not being
exactly identical).

Our numerical results show that a ≤ 1 is an extended case (see Fig. S2). Indeed, the two intersection points in f(α)
at a = 0.5 for different system sizes are both extrapolated to 1, just confirming a collapse of f(α) into a vertical line
at α = 1, which corresponds to the ergodic case. In contrast, for a = 1 Model (6) shows a clear multifractal behavior
that obeys the Mirlin-Fyodorov symmetry f(1 + α) = f(1− α) + α.



2

-3 -2 -1 0 1 2 3
0

0.1

0.2

0.3

0.4

FIG. S1. Density of states for models with power-law exponents a = 0.5, a = 1, and a = 1.5. The energy has been re-scaled as
E/ρa to properly compare the different cases.
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FIG. S2. Modified model. MFS for Model (8) for (a) a = 0.5, E = 0 and (b) a = 1, E/ρ = 0.5, where W = 0.1, J = 1. In (a) the
finite-size f(α,N) cross each other to the left (L) and to the right (R) of α = 1. From bottom to top N = 104, 3× 104, 6× 104.
The extrapolation of the crossings (αL and αR) for 1/ ln(N) → 0 linearly approaches 1 (see the inset in (a)). This supports
the ergodic extended states. In (b) f(α) presents the parabolic dependence characteristic of non-ergodic extended states. They
have the symmetry property f(1 + α) = f(1− α) + α [2], which is confirmed in the inset.

In the picture of hopping of n-mers the replacement

1/ranm → (1 + ηnm)/ranm

destroys the cancelation of 1/R1+a terms in the hopping amplitudes. So, in the zero-order approximation the system
is critical and not localized like without the ηnm term. This opens the possibility for the system to be delocalized at
a finite a < 1.

Consider now Model (7) of the main text, i.e. the staggered model, in which 1/ranm is replaced as

1/ranm → (−1)rnm/ranm.

Such a replacement does not spoil the cancelation of 1/R1+a terms both in the hopping amplitudes of dimers and those
of tetramers, etc. However, it leads to the cancelation of the 1/R2+a terms in the hopping amplitudes of tetramers
and higher n-mers. This means that they will be less involved in the zero-order approximation than in the case of
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non-staggered hopping. At the same time, no such cancelation happens in the hopping matrix elements of dimers.
Thus, we arrive at the conclusion that staggering does not weaken localization at small a.

Indeed, the analysis of f(α) for this model shows (see Fig. S3) that the distribution of wave function amplitudes for
the staggered model is practically indistinguishable from that of the model without staggering. This indicates that
tetramers and higher n-mers play only a small role in the n-mer picture of localization.

FIG. S3. f(α) for a staggered model at a = 0.5. Also for the staggered mode the states are localized.

IV. DELOCALIZED STATES AT a < 1

As mentioned in the main text, we also have delocalized states at a < 1, although the number of such states has
measure zero for N tending to infinity. This is already seen in the theoretical limit a → 0, for which there is at
least one delocalized state, namely the state with energy −(N − 1) [3, 4]. For finite a the hybridization leads to the
appearance of several other extended states. This is clearly seen from the calculation of the inverse participation ratio
I2(s) for eigenstates with energy Es. In Fig. S4 we show the quantity I2(1)/I2(s) as a function of Es for a = 0.1, where
I2(1) is the inverse participation ratio for the delocalized state with the lowest energy. There are several delocalized
states at the lowest eigenenergies, and then at higher energies the ratio I2(1)/I2(s) sharply drops to zero indicating
that the states are localized.

FIG. S4. The ratio I2(1)/I2(s) for a = 0.1, and N = 1× 104, 2× 104, and 3× 104. Inset (a) depicts the DoS, whereas inset (b)
shows an enlarged view of I2(1)/I2(s) at E ≈ 0.

Delocalized states disappear at a ≥ 1[5]. In Fig. S5 we show the quantity I2(1)/I2(s) for a = 1. In this case the
lowest energy state is localized, as well as all other states. The only feature to mention is that close to E = 0 the
quantity I2(1)/I2(s) sharply increases, which indicates that the states have a much larger localization radius. This is
expected since for a � 1 the problem is close to that with nearest neighbor hopping, where all states are localized
but the localization radius diverges when approaching E = 0 [7, 8].
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FIG. S5. The ratio I2(1)/I2(s) for a = 1 and N = 2× 104. The inset shows an enlarged view of the peak appearing at E ≈ 0.

V. ENERGY DEPENDENCE OF γ AND DUALITY FOR THE MODEL WITH DETERMINISTIC
LONG-RANGE HOPPING AND DIAGONAL DISORDER.

In this section we show that for the model of Ref.[4] with diagonal disorder and deterministic long-range hopping,
as well as for the PLE model, the exponent γ is independent of energy and obeys the duality γ(a) = γ(2− a). This is
the case for almost all energies, except for very narrow intervals near the spectral edges, where a negligible fraction
of states is located. In Fig.S6 we show the mean DoS and the behavior of the typical wave function amplitude for
this model with a = 0.1 and a = 1.9. In the interval of energies E− < E < E+ the exponent γ, which determines the
slope of the linear part of the curve in Fig.S6(c), is independent of energy. This energy interval contains 96% of all
the states for a = 0.1 and 99% of all the states for a = 1.9. The size of the system is N = 20000, and the strength of
the disorder is W = 5.
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FIG. S6. Dependence of γ on the energy for the model of Ref.[4] with diagonal disorder and deterministic long-range hopping.
(a) DoS for a = 0.1. (b)DoS for a = 1.9. (c)Average of ln(|ψ(n)|2). For all energies E− < E < E+ and in both cases a = 0.1
and a = 1.9 the slope of the curves, −γ ≈ −3.7, is the same. The fraction of states in the energy region E < E− close to the
lower spectral edge, where γ is ill-defined or a significant energy dependence of γ is observed, is ∼ 4% for a = 0.1 and ∼ 1%
for a = 1.9. The corresponding fraction of states in the interval E > E+ near the upper spectral edge is ∼ 0.3% for a = 0.1
and ∼ 0.1% for a = 1.9.
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