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Chapterr 1 

GENERALL INTRODUCTION 

1.11 General introductio n to heavy-fermion behaviour 

AA priori  it is surprising that in normal metals, where the concentration of electrons 
iss so high, electron-electron correlations play a minor role. For this absence of strong 
correlationss several origins can be identified. We mention, for instance, crystal-field 
effectss as well as the fact that the average energy involved in electron-electron cor-
relationss grows less faster than the average kinetic energy at increasing density of 
electrons.. For the latter it is assumed that the charge (electrons) is homogeneously 
distributedd over the sample and that the sample is three-dimensional. In case these 
requirementss are not fulfilled, electron-electron correlations could play a larger role. 
AA few examples will be given. 

Inn semiconductors, not only low densities of electrons are feasible, but also a 
lowerr dimensionality (e.g. two dimensional) for the electron system. 

Kondoo systems basically consist of magnetic ions embedded in a metallic host. 
Thesee magnetic ions have narrow not-completely filled f or d shells. Two electrons 
occupyingg the same orbital have not much chance avoiding each other and they are 
nott well screened from each other either. The result is a strong on-site Coulomb 
repulsion. . 

Inn "regular" magnetic systems, similar magnetic ions appear only arranged 
muchh denser and periodically. It is, therefore, not surprising that in these systems 
electron-electronn interactions play a mayor role, with magnetism as a result. 

Evenn BCS superconductors can be fitted within this oversimplified frame-
work.. The basic ingredient in BCS superconductivity is an electron-phonon interac-
tionn (which can in principle be interpreted as resulting in a crystal-field effect). 

Neww classes of materials exhibiting many-body effects have recently been dis-
covered:: the ceramic high-temperature superconductors and heavy-fermion materials. 
Theree are large differences but both systems consist of magnetic ions (with their not-
completelyy filled for d shells) in a dense periodic arrangement embedded in a metallic 
host.. Although they exhibit completely different experimental features they appear 
too be related systems. Theoretical concepts developed for one could, therefore, well 
bee applicable for the other and vice versa 
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1.1.11.1.1 The experimental properties of heavy-fermion systems 

Inn this thesis, heavy-fermion systems are considered. Examples are: CeRu2Si2, CeAl3, 
UPt3,, URU2S12 and many more. They consist of actinide or rare earth magnetic ions 
withh not completely filled 5f and 4f shells, respectively, embedded in a metallic host. 
Theyy all contain at least one magnetic ion per unit cell. As temperature is lowered, 
aa new type of electronic behaviour starts to set in. I t reveals itself by many striking 
experimentall  features. It is not so much one of these features on its own which wil l 
formm the enigma but much more the cocktail of features. 

I tt is one of these features which gave this behaviour its name: "heavy-fermion 
behaviour".. I t seems as if the apparent effective mass of the electronic quasi-particles 
startss to be strongly enhanced by a factor of ten to hundred or more as temperature 
iss lowered below some characteristic temperature. The characteristic temperature is 
generallyy in the range of several decades of kelvin. This reveals itself in the size of the 
linearr temperature coefficient of the specific heat. Its implications in terms of energy 
storedd per degree Kelvin wil l be discussed in a moment. 

Thee same type of dense and periodic arrangements of magnetic ions are found 
inn "regular" magnetic materials. It is, therefore, not surprising that magnetic corre-
lationss are detected in the case of heavy-fermion behaviour. Generally, heavy-fermion 
behaviourr is associated with antiferromagnetic ordering and not ferromagnetic. The 
sizee of the moments involved is extremely small (but non-zero). They are some-
timess detected in neutron-diffraction experiments sometimes in /zSR experiments. 
Mostt theories concerning magnetism produce either large moments or zero magnetic 
moments. . 

Thee connection to magnetic systems indicates that magnetic fields should also 
havee an effect on heavy-fermion behaviour, and it does. With a magnetic field, 
heavy-fermionn behaviour can be suppressed. For this suppression, a characteristic 
fieldd strength can be assigned. It seems that a simple energy scaling relation exists 
betweenn the characteristic field and the characteristic temperature for heavy-fermion 
behaviourr ( ksT*  w fJ^B*, where ks, [1% represent the Boltzman's constant and 
thee Bohr magneton, respectively, whereas T*  and B* represent the characteristic 
temperaturee and the characteristic field, respectively). 

AA third important property of the heavy-fermion behaviour is the strongly en-
hancedd Grtineisen parameter. The Grüneisen parameter expresses the relative strain 
dependencee of various properties as the (electronic-) energy levels, the characteristic 
temperaturee and the characteristic magnetic field for heavy-fermion behaviour. The 
factt that all these parameters have the same relative strain dependence is a further 
indicationn that a single-energy scaling should exist. This single characteristic energy 
scalee is of an unusual small value (corresponding to several tens of kelvin or several 
tenss of tesla for the characteristic temperature and the characteristic characteristic 
field,, respectively). It is the small size of this energy scale which opens further doors 
forr many exotic features. 
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1.1.21.1.2 Heavy-fermion behaviour in terms of density of states 

Itt should be realized that the large value for the apparent effective masses indicates 
thatt unusually large amounts of energy can be stored per kelvin in the electronic 
partt of the system In terms of a density of states, one could assign to heavy-fermion 
behaviourr a narrow but pronounced peak at the chemical potential. The width of this 
peakk is the single characteristic energy scale, previously mentioned. Heavy-fermion 
behaviourr is, therefore, associated with the introduction of many many-body low-
energyy excitations 

Forr the situation of a single magnetic ion embedded in a metallic host, a 
suitablee theoretical treatment exists. This is the " Kondo theory " used to describe 
thee features appearing for low concentrations of magnetic ions embedded in a metallic 
host.. A typical feature of these systems is that again a peak in the density of states 
iss created, although not so narrow. One could simply argue that the effect of the 
periodicc arrangement of the magnetic ions in the case of the heavy-fermion systems 
iss to renormalize these energy scales. But, as we will see, several other experimental 
featuress set the Kondo and heavy-fermion behaviour apart from each other. 

Differencess between heavy-fermion and Kondo systems 

Firstt of all, there is the already mentioned small value of the magnetic moment in 
heavy-fermionn compounds. An essential feature of the Kondo effect is the singlet 
formationn between conduction states and the f states of the magnetic ion (hence zero 
magneticc moment). This could suggest that in heavy-fermion systems, the singlet 
formationn is not complete. 

Thee temperature dependence of the resistance of various heavy-fermion sys-
temss is different from that of a Kondo system. It contains a fairly large T2 term, 
moree in line with a Fermi liquid approach. However, some heavy-fermion compounds 
displayy a resistance behaviour more in line with Kondo behaviour. In CeRu2Si2, for 
instance,, one can replace Ce by La. Studying the temperature dependence of the re-
sistancee for increasing concentrations of La, the curves gradually change from what is 
identifiedd as more heavy-fermion behaviour to Kondo behaviour. The gradual tran-
sitionn indicates that, although not the same, heavy-fermion behaviour and Kondo 
behaviourr show a continuous transition and are clearly related. 

Forr the Kondo-system, different characteristic temperatures can be identified 
forr different physical quantities (e.g. specific heat, susceptibility, etc.). The same 
holdss for heavy-fermion systems. In Kondo systems, a theory exists connecting the 
differentt characteristic temperatures consistently to each other. Such a theory is 
lackingg for heavy-fermion systems. Phenomenologically, however, it is clear that the 
variouss characteristic temperatures in heavy-fermion systems are related to each other 
inn a different fashion as compared to Kondo systems. 

Furthermore,, fundamental theoretical objections exist prohibiting the straight-
forwardd adaptation of an approach similar to Kondo ( magnetic ions in the diluted 
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limit )) to the situation where the magnetic ions are arranged densely and periodi-
cally.. We wil l discus these problems and their possible solutions extensively in the 
nextt chapters. In these chapters also a discussion can be found why the situation for 
heavy-fermionn systems is so hard to be treated theoretically. 

Forr Kondo systems, the Wilson ratio is equal to 2. The Wilson ratio expresses 
thee relative enhancement of the susceptibility versus the relative enhancement of the 
specificc heat as a result of the introduction of the Kondo effect. For the case of 
heavy-fermionn systems its value varies between 1 and 2. 

Est imat in gg t h e sizes of interact ion parameters 

I nn the case of a dominant presence of many-body interactions, density of states and 
bandstructuress must be formulated in terms of either removing an electron (probing 
statess below the chemical potential) or adding an electron (probing states above the 
chemicall  potential). From these considerations we have to find estimates for ef - fj, 
andd U. Loosely speaking, ef represents the energy of the "bare f orbital " of the 
magneticc ion and U the on-site repulsion energy as a result of a many-fold occupancy 
off  the orbital. The chemical potential is represented as (i. To be more precise, one 
couldd interpret ef as the many-body excitation of the f shell in a magnetic ion from 
thee f1 to the f° configuration (where the electron is moved to a state at the Fermi 
energy).. Similarly ef + U can be associated with a many-body excitation from an f1 to 
aa f2 configuration. Interpreted in these terms, ef and U are experimentally accessible. 

Thee experimental techniques of choice are XPS ( "X-ray Photoemission Spec-
troscopyy ") and BIS ( "Bremsstrahlung Isochromat Spectroscopy ") To analyze the 
data,, a theory is needed. Clearly, that theory is lacking in the case of heavy-fermion 
systems.. For the diluted magnetic impurity case, a theory by Gunnarson and Schön-
hammerr [1] exists. Their result can be simply described in terms of an effective 
densityy of states of which the principle features are: a broad peak in the occupied 
bandd at ef, a structured peak in the empty band at ef + £/, and a strikingly large 
resonancee just above the Fermi surface (the Kondo resonance). This is schematically 
depictedd in fig. 1. 

Qualitatively,, the results for heavy-fermion behaviour share similar features. 
But,, there are several inadequacies when applying this approach to heavy-fermion 
systems.. Now, the position of the chemical potential is of importance. This is not 
thee case for the single impurity. Jumping from one configuration of the f site to the 
other,, only changes the total number of conduction electrons by one in the entire 
solidd ("the conduction-electron bath" can be taken as a frame of reference). For the 
latticee case, the value of nf and with it the chemical potential wil l adjust to minimize 
thee total energy, presumably with ef still at some distance below the Fermi energy. 

Thee theory of Gunnarsson and Schönhammer that has been remarkably suc-
cessfull  in explaining the XPS and BIS spectra in dilute Kondo systems, has also been 
foundd to be appropriate to the concentrated Ce alloys. So successful, in fact, that it 
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Figuree 1 Artistic impression of an effective f-projected density of states, p^, for diluted 
concentrationss of Ce impurities in a metal as to be expected according to the theory of 
Gunnarssonn and Schönhammer (see text). The parameters are so chosen to emphasize three 
features:: the occupied peak at £f, the unoccupied peak at ef + U and the Kondo resonance. 

seemss that interaction effects between ions are not important. However, in particular 
inn the vicinity of the Kondo resonance this is an open question. 

Ass far as heavy-fermion systems are concerned, we wil l concentrate on the Ce 
andd U based systems. From [2], it can be concluded that for the Ce based systems U is 
inn the order of 5 to 6 eV and that the degenerate f orbitals have an energy ef of about 
22 eV below the Fermi energy. This value is consistent with XPS measurements and 
withh the understanding that Cf is a many-body energy corresponding to an excitation 
fromm a 4f1(5d6s)3 configuration to a 4f°(5d6s)4 one. 

Forr uranium, the most likely relevant configurations are f2 (with Hund's rule 
groundd state J = 4) and f3 (with Hund's rule ground state J = 9/2). In this case, fj. -
ee{{  must correspond to the estimated excitation energy from f3 to f2: 0.8 eV. I t has to 
bee stressed that the f shell ground-state configuration for uranium in heavy-fermion 
compoundss is still mired in some controversy. The atomic-like 5f level in uranium 
provess difficul t to be detected in a metal by XPS or BIS measurements ( [3] [4]). 

Thee on-site repulsion, in this case, can be complex since the precise form of 
thee 5f-5f Coulomb coupling term is not certain. Nonetheless, one can estimate (see 
[5]]  [6]) a U value of about 2 eV by calculating: 

[ ^^  ( f ' ) - tftotal  ( f ' ) ] - [ & * l ( f ' ) - £total ( f ' ) ] -

wheree the energy of each 5f" configuration is obtained by averaging over all possible 
L-SL-S coupled states. 
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A nn important observation we would like to make is that, although between 
Cee and U based heavy-fermion compounds U and (ft — ef) can differ, their ratio is 
alwayss in the same order of magnitude: 

,, U , = 3 .6 . 
0**  - £f) 

Thee precise value of this ratio seems to depend on the precise method of analyzing 
thee data. 

Thee last interaction parameter which wil l be of importance to our considera-
tionss is the ligand hybridization strength, JT|, between the f orbitals of the magnetic 
ionss and the orbitals of their ligand atoms eventually contributing to the conduction 
states.. We address the problem here in terms of a tight-binding scheme. The hy-
bridizationn interaction is a sm^e-electron interaction of the electron-ion type where 
thee ion in this case is provided by the ligand atom of the alternate type. In fact, 
\T\\T\ is an artifact. I t is merely the consequence of our artificial separation of the 
single-electronn potential in a term responsible for the conduction states and in a term 
responsiblee for the f states. Expressed in these terms, T forms the off-diagonal matrix 
elementss at representing the single-electron potentials as a matrix using f and c states 
forr a basis. Following the argument of Koelling et al [7], qualitative sizes of these 
matrixx elements can be estimated by calculating the overlap of the corresponding 
orbitall  functions. To our knowledge, due to its very nature, there is no experimental 
techniquee available by which these values can be directly addressed. 

Forr the Ce and U based heavy-fermion compounds, from[8][9][10][ll][12] , \T\ 
cann be estimated to range from 3 to 6 meV and from 5 to 6 meV, respectively, much 
smallerr than U and pi — ef. 

Qualitatively,, for direct f-f interaction the inter magnetic-ion separation is the 
controllingg variable. Hil l [13] classified these materials by identifying local-moment 
magnetismm as a signature of localization and superconductivity or Pauli paramag-
netismm as a signature of itinerancy. Plott ing the magnetic and superconducting tran-
sitionn temperature versus the inter-actinide lattice spacing, he found a reasonably 
sharpp transition between "localized" compounds, above some critical atomic sepa-
ration,, and "itinerant" compounds, below this critical separation. The Hil l limit , 
( «« 3.4 A) can be defined beyond which the hybridization between f orbitals of two 
neighbouringg magnetic ions can be disregarded. 

Thee magnetic-ion magnetic-ion distances are beyond this limi t in most heavy-
fermionn compounds, as is the case for UPt3 (the smallest U-U distance, in this com-
poundd is 5.25 A). Considering hybridization effects for the f orbitals of magnetic 
ions,, only the ligand hybridization with neighbouring non-magnetic atoms has to be 
included. . 

1.1.31.1.3 Heuristic notion f or heavy-fermion behaviour 

Noww that we have identified the relevant interaction parameters, what is our heuristic 
notionn for heavy-fermion behaviour? The bare f -band energy, Cf, corresponds to an 
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energyy much lower than the chemical potential, \i. In case an f orbital is doubly 
occupiedd so that an energy gain U is the result the average energy per electron vastly 
exceedss /i . From this argument, one would expect for the ground state each f orbital 
too be singly occupied so that maximum profit is made of £f <t; fi and the excess energy 
duee to the on-site repulsion is avoided. 

Thee introduction of the small but essential ligand hybridization causes the f 
statess to turn itinerant. Effectively, electrons can move from f site to f site (where the 
conductionn states are acting as intermediator). As already all f orbitals are occupied 
thee electrons cannot move around in a coherent manner in order to avoid each other 
withoutt the introduction of an extra angular momentum. 

Inn general terms, by assuming the peak in the density of states related to the 
itinerantt f-states to have an energy equal to the chemical potential, instead of an 
energyy much smaller than the chemical potential, the system is able to form low-
energyy correlated many-body states. Some room in phase space must be created to 
alloww for these new excitations to occur. For this, the f-band is slightly depopulated. 
Thiss leads to an excess energy. The energy loss, caused by the formation of these 
neww correlated states, must more than compensate for that excess energy. Already 
heree the importance of the slightly less and not exactly unity occupancy of f orbitals 
emerges.. The parameter An*  represents these deviations. In terms of the first term 
off  a Taylor expansion of the corresponding energy loss, (PArif) , the proportionality 
constantt (P) has the same dimensions as a charge-transfer parameter. 

I nn photo-emission experiments, an electron is removed by a photon from the f 
band.. No longer the complicated mechanisms addressed above are needed since now 
thee room in phase space is artificially created by the removal of the electron. The 
energyy measured in that experiment is, therefore, €f — fi. 

Heuristically,, we expect the introduction of many-body effects on the shape 
off  the density of states to be the following. The shape of the peak in the density of 
statess is basically that of an f band (a dispersionless band corresponding to localized 
states)) hybridizing with a conduction band. We wil l refer to this feature as the "hy-
bridizationn peak " . Two renormalization effects occur. The energy of the bare f level 
iss renormalized so that the peak in the density of states is at the chemical potential. 
Forr this case, one can imagine mechanisms at work as hinted above. Furthermore, 
alsoo the ligand-hybridization strength is renormalized (gets smaller). Already in 
ourr study of the small molecules later on, we wil l find that the ligand-hybridization 
strengthh effectively renormalizes. To accommodate for the effective masses observed, 
thee ligand-hybridization strength must be approximately ten times smaller than es-
timatedd by Koelling et oi. 

I tt is important to notice the role Arif plays in all of this. The fact that Ant ^ 0 
allowss for room in phase space which enables the creation of many-body states. The 
positionn of the chemical potential within the "hybridization peak " determines the 
effectivee masses, m*. This in term, determines Arif . Within this description, it is not 
surprisingg that m* wil l be a function of Arif . Furthermore, we wil l present a Stoner 
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treatmentt for a particularly shaped bandstructure and demonstrate that under the 
properr conditions this bandstructure can lead to the occurrence of a small magnetic 
moment. . 

Thee width of the hybridization peak is in the order of \T\ and must set the 
characteristicc energy/temperature scale of the system. We wil l argue, again on an 
heuristicc basis, that the effect of a magnetic field is to shift the peak to lower energies 
withh respect to the chemical potential. 

Wee wil l try to make a comparison to the more "standard " approaches in 
termss of Kondo and RKKY interactions. In the first chapter, a detailed discussion 
off  that approach can be found. For the standard Kondo Hamiltonian any deviations 
fromm integer fillin g are non-essential. In this "standard approach " it is generally 
assumedd that An f = 0 and that the RKKY interactions and Kondo interactions 
excludee each other. An  ̂ = 0 Implies that U is set to infinity. 

Ourr approach wil l be epitomized in terms of an effective Hamiltonian consist-
ingg of three terms. Its first term is basically a Hubbard Hamiltonian. In the most 
simplee form of the Hubbard model, electrons can effectively hop from f site to f site 
whilee on each f site a strong on-site repulsion interaction is present. The second term 
iss highly analogue to the Kondo interactions. As a matter of fact, it can be shown 
thatt the Kondo interactions form part of this term. It describes the interaction be-
tweenn the f and the conduction states. And the third term is a conduction-band 
Hamiltonian. . 

Forr the infinite U Hubbard model i t is known that in the case of half fillin g 
(ann equal amount of electrons as f sites), the model reduces to that of an Heisenberg 
antiferromagnet.. For the case of slightly less than half filling , holes are propagating 
throughh the lattice of f sites leaving trails of magnetic frustrations behind 

1.22 Out l in e 

Wee wil l start in the next chapter with a detailed examination of existing theories. Not 
onlyy theories and notions developed for single magnetic ions embedded in a metallic 
hostt wil l be considered but also theories concerning the magnetic interactions between 
thesee ions. In particular, the assumptions and approximations made in these theories 
wil ll  bear our interest. In this chapter we also try to identify reasons complicating a 
"microscopicc " treatment for heavy-fermion behaviour. 

Inn the next chapter simple molecules are treated. It is known from literature 
thatt a simple molecule consisting of a magnetic ion with a ligand atom already repro-
ducess qualitatively many of the features of diluted Kondo systems. We wil l extend 
thee reach of these molecules. E.g., we wil l consider the situation where two simple 
magneticc ions equally share one ligand atom. The number of ligand atoms present is 
insufficientt to form individual single-ion states for each magnetic ion. The advantage 
off  these molecules is that they turn out to be manageable. Spectra and eigenstates 
cann be generated and (spin) correlations can be studied. The type of magnetic or-
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deringg of such a molecule will be a further subject of interest. In this study, angular 
momentumm considerations appear to be important. The great advantage of small 
moleculess is that the origin of certain (spin) correlations or certain types of ordering 
cann easily be found. In addition, we will study the effects of varying electron densities 
(ass it is by this feature that density of states are eventually measured for many-body 
states).. The effects of the presence of a surplus of symmetry operators on the energy 
spectraa will be studied. In a molecule where three magnetic ions share one ligand 
atomm many symmetry operators are present not all commuting with each other. The 
firstfirst step of gluing these molecules together towards a lattice will also be presented. 
Afterr gluing two smaller molecules together towards a larger molecule, a new type of 
groundd state is found. In the last part of this chapter we apply a fictitious magnetic 
fieldd forcing a small molecule to order either ferromagnetically or antiferromagneti-
cally.. This is done for several reasons, among which are the following. It gives an 
indicationn of what happens in case this molecule is embedded in a magnetic lattice. 
Usingg the analogy between a ferromagnetic fictitious field and an externally applied 
magneticc field, also an energy scaling relation between characteristic temperature and 
fieldd could be deduced for small molecules. 

Wee will present dilatation experiments to study heavy-fermion behaviour. As 
thee creation of heavy-fermion behaviour is associated with a large enhancement of 
thee Grüneisen parameter, the creation reveals itself as a dramatic shrinking of the 
sample.. We will use a three-terminal capacitance method to measure the relative 
lengthh change of the sample. 

Inn combination with specific-heat measurements not only the density of states 
att the chemical potential or the effective mass can be studied but also its strain 
dependence.. One of the facts we wish to verify is whether the experimental results 
aree in agreement with the heuristic notion presented before. 

Dilatationn measurements can be performed along specific crystal axes. This 
inn contrast to specific-heat measurements. Dilatation measurements, therefore, also 
providee crystal-axes sensitive information about the make-up of the heavy-fermion 
states. . 

Ass a further parameter in our experiments we will use magnetic fields. It is 
clearr that in the many-body effects of heavy-fermion behaviour the spins play an 
importantt role. A magnetic field is one of the few external tools which has a direct 
interactionn with the spins. We further wish to verify our heuristic notion that the 
effectt of applying a magnetic field is to shift the peak in the density at the chemical 
potentiall  (related to heavy-fermion behaviour) to lower energies 

Wee have performed both thermal expansion measurements (relative length 
changee as function of temperature for fixed fields) as well as magnetostriction mea-
surementss (relative length change as function of field for fixed temperatures). 

Thee material we have studied is UPt3. UPt3 can be considered as the drosophila 
off  heavy-fermion systems. It has all the properties associated to heavy-fermion be-
haviourr in the extreme sense. 
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A tt low enough temperatures, UPt3 is one of the few heavy-fermion systems 
thatt wil l even turn superconducting (below 0.5 K). The jump in the specific heat at 
thiss transition suggests that heavy quasi particles are involved in this superconduc-
tivity . . 

Ass a small percentage of Pt is replaced by Pd, the properties of UPt3 can be 
alteredd without destroying heavy-fermion behaviour or the crystal structure of UPt3. 
Forr low concentrations of Pd, long-range antiferromagnetic ordering sets in. This an-
tiferromagneticc ordering is most pronounced for UfPto.gsPdo.os^. As we study both 
UPt3]] with a pure heavy-fermion state, as well as UfPto.ssPdo.osJs, a systematic study 
off  the simultaneous presence of heavy-fermion behaviour with long-range antiferro-
magneticc ordering can be performed. That long-range antiferromagnetic ordering is 
off  interest because of the relation between heavy-fermion behaviour and Hubbard 
models.. For the latter it is known that under the proper conditions they resort to an-
tiferromagneticc ordering ([14][15][16] [17]). According to our model considerations this 
antiferromagneticc ordering should greatly "stabilize " the heavy-fermion behaviour. 
Thiss means that in the region where long-range antiferromagnetic ordering is observed 
inn combination with heavy-fermion behaviour, temperature and field should be com-
paredd to the characteristic temperature and field of the antiferromagnetic ordering 
andd not of the heavy-fermion behaviour, This is in contrast to the temperature-field 
regionn where only heavy-fermion behaviour exists. 

Furtherr increasing the Pd concentration suppresses the long-range antiferro-
magneticc ordering. 

Ass the Pd concentration is increased from 0 atomic % up to 10 atomic % 
characteristicc temperature and field get more and more suppressed. The characteristic 
fieldd for UPt3 is 20 T. For U(Pt0.9Pd0.i)3 the characteristic field is 0 T, i.e. the heavy-
fermionn state is completely suppressed by the Pd-doping. But a remarkable feature is 
thatt the 0 T thermal-expansion measurements on U(Pto.9Pd01)3 resemble very much 
thee 20 T thermal-expansion measurements on UPt3. It seems as if Pd doping and 
magneticc fields have a similar effect on the heavy-fermion behaviour. 

Iff  the effect of applying a magnetic field (or Pd doping) on heavy-fermion 
behaviourr is to shift the peak in the density of states at the chemical potential to 
lowerr energies, the characteristic field B* is then simply the field needed to shift the 
peakk just below the chemical potential. For fields just exceeding B*, no heavy-fermion 
behaviourr is detected in thermodynamic experiments at the lowest temperatures. But 
sincee the peak in the density of states still exists, only at a slightly lower energy 
thann the chemical potential, as temperature increases its states should start to be 
observablee in thermodynamic experiments. We wil l call this feature "re-entrant 
heavy-fermionn behaviour". Dilatation experiments are an ideal technique for these 
purposes.. The presence of heavy-fermion behaviour reveals itself simply as a valley 
inn a three-dimensional plot of the length versus temperature and field. 

Thee heavy-fermion behaviour in the U(Pti_a;Pda!)3-compounds is highly anisotropic. 
Thee features to which characteristic temperatures and fields can be assigned mostly 
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occurr in the a,b-plane and are generally not detected along the c-axis. On the other 
hand,, the response along the c-axis is considerable. Whereas the overall crystal struc-
turee is conserved for these low concentrations of Pd doping, the ratios of the three 
crystall  axes with respect to each other changes (it is not so much the molar volume 
whichh changes). I t seems clear that the c-axis response must have an electronic origin. 
Howw does the c-axis response depend on the c/a ratio? Is there a region for the c/a 
ratioo where the c-axis response is more closely related to the a,b-axes response than 
inn other regions? 

Thesee are just some of the interesting features of the U(Pti_rPda;)3-compounds. 
Inn a later chapter a more detailed listing can be found. 
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Chapterr 2 
GENERALL REVIEW OF CONCEPTS AND RELATED 

PHENOMENA A 

2.11 Introductio n 

Heavy-fermionn behaviour is characterized by an ensemble of many different striking 
features.. As there are: the high value of the effective mass, the small but essentially 
non-zeroo value of the magnetic moment, the high value of the Grüneisen parameter, 
thee apparent presence of only one energy scale, etc.. Each of these features will be 
introducedd in detail. It is not so much a single one of these properties which sets 
heavy-fermionn behaviour apart (although the high effective mass gave it its name) but 
itt is the combination of properties. Many of these features can be observed separately 
inn various other systems. The special aspect of heavy fermions is that these properties 
appearr simultaneously and in an extreme form (the size of the effective masses, the 
smallnesss of the magnetic moments, the single energy scale, etc.). 

Wee consider heavy-fermion systems as a periodic array of magnetic ions in a 
metallicc host. Two classes of problems are put forward: one is related to the effects 
off  a single magnetic ion in a metallic host while the other is related to the periodic 
andd dense arrangement of the magnetic ions. 

Wee expect to encounter similar features as observed for a single magnetic ion 
embeddedd in a metallic host. The first author who developed a theoretical treatment 
forr the case of a single magnetic ion in a metallic host is the Japanese theoretical 
physicistt Jun Kondo[l]. Materials to which his theory is applicable are often referred 
too as "Kondo systems". 

Wee will demonstrate how, empirically, the single-ion Kondo effect and heavy-
fermionn behaviour share many features. But we will also demonstrate that there are 
experimentall  observables which are incompatible with the standard Kondo mecha-
nism.. Furthermore, we will show that from a theoretical standpoint the theories de-
velopedd for Kondo systems cannot simply be extended to the case of heavy-fermion 
systemss in which the magnetic ions are arranged periodically (and dense). 

Fromm a bandstructure point of view, one of the features of the Kondo system 
wee will emphasize (in our comparison to heavy-fermion systems) is the enhancement 
off  the number of low-energy excitations at low temperatures. A narrow peak in the 
densityy of states at the Fermi energy is formed. The width of this peak can be as low 
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ass several kelvin. This small energy scale opens doors for the observation of special 
phenomena.. Such a peak is commonly referred to as "the Abrikosov-Suhl resonance" 
orr "Kondo resonance". 

Empirically,, many experiments suggest the existence of a similar but even more 
explicitt situation for the case of heavy-fermion behaviour. The high effective mass, 
forr instance, implies that as heavy-fermion behaviour sets in at lower temperatures 
muchh more energy can be stored in the electronic system. As standard Kondo theories 
cann not straightforwardly be extended to heavy-fermion systems, we wil l take a closer 
lookk at the origin of the Abrikosov-Suhl resonance from more general Fermi-liquid 
arguments. . 

Thee periodic arrangement of magnetic ions in heavy-fermion systems is not 
uncommonn for magnetic materials. Similar magnetic-ion arrangements can be found 
inn "regular" magnetically ordered local-moment systems (e.g. ferromagnetic and an-
tiferromagneticc materials) that do not display heavy-fermion behaviour. If any mag-
neticc ordering is observed in heavy-fermion systems, it is generally antiferromagnetic. 
Manyy antiferromagnetic materials are insulators. Their magnetic interaction is not 
mediatedd by conduction electrons but by diamagnetic ions (super-exchange mecha-
nism).. Heavy-fermion materials are metallic and the interaction between magnetic 
ionss is expected to be mediated by the conduction electrons. A specific magnetic 
interactionn which is long range, which allows for antiferromagnetic ordering and in-
volvess conduction electrons is the RKKY (Ruderman, Kittel , Kasuya and Yosida) 
interaction.. The RKKY interaction gives rise to a variety of magnetic structures, 
includingg antiferromagnetic as well as ferromagnetic ordering. The preference of 
heavy-fermionn behaviour for antiferromagnetic ordering seems experimentally to be 
established. . 

Inn most theoretical treatments of heavy-fermion systems, still the focus is on 
thee RKKY interactions. Why these interactions are of particular interest wil l be 
discussedd in detail. We wil l also shortly mention the techniques available and the 
problemss involved in merging the Kondo and the RKKY interactions. Basically, the 
problemm of presenting a consistent theory for heavy-fermion behaviour turns out to be 
thee incompatibility between theories dealing with the magnetic interactions between 
ionss and the ones dealing with the effects of a single magnetic ion in a metallic host. 

I nn later chapters we wil l suggest an alternative mechanism for the origin of the 
magneticc interactions by introducing the Hubbard model. This model can be seen 
ass a periodic arrangement of magnetic ions with individual electrons hopping from 
sitee to site (the role of the conduction electrons in this case is reduced to "inter-
mediator").. Such Hubbard systems are known to order antiferromagnetically under 
particularr conditions (consistent with the preference for antiferromagnetic ordering in 
heavy-fermionn systems). The only manner by which these systems can be forced to 
orderr ferromagnetically is in the presence of a strong spin-orbit coupling. A further 
advantagee is that the Hubbard model is not in direct conflict with single-ion effects. 
AA disadvantage is that Hubbard systems form an almost as impenetrable Bastillon 
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inn correlated-electron physics as heavy-fermion behaviour itself is. 

2.22 Heavy- fermion behaviour  and Kond o sys tems 

Mostt heavy-fermion materials contain either Ce, Yb or U, all elements with not-
completelyy filled 4f or 5f shells. In heavy-fermion materials, the concentration of 
magneticc ions can be as high as one per unit cell. Heavy-fermion materials are, 
therefore,, often referred to as "dense Kondo lattice systems". 

Sincee the thirties of last century, it has been known that in diluted mag-
neticc alloys the low temperature resistivity, instead of dropping monotonically with 
decreasingg temperatures, displays a shallow minimum at a temperature 7 ^ , after 
whichh it starts to rise again with a logarithmic temperature dependence throughout 
aa few decades of temperature around a characteristic temperature Tchor- At Tmjn, the 
phononn contribution to the resistance (decreasing with decreasing temperatures) is 
compensatedd by an effect for which Tchor is the important characteristic temperature 
orr energy scale. Tchor can vary from a fraction of a kelvin to a few hundred kelvin. 
Thiss phenomenon is called the "Kondo effect" and TChor the "Kondo temperature" 
([1]).. Tchor is determined by comparing experimental data for specific heat, magneti-
zation,, etc., with theoretical predictions. Data obtained by different techniques must 
bee related to each other by the same Kondo temperature. 

Kondoo explained the observed anomalous resistance behaviour in terms of 
scatteringg processes in which both the conduction electron and the magnetic impurity 
mutuallyy fli p their spin. He showed that such processes become predominant for T 

"^^ *  char

Thee Kondo problem is basically an interaction between conduction electrons 
andd impurites with internal degrees of freedom (the orientation of the magnetic mo-
mentt of the ion). 

Inn the absence of any internal degrees of freedom for the scatterer, the compu-
tationn of the scattering cross section reduces to a one-electron problem. * Scattering 
ratess are independent of the Fermi-Dirac distribution functions other than those of the 
initiall  and the final states. If we do not consider phonons this leads to a temperature 
independentt contribution to the total resistivity. 

Thiss completely changes when internal degrees of freedom are involved .̂ 

'Iff  this would not have been the case it is hard to understand how a theory as the Drude formalism, 
developedd before the introduction of quantum mechanics, could have been so highly succesful. The 
onlyy refinement quantum mechanics introduces is that attention has to be restricted to states within 
ann energy range k^T of the chemical potential. 

tAss a demonstration consider only second-order processes in which an electron with quasi-
momentumm k and a spin | is scattered into a final state k' |. Note that the net spin is conserved. 
Thee magnetic moment of the impurity measured along the same spin axis is measured by the op-
eratorr S«. We assume for such a magnetic moment a two-fold degeneracy. The non-commutating 
raisingg and lowering operators are represented as S+ and S_ respectively. 

Att considering the intermediate states we can distinguish four groups, either the intermediate 
statee has an identical spin and can be occupied or non-occupied or it has an opposite spin, again 
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Inn that case, the second- and higher-order scattering processes in which the 
locall  moments are affected, depend on the occupation densities of the intermediate 
statess involved (see e.g. [2], [3] and [4] for more detailed information). 

AA logarithmic temperature dependence for the resistivity is a direct conse-
quencee of such scattering events, involving intermediate one-electron states. In the 
formalism,, the many-body nature of the problem emerges through the Fermi-Dirac 
distributionn functions of such intermediate states. 

Inn the literature many different treatments of the Kondo problem can be found. 
Thee highly successful theoretical approaches include Wilson's numerical renormaliza-
tionn group methods ([6], [7]), the simpler renormalization group approaches of An-
dersonn ([8]) and Nozières ([9] [10]) and the exact results based on the Bethe Ansatz 

([11]]  [12]). 
AA second observation for Kondo systems is that for T < Tchar a true correlated 

many-electronn state is established, in which the magnetic impurity forms a singlet 
wit hh the surrounding conduction electrons (section 2.5, [5]). The local magnetic 
momentt becomes effectively screened by the metallic host. Connected to this singlet 
formation,, one observes a spin susceptibility, X-> which is suppressed as compared to its 
high-temperaturee local-moment Curie-Weiss behaviour. At T ~5> TK , a local-moment 
behaviourr is observed well described by the Curie-Weiss form: x~l varies linearly 
wit hh T. Its local moment is of a size comparable to the free magnetic moment of 
thee impurity. As temperature is lowered, already for T « 7K, the effective moment 
derivedd from the slope of the x _ 1 versus T curve is reduced. Residual effects of the 
screeningg by conduction electrons (singlet formations) persist up to relatively high 
temperaturess because of a similar logarithmic temperature dependence as for the 
resistivity. . 

Inn connection with this singlet formation, an excess specific heat is observed. 

eitherr occupied or empty. For the opposite spin case the scattering process is associated with spin 
flipss of the magnetic moment of the ion. Let us discuss the four options. 

kk | Is first scattered into an empty intermediate state q f and then into k' |- This process is 
proportionall  to the probability that the intermediate state q 1 is empty, 1 — n (q ]). 

Thee second option is that the state q f is occupied. In this case first the occupied state q | is 
scatteredd into k' | and then the k | state is scattered into the now empty q ] state. This scattering 
porcesss is proportional to the occupation density of the intermediate state q f, n(q f). So the net 
scatteringg rate of k J into k' \ via thee intermediate state q f is independent of the occupation density 
off  q \. Such scattering mechanisms occur both for impurities with and without internal degrees of 
freedom. . 

Considerr a state k f being scattered into an originally unoccupied q j . state while simultaneously 
SSgg is increased by unity under the action of S+ (net spin is conserved). After q j is scattered into the 
k'k' | state, simultaneously Sz is decreased by S_. The sequence of operators is first S+ and then S_. 
Thiss process is proportional to the degree the state q J. is empty. We could also have started with q j 
occupied.. In that case first the occupied state q [ is scattered into k' \ accompanied by an decrease 
off  Sz by unity, after which the state k \ is scattered in the now empty q J, state accompanied by an 
increasee of Sz by unity. The sequence of operators this time is first S_ and then S+. As a result of 
S+S_—S_S++ ^ 0 , i.e. the net scattering rate of k t into k' | via the intermediate state q [ is no 
longerr independent of the occupuation density of the intermediate state q |. 



Heavy-fermionHeavy-fermion behaviour and Kondo systems 25 5 

Thiss can be understood in terms of fermion excitations by invoking an enhanced 
densityy of states at the Fermi level. In terms of energies, this enhancement is limited to 
aa narrow peak of width IS&TK at the chemical potential. This peak is usually identified 
withh the "Abrikosov-SuhT- or "Kondo resonance" mentioned earlier (section 2.5.4, 
[4],, [14], [2], [15] etc.). 

Thee limited energy width of this Abrikosov-Suhl resonance fixes a maximum 
forr the uncertainty of the quasi-momentum vectors of the states within that peak. 
Inn terms of a Fermi-liquid description we conclude that as the width of the Kondo-
resonancee peak is AE = ksTk, the maximal inaccuracy for the quasi-momentum 
vectors,, AA:, for the states involved is of a general form: Afc w (AEm*)/(h2ks)^ 
wheree m* and kp represent the effective mass and the Fermi vector, respectively. Due 
too the uncertainty principle of Heisenberg this results in a minimal uncertainty in 
reall  space, i.e. a coherence length, £K. Since TR is normally of the order of tens 
off  degrees of kelvin, this scale is normally thousands of lattice spacings, i.e. in the 
orderr of several micrometers. A cloud of substantial radius of surrounding conduction 
electronss is involved in the singlet formation with a particular magnetic ion. £K can 
bee interpreted as a measure of the radius of the Kondo cloud . 

Evenn in very dilute systems with a concentration of 1 part per 106 magnetic 
impurity,, the typical distances between impurities is about 100 lattice spacings, much 
smallerr then £K. Separate impurities have overlapping Kondo clouds. It is, therefore, 
surprisingg that the Kondo effect as predicted for a single impurity is observed at 
allall  Impurity resistivity, susceptibility, etc. are as theoretically expected based on a 
singlee impurity and scale linearly with the magnetic ion concentration. This suggests 
thatt no correlation effects between impurities are present. In heavy-fermion materials 
thee concentration of the magnetic impurities is extremely high and deviations of the 
Kondoo behaviour are apparent. But the problem of why diluted systems do not 
displayy correlation effects (behave so extremely single-ion like), is of as fundamental 
aa nature. Although the single-ion Kondo effect is probably one of the best studied 
correlated-electronn phenomena in condensed matter physics this problem still puts 
upp some intriging puzzles, first indicated in [13], [16] [17], [18], [19], [20] [2] etc.. 

Forr heavy-fermion behaviour, the observed strongly enhanced linear tempera-
turee coefficient of the specific heat, suggests an enhanced density of states at the Fermi 
level.. As an heuristic approach to describe heavy-fermion behaviour, a similar peak 
inn the density of states as for Kondo systems, but of width ILBT* where T* represents 
thee characteristic temperature for the heavy-fermion behaviour, is assumed which is 
highlyy successful in explaining a wide variety of experimental findings (among which 
aree the ones described in the last part of this thesis). 

Likee for the Kondo effect, we expect the existence of only one important energy 
scalee related to the width of the peak for heavy-fermion behaviour, kfiT** . This seems 
supportedd by experimental findings such as Grüneisen analyses. A Grüneisen param-
eterr expresses the relative volume dependence of a certain thermodynamic property 
((dlnX/dhiV),((dlnX/dhiV), where X and V represent the property of choice and the volume, re-
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spectively).. I t is the low-energy physics which is of concern here (for low temperature 
thermodynamicc experiments). One can determine Grüneisen parameters for various 
propertiess such as for e.g. characteristic temperatures and fields as observed in ex-
periments,, coefficients of the low-temperature linear specific heat, susceptibility, or 
evenn for the relevant energy levels involved, etc.. The latter can be determined with 
thee help of an expression involving combinations of specific heat, thermal expansion 
andd compressibility data determined from standard thermodynamics. Experimen-
tally,, it is observed that various Grüneisen parameters are all of the same size for 
heavy-fermionn systems ([21], [22], [23]). This suggests a single-energy scaling. A 
moree detailed discussion can be found in in the experimental part of this thesis. 

Thee value of the characteristic temperatures that can be identified with the 
anomalouss features as observed directly in data obtained by different experimental 
techniquess might differ between various techniques. This is also the case in the Kondo 
effect,, where theory tells us how to relate these different temperatures to a single 
energyy parameter. Such a theory is lacking in the case of heavy-fermion behaviour. 

Inn non-superconducting heavy-fermion systems at the lowest temperatures the 
resistivityy seems proportional to T2 (a typical feature of Fermi-liquid theory, Eq. 
(2.137)).. While their residual resistivity can be almost metallic like (in the order of 
fxtlcm,fxtlcm, depending on purity of samples etc.), the X2 pre-factors are 104 to 106 times 
enlargedd with respect to simple metals ( [35]). In terms of a Fermi-liquid theory, this 
iss a typical feature of electron-electron scattering. 

Single-energyy scaling is inferred also from a comparison of such resistivity data 
andd the low-temperature specific heat. A linear relation exists between the size of the 
T 2 lss pre-factor in the resistivity and the square of 7, the linear temperature coefficient 
off  the specific heat. This is in agreement with the Fermi-liquid notion that as the low 
temperaturee linear part of the specific heat is proportional to the enhanced density 
off  states at the Fermi energy, the temperature dependence of the resistivity should 
bee proportional to this density squared ([25]). 

Thee Wilson ratio is defined as: 

**  - (£)> 
withh A = g2fi2Bj(j  + l) (2.2) 

wheree x represents the low-temperature susceptibility and j the total angular-momentum 
quantumm number, respectively. 

Manyy theoretical papers start with restating the observation that for heavy-
fermionn behaviour H « 1 holds ( (e.g. [24], [26], [27], [28], [29], [30] and [31] )). The 
observationn R = 1 would suggest that both the low-temperature 7 and % should be 
proportionall  to the same density of states at the Fermi level (as is also the case for a 
Fermii  gas). 

Forr the single-ion Kondo problem one obtains R = 2 (see section 2.5.4); a fact 

(2.1) ) 
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bothh experimentally and theoretically well established. In this case, an alternative 
definitionn of the Wilson ratio is: 

** = 7^r4- (2-3) 

wc""  denotes the conduction-electron values in the absence of the magnetic impurity 
whilee "imp" denotes the impurity contributions. Instead of using conduction-electron 
valuesvalues as reference, one could also take a different frame of reference. But whatever 
onee tries, the discrepancy with respect to R = 1 is still present. This implies that the 
enhancementt of the specific heat and of the susceptibility cannot be seen as solely 
thee consequence of an enhanced density of states at the Fermi level. 

Inn the temperature dependence observed in the resistivity data of some of the 
heavy-fermionn compounds, two different characteristic temperatures can be assigned. 
Forr T < Tmia an increase in resistivity is observed as temperature is lowered (sim-
ilarr as in the single-ion Kondo effect), but unlike as for Kondo systems, after some 
maximumm a rapid decline to a relatively small zero-temperature value is observed. 
Onee could assign to this deviation point a coherence temperature, T„^, interpreted 
ass the temperature below which lattice coherency starts to be important (causing the 
deviationss from pure Kondo behaviour). In such resistance behaviour, two tempera-
turee scales could be identified, one for the single-ion Kondo effect and one related to 
heavy-fermionn behaviour, To^. 

Ass the typical values for the resistivity are of the same order as for typical 
metals,, we assume the electrical transport to be also diffusion driven in this case. 
Therefore,, it is hard to determine electronic structures from straightforward trans-
portt measurements, unlike in the ballistic regime. The question concerning the nature 
off  the excitations by which the current is carried is still open. If, for example, lighter 
andd heavier quasi particles would be present at the Fermi surface for heavy-fermion 
behaviour,, from a simple Drude formalism it would be to be expected that the cur-
rentt is predominantly carried by the lighter quasi particles probing the heavier quasi 
particles.. This probing can also have a temperature dependence. For thermodynamic 
propertiess such as specific heat and magnetization the disturbing effects of the lighter 
quasii  particles present at the Fermi surface is minute. One probes more directly the 
propertiess of the heavier quasi-particle excitations, unlike as for for resistance mea-
surements. . 

Att least the features in such resistance measurements of some heavy-fermion 
systemss drive home the close relation between Kondo and heavy-fermion behaviour. 
Thee resistivity of UPt3 decreases monotonically with decreasing temperature, so that 
T ^^ is undefined. Such resistivity behaviour is, however, by no means universal for 
heavy-fermionn compounds. 

Althoughh the Kondo effect and heavy-fermion behaviour are obviously related, 
alsoo fundamental differences exist between the two. 
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Somee properties are qualitatively similar, e.g. the high effective mass per 
magneticc ion, the apparent formation of a peak in the density of sates at the Fermi 
levell  and the single energy scaling. Other properties even differ qualitatively: e.g. the 
extremelyy small but essential non zero local magnetic moment in the case of heavy 
fermionn systems versus the absolute zero local moment for Kondo systems (singlet 
formation)) and the difference in Wilson ratios. Compared to the Kondo systems,, the 
extraa ingredient present in heavy-fermion systems is the periodic dense arrangement 
off  the magnetic ions. Correlation effects between magnetic ions must be present. 
Thesee correlation effects are considered to be responsible for the observed differences 
betweenn the Kondo and the heavy-fermion systems. 

2.33 Correlat io n effects 

Forr some heavy-fermion compounds, it is possible to dilute the concentration of mag-
neticc ions to the single-ion Kondo limi t (mostly Ce compounds were part of the Ce is 
replacedd by La). The Kondo temperature obtained for the dilute limi t (by the method 
justt described) can be extrapolated to the high concentration limit . The extrapolated 
Kondoo temperature is much larger than the observed characteristic heavy-fermion 
temperaturee would suggest. Is the effect of correlations simply a renormalization of 
thee energy scale fce^V? The interpretation of experimental data from various ther-
modynamicc techniques (e.g. specific heat, susceptibility etc.) in the framework of the 
standardd Kondo effect with a reduced value for TK is far from perfect. One cannot 
simplyy conclude that the effect of the correlations is to renormalize TK. Also some 
featuress differ even qualitatively from straightforward single-ion Kondo behaviour (as 
theree are an extremely small, but essentially non-zero, magnetic moment, a Wilson 
ratioo equal to unity, etc.). 

Followingg the argument of Nbziéres ([32]), in such Kondo-lattice systems the 
concentrationn of magnetic ions versus available conduction electrons is so high that, 
iff  one would disregard correlation effects and try to form individual Kondo singlets 
att each magnetic ion separately one would run out of conduction electrons and fail. 
Magneticc ions have to share conduction electrons, resulting in an effective interaction 
betweenn different magnetic ions. This interaction is usually pictured as magnetic, 
i.e.. a correlation between the magnetic moments of the different sites. In terms of 
""  Kondo clouds" the clouds overlap in the extremest sense. 

Evenn if the concentration of conduction electrons is more than ample to form 
individuall  Kondo singlets at separate f sites, the fact that so many conduction-
electronn states have interactions with more than one magnetic-ion site simultaneously, 
causess a coupling between the magnetic ions (see section 2.3). 

Considerr the following oversimplified model system. The local moments, in-
steadd of being carried by a number of f electrons coupled according to Hund's rules, 
wil ll  be taken to have spin (1/2). We start with two magnetic ions (« = { 1 , 2 } ) 
welll  separated. Their f states we represent by the creation operator ƒ/ , a = {T , 1} 
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denotess the spin index. Each magnetic ion separately forms a Kondo singlet with its 
surroundingg conduction states. 

Forr the sake of argument we oversimplify such Kondo singlets and represent 
themm as a singlet formed between f}ff and one conduction state. The latter we 
representt by the creation operator ci(T. In this case the total ground state is simply: 

i*>**  = \ (f!A,i - ft A,,) (flAi - flcl) 1°). (2.4) 
wheree |0) denotes the remainder of the ground state involving the other n - 2 electrons. 

Ass we bring the magnetic ions closer and closer together, at some point the 
conductionn states associated with c\i(T and c\a, start to have interactions with the 
"other""  magnetic ion. Conduction-electron states originally involved in the single-ion 
Kondoo singlet states of one magnetic ion can now be involved in the single-ion Kondo 
singlett states of the other magnetic ion. One could approximate the ground state as: 

W**  = ?* (flAi - flA,r) (fiA,i - AAA) l°> 

+\f*+\f*  (/I,T4,I - flA) (/ircli - ftich) 10) • (2-5) 
andd determine the values of a and j3 by minimizing the energy. For the situation |aj 
== |/31, conduction-electron states are equally shared by the two f sites. 

Eq.. 2.5 can be rearranged as: 

(flftAAi)(flftAAi) + (fUKAr) - (+! (fhfti+flAi)  (4A2,i+<As)) 

~\~\{a{a + # [I  (fy  ̂ - fl^) (clr4a " <A,rj\}  |0>. (2.6) 
Thee three terms in the first set of rectangular brackets represent a state in which the 
twoo f states and the two c states form triplets (sf = sc = 1) and these triplets are 
coupledd in a singlet. The second set of rectangular brackets corresponds to 3f = sc = 
0.. Depending on the respective sizes of a and /?, the two states will be in a singlet 
orr triplet arrangement. As will become clear in the following sections, the situation 
iss even more complicated than this. In the simple example above, this complication 
stemss from the fact that either the c states 1 or 2 can be doubly occupied and the other 
cc state remains empty. As double occupation of the c states does not involve much 
extraa energy, such states should also be considered at discussing the ground state. 
Thee above discussion was meant to illustrate the difficulties that arise in a discussion 
off Kondo compensation of more than one moment simultaneously. It hardly needs to 
bee stated that a three- dimensional lattice of overlapping Kondo sites constitutes a 
formidablee challenge. 
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2.44 T h e s ingle- impur i t y Anderson model and th e Per iodic-Anderson model 

Inn the Kondo-lattioe model, discussed in the preceding section, an antiferromagnetic 
interactionn between local moments and conduction electrons is assumed. It must be 
realisedd that the Coulomb interactions, in combination with the Pauli principle, are 
thee only source for " magnetic" interactions. 

Inn terms of Coulomb interactions, the description of heavy-fermion systems 
startss with a lattice of localized magnetic ions embedded in a metallic host. The 
essentiall  ingredients are: a weak ligand hybridization between the f and conduction-
electronn states and a large on-site Coulomb repulsion present at individual f sites. 
Thee localized f states of the magnetic ions hybridize with the s, p, or d states of 
theirr ligand atoms. This is a single-electron interaction. The ligand hybridization is 
smalll  but of importance. In heavy-fermion systems, the distance between adjacent 
magnetic-ionn sites is above the so-called Hil l limit , indicating the absence of a direct 
hybridizationn between f orbitals at different sites. This model wil l be referred to as 
thee Periodic-Anderson model. 

AA description of a single magnetic impurity in the Anderson model contains the 
following:: the energy dispersion, e(fc), of the conduction electron band; the binding 
energy,, €f, of the f state to the magnetic impurity; the large Coulomb repulsion, U, 
betweenn two electrons occupying the same f site; and a small (ligand) hybridization-
matrixx element, Tm,a (fc), which couples the localized f state to the conduction-electron 
states.. Hence: 

tfsiagietfsiagie = £ e (*) 4 ^ * * + < *£ƒ£ƒ»» (2.7) 
k,<rr  m 

++ Y, {T™,° (k) fmc  ̂ + T  ̂ (k)*  cljm) + \UJ2 "f,mnf,ra, 
k,mm mj=m' 

wheree <r denotes the spin index of the conduction electrons and m labels the z-
componentt of the total angular momentum of the f state. The operators p and 
c**  (ƒ and c) denote the creation (annihilation) operators for the conduction- and f 
electronn states respectively, and n<m = f^fm- Usually one takes a simpler form of 
thiss Hamiltonian, neglecting the orbital degeneracy of the f state, retaining only the 
two-foldd spin degeneracy: 

k,<rr  <T 

++ £ {T(k) fie*. + T (k)*<„ fa}  + UnLrnfd. 
k,<7 7 

Thee single-impurity Anderson model can be extended to a periodic arrangement. In 
termss of a band picture, let / ^ represent the Bloch form of the tight binding f state, 
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ft t 

wheree f  ̂ denotes the creation operator of an f state at site R* and spin cr. iVk is the 
totall  number of k vectors in one Brillouin zone. Let T (k, i) denote the hybridization 
betweenn an f state at site i and a conduction state with quasi momentum k, both 
withh spin a. Its size is proportional to the overlap of the respective wavefunctions. 
Withh the help of Eq. 2.9, T(\c,i) (oc < 0/^ | H | c^O >) can be represented as: 

T ( k , ï ) = r ( k ) e -i k , R SS (2.10) 

wheree T (k) is solely dependent on k. An extension to a periodic arrangement of f 
sitess would result for the hybridization term in Eq. 2.8 in: 

££ £ [T (k, t) /ick>.+T*  (k. o <,/*,}  = E {nwW,+T*{\S)C{J^) . 
ii  k,a k,ff 

Thee total Hamiltonian, referred to as the periodic Anderson model, reads as: 

Aperiodicc = Ee( k ) c k C k . * + E C f ^ i U ^ k > f f (2.11) 
k,t77 k,<r 

baree conduction band bare f band 

++ E { T (k) ft«c*>° + r*  (k) clJ  ̂ } 
k,<r r 

hybridizatio nn term 

on—sitee repulsion term 

Wee will use this model as the basis of our theoretical framework. We assume ef, the 
energyy of the bare f level, to be much less than the Fermi energy, fj, (T = 0). Double 
occupancyy of an ƒ site will cause an extra on-site repulsion energy, Uy so that the 
averagee energy per electron, ef + (1/2) U> exceeds /i (T = 0). It is generally assumed, 
thatt this is the correct parameter setting for heavy-fermion behaviour. Furthermore, 
wee assume \T\/(n — €f) <C 1. Often it is assumed that U/ (fj. — ef) » 1, i.e. U can 
effectivelyy be treated as infinitely large. A more realistic estimate for heavy-fermion 
systemss is: U{ {p, — 6f) « 2.5 (as in a previous chapter indicated). U is insufficiently 
largee as compared to the other energy scale to be <i priori  set as infinite. Basically, 
thee on-site repulsion should be of a much more complex form than presented here. 
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HuncTss rules should result from it. Here, the only conclusion which is retrieved from 
suchh interactions is that it is large as compared to other typical energy scales. 

Measuringg all energies with respect to the Fermi energy, €f can also be inter-
pretedd as a many-body energy corresponding to an excitation from a f1 to a f° config-
urationn of a magnetic atom with the f electron moving to a state at the Fermi energy. 
E.g.,, for a Ce atom this would be from a 4f1(5d6s)3 configuration to a 4f°(5d6s)4 

configuration.. This makes ef accessible to XPS measurements. Similarly, U could 
bee connected with a f1 to a f2 transition. As ef + U > /z, this makes it accessible 
forr BIS measurements. There exists no reliable way to estimate \T] in Eq. 2.11. 
AA rough estimate can be obtained by calculating the overlap of the ligand orbital 
wavefunctions.. From band-structure calculations, the hybridization interaction may 
havee considerable structure. Nonetheless, the hope remains that such a structure is 
nott essential to treat heavy-fermion behaviour. 

2.4.I2.4.I Short note: Why is the Periodic-Anderson Hamiltonian hard to solve? 

Unfortunately,, no exact solutions for Periodic-Anderson Hamiltonians as Eq. 2.11 
aree known. 

Wee have no other alternative for representing a Hamiltonian than in terms of 
single-electronn excitations {c\a, 4 j . One part of the Hamiltonian, the on-site repul-
sionn term, is best represented in terms of single-electron states based on a real-space 
representationn index. If we use a reciprocal space representation for this term, all 
k-vectorss are coupled to all other k-vectors. This is also the term to which the many-
bodyy interactions are related. The remainder of the Hamiltonian is best diagonalized 
inn terms of single-electron states using a reciprocal vector representation index. In 
somee sense, it is the Heisenberg uncertainty principle which forbids us to form a 
compromisee between the reciprocal and real-space representations. 

Thee Hamiltonian as a whole satisfies lattice translational symmetry. Hence, it 
mustt conserve the net quasi momentum. There is no such restriction for individual 
electronn states. 

Forr BCS superconductors, where a similar situation occurs, we are able to 
"guess""  the form of the ground state and its excitations in terms of two-particle exci-
tations.. Such a guess is not available here. 

I nn the case of the single-ion Kondo effect, the on-site repulsion is so large 
thatt simply by restricting attention to states where the ion stays integerly occupied, 
simplifiess the problem sufficiently to treat it. 

Forr technical reasons, much of the work on the Periodic-Anderson Hamilto-
niann has been done for the limi t of infinitely large on-site repulsion. This enforces 
individuall  magnetic-ion orbitals to be integerly occupied. It simplifies matters some-
what. . 

Forr the case of a periodic arrangement of ions, as in heavy-fermion systems, 
wee get more and more convinced that it are the deviations from integer occupancy 
whichh are of importance. 
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Wee will even suggest that properties as the size of the effective mass and the 
sizee of the effective magnetic moment scale with these deviations. 

Thee Hubbard models are for similar reasons treatable in the limit that each 
magneticc ion stays integerly occupied. In that case it resolves in a Heisenberg anti-
ferromagnet. . 

Manyy different approximations have been developed for the Periodic-Anderson 
Hamiltonian,, as reviewed by Lee et oL ([33]) and Fulde et <d. ([14]). Examples 
aree strong coupling approximations which include direct decoupling of the hierarchy 
off  equations of motions for the Green's functions, variational methods ([34]) and 
expansionss in the inverse powers of the spin and orbital degeneracy of the f levels, 
N.N. The latter are generalizations to the lattice equivalent of methods used for the 
singe-impurityy problem referred to as the 1/JV expansion. The decoupling scheme 
andd the variational methods depend on the initial choice of allowable states and are 
nott systematic. 

2.55 A single magnetic impurit y 

Inn this section, we will re-examine the mechanisms at work for the single magnetic-
ionn case in detail. A point of interest will be the singlet formation of the ground 
state.. The question is, how much of this singlet formation is retrieved for heavy-
fermionn behaviour. In section 2.5.1, it will be demonstrated on a simple-molecule 
modell  that the singlet state formation is the result of a ligand hybridization and the 
Paulii  principle. 

Anotherr point of interest is the formation of the Abrikosov-Suhl or Kondo 
resonancee peak in the case of the single-ion Kondo effect. Here, we will analyze the 
single-ionn Kondo resonance peak in detail, focusing particularly on the features and 
low-energyy excitations within that peak. From this, it immediately becomes clear 
thatt a similar treatment cannot be adapted to heavy-fermion behaviour. We will also 
identifyy the origin of the R = 2 result in detail for single-ion Kondo systems. 

Inn this section, we will not concern ourselves too much with the angular mo-
mentumm degeneracy of the valence states of the magnetic ions. We simply label them 
byy a (pseudo-) spin index. 

2.5.12.5.1 A small molecule 

Wee will discuss a small molecule which we will refer to as the "Fulde molecule"as it 
hass first been prompted in a book by Prof. Fulde ([3]). The basic mechanisms at 
workk for a single magnetic ion are best illustrated using the following simple model. 
Wee consider a small molecule consisting of two electrons distributed over two orbitals 
denotedd as c (for conduction) and f (for 4f or 5f). The f and c orbitals are primitive 
versionss of a not-completely-filled f shell in a magnetic ion and a state on its ligand 
atom,, respectively. We assume the corresponding orbital energies to be et and ec, with 
eff  < ec. Two electrons in the f orbital will repel each other with an energy U 3> ec -
€f.. The Coulomb interaction corresponding to the doubly occupied c orbital (or when 
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ff  site cc site 

Figuree 1 A small molecule consisting of a magnetic ion and its ligand atom. The f and c site 
aree primitive versions of such atoms consisting of only one orbital representing a not completely 
filledd f shell in a magnetic ion and a state of its ligand atom respectively. Such f and c orbital, 
withh orbital energy Cf and ec (ec > £f) are weakly coupled through a ligand-hybridization 
matrixx element, T. When two electrons occupy the f site their mutual Coulomb repulsion is U. 
Thee orbital of the c site is assumed to be extended so that Coulomb interaction involving a c 
electronn can be disregarded. 

onee electron is in the f and the other in the c orbital) is discarded. This is justifiable 
iff  the c orbital is sufficiently spatially extended. We assume the hybridization, T, 
betweenn the f and the c orbital to be small, i.e. \T\ <C£C- £f • 

Inn Fig. 1, the system is schematically depicted. Its Hamiltonian reads as: 

HH = J2 ie<ctc° +  etflfo + {Tflc° + T*clfa) } + £/nf,Tnfii (2.12) 

wheree cj. (cCT) and / j {fa) create (annihilate) electrons with spin a for the c and f 
states,, respectively, and where rii ia = f£fa. The resemblance to the Hamiltonian 2.8 
iss apparent. For |T | = 0, the ground state energy is E0=  €f + ec, one electron in the 
ff orbital and the other in the c orbital. This state is fourfold degenerate. Since for 
\T\\T\ =£ 0, Hamiltonian 2.12 still conserves total spin, it is straightforward to construct 
thee two electrons in the singlet or triplet states. 

|ss  = 0) 

\S\S = 1,771 = 1 

|T|=0 0 

|T|=0 0 

\s\s = l , m = 0 ) | T | = o 

|ss = l ) T O = - l ) 

^{/rM-/M}|0> > 
f]c\f]c\ |0 ) 

/MIO>. . 

(2.13) ) 

(2.14) ) 
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single tt  (s=0) 
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2 x x 

x) ) 

nW==11 1 
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2 t t 

single tt  (s=0) 

| T || = 0 | T K = 0 

aw w 
'n(( c ) = 1 + 2 x 
n ( f )) = 1 - 2 x 

Figuree 2 Energy spectrum for molecule of Fig. 1 as \T\ = 0 and |T| ^ 0 respectively. 
nn (c), n (f) and s represent the expectation values for the occupation densities of the c and f 
sitee respectively and the total spin quantum number. AE = (ec — ef), t = \T\ /AE and 
xx = ( |T| /AE)2. As \T\ /AE < 1, x « 0, \T\ ^ 0 has virtually not affected the charge 
distributionn over the sites. The lowest two energy levels, differing in spin quantum numbers, 
differr with respect to the highest energy level effectively in a charge moved from f to c site. 
Thee low-energy excitation involve predominantly spin degrees of freedom, while the high-energy 
excitationss also involve charge degree of freedom 

Theree is an excited state, 

\s\s — 0 ,ex) |T |= o — c^c II JO > (2.15) ) 

withh energy E ^ = 2 ec. The state f|fj | 0 ) wil l be excluded from further discussion 
sincee the double occupancy of the f site raises the energy by U, which is expected to 
stronglyy exceed all other energy scales involved. 

Thee hybridization term in Eq. 2.12 affects the form of some states while it 
leavess others unaffected. As wil l become clear we can restrict attention to only the 
singlett states. 

Basically,, the net effect of the ligand hybridization is to shift electrons with 
spinn back and forth between the f and c sites. To be able to be affected by the ligand 
hybridization,, the initial state must, therefore, satisfy the following criterium. An 
occupiedd state with certain spin on a certain site must always faces simultaneously 
ann unoccupied state with identical spin on the alternate site. States must contain 
termss such as fjcl, , |0) or c\clff |0) . Terms as f£c£ |0) are not affected by the ligand 
hybridization. . 
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Thee states \s = 0 ) |T |= 0 and \s = 0, e x ) ^^ satisfy the above criterion. Further-
more,, they differ precisely by one unit of charge moved between f and c site. They 
are,, therefore, coupled by the hybridization term. Accordingly, eigenstates wil l be 
mixturess of both. 

Thee general trend for two states hybridizing is that the state with the lowest 
energy,, that is the state \s = 0 } ^ ^ in this case, wil l be shifted to even lower energies, 
whilee the other state, \s = 0, ex),T,_0 is shifted to higher energies. The net shift 
summedd over both states is zero. For \T\ / (E  ̂ — EQ) < 1, the shift in energy wil l be 
inn the order of \T\ / (E  ̂ — EQ) per electron involved (in this case 2). The lowest state 
wil ll  still predominantly consist of \s = 0) |T |= o while the highest wil l predominantly 
consistt of \s = O jex )^ , .̂ This is all deduced from trends that generally hold for 
hybridizationn effects. Correlation effects are included in this discussion by excluding 
thee sate f|f]|0) from further considerations. 

Clearlyy for \s = l , m = , both the f and the c sites are occupied by 
thee same spin. Therefore, in view of the criterion formulated above, such states 
aree not affected by the hybridization. There is nothing in the problem which fixes 
aa preferential axis for the spin-projection vector. So, any conclusion drawn for the 
rara = 1 option must also hold for the |s = l , m = 0 ) ^ ,^ state. Furthermore, for 
thee triplet states no states exist with identical spin quantum numbers but differing 
effectivelyy one unit of charge transferred. 

Wee restrict attention to only the singlet states as triplet states remain unaf-
fected.. With respect to the basis: 

I ss = °)|T|=o ^ 
|ss = 0 , e x )m = o J 

thee Hamiltonian 2.12 can be represented by the following 2 x 2 matrix: 

eecc + ef T*V2\ 
Ty/2Ty/2 2ec J 

I t ss eigenvectors and eigenvalues for \T\ / (ec - ef) < 1 ((ec - ef) = (E  ̂ — E0)) 
aree simply obtained by diagonalizing this matrix. They read as: 

|ss = 0> 

-ETfTDsingtet t 

|ss = 0,ex> 

-EracdTDsingiet t 

(2.16) ) 

(2.17) ) 

== i1 - (^y is=°)m=° - & i s = ° '  e x ) |^° ( 2- i 8 ) 

==  E0-
2|7f f 

== Eej. + 

(ecc - ef) 

|T|22 \ %/2T* 
11 " (J-e,)2) 'S = °'ex>ITI=o + ^TT  ̂ \* = 0)|T |=0(2.19) 

2 | r |2 2 

(ecc - £f) 
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Thee 15 = 0 ) state consists of predominantly |s = 0)iTi=o and a slight admixture of 
\s\s = 0 ex)IT|_Q state. For |s = 0, ex), the reverse holds. The difference between \s = 0) 
andd \s = 0, ex) still corresponds roughly to an electron being transferred from the f 
too the c orbital. 

Inn fig 2, the changes in spectrum are schematically depicted. We have intro-
duced: : 

tt = -23—. (2.20) 
«cc — Cf 

Thee lowest energy level is EdTDtoa^t = E0 - 2t. It corresponds to the \s = 0) 
state.. Its major part is still formed by \s = O).^^, a c and f electron in a singlet 
arrangement.. The occupancy of the f orbital for the \s = 0) state is: 

„ , _ l _ ^ J 3 l _ l _ S _ i__ (2.21) 

Ass \T\ / (Ed — EQ) <&  1 this is less than but very close to unity. 
Introductionn of the ligand hybridization changes the energy of the singlet 

groundd state by approximately —2t, that is —t per electron (in our case 2). At a 
slightlyy higher energy, i?tripiet = EQ, the energy of the triplet states are found. The 
latterr are not affected by the hybridization. 

Forr \T\ ^ 0, we can define a characteristic temperature related to the energy 
differencee between the triplet and singlet state. Define: 

k*T*k*T*  = E^-EoQTl)  ̂ (2.22) 
== E0-E0(\T\) t̂ = 2t. 

Forr T <̂C T*  the system is assumed to be in its singlet ground state, hence no magnetic 
momentt is observed. As T approaches T*, the triplet states will also be populated 
andd the system regains its magnetic moment. For T ^> T*, each triplet and singlet 
low-energyy state starts to be approximately equally populated. The chance of finding 
thee system in a singlet or a particular triplet state becomes practically identical. It 
lookss like the low-energy splitting between singlet and triplet states generated by \T\ 
^  ̂ 0 becomes unimportant, that is as if \T\ = 0. 

Forr \T\ ^ 0, two types of excitations can be distinguished: 

•• low energy excitations « kfiT**: 
Theyy involve predominantly spin-degrees of freedom. These are excitations 
fromfrom the singlet ground state, \s = 0), to the triplet lowest excited states, 
\s\s = 1, m — {—1,0,1}). The distribution of charges over the f and c orbitals 
remainss virtually unaffected. The major difference is in terms of the total spin 
off the system, changing from a singlet, 5 = 0, situation to a triplet state, s = 
1,, situation. 
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•• high energy excitations ta (e  ̂— Cf): 
Suchh excitations involve predominantly charge-degrees of freedom. As we go 
fromm a \s = 0 ) state to a \s = 0,ex) state the major difference is that approxi
matelyy one electron is moved from f t o c site. 

Thiss separation into spin and charge excitations is a property not only typical 
off this specific molecule. It seems to be a more general feature that is typical for 
stronglyy correlated-electron systems. 
2.5.22.5.2 Effective hamiltonians 

Forr \T\ f (ec — ef) <C 1, considering only the low-energy eigenstates and neglecting the 
deviationss of rif  and nc from unity in Eq. 2.21, one can replace the Hamiltonian Eq. 
2.122 by an effective Hamiltonian: 

i/efff = --TkinSf • S c -|- E0 + J^kin^ , (2.23) 

wheree Sf and S c represent the spin-vector operators for the f and c site, repsectively 
andd where /M n = -2t/H2. For the total spin, S 2 = (Sf + Sc)

2 = S2 + S 2 + 2 S r S c holds. 
S 22 and S2 have always fixed eigenvalues: (3/4) h. It is, therefore, only the +2S f • S c 

partt which makes the difference between the singlet and triplet arrangement. Hence, 
thee term — JfemSf • S c appearing in the above equation is there to distinguish between 
thee singlet and the triplet case. It is of the form of a Heisenberg exchange interaction. 
Jinnn stands for the kinetic exchange, "kinetic" because the ligand hybridization does 
involvee some displacement of charge. 

Forr this small molecule, Eq. 2.23 and Eq. 2.12 are the analogue of what is 
calledd the "Kondo Hamiltonian" and the "Anderson Hamiltonian", respectively. 

Consideringg the Coulomb interactions between the electrons present in the f 

andd c states, these interactions are always repulsive; its average value is Ucj. Due to 
thee Pauli principle, the average distance between two electrons in a triplet state is 
largerr than in the singlet state, so that the Coulomb energy is larger for the latter 
case.. To take these effects into account, the following term is added: — «/potSf • Sc , so 
tha tt the total term to be added to Hamiltonian Eq. 2.12 reads as: 

AHAH = - J p o t S f • S c + tJef K T + ntA) K , T + ncd). (2.24) 

Heree nCt<T = c\ca and J  ̂ > 0. 
Ass the eigenfunctions Eqs. 2.13 and 2.14 found for H in the case of |T| = 0 

aree also eigenfunctions of AH, it is not difficult to work out the approximate solution 

forr H + AH in the case C/Cif, 7, \T\ <g; AE. The low energy part of this spectrum 
cann be reproduced by applying: 

JJ  h2 

Hu*Hu*  eff = EQ + Uc,t (nfiT + Rf.i) (nC|T + nc>l) - 7effSf • S c +
 k"* (2.25) 
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Figuree 3 Approximate energy spectrum for a molecule as fig. 1 to which an extra exchange 
Coulombb interaction between the f and the c state is added. Idenitcal symbols as in text and 
inn previous figures are used. As an electron is in the f site and the other in the c site, they 
willl experience a mutual Coulomb repulsion, its strength Ucj + jJ and Ucj — j J for the 

singlett and triplet arrangement respectively, t = ill ! ! Thee figure itself depicts 

thee situation for J > 2tf. The ground state is fully magnetic (a triplet) The inset depicts the 
situationn for J < 21/. In this case the ground state is non-magnetic (a singlet). 
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non-magneticc magnetic 

<cc es^ r , 
AsU^Lfe) ) 
forr % < E < 0 

ufee >a(E) 
forr e < % 

Lfee )< Ufe ) 
Notee : 

»(%):Lfe)) / 
• ** ^ « p f e a n * S ' 
LfcM(%) ) 
• ** « S T * 1 * ; a n * r < 

T̂ T 

ES S 

0' r r 

Ufe e 

-- ' f(£ ) 

~~~ L(£) 

Figuree 4 Graphical solutions of the self-consistency Eqs. 2.42 and 2.58; variational ansatz for 
non-magneticc and magnetic ground state respectively. U (e) and L (e) are defined as in Eqs. 
2.622 and 2.63. / ( e ) = e. es, eT represent the solutions of Eqs. 2.42, U (es) = ƒ (es) and 
2.58,, L (eT) = ƒ (eT), respectively. For ec, L (ec)=U (ec). Either ec < L (ec) resultingly es < 
eTT and the ground state option is a singlet, (the situation depicted) or ec > L (ec) resultingly 
eTT < 6T, and the ground state option is magnetic. 

too the four states given in Eqs. 2.13 and 2.14, with Jeff = J p o t+ Jk in. 
Thee matter of determining whether or not we have a magnetic triplet, or a 

non-magneticc singlet ground state is now reduced to determining whether JeS is larger 
orr smaller than zero. Jeff = -It +Jpot. If 2t > Jpo twe have a singlet ground state. If 
2t2t < J we have a triplet ground state. 

2.5.32.5.3 The non-magnetic ground state: variational treatment of the single-impurity 
AndersonAnderson Hamiltonian 

Manyy different treatments of the single-ion Anderson Hamiltonian, Eq. 2.8, exist. We 
wil ll  present only a variational treatment, starting with the Variational approach of 
Varmaa ([5]). Varma proposed a variational Ansatz for a non-magnetic ground state. 
Consideringg its form, similarities exist with the treatment of the small molecule as 
discussedd in section 2.5.1. 

Varmaa only presents a variational treatment for the non-magnetic case and 
comparess its energy to what turns out to be the worst choice for the magnetic 
low-energyy excitations possible. So compared, the non-magnetic option (variational 
ansatz)) corresponds to an energy reduction. To this energy reduction he assigned 
kBTK ,, where TK stands for the Kondo temperature. The so obtained TK is of the 
correctt form. Varma does not perform a variational treatment for the magnetic case 
whichh would be a more fair frame of reference. 



AA single magnetic impurity 41 1 

Wee will propose a variational Ansatz for a magnetic ground state. It wil l result 
inn an even lower energy than obtained by Varma for his non-magnetic ansatz. We 
wil ll  verify this fact by two different methods, so to be absolutely sure since it is well 
establishedd that the ground state must be non-magnetic (and the Varma treatment 
hass been around for some time). Inspired by the Ansatz used in the Varma treatment 
andd the form of our magnetic variational Ansatz used, we will propose a new non-
magneticc variational Ansatz which again will have an energy ksTk lower than this 
magneticc (variational) option, where TK has again the correct functional dependence. 

Att the end we will demonstrate how for any option of magnetic ground state a 
non-magneticc option for the ground state can be generated which will have its energy 
loweredd by an amount \UBTK with respect to the previous. 

Wee will start by presenting the Varma treatment. 
Ass a starting point we choose a completely filled Fermi sea, represented by 

thee state |cond), in combination with an empty f state/shell. The total energy of the 
Fermii  sea is represented as EQ and of a singly occupied f shell as €f. All energies will 
bee measured with respect to the Fermi energy, pi. We assume £ƒ < 0. 

Forr |T(k)| = 0, imagine we move an electron from a conduction state to the 
ff  state: 

/ K . | c o n d ).. (2.26) 

Thiss corresponds to a change in total energy of (ef — e(k)). For conduction states 
withh e (k) > €f a reduction of the total energy is the consequence. This reduction is 
optimall  if conduction states at \i are chosen. 

Thee role of the on-site repulsion is to avoid double occupancy of the f shell 
att all times. Any further energy reductions by moving electrons into the f state is, 
therefore,, not permitted. For |T(fc)| = 0, the minimum total energy is E0 + e f. 

Thee next step is to dream up a variational Ansatz for \T (k)|  ̂0. Inspired by 
thee conclusions drawn from the small molecule discussed in section 2.5.1, we arrange 
thiss state (Eq. 2.26) as a singlet. Let: 

| c o n d ) ^ n c iT 4 j O ) ,, (2.27) 
k k 

wheree |0) and kp represent the vacuum state and the Fermi-wave vector, respectively, 
then: : 

M^oc^fic^lcond)M^oc^fic^lcond) (2.28) 
a a 

representss a singlet state. In this state all conduction-electron states below the Fermi 
energy,, except one, are doubly occupied and that single electron forms a singlet with 
thee f electron. 

file:///ubTk
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Inn analogy to the two-electron problem of section 2.5.1, where we let the singlet 

statee (1/2) V^ ( / / c{  - / /c { ) |0) hybridize with the other singlet c}cj|0) to form the 

lowestt singlet ground state, * we let the singlet state |0o) k hybridize with |cond) and 
lookk for a solution of the form: 

l*)kk = A l + a ( k ) £ / J cM M |cond) ) (2.30) ) 

withh \Aa\2 » \A\2. 

Forr partaking in such singlet formations many different choices of conduction-
electronn states can be made. One could suggest as a variational ansatz, a state based 
onn the singlet formation of the f with only one c state. The natural conduction 
electronn to choose is the one conduction electron present at the site of the magnetic 
ion.. This would correspond to an extra energy comparable to the band width, the 
energyy involved in a localized conduction electron at a certain site. Since i t is not 
possiblee to create a state in which an f electron is in a singlet arrangement with more 
thann one conduction electron simultaneously and, this being an impurity model , k 
iss not a good quantum number, we propose a linear combination of Eq. 2.30: 

\4>)\4>) = A l + ^ a O O / J c k, , 
k,cr r 

jcond), , (2.31) ) 

ass the Ansatz for a variational treatment. 
Inn order to be able to carry out the variational treatment we assume: 

| e f | > rr = 27rAT(0)|r (kF ) f (2.32) ) 

wheree iV(0) is the conduction electron density of states per spin at the Fermi energy. 
Ass the original bare f state turns itinerant due to hybridization effects with conduction 
electronn states, a peak in the density of states of itinerant electron states results. The 
energyy position of this peak is at ef , its width is T. Criterion Eq. 2.32 implies, in 
termss of energies, that the width of this peak is much smaller then the separation 
off  the original bare f level from the Fermi energy. Consequently the peak has no 
influencee on observation in low-temperature thermodynamic experiments. 

^Forr two electron states this reads 

A [ C{ C | +a ( /T V i - / i V T ) ] jO )= ^ ^ 

m2 2 

ll  + a £ / ^ 

withh Aa = 1 --
(tc-etf\ (tc-etf\ 

andd A = — 

4c . . 

fcc-tf)' fcc-tf)' 

(2.29) ) 
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Noww a (k) = \a (fe)|e^^a^k^ and |A| have to be determined so that the expec-
tationn value for the energy, E = ((f>\ H \<f>)  is minimal under the condition that {<f>\<j>) 
== 1. We introduce 

ƒƒ SE 0 | f f | 0) - £ « * ! * ) - 1 ) , 

wheree E acts as a Lagrange multiplier. 

(2.33) ) 

ƒƒ = \Af\Eo+ £ [\a(k)\2(ef + E0-e(k))+ (2.34) 

22 |T (k)| \a (k)| cos & (a (k)) -*{T  (k)))]} 

-E{\A? -E{\A? 1++ ^ |a(k)|5 

*<jfc F,ff f 

- 1 1 

wheree ip(T(\c)) represents the complex phase of T(k). This function has to be 
minimized.. From 

*ƒ ƒ 
6ip{a(k)) 6ip{a(k)) 

== 0 (2.35) ) 

wee obtain 

V>(a(k)) -^(T(k))) = 7wr (2.36) 

withh n 6 {0,1,2,...}. A minimum is obtained for n € {0,2,4,6,...}. Prom 

V V 
6|a(fc)| | 

== 0 (2.37) ) 

wee obtain 

Kk) || = 
|T| | 

E-EE-E00-e-eff + e{k) 
(2.38) ) 

Promm 444 = 0, in which we expressed \a (k)| as Eq. 2.38, one obtains 

|T(*)| ! ! 

s-*-£=nB B 
k<kp,<T k<kp,<T 

E-EE-E00-€f-€f + e{k)' 
(2.39) ) 
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Wee axe interested in the energy reduction as compared to the lowest energy for \T (k)| 
== 0, i.e. E0 + ef. Introducing e = E - (E0 + ef)) (where cf < 0), 

I tt is this equation we have to solve self-consistently. Introducing the following ap-
proximations;; a constant density of states, N (0), a half filled conduction band with 
aa lower cutoff D and dropping the k dependence of IT (fc)|, this reduces to: 

66 = \ei\+2N(0)\T\2j\e(k)-^, (2.41) 

ee = |ef |+2JV(0) |T |2 l n 
e-D e-D 

(2.42) ) 

Consideringg that N (0) \T\ <C |efj and e < 0 must hold, |e| must be very small com-
paredd to D for the natural logarithm to be of substantial negative size to compensate 
forr the large first term, |ef|. 

Onee could approximate the solution of Eq. 2.42 by setting £ « Oon its left 
handd side; i.e. taking the root of the right hand side of Eq. 2.42. This wil l result in 
Eqs.. 2.44 and 2.45. 

I nn Fig 4 both the left and right hand side of Eq. 2.42 are plotted as function 
off  e. Graphically, the e where they intersect is the solution of Eq. 2.42. Clearly e 
<< 0. Introduce U (e) = |ef | + 2N(0) |T|2l n ( ^ ) , the right hand side of Eq. 2.42. 
Graphically,, the above approximation amounts to taking the intercept of U (e) with 
thee e axis, instead of the straight line representing ƒ (e) = e. This wil l be a valid 
approximationn if at the root of U (e) its slope is already sufficiently steep. 

Wee wil l follow a slightly alternative route. Slightly rearranging Eq. 2.42 results 
in: : 

e-\ee-\ett\\ = 2N(0)\T\2]n(^5y (2.43) 

Forr e <C |ef | and e -C D this reduces to: 

- | ef || = 2N ( 0 ) | T |2 l n ( - ^ ) .. (2.44) 

biU,, , x 
ee « -De 2 a. (2.45) 

Iff  instead of Hamiltonian Eq. 2.7 Hamiltonian Eq. 2.8 would have been used this 
wouldd change into: 

-- I'fl , 
ee = - D e ^ W w , (2.46) 
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inn which 7f is the degeneracy of the f level. It is customary to associate a characteristic 
temperature,, TK, with this energy gain, i.e. the Kondo temperature: 

kkBBTTKK = De v* \ (2.47) 

Inn contrast to section 2.5.1 the energy gain is a non-analytical function of the hy-
bridizationn because the singlets formed involve many different k-states. ke K̂ repre-
sentss the energy scale needed to overcome until all effects of the hybridization are 
absentt and a full magnetic moment is retrieved. 

Thee normalization constant A can be expressed as: 

|4)22 = l - n f , (2.48) 

wheree rif is the f-occupation density. Not surprisingly, TK can also be expressed in 
termss of rif : 

k B T KK = ——>Yt- (2.49) 
ri ff 7T  7 

Hence,, the closer rif is to unity, the smaller the Kondo temperature and the energy 
gainedd in the singlet formation is. For a (k) we find: 

i0(k)i_mtiï:.jïihïL.. f2 50) 
| a W II e + e(k) e( fc) -kB rK - ^50> 

(alll  energies are expressed with respect to fi, including € (£)). As expected those 
statess with \e (k) /ksTkl < 1 contribute predominantly to the singlet formation. The 
termm (—1)" is added so that \a (k)| is always positive (this criterium fixes n). 

Too be sure that indeed the state with the lowest energy is non-magnetic, the 
nextt step is to create a variational Ansatz for a magnetic ground state. Comparison 
off  results obtained for such a state with the non-magnetic Varma state discussed 
abovee is more correct than simply with the f£ |cond) state (its energy EQ + ef). 

Thee trial state Eq. 2.31 can be seen as constructed from combinations of two 
statess hybridizing; states analogous to the two-electron states of section 2.5.1. One 
couldd also employ a trial state option involving two states hybridizing which are in 
analoguee with single-electron states. 

Inn terms of the molecule of section 2.5.1, consider its spectrum and eigenstates 
inn the presence of only one electron. For jT| = 0 eigenstates and energy spectrum are 
44 |0) with energy cf and c£ |0) with energy ec respectively. If \T\ ^ 0, but |T|/(ec - ct) 
<CC 1, eigenstates are of a general form: 

A(aclA(acl + fi)\0). (2.51) 

Forr the ground state, for which Aa — -j^r^j and A = (l - \ ^ u J holds, an energy 

Cff  — ^X- is obtained. For the excited state an energy ec + L m
ls obtained. For the 
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totall  spin of the states s = (1/2) holds. These are all states which are magnetic and 
cann be generalized in the present context as: 

10k,,, = A [<*  (k)a < *  + ƒ]] |cond). (2.52) 

Off  course, for a new variational Ansatz for the ground state based on Eq. 2.52 
(withh \a ( kJJ -Cl) many different options of k and a are open to choose from. As a 
variationall  Ansatz for the ground states a linear combination of such could be chosen, 
hence: : 

\*)a\*)a = A Ea(k)* cU+/J J |cond).. (2.53) 

Forr Eq. 2.53 the same procedure as for Eq. 2.31 must be followed. The state with the 
lowestt energy wil l be the closest to the real ground states of the system. Important 
heree is that Eq. 2.53 represents a ground-state option with a non-vanishing total spin, 
hencee a magnetic option, while the original ansatz, Eq. 2.31, represents a construction 
fromm singlets, hence a non-magnetic option. 

Ass the Ansatz with the lowest energy is expected to be closest to the ground 
state,, this determines also whether the ground state is magnetic or not (a singlet). 

Thee l a f k JJ » 1 option wil l have an energy even slightly higher then the 
statee with originally the highest energy, that is c\.a |cond) with energy E0+e (k). The 
\a\a ( k )J <C 1 option wil l have an energy slightly less then the state with originally the 
lowestt energy, that is rka |cond) with energy Eo+ef. 

Forr Eq. 2.53 the function ƒ turns into: 

ff = \A\2lY,\<*(W\2(Eo + e(k)) + (E0 + et)+ (2.54) 
U>*F F 

22 £ | T ( k ) | | a ( k ) | c o 8 ( ^ ( a ( k ) ) - V ( r ( k ) ) )j 
k>kk>kFF J 

Minimizingg ƒ: 

'""mm'""mm  = ° 

weóbtsdmp(a{k))+rp{T(k))weóbtsdmp(a{k))+rp{T(k)) = nir (with n e {0,1,2,...}), (2.55) 

wee obtain | o ( k )| = l ^ t - 1 ) " ( 2 5 6 ) 
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Ass a result of 4fa = 0 with the help of the expression for \ct (k)| from Eq. 2.56 we 
obtain: : 

Definingg €M = EM — (Eo + Cf), using the same approximations as previously, this 
resultss in the self-consistency equation: 

e^nom^-^fc.).e^nom^-^fc.). (2.58) 

Thiss self-consistency equation is harder to solve then Eq. 2.43. 
Usingg the same approximations as before, i.e. |ejvr| <C |ef| and \eM\ <C D, 

resultss in: 

eMM = * ( 0 ) | r | V f e M _ ) (2-59) 

Forr parameter settings typical for such systems (e.g. £f » -2 eV, D w 4 eV and 
ef// (2iV (0) |T|2) w -7, -4, -2) the outcome of Eq. 2.59 is lower than of 2.45 suggest-
ingg that the magnetic option wins as ground state. But both Eqs. 2.45 and 2.59 are 
approximatee solutions, hence have a given uncertainty. The manners of approxima-
tionn resulting in for Eq. 2.45 and Eq. 2.59 are different. While one, Eq. 2.59, can be 
seenn as the result of a zero-order Taylor expansion the other cannot. The right-hand 
sidee of Eq. 2.43, of which Eq. 2.45 is an approximate solution, is a non-analytic 
functionn for c = 0. We have to be careful with such conclusions. 

Howeverr a graphical method exists to verify it. 
Inn Fig. 4 both the left, 

ƒ(€)) = £, (2.60) 

andd right hand side, 

LL (e) EE 2 N (0) |T|2 In ( e J ~ j ^ ) , (2.61) 

off  Eq. 2.58 as function of c are plotted. Graphically, the solution of Eq. 2.58 is the e 
== €T for which both intersect. It is clear that also CT < 0. Introduce the short-hand: 

UU (e) = \et\ + 2N (0) \T\2 In ( - 1 ^ ) , (2.62) 

LL (e) = 2 N (0) |7 f ln ( 6 J , ~ |6 j g ) • (2-63) 
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LL (c) = U (e — |ef |) - |ef |. Denote the solutions of Eqs. 2.62 and 2.63 as eT and es 

respectively.. es = U (es) and €T = L (eT). 
Wee want to determine for which parameters settings (|€f \/D and N (0) \T\2/D) 

ess < ÉT» hence the ground state is expected to be a singlet, or cT < ^s hence the ground 
statee is expected to be magnetic. 

Wee approximated es by the root of U (e). As for any e < 0 L (e) < 0 holds, 
thiss approximation is no longer accurate enough for the above purpose. 

Inn Fig. 4 both the graphical solutions of Eqs. 2.43 and 2.58 are plotted in one 
andd the same graph. Determine ec for which U (ec) = L (ec). Graphically, it becomes 
clearr that for any e in the region ec < e < 0 also U (e) < L (e) while for e < ec also L (e) 
<< U (e), see Fig. 4. From Fig. 4 the following conclusions can be deduced. For e < 0 
bothh L (e) and U (e) are monotonically decreasing functions, ƒ (e) is a monotonically 
increasingg function. Two distinctly different situations can occur. 

•• If ƒ (cc) < L (ec) = U (ec), both intersections of ƒ (e) with L (e) and U (e) must 
liee to the right of ec: e s , eT > ec. As for any e > ec it must be so that U (e) < 
LL (e) also es < eT and the ground state is non-magnetic. 

 Now consider the reverse configuration; i.e. L (ec) < ec. By an argument anal
ogouss to above both for es and eT the es, eT < ec. For c < ec we find L(e) < 
UU (e). The roles of L (e) and U (e) are interchanged as with respect to above. 
Thereforee also the inverted conclusion holds, i.e. eT < es. This implies that 
underunder these conditions the ground state is magnetic. 

Itt can be readily shown that for ec: 

z(x,y)z(x,y) = -£ = 2^ + 1^ 1 - 11 l-f-4 
{x{x + 1) 1 _ e"« 

(2.64) ) 

e~e~x/vx/v in the limit - < 1, 
x+x+11 x 

w h e r ee ) _ 2N(0)|rja . ( 2 - 6 5 ) 

holds.. Using U (ec) < ec as a a criterion to determine whether the expected ground 
statee option is a non-magnetic ("<" option) or magnetic (">" option) one, results in: 

Thiss criterium can be analyzed numerically. A phase diagram can be constructed. In 
thiss fashion one can identify for which parameter settings a magnetic or non-magnetic 
groundd state is expected. Such a discussion is beyond the scope of this thesis, [49]. 
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Wee will confine ourselves to the observation that for all relevant parameter settings 
(x(x < 1, y < 1 and x > y) we are in the magnetic regime. 

Thee state represented as Eq. 2.53 basically describes an already hybridized 
ff  state (hybridized with c states) but still exists predominantly of f character. An 
energyy reduction is associated with such hybridization process, Eq. 2.59. To create 
aa non-magnetic variational Ansatz with an even lower energy than for Eq. 2.53 we 
replacee ƒ*  |cond) in the Varma Ansatz by Eq. 2.53. In this manner we expect a double 
energyy reduction. There is an energy reduction due to the hybridization processes 
describedd by Eq. 2.53. On top of this a further energy reduction is obtained by the 
famouss singlet formations which lie at the basis of the energy reduction given in Eq. 
2.31. . 

Ass a variational Ansatz we use: 

\<t>)\<t>)  = A 5>(k)ckk + £ Cq,o o |cond) ) ll  + $ > ( q) 

Followingg the same procedure as before, for ƒ we obtain: 

ƒƒ = \A\* Eo + Y, £ \0(<l)\2\^(k)\2(^k) + Eo-e(q)) 
aa k>ky,q<kp 

(2.67) ) 

(2.68) ) 

q<kpq<kp Kq<kp 

++ £ 10 ta)i2 ia w i c os & (a (k)> - ^ <T w » 
k>k?k>k? , q<kp 

-E -E \A(' \A(' 
aa q<kji k>kf 

- 1 1 

wheree a (k) = \a (k)|e^<Q<k», j3 (k) = \0 (k)|eW<k>> and T (k) = \T (k) |eW<» Min-
imizingg ƒ: 

from from 

from from 

df df 
# ( a ( k )) ) 

df df 
<*0(0OO) ) 

== 0 we obtain \if) (a (k)) - V (T (k)) | = rwr, (2.69) 

== 0 we obtain \rp (/? (k)) - rp (T (k)) | = rrrn, (2.70) 

wheree n, m are natural numbers. The next step would be to further minimize ƒ 
withh respect to \A\, \a (k)| and |/?(q)|. This would result in a complex set of three 
equationss for \a (k)|, |/3 (k)| and E, entangled. To generate one equation from this set 
definingg E self-consistently (appearing in the left and right-hand side of the equation) 
withoutt |a(k)| and |/?(k)| is non-trivial 
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Wee facilitate matters by taking for \a (k)| the solution already obtained from 
thee magnetic option, Eq. 2.56, that is: 

ir(k)K-i) » » 
|a(k)|| = (2.71) ) 

{E{Euu-Eo)-e(k)' -Eo)-e(k)' 

with€with€MM = EM-(E0+ef) = A T ( 0 ) | T |2 m ( J ^ L ). (2.72) 

Wee introduce the following abbreviation: 

AAXX = Y, i«(k)i *M=Y, i°(k)i2 and UA - £ e(fc) Mk)i2-
Jfc>JtFF Jt>Jt F k>kF 

Soo that: 

ƒƒ = \A\2{EO + Y, ££ \P (i)i2 (^  - e (q) i1+A>)+e*+*w  (2-73) 
9<fcp p 

+2|T|| E (|^(q)| (-i)m + l/?(q)l2^i (- i f ) 
h^^fc p p 

- £ £ 14s s ll  + ^ ^ | / ? ( q ) f ( i2 + l) - 1 1 

Fromm d\ffq\\ = 0 we obtain: 

m(-i ; ; 
l / ? ( q )ll E(A2 + l) - (ef + EQ(l+  A2)) -UA + e(<i)(l+  A2) -2\T\A1(-l)

n 

(2.74) ) 

Iff  we introduce this into Eq. 2.73 we obtain from -r-f-r = 0: 

vv 2f 
$f$f E{A2 + 1) - (€f + E0(l + A2)) -UA+€{q)(l  + A2) -2\T\A1(-l)

n 

== £ - £ b (l + >l2). (2.75) 

Usingg the same approximation as before this reduces to: 

m 2 2 
2N 2N (0)\Tfj\e-(0)\Tfj\e-

E{AE{A22 + l) - (et + E0{1 + A2)) -UA + c(l + A2) -2\T\A1(-l)
n 

== E-E0(l+A2), (2.76) 

AT(0)|T|2x x 
AA22 + l 

* ( . . 
E(AE(A22 + 1) - (cf + Eo(l + A2))-UA-2\T\A1(-l)

r 

E(AE(A22 + l)-(ef + E0(l + A2))-UA-2\T\A1(-l)
n-D(A2 + l)J 

== E-E0{l+A 2). (2.77) 



AA single magnetic impurity 51 

Alsoo A\, A2 and UA can be evaluated with the help of the same approximation: 

AlAl - (-l)^(0)P11°((^-fj o) ("«) 

^^  - jv w' r ' '( £M -£o)((£,-£i,)-g) ^ 
** - - ^ ( ( £ ^ 1 

.,99 O 

Thee problematic term in the denomenator in above expressions can be represented 
as: : 

UUAA + 2\T\A1(-l)
n = NWmhn^J^-M ̂ (2.81) 

-JV(0)|r l22 f = eM + (eM-\eF\)A2, 
UU + |ef I — eM 

-** **  - ^WP1 ,
fa-|t f |)fa-M - I> ) V**> 

Here,, Eq. 2.58 was used and not its approximation, which, it has to be ad-
mittedd is only 5 % off, for our typical parameter settings. If Eq. 2.81 is put back into 
Eq.. 2.74 one obtains: 

ftft r«ï - l m't-1)" = 1 Pf(- i)n
 (2 o . 

PKq}PKq} l + A2E-E0-et-eM + e(q) 1 + A* E - £M + e(q)' { } 

Thee first expression is very similar to Eq. 2.38 except for a prefactor and the 
shiftedd energy scale (which we love so dearly). From here it is easy to obtain: 

Y^2iV(0)) |lf In (j^j = e+iEu-Eo), (2.84) 

r - L c 2 J V ( 0 ) | T |a l n ( 7 - i ^ )) = C - ( | eM | + N ) , (2.85) 

wheree e = E — Eu-
Thee similarity between Eq. 2.85 and Eq. 2.42 is apparent, hence, not surpris-

ingly,, the solution of Eq. 2.85 reads as: 

e f t tt _ £ >e 2jv(0)|r|i . (2.86) 
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Inn general |eM | < |«f|; omitting the jeM | in the right-hand side of above equation the 
resultingg energy reduction compared to the magnetic option, Eq. 2.53, is identical as 
obtainedd by Varma, Eq. 2.45. 

Inn the table below several energy scales are compared with respect to one 
anotherr for some values for our "typical parameter settings" previously quoted. 

ef/(2AT(0)|T|2) ) 

1-2 2 
1-4 4 
1-7 7 

M M 
ee = - D e 2TNT(O)|TI2 

0.544 eV 
0.0733 eV 
0.00366 eV 

TKTK I e/ef 

57500 K || 0.135 
7766 K [ 0.018 
38.66 K | 0.0009 

eeu/u/€€tt \ 
0.27488 | 
0.13744 J 
0.07855 [ 

Forr any magnetic ground state suggested such that the f state is predominantly 
occupiedd we can generate a non-magnetic variational Ansatz with a guaranteed lower 
energyy simply by replacing the ƒ}  |cond) term in the Varma Ansatz by such magnetic 
state. . 

Eqs.. 2.31 or 2.67can be generalized to describe also e.g. excitations corre-
spondingg to a hole with quasi-momentum vector p: 

forr Eq. 2.31 A 

orr for Eq. 2.67A 

ll  + ^a f c /Jck i , 
k.a k.a 

ccPrPPrP |cond) , 

ii  + £/?(q) 

(2.87) ) 

cp,pp |cond) (2.88) 

I tt can be demonstrated that the quasi particles described by Eqs. 2.87 and 2.88 
shouldd be thought of as a dressed conduction-band state ([50]). The "dress" or cloud 
off  the hole consists of the admixture of the f state at the impurity site. 

Whatt we like to suggest is that the ground state and low-energy excitations 
aree found within a a narrow energy band. The ground state is a singlet. At the top 
off  the band excitations are found for which the maximum magnetic moment of the f 
shelll  is retrieved. As we scan through this energy band more and more of the singlet 
characterr is lost and more and more of the magnetic character is retrieved. Also the 
occupancyy of the f shell reaches closer and closer to unity; obtained at the top of the 
band.. Why this should be a narrow band is the next concern. 
2.5-42.5-4 The Kondo resonance, or Abrikosov-Suhl resonance, and the Wilson ratio 
Forr the single-ion Kondo case, a theory exists explaining the origin of the Kondo-
resonance.. Such a theory is not straightforwardly adaptable to the Kondo-lattice 
orr the heavy-fermion case. Up to now the phenomenological notion of ascribing to 
heavy-fermionn behaviour a peak in the density of states at the Fermi level is strictly 
heuristic.. I t is in agreement with experiments, but it is lacking theoretical foundation. 

Phenomenologically,, the similarity to the Kondo resonance suggests a common 
origin.. On the other hand, the theories developed for such Kondo resonances also 
predictt a Wilson ratio equal to 2. For single-ion Kondo systems, this is indeed what 



AA single magnetic impurity 53 3 

iss experimentally observed. For heavy-fermion systems, different Wilson ratios are 
found. . 

Thee problem of a single magnetic impurity, i.e. with internal degrees of free-
dom,, embedded in a Fermi gas of conduction electrons can be translated in one of a 
non-magneticc scatterer (without internal degrees of freedom) in a Fermi liquid. Extra 
electron-electronn interactions must be introduced to account for the loss of internal 
degreess of freedom. Loosely speaking, these extra interactions will turn out to be of 
importancee for properties such as the susceptibility but unimportant for properties 
suchh as the linear temperature coefficient of the specific heat (see remark section 
2.10).. It is this which is at the hart of a predicted Wilson ratio unequal to 1. 

Basicallyy the treatment to be presented is a Fermi-liquid approach. For it to 
holdd sufficiently low temperatures are needed, see p. 69. 

AA magnetic impurit y in a Fermi gas and a non-magnetic impurit y in a 
Fermii  liqui d 

Ass the temperature is lowered, T •C 7K, the shielding of the magnetic moment of the 
impurityy becomes more and more effective. At the lowest temperatures, the impurity 
andd its surrounding conduction electrons form the Kondo singlet ground state. Since 
thee magnetic moment, i.e. the internal degrees of freedom, of this complex (impurity 
pluss the surrounding conduction electrons forming the Kondo singlets) is lost, it 
cann be treated as a non-magnetic scattering center for the remainder of conduction 
electrons.. However, such a complex displays polarizability. This provides an indirect 
interactionn for electrons in its vicinity. One electron polarizes the Kondo-singlet 
complexx which is felt by another electron. Instead of dealing with a non-interacting 
Fermii gas and a magnetic impurity, we deal with an interacting Fermi liquid and a 
non-magneticc scatterer. 

Thee question of the range of the effective interactions between fermions re
sultingg from this polarizability of the complex, is not straightforwardly answered. 
Forr a single impurity embedded in an infinite sea of conduction electrons a natural 
assumptionn seems to be to treat these interactions as local effects, only occurring at 
thee atomic site of the impurity center itself. A similar approach is bound to fail in 
thee case of heavy-fermion systems. 

Thee non-zero angular  momentum of f orbital s 

Wee treat the f orbitals as having only spin-degrees of freedom, clearly a simplification. 
Thee non-zero angular momentum, L, of the f shell and the strong spin (S)-orbit 
(L)) coupling, causes its states to be best characterized by the quantum numbers 
correspondingg to the total angular momentum, J =L + S (j and rrij).  In the simplest 
case,, due to the crystal-field interactions, the energies of the states with identical j 
butt different rrij  are separated. For 2j+l  even (j is half integer) in the presence of 
time-inversionn symmetry (e.g. in the absence of a magnetic field) the resulting crystal 
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fieldfield states are at least two-fold degenerate (Kramers doublet). If the lowest level is 
onlyy two-fold degenerate, its degeneracy can be labeled by a pseudo spin, | , its two 
projectionss corresponding to the two states. As for most Ce compounds, where such 
aa situation arises, the crystal-field splitting is sufficiently large that for the ground 
statee only this lowest doublet is occupied, the above simplification is justified in this 
case. . 

Evenn if J cannot be simplified to a pseudo-spin representation, the theory to 

bee presented can be readily extended to hold for such situations [10]). 

2.5.52.5.5 The Wilson ratio 

Ass discussed in the preceding section, dealing with a Fermi liquid and a non-magnetic 
scatterer,, results in a value of 2 for the Wilson ratio introduced before. 

Thee singlet complex formed between conduction electrons and impurity acts 
ass a scattering center for the remainder of conduction electrons. Scattering takes 
placee in the channel (I value), corresponding to the I values in which the impurity 
statee is localized. For the simple S = ^ model this is the I = 0 channel. In order 
too account for spin polarization due to an external magnetic field the corresponding 
phasee shift must be allowed to be spin-dependent so that the Friedel sum rule, Eq. 
2.147,, takes the form: 

Aiv-- = - y " M e F ) (2.89) 
7TT ^ — ' 

a a 

wheree the I index has been suppressed. The polarizability of the scattering 
object,, the singlet complex, introduces extra electron-electron interactions. In the 
spiritt of Fermi-liquid theory, we introduce this by assuming the phase shifts b~a (ep) 
too also depend on the distribution functions: 

88aa (e) = *(€) + £ K*,P (c, 4,p) Anp (4) , (2-90) 
fc,p fc,p 

whichh are the first terms in a Taylor series expansion in terms of Anp (e'k). Anp (c )̂ 
representss the change in occupation density with respect to the unperturbed state. 
Att this point, some simplifying assumptions have to be made: the energy dependence 
off  K wil l be neglected and it wil l be assumed Ka t p = nèa t _p which can be justified 
byy observing that the equal-spin interactions are reduced by the Pauli principle. Rig-
orously,, this assumption is only valid if the range of the electron-electron interactions 
iss vanishingly small. In the vicinity of the Fermi energy ( i.e. within the range of 
validityy of Fermi-liquid theory) we can write: 

88 (e)ff « 6 + a (e - eF) + K An_f f ,. (2.91) 

wheree a = [ dó/de] and A n .^ = ^ k Ari-ff (e*). Eq. 2.91 reveals the implications 
off  the assumptions made regarding K: the effect of a change in the total number of 
quasii  particles with a given spin is to rigidly shift the function 6 (e). 
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Fluctuationss in n0 can effect both the charge and the spin density; if An„ 
== An_f f , we have only charge fluctuations, if Anf f = -An .^, only spin fluctuations. 
Thee parameterization in Eq. 2.91 implies that the response to the two cases is not 
unrelated.. I t wil l be shown below that if we assume that charge neutrality at the 
impurityy site is not affected by charge fluctuations in the host, it follows that the spin 
polarizationn of the host by an external field wil l enhance the response of the impurity 
too the same field by a factor of two as shown below. This assumption can be justified 
byy noting that local charge fluctuations, involving changes in AN are suppressed by 
thee strong Coulomb repulsion within the screening charge. 

Considerr first a charge fluctuation arising from a shift in the Fermi energy: 

AnAnaa = An-a = - ncA eF , (2.92) 

wheree nc is the conduction -electron density of states. If charge neutrality is to be 
maintainedd at the impurity site, 6„  (eF) must remain unchanged: 

66aa (eF + AeF) = b~a (eF) + a A cF + K-ncAeF = 6 (eF) . (2.93) 
it it 

Thiss condition imposes a constraint on the parameters a and K: 

KK = - 2 — . (2.94) 

Wee recall that the excess density of states due to the impurity is proportional with 
thee derivative of the phase shift: 

AnAncc (cP) = -a. (2.95) 

Thiss enhancement of the total density of states gives rise to an enhancement of the 
specificc heat, the two effects being equally related to the corresponding conduction-
electronn quantities: 

Chopp A n c ( £ F ) _ 2f 

CCcc nc nc 

Thee effect of an external field, By on the conduction electrons is a polarization: 

AraTT = - A n ; = -ncnBB, (2.97) 

whichh results in a magnetic moment: 

fifiBB (nT - nj) = ncnBB, (2.98) 

inn accordance with the Pauli susceptibility: 

(2.96) ) 

XcXc = n*l*B- (2.99) ) 
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Thee magnetic moment of the impurity is then 

MBB ( ty " * i ) = V <*T -Si) = — (2a^B - nnc^B), (2.100) 

wheree we have used Eq. 2.91, substituting spin-dependent shifts of i:fJ-^B of the 
Fermii  energy and Eq. 2.97 for A n ^ . Using Eq. 2.94 we find a magnetic moment of: 

4 ^ 4 3 ,, (2-101) 

implyingg an impurity susceptibility of: 

XX ^ = 4 - / 4. (2.102) 

Too show that the impurity susceptibility is twice the value to be expected on the 
basiss of the excess density of states due to the impurity, we recall that the latter is 
givenn by Eq. 2.96. The Wilson ration is easily written down by putting Eqs. 2.99, 
2.1022 and 2.96 together in the definition of the Wilson ratio to obtain: 

Ximp p 

RR = c£- =2- (2-103) 
c c 

I tt is important to note that the above description is based on the application of the 
Friedell  sum rule to the narrow peak arising at the Fermi energy in the density of 
states,, the "Kondo resonance" or "Abrikosov-Suhl resonance". This is distinct from 
thee "Friedel-Anderson peaks" which are centered at e = Cf and e = e f + U and have 
aa width of N (0) \T\2 » kBTK . 

2.66 T h e Kond o Hamil tonia n 

Ass for the small molecule of section 2.5.1, where we were able to describe its low-
energyy physics in terms of an effective spin Hamiltonian, we would like to do the same 
forr a single magnetic ion embedded in a metallic host. 

Upp to now, all theory presented concerning the single-ion problem is based on 
Eq.. 2.8. A ground state is formed for which Tif is close to, but slightly less than, unity 
(orr more generally, integer). One could expect a simplification if we would restrict 
ourr attention to the subspace formed by states for which rtf is fixed and integer. In 
thiss subspace, the Hamiltonian 2.8 reduces to (section 2.6.1): 

HH = £C ( f c ) 4 i < r c k , f f - J s o -S (2.104) 

withh J < 0. 

SS denotes the spin of the magnetic impurity and So represents the local spin density 
forr the conduction electrons at the impurity site: 

S°° = E H Ck,'/ï ÏT .̂ack,a, (2.105) 
a,/33 k,k' 
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wheree <r  indicates a vector of which the x, y and z components are the three Pauli 
matrices. . 

2.6.12.6.1 The Schrieffer- Wolff transformation 

AA more general version of HamUtonian Eq. 2.104, obtained by introducing definition 
Eq.. 2.105 and allowing for a k-dependence of J, reads as 

HH = £% (k) <£,<*, -  ̂ [J*X (s+4ick'T + ^-4rck'l + s*  (4tc*'T ~ 4ick'l)) ] . 
k,«rr  k,k' 

(2.106) ) 

wheree 5+, S- and Sx represent the raising, lowering and projection operators along 
aa certain axis of the impurity spin. 

Thee link between Harailtonians 2.8 and 2.104 (or Eq. 2.106 for that matter) is 
formedd by the Schrieffer-Wolff transformation ([51], [52]). We follow here a treatment 
moree along the lines as presented by Fulde ([3]). To describe the transformation we 
takee the eigenvalues of the operator rif  = nff + n^ as quantum numbers For our 
doublee degenerate f shell nt = 0, 1 or 2. 

Thee full Hilbert space can be divided into distinct subspaces; indicated by Uf = 
0,, 1 or 2. Their respective projection operators we denote as Pn. It is straightforward 
too verify that: 

pp00 = (l-nf.tJCl-nw), (2.107) 
PP11 = (nj.T+rif,! - anj.TTif.i), (2.108) 

PP22 = n^Tif,! (2.109) 

aree proper definitions for the respective Pn in terms of rif j(T. 
Wee will restrict ourselves to states with Uf = 1. Two projection operators are 

introduced;; P = P\ and Q = P%+PQ. P = P\ projects any state of the full Hilbert 
spacee onto the subspace for which nf = 1 while Q projects any state onto the subspace 
forr which rif ^ 1, i.e. 0 or 2. In general Q = 1-P, 

| * )) = P | * ) + Q | * > , (2.110) 

andd the Schrödinger equation reads as: 

(( HPP HPQ\( P\4>)\_ E( P\*)\ ( 2 l n ) 

\H\H gFgF HQQ){Q\<t>))-E\Q\<f>)) ( 2 U 1 ) 

wheree the following operators have been introduced: 

HpHpPP = PHP HPQ = PHQ 
HHQQPP = QHP HQQ = QHQ 

(2.112) ) 
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Employingg 2.8, it is straightforward to show that: 

HHPPpp = P 

HQQHQQ = Q 

HHPQPQ = P 

HQHQPP — Q 

k,cr k,cr 

k,tr r 

5]{T(k)/x.+T(kr4 i£T/a} } 

Q Q 

Lk,f f f 

(2.113) ) 

QQ (2.114) 

(2.115) ) 

(2.116) ) 

Byy eliminating either Q \ <f>  ) or P\ 4> ) from 2.111 we restrict the problem to one of 
thee subspaces defined by either P or Q. 

where e 

{h{hPPPP-E)P\<j>)-E)P\<j>)  = 0, 

[h[hQQQQ-E)Q\4>)-E)Q\4>) = 0, 

hpphpp — Hpp — HPQ— T ; # QP 
HnnHnn — E llQQ QQ 

hoa.hoa. = HQO — H, 
1 1 

llQQ QQ QQQQ ~ nQP HppHpp — E 
H H PQ PQ 

(2.117) ) 

(2.118) ) 

(2.119) ) 

(2.120) ) 

hpphpp and HQQ operate solely in the subspaces defined by the operators P and Q 

respectively.. Working with hPP, one limit s oneself to the subspace defined by P (nf 

=1). . 
Heree we are primarily interested in hPP. Introduce the notation: 

HHitjitj  = PtHPj. 

Ass Eq. 2.111 in its full form reads as: 

#0,00 #o,i 0 \ / P o U ) \ / Po\(f>) 
#1,00 # M #1,2 Pi I 0 ) = E Pj I <f>  ) 

00 #2,1 #2,2 / V P2 I <t>  ) / \ Pi I 4> ) 

onee can show that for h^i: 

h\h\ttii  - Hhi - # I , 2 T ; — S ~ # 2 ,i - #i,o-£ 7j— #o,i-
&& — "2 , 2 & — ^0, 0 

(2.121) ) 

(2.122) ) 

(2.123) ) 
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holdss This result is obtained by simply introducing definitions Eqs. 2.113, 2.114, 
2.1155 and 2.116, in combination with Eq. 2.119. With the help of definitions Eq. 
2.107,, 2.108 and 2.109 H1>2 and Hlfl can be determined: 

HH lt0lt0 = Y,T (k) Jl (1 ~ "*.-*) CM > #U = £ T (k)*  <i,„nt,- afa (2.124) ) 
k.cr r k,f f f 

/f2>11 = Hj  2 and #o,i = #i,o since the total Hamiltonian, H, must be hermitian So 
Earr no approximations have been used and diagonalization of Eq. 2.122 will give all 
thee energy states of the full Hamiltonian. Using Eq. 2.124 the second term of Eq. 
2.1233 can be shown to be equal to: 

H H 1,2 2 
EE — i/2,2 

#2,11 — 
T(K)T{k)* T(K)T{k)* srsr 11*  T w ft f fi 1 

k,k',ff,ff ' ' 

(2.125) ) 

wheree we have replaced i?2,2 = 2€f + Z7 + £^k,, c (k) ̂ k,» by its eigenvalue assuming 
thatt the operator Eq. 2.128 is applied to an eigenstate of HQ + Cf (n f̂ 4- rif,j.), #0 
beingg the conduction-electron Hamiltonian and £0 the energy of the given eigenstates. 
Thee operator can be simplified by observing that EQ +• ef is not much higher than E, 
thee corresponding eigenvalue for \T\ ^ 0, 

\E-(E\E-(E00 + et)\<^\U + et-e(]c)\, (2.126) ) 

becausee the latter expression stands for the energy of an excitation into a doubly 
occupiedd f state. Neglecting the smaller term we then find: 

# l ,2pp 7^^2,1 = ^2 
hh - ^2,2 . tr^, k,k',ff,< r r 

T(k')T(k)* T(k')T(k)* 
t/+€f-f(fc ) ) 

(,(, B^»,\ ['W.J!'»/-. ] '(2-127) 

== k E ,̂ ui^Z) [<*'  M>'A  (2-128) 

Consideringg that the term neglected is proportional to E - (EQ + Cf) which vanishes 
iff \T\ = 0, the final result is correct to lowest order in \T (k)|. 

Consideringg the fact that the attention is restricted to the subspace with Uf 
== ^f.T+^f.l = 1 aQd t n a t "f.T^J. = 0, / | / | and fjfi  can be replaced by 5+ and SL, 
repsectivelyy (cf. Eq. 2.105). Both terms appear in the sum of Eq. 2.128 for a = | , & 
==  | and cr = t, cr7 = | respectively. For a — -&  the first two terms in the [ ] brackets 
off Eq. 2.106 are generated. The terms for a = &  can be demonstrated to generate 
thee third term in Eq. 2.106, aside from an extra term which can be interpreted as a 
puree scattering potential term. 
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Thee third term in Eq. 2.123 (Hh0 (E - #0,0)**  #0,1) can be treated in a 
completelyy identical fashion. This term represents virtual excitations to the % = 0 
subspace.. Collecting all the terms together it can be demonstrated that, to lowest 
orderr in |T (k ) j , Eq. 2.123 is equivalent to the single-ion Kondo Hamiltonian, Eq. 
2.1066 or 2.104, with an effective exchange coupling 

A,k'' = -T(k)T(kT 
1 1 

inn combination with an extra scattering potential term 

(2.129) ) 

$^Vk,k'4,ff<V,<x,, with Vkik« = - - Jk , k ' . (2.130) 
k,k ' ' 

Thee effective Hamiltonian h^i, obtained by substituting these results into Eq. 2.123, 
wil ll  be reduced to the Kondo Hamiltonian, Eq. 2.104, with 

33 \e,\(el + uy ( 2 ' 1 3 1) 

iff  we consider conduction-electron states close to the Fermi energy, so that e (k), e (K) 
* ^^ lef|i tt + U and neglect the k-dependence of the hybridization matrix element T (k). 
Thee latter simplification amounts to assuming on-site hybridization. 

Referingg to section 2.5.1, the effective interaction has clearly the nature and 
signn of a kinetic exchange (c.f. Eq. 2.23). Of course, direct exchange, which we 
denotedd as potential exchange, is also present in the system under consideration even 
thoughh it is not included in the Hamiltonian Eq. 2.8. The essence of the Kondo effect 
beingg the formation of a singlet ground state, it is obvious that for its occurrence 
JJ must be negative, that is the kinetic exchange must prevail over the potential 
exchange, , 

Thee above expressions are valid for le (k)| <fC s r, 1 . 
JLL |tf + / I - £ f | 

Al ll  energies are represented with respect to the Fermi energy, /i . As for the region of 
interestt e f < pL and // < et + U holds (the local moment regime), the effective exchange 
couplingg between localized spin and conduction electrons is antiferromagnetic. 

2 .77 K o n do a nd R K K Y in terac t ions 

Inn the ground state of a single magnetic ion embedded in a metallic host, a singlet 
iss formed between the f states of the magnetic impurity and the surrounding con-
ductionn electrons. A further ingredient present in heavy-fermion systems is the close 
arrangementt of magnetic ions in a periodic fashion. An interaction, and correlation, 
betweenn magnetic ions is to be expected. In section 2.3 we even argued that such 
interactions/correlationss are inevitable. They form a crucial ingredient of the physics 



KondoKondo and RKKY interactions 61 1 

involvedd and cannot be avoided (any description, not incorporating it, is bound to be 
inconsistentt with itself). 

Inn heavy-fermion materials, which involve a lattice of magnetic ions, a subtle 
balancee must exist between the screening of impurity spins by the conduction elec-
trons,, Kondo interactions, and the interaction between impurity spins by the same 
conduction-electronn RKKY interactions. Generally, the RKKY interactions are used 
ass representatives of the magnetic interactions because if one would extend the anal-
ysess of the previous section to higher order the second order term would be of a form 
similarr to the RKKY interactions. Typical energy scales are related to TK and TRKKY> 
respectively.. The exchange parameter, J, determines their balance. While the first is 
exponentiallyy dependent on J the latter is quadratically dependent. For some critical 
valuee Jc both characteristic energy scales are equal. If J <C Jc, the RKKY type of 
magneticc ordering prevails and the material orders magnetically. For J ~3> Jc the 
Kondoo screening dominates. The argument goes further that if J = Jc it is no longer 
clearr which type of behaviour wil l prevail in the system. This is interpreted as a 
phasee transition, similar to a thermodynamic phase transition but only occurring for 
JJ instead of temperature and at 0 K. Heavy-fermion behaviour is then understood 
inn terms of the scaling hypothesis, stating that close to the quantum-critical point, 
Jc,, the only length scale of importance is set by the correlation length, diverging at 
thee quantum-critical point itself. Consequently also the linear terms of specific heat, 
susceptibilityy display singular behaviour close to Jc. Could such features be related 
too heavy-fermion behaviour. 

Thee implicit assumption in this is that the same criterium which is used to 
derivee the Kondo Hamiltonian from the Anderson Hamiltonian applies to heavy-
fermionn behaviour; namely that each f site remains integer occupied. 

Furthermore,, in such discussions it is implied that the two types of behaviour, 
inducedd by single-ion Kondo and RKKY interactions, exclude one another, i.e. that 
i tt is impossible to conceive of states satisfying both types of interactions. 

I tt is d priori  not clear why it is impossible to find an ordering minimizing both, 
Kondoo and RKKY , interaction energies simultaneously. Furthermore, variational 
treatmentss are known, e.g. [82], which satisfy both Kondo and RKKY interactions 
simultaneously. . 

Ass an illustrative example, consider two magnetic ions embedded in a conduc-
tionn sea a distance r apart. I t serves as a link between the one-impurity problem and 
thee lattice case and is well documented in literature, e.g. [53], [54], [55] and [3]. 

Thee semi-quantitative approach of Fulde and Steglich, [3], suggests a strong 
preferencee of such a system for antiferromagnetic ordering over ferromagnetic order-
ingg independent of the distance between the the ions. This conclusion holds over a 
widee range of kFr (from 0 to 20). One can argue about the validity of various approxi-
mationss in the approach, but it illustrates the tendency to antiferromagnetic ordering 
whichh is indeed observed in many heavy-fermion systems. This preference for antifer-
romagneticc ordering and anti-preference for ferromagnetic ordering for heavy-fermion 
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systemss wil l be addressed in a different manner in the following chapter. 
Summarizingg the results of [53] [54] and [55], ground states are found in such 

double-impurityy systems for which still only singlets are formed between f and con-
ductionn electrons. Three different regimes have to be distinguished. If the RKKY 
interactionn between impurities is small compared to their individual Kondo tempera-
turee both magnetic moments wil l be quenched separately and only one single Kondo 
temperaturee is observed. If the RKKY interaction is strong and antiferromagnetic 
thee spins of the two magnetic impurities wil l be in a singlet arrangement. It is hard 
too speak of any further "Kondo singlet formation" (between conduction electrons and 
singlee magnetic impurity). For large and ferromagnetic interactions, both moments 
aree first aligned and then their total magnetic moment is Kondo screened by the con-
ductionn electrons, a two stage process. This situation is characterized by two Kondo 
temperatures.. The conduction-electron states can be decomposed into two channels, 
withh an even or odd symmetry with respect to the midpoint between the two im-
purities.. If the two impurities are in a ferromagnetic arrangement (even symmetry 
withh respect to midpoint), the two channels wil l have different hybridization matrix 
elementss -exchange integrals- with the two-impurity composite object. 

AA different problem is lurking behind this, often referred to as the two-channel 
Kondoo problem (see e.g. [56], [57], [58], [59] and [60]). The simplest single-impurity 
two-channell  Kondo Hamiltonian describes the exchange interaction between a local-
izedd magnetic moment, spin (1/2), and a doubly degenerate channel (or band) of 
conductionn electrons. In the above case the role of the localized moment is taken by 
thee total magnetic moments of both impurities combined and the two channels are 
thosee of even and odd symmetry conduction-electron states. But many different prob-
lemss seem mappable onto such Hamiltonians. It has even been proposed that certain 
U-basedd heavy-fermion materials can be described by it ([61], [62], [62], [63]), [59] 
andd [60]. This Hamiltonian is notable for producing a nontrivial quantum-critical 
fixedd point. The word quantum refers to the fact that the fixed point is observed 
forr T = 0 K . This fixed point is responsible for non-Fermi liquid behaviour at low 
temperaturess ( [80] [81]), including some remarkable properties such as a low temper-
aturee linear temperature coefficient of the resistivity and a static susceptibility which 
divergess logarithmically as T approaches 0 K, a residual entropy of ( l /2)ln(2) per 
impurityy atom, a dynamical susceptibility of the "marginal Fermi-liquid type" and a 
spin-spinn correlation length diverging as 1/T. 

Bothh the issue whether the correlations between magnetic ions can be repre-
sentedd as an RKKY interaction and how to deal with the interplay of Kondo and 
RKK YY interactions, are an area of considerable future research. However, we like to 
draww attention to a note of caution considering the use of Kondo models for heavy-
fermionn behaviour in the first place. 

2.7.12.7.1 Why all the magnetic interactions in particular the RKKY interaction ? 

Att discussing the Kondo-lattice model it is not a matter of choice taking into account 
thee RKKY interactions . If one starts with the Periodic-Anderson Hamiltonian of 
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sectionn 2.4 as the correct description of the physics involved and uses a transfor-
mationn analogous to the Schrieffer-Wolff transformation of section 2.6.1, one would 
obtainn a Hamiltonian known as the Kondo-lattice Hamiltonian which is basically a 
summ of single-ion Kondo Hamiltonians over all magnetic ions. If one extends such a 
transformationn to higher order of ligand-hybridization strength, terms are generated 
inn the effective Hamiltonian among which we could recognize terms of the RKKY-
interactionn type ([78]). To understand why all the other interaction terms, that are 
generatedd and that are of the same order in the ligand-hybridization strength as the 
RKKYY interaction, are not of importance, a renormalization group argument is used 
forr which it is already implicitly assumed that Kondo and RKKY interactions exclude 
eachh other. 

Suchh a treatment does not allow for the f site/shell to be on the average less 
thenn integer occupied, as is observed in experiments. It is, however, experimentally 
verifiedd that f electrons do contribute to the Fermi surface observed. In the next 
chapters,, models will be presented in which this non-integer fillin g plays a crucial 
role.. It is even suggested that for heavy-fermion behaviour to prevail, this non-
integerr fillin g is essential. It is argued that the fillin g serves as a control parameter. 
Propertiess as the size of the effective mass and the small magnetic moment etc. 
dependd on it. 

2.88 In conclusion 

Wee started with a detailed inspection of the nature of the single-ion Kondo effect. 
Itt shares many features (both experimental and theoretical) with heavy-fermion be-
haviour. . 

Thee transition from single-ion Kondo behaviour to heavy-fermion behaviour 
iss a gradual one, as, for instance, experiments on (Cei_a;La-r)Ru2Si2 demonstrate. 
Replacingg Ce by La causes the resistance versus temperature curves to gradually 
changee from typical heavy-fermion to typical Kondo behaviour. Also the success of 
applyingg a theory developed for the single-ion case in order to interprete XPS and 
BISS measurements on heavy-fermion compounds, is remarkable. 

Butt one runs into serious complications when attempting to extend the no-
tionss developed for a single magnetic ion to a dense periodic arrangement. Those 
notionss cannot be extended straightforwardly, both because of conceptual concerns 
andd experimental facts. 

Wee discussed the complications due to an insufficient concentration of conduc-
tionn states present to form an individual Kondo cloud for each magnetic ion. 

Furthermore,, we demonstrated that even if ample conduction states are present, 
thee fact that they are shared, between magnetic ions, can cause magnetic interactions 
betweenn the magnetic ions. Using a simple example we demonstrated how it is pos-
siblee to have optimal singlet formation at each magnetic-ion site and a magnetic 
correlationn (either ferromagnetic or antiferromagnetic) between the magnetic ions. 
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Wee took this as a first indication that magnetic ordering and Kondo interactions are 
nott necessarily in conflict with each other. 

Wee introduced the Periodic-Anderson Hamiltonian as the fundamental no-
tionn on which all microscopic considerations concerning heavy-fermion behaviour are 
basedd in this thesis. We asigned values to the interaction parameters U (the on-site 
repulsionn strength) and p - ef (the energy difference between the bare f state to 
thee chemical potential) from XPS and BIS measurements. The ligand-hybridization 
strength,, |T|, is not experimentally accessible. Its value is determined by calculating 
ann overlap integral. We discarded the direct f-f hybridizaton between magnetic ions, 
sincee the distance between magnetic ions in heavy-fermion compounds is above the 
so-calledd Hil l limit . 

Thee simpler version of the Periodic-Anderson Hamiltonian is the Anderson 
Hamiltonian.. It can be taken as a basis for considering the effects of a single magnetic 
ionn embedded in a metallic host. 

Usingg a simple model molecule we demonstrated the origin and the nature of 
thee low-energy excitations introduced as a result of the presence of a magnetic ion. I t 
alsoo reproduced the separation in low-energy and high-energy excitations where the 
formerr predominantly involves spin degrees of freedom and the latter predominantly 
involvess charge degrees of freedom. In this model, as T ^ JT < 1 the deviations from 
integerr fillin g of an f orbital, Anf , are expected to be small. 

Thee low-energy part of the spectrum is the result of the presence of a ligand-
hybridizationn strength. The singlet formation between the spins on the f site and of 
thee ligand site is crucial in this. Now charge can be moved between the two sites. 
Ass a result, we obtain Araf ^ 0. For the single-ion case, it is not Arif ^ 0 which 
enabledd the low-energy excitations to appear, Arif ^ 0 is simply the result of these 
excitations.. In this case it seems, therefore, reasonable to simplify matters by setting 
Ari(Ari(  — 0 (but conserve the singlet formations). 

Wee introduced the concept of an effective Hamiltonian. Such an effective 
Hamiltoniann was formulated in terms of restricting the Hubert space for the initial 
andd final states. I t is demonstrated that for the case of the Anderson Hamiltonian 
thee result of the restriction Anf = 0 is that one obtains the Kondo Hamiltonian as 
thee effective Hamiltonian. 

Wee also extended the Variational treatment of Varma for the Anderson Hamil-
tonian.. Not only a variational Ansatz for the non-magnetic ground state was used 
butt also for a magnetic ground state. 

AA feature shared by the single-ion Kondo behaviour and heavy-fermion be-
haviourr is the presence of a pronounced peak in the density of states at the Fermi 
level.. In the case of the Kondo effect this is generally known as the Abrikosov-Suhl 
resonance.. We took a closer look at the origin of that resonance. I t is clear that such 
treatmentss could not readily be extended to the situation where magnetic ions are 
arrangedd periodically. An intriguing "gedanken" experiment was proposed. Imagine 
thee situation where a piece of heavy-fermion material is embedded in a metallic host. 
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Then,, again, the transformation from a non-magnetic impurity in a Fermi liquid to 
aa magnetic impurity in a Fermi gas could be performed. Again, Friedel's sum rule 
shouldd hold at sufficient distances. 

Inn the final part of this chapter we discussed the magnetic correlations between 
thee magnetic ions. Therein, we also indicated the "standard treatment" for heavy-
fermionn behaviour. 
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2.100 A P P E N D I X Fermi liqui d approaches 

Ass Fermi-liquid theory is applicable to many different systems, a large body of liter-
aturee is available; e.g. [39], [40], [41], [42], [43], [44], [45], [46] and [3]. 

Whilee the ground state of a correlated system is generally a complicated mat-
ter,, determining its low-energetic excitations, important for the low temperature ther-
modynamicc behaviour, is a much easier task. For a non-interacting Fermi gas, the 
groundd state is described by a completely filled Fermi sphere. The low-lying excita-
tionss are particle-hole excitations. An electron with an energy just below the Fermi 
energyy is excited (leaving a hole) to an unoccupied state just above the Fermi energy. 

Thee basic assumption made by Landau in his phenomenological Fermi-liquid 
approachh is the existence of a one to one correspondence between the low-lying ex-
citationss in a system of interacting ferrnions with the ones when all the interactions 
aree set to zero adiabatically ([47]). The classification of the excitations remains un-
changed,, but their corresponding energies are affected. The distribution function 
nnk.,<rik.,<ri  helps to classify the excitation energy levels of a non-interacting Fermi gas. If 
wee know nk)tT we can easily calculate the energy of the system. In order to leave 
thee classification of energy levels unchanged when the interactions are turned on, the 
energyy for the interacting system must have, again, a functional dependence on the 
distributionn functions, rakj0-. 

Forr the non-interacting system the energy of an excited state, E^, relative to 
thee ground state can be represented as: 

EEextext = J2€l<tT6nKtT, (2.132) 

wheree the energy e°[(T for | k , a) is measured with respect to the Fermi energy and 
<5nkilTT is the difference in its occupation number as compared to the ground state 
configuration.. Landau suggested for the interacting system: 

£*xtt = Y,cK*Sn*sr + ^ E K ^ ^ S n  ̂ + O (6n3) , (2.133) 
k,trr  k,q,o%p 

basicallyy a series expansion in terms of <5nkj<T
5. ek<r and £ JJ are coefficients which 

characterizee the low energy excitations for the interacting systems. In the presence 
off  all other quasi particles, the effective one-electron, or quasi-particle, energy, ejf̂ ., 
correspondingg to | k , a) can be defined as: 

Thee energy for | k , a) is modified due to the presence of the other excitations. We 
cann define a Free energy functional as F ({Sn^}) = E  ̂ ({<5nki(7} ) - TS ({<5nkiff }) , 

^Implicitlyy no spatial gradients are assumed. 
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wheree we use Eq. 2.133 far ü ^ ({5wk,a}) and a Boltzmann expression for the entropy 
functional,, 5 ({W,*} ) = &Blnft ({^k,*}) - ^ ({^k,*} ) represents the number of pos-
sibilitiess to distribute the excitations over the available states subject to the Pauli 
principle.. Thanks to Feynmann's inequality, minimizing this F {{Sn^}) with respect 
too the variational parameters {Sn^a} will result in the expectation values for {Sn^}, 
{{{{  £«k,<7 CO )} • An expression for the free energy is then simply obtained as F = 
F({(F({(  £nitjff(T') )}). Once F is determined all the low temperature thermodynamic 
propertiess can be derived from it. 

Ass a result of Eq. 2.134 a temperature dependent quasi-particle energy, 
e j ^^ (T) is obtained: 

«Srr  (?) = ^ + £ * K < 6n™ (T) )  <2-135) 

Thee calculated linear low-temperature coefficient of the specific heat turns out to 
bee equivalent to that of a non-interacting set of quasi-particles ( F%£ = 0 ) with 
energyy e ^ , which is not to say that the interactions do not influence the specific 
heatt €k,«r ^ €k «•• The specific heat, Cy can be determined from Cy = jf -Excited «mil. ~ 
CTCT £k,<r tf£r (T) {& n*sr (T)), where incited equiL is not just any excited state but the ex
citedd state corresponding to T. In the limit of T approaching zero also { { 6nqiP ) } 
tendss to zero. By definition at T = 0 the ground-state configuration is obtained, hence 
{{ Ón^p ) = 0. In Eq. 2.135, the interaction term vanishes. The quasi-particle inter
actionss only contribute to orders higher than one in T (aside from Landau's effective 
masses). . 

Forr the low-temperature susceptibility (x — ^gr-E'ext), however, the quasi-
particlee interactions play a role. Both the single quasi-particle energy, €k(<r, and 
thee average distribution of quasi-particles, { èn^p ), change linearly with the applied 
magneticc field strength. The linear field dependence of { ön^p ) ( d { Sn^p ) /dB ) 
doess not tend to zero for T = 0. The expected susceptibility is dependent as { ^ q } 
(1// (l -I- i^q))» the quasi-particle interactions. 

Thee low-energy excitations of a quantum-mechanical system having a large 
numberr of degrees of freedom may be often approximately described in terms of a 
numberr of elementary excitations or quasi particles. The concept of "quasi particles1' 
iss analogous to "phonons" in the case of vibrating atoms in a crystal lattice. Only 
thiss time we deal solely with Fermi statistics. A priori  quasi particles may have 
eitherr a Bose or Fermi statistic. The statistics of the quasi particles, describing the 
excitations,, is not uniquely related to the statistics of the initial particles the system 
iss constructed from (as the example of phonons demonstrates). As a consequence of 
one-to-onee correspondence of excited states in Fermi-liquid theory, both the initial 
particless (electrons) and the quasi particles follow Fermi statistics, [47], 

Thee description in terms of quasi particles hinges on the limited possibility of 
scatteringg in the vicinity of the Fermi surface. The closer quasi particle excitations are 
too the Fermi energy the longer their lifetime. Their phase space of states to scatter to 
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duee to electron-electron interactions is for such quasi particles dramatically reduced. 
Thiss is the consequence of the Pauli principle in combination with momentum and 
energyy conservation. For sufficiently low temperatures we can, therefore, transform 
aa Fermi gas with strong electron-electron interactions into a Fermi liquid with weak 
interactions.. Non-Fermi-liquid behaviour is left outside the scope of the discussion 
here. . 

Considerr a Fermi sphere, completely filled up to the Fermi energy (x. Due to 
electron-electronn interactions an added electron with a momentum p and energy eq > 
fj,fj, wil l be scattered. In order to estimate its scattering rate, consider the scattering by 
ann electron with momentum k and ek < LL. Three things have to be considered; the 
Paulii  principle and both energy and momentum must be conserved. After scattering 
thee two electrons are in the final states p' and k7 with energy ep> > fj, and ekt > /x, 
repsectivelyy (a result of Pauli 's exclusion principle). Energy conservation requires, ek 

++ ep = ek ' + ep'. When ep is slightly larger then fi the energies ek and ep/ must be 
withinn a shell of thickness ep - JJL. Because of energy conservation, the fourth energy 
€k// is no longer an independent variable. Taking energy and momentum conservation 
intoo account, it can be shown that the available phase space volume is proportional 
too (tp — fi) . One expects a scattering rate proportional to this phase-space volume, 
T'T'11 = a (eP - A4) . A similar argument can be held to understand why the scattering 
ratee is proportional to the density of states at the Fermi level squared. 

Ass an effect of finite temperatures, the Fermi surface is smeared over an energy 
intervall  kBT, an additional term proportional to T2 must be added: 

-oca(e-fj,)-oca(e-fj,)22 + bT2. (2.136) 

Accordinglyy the electron mean free path due to electron-electron interactions is Ze_e = 
VpT.VpT. Introduce the effective electron scattering cross section a (T) = l/nZe_e, where 
nn is a particle density. I t can be shown that for low temperatures: 

^^TT)=(~))=(~)22^o^o (2.137) 

wheree (To is the classical result; identical to the scattering cross section at sufficiently 
highh temperatures (kBT s=s n) so that the effects of the Pauli exclusion principle can 
bee neglected. 

Concluding;; it is the Pauli exclusion principle which enables us to transform 
thee problem of a strongly interacting electron gas into one of weakly interacting quasi 
particles,, a Fermi liquid, at the lowest temperatures. 

Att finite temperatures one would like to describe the excitations by a distri-
butionn function which depends on the energy of the excitations and temperature. 
Accordingg to the Heisenberg uncertainty principle, the energy uncertainty due to a 
meann free time r between electron collisions is Ae = hr'1. This energy must be much 
lesss then the thermal broadening (Ae < kBT). In this case the excitations can be 
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describedd by a thermal distribution, Fermi-Dirac, function. As l / r oc T2, for k&T < 
fifi 22/(aonvph)/(aonvph) this condition is fulfilled. Its maximum temperature depends inversely 
onn the strength of the electron-electron interaction/cross section, (TQ. The stronger 
thesee interactions are the lower the temperature must be to allow for a Fermi liquid 
description. . 

Ann implicit assumption of the Fermi-liquid theory is that still a Fermi surface 
cann be defined at the lowest temperatures. Otherwise the whole discussion of quasi-
particle'ss lifetime cannot be held. Experimentally, Fermi-liquid behaviour reveals 
itselff  among other things as a linear temperature dependence of the specific heat, a 
quadraticc temperature dependence in the resistivity and a temperature independent 
susceptibilityy at the lowest temperatures. Materials are known which do not display 
thesee features. One could argue that such materials behave as non-Fermi liquids. 
Exampless of such non-Fermi liquid states are; the Wigner-lattice state (where the 
discontinuityy at the Fermi surface is expected to vanish) or marginal Fermi liquids. 
Forr a marginal Fermi liquid state a distribution is obtained for which the discontinuity 
att the Fermi wave vector tends to zero. A suggestion is that as Kondo systems can 
bee described in terms of a Fermi liquid, for heavy-fermion systems a more proper 
descriptionn is in terms of non-Fermi liquids; e.g. a marginal Fermi liquid. The 
acceptedd terminology distinguishes heavy-fermion systems from non-Fermi liquids. 

2.111 APPENDIX Friedel's sum rul e 

FriedePss sum rul e 

Thee Abrikosov-Suhl or the Kondo resonance can be seen as a consequence of Friedel's 
summ rule. From scattering theory, for a flux of free incoming particles elastically 
scatteredd at a center-symmetric unscreened scattering potential (its center at r = 0) 
thee outgoing wavefunction for sufficiently large values of r takes the form: 

4>4> (r)) « eikz + F (8) ., (2.138) 

wheree z represents the direction of the incident flux. The first term in Eq. 2.138 
representss the incident flux of free particles (their momentum p = Hk) while the 
secondd term represents the scattered part of the wave. 

Wee will represent the impurity complex by a center-symmetric scattering po-
tential,, Vimp (r). Two fundamental differences to the above situations exist; we are 
nott dealing with free electrons, and the impurity potential is screened. Also the elec-
tronss are confined within a sample. This imposes extra boundary conditions on the 
solutionss to be found. 

Thee impurity potential is screened by the surrounding conduction electrons 
duee to two mechanisms. The impurity can have bound states occupied by surround-
ingg conduction electrons. Also the surrounding extended conduction-electron states' 
wavefunctionss are modified due to the extra potential. This leads, to a non-uniform 
conduction-electronn density distribution in the vicinity of the impurity. 
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Thee spherical symmetry of the original impurity potential provides I and m 
(thee orbital-momentum and its projection quantum number) as good quantum num-
bers.. A further quantization is the result of the extra boundary condition that wave-
functionss must be confined within the sample. This wil l be represented by the index 
nnkkn n 

Wee wil l restrict our attention to only Hartree type of ground states. Other 
possibilities,, requiring correlation effects, wil l not be considered. One can write down 
ann effective single-particle Schrödinger equation for the above problem: 

{""  ër*y2+7tot ( r ) } *  (r)*.<.™= E4> ( r ) M, ~  f2-139) 
wheree Vtat ( r) is the total potential formed by V^p (r) plus the screening potential, 
VscmVscm (r)- Kern ( r) is the potential felt due to the screening charge, psarn ( r): 

VVmm(r)(r)  = Jd'r'^^1 (2.140) 

PPmm(r)(r)  EE E((h r Wr)- ( |^° ( ' ,) * , i .« f ) ) f2-141) 

wheree <j>  (r)klm are the solutions of the Srödinger equation in the absence of any 
scatteringg potential and the brackets ( ) denote the thermal-averaged expectation 
value. . 

Eqs.. 2.139, 2.140 and 2.141 define a self-consistency problem which can be 
solvedd by successive iteration. Like in the case of the hydrogen atom, a separation in 
radiall  and angular variables is possible: 

oooo +1 R ( \ 

* WW = EE^M^2. (2-142) 
r r 

i=00 m=-i 

wheree ^ ( e . V O = ( - 1 )' 
2ZZ + l(J-ro)! ' 

47TT (l + m)\ 

l l 

i ff  (cosO) e im^. (2.143) 

i ff  (cos 6 ), denotes the Legendre polynomials, so that {>i, m} , forms a complete and 
orthogonall  set: 

W,m|>I'Im')==V£n1m'' (2.144) 

Rk,iRk,i (r) must satisfy the radial Schrödinger equation 

[i[i  + {»- ,JiP-%™}] RRkk,i(r),i(r)  = 0, (2.145) 

wheree \L represents the mass (to avoid confusion with the quantum number m of 
thee angular momentum). The initially unscreened scattering potential is spherically 
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symmetric.. The screening potential is determined from Eq. 2.141, i.e. the functions 

J2k,i,mJ2k,i,m $ (r)k,i,m a nd Z)jt,i,m #° (r)k,i,m • T n e r e is n o a™ o f preference. As the 
radiall wavefunction Rktt (r) is independent of m (cf. Eq. 2.145) and Y2m l̂ i.m! = ^£r 
,, independent of 6 and 0, and the screening potential involves a summation over m, 
Vtatt ( r) is expected to be independent of m 

Twoo boundary conditions exist. The wavefunctions have to be confined to a 
sphericall box of radius R, representing the sample volume, hence Rkii t (R) = 0. As 
wee will let R approach infinity, eventually, the precise boundary conditions are not 
off importance. The second boundary condition is that <f>  (r) must be continuous over 
thee whole sample, including r = 0. 

Forr finite R, as a result of the first boundary condition (Rk,i {R) = 0), the 
allowedd k values for Rkfi (r) will form a discrete set. Eventually as the sample dimen
sion,, R, turns infinite, this discrete set will be replaced by a quasi-continuous one, 
andd a density of k values allowed can be introduced, i.e. ni (k). 

Accordingg to Laue's theorem, the added impurity potential, screened by the 
conductionn electrons, has a finite range outside which the influence of such effective 
potentiall is negligible. The screening charge is confined to a volume of radius in the 
orderr of the Fermi wavelength. 

Too be more precise, Laue's theorem states that the particle density per unit 
energyy range is independent of any boundary conditions at distances exceeding the 
characteristicc particle wavelength. This is not the result of the screening but also 
holdss for a non-interacting Fermi gas. The importance of screening lies in the fact 
thatt it makes it possible to define an r^  ̂ for which we can set Vtot {r >  rmm) = 0. 
Wee can than view an impurity atom as an object that introduces a new boundary 
conditionn at r = rm-m. Thus the local density of states at the Fermi energy, defined 
as s 

p(r)=2Y,6(*F-e)p(r)=2Y,6(*F-e) 4>(r)k>l>v 
k,l,m k,l,m 

willl usually only be weakly perturbed by an impurity for distances exceeding l/k?, 
wheree fcp is the Fermi wave vector. 

Inn terms of R^i (r) / r , the most general solution of Eq. 2.145 for Vïot (*") = 
00 is a linear combination of Bessel functions and Neumann functions. For Bessel 
functionss <f>  (r) = R^i (r) /r would be regular at r = 0 while for Neumann functions 
<f><f>  (r) would be singular at r = 0. At large r, the asymptotic form of such a linear 
combinationn of Bessel and Neumann functions reads 

flk,/flk,/ (r) w MJL sin \kr - -lir  + 5, (A:) J , (2.146) 

basicallyy spherical waves. If 6i (k) = 0 or 7r/2, Eq. 2.146 represents the asymptotic 
formm of a pure Bessel or Neumann function, respectively. 
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Ass a result of the second boundary condition (<f) (r) is continuous also in r = 
0),, in the absence of any impurity (V ^ (r) = 0 for any r < R) only regular solutions 
aree allowed, hence only Bessel functions. Their asymptotic form reads as Eq. 2.146 
forr 6, (k) = 0. 

I nn the presence of the impurity, solving Eq. 2.145 two regimes can be distin-
guished;; i.e. r < rmin (Hot (r) £ 0) and r > T W (Kot (r) = 0). For r > r ^ the 
generall  solution holds of which Eq. 2.146 is the asymptotic form . No longer do we 
havee to restrict attention to only Bessel functions but any combination of Bessel and 
Neumannn function can be considered, 5t (k) ^ 0, since rm-m > 0. 

Thatt Si ^ 0 is a direct consequence of the impurity present and the associated 
(screening)) charge bound to it. At distances far away (r » r , ^ ) the effect of the 
disturbingg impurity potential is reduced to simply adding an extra phase factor to 
thee wave functions, Si (k). This 6i (k) depends on the scattering potential and its 
chargee bound. Being due to the influence of the potential at r < rm\n, it is of course 
independentt of R. 

Friedel'ss sum rule expresses an inverse relation. It expresses the total of excess 
chargee bound by the impurity in terms of a sum of phase changes introduced for states 
att the Fermi energy. If the impurity has valency Z with respect to the host metal, the 
self-consistentt screening potential wil l ensure that the charge displaced wil l precisely 
balancee it. Friedel's sum rule states 

ZZ = - V ( 2 Z + 1 ) M M - , (2-147) 
I I 

wheree kp is the Fermi-wave vector. I t is an important self-consistency condition for 
thee potential at hand. 

Theree are many different methods to come to Eq. 2.147 ([4],[65], [66], [67]). 
Considerr two successive allowed values of k for a given I, ko(l) and fci (I) : 

MOO =  (2.148) 
M l )) = < - + 1>» + « ( * » > - * > . (2.149) 

R R 

I tt is seen that for increasing R the difference between k\ and ko gets smaller and 
smaller.. If we further assume also the derivatives of <5< (k) to be continuous, for 
sufficientlyy large R: 

ödk^^Si^+ih-ko)^ödk^^Si^+ih-ko)^11^ ^ 

Consequentlyy k\ - ko = 

dk dk 

n_n_ dSdk) 
•"-- dk 

++  0((k1-k0)
2). (2.150) 

—— (2.151) 

A=fco o 
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andd the density of allowed k (I) values is: 

Too each Z, a total of (2Z 4- 1) values of m correspond. Each state is further 
twicee spin degenerate. As a consequence of the change in nt (k) the total number of 
occupiedd states is changed: 

AJVV = ^2 2 (2l + l) f dk (n' (k) ~ n? (*)) (2-153) 

wheree n{*  (k) = R/ff, the density of states in the absence of the scattering potential. 
Substitutingg Eq. 2.152 we find: 

A**  = - | E (2l+!) j f d * ^ r  = ~ E (2Z+!) * (M  (2154) 

Ass -AN = AZ , Eq. 2.147 follows. 
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Chapterr 3 

ETUDES:: SMALL MOLECULES 

3.11 Introductio n 

Thee object is to solve the Periodic-Anderson Hamiltonian as it is introduced in the 
previouss chapter for the parameter settings believed to be typical for heavy-fermion 
materials.. Of particular interest are the low-energy excitations, as they are expected 
too be essential for understanding the low-temperature thermodynamic properties of 
suchh a system. Unfortunately, the Periodic-Anderson Hamiltonian can not easily be 
solved.. In general, the Periodic-Anderson Hamiltonian is represented in terms of 
single-electronn creation and annihilation operators (c*, c, f*  and f). A part of the 
Hamiltoniann is purely single-electron in nature. This part conserves lattice periodic-
ityy and the conserved quantity, hence a good quantum number, is the wave vector, k. 
Thee second part represents the electron-electron interactions (U £V  a n (f^) n (f^..^)). 
I tt is the result of a Coulomb repulsion between the electrons. The fact that its origin 
iss a Coulomb repulsion between two electrons enforces that the best representation 
iss in terms of real-space indices (the positions of the two electrons). The Heisenberg 
exclusionn principle does not allow for a compromise between the reciprocal lattice 
representationn and this real-space representation. Representing for example this sec-
ondd part in terms of reciprocal-lattice parameters will cause all f*  states to be coupled 
too all other f*  states (now f̂  is only coupled to U-a)- Precisely the reverse argument 
holdss for the first part of the Hamiltonian. 

Inn case correlation effects between electrons only invoke minor corrections, 
Hartree-Fockk approximations are still useful. But in the case of heavy-fermion systems 
suchh correlation effects start to be such major players that even concepts as band 
structuress can become questionable (see the next chapter). 

Sometimess we are lucky. By physical insight we are able to formulate a gen-
erall  concept for the fundamental excitations. Examples of such correlated-electron 
systemss that can be treated in this manner are, the " Cooper pairs" in case of the 
BCSS superconductors or "composite fermions", "anyons" and "skermions"in the case 
off  low-dimensional electronic structures. In the case of heavy-fermion behavior such a 
microscopicc model for the low-energy excitations is still absent other than the notion 
thatt it must predominantly involve spin degrees of freedom. 

Basically,, there are two possible approaches. One is what we will call the "local 
approach".. This starts with the properties of a single magnetic ion (or a simple 
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molecule)) and works towards the situation involving more ions. These approaches 
usuallyy start with the single-ion Kondo effect or small enough molecules so that the 
low-energyy eigenstates and energy spectra can be determined. The second approach 
iss what we wil l call the "delocalized approach". This starts with the fact that the 
magneticc ions are arranged periodically, and usually involve band structures etc.. We 
havee put aside here the (marginal) Fermi liquid approaches as they do not reveal any 
microscopicc information about the nature of the low-energy eigenstates, in the sense 
ass Cooper pairs do for BCS superconductivity. 

Thee approach presented here falls into the category of the localized models. I t 
iss inspired by the fact that the small molecule of Fulde as presented in the previous 
chapterr already reveals so much information about the single-ion Kondo effect (single-
ionn Anderson Hamiltonian). Here we wil l study variations of such molecules involving 
moree f and more ligand states in the hope that they wil l reveal some information about 
thee low-energy eigenstates and spectra to be expected for the Periodic-Anderson 
Hamiltoniann in the limi t applicable to heavy-fermion systems. There are computer 
programss available which allow a determination of energy spectra and eigenstates of 
highlyy complicated molecules. We decided not to follow such a route but, instead, 
choosee molecules where eigenstates and spectra can be determined analytically. The 
reasonn for this is that we want to identify the mechanisms at work in their most 
simplee form. Hence, we use the word "etudes" in the title. 

3.1.13.1.1 Which molecules do we consider? 

Ourr inspiration comes from the "Fulde molecule" discussed in the previous chapter[1]. 
We,, therefore, use similar simplified versions of magnetic-ion and ligand atoms. They 
aree referred to as f and c atoms each with only one state, doubly spin degenerate. For 
theirr corresponding energies, ef and ec, respectively, we assume ef < ec. Two electrons 
occupyingg the single f state of the magnetic ion wil l experience a mutual Coulomb 
repulsion,, U, so strong that U > ec - ef. * Agreement between such molecules and 
thee actual situation is believed to be optimal for Uf (fj, — ef) & 2.5, where ec wil l 
takee the role of fi. The Coulomb repulsion, as a result of two electrons occupying a 
cc orbital or one occupying a c while the other is on an f orbital, wil l be discarded. 
Thiss is justifiable since in the actual situation ligand-atom orbitals are sufficiently 
extended.. We assume a ligand-hybridization between f and c atoms to be present but 
small,, i.e. \T\ / (ec — ef) <C 1, and between two ligand f orbitals to be non-existing. 
Thee latter corresponds to the observation that in real heavy-fermion systems the 
distancee between magnetic ions exceeds the so-called Hil l limi t (see next chapter). 
Unlesss explicitly mentioned otherwise, we assume the number of electrons and atoms 
presentt to be equal. 

*Ann implicit assumption made here is that each magnetic ion can be described by only one spin 
degeneratee f shell, while in reality the f shells contain 14 states and, in general, there is more than one 
electronn present. The correlations due to their interactions are reflected by the well known Hund 's 
rules,, which do not enter the discussion here. This may have consequences for the electron-electron 
correlationss present at an individual magnetic ion (as in the two-channel Kondo problem). 
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Figuree 1 Representation of all molecules for which the spectra and excitations are explicitely 
determined.. Small circles represent f sites (denoted by " f " ) while large circles represent c sites 
(denotedd by "c " ) Arrows indicate interactions a): We will argue that such molecules have 
propertiess analogous to a single magnetic ion embedded in a metallic host, b): Molecules in 
whichh insufficient c sites are present to form individual single mangetic-ion ground states at each 
ff site seperately (of the type as for molecule a:) c): Moleucle in which a surplus of symmetry 
operatorss is present (three mirror planes and a rotational symmetry). Not all symmetry 
operatorss do commute with one another while they do commute with the Hamiltonian. d): 
Moleculee in which ample c sites are present for single-magnetic ion ground states at each 
individuall f site seperately, but each c site has interactions with all f sites. Molecule d will also 
bee used as a simple example of a large molecule constructed from two smaller ones. 

Importantt for the ground state and the low-energy excitations in the "Fulde 
molecule""  as discussed in the previous chapter is the singlet formation between the 
ff  and the c state. In this case, maximum profit is made of the energy reduction as 
aa result of the ligand hybridization. As we wil l see, a c state can only be in singlet 
formationn with one f state at a time. The first molecule we wil l consider is where two 
ff  sites equally share one c site. Such a molecule is depicted as b in Fig.1 This must be 
onee of the simplest molecules where one can expect a correlation between the two f 
sitess due to the fact that they must share the same c state to form the Kondo singlet. 
Forr this molecule we wil l also study the effect of adding or removing an electron from 
thee system. 

I nn the case of such a molecule an important quantum number is parity with 
respectt to interchanging the two f states. A logical extension of this molecule is where 
threee f sites share one c site. This is depicted as molecule c in Fig. 1. This is one of 
thee simplest molecules with several rotational and mirror symmetries for which the 
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Figuree 2 Upper right: example of the type of molecules considered. A number of magnetic 
ionss (denoted by " f " ) equally share a number of ligand atoms (denoted by "c" ) . Each c 
sitee has interactions with all of the neighbouring f sites. Arrows indicate interactions. Upper 
left:: example of a variation of the previous molecule which is not considered. Lower part: 
graphicall representation of an example of a lattice constructed from smaller molecules. For 
suchh solids the many-electron eigenstates of the small molecule take a role analogous to the 
single-electronn atomic orbital wavefunctions in a single-body tight-binding band theory. The 
picturee in the lower right corner could be misleading. If one takes the arrows in the lattice as 
literaryy representing interactions, such arrows should connect to the big circles representing the 
ligandd arrow. 

correspondingg symmetry operators do not all commute with one another. 

Inn terms of the "simple Fulde molecule" the situation of the Periodic-Anderson 
Hamiltoniann is best approached as these molecules are arranged in a periodic lattice 
withh a ligand hybridization introduced between the c sites of neighboring molecules, 
seee the lower part of Fig. 2 

Whilee for the whole lattice the numbers of electrons and atoms are still equal 
thiss is no longer true for individual molecules. If a molecule with equal number of 
atomss and electrons is neutral then one can refer to the situation of an excess electron 
presentt in such a molecule as an electron excitation and the situation of the absence 
off  an electron as a hole excitaton. We expect electron-hole excitations to be present 
inn a lattice formed by " Fulde molecules". To study the eigenstates and energy spectra 
off  these electron-hole excitations (basically one electron transferred from one Fulde 
moleculee to another) we studied molecules of the type c in Fig. 1. This can be seen as 
twoo Fulde molecules connected where the c site of one Fulde molecule has an equally 
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strongg ligand hybridization to the f site of the other molecule. We wil l see that for 
thatt molecule very particular magnetic ground states (aside from the non-magnetic) 
aree found. 

Anotherr way to connect the two Fulde molecules is as depicted in the left 
upperr corner of Fig. 2. Molecules a, b and c in Fig. 1 are similar in the sense that 
alll  c sites are equally shared by all f sites. But only in situation c in Fig. 1 sufficient 
cc sites are present to form simultaneously a singlet for each f site independently (in 
situationn a and b there are insufficient c sites present for such purposes). What effect 
doess this have on the coupling between the f sites? 

Thee type of magnetic ordering preferred by these molecules (the magnetic 
ionss arranged either ferromagnetically or antiferromagnetically) wil l also be studied. 
Thiss is done by introducing a fictitious field enforcing a ferro- or antiferromagnetic 
orderingg onto the f sites of the molecule. By comparison of the susceptibilities in the 
(anti)ferromagneticc fictitious field we wil l determine the type of ordering preferred by 
thee molecule. As the situation of a ferromagnetic fictitious field is similar to that for 
ann externally applied magnetic field an attempt is made to determine the existence 
off  a characteristic external magnetic field and a version of a single-energy scaling 
relationn between characteristic temperatures and fields. 

Wee are primarily interested in the low-energy part of the energy spectra of 
ourr molecules in which we wil l identify three different energy or temperature scales, 
i.e.. kB2£, kBT* and kBT2* . kBTf Corresponds to the energy difference between the 
groundd states and the lowest excited states with different symmetry and larger spin 
quantumm numbers but still in a singlet state between f and c states. We attr ibute 
TiTi to the temperature above which correlation between different f sites is lost. kBT£ 
Correspondss to the energy difference to excited states that are no longer singlets. We 
attr ibutee T£ to the temperature above which no traces of the single-ion Kondo effect 
cann be found in the molecule. The expression kB 7^ corresponds to excited states 
withh a smaller total spin quantum number (still singlet formation takes place and 
thee symmetry quantum numbers are conserved with respect to the ground state). 
Couldd TQ be related to the small but essentially non-zero magnetic moment observed 
inn heavy-fermion materials? Could such trends be extrapolated to the narrow but 
veryy pronounced peak at the Fermi level in the density of states for heavy-fermion 
behaviour? ? 

3.22 Variou s magnet ic ions sharing one l igand a tom 

Inn this section we wil l study molecules b and c of Fig. 1. Introduce fj^f ^ and c*  ,cff 

ass the creation, annihilation operators for the f and c state, repsectively on site i and 
spinn a. As there is only one c-site present, the index i is dropped for the c-states. 
Usingg previous parameter settings, the Hamiltonian for such molecules can then be 
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representedd as: 

++ E E [e4f^ + {TiUa + r*4̂ r  } + ̂ ,T ,̂1 

wheree 7Vf is the number of f-sites present and n  ̂ = f^f^ 

3.-S.. i Some general trends for the ground states 

Goodd quantum numbers to label eigenstates and energy spectra of the Hamiltonian 
Eq.. 3.1, are the ones related to the total spin operator, denoted as S and its quantum 
numberr s, the projection of such spin operator along a certain axis, denoted as Sz 

andd its quantum number m, and the symmetry operators. 
Forr \T\ = 0 another good quantum number would have been the occupation 

densityy of the individual sites. If the number of electrons and atoms is equal for the 
degeneratee ground states each f site and c site wil l be precisely unity occupied. This 
iss the result for ef < ec and U > (ec - ef ). In the actual situation \T\  ̂ 0 but with 
\T\\T\ J (ec — ef) < 1 , we expect the resulting occupation densities of individual sites of 
thee low-energy eigenstates to be close to the ones for \T\ = 0. This can be understood 
ass follows. The effect of the introduction of the ligand hybridization is to shift charge 
fromm f to c states. The energy difference of the two initiall y unhybridized states is 
att its smallest (ec — ef) (this must be two states differing one unit of charge -with 
spin-- shifted between f and c sites otherwise they wil l not hybridize). As the ligand-
hybridizationn strength is much smaller than the initial energy splitting of the two 
statess that hybridize, general rules apply. The energy of the state with the lowest 
energyy wil l be shifted to lower values proportional to t = \T\2 / (ec - cf) while the 
statee with the highest energy is shifted upwards by the same amount. The main 
constituentss of the eigenstates is almost unaffected (for a detailed discussion see our 
discussionn of the Fulde molecule in the previous chapter). The occupation densities 
off  individual sites wil l still be close to unity, the f sites slightly less while the c site 
slightlyy more than unity. For the sake of argument let's take each site approximately 
singlyy occupied. 

Forr the ground states it is advantaguous to have as much as possible of the f 
andd c states in a singlet arrangement. In this case as the state hybridizes it is always 
guaranteedd that a unit of charge -with spin- can be shifted between such c and f sites 
inn singlet arrangement.1' Such a unit wil l always find the correct empty state on the 
receivingg site. 

*Thee ligand hybridization term conserves spin. In terms as ft̂ ct _g (as they appear in a singlet) 
itt is always guaranteed that the cj  g state is not occupied so that charge(with spin o) can be shifted 
freelyfreely from the Via into the ct^state. Similarly, it is always guaranteed that the f?_CT state is not 
occupiedd so that charge(with spin -er) can be shifted freely from the c]_CT into the ft _ state. 



Variouss magnetic ions sharing one ligand atom 83 3 

AA property of singlet formation of two single-electron states is that interchang-
ingg their spin indices reverses the sign of the overall state. As a result of this any 
singlee particle state can be in singlet arrangement with only one other single particle 
statee simultaneously. 

Anyy attempt to arrange a c state in a singlet arrangment with more than one f 
statee simultaneously will result in the vacuum state. E.g. for N[ — 2 the requirement 
forr a singlet arrangement between all f states with the c state simultaneously enforces 
thatt if the ground state contains a term Qtf]j0.m4]ff(2)cI(c) ^n en ^ m u s^ a l s o contain 

termss as —af|j(7(cj4^(2)^(1) an<^ _a*ï,<r(i)4,ff(c)cI(2)' **° r eaL<^i ° ^ t n e se latter two terms 
thee same argument holds etc., so that we get the following cascade: 

occ a 
ftt ft _t , ^ fl,<7(c)V(2)C?(l)+ "*  V(c)4,a(l)C?(2) -*  , ft £f t 
V ( i W ) c » W ++ _• _ft ft rt . _, ft f] ct _,, + I V J W < K « 

^^  I l,(r(l) r 2,<7(c)C<7(2)+ ^  I l,ff(2) I2,i7(c)Cff(l ) 

(3.2) ) 

Slightlyy rearranged this results in: 

a^(l),<r(2),<7<c)) = <*g ^{{fU(X)fl^2)  ~ /lV(2)/2t
j f f (l) ) CUc) (3- 3) 

++ (/l,<T(2)A,<r(c) ~~ A,ff(c)/v(2)J Co-(l) + \/l,ff(c)/2,<r(l ) _ fl,a(l)J2,a{x)J Cc(2)l' 

Takingg into account that the only values o~ can assume is , it can be 
verifiedd that aF(r(i)]ff(2)^(c) = 0. As this holds for two f sites the conclusion must 
automaticallyy hold for three and more f sites. 

ff Sites cannot be in singlet formation with one c site simultaneously. The 
majorr part of the ground states we assume to be a linear combination of terms, 
wheree for each individual term a different f site is in singlet formation with the c site, 
(i.e.. \y/2 ft^cj — fj^cj for site i), hence 

» » 

wheree I $••-«) contains all f states other than the ones of site i. We, therefore, 
obtain n 

farJV,farJV, = 2, | ^ ) = ( ^ f ] i T + / ? 4 i ) | 0 > , (3.5) 

andforiV,, = 3, | ^ > = ( « 4 4 T + M A + T ^ l l + ^ A ) l°> 
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|0)) Denotes here the vacuum state. Given certain spin and symmetry quantum 
numbers,, the indices a  ̂ /3i 5 7^ and 6t are fixed. 

Whatt wil l be the total-spin quantum number of the ground state? We just 
learnedd that terms of the form 

114 4 ct„„  |0> (3.6) 

aree maximally affected by the ligand hybridization. I t is always possible to 
movee a charge from the c site to any f site while conserving spin. We expect ground 
statess to contain such a term. If m denotes the quantum number of the spin operator 
projectedd along a certain axis, S2, a conserved quantity of the Hamiltonian, then we 
knoww that for such ground states: 

1 1 
" ll  = n electron ~ 1 (3.7) 

Thiss limit s the quantum number, s, of the total spin operator, S, to 

—A'eiectronn — 1 < S < — iV ei e ct ron" (3-8) 

Theree is nothing in the problem which fixes a preferential axis for S2. So, 
anyy conclusions drawn for a certain m of a certain s must hold for all m of that s. 
Wee can exclude m = s = \Ne\^.tTOTi since such a state contains terms of the form 

U ii  4| c | |0)) a term clearly not affected by the ligand hybridization (no charge can 

bee shifted between c and f states while conserving spin). As this holds for one m of 

ss = 5-Nelectron, we can exclude 3 = ^N^^^  ̂ as a whole, leaving 

Agroundd states = 7T•'"electron •!•• l" -*V 

Modell molecules to which Eq. 3.1 holds can always be depicted as a two-
dimensionall molecule where the f sites are arranged rotational-symmetric around a 
centrall c site. The symmetry operators are then related to a particular rotational 
symmetryy for the f sites, interchanging the role of two f sites or the possible presence 
off mirror symmetries. The latter can always be seen as a combination of interchanging 
twoo f sites. Not always do the operators related to interchanging f sites commute with 
thee ones related to rotational symmetry. This means only one or the other can be 
usedd as a quantum label of our eigenstates, not both simultaneously. 

Forr the molecules with Nt = 2, Nf = 3 and Nf = 4 we find that the ground 
statess correspond to an eigenvalue of unity for their respective rotational operators. 
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ff  site j , c site j f site 

Figuree 3 A small molecule consisting of one ligand and two magnetic-ion atoms. The f and c 
sitee are primitive versions of atoms consisting only of one orbital representing an incompletely 
filledd f shell of a magnetic ion and a state of its ligand atom, respectively. This molecule forms 
thee simplest illustration for conduction-electron sharing. Each magnetic ion has the tendency 
too form singlets. But insufficient conduction electrons are present to do so. To achieve this 
theyy have to share the conduction electrons between them. Hence a correlation exists. The f 
andd c orbitals, with orbital energy £f and ec, are weakly coupled through a ligand-hybridization 
matrixx element, T. When two electrons occupy the f site their mutual Coulomb repulsion is U. 
Thee orbital of the c site is assumed to be extended and Coulomb interactions in it are neglected 
ass are interactions between electrons in c and f orbital. 

Thiss can be understood as follows. For any other eigenvalue of the rotational operator 
aa non-symmetric distribution of spin and/or charge over the f sites is obtained (to be 
moree precisely it is the phase of the wavefunction which is initiall y distributed non-
symmetrically).. The effect of the ligand-hybridization is then to move spin and/or 
chargee from f-site to f-site, either clockwise or anti-clockwise depending on the eigen-
valuee of the rotational operator. Associated with these movements (and the rotational 
operator)) is an angular momentum hence a kinetic energy. 

Thee singlet formation between f sites and the central c site is of importance. 
Byy requiring the combined spin of a certain f site and the c site to be minimal 
andd independent of the f site chosen we guarantee the maximum presence of singlet 
formation.. This fixes a, /3,7 and 6 uniquely. 

Onee should realize that terms of the form Eq. 3.6 already satisfy the rotation-
symmetryy requirements (eigenvalue unity). 

3.2.23.2.2 Two f sites sharing a central c site. 

Inn this section we consider the molecule in which two f sites share a central c site, as 
graphicallyy depicted in Fig. 3. 
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Conservedd quantities of the Hamiltonian Eq. 3.1 for this molecule are the 
parity,, AP, the total spin, s, and its spin-projection quantum number, m. The parity 
operator,, interchanging f-site 1 with f-site 2, we represent as P. Since P2 = 1, for its 
eigenvaluess Xp = 1 must hold. 

Firstt we consider only three electrons present (number of sites and electrons 
aree equal). Then the eigenvalues of the total-spin operator S range from s = 1/2 to 
ss = 3/2, while for the eigenvalues of the corresponding spin-projection operator Sz, 
—s<m<s—s<m<s must hold. 

Forr \T\ = 0 a further conserved quantity would have been the number of 
electronss present at individual sites (0,1 or 2). The eigenstates of Eq. 3.1 in the 
casee of |X| = 0 can be easily written down. We wil l use them as a basis to solve the 
\T\\T\  ̂ 0 situation. 

Thee energy spectrum for \T\ = 0 consists of three lines, 2ef + ec each site singly 
occupied),, €f + 2cc (the central c site doubly occupied and one f site occupied) , Zet + U 
(onee f site doubly occupied while the other is singly occupied) and 2ef + ec+U  (one f 
sitee doubly occupied and the c site singly occupied), listed in ascending order. This 
iss the result of Cf < ec and U > ec — 6f 

Thee effect of the ligand hybridization is to shift charge between f and c sites. 
Forr \T\ = 0 each site is unity occupied. Such states can only hybridize with states 
wheree one of the sites is doubly occupied (a unit of charge with spin shifted between 
anyy of the f sites and the c site). A doubly occupied site must be in a singlet 
arrangementt restricting the total spin of this three-particle states to s = 1/2. As 
thee ligand-hybridization term conserves spin we know that the s = 3/2 states are 
leftt unaffected (they have no states to hybridize with -differ one unit of charge/spin 
shiftedd between sites -) and we can restrict our attention to only the 8=1/2 states. 
Inn this case the eigenstates of Hamiltonian Eq. 3.1 for \T\ = 0 read as: 
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|| energy 

2€ff  + 6c 

eett + 2ee 

3e3ett + U 

2eff + ee + U 

2eff + €c 

€ff + 2ec 

3e3eff + U 

2e2ett + ec + U 

XpXp = —1, a = m = 1/2 

v7!! ftW]  -

iV5(^fcjc»-4,t<4c|) ) 

2^22 ^*i,T^T^ l — *2,T*lT*ll J 

^( f l T f j i C f -4TvT ) ) 
XpXp = -l, s = —m = 1/2 

yy 3 *lA cT -

I^ ( fJ ) Tc{c l -4 ) tc}c{ ) ) 

^(^A-flA^i ) ) 
\yft{A£A-A£A) \yft{A£A-A£A) 

XpXp = +l,s = m = 1/2 

è^(fïrl-flA) 4 4 

^ ( ^ c f c l + ^ c f c j ) ) 
ll2^{iMi+iMi) 2^{iMi+iMi) 
^ ( f ^ c jj  + ^ c } ) 
APP = +1, s= - m = l /2 

^/2(fïT4i-4i4r)ct t 

IV^^ tc fcJ+^c fc I) ) 

j^^M+WA ) ) 
èè V2 (fltfl.ej + fjr4i4) 

Thee above operators operated on the vacuum state |0) form a complete and 
orthonormall  set of states for a molecule with two f sites sharing one c site, 
threee electrons present and s = 1/2. They also are the eigenstates of Eq. 3.1 
forr \T\ = 0. 

Wee introduce the notation £?£(1) =2et + ec, E$2) = ef + 2eCl E$3) = 3et+U 
andd EQ = 2ef + ee + U. With respect to the basis listed in the table above we can 
representt Eq. 3.1 by two 4 by 4 matrices. For Xp = +1 s = 1/2 and m = 2 we 
obtain n 

// E ^ -T -T* 0 \ 
-T*-T*  £#2) 0 
- TT 0 E0

(3) 

00 -T +T* 

„T* „T* 

+T +T 

4 W W \\ 0 -T +T*  £?J J 

Forr Xp = +1 a = 1/2 and m = 2 we obtain 

(3.10) ) 

// 4( 1) V5r -y/3T* o \ 
>/3T*>/3T*  E$2) 0 -T* 

-y/ÏT-y/ÏT 0 £,((3) 

VV o - T T 
oo +71 

+T*+T*  £<(4) / 

(3.11) ) 
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Noww determining energy spectrum and eigenstates for \T\ ^ 0 is straightfor-

ward.. \T\ J ( 4 ( 2 ) - 4 ( 1 > ) = 1̂ 1 / («c " Cf) « 1, aUows for a second order Taylor ex-

pansionn in terms of this parameter. Introducing AE = (ec - ef), t = \T\2 / [EQ  ̂ — E^) 

andd u=Uf (E$A) - E$2)) =U/(U - (ec - ef)) the following energy spectrum is gen-

erated. . 

Name e 

-C /+13/2 2 

E E 
E E 

ïtfr r 

-1,1/2 2 

E E 

E E 
-1,1/2 2 

-1,1/2 2 

E E 

E E 

m m 
+1,1/2 2 

E E 

E E 
+1,1/2 2 

+1-1/2 2 

+1 1 
-1 1 

-1 1 

-1 1 

+1 1 
+1 1 
++ 1 

+1 1 

3/2 2 
1/2 2 

1/2 2 

1/2 2 

1/2 2 

1/2 2 

1/2 2 

1/2 2 

1/2 2 

m m 

-3/2,-1/2,1/2,3/2 2 

1/2,1/2 2 

1/2,1/2 2 

1/2,1/2 2 

1/2,1/2 2 

1/2,1/2 2 

1/2,1/2 2 

1/2,1/2 2 

1/2,1/2 2 

Value e 

E E o o 
EkEk{1){1) - 3ut 

E«E«vv + (4-u)t 

E$E$3)3) + (3« - 4) t 

EY^TuJ EY^TuJ 
W^uT W^uT 

E$E$2)2) + {2-u)t 

E^E  ̂ + (u-2)t 

E^E  ̂ + ut 

forr lirriu-^i 
V>AE V>AE 

(( &E= ) 

(gee - €f) 

K K ïïry ïïry 

4( 1 )-3É É 

iPTiT T 
^((3) ) ££ww - * 

^PTT T 
W^T W^T 
WTÏ WTÏ 
E ^ - t t 

E™TÏ E™TÏ 

Energyy spectrum of molecule consisting of two f sites equally sharing one 

cc site for \T\ / (E$2) - E^A «; l.(a second order Taylor expansion is used) 

EQEQ , EQ , EQ and J5Q form the energy spectrum for the same molecule but 

forr \T\ = 0.E = fe - Cf), * = \T\2/ (E«2> - J jf >) andn = U/ (4<4) - £ f >) = 

£7// (£/ — (ec — ef)). In the last collumn the energy spectrum for an infinitely 

largee on-site repulsion is listed. 

Thee corresponding energy spectrum is graphically depicted in Fig. 4. Setting 
\T\\T\ ^ 0, lift s the degeneracy of the original energy spectrum. As \T\ /AE <t; 1, we 
expectt the major parts of the corresponding eigenstate to be formed by their | r| = 0 
counterparts.. The ground states are clearly the ones with s = 1/2 and \p = — 1 
correspondingg to E_lxi2 

In t roducin gg tw o characteristic temperatures 

Wee observe the same separation in low- and high-energy excitations as for thee Fulde 
moleculee of the last chapter. The low-energy excitations involve predominantly spin 



Variouss magnetic ions sharing one ligand atom 

uiixtstss e-l-eClX'uxifcJ p resen t-

|T | .00 |I(=D 
E E 

 11 

E E 

- 1 1 1 

++ 3 t 
++ 11 

- 1 1 1 
- 3 1 1 

( 4 )) E < 4 ) 

,%tf,\ ,%tf,\ 

EE <2> 
2 2 

EE <1> +1,3/2 2 

E ( 1 ) ) 
-1 ,1« « 

Figuree 4 Energy spectrum both in presence and absence of ligand hybridization with three 

electronss in the limit U > AE = (ec - ef) (see text for definitions). In the notation E%p a \ P 

andd s represent the eigenvalues of the symmetry operator, P, and total spin. Tj* and T£ are as 

definedd in text. For k B ^ * low-energy excitations are found which differ in symmetry quantum 

numbers.. Stiii singiets are formed between f and c sites. At "KBTI low-energy excitations are 

foundd for which the singlet formation between f and c states is suppressed. 
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degreess of freedom while the high-energy excitations involve charge degrees of free-
dom. . 

Consideringg the low-energy part of the spectrum, we can distinguish two types 
off  excitations. We introduce kBTf as the energy difference between Ei\l/2 and 

i?+i,i/2'' kBTi « It. As temperatures start to exceed Tj* , also states with different 
parityy but still identical total spin as the ground states start to be populated. The 
probabilityy to find the system in a symmetric state starts to become more and more 
equall  to the probability to find the state in an antisymmetric state. Still, all three 
sitess are approximately unity occupied. We associate with this temperature the loss 
off  (magnetic) correlations between the two f sites. Still, singlets between f and c states 
aree formed (the total spin quantum number is still conserved). A second characteristic 
energyy scale, kBT2*  , can be introduced as the energy difference between E_ 1̂/2 and 

^+1,3/2'' ^ B ^ w 3£. Now parity is no longer conserved but also its total spin quantum 
numberr is changed. As temperatures start to exceed JT£, not only the correlation 
betweenn f sites is lost but also the singlet formation between c and f sites disappears. 
Ass a result the full magnetic moment, s = 3/2, is retrieved. 

Notee that both Tf and T{ depend solely on t as energy scale (or if one would 
nott have taken limu_>i this would have been ut). The pre-factors 2 and 3 are the result 
off  the geometry of the molecule used. A form of single-energy scaling is retrieved. 

T h ee general for m of th e ground s ta tes 

I tt can be shown that the form of the ground states is retrieved by setting cti = 
—a.2=—a.2= | v 3 and /?j = /?2 = 0 in Eq. 3.5. The lowest excitations are found for 
ct\ct\ = —a2 = — \yi and /31 — (32=  0. I t is only the ground state which contains the 
t e n n f J X c U o f E q.. 3.6 . 

Spinn correlat ions wi th i n the various e igenstates of th i s molecule 

Introducee the notation s^jy^) and raf(i)if(2) as the quantum numbers of the spin and 
it ss projection along the z-axes for the two f sites, f(l ) and f(2), combined 

Wee consider only the lowest part of the energy spectrum for the moment. For 
statess of the form: 

^ ( f l ^ - f l ^ c f l O )) (3.12) 

(correspondingg to the lowest excited eigenstate with XP = +1 and s = m = 
1/2),, it is immediately clear that the two f sites are in a singlet arrangement (oc 
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Forr the mayor part of the ground state itself (XP = — 1 and s = m = 1/2) , 
thee two f sites are in a triplet arrangement. It is a linear combination of: 

l/f[' ' 'I'I  [AM]  • <3-13) 
correspondingg to Sf(i),f(2) = mf(i)^(2) = 1» Bud 

vffî A+fïAH H (3.14) ) 

correspondingg to Sf(i),f(2) = 1 and mf(i)(f(2) = 0. Considering the f sites only, 
althoughh this can be identified as a triplet state, Sf^tp) = 1, its projection quantum 
numberr along the 2-axes is no longer a conserved quantity. 

Wee also consider the correlation between an f s tate (say of site 1) and the 
conductionn state. For this we introduce Sf(i) • S c where Sf(j) and S c represent the 
spin-vectorr operator of the f state and c state respectively. 

For r 

Sf(i)) • Sc = Sf^Scs + 2 {Sf(i),+Sc,- + S{^)>-SCl+). (3.15) 

Sf(i),zz and SCfX represent the ^-components of the spin-vector operators Sf(i) 
andd S c respectively. The  notation is adopted to represent the respective raising 
andd lowering operators. For the ground state (Xp = — 1,3 = m = l/2£) we find: 

<Sf(i)) • S c ) ^ ^ ^ = --h . 

Tha tt implies that for the ground state the coupling between the spin on the f 
sitee and on the conduction site is antiferromagnetic. For the lowest excited state 

< * W 8 . L * « — - °° (3-16) 

holds.. The antiferromagnetic interaction between f and c spin (needed for 
singlett formation) is gone. Still an energy reduction results from the introduction of 
thee ligand-hybridization strength. This suggests that still somewhere some singlet 
formationn is occuring. For this purpose we calculated S^ )  Sf(2) for both the major 
partss of the ground state and the lowest excited state. In analogy, 

Sf(i)) • Sf(2) = £qi),zSf(2),z + T (Sf(i)+Sf(2),- + Si(i)Sf(2),+) (3-17) 
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holds.. For the excited state we obtain: 

{Sf ( i ) -sf ( 2 ))e x p e c t a t i onn = - - n 2
) (3.18) ) 

(ann antiferromagnetic coupling between the spins on different f sites) wherein 
forr the ground state we obtain: 

{Sf(DD • Sf(2))expectat ion = -h2 
(3.19) ) 

(aa ferromagnetic coupling between spins on different f sites). The singlet 
formationn between f and c sites in the ground state configuration causes the two f 
spinss to order ferromagnetically. When it comes to energy reduction as a result of 
thee introduction of the ligand-hybridization strength, maximum profit is made of this 
singlett formation (resulting in the antiferromagnetic preference) between f and c site 
detectedd as 

(Sf(i)) • S c) expectationn O 

forr such states. For the lowest excited states this antiferromagnetic preference is 
noo longer presence, hence: {%)' Sc)expec t a t i on = ~\h (there is no preference for 
ferromagneticc or antiferromagnetic ordering). Instead, we detect 

(Sf(i)) • Sf(2)) 
expectation n 

== - 2 f i > 

,, a preference for the two f sites to order antiferromagnetically with respect to each 
other.. It is as if the singlet formations between f and c states resulting in a ferromag
neticc ordering between the two f sites, in the case of the ground state is replaced by 
aa singlet formation between the two f states for the case of the lowest excited states. 

groundd state 

lowestt excited state 

expectationn value 

2 2 

preferencee anti
ferromagnetic c 
orderingg f and c spin 

0 0 
noo preference 

11 expectation value 
11 Sf(i) • Sf(2) 

11 +i«" 
preferencee ferro
magnetic c 

|| ordering f spins 
11 - ^ 

preferencee anti
ferromagnetic c 
orderingg f spins 
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Thee correlation between the various spins on the c and f sites were calculated by 
caluclatingg the expectation value for S )̂ • Sc and 5f(i) • 5f(2). If these expectation values 
havee a negative sign this is taken as a preference for antiferromagnetic ordering, whUeas a 
positivee sign is taken as a preference for ferromagnetic ordering. 

Forr the ground state we expect the f sites to order ferromagnetically while for 
thee lowest excited state we expect the f sites to order antiferromagnetically. In terms 
off a later discussion, we are here in the limit of a strong spin-orbit coupling. The 
rolee of the angular momentum is here taken by the parity operator. A ferromagnetic 
arrangementt of the spins of the two f sites blocks any charge being effectively moved 
betweenn f sites creating a net angular momentum. 

T h ee effects of adding or  removing an electron fro m th e s y s t e m 

Spectraa of a correlated electron system (as our molecule) are generally studied by 
eitherr adding or removing an electron from the system and measuring the energy of 
suchh an electron. Also in large many-body correlated electron system, effective single-
particlee bandstructures are generated by comparing with the energy of the system 
afterr either adding or removing an electron from the system. 

Forr this purpose, we will generate the spectra for the above molecules for two 
andd four electrons present. In total the system can accommodate six electrons. This 
allowss the situation for four electrons present to be interpreted as two holes present, 
whichh to some degree can be treated similarly to two electrons present. The methods 
employedd are further highly similar to the ones just discussed. 

Forr \T\ = 0, the energy spectra for two, three and four electrons present are 
below. . 

totall number of electrons 
two o 

three e 
four r 

Ex Ex 
2e2et t 

2c,, + Cc 
2e2eff + 2cc 

EE2 2 

eeff + €c 

2Cc+€f f 
3eff + ec+*7 

Ez Ez 
2ec c 

3e3eff + U 
2e2ett + 2cc+U 

E* E* 
2et2et + U 

2eff -f 2ec + U 
4e4ett + 2U 

Energyy spectra for a molecule of two f sites equally sharing one c site with 
\T\\T\ = 0 and 2,3 and 4 electrons present. 

Thee same quantum numbers as previously employed are used. Realize that 
forr two electrons (in the two electron case) or two holes (in the four electron case) 
eachh occupying one f site parity and total spin are connected. In this case, the singlet 
arrangementt (s = 0) corresponds to a symmetric state (XP = +1) while the triplet 
statee (s = l ) corresponds to an antisymmetric state (Xp = —1). Similarly, if the two 
electronss or holes occupy the central c site they must be in a singlet arrangement, 
enforcingg s = 0 and Xp = + 1 . 

Thiss is the reason why certain energy lines corresponding to certain combina
tionss of quantum numbers will be missing in our energy spectrum for |X|  ̂ 0. Using 
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tw oo electron s pres e 
E l ' l - f c ii  + U 

u u 

E ( D . a , , 

??r e s e e 
)) E < 4 

1,0''  «1,0 

E <3> > 
«1.0 0 

ft ft 
E<2) ) 

0 0 

E ( DD E < 1 > 
- 1 ,, f *1,0 

| T | - 00 | T V * 0 

fourr e lectrons prest 

: =2(UAE )) , j | F ( 3 ) F ( 3 ) 
. -- -1,0"  »1,0 E < 3 i i 2 t t « ,, )*U 

|(»Lv, , 

E l U 2 ^ « , )) _ . 

E<2>> E ( 2 > 
/-- -1.T V I , 1 

: ï r "* <,2 i« (? )« « -1,00 +1,0 

EWv,1,o o 

Figuree 5 Energy spectrum both in presence and absence of ligand hybridization for the 
moleculee of Fig. 3 for two and four electrons present in the limit U 3> AE 5 (ec — €f). 
Thee low-energy excitations (of importance for thermodynamics) are suppressed as compared to 
threee electrons present (see Fig. 4 ) 

thee same notation as previously, the following energy spectrum can be obtained. 

II  Ap 

II  +1 

L L 
II  "1 

r r 

fourr electrons 
ss = 0 

EE11-2(u-l)t -2(u-l)t 
EE22 - 2ut 
EE33 + 2t 

EE44 + 4(u-l)t 

--
EE22-2t -2t 
EE33 + 2t 

--

twoo electrons 
ss = 0 

EExx-2t -2t 

EE22 - 2ut 
EE33 + 4t 

EE44 + 2{u- l)t 

--
EE22-2{u--2{u- l)t 

--
EiEi + 2(u- l ) i 

fourr electrons 
s=s= 1 

--

EE2 2 

--
--

EE11-2(u-l)t -2(u-l)t 

EE22 + 2 (u - 1) t 
--
--

twoo electrons 
ss = \ 

--

EE2 2 

--

--

EExx-2t -2t 
EE22 + 2t 

--
--

Energyy spectrum for molecule consisting of two f sites sharing one c site 
forr 2 and 4 electrons present (\T\ ^ 0). For the definitions of E\, E2, £3, and 
EE44 see previous table. 

Thee corresponding energy spectra are depicted in Fig.5 

I nn contrast to the previous situation, both for two and four electrons present 
noo low-energy excitations are present. The ground states are still degenerate both in 
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ff  site, 

Figuree 6 Small molecule consisting of three magnetic ions and one ligand atom. 

spinn and in parity quantum numbers (be careful spin and parity are connected here). 
Suchh systems wil l behave as local moment systems. No low-energy many body effects 
aree observed. 
3.2.33.2.3 Three ƒ sites sharing one c site 

Too demonstrate the existence of a third temperature scale (aside from Tf and T£) 
andd the fact that ground states always have a unity eigenvalue for the rotational 
symmetryy operator (zero angular momentum -no kinetic energy) we wil l consider a 
moleculee in which three f sites equally share one c site with four electrons present, 
seee fig 6 

Again,, good quantum numbers to label the eigenstates are s, m, and symmetry 
operatorr quantum numbers. This molecule has several symmetries. There is the 
rotationall  symmetry represented by the operator R. I t transfers 1,2 and 3 into 2,3 
andd 1 respectively. Since R3 = 1 the eigenvalues read XR =ei2/* n,r with n = {1,2,3} . 
Furtherr there is the operator FJ. . associated with interchanging f site i with f site j . 
Ass FJ? . = 1, for its eigenvalues Ar^ . = 1 holds. The three mirror planes present 
correspondd to I7i2> Ü2 3 an<^ u s i ' respectively. Although all symmetry operators 
commutee with Hamiltonian Eq. 3.1, they do not commute with one another: 

*.n n 
t,3t,3  J 

^ 00 and nn n 
i,ji,j  k,l. 

^Oforr {i,j}^{k,l}. (3.20) ) 

Wee have to choose a sub set of symmetry operators, Yii i m o u r case. We 
followw basically the same method as before. As a basis to represent Hamiltonian Eq. 
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3.11 in matrix form, we use the eigenstates of Hamiltonian Eq. 3.1 for \T\ = 0. In the 
latterr case also the occupation number operators of individual sites result in proper 
quantumm numbers for the eigenstates. 

Consideringg the lowest energy states (for \T\ = 0), there are several observa-
tionss to be made. If s = 2 (the maximum spin attainable with four electrons), all 
sitess must be unity occupied and if, furthermore, m = 2 all the spins of the occupied 
sitess must point in the same direction. Such a state, clearly, cannot be affected by 
thee introduction of the ligand hybridization (no charge, while conserving spin, can 
bee shifted between sites). The states with 3 = 2 (and their energies 3ef + ec) are left 
unaffectedd by setting \T\ ^ 0. 

Furthermore,, we choose U infinitely large. That implies that we exclude all 
statess in which any f site is doubly occupied from any further discussion. 

Too do this in a slightly more systematic way, we catalogue the \T\ = 0 ground 
statess not only by s, m and Ar] ]2 (which still leaves a degeneracy) but also by Si^ 
andd s3|C. These are the quantum numbers for the total spin operators of site 1 and 
22 combined and f site 3 with the c site combined, respectively. Now we can bring 
thee matrix which represents Hamiltonian Eq. 3.1 for \T\ ^ 0 into a Jordan form. Its 
respectivee blocks are listed here below. 

Forr the subspace identified by s = 0, Aj] = + 1. we have: 

3eff -f ec 

-T* -T* 
y/2T* y/2T* 

-T -T 
2eff + 2ec 

0 0 

V2T V2T 
0 0 

2eff + 2et 

/ / 

withh respect to the bases 

\ \ 

\^2f%% ~~ J CTC1 + [fAl ~ *U ? 

^[(flA-ilAjcjcijio ) ) 
xx . J ct 

(3.21) ) 

\ \ 

10) ) 

J J 
Forr the subspace identified by s = 0, Arj = —1, we have: 

3cff 4- cc v ^ T 
VÏÏT **  2ef + 2ec 

withh respect to the basis 

(3.22) ) 

\ \ 

i(AAi+^)(^A-^A)}\o) i(AAi+^)(^A-^A)}\o) 
\\ i [(M i - 4i4r) 4cl - (fir ! - fli4T) 4

cl] lo>) 

Forr the subspace identified by s = m = + 1, Apj1 = + 1, we have: 
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// 3ef + ec 

V V 

2T* * 
0 0 
0 0 

wheree C = 

/ I I 
0 0 
0 0 

0 0 
0 0 

2T 2T 
2eff 4- 2e, 

0 0 
0 0 

/ / 

00 0 \ 
00 0 

3cff + ec T 
T*T*  2e, + 2ec } 

-yj\-yj\ -y/ï o 

00 0 

c, , (3.23) ) 

\ \ 0 0 

00 0 

-yii  ~yï 
11 0 0 -yfi -yjl 

^v^ [ f ïA (4 r c ï - 4 i c | ) ] | 0>^ ^ 

(fïT4,, H- fix4T^ 4Tc|] |o> 

iv5[(4T-<i r)4r*!]l° > > 
VV fïr4T4

cll°) 
Theree is a reason for representing the latter matrix more complicated than necessary. 

withh respect to the basis 

However,, we will first consider the resulting energy spectrum. Again, using a second 
orderr Taylor expansion one can generate the following energy spectrum. 

m=o o 

3eff 4- ec 

2eff + 2ec 

\T\*0 \T\*0 
3=2 3=2 

3eff + €c 

--

ss = 0 
An,.22 = + 1 

3eff 4- ec 

2eff + 2ec 

ss = 0 

3eff 4- ec 

- 3 t t 

2eff + 2ec 

+3£ £ 

55 = 1 

An,,, = +i 

3eff 4- ec 

2eff 4- 2ec 

4-i i 

55 = 1 

An,.,, = - i 
3eff + ec 

- 4 i i 

3eff 4- ec 

- * * 
2eff 4- 2cc 

+t +t 
2cff 4- 2ec 

+4* * 

Energyy spectrum for a molecule of three f sites sharing one c site and 
fourr electrons present in the limi t \T\/(ec —€{) < 1 and U/{ec — ef) » 1. 
tt = \T\ f2 (e<; - ef) . s And Arj denote the total spin quantum number and 
quantumm number associated with the symmetry operator interchanging f site 1 
withh 2. The level in the box forms the ground state energy. 

Thee resulting energy spectrum is depicted in Fig. 7 
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E(3),4qq + ui. 

E<2)=2£,, + 2e i 

< 1 > . 3SS + E. U. 

. • I tt E t ^ ^ ^ E t . l ) , 

kk T' 11 "B'I 
k B T i i 

f f 

i i 

kBT2 2 
1 1 

Figuree 7 Two lowest branches of the energy spectrum for the molecule of Fig. 6 both in 
thee presence (right hand side) and absence (left hand side) of a ligand hybridization. Identical 
definitionss as in text are used. For k^Tg low-energy excitations are found which differ from 
thee ground state in spin quantum numbers, but still singlets between c and f sites are formed. 
Forr keTj* low-energy excitations are found which also differ in symmetry quantum numbers. 
Finallyy at k f i ï£ low-energy excitations are found for which the singlet formation between f and 
cc states is suppressed. 
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AA thi r d characterist ic temperatur e 

Againn a clear separation between low- and high-energy excitations is apparent, the for-
merr involving predominantly spin-degrees of freedom while the latter involves charge 
degreess of freedom. ksT^ Was introduced as the energy difference from the ground 
statess to the first states which have different symmetry quantum numbers but for 
whichh still singlets are formed between f and c sites. In our case, the latter states 
correspondd to 8 = 1 and Arj = + 1. I t is straightforward to confirm that kflTJ w Zt. 
kfiT££ Was introduced as the energy difference from the ground states to the first 
statess for which the singlet formation between f and c states was destroyed. States 
withh the maximum spin for a given charge distribution (s = 2) start to be populated. 
Iff  T vastly exceeds T% the full magnetic moment is recovered). In our case, the latter 
correspondss to s = 2 and Arjj = + 1. I t is straightforward to confirm that k^Tf « At. 
Butt a third characteristic temperature, 7^, seems apparent, even smaller than the 
previouss two. We can assign an energy difference k s ^ , from the ground sate with 
ss = l and Arjj  2 = —1 to the (lowest) excited state with s = 0 and Arj t 2 = — 1. The 
totall  spin is reduced. This in contrast to kB7£. So if temperatures start to exceed TQ 
wee wil l not retrieve the full magnetic moment as is the case for T% (on the contrary). 
Theree is no change in the symmetry quantum number Ar^ 2, hence we expect (mag-
netic)) correlations between f sites to be still present if temperatures start to exceed 
7Q.7Q. There is still sufficient singlet formation between f and c states present for such 
excitedd states. As we shall argue, keTp can be seen as the result of net spin being 
shiftedd (under the influence of the ligand hybridization) between f sites, resulting in 
aa non-zero angular momentum and an excess "kinetic"energy. 

Couldd ka^o be related to the small but essentially non-zero magnetic moment 
sometimess observed for heavy-fermion behaviour? 

Notee that again all three temperature scales, scale with one energy, i.e. t. A 
formm of single-energy scaling is again retrieved. 

T h ee for m of t h e ground s ta te 

Thee predominant part of the ground sate can be seen as an admixture of 

•• - M n ^ - W - M ^ - o ) = ^[SA(4T4-4I<4)]I°> 
(3.24) ) 

ss = 1>An l l2 = - M i , 2 = i,«3,e = i ) = (fJT4l + fïx4T) 4TCT] l°> • 
(3.25) ) 

and d 

3s3stCtC And 3^2 represent the eigenvalues corresponding to the total spin operator 
off f site 1 and 2 combined and f site 3 and the c site combined. For convenience we 
restrictt attention to only m = s = 1. 



100 0 Etudes:: Small molecules 

Inn general terms the ground state |0)g rou i ld must be of a form 

A g r o u n dd = OL S = l , \ U i 7 = - l , 3 h 2 = l , S 3 r C = 0j 

+P\s+P\s = l , A n i i ! = - l , s , ,2 = l , s v = l ) (3.26) 

Wee could now demonstrate that the criterion R |0)g r o u nd = 1 l̂ >}gr0und ^xes a 

andd j3 correctly, i.e. a = w | and fi — i / | , but we wil l follow another path. 

Wee introduce the spin-vector operator Sj?c as the spin vectors of f site i and c 
combined.. Then 

S2,cc = S2 + SJ + 2SiiZSc  ̂ + Si ;+Sc,_ + fii._5c,+ (3.27) 

wheree the subscripts z, +, and — represent the z-axis projected part of the 
spinn vector, the corresponding raising and lowering operator, respectively. We now 
require e 

{ S t > )) = {^groun d | S j c | Aground) (3 -28) 

too be minimal and independent of the choice of i. The minimum requirement 
correspondss to enforcing as much as possible the singlet formations between f sites and 
thee c site. That the outcome must be independent of the choice of i enforces that no 
nett spin is moved between different f sites in time (causing an excess "kinetic" energy). 
Iff  a = \a\ê** and (3 = | /3|e '̂  we obtain 

(S?(S?jCjC>> = (Sjie> = [ | H 2 + | / ? |a - ^ H | j 9 | c o s ( ^ - ^ )] (3.29) 

<SL>> = 2|/?|2 

Iff  (S2
C) = {S2

C) = (S )̂ is minimal (negative) and l ^ o ^ d) is normalized 

( H 22 + \j3\2 = 1) a and j3 are fixed, i.e. \a\ = «/§, |/?| = J \ and ^ a = xp0. 

Again,, if we determine the expectation value for S ĵ • Sf(j), where {i,j}  € 
{1,2,3}} we obtain: 

(%v s*) UU = ̂  (3-30) 

forr the ground state. Hence, there is a preference for the f sites to order their 
spinss ferromagnetically with respect to each other (as in the molecule where two f 
sitess share a central c site) 
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3.33 Variou s magnet ic a toms shar ing more than one l igand a t om 

Inn the previous section, we considered molecules with insufficient conduction sites/states 
presentt to form singlets for each f site independently. Eventually, we discus here 
moleculess consisting of two f sites and two c sites. In which case, there are sufficient c 
sitess present to form singlets for each f site independently. But the c sites are shared 
equallyy among the f sites. The ligand hybridization between any f site and any c site 
iss independent of which sites are concerned. E.g., this wil l leave room for low-energy 
eigenstatess where one c site is doubly occupied while the other is empty. We wil l 
referr to such situations as electron-hole excitations. We wil l find ground states and 
low-energyy excitations containing such electron-hole excitations. 

Thee Hamiltonian of such a molecule for an arbitrary number of f sites, Nt and 
ligandd sites, NC1 reads as: 

»» = E 
N* N* N, N, 

e c C ^VV + ^Êf fL f M 

StSt N, 

££[^<v+^<U> > 
33 * 

+ + 
NNt t 

(3.31) ) 

Forr arbitrary iVf and Nc but Ttj = T, this can be rearranged into: 

**  - E 
NNt t 

NNc c 

e"£ cL <V+ + (3.32) ) 

rr  N  i 
Es> > 

L ii  J 
++ T* 

II Ne 1 

£4. . 
L ii  J 

TT " 

k« k« 
JJ . 

Nt Nt 

Wee introduce d\ a = -jj— ^ • cc] f f . We are looking for a complete and orthonor-

mall transformation for < c\ ,̂ <4,ff, —, cjvC)l7 f
 OIito a certain set < d\^, d'2ff,..., <r Nc<(f \ so 

thatt . d j a has the form d\a = 'JN
mY%'c]v ^ suitable candidate is the Bloch trans

formation*: : 

wheree kj = 

NNe e 

__ 2 7 T ( J - 1 ) 

,, Ne 

==  —— Ve"**ct (3.33) ) 

NNc c 

andd j = {1,2,3,..JVC} 

** Another suitable candidate would have been a rotation in an Nc dimensional space rotating the 
vectorr (1,0,0,0, ,0) onto l / v ^ ( l , l , ! , . . . . , ! ) 
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Thee Bloch transformation could even be handy for the case of Tij ^ T 
Noww the Hamiltonian transforms into: 

HH = Hi+  H2,..,Nc with 

HH xx = ^ [ecdI t (T d1)( r+ 

(3.34) ) 

(3.35) ) 

NNt t 

i i 

(3.36) ) 
<TT 1 = 2 

Inn Hi we recognize the problem of various f sites sharing one ligand site (this 
t imee denoted by d instead of c). iÏ2,..,jvc can be interpreted as a collection of Nc — 1 
off  conduction states. An extra degree of freedom is now how the total number of 
electrons,, Ne], is distributed over Hi and H2y.mtNc-
3.3.13.3.1 Two magnetic ions equally sharing two ligand atoms 

Thee particular molecule we consider is depicted in Fig 8. Two f sites equally share 
twoo c sites. 

Wee label the f and the c sites as "a" , "&" and " 1 " , "2 " , respectively. 

Thee molecule has two mirror planes. Introduce the operators Yiab a n d l l i 2 a s ^ e 

operatorss interchanging site a with b and site 1 with 2, respectively. As Yl b̂ = 

YI12YI12 = 1 w e obtain for their respective eigenvalues Xa,b = A^2 = . A priori one 

alsoo expect a rotational symmetry but such a rotational operator R simply reduces 

too R — Yla,b 0i ,2- Furthermore, n ^ o ' I l i ^ ~ 0- Hence, as quantum labels for the 

eigenstatess of the Hamiltonian Eq. 3.34 we use s, m, A0i& and Ai^ . We follow the 

proceduree just described and introduce 

4,4v/2 2 ccl,al,a + <,* andand 4,a - 2 ^ "b,<r "b,<r (3.37) ) 

(aa symmetric and antisymmetric arrangement). An odd or even number for 
53(7d2ffd2(rr wil l force Aa(& to be equal to -1 or + 1, respectively. Such an observation 
makess only sense for states which are eigenstates of n  ̂ and n^, as X ^ d ^ d ^ is 
ann operator. The appropriate Hamilton Hi part of Eq. 3.34 is now similar to the 
onee used previously for two f sites sharing one c site, with this respect that we have 
too replace T by a Teff = \/N^T. For that case we already generated eigenstates and 
energyy spectra for two, three and four electrons present in the molecule. The situation 
off  one or five electrons present is trivial. Five electrons represent the situation of one 
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site e ff  site 

Figuree 8 Small molecule consisting of two ligand and two magnetic-ion atoms. The f and 
cc sites are primitive versions of such atoms consisting only of one orbital representing either 
aa not completely filled f shell for the magnetic ion or a state for the ligand atom, denoted as 
ff and c orbitals, and with orbital energies C{ and ec respectively. A weak coupling due to a 
ligand-hybridizationn matrix element, T, exists. In total four electrons are involved. When two 
electronss occupy the same f site, the energy of their mutual Coulomb repulsion is U. The 
orbitall of the c site is assumed to be extended and Coulomb interactions in it are neglected as 
aree the Coulomb interactions between electrons in c and f orbital. 

holee present. The obtained energy spectrum is depicted in Fig 9. We wil l not tabulate 
thiss energy spectrum. 

Notee that the ground states are degenerate, i.e. there is a triplet version, 3 = 1, 
andd a singlet version s = 0. This is no artefact of the approximation \T\ / (ec — 6f) <C 1 
used.. Both ground states correspond to exactly the same energy. We could interpret 
thiss as if TQ = 0 K. The situation depicted in Fig. 9, is the one for U set to infinity . 

Thee ground states correspond to three electrons present in the molecule formed 
byy fi ,{2 and di. This is understandable. Comparing the case of two and three electrons 
presentt in such a molecule an extra energy reduction of t per electron is obtained. 
Inn our case, as we have to replace \T\ by |TeS| this wil l be even 2t. The case of 
fourr electrons in this sub-molecule (two holes) is similar to the one for two electrons. 
Clearlyy the optimum is for three electrons. We can, therefore, introduce the same 
characteristicc temperatures T£ and T£ as previously for a molecule of two f sites 
sharingg one c site, with this restriction that we have to replace t by 2t (on the 
accountt of |Teff|). 

Noticee that again the eigenvalue of the rotational operator R = f j 0 b Yli 2 i s 

unityy for the ground states. 
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tt  U^ E 

i ' l ^ S S 

^\U^\UHH^ ^ 
,éEE®éé:i ,éEE®éé:i 

E (3) ) 
0,*1,t l l 

•A1J.-1.-1 1 

'I'.VI.-I I 

I II » 

AE E 
U U 

E ( i k 2 ( e c t £ f ) »» t _ ' _ _ E { W . , + i 

n(f rd,-f 2)) = 3 n{f 1-d1-«2) = 2 n(( 1-d 1-l 2) = 4 

d{d 2=11 d jd 2 = 2 d jd 2 = 0 

Figuree 9 Lowest three branches of the energy spectrum of the molecule as depicted in Fig. 
88 both in the presence and absence of ligand hybridization. Symbols as defined in the text 
aree used. In the notation E£x . s, An_(a,&) and An(i,2) represent the eigenvalues 

forr the total spin, the symmetry operator for interchanging c site "a" with "b " and the 
symmetryy operator for interchanging f site " 1 " with " 2 " , respectively, n (f\ — d\ — j-i) 
Representss the total number of electrons occupying the f t , f2 and d j sites, dj And &% represent 
thee symmetric and antisymmetric combinations respectively of the two c sites, i.e. dllT = 

( l / 2 ) ( 1 / 2 )) (cl„ + clj) and 4 , EE ( l / 2 ) ( 1 / 2 ) ( < f f + c{a) where c\a and c\,, represent 

thee creation operators for c sites " a" and " b", respectively. 

http://�A1J.-1.-1


VariousVarious magnetic atoms sharing more than one ligand atom 105 5 

Differen tt  ground-stat e option s 

j r(#'-#) + i#+t ) ) 
electron-hol ee quas i particle s spi n and symmetr y 

V ^^  = two electron s in single t arrangmen t 

\\ = two electron s in triple t arrangmen t 

Figuree 10 Attempt to graphically represent the major parts of the two different types of 
groundd states found for the molecule. Large circles represent c sites, labeled by "a " and " b " , 
smalll circles the f sites, labeled by " 1 " and " 2 " . The black dots represent electrons occupying 
sitess and s is the total spin index. As two electrons occupy the same site they must be in a 
singlett arrangement. Only the majority parts of the ground states are represented. 

Part ic le-Hol ee exci tat ions: 

Forr the major part of the s = 0 ground state option pairs of f and c sites are in singlet 
arrangement. . 

II  [(fi,T<i - AAn) (4,T<I - 4,i4u) (3-38) 

Thiss is what is attempted to depict in the upper part of Fig. 10 

Thee major part of the s = 1 ground state option is different. It consists of 
twoo distinct contributions. Either one c site is completely empty while the other is 
doublyy occupied or both c sites are singly occupied. E.g. for TO = 0 the major part 
off  the ground state, \s = l , m = 0), can seen as a linear superposition of two parts, 
"partt 1 + part 2": 
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electron-hol ee quas i particl e 

aa a 

electron-hol ee quas i particl e 

VV = two electron s in single t arrangmen t 

\\ = two electron s in triple t arrangmen t 

Figur ee 11 Attemp t t o graphicall y represen t th e majo r part s o f th e tw o type s o f lowes t energ y 

excitation ss foun d fo r th e molecul e (correspondin g to an energ y 2(ec + €f ) — At).  Th e same 

conventio nn as in Fig . 10 is used . 

withh part 1 

partt 2 == vf

""  l\H [ (Wi + 4it4)T) («I ~ clAl)]  10) (3-39) 

\\\\ [(AAl + ii<r)  (4,TCL - 4,I<T) + (3-40) 

22 V l.TCb,X + *UC!>,TJ ^2,TCa,l h,lca,l) |o> > 

Forr the " part 1" term, the two f sites axe in a triplet arrangement while always 
onee c site is empty and the other is occupied. It is the latter we wil l refer to as an 
"electron-holee excitation" Based on our experience with molecules with only one c 
sitee for the ground states, each site is expected to be unity occupied. Here, we have 
aa situation where this criterion does no longer hold for all the ground states 

Inn " part 2" we recognize terms where one f site is in a triplet arrangement with 
aa c site combined with the other f site in a singlet arrangement with the other c site. 

Ann attempt is made to schematically represent such a situation in Fig. 10. 
Usingg a similar representation, we also depicted the lowest excited states in Fig.11. 
There,, again we see the particle-hole excitatons appearing. 
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3.44 Small molecules and th e effects of external fields 

Forr small molecules of several f sites sharing one c site (the number of electrons 
presentt equal to the number of sites present), we argued that the total spin quantum 
numberr of the ground states must be the maximum spin possible for the number of 
electronss present. For the ground states, each f site is expected to be (almost) unity 
occupied.. For all molecules studied a conserved quantity is the total spin of all the 
ff  sites. This seems to suggest a ferromagnetic ordering for the f sites. Even for the 
moleculee of two f sites sharing two c sites there is a ground state with s = 1. In such 
molecules,, as we consider eigenstates with a slightly higher energy, the preference for 
antiferromagneticc ordering between f and c sites seems to be reduced. In its place 
comess a preference for antiferromagnetic ordering between the f sites. It is as if for 
thesee states also singlet formations are taking place between various f sites. 

Thee preference of the molecule for a particular type of magnetic ordering (of 
thee f sites) must, therefore, depend on to which degree the ground states and excited 
statess are occupied relative to each other. Realize that both the ground as the excited 
statess are many-body states. 

Thee degree various states are occupied is temperature dependent. 

Anotherr reason for studying the effects of such a fictitious field is that eventu-
allyy we want to arrange such molecules in a periodic lattice. Such a lattice wil l have 
ann overall magnetic structure. Applying a fictitious field to such a molecule can be 
seenn as a first step to study the effects of the periodic arrangement of such molecules 
inn a lattice structure. 

Too study the preference of a molecule for a particular type of ordering, either 
ferro-- or antiferromagnetic, we introduce a fictitious magnetic field which only acts 
onn the magnetic moments of the f sites. Consider the molecule in which two f sites 
sharee a central c site, such a field would correspond to adding a term 

AHAH = [ji BB(Sh hs) (3.41) 

too the Hamiltonian, H, of Eq. .3.1. We assume the magnetic field to be in the 
z-direction.. Sflt2) 5f1(2 Represent the z-component of the spin vector of f-site 1 and 
2,, respectively. If we choose the " + " -option, a ferromagnetic ordering is enforced, 
whilee for the "-" -option an antiferromagnetic ordering is enforced. 

Thee susceptibility % with respect to the field strength B is then determined. 
Iff  E represents the energy of the system then % — d^E/d^B. The susceptibility 
expressess the response of the system, the change in energy , with respect to the field 
strength,, B. I t is the type of ordering with the lowest susceptibility for which the 
moleculee has a preference. 

Notee that [H,AH]  ^ 0 . 

Thee total Hamiltonian now reads as: 
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aa «={1,2}  <* 

+p+pBBBB ( 5 f M  5ftlI ) (3.42) 

3-43-4 1 The quantities still conserved in the presence, of a magnetic field 
Inn the presence of a magnetic field, the total spin, 52 , is no longer conserved while 
it ss projection vector, Sz, still is conserved; both for the ferromagnetic ("+" ) as well 
ass for the antiferromagnetic ("-") option. This is the result of 

[S[S ,Stlt2 + Sf1j]_  = i((SfltX +Sfl!X)SCrV - (SiuV + Sfuy) SCtX), (3.43) 

[S[S , StuZ — Sfl>z]_ = 4iSfuySfliXStllXSfliV + i ((5f1)X + SiuX) SCty — {St1<y + Stuy) Sc>x) 

(3.44) ) 

and d 

[S[Szz,S,Stitttitt htZhtZ]_]_  = 0. (3.45) 

Thee symmetry of the molecule is related to the operator P as previously 
definedd (interchanging f site 1 with 2). For the ferromagnetic case, such symmetry 
([P,([P, AH]_ = 0) is still conserved while for the antiferromagnetic case ([P, AH]_  ̂ 0) 
itt is not. 

Inn the presence of a ferromagnetic field, good quantum numbers for the eigen-
statess are m and Xp (where s is not), while for the antiferromagnetic case only m 
is. . 

I nn the absence of a ligand hybridization but in the presence of a magnetic field 
termm in the Hamiltonian, the charge distribution over the individual sites is again a 
conservedd quantity. 

3.4-23.4-2 The second order perturbation method employed. 

Wee want to perform a second order perturbation approximation. I t makes a dif-
ferencee whether we treat AH as a. perturbation to H or the hybridization term, 

EM i,2}E.[T^ c-+T*4fi )c c ass the perturbing term in i / m a g n. For the first sit-
uation,, we can start with the eigenstates already determined, while for the second 
situation,, we still have to determine the eigenstates and energy spectra in the absence 
off  a ligand hybridization but in the presence of a magnetic-field term. For the first 
casee we start with states for which s, m and Xp are conserved while for the second 
casee we start with states for which m, charge distribution over sites and optionally 
XpXp (in the case of ferromagnetic ordering) is conserved. 

Forr the low-energy excitations in the presence of a ligand hybridization but in 
thee absence of a magnetic field (\T\ ^ 0, B = 0) we find the splitting for the energy 
levelss to be of the order of t. For the low-energy excitations in the presence of a 
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magneticc field but in the absence of the ligand hybridization term (|Tj = 0, B ^ 0) 
wee wil l find the splitting for the energy levels to be in the order oifj^Bh. The criterion 
determiningg in which limi t we are is, therefore, t/ (fj^Bh). As t/ (fj,BBh) ^> 1 , AH 
iss the perturbing term and as t/ [foBK) <C 1 the hybridization term must be treated 
ass the perturbation. 

Inn general, for a second order perturbation theory for H (x) = Ho + xW one 
obtains: : 

EnEn (*>=n+<0n \xw\ M+Y: l ( t ^ p ) | 2 + ° M  (3-46) E£-E° E£-E° 

where e 

HoHo |*1) = E°k \<A) with («ft | 4) = Sktk6it>i  and ] T \4) {4| = 1- (3-47) 
P,i P,i 

Thee extra index i is introduced to allow for the degeneracy of the energy levels. 
I nn our case, for the low field region we have gft ^> 1 and: 

HH 00 EE 5>CtC(T+ E EM^+^^+^cJ^+^^JCa^ ) 
<rr  *={1.2} * 

xWxW = fj,BB ( 5 f M  5f M ) where x = ^ . (3.49) 

whereass for the high field region we have j^öh  ̂ *  an<^ 

HoHo = Ee=4cf f + E E M > V + UnHnü] + MB0 (Sh*  S*u*)  ,(3.50) 
t={ l ,2 }}  9 

»={1,2}}  ff 

Wee wil l determine the size of a characteristic field from the criterion —^ « 1. 
M B 0 0 

5.^.55 Low-energy spectrum and eigenstates in the presence of a fictitious field 
Ass we set \T\ ^ 0 and B = 0 eigenstates and low-energy spectra have already been 
calculated.. A second order perturbation theory corresponding to situation Eq. 3.48 
couldd be performed. For \T\ = 0 and B ^ 0 we still have to calculate low-energy 
spectraa and eigenstates. 

Wee concentrate on the low-energy part of the spectrum, that is we assume 
bothh t as well as fiBBh to be much smaller than AE = €<. — €f. 
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T h ee ant i ferromagnet i c fictitiou s field 

Wee first consider the antiferromagnetic option, that is we want to determine the 
low-energyy spectra and eigenstates of 

Ho,Ho,»»uu = Y,cc4ca + ] T £ [eff] af.ff + t / n ^ J + fiBB(Sh>2 - ShtZ) (3.52) 

<r<r »={!.2}  a 

Concentratingg only on the low-energy states, that is states which have for 
BB = 0 an energy equal to Eh = 2cf + ec one can represent Hamiltonian Eq. 3.52 as 
thee matrix 

Eh Eh 0 0 

El El 

\\ \[l»BBh T^VBBK 

withh respect to the basis 

Eh Eh I I 
EE = Eh,s = ïm= 1 AP = - I ) 
EE = Eh,s = i , m = P = - 1 
EE = Eh,s = § , m= P = + i ; 

(3.53) ) 

Thee state with m = | is not affected by the fictitious antiferromagnetic 
magneticc field. 

Thee obtained results are listed in the table below. 

energyy spectrum 
\T\\T\ = B = 0 

energyy spectrum 
correspondingg eigenstates 

Eh Eh Eh-fiEh-fiBBBh Bh 

~yy I l^o^f^i' -1) 
yy 6 PÔ  2 ' 2 ' _ 1 ) 

EE1 1 

vll^o 1'i 2'~1) ) 

Eh+VsBh Eh+VsBh ^yy è \Eo> ï^h -1) 
++ y l | -g 0 > 2 ' 2 '+ 1 ) 

Low-energyy eigenstates and energy spectra for an antiferromagnetic ficti-
tiouss field and abscent ligand hybridization. States are not written in their 
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fulll  forms (in terms of creation operators) but only listed by their quantum 
numberss in the sequence \E, s, m, Ap).. Their full forms can be found in the 
previouss section. 

T h ee ferromagnet ic f ict i t iou s field 

Wee first consider the ferromagnetic option, that is we want to determine the low-
energyy spectra and eigenstates of 

Ho,Ho, anti - E ^ + E E M A * + Un^} + fiBB (Sh>z + # M ) (3.54) 
<rr  t={l,2} a 

Concentratingg only on the low-energy states, that is states which have for 
BB = 0 an energy equal to EQ = 2ef + €<• one can represent Hamiltonian Eq.3.54 as 
thee matrix: 

\\ +^y/2(jtBBh El  iV2fiBBh J 
(3.55) ) 

withh respect to the basis I 

Thee following results are obtained 

£?? = £g , a = | , m = p = 2 2 

EE = El,s = \,m = P = -%) %) 

energyy spectrum 
\T\\T\ = B = 0 

H H 

energyy spectrum 
|T|| = 0 , 5 ^ 0 

Eh Eh 

correspondingg eigenstates 

yy 3 I^D.2 '^2 ' " 1 ) 

y3\y3\EEo^ho^h h~h~11) ) 

yy è l^oif'^ïï' -1) 

Low-energyy eigenstates and energy spectra for a ferromagnetic fictitious 
fieldfield and no ligand hybridization. States are not written in their full forms (in 
termss of creation operators) but only listed by their quantum numbers in the 
formm \E, s, m, Ap). Their full forms can be found in the previous section. 

Althoughh the form of the states 

£ 7 = £ g , aa = | ,Tn = p = - n and E = E^s = -,m = P = + l \ 

iss not affected by the ferromagnetic field, their energy is raised by an amount i / i gB / i . 
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3.4-43.4-4 Energy spectrum in the presence of both fictitious magnetic field and ligand 
hybridization hybridization 

I tt is now straightforward to calculate the low-energy spectrum in the presence of both 
thee ligand hybridization and the fictitious magnetic field. The results are listed in the 
tabless below, where we introduced the shorthand 6 = ^ g - , u = U/(U— (ec — ef)) 

low-energylow-energy spectrum for an antiferromagnetic polarization 
noo field 

onlyy lig. hyb. 
17-1^0,55 = 0 

E\E\ - 3ut 

El-ut El-ut 

El El 

onlyy field 
noo lig. hyb. 

\T\=Q,B?Q \T\=Q,B?Q 

El-fiEl-fiBBBh Bh 

El El 

El+nEl+nBBBh Bh 

loww field limit 

ElEl - 3ut 
1(H«BH)1(H«BH)2 2 

66 nt 

El-ut El-ut 
X^Bhf X^Bhf 
22 ut 

E711 + 2 ( ^ B f i ) 2 

highh field limit 
*f*» l l 

ElEl - fj,BBh 

p ii  2*  1 

El+fiEl+fi BBBh Bh 

lowlow energy spectrum for ferromagnetic polarization 

noo field 
onlyy lig. hyb. 

|r|^o,BB = o 

onlyy field 
noo lig. hyb. 

m=o,B^o o 

loww field limi t 
&f*< l l 

highh field limi t 
fifi nnBh Bh 

t t » 1 1 

ElEl - 3ut 
(A PP = - 1) 

ElEl -ut 
(App = +1) 

Eè-toBh Eè-toBh 

ElEl - 3ut 

BBBh Bh 
22 i^Bhf 
222 ut 

El-fiEl-fiBBBh Bh 
-2t^— -2t^— 

El El El-ut El-ut 

ElEl - 3ut  %fJ,BBh 

EEoo ~ tTirb 

El El 
(A PP = - 1) 

ElEl + fiEBh 
+ + 

ElEl + iiBBh 

Loww energy spectrum for a molecule with two f sites sharing one c site 
andd three electrons present. Introduced is a fictitious magnetic field which en-
forcess the f sites to order antiferromagnetically (upper table) or ferromagneti-
callyy (lower table). Listed are the energy levels for only a ligand-hybridization 
andd no fictitious field present (left column), only field no ligand-hybridization 
presentt (second left column), the limit where the effect of the applied ficti-
tiouss field is smaller than the effect of the ligand hybridization, ^ — <IC 1 
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Ferromagieticc Antiferromagetic 
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Figuree 12 Low-energy spectrum of a molecule consisting of two f sites sharing one c site, three 
electronss and a molecular field enforcing either a ferromagnetic or antiferromagnetic ordering 
ontoo the two f sites. Its strength is represented by B. The f and c sites are primitive versions of 
magnetic-ionn and ligand atoms consisting of only one orbital representing a not completely filled 
ff shell in the case of the magnetic ion and a state of its ligand atom, respectively. Their orbital 
energiess are represented by ec and ef (ec > e f). t = \T\ / (e c - et), u = U/(U - (ec - e f)) 
andd (l represents the Bohr magneton. \T\ and U represent the ligand-hybridization strength 
betweenn f and c state and U the on-site Coulomb repulsion if an f site is doubly occupied. We 
restrictedd attention to t <C 1 and the low molecular-field limit, (/j,BBh)/(ut) <fC 1. 

(secondd right column) and the limi t where such field effects are stronger than 
thee ligand hybridization, ***£!  > 1 (most right column). The following nota-
tionn is adapted; E% = 2ef + ec, t = \T\2 / (ec - e{) , b 

 U/iU-^-et)). 
fifiBBBh/Bh/ (ec - ef) and 

I nn Fig. 12 the low field energy spectrum as function of the field strength B is 
plottedd both for the case of a ferromagnetic and an antiferromagnetic fictitious field. 

Too determine the susceptibility, we are only interested in the low field part. 
Wee further assume that the temperature is sufficiently low that only the two low-
estt branches of the spectra are occupied, i.e. states corresponding to the energies 

EEii  _ zut - ^ ^ ^ - and JEg - 3ut  &BBh - §jilih§^- for the ferromagnetic and an-
tiferromagneticc case, respectively. Note that for the ferromagnetic case the m = | 
degeneracyy is lifted by the introduction of the field while this is not the case for the 
antiferromagneticc fictitious field. 
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Consideringg the energy of the ferromagnetic case, as B is sufficiently low we 
cann discard the second order term in B with respect to the first order term. Hence 
for r 

22 (vBBhy 
277 ut 

«« -uBBh( implying B < 9 (ut)2) 

EE « Ei - 3ut  -f^Bfi. 

(3.56) ) 

(3.57) ) 

Inn this limi t the field dependence of the energy is similar to that of a two-level 
systemm with a fixed magnetization, Mo, either parallel or anti parallel to the field, 

M>> = 3^Bft- (3.58) ) 

Thee fact that for the ferromagnetic polarization the ground states for the 
lowestt fields behave so much as a two-level system with a fixed magnetization has 
consequencess for the susceptibility. For such systems it is known that the zero field 
susceptibilityy for temperatures approaching zero diverges as 1/T, where T represents 
thee temperature. The standard method to remove this singularity is to introduce an 
extremelyy small but finite disturbance. Its origin could be for example the influence 
off  other surrounding molecules or the fact that by definition some finite field is needed 
too measure the susceptibility. We introduce 

Kustt = f*Bh£S2 (3.59) 

Forr kB T «C ut the total energy, E, can now be straightforwardly calculated; 

inn the ferromagnetic case 

andd for the antiferromagnetic case 

E=-/jLE=-/jL BBh(*Bh(*B + t)tax>h{x(J3,B)) II 

577 ,d. II 

££ = -/iB^tanh(/?/zB£ft) | 

«« „t  II 

(3.60) ) 

Wee introduced the notation 0 = 1/ (kBT) and x fj3, B) = /3fxBH (\B + £ ). 
Forr the susceptibility \ = Ö2E/6B we obtain 

inn the ferromagnetic case 

andd for the antiferromagnetic case 
^9.7^9.7 ,it. 

ooeh(xO9,B))-x(0,B)) sinh(x(P,B)) 
coeh3(x(j0,B)) ) 

AA  a ut

(3.61) ) 
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Thee ferromagnetic susceptibility is of a Curie-Weiss form for sufficiently high 
temperatures. . 

3.55 Characteristic magnetic fields and temperatures, single-energy scat 
ingg relations 

Thee situation for a fictitious ferromagnetic field of the previous section is very similar 
too the situation for an externally applied magnetic field. We will use the results of 
thee previous section to generate some trends of how such a molecule would react to 
ann externally applied magnetic field. 

Inn the previous section we made a distinction between the low-field ((p^BK) / (ut) 
<CC 1) and the high-field ((pBBh) f (ut) » 1) limit . In the first situation the effect 
off  the magnetic field can be seen as a perturbation to the effects of the ligand-
hybridizationn term in interplay with the on-site repulsion (many-body effects). In 
thee second situation the reverse holds. 

Thee characteristic magnetic field, B*, is defined as the field needed to sup-
presss the effects observed in the absence of a field. That must be fixed by the cri-
terionn (fj,BB*h) / (ut) « 1, hence B* « (ut) / (uBh). Using the definition of T% (the 
characteristicc temperature above which all many-body effects start to disappear as 
ksTjj  = Zut it is straightforward to show that 

VVBBhB*hB* « B7?, (3.62) 

aa form of single-energy scaling. In this case the single energy scale is ut. 
Thee term | is fixed by the molecule considered. Considering a molecule of Nt 

ff  sites equally sharing one central c site with Nt +1 electrons present, it can be shown 
that t 

^B^-^—k^B^-^—kBB̂ ,^, (3.63) 

holds. . 

3.66 In conclusion 

Alreadyy in the previous chapter, we discussed a simple model molecule consisting of 
ann oversimplified version of a ligand atom and a magnetic ion. Its findings repro-
ducee most of the features of the single-ion Kondo effect. In this chapter, this model 
moleculee description is extended to versions bearing relevance to heavy-fermion be-
haviour. . 

Thee great advantage of such molecules is that they can easily be treated. Their 
featuress can, therefore, be traced back to their proper origins. The hope is that such 
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argumentss can be extrapolated to the case of the Periodic-Anderson Hamiltonian and 
heavy-fermionn behaviour. 

Wee studied two classes of molecules, focussing on two different aspects. The 
oness we considered are: the situation where an insufficient number of ligand atoms is 
presentt to form individual singlets at each magnetic ion and the situation where there 
aree ample ligand atoms present but each ligand atom has interactions with more that 
onee magnetic ion at a time. We did not consider the combination of both, that is: 
insufficientt ligand atoms having interactions with more than one magnetic ion at a 
time. . 

Bothh aspects we expect to be of importance in heavy-fermion behaviour. 

Wee reduced the magnetic ion and the ligand atom to a spin-degenerate local-
izedd state. This state can be either an f state or a c state. 

Inn the first class of model molecules more than one f site (2 or 3) are equally 
sharingg one c site. Clearly, an insufficient number of c sites/states is present to form 
individuall  singlets with each f site/state independently. This is clearly a situation 
att hand for most heavy-fermion materials. We were particularly interested in the 
groundd states, in the low-energy spectra and their corresponding eigenstates. Spe-
ciall  attention is given to the degree of singlet formation present in these low-energy 
eigenstates. . 

Thee basic idea is that a certain single-electron state can only be in singlet 
formationn with one other single-electron state at a time. This allowed us to make 
certainn observations for the ground states of such molecules in general (any number 
off  f sites sharing one c site) and predict the net total spin for such ground states. 
Thee total spin quantum number, s, is no longer restricted to zero; i.e. s = ^Nei — 1, 
wheree 7Vel, the number of conduction electrons present in the system, is equal to the 
totall  number of sites considered. 

Firstt we studied a molecule consisting of two f sites sharing one c site in more 
detail.. Considering the energy spectrum we observed again a clear separation into 
low-- and high-energy spectra where the first predominantly involved spin degrees of 
freedomm and the latter predominantly involved charge degrees of freedom. The low-
energyy part of the spectrum consists of three energy lines to which two characteristic 
temperaturess can be assigned (T* and T2*). The largest energy scale, kBTj* , is of a 
similarr nature as the characteristic energy scale found for the simple Fulde molecule, 
inn the previous chapter. I t corresponds to the energy difference between the ground 
statee and the highest excited state in this part of the spectrum. The latter state has 
aa similar charge distribution but its total spin is maximized (s = | ) . Any singlet 
formationn is completely suppressed in this state, whereas in the ground state the 
presencee of singlet formation between f and c states is optimized so that maximum 
profitt is made of its associated energy reduction. kBT2*  Is, therefore, associated with 
thee suppression of all singlet formation. It is eventually T2*  which must be associated 
withh the characteristic temperature, T*, of the heavy-fermion state. 

AA second characteristic energy scale, ksTf, can be assigned to the energy 
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differencee between the ground state and the first excited state. To identify the origin 
off  ksT? we studied the spin-spin correlation between the two f sites for the various 
low-energyy eigenstates. 

Wee found the ground state to order ferromagnetically. This made sense. In 
thiss fashion no effective motion of charge/spin from f site to f site can occur. An 
angularr momentum, hence an excess of, what in the classical sense could be doubt, 
kineticc energy, is avoided. 

Forr the second lowest low-energy eigenstate we found an antiferromagnetic 
ordering.. By the above-given argument, the excess energy with respect to the ground 
statee can be understood. Still singlet formation is occurring. The singlet formation 
betweenn c and f states is reduced with respect to the ground state but, instead, singlets 
aree formed between f states. It is as if a trade-off between the singlet formations 
betweenn ligand and magnetic-ion states and between two magnetic-ion states has 
occurred. . 

Wee expect the nature of the magnetic ordering (ferromagnetic) to be an arte-
factt of the particular symmetry of the model molecule used. It is its arrangement 
whichh caused for what can be identified as a strong "spin-orbit coupling''. Ferromag-
neticc ordering is in general the result of such a strong spin-orbit coupling. 

Wee believe, however, that the trade off in singlet formation between magnetic-
ionn f states and ligand conduction states (in favor of the singlet formation between 
differentt magnetic-ion f states for increasing temperatures) is a feature shared with 
heavy-fermionn behaviour. 

Wee also considered a model molecule wherein three f sites shared a central 
cc site. Its low-energy spectrum consists of four lines. Characteristic temperatures, 
TJJ and 7£, of a similar origin as in the previous molecule can be identified. But a 
third,, even lower, energy scale kB7J) was introduced. Its origin was related to the 
surpluss of symmetry operators present. All symmetry operators commute with the 
totall  Hamiltonian. But no longer do they commute with each other. 

Wee showed that for the ground state of such molecules, the net combined 
spinn of a single magnetic ion and the central ligand atom is at its minimum and 
independentt of the particular magnetic ion considered. The above criterion fixes the 
groundd state in a unique way. 

Wee expect Tf and 7^ to be of particular importance for heavy-fermion systems. 
Forr the molecule consisting of two f sites equally sharing a central c site we 

alsoo studied the effects of adding or removing an electron. Such action suppressed 
thee low-energy spectrum. Realize that the eigenstates corresponding to each energy 
linee obtained in our spectrum are many-body states. 

Inn real many-body systems single quasi-particle excitations are defined in terms 
off  either adding or removing an electron. This is basically what is probed in an XPS 
orr BIS experiment, respectively. 

Forr the second class of molecules an ample number of c sites versus f sites is 
presentt to form individual singlets at each f site/state with an c site/state. But the 
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ligandd hybridization strength of each c site to each f site is a constant. Al l f sites 
couplee equally strong to all c sites. 

Wee introduced a method to determine energy spectra and eigenstates for such 
molecules.. I t is demonstrated that the situation of the model molecule at hand 
iss equivalent with having two, non-interacting, subsystems. The first subsystem is 
effectivelyy a model molecule of the first class. The same number of f sites (with 
respectt to the original molecule) is sharing one central c site, with this respect that 
thee ligand-hybridization strength | r| is replaced by y/N  ̂ \T\, where Nc is the number 
off  c sites present. The second subsystem is formed by the conduction states. The 
totall  number of electrons is fixed, but how they are divided over the two subsystems 
iss not predetermined. 

Wee applied this method to a molecule consisting of two f sites equally sharing 
twoo c sites. We found two different types of ground states. In the first type of ground 
statee pairs of f and c states form singlets. The second type of ground state consists of 
twoo terms. In the first term, the two f sites are in a triplet arrangement with one c site 
doublyy occupied and the other c site empty. The fact that one c site is empty whereas 
thee other is doubly occupied could be interpreted as an electron-hole excitation. In 
thee second term always one pair of c and f states is in singlet arrangement whereas the 
otherr is simultaneously in a triplet arrangement. The existence of a small magnetic 
momentt in heavy-fermion behaviour could possibly be related to the presence of these 
twoo different types of ground states. 

Wee also considered the lowest excited states. They also consist of electron-hole 
excitations. . 

Wee believe these electron-hole excitations to be relevant to real heavy-fermion 
systems. . 

Onee line of thought is to arrange small molecules into a lattice. The molecule 
consideredd (two f sites equally sharing two c sites) can also be interpreted as a first 
at temptt gluing two smaller molecules (consisting of one f site and one c site) together. 

Al ll  energy scales found in our model molecules can be represented as various 

fractionss of t = 7~^y (as oc at where a € Q). Hence, we expect the characteristic 

energyy scales in the periodic system to be exponential functions of P ^ L. 
Finally,, we placed the model molecule consisting of two f sites equally sharing 

aa central c site into fictitious magnetic fields forcing the magnetic ions to order either 
ferromagneticallyy or antiferromagnetically with respect to each other. 

I nn this way, one can confirm the preferred type of magnetic ordering. 

However,, this can also be interpreted as a first attempt to arrange such model 
moleculess in a periodic lattice configuration. In this case, the only type of interaction 
conservedd between the molecules is magnetic of nature. 

Furthermore,, a ferromagnetic fictitious field clearly shares features with an 
externallyy applied magnetic field. Such calculations can, therefore, be used to study 
thee effect of a magnetic field on such a molecule. A characteristic field strength, B*, 
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cann be identified. An energy scaling relation is established between B* and  I t 
iss the latter which wil l take the role of the characteristic temperature in real heavy-
fermionn systems. 
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Chapterr 4 
MEASURINGG TECHNIQUES 

Dilatationn experiments were carried out using a technique that is frequently men-
tionedd in literature (e.g. [1][2]). It is basically an electro-mechanical technique 
wheree a change in the length of the sample is transferred into a change in spacing 
betweenn two parallel capacitance plates. It is the change in this capacitance which 
iss measured. We adapted the design of A. de Visser ([1]) for our purposes in high 
magneticc fields. The used design is depicted below. 

Byy means of the spring system, indicated as number (4) in Fig.1, a plate of 
thee capacitor, indicated as number (2) is mechanically fixed to the sample. As the 
samplee changes its length (due to a change in magnetic field or temperature) this 
plate,, that is connected to the sample, (number (2)) moves with respect to the fixed 
platee (number (1)). The fixed plate, the plate that is connected to the sample, and 
thee sample with its screws and spring system are all electrically isolated from the 
housingg of the cell. This housing is made from the same copper as the rest of the cell. 

Thee change of capacitance as a result of the change in spacing between the 
twoo capacitance plates (d) is recorded. The capacitance, C, is given as: 

C=C=CC-j,-j, (4.1) 

wheree e = e0 x er represents the dielectric constant of the medium between 
thee plates and where A is the area of the plates. From the change in capacitance, C, 
thee change in spacing between the plates, d, can be deduced and hence the length 
changee of the sample can be determined. 

Ass the relative length changes measured are small, i.e. in the order of 10"8, 
thee capacitance has to be measured sensitively. In which case stray capacitances 
betweenn upper plate and environment and lower plate and environment start to be 
off  importance. A three-terminal method is employed.We were able to measure the 
capacitancee up to an accuracy of « 10~8 pF. Typically for our experimental arrange-
mentt is a capacitance in the order of C « 10-11 F and e A w 10-16 mF. As a result a 
sensitivityy of 5 x 10-2A can be reached. 

Too determine actual length changes of the sample itself (for changing tempera-
turess and magnetic fields) from the measured capacitance changes, the cell first has to 
bee calibrated. We have to take care of two additional facts. The thermal-expansion 
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Figuree 1 Used capacitance cell; (1) upper plate; (2) lower plate; (3) sample; (4) screw and 
springs;; (5) guard ring upper plate; (6) copper foil (not on scale); (7) guard ring. The lower 
capacitancee plate is positioned by three rods (only one is shown), that are lead through the 
bottomm of the cell. At the lower end the rods are connected to a flat disk, which is positioned 
byy a screw/spring mechanism, clamping the sample between the lower capacitance plate and 
thee bottom of the cell. 
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andd magnetostriction of the cell itself has to be accounted for. I t is the result of it 
beingg a mechanical device (e.g. tensions in the system -spring system etc.-) and the 
factt that the cell is made of a material which has a thermal expansion of its own. 
Furthermoree the proportionality constant eA has to be determined. 

Thee influence of the dielectric constant of the small amount of helium gas, 
presentt in the gap could be neglected. Therefore 6 = eo r̂ = eo- A is determined 
byy measuring the capacitances for different spacer distances at room temperature. 
Thee relevant surfaces of the plates are shaped plan parallel within 1 fim by means of 
sparkk erosion. The gap distance is provided by placing three copper foils between the 
guardd rings of the upper and lower plates. By the above method, the effective area 
off  the capacitance plates is determined to be equal to: 

eAeA = 9.52 x 10"16 mF. 

Thee uncertainty in the determination of this value puts an accuracy limi t of 
%% on the absolute value of the experimental data. In the actual measuring setup 

aa spacing of abouth 100 fxm is used. 
Thee cell is made out of OFHC (Oxygen Free High Conductivity) copper. This 

materiall  also displays an, although small, non-zero thermal expansion and magne-
tostriction.. For all intent and purposes, the magnetostriction of this copper material, 
inn the temperature field region we are interested in, can be neglected. I t is the 
thermall  expansion coefficient which is our major concern here. 

Thee coefficient of the linear thermal expansion is defined as: 

otot = ——-r-=- (4.2) 
LATLAT v ' 

I tt has been measured in a discontinuous fashion, i.e. by step-wise heating. 
Thee value of a for the sample is then calculated from: 

11 Ad 1 Aef , , „ . 
«.amplee = _ T T ^ + TT^T + O Cu ^'V 

LiLi  LSI cell+s&mple L/iSl cell+Cu sample 

Thee second term on the right is the length change as measured by the cell 
wheree the sample is replaced by an equally sized sample made from the same Cu as 
thee cell. The third term on the right, a cu , is there to compensate for the thermal 
expansionn of the copper ([3]). For this the data of Kroeger and Swenson have been 
used.. T ^ f  u + c gam ie +

 aCu compensates for the measured thermal expansion as a 
resultt of the cell itself. Copper is used as a reference material, as it is the material 
thee cell is made of and as sufficiently accurate thermal expansion data are available. 

Typically,, the cell effect ranges from ^ « - 5 (A/K ) to almost 0 (A/K ) in the 
firstfirst 20 kelvin. I t are these first 20 K which form for us the interesting temperature 
region.. In the next 80 kelvin it reaches to —10 (A/K) . 
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Promm the point of view of a small enough thermal-expansion coefficient and 
noo magnetostriction at low temperatures, another suitable material to construct ca-
pacitancee cells from is Silicon. A different cell-layout could be a design where the 
platess are arranged as a wedge with the sample in between. Such an arrangement 
couldd handle smaller samples. In our case the samples must be in the order of 5 x 
5 x 55 mm3. A disadvantage of such a design is that i t has in general a larger cell 
effect. . 

Thee dilatation experiments have been performed in the high-magnetic field 
installationn of the Nijmegen High Field Magnet Laboratory ([4][5] [6]. In our experi-
mentss we made use of a Bitter-type magnet for the "low-field"experiments (up to 17 
T) ,, while for the high-field experiments (up to 24.5 T) a hybrid magnet was used. 
Thiss hybrid magnet consists of a large superconducting magnet surrounding a water-
cooledd Bitter-type insert magnet. The insert can generate a maximum field of 17 T 
whilee the superconducting coil is operated at 8 T. A nice feature of the design as 
i tt exists in Nijmegen is the relatively large bore available for experiments (our cell 
iss relatively bulky). Above the magnet a cryostat is placed which has a long tail 
reachingg into the bore of the magnet. The dilatation insert is placed in the tail of the 
cryostat,, with the sample at the centre of the magnet. 

Thee cell can be mounted in various orientations allowing us to vary both 
thee crystal axis along which the dilatation is measured as well as the crystal axis 
alongg which the field is applied. In most of our experiments on the U(Pti_a;Pdx)3 
compoundss the field is applied along the a-axis. This is done to avoid torque effects 
onn the sample as a result of the particular magnetization of these compounds in fields 
(00 < B < 24.5 T) and temperatures (1.2 < T < 20 K) . 

Thee cell with its wiring etc. is placed in a vacuum chamber fitting into the 
longg tail of the cryostat. AU wires are thermally anchored to a cold finger at the 
bathh of the cryostat. The length of the tail of the cryostat and the use of the wiring 
materiall  ensure a negligible heat loss along the wires. 

Thee use of such fields imposes some restrictions. Noise is generated, both 
mechanicallyy and magnetically. There is a restriction both in space (the capacitance 
celll  has to fit  into the magnet) and time. 

Thee energy of the magnets is provided by two 3 MW power supplies. The 
coolingg system of the resistive magnets and the power supply consist of a primary 
system,, using an ice bunker containing 150 tons of ice and two identical secondary 
coolingg systems which are filled with de-ionized water. The cooling capacity provided 
byy the ice bunker is approximately 18 MWh, which corresponds to 3 hours continuous 
operationn at maximum power. This often was a limiting factor in particular where 
thermal-expansionn experiments were concerned (typically 1 hour for a run from 1.5-20 
K) .. Measurements had to be performed as fast and as accurate as possible. We wil l 
comee back to this point in a moment. 

Thee mechanical noise was suppressed by mounting the cryostat onto rubber 
dampers.. The cooling water system causes also vibrations in the position of the 
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cryostatt with respect to the magnet. These are irregular and with occasional shocks. 
Thesee can cause the sample to move with respect to the field, which is not perfectly 
homogeneous.. The homogeneity in 1 cm (perpendicular to the field direction) ranges 
fromfrom 1 X 10"5 to 1 X 10- 3 for the Bitter magnet, and 3 x 10~3 for the hybrid system. 

Thee stability of the magnetic field is governed by the stability of the power 
supply.. This has a current stability of 0.01 % for short intervals (1 hour) and 0.1 
%% for long intervals (10 hours). These variations are not of importance for our 
measurements. . 

Thee lowest regulated field available is 0.5 T. Switching the power supply on and 
offf  usually causes enough of a disturbance to affect our experiments. This implies 
thatt for purposes of comparisons we often had to use the data obtained at 0.5 T 
insteadd of the 0 T data. 

Alwayss either the field or the temperature was kept fixed while the other was 
varied.. In experiments where the temperature was varied, the temperature was 
measuredd by RuC>2 thermometers. Ru02 thermometers have a considerable magne-
toresistancee ([7] [8] [9]). When the magnetic field was swept a carbon glass capacitance 
thermometerr is used to regulate temperature. Such a thermometer has hardly any 
magnetoresistancee effect. On the other hand, it does not reproduce its initial value 
inn a temperature cycle. Ru02 thermometers were calibrated as function of field and 
temperature.. A grid was formed by measured resistance curves along fixed temper-
aturee and fixed field lines covering the region 1.2 < T < 25 K and 0 < B < 24 K. 
Thiss grid was fitted by a two dimensional spline. 

Too avoid too much eddy-current heating during a field sweep, a small amount 
off  Helium exchange gas had to be let into the vacuum chamber. As the helium bath in 
thee cryostat was at 4.2 K the amount of exchange gas introduced was just sufficient 
too cool the cell from 100 K to 4.2 K in over two hours. After that the bath was 
pumpedd to 1.4 K, the base temperature for all our experiments. 

Magnetostrictionn curves were obtained by continuously recording data while 
thee magnetic field was swept with a constant (slow) rate. Temperature was kept 
constantt by means of a PID regulation circuit using the capacitance thermometer. 
Thee by the field sweep introduced eddy-current could than be treated as simply an 
extraa heating current. 

Too ensure that no temperature gradients are introduced during field sweeps 
orr temperature variations, two (almost) identical RuÜ2 thermometers were mounted 
ontoo the cell. We had the luck to have two such thermometers available, otherwise we 
justt would have cut an existing Ru02 thermometer lengthwise into two parts. Care 
wass taken that both thermometers were as close as possible to the sample and the 
plates.. Only when the temperature change (as a function of time) of both sensors as 
welll  as the temperature difference between both sensors attained a prefixed value, a 
dataa point was measured. To ensure consistency and for purposes of speed this was 
controlledd by a computer program 

Thiss program also controlled the increments in temperature. Two options 
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weree available. A PID regulation could be used to reach a preset temperature or a 
fixedd increment in heater current could be given after which the program waited until 
thee desired accuracy was reached. It turned out that for the case of the pumped 
heliumm bath and the low-temperature region (below « 10 K), the second method was 
fasterr while for the higher temperature region and an un-pumped helium bath the 
firstt method was faster. They do not differ in measuring accuracy. 

Again,, to avoid temperature gradients over the cell also two heaters were used. 
AA reason to be so aware of temperature gradients is the fact that the fit of our 

systemm into the cryostat is relatively snug. Radial gradients over the cell towards the 
coldd wall of the vacuum chamber and the tail of the cryostat should be avoided. 

Basically,, the thermal expansion is the (normalized) derivative of the length 
(L)) as function of the temperature (T). To increase measuring accuracy instead of 
twoo points, three points were used to determine the derivative. 

Assume,, one knows the length of the sample at two different temperatures, 
sayy T\ and T2; how does one determine the derivative of the length, ^ P for a 
temperaturee T,T\ <T < T2? One can make two Taylor expansions: 

L{L{ TlTl)) = L(r ) + (T1-T)^|ff l  + i ( r 1 - r ) 2 ^ P + ..., (4.4) 

L(T2)) = L(T) + ( T 2 - T ) ^  + i ( r 2 - T ) 2 ^ 2 1 + ... (4.5) 

Hence: : 

L{n)-L{TL{n)-L{TXX)) = ( r a - T 1 ) 2 | £ Ö+ (4.6) 

i ( r 2
2-r 1

2-2r(r 2-T 1))^2 22 + ..., 
dL{T)dL{T) = L (T2) - L (TQ \ (T2

2 - If - 2T (T2 - 7\)) <92L (T) 
dTdT (Ta-Ti) {T2-T1) 8T2  ̂ ' 

Approximatelyy ^ p sa ^pj l f f i ^ holds. The error made will be in the order of 

•"-^—(T2-TI)) ffj$ with Ti < e < T2. The temperature to which this derivative 
shouldd be assigned is determined by minimizing the error. To minimize this error 

choose,, T so that -^-2—* _T . <- is at its minimum; that is when: 

Here,, we made use of the fact that L (T) is a smooth function, so that as its 
derivativess get of higher order, they only get smaller. The accuracy of the method 
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iss increased by using three points instead of 2; say T\ < T2 < T3. We introduce the 
followingg notation: 

TTxx = r + fci, 
r22 = r + fta, 
T33 = T + hs 

then: : 

(4.9) ) 

(4.10) ) 

(4.11) ) 

L(7\)) = L{T) + hx 

Z,(T2)) = L(T) + /i , 

L(T2)) = L(T) + /i3 

Noww we obtain: 

dL{T) dL{T) ++  + L%?LJZ1 ,&L(T),&L(T) 1 
++ 6' ar2 2 ÖT3 3 

0L(T)) lL2a2L(T) l L 3 ^ L ( r ) 

dL{T) dL{T) 

++  ^~&F ++ j * i -#r3 3 
l . a0»L(T) ) 

&r* &r* ar3 3 

++ ..., 

++ ..., 

++ .... 

(4.12) ) 

(4.13) ) 

(4.14) ) 

dL{T)dL{T) (hZ-fty&LjT) 
L{TL{TXX)-L{T)-L{T22)) = C n - M - ^ + ^ 2 

{h\-hl)&L{T) {h\-hl)&L{T) 
&T&T 1 1 + + 

ÖT3 3 ++ ..., 
LPi)-LPi)) = to-um+Mz®*™* 

arar 2 
(ft |-«)ö>L(T) ) 

ar2 2 

66 ar3 + + 

(4.15) ) 

(4.16) ) 

Eliminatingg the second order derivative, ^ ', from this set of equations 
resultss in: 

BUT)BUT) _ \^m~m)) ~ ' ^ ' Ü ^ » ] _ 3 
&T &T 

M-̂ aa ^2-M 

22R(R(hlhl,^h,^h33)^P-)^P- + 

(4.17) ) 

with: : 

R(hR(h h ^-EËïËLJÊïBL (4.18) ) 
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( r f - r ^ - 3 r a - T 32 ) - 3 r2 ( T 1 - r 3 ) ) ( 7 f - 7 g - 2 T ( T2 - T 3 )) ) 
(Tii  - T2) (7? - 7J - 2T{T2 - T3)) - (T2 - T3) (T? - 7? - 27,(T1 - T2)) 

{Tj-Tj-{Tj-Tj-  3T (2 - 7«) - 3T2 (T2 - T3)) (J? - 7? - 2T (Tj - ra)) 
(Tjj  - T2) (If - T3

2 - 2T(T2 - T3)) - (T2 - T3) (T
2 - T2 - 2T(7\ - T2))* 

Setting: : 

(4.19) ) 

thenn its error wil l be in the order of R^p- with Tx < e < Tz. We choose T so that 
RR = 0. This is an equation which can be solved. It has three solutions, two of which 
havee a imaginary contribution and can, therefore, be omitted, whiles the third term is 
real.. It is this solution we are interested in (see footnote). The result is an expression 
whichh is for humans not straightforwardly transparent, but a computer has much less 
difficultiess with it. With the help of this expression we determine T. For the so 
foundd T always T\ < T < T2 holds. Once T is determined we determine h\, /i2 and 
ft.3.ft.3. With the help of Eq. 4.19 we can determine the derivative itself. Consider, for 
aa moment, only the situation where the temperature is increased. When the next 
temperaturee is measured, this will be L(T3) while L{T2) wil l turn intoL(Ti ) and 
LL (T3) wil l turn into L (T2). For a fixed measuring accuracy of the temperature and 
capacitancee this method is considerably more accurate as a methods based on Elq. 
4.6. . 

Onee could ask one selves, why not use a four point method? Basically two 
majorr arguments are against it. It is too clumsy a method to track sharp cusp like 
features.. Basically the more points one uses the higher the order is of the polynomial 
onee is fittin g with. The measuring inaccuracy of the data points could cause miscel-
laneouss higher order oscillation terms to be picked up which decrease the accuracy 
withh which the derivative is determined. For our situation, a three measuring-point 
methodd turned out to be the optimum. 

Thee whole procedure was automatized. The computer was told from which 
temperaturee to which temperature to scan, by which method the temperature should 
bee increased (PID regulation or increasing the heater current), the size of the tem-
peraturee or heater-current steps, the number of times an individual measurement 
hadd to be averaged to create a data point, the wanted accuracy in temperature and 
capacitancee measurements etc.. This ensured the utmost of speed and consistency in 
thee measurements. Files were generated containing the actual data and the relative 
lengthh with its derivative (thermal expansion) versus temperature. With the use of 
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th ee local network thi s could be analyzed on a different computer  whil e measurements 

weree in process (so that alterations of set t ings could be performed if necessary).* 

4 .11 R e f e r e n c es 

' temperatur ee at which the derivativ e is determined 
Wit hh the help of Eq. 4.19 and three measurements of the length for  the sample at three different 

tempeaturee T i t , T2 and T3 (denoted as L (2\), £(T2) and L (T3)) the derivative of the length can 
bee determined in a temperature, T, given as: 

T:=%lT:=%l l,3l,3 + ^-%2 + ^%3, 
OOO 0 

%11 := ^ T ( - 2 7 TS*  T, TS + 21 T, 3 Tg3 - 51 Tt
3 T3

3 - 15 T3
3 Tg3 + 18 Ts*  Tg2 

216 6 
++ 33 Ts

& Tg + 9 Tg5 T9 - 18 T3
2 Tg* - 21 Tg5 Tt - 21 T3

S Tj +126 Tj*  T3
2 

++ 36 Tt*  Tg2 - 63 7 ,5 TB - 99 T j 5 Ts + 18 7>4 T^ 2 - 15 Tg3 T3
2 Tt 

-- 87 T9*  Tg2 Tj +225 Ts
2 Tg2 T2 + 153 T*  T s

3 7 j 2 - 183 T3 Tg2 T3 

__ 327 Tj3 Ts2 Tg + 9 Tg3 TSTs + 9 Tg* Tt Ts + 243 Tt*  T3 T2 - 11 Ts« 

++ 11 Tg9 + 27 Tj8) / ( - T f + T , )3 + ^ g (-1635 T,T 7> Tj  2 4- 723 Ts
7 Tt Tg2 

-- 153 Tg9 Tt - 1968 Ts
3 T^ 3 T / - 408 T, 3 7*6 T, + 75 T«4 71 / - 765 7«2 T,8 

++ 759 Tg3 Tj7 + 281 T,9 T« - 27 Tt
 l 0 - 7>10 - 759 T3*  Tg5 T2 - Ts

10 

-- 36 T3 Tg* Ti - 516x2s T j 5 - 24 Tg6 T^ 4 + 331 Tg7 T j 3 + 3735 Ts Tg2 Tj7 

-- 742 Ts Tg6 Tt3 - 3312 T3 Tg3 T j 6 + 313 T3 Tt
9 + 1482 J* 2 7s6 T j 2 

-- 7392 TV2 T2
2 Tj6 - 21 T s

2 T* 7 T, + 4581 T3
2 Tg T,7 + 864 T s

2 T«4 r / 

++ 4767 T j 2 Tg3 Ti5- 3153 r 5
2 Tg5 7 j 3 + 33 T, Tg* Tt

s - 1755 Tj , r , 8 T2 

++ 1920 Ts Tgs Ti4 - 309 T3 Tg7 Tt
 2 - 3008 T3

3 Tg* Tt
3 + 7797 T s

3 7>2 T,5 

++ 2283TS
3 T9*  T,2-6312TS*  Tt*  Tg2-1Q6T3*  Tj3 Tg3 + 2943T9*  Tg* Tt

2 

-350T-350Tss*Tg*-*Tg*-  2013 T3
A Ti6 + 35 T s

3 7*7 + 1941 7 j 3 Tt
 7 - 1125 T s

2 T* 

-- 24 TV2 T* 8 + 160 T3 Tg9 + 6555 Ts*  Tx
s Tg - 783 T1,5 Tg3 Tt

2 

++ 5463 Ts5 Tt3 Tg2 - 5490 T3
S Tg Tt*  - 1191 T, 5 T«4 T, + 3724 Ts

6 Tg Tt3 

++ 462 T / Tj  r e
3 - 3006 Ts

6 Tg2 Tt
 2 + 242 T9*  Tg* - 146 Ts

9 Tg 

++ 153 r , 9 Tj - 285 T 5
8 T; 2 - 264 7>8 T* 2 + 217 Ts

7 Tg3 + 731 Ts
7 Tj 3 

-- 1464 I j 6 Ti*  + 1776 J>5 TjS + 267 T j 5 J i 5 + 528 T / 7*  Tj 

-- 6636 r , 3 Tg Tt
6 + 39 r« 8 T j 2) 1 /2 /(-Tg+ Ts)

2 

%22 := (5 Tg* -2TgTs
3 + 5 T3*  - 14 Tg Tt

3 - 22 Ts Tj3 + 2 T, 7«3 - 2 Tj  I s 3 

++ 7IV 2 Tg2-6TS Tg3 + 36TS Tg Tt
2 + 3Tg2 T ^  + 15 T3

2 Tt
2 

-- 12 T/ Tg2 T3-24 Tj TS
2 Tg+9 Tt*)/{{-Tg  + T3 )2%11/3) 

~__ - 3 T 5 r i - r 8
2 + 7>2 + 3 7'J

2 + 3T3 ^ - 3 ^ ^ 
763763 '- -Tg + Ts 
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Chapterr 5 
STRAINN DEPENDENCE; A TYPICAL FEATURE OF 

HEAVY-FERMIONN BEHAVIOUR 

5.11 General Trends 

Ass argued, one of the problems for heavy-fermion compounds is that there is an almost 
infinitee list of striking properties to be considered. To select only one property to focus 
on,, would not do full justice to the peculiarity of the heavy-fermion behaviour. The 
theoreticall  challenge is to draft a device for an interpretation of its whole complex of 
propertiess and not some limited subset. Each property on its own, although striking, 
iss often not impossible to explain. It is its combination which presents the greater 
challenge. . 

Heavy-fermionn compounds have chemically complex crystal structures and ex-
oticc elements are involved. This only further complicates matters. 

But,, from a pragmatic standpoint we have to start with some finite list of 
propertiess to focus on. Eventually, the understanding conceived must allow for an 
explanationn of all the other properties as well. The situation is to some degree 
similarr as discussing superconductivity by starting with a theory focussing on the 
Meissnerr state and the zero resistivity. At the end, the developed concepts must 
alloww for also an understanding of the effects of paramagnetic inclusions, type I and 
I II  superconductivity, vortex arrangements, pinning centra, et cetera. 

InIn the first chapters such a list is suggested. This list contains those properties 
whichh we believe to be the most salient for heavy-fermion behaviour. The items on the 
list,, although justifiable, form a personal choice. Defining heavy-fermion behaviour 
fromm an experimental standpoint is complicated and not unambiguous. 

Thee three items listed before are: the apparent heavy electron mass (e.g. [l]) , 
thee uncommon extremely small, but essentially non-zero, magnetic moment (0.02 fxB 

inn case of UPta) associated with some type of magnetic ordering (e.g. [2]) and, thirdly, 
thee unusually strong molar volume dependence (e.g. [3] [4] [5] [6]) related to properties 
suchh as specific heat, susceptibility, resistivity, etc.. At low temperatures, where 
heavy-fermionn behaviour is said to be present, the linear temperature coefficient of 
thee specific heat is strongly enhanced with respect to the high-temperature behaviour 
wheree heavy-fermion behaviour turns out to be absent. This implies that, due to the 
formationn of the heavy-fermion state, much more energy can be stored per kelvin (up 
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too a factor of hundred) as was to be expected in its absence. Clearly, the apparent high 
effectivee mass is what gave heavy-fermion behaviour its name. Also the molar volume 
dependencee of this linear temperature coefficient, along with other properties such as 
resistivity,, susceptibility, etc., is strongly enhanced. Additionally, the formation of 
thee heavy-fermion state results in a dramatic change in molar volume. It is this molar-
volumee dependence of various properties that demonstrates the spatial extensiveness 
off  the correlated behaviour present in heavy-fermion compounds. The same molar-
volumee dependence makes heavy-fermion behaviour so clearly observable in dilatation 
experiments,, the technique used in our studies of the U f P t ^ a P d̂  system. 

Thee heavy-fermion behaviour is, generally, believed to be a consequence of 
thee electronic, not the phononic, part of the system. On the other hand, a strong 
molar-volumee dependence could suggest a strong electron-phonon coupling. 

Theree are several methods open to externally vary the molar volume. One 
cann apply external or chemical pressure. Let us focus on external pressure alone 
forr the moment. I t is an experimental fact that for properties such as the specific 
heat,, susceptibility and resistivity, the pressure dependence is strongly enhanced once 
heavy-fermionn behaviour sets in. At sufficiently high temperatures, where such com-
poundss do not display heavy-fermion behaviour, the pressure dependence is normal. 
Off  course, there is a difference between a pressure or stress and a volume or strain 
dependence.. For this, the hydrostatic compressibility, K, is defined as: 

11 dV 

wheree P, V denote the pressure and volume, respectively. In general, the pressure 
dependencee of any property X can be represented in terms of a volume dependence 
ass ( 1/V ) {dX/dP) = -K {dX/dV). 

Yoshizawaa et al. have measured the temperature dependence of the elastic 
constantss from 1 K up to 600 K for UPt3 ([4]). From this set of data, the temperature 
dependencee of K can be determined. At 1 K, a temperature at which heavy-fermion 
behaviourr is well established, K for UPt3 turns out to be equal to 0.476 Mbar- 1, while 
att 300 K, a temperature where heavy-fermion behaviour is completely suppressed, 
KK = 0.477 Mbar '1 . The dramatic and strongly enhanced pressure dependence of 
propertiess can, therefore, not be explained by a similar dramatic change in K (a 
drasticc softening of the elastic constants of the crystal). This does not imply that 
noo anomalies, related to the creation of the heavy-fermion state, are observed in 
thee elastic constants. The data of Yoshizawa et al clearly reveal low-temperature 
anomaliess of order 0.03-1.1 %. 

Thee difference in pressure dependence of several orders of magnitude due to 
thee introduction of heavy-fermion behaviour at lower temperature must, therefore, 
bee the result of an enhancement of the strain (volume) dependence of heavy-fermion 
properties,, much more than an enhancement of the compressibility. 

I nn some cases, mostly for Ce-based compounds, heavy-fermion compounds 

fixedfixed T . R 
(5.1) ) 
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havee sister compounds with the same crystal structure but not displaying heavy-
fermionn behaviour. In the case of Ce-based compounds, these are compounds where 
Cee is replaced by La. From studies of these subtituted compounds, estimates can be 
madee concerning the phononic part in, for instance, the specific heat. Erom these 
studiess the conclusion arises that heavy-fermion behaviour predominantly involves 
thee electronic degrees of freedom of the system. The not-completely filled outer f 
shelll  of Ce (the major difference to La) clearly plays a role in the heavy-fermion 
behaviour.. For UPt3, however, such sister compounds with the same crystallographic 
structuree and with normal behaviour do not exist. A different approach has to be 
appliedd here. One could, for instance, make use of the fact that phonons are hardly 
magneticc field dependent. 

Lett us introduce the Sommerfeld coefficient, 7, the coefficient of the linear 
termm in the specific heat, Cy (T), at low temperature: 

77 = JtaS£2 (5.2) 

wheree T represents the temperature. In a Fermi-liquid approach, 7 is proportional 
too the apparent effective mass, m*, of the Fermionic quasi-particle excitations (the 
electronicc part of the system). In the heavy-fermion state, the value of 7 as well as its 
pressuree dependence are strongly enhanced. This suggests not only a high effective 
masss or a high density of states at the Fermi level of the low-energy excitations, but 
alsoo that these low-energy excitations must have a strong molar-volume dependence. 

Alternatively,, if one would use similar Fermi-liquid arguments as to relate 7 
too m* to calculate the thermal expansion: 

^ix§,, (5.3) 
wheree i indicates a specific crystallographic direction (i is either a-, 6-, or c-axis) and 
wheree L*  represents the length of the sample along a specific direction, one would 
obtainn (see section 5.3 ): 

wheree S represents the entropy. The low-temperature linear temperature coefficient 
off  /?• is proportional to the relative strain dependence of the effective mass. At 
sufficientlyy low temperatures we obtain: 

11 *»*  = h m - £ _ (5.5) 
m*m* dL4 T - O K T T ' 

or r 

d]n(Li)d]n(Li)  T^OK-yT v J 
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Noticee the - sign in the left hand side of both expressions. The right hand side of this 
equationn consists out of experimentally accessible parameters. 

Wee note that ( 1/m* ) ( dm*/dLi )can be determined via two alternative 
routes:: either by measuring the uni-axial pressure dependence of 7 or by combining 
thee thermal expansion and specific data using Eqn.5.6. 

I nn normal metals, a value for | ( d In (m*) Jd In (L») ) | is obtained in the order of 
one.. This holds as well for heavy-fermion compounds in the non-heavy-fermion regime 
(att temperatures well exceeding the characteristic temperature and/or magnetic fields 
welll  exceeding the characteristic field). However, once heavy-fermion behaviour sets 
in,, this value is at least an order of magnitude larger. 

AA serious note of caution is needed here. If we assume the electronic part of the 
systemm to be strongly strain dependent in the heavy-fermion state, this could imply 
thatt a strong electron-phonon coupling exists. This coupling could be so strong that 
aa clear separation between electronic and phononic parts of the system, as is possible 
inn normal metals, can no longer be made. 

Thee volume or strain dependencies are generally expressed in terms of what 
aree called Grtineisen parameters ([5]). These wil l be discussed in a separate chapter. 

Alreadyy from the above argument it is clear that the low-temperature thermal 
expansionn wil l be enhanced as a result of the presence of heavy-fermion behaviour. 
But,, there is another way of looking to dilatation experiments, being so sensitive to 
heavy-fermionn behaviour. 

Thee total Helmholtz Free energy contains various terms, as there are: a term 
forr the electronic system, another one for the phonon part, the interaction part, et 
cetera.. The observed molar volume is the result of a balance between different con-
tributions,, minimizing the total free energy. A hypothetical change in molar volume 
wil ll  cause these different contributions to the free energy to change, some positive, 
otherss negative. The net effect is positive, since the molar volume observed must be 
thee one for which the free energy is minimal. As now, by the creation of the heavy-
fermionn behaviour for one part of the free energy (related to the electronic part) the 
relativee molar-volume dependence is strongly enhanced, the original molar volume 
formss no longer the molar volume for which the free energy is minimal. A new bal-
ancee sets in to which a different molar volume corresponds. As — (din (m*) / d in (V)) 
forr most heavy-fermion compounds is positive in sign, plotting the volume or lengths 
alongg specific crystallographic axes versus temperature or field wil l reveal the heavy-
fermionn behaviour as clearly visible valleys in those temperature-field regions. If 
—— (dln(m*) / d l n ( V )) is negative in sign, instead of valleys, mountains wil l be ob-
served.. But, as wil l be discussed, a positive value of — (din (m*) /d i n (V)) is in 
agreementt with some physical notions, although negative values are observed as well. 
AA plot of the length versus temperature and/or field can be used to identify regions 
off  temperature and field were heavy-fermion behaviour exists, even if such regions do 
nott border zero temperature. 

Bothh magnetostriction (measuring the change in length as function of field 
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forr fixed temperature) and thermal-expansion measurements are ideal tools to study 
heavy-fermionn behaviour, more than just tracking the phase boundary of the heavy-
fermionn state. Both experimental techniques reveal a strong correlation between the 
propertiess related to heavy-fermion behaviour and the molar volume. This goes two 
ways.. Affecting the molar volume, externally, affects the properties of the heavy-
fermionn behaviour. And the other way around, the size of the molar volume depends 
heavilyy on the extent heavy-fermion behaviour is created. 

Wee argued that, in terms of band structures, a hallmark of heavy-fermion 
behaviourr is the formation of a narrow peak in the density of states at the chemical 
potential.. I t are the states within this peak which are held responsible for the heavy-
fermionn behaviour. As a large density of states at the Fermi energy is often unstable, 
Jahn-Tellerr type of arguments suggest that it is often favourable for the system to 
undergoo a phase transition in order to lower the energy of occupied states. This can 
takee many forms; crystallographic changes, magnetic ordering, the occurrence of spin-
orr charge-density waves and even superconductivity (see [7] and references therein). 
I tt is remarkable that several of the heavy-fermion systems do not undergo such a 
transition. . 

Inn the following sections, various elements of the above discussion wil l be fo-
cusedd on, while in the next chapter a detailed discussion about Grüneisen parameters 
andd a single-energy scaling, which seems to hold for heavy-fermion behaviour, can be 
found. . 

5.22 T h e origi n of th e st rong strain dependence of t h e heavy-fermion s ta te 

Thee heavy-fermion state is the result of a delicate energy balance of various contri-
butions,, each with its own strain dependence. Several parameters involved stick out 
off  being suspected for having a strong molar-volume or strain dependence. Al l these 
parameterss are crucially involved in the heavy-fermion behaviour. Some of them are 
listedd below. 

•• The strongest effect results from the strain dependence of the ligand hybridiza
tion.. As it is argued before, its strength can be estimated by calculating the 
degreee of overlap between the f orbital of the magnetic ion and a ligand or
bital.. The f orbitals are non-spherical (f symmetry) and highly localized. The 
arrangementt of atoms with respect to each other but also the orientation of 
thee orbitals in space is of importance. Hence, the ligand-hybridization strength 
iss expected to be strongly strain dependent. Both the Kondo- and RKKY-
interactionn parameters are dependent on this ligand-hybridization strength. 
Theirr actual functional dependencies are different: one is exponential the other 
onee is quadratic. Both Kondo- and RKKY-interaction parameters are, there
fore,, expected to have a strong but different strain dependence. 

•• In terms of single orbitals, the presence of other atoms constitutes a screening 
chargee for an f orbital from its nucleus. Such effects are generally included in 
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€{.€{. But, due to the localized nature of the f orbitals, the degree of screening by 
ligandd atom states is sensitive to the arrangements of these atoms and states 
withh respect to the f orbital. 

•• We will introduce an effective parameter which has the dimensions of a charge-
transferr parameter. It will be argued that for a correlated state to be created, 
eachh f si te/state should be slightly less than integer occupied. For the corre
latedd state to be formed, room must be created in the phase space. For this, 
chargee has to be moved from f to c states. Not completely filled f sites corre
spondd to not-completely filled f bands, which must be located near the Fermi 
level.. Originally cf was situated far below the chemical potential, fi. Hence, the 
transferr of charge must be linked to an excess energy, the charge-transfer energy. 
Thiss charge-transfer energy must be a function of the amount of charge trans
ferred.. Linearizing this function (with a Taylor expression), its linear coefficient 
iss called the charge transfer parameter. We treated this charge-transfer param
eterr simply as the charge-transfer parameter found in the Miedema model. In 
thee Miedema model, a capacitive charging effect occurs when charge is moved 
fromm one type of atom to another. The Miedema charge-transfer parameter is 
expectedd to be strongly strain dependent. We expect the same for our charge-
transferr parameter. 

Thee above list is not meant to be complete. In summary, it is the highly 
localizedd and non-spherical nature of the f orbitals which is the key feature for the 
strainn dependence. 

5.33 T h e l inear  te r m of th e electronic thermal expansion 

Inn terms of the Helmholtz free energy, F , the thermal expansion can be expressed as: 

wheree i numbers the different crystallographic directions and in which K{ are 
thee corresponding components of the compressibility tensor. The Einstein summation 
conventionn is used. Repeating indices implies a summation. 

Onn the other hand, as F = E - T S, where E and S represent the energy and 
entropy,, respectively, we can write: 

LLQQ - &F  _ &E 9 
KiKi  dTdLi ~ dLidT 8T 

&E&E  m d2S dS 

„„  P arpar ar cvr err I o r \ ^) 

dLiêTdLiêT TdTdL ÖL' (5 -8) 

Thee laws of thermodynamics enforce \imT->o(dS)/ (9Li) = 0. This implies: 

&*F&*F  d2E 
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Forr finite temperatures, the deviations from the above expression can be determined 
fromfrom a more statistical mechanical approach. Of course, such an approach leads to the 
samee equality at zero temperature, but that approach can be more readily extended 
too finite temperatures. 

I nn terms of statistical mechanics, the Helmholtz free energy for the electronic 
partt of the system reads as: 

Fee = - k B T l n ( Z ) = kB T l n £ V ^ . (5.10) 

Thee subscript "e"is addedd to indicate that we only consider the electronic part 
off  the system. 13 = 1/ (kBT), where kB stands for the Boltman's constant. Within 
thee framework of Fermi-liquid theory, it is possible to describe Z as a sum over states 
inn the grand-canonical ensemble: 

ZZ = £ e""*  = I J E e-/ta«(J5,-'l). (5.11) 
{* }}  Ek {m} 

Here,, n*  is the occupation number for a certain excitation labelled by the index 
ii  and {n^}  represents the collection of all possible occupation numbers. In the case of 
Fermionicc excitations (n») € [0,1]. \i is the chemical potential, introduced to assure 
thatt the total density of particles remains fixed. Hence: 

Fee = - k B T Y, I» ( e " * * ^ + l ) . (5.12) 

Interchangingg the index i by the quasi-momentum vector, k, and approximat-
ingg the sum by an integration over k we can write: 

Fee - kBr47r / dk k2 In (e~^k>-^ + l ) ft (V), (5.13) 
Jo Jo 

wheree ft (V) represents the density of states in fc-space. ft (V) is proportional to the 
(molar)) volume. Notice that only ft (V), ^ ( k ) , and fj. are molar volume dependent. 
Noww taking the derivative of Fe with respect to Li leads to: 

9F9F'' t T f f 
Jo Jo 

dkdk k 
/ ? ^ ( j g ( k ) - j i ) ) 
(e-y9((k)-M )) + !) 

22 ydU fl(V)fl(V)  + £ . (5.14) 

Thee first term is caused by the molar volume dependence of E (k) and //, while the 
secondd term is the result of the molar-volume dependence of ft (V ) . 
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Forr the total energy we obtain: 

dd f°° (E(k) -11) e-0<s(*)-M) 

BBSw(Sw(fiFj-*[fiFj-*[  * * . m ! i ^ L r _ _ f t ( v ) , (5.15) 
soo that: 

dE dE oo r  Q 

== 47TJo dkk^—{E{k)~u) 

d(E(k)-fi) d(E(k)-fi) 

d d 

1 1 

ee0(E(k)-tf0(E(k)-tf + 1 ' 

'' dk k2 (E{k) - fj) 
0 0 dU dU 

d(E{k)-p) d(E{k)-p) 
(( I )} 

forr T approaching to zero this turn into a 6 function-t«(£;(jt)- )̂ 
E E 

causedd by the volume dependence of Q 

Forr temperatures approaching zero (ƒ?= lfkBT approaching infinity) : 

(5.16) ) 

li m m -- (-Ml ==  6{x) (5.17) ) 

inn which 6 (x), denotes the Kronecker delta. Hence: 

li mm —— = 47T / dk k2 

T^OT^O dU J0 

r | : (EW- ,) ) n(V)n(V) E_ 
ee0(E(k)-n)0(E(k)-n) + 1 + Li' 

(5.18) ) 

Inn such terms we recognize the first integral term in the expression for (dF/dLi). 

dLi&TdLi&T dLi&T LidT 
TS TS 

s_ s_ 
dLiSTdLiST L LidT Li 

dd22E E dS dS 

(5.19) ) 

(5.20) ) 

dLi&TdLi&T ~ dLi&T ^5* 21^ 

Thee discrepancy between Eqs 5.19 and 5.8 is lifted as we realize that we defined all 
energyy levels with respect to the chemical potential and that: 

Againn for low enough temperatures: 

&F&F  &E 
f a a 

K =T^MD EE = w r ) = 7T) = , l f f (5.22) ) 
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wheree 6q stands for a change in heat and where we used cy (T )= 7 T. As S = V 7 T, 
wee find that: 

S-tt  (5-23) 
Wit hh the help of this observation, the discrepancy between the two results is lifted. 
Thee results of the statistical mechanical approach can be readily extended to finite 
temperaturess and explicit expressions for S at finite temperatures can be generated. 

Forr the lowest temperatures, one can assume that the electronic thermal ex-
pansionn is due to states with energies within an energy window of keT at the Fermi 
energy.. Take the temperature window so small that only one effective mass can be 
ascribedd to all the states within this window. Furthermore, presume that the length 
dependencee of each individual state within this temperature window can be treated 
ass originating solely from the length dependence of its effective mass. In zero-order 
approximation,, all effective masses at sufficiently low temperatures are taken temper-
aturee independent (the band structure is assumed to be temperature independent). 
Inn terms of a Fermi-liquid approach, the changes in occupation densities with respect 
too zero temperature are sufficiently small so that the quasi-particle interactions and 
theirr effect on the energy levels can be discarded. One can show that in this limit : 

&F&F  &E 8E 

dLi&rdLi&r  dLi&r  ar 
cvv (T) 

wheree m* represents the effective mass, and where {}  indicates an average over all the 
statess with an energy within the temperature window of k&T at the Fermi energy. 
Thiss implies that the thermal expansion at sufficiently low temperatures in the specific 
directionn z is given by: 

A-(-w£)^-(*èS)" TT (525) 

Forr the expressions obtained we note that: j3(T = 0 )= 0, as it should be. 

.. &F as ..... 
fifi<<  = -Kiam = KidLi<

 (526) 

Thee low-temperature electronic thermal expansion is proportional to the tem-
perature.. I ts proportionality constant contains information about the relative strain 
dependencee of the apparent effective mass of the excitations close to the Fermi level, 
whilee the proportionality constant of the specific heat contains information about the 
effectivee mass itself. From the expression presented above, the relative length depen-
dencee of the effective mass can be expressed in terms of all measurable quantities ; 
i.e.: : 

01n(m*)) 0tLt 

dhi(Li)dhi(Li) KiCv{T)' K } 
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I tt wil l turn out that this expression has a strong similarity with that for the anisotropic 
Grüneisenn parameter, to be discussed in the next chapter. 

5.44 T h e poss ib le ex is tence of a characterist ic molar  vo lume 

I nn this section we wil l not treat the volume as an observable but as a parameter. We 
wil ll  discuss the effects a change in volume can have on the heavy-fermion state. The 
conceptt of a characteristic molar volume wil l be introduced and we shall extensively 
usee it in our discussion of the effects of Pd-doping on UPt3. 

I tt is the combination of the itinerant nature of the f states with the strong 
on-sitee repulsion which makes the heavy-fermion state energetically favourable. On 
thee other hand, for the ability of the system to form a heavy-fermion ground state, 
eachh f shell must be slightly depopulated (with respect to one pro f site and shell). 

Forr increasing molar volume, not only the ability to form a heavy-fermion state 
(e.g.. the charge transfer decreases) but also the necessity to form the heavy-fermion 
statee decreases (the itinerant nature of the f states decreases). For increasing volumes, 
thee heavy-fermion state at some characteristic volume can no longer be formed but 
iss also no longer energetically favourable. 

Anotherr effect of the decreasing ligand-hybridization strength is the increase 
off  the effective mass. A decreasing hybridization strength also implies that the en-
ergyy width of the peak at the Fermi level decreases. Related to this is a decreas-
ingg characteristic temperature for the heavy-fermion state. It is, therefore, to be 
expectedd that for increasing molar volumes, primarily the effective mass should in-
crease.. Simultaneously to the increasing mass, the characteristic temperature of the 
heavy-fermionn state should decrease. Since there is a simple energy scaling relation 
betweenn characteristic fields and temperatures for the heavy-fermion state, also the 
characteristicc field decreases for increasing molar volumes. This process continues 
untill  a characteristic molar volume is reached at which the heavy-fermion state is 
noo longer energetically favourable. Further increase of the molar volume smoothly 
destroyss the heavy fermion state. The fact that also the charge transfer decreases 
shouldd cause the occupation density per f site and shell to increase towards one. In 
termss of band structures, this implies that the peak in the density of states should 
shiftt downwards with respect to the Fermi level. The situation of each f shell being 
preciselyy once occupied is directly associated with this peak in the density of states 
beingg completely below Fermi energy. The destroyment of the heavy-fermion state 
cann be pictured as the peak in the density of states slowly sinking below the Fermi 
level. . 
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Chapterr 6 
THEE GRÜNEISEN PARAMETER 

Thee strong volume dependence of the heavy-fermion state is often expressed in terms 
off  the heavy-fermion state having an unusual high Grüneisen parameter (10 to 100). 

6.11 Several definitions for  the Grüneisen parameter 

Forr this Grüneisen parameter several different a priori  definitions exist ([1][2][3][4]) . 
Afterr having listed these definitions, we will show that all of them are, within a certain 
framework,, identical. 

Gruiieisenn parameter  in terms of relative volume dependence of en-
ergyy levels of the system 

•• The definition of the Grüneisen parameter as we will use it, and to which the first 
sentencee of this section refers to, is in terms of the relative volume dependence 
off the energy levels of the system: 

/ain^n n 
\dhx(v)/\dhx(v)/ K } 

Inn which {) denotes an ensemble average and i numbers the different states of 
aa system having an energy Ei, repsectively. If the energy levels of the system 
cann be treated as stemming from separate parts of the system, as the lattice 
vibrationss (phonons), the quasi-particle excitations of the electronic system 
(e.g.. in a Fermi-liquid or marginal Fermi-liquid treatment) or even magnetic 
excitationss if any long-range magnetic ordering exists (e.g. magnons, solitons, 
vorticess etc.) the energy levels of a certain subsystem all amount to the same 
volumee dependence. Let this be denoted as: 

Ei^eMEi,Ei^eMEi, (6.2) 

wheree again i labels the various separate states of the sub system and where e (v) 
denotess its volume dependence. Ei denotes the volume independent part of such 
aa state. Each separate sub system has its own distinctive e(V); e.g. there is 
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onee related to the phononic part and another related to the electronic part, etc. 
Forr each of these subsystems, a Grtlneisen parameter can be introduced still as 
thee relative volume dependence of its energy levels. Al l its energy levels have 
thee same volume dependence. The need for an ensemble average is no longer 
neededd and: 

,_d\n(e(V)) ,_d\n(e(V)) 
11 subsystem — ,, (\/\ ' \V'" / 

E.g.,, a Grüneisen parameter can be defined for the phononic part, while a 
separatee one can be assigned to the electronic excitations of the system and 
evenn a third can be defined for the long-range magnetic ordering (if any is 
present).. The Grtlneisen parameter we wil l be mostly interested in is the one 
relatedd to the electronic part of the system, since we assume it is this part which 
providess the heavy-fermion behaviour. 

Somee caution is needed here. This treatment hinges on the fact that one can 
treatt the system in terms of separate subsystems. A large electronic Grtlneisen 
parameterr (as observed for heavy-fermion behaviour) implies a strong volume 
dependencee of the electronic energy levels. Phonons directly affect the mo-
larr volume. Does this high electronic Grtlneisen parameter suggest a strong 
electron-phononn coupling, even so strong that a separation of the system in 
subpartss is no longer justifiable? 

AA high electronic Grüneisen parameter suggesting a strong volume dependence 
off  the electronic energy levels also implies that the formation of states with 
aa high electronic Grüneisen parameter (as the heavy-fermion ground states) 
shouldd be associated with a change of the volume of the sample. 

•• T h e Grüneisen parameter  in terms of th e relat iv e vo lume dependence 
off  t h e character ist ic temperature 

Focusingg for a moment on the electronic part of the system and the heavy-
fermionn states, the Grüneisen parameter can also be defined as 

r = - 9 R 7 pp (<u) 

whereinn T* stands for the characteristic temperature for the heavy-fermion 
statess in the absence of a magnetic field. 'Notice the "-"sign in the above 
expression.. Usually, this version of the Grüneisen parameter is introduced by 

'Evenn for the "phonon part " many proper Grüneisen parameters exist. Each mode has its own 
ownn parameter; I \ = -d(In (o»i)) /d(In (V)) (see e.g. Askroft and Mermin p. 493 Eq. 25.18). 

Inn the Debye model all modes scale linearly with the cut-off OJD, or equivalently with the Debye 
temperaturee OD = {hvD) /kB; thus 
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meanss of a scaling Ansatz for the Helmholtz free energy as it was put forward by 
Puldee and others ([5]). The key assumption is that for heavy-fermion behaviour 
onlyy one typical energy scale exists. It is assumed that most of the volume 
dependencee of the thermodynamic properties can be correctly treated by as-
cribingg it as stemming from the volume dependence of this single energy scale. 
Itt is further assumed that in heavy-fermion compounds, a simple energy-scaling 
relationn exists between the characteristic fields, 2?*, and temperatures, T*, of 
thee heavy-fermion behaviour: kBT* w \^B*. The volume dependence of the 
thermodynamicc properties can just as well be ascribed to the volume depen-
dencee of the characteristic field and temperature; T* (V) and B* (V). T* (V) 
andd B* (V) are expected to have a similar volume dependence. 

Followingg the suggestion of Fulde, a specific assumption is made for the form of 
thee Helmholtz free energy associated with the electronic part, Fe, of the system 
(thee part held responsible for the heavy-fermion behaviour): 

FFee = NkBT x f (r^-r, n
B„„]  (6-5) 

Thiss function ƒ has no direct volume dependence. The only volume dependence 
off  Fe stems from the volume dependence of T* (V) and B* (V). Some of the 
backgroundd leading to the formulation of the particular scaling Ansatz for the 
Helmholtzz free energy will be discussed in a later section. 

Wee would like to relate our Grüneisen parameter to the relative volume de-
pendencee of the above discussed single energy scale. But this parameter is not 
directlyy experimentally accessible. Instead, we took as its measure the relative 
volumee dependence of characteristic temperature, T* (V) . A just as legiti-
matee choice would have been to use B* (V). We can therefore put forward two 
possiblee definitions: 

dlnCT») ) 
r = I V - d ï n i ï rr  (6-6) 

dln(B») ) 
r = r B * -7 ïn WW  ( } 

Bothh Grüneisen parameters yield the same result. This will be shown in a later 
subsectionn more rigorously (using the scaling Ansatz for the Helmholtz free 
energy). . 

rr dln(e0) 
D e b y e""  dln(V )
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I tt wil l be shown that T can also be expressed in terms of experimentally acces-
siblee variables: 

inn which (3y and Cv (T) represent the thermal expansion and the specific heat 
off  the electronic part of the system, respectively, while V ,̂ represents the molar 
volumee (if the specific heat is expressed in terms of units of molar volume) and 
KK is the hydrostatic compressibility. 

Forr this result to be obtained, some approximations had to be made, justifiable 
inn the case of heavy-fermion behaviour. 

I tt has to be stressed that for a definition of the Grüneisen parameter in terms 
off  the relative volume dependence of the characteristic temperature or field (as 
i tt is done above in Eqs.6.6 and 6.7) and for the expression Eq.6.8 to hold, the 
frameworkk of the scaling Ansatz for the Helmholtz free energy (Eq. 6.5) is 
essential l 

Too evaluate T from Eq. 6.8, only the electronic parts of the specific heat and 
thee thermal expansion are needed. However, in a real experiment only thermal 
expansionn and specific heat data can be obtained in which all contributions such 
ass electronic, phononic, magnetic, etc. are included. 

Ann effective Grüneisen parameter is defined for that reason in which the mea-
suredd specific heat and thermal expansion directly enter. 

T h ee Grüneisen parameter  defined in term s of th e relat iv e vo lume 
dependencee of t h e temperature under  th e condi t ion that th e entropy 
remainss constant. 

Anotherr definition for the Grüneisen parameter, closely related to the previous 
one,, is: 

rfln(r) rfln(r) 
r== -d\n{V) d\n{V) 

(6.9) ) 

SS denotes the total entropy of the system. We omit magnetic terms for simplic-
ityy reasons. As 6E = T6S-P6V; a change in entropy, 6S, must be a function 
off  6E and 6V; hence: 

dS dS 
6S=6S=dË dË dV=0 dV=0 

I PP dS 
6E+6E+av av 

SVSV (6.10) 
dE=0 dE=0 



Severs// definitions for the Grüneisen parameter 147 7 

6E6E and 6V stand for the change in energy and volume, repsectively Notice 
thatt furthermore cv = j§\v and ^r = 5In (T) in which Cy (T) represents the 
specificc heat of the sample, so that: 

ÖS_ ÖS_ 

dE dE 
6E6E = ^6E9V̂  (6.11) 

T T 

==  6Q 

T T 
ccvv{T)6T {T)6T 

(6.12) ) 

TT (6-13) 

== cv^ ln(T) (6.14) 

Forr the thermal expansion, /?i 5 we obtain: 

A - —— (6-15) 

dd22F F 
== K-

dVdT dVdT 
dS dS 

==  KdV' 

(6.16) ) 

(6.17) ) 

Hereinn is K the hydrostatic compressibility. This expression can be rewritten 
soo that: 

^6V^6V = ^6V (6.18) 
dVdV K 

PjVÖV PjVÖV 

KK V 
(6.19) ) 

==  ÊK6]n{v) (6.20) 

Thiss all combined leads to: 

OSOS = cv (T) 6 In (T) + ^-6 In (V) (6.21) 

Wee represent the specific heat in terms of units of molar volume, V^,. As a result 
off  the criterium 6S (T, V) — 0, we obtain 

00 = cv (T) tfln (T) + ^ 6 In (V) (6.22) 

h e n c e r,_ | lHmm = IMS_ (6.23) 
a in (V )) « „ ^ . ( T ) ^ ' 
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6.22 T h e simi lar i t y between various definit ion s of Grüneisen parameters 

Thee link between the second and the third definition of the Grüneisen parameter 
iss apparent. Both lead to an identical formulation in terms of specific heat, ther-
mall  expansion, compressibility and molar volume. The volume dependence of the 
characteristicc temperature must be such that the entropy is conserved. Therefore: 

*Mnn  = sMn (624) 
din000 d\n{V) / K > 

Thee essence of the scaling Ansatz for the Helmholtz free energy is the ex-
istencee of a single energy scale for the heavy-fermion state. To its eligible volume 
dependence,, the source of the volume dependence of thermodynamic properties is 
ascribed.. As a measure of this, the relative volume dependence of the characteristic 
temperature,, T* , was taken. Intuitively, the volume dependence of this single energy 
scalee must be identical to the volume dependence of the individual energy levels of the 
heavy-fermionn state (the first definition of the Grüneisen parameter listed). A link is 
establishedd between the second and the first definition of the Grüneisen parameter. 
Theree is a more rigorous way. We wil l show that also for the first definition of the 
Grüneisenn parameter the expression: 

TT=S$)=S$) (6-25) 
holds.. This wil l be done in the framework of statistical mechanics. 

Ass was previously shown: 

PvPv = «J£- (6-26) 
Thee Grüneisen parameter can be expressed as: 

r = ^ rr = ^ . (6.27) 

Inn the spirit of a Fermi-liquid description, we label the excitations by i and their 
respectivee energies by 2*̂ . The probability of an excitation being occupied, P  ̂ is 
definedd as: 

PiPi = V r-PEk ' (6-28) 

inn which (i) is the collection of configurations of possible excitations and f3 = \/{kBT). 
Thee expectation value of Ei, (i?j), is: 
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Thee total energy is found as E = {Ei) N, in which N is the total density of excitations. 
Furthermore,, since the specific heat is: 

* mm d E 

Cv(T)Cv(T) = - ^ 

11 dE 

V,B V,B 

i tt can be shown that: 

Cv(T)Cv(T) = 

keTkeT22 d/3 V,BV,B ksT2 

 ^m-wi 
::  "[(frfr-iEi)))) 

Nd(Ej) Nd(Ej) 

dp dp \V,B \V,B 
(6.30) ) 

(6.31) ) 

(6.32) ) 

inn which ( ) denotes the expectation value. On the other hand, the Helmholtz free 
energy,, F, can be expressed as F = —kBT\n{Z), in which Z is the grand canonical 
partitionn function, Z = £ ) w e~pEi. EVom the Helmholtz free energy the entropy can 
bee determined as: 

V,B V,B 

dF dF 

HBTHBT22 dp V,B V,B 

Thee volume derivative of the entropy can be shown to be: 

dSdS N 

(w(wx{Eix{Ei~~{Ei)) {Ei)) 
dvdv kBT 

Forr the Grüneisen parameter all this implies: 

rr  = == v-

(6.33) ) 

(6.34) ) 

(6.35) ) 
KC{T)KC{T) c{T) ' {EiiEi-iEi)))  ' 

Iff  all the energy levels stem from the same subsystem they will , almost by definition, 
havee the same volume dependence, denoted as: 

EiEi = €(V)Ei. (6.36) ) 

Inn which e(V) is the volume dependence of the energy levels independent of index i 

whilee Ei is the rest of the energy level (no longer volume dependent). 
I tt is straightforward to show that this leads to: 

• « ( V ) f f ii V te{V) 01n(e(V) 
rr  = 

PvVPvVm m 

== v- (6.37) ) 
KC.iT)KC.iT) * e{V)* e(V) dV d ln(V) 

Inn the extreme right hand side of the expression, the definition of the Grüneisen 
parameterr in terms of the relative volume dependency of the energy levels, the leading 
definitionn in our list, can be recognized. A link is established for all three definitions of 
thee Grüneisen parameter. For all three definitions the expression in terms of specific 
heatt thermal expansion compressibility and molar volume holds. 

http://KC.iT
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6.33 T h e effects of electron-phonon coupl ing 

Off  course, to picture the system as being built out of several subsystems is an over-
simplification.. Some care has to be taken to justify this subdivision. 

AA high electronic Grüneisen parameter implies that the electronic excitations 
aree strongly molar volume dependent; suggesting a strong electron-phonon coupling, 
maybee even so strong that a division into an electronic an a phononic part for the 
systemm is no longer justifiable. We could find ourselves in a similar situation as for 
thee B.C.S. theory for superconductivity. 

Forr all three methods discussed above, it is implicitl y assumed that the appar-
entt heavy electron mass (proportional to the linear low-temperature coefficient of the 
specificc heat) and its volume dependence (proportional to the linear low-temperature 
coefficientt of the thermal expansion) are not affected by the electron-phonon coupling. 

Argumentss exist which suggest that in contrast to ordinary metals, in which 
thee quasi-particle mass (m*) increases as a result of the electron-phonon interaction, it 
shouldd drastically decrease in the case of heavy-fermion systems. Both an approach 
byy Fulde and co-workers [8] [5] [6] [7] as well as the approach presented here lead to 
thiss conclusion. In ordinary metals the electron with its phonon cloud is heavier than 
withoutt it. The crucial heavy quasi-particle excitations for heavy-fermion behaviour 
cann be traced back to the inter-site and on-site spin fluctuations. These essential 
excitationss for the heavy-fermion behaviour can be pictured as (spin) excitations 
runningg from f site to f site. It is straightforward to see that the effective mass of 
suchh excitations is determined by the itinerant nature of the original f-states. Its 
itinerantt nature is determined by the ligand-hybridization strength between the f 
shellss and the shells of their ligand atoms. Dressing such excitations with phonon 
cloudss implies that neighbouring atoms come closer to these magnetic ions. Therefore, 
thee ligand-hybridization strength is increased. This wil l increase the itinerant nature 
off  the f band and with it reduce the effective mass of the above described heavy 
quasi-particlee excitations. The argument bears similarities to the case of a polaron 
inn normal metallic conductors or that of B.C.S. superconductors. 

Fuldee considered the system as a particular Kondo lattice. At low-enough tem-
perature,, a singlet could be formed at each individual magnetic-ion site between the f 
electronss and the conduction electrons. The energy gain due to the singlet formation 
iss denoted as: EQ = - k B T * , where T* is thee equivalent of the Kondo temperature in 
thee case of a lattice. I t defines the low-energy scale of the system. In particular the 
quasi-particlee mass, m*, is expected to be proportional to (T*) - 1. The energy gain 
duee to the singlet formation and the quasi-particle mass are inversely proportional. 
Thee ligand hybridization of the f electrons with the conduction electrons, on which T* 
cruciallyy depends, increases when neighbouring atoms are moved closer to the mag-
neticc ion. As a result of the electron-phonon interaction, neighbouring atoms wil l 
movee closer and the energy gain due to the singlet formation increases. A measure of 
thee latter's increase is provided with the help of the electronic Grüneisen parameter 
inn terms of T = - d l n ( T * ) /d\n{V) . Since the energy gain due to the singlet for-
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mationn is increased by the electron-phonon interactions, the effective masses should 
decrease.. Fulde and co-workers [8] [5]where able to quantify this. They demonstrated 
thatt for CeRu2Si2 this could lead to an effective mass reduction of 25 %. To obtain 
thiss result they made use of a characteristic temperature of 21 K, a bulk modulus of 
11.22 x 1011 N/m2 and an electronic Gruneisen parameter of 150. Using the same set 
off  typical numbers, within our approach (using itinerant f bands) we calculated an 
effectivee mass reduction of about 18 %. It would be beyond the scope of this thesis 
too go into the details of this calculation. The size of the reduction of the effective 
masss as a result of the electron-phonon interaction is substantial. The question puts 
itselff  forward whether for heavy-fermion behaviour it is still justifiable to represent 
thee total Helmholtz free energy simply as a sum of terms in which one can be assigned 
too the electronic system and another to the phononic system, etc.. 

6.3.16.3.1 The anisotropic Gruneisen parameter 

Too introduce the anisotropy, the Gruneisen parameter must be split up into (gen-
erally)) three components corresponding to the relative length dependencies of the 
energyy levels, along all three crystallographic axes separately. It can be shown that 
alll  three components of this new Gruneisen "vector" independently (along all three 
crystallographicc axes) still linearly depend on the three components of the thermal 
expansion.. No longer the volume thermal expansion is needed but the components 
off  the thermal expansion along all three crystallographic axes. The proportionality 
constantt (matrix) between the Gruneisen- "vector" and thermal expansion-"vector" 
containss the bulk specific heat and the compressibility tensor. Since the deformation 
tensorr is by definition a symmetric tensor it is always possible to diagonalize this 
tensor.. If this set of basis vectors also diagonalizes the compressibility then, with 
respectt to this set of basis vectors (indicated by i), again: 

holds.. A one to one correspondence between the thermal expansion in a certain 
directionn and the Gruneisen, or the relative length dependence of the energy levels, 
inn that direction is again established. 

6.44 The measured specific heat 

Forr anisotropic systems, both the thermal expansion and the specific heat must be 
corrected.. For simplicity reasons we will only consider isotropic systems for a moment. 

Thee specific heat as it is measured in a standard specific heat experiment 
iss measured at constant pressure (cp(T)) and not at constant volume ((^(T)). A 
canonicall  transformation has to be carried out which is best done by the use of a 
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Jacobian.. Defining the Jacobian ^"'v? as the determinant: 

d(u,v) d(u,v) 

*{*,V)*{*,V)  Ë 

du du 
dx dx 
Öv Öv 
dx dx 

du du 
ÖV ÖV 
Ov Ov 
dy dy 

(6.39) ) 

wee can write for cv(T)=T M 

9T\V' 9T\V' 

C v ( r )) - T Ö ( T 7 V ) " 1 ^
 (6'40) 

VV ' ' 9(T,P) 

==  cp(T)-TJ  ̂ = cp(T)-TTPvcv(T), (6.41) 
\dP/T \dP/T 

inn which we made use of general rules applicable for determining determinants such 
as: : 

9(v,u)9(v,u) __ fl(ti,v)  d(u,v) _ d(u,v) djt,s) 
9(x,y)9(x,y) (x,y) d{x,y) ~ d(t,a) d(x,y) . . 

d(x,y)d(x,y) dxly dtd{x,y) 8{x,y) "*"  d(x,y) 

andd Maxwell relations. We assumed the specific heat to be expressed in terms of 
mol.: : 

** {T{Tl~l~TTff
T)T) =TTPV(T). (6.43) 

Forr the Grüneisen parameter this implies: 

p p 
pp  observed fey A A\ 

11 real ~ Z p WITYT' t 6 ' 4 4 ' 

Here,, r ^ , ^ , ,^ is the Grüneisen parameter calculated using the measured specific heat 
directlyy (cp(T)), while Treai is the Grüneisen parameter corrected for Ct,(T). 

I nn most cases, even for heavy fermions for which (3V and T are enhanced, 
thesee are minor corrections at low enough temperatures (  10K). However, at higher 
temperaturess the differences can turn out to be substantial. 

6.55 S o me of t h e background for  th e formulatio n of th e scal ing Ansatz for 
t h ee He lmho l t z free energy 

Ass was discussed in a previous section (see section "The Grüneisen parameter) one of 
thee ways for defining the Grüneisen parameter is as the relative volume dependence 
off  the characteristic temperature. There, a scaling Ansatz for the electronic part of 
thee Helmholtz free energy of the heavy-fermion state was introduced, in short: 

F«(T,, B, V) = NkJTf ( ^  , - ^ ) . (6.45) 
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Inn this case, the volume dependence of the electronic free energy only depends on the 
volumee dependencies of T*  and B*. For a precise definition, we would like to refer 
too the mentioned section, where this scaling Ansatz was basically introduced out of 
thee blue. In this section, an attempt will be made to reveal some of the experimental 
(andd theoretical) data which justify the formulation of such a scaling Ansatz. 

Experimentall  evidence exists for the existence of one characteristic tempera-
turee in heavy-fermion systems. In most thermodynamic experiments, a temperature, 
T*,T*, can be defined dividing the temperature region into a high- and a low-temperature 
zone.. It is below T*  that the heavy-fermion state seems to be formed. Exceeding T* 
wil ll  cause the heavy-fermion state to be destroyed. 

•• In susceptibility experiments, T* could be assigned to the temperature at which 
aa maximum in the susceptibility is observed. 

•• Typical for specific-heat data ((^(T)) as measured on heavy-fermion compounds, 
thee ratio Cv(T)/T is high at low temperature while at high temperature it is 
muchh lower. T* could be assigned to the cross-over region. 

•• Typical thermal-expansion data on heavy-fermion compounds have a steep slope 
att low temperatures levelling of at higher temperatures. T* could be assigned 
too this cross-over region. Usually, a maximum is observed in this cross-over 
region.. T* could also be assigned to this maximum. 

•• In some compounds, a coherence temperature can be defined from resistance 
data,, as being the temperature below which a T2 temperature dependence of 
thee resistance is observed. However not in all compounds such a coherence 
temperaturee can be straightforwardly defined. 

•• T* can also be taken as a measure for the residual low-temperature quasi-elastic 
linee width in a neutron experiment. 

Althoughh the definitions of T* in relation to the different experimental tech
niquess lead to different values of this characteristic temperature, it still seems that 
onlyy one temperature scale is involved. Nevertheless, the relationship between this 
temperaturee scale and the characteristic temperatures observed by a specific experi
mentall technique has still to be established. 

Similarly,, one characteristic field, B*, is observed for fields below which the 
heavy-fermionn state is created; for fields exceeding it, the heavy-fermion state is 
destroyed.. E.g. in magnetization, magnetostriction and magnetoresistance measure
ments,, sharp features are observed at the meta-magnetic transition field, B*. The 
consensuss between different experimental techniques about the value of B* is appar
ent. . 

Thee simple energy scaling relation 3/2kBT* w faB* seems to hold. All this is 
suggestingg the existence of only one typical energy scale to be present, both governing 
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thee field and temperature dependence of the heavy-fermion state. I t is clear that both 
T*T*  and B* are directly related to this single energy scale, although the nature of the 
linkk still has to be determined. Overstepping this last point and introducing t as 
tt = T/T* and b as 6 = B/B*, the electronic part of the Helmholtz free energy seems 
too be describable in the form Fe — NkBTf(t,b). Here, N is the density of magnetic 
ionss and f(t,b) is a, still to be determined, function only depending on t and b. Notice 
thatt we omitted the direct volume dependence. We wil l come back to this in the next 
subsection.. Anyhow, every parameter of heavy-fermion systems appearing in ƒ seems 
too be indirectly normalized with respect to this single energy scale. This implies that 
thee corresponding entropy is only depending on t and b. 

6.5.16.5.1 The strong volume dependence of the single energy scale 

Thee key assumption to be made is the way in which the volume dependence of Fe is 
described.. I t is assumed that its volume dependence can be treated as solely being 
causedd by the volume dependence of the single energy scale involved in the formation 
off  the heavy-fermion state. Or, likewise, by the volume dependence of T* and B* 
(bothh related to the typical energy scale involved in the formation of the heavy fermion 
state).. Since a simple energy scaling relation exists between T* and B*> that in some 
mistyy way must be related to the single energy scale of the heavy-fermion state, both 
T*T*  and B* are expected to have similar volume dependencies. 

Viewingg the heavy-fermion state as emerging from a delicate competition be-
tweenn two interactions, namely the Kondo- and the Ruderman-Kittel-Kasuya-Yosida 
(RKKY )) interactions, the apparent existence of only one energy scale causes interpre-
tationn problems. Two energy scales should be present, one related to the Kondo effect 
andd one related to the RKKY interaction. Although heavy-fermion behaviour typ-
icallyy occurs in a regime where these two energy scales are comparable in strength, 
theree is no a priori  justification for the assumption that they should be identical. 
Thee contradiction between the belief that two energy scales should be present and 
thee fact that at low temperatures the specific heat, susceptibility and resistance seem 
too be dominated by one single energy scale is apparent. Interpreting heavy-fermion 
behaviourr as a critical balance between Kondo- and RKKY-interactions, the general 
consensuss is that there exists something like a coherence temperature c.q. energy 
scale,, Tcoh, which is set by an interplay between the Kondo and RKKY interaction 
energies,, below which coherence temperature a new low-temperature energy scale 
setss in. For higher temperatures, the single-ion Kondo energy sets the scale. In this 
framework,, one of the central issues is whether the Kondo energy scale and this new 
energyy scale are fundamentally different. In terms of band structures, this new en-
ergyy scale is related to the width of the peak in the density of states. In terms of the 
Kondo-- versus RKKY-interaction picture, for temperatures exceeding TCOh this width 
iss the Kondo temperature/energy scale, while for temperatures smaller than Tcoh this 
energyy scale is renormalized by the RKKY-interaction. How this renormalization 
processs comes about is still misty. The Kondo- as well as the RKKY-energy scale are 
stronglyy dependent (exponentially) on the ligand-hybridization strength and the bare 
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f-levell  energy, which on their terms are strongly volume dependent. For that reason, 
itt is reasonable to expect this new energy scale (characterizing the heavy-fermion 
state)) to be also strongly volume dependent. 

Inn terms of the bandstructure approach, the width of the peak in the density of 
states,, and consequently this new energy scale, is roughly the hybridization strength 
renormalizedd by the on-site repulsion. This again, leads to the same conclusion that 
thiss new energy scale should be strongly volume dependent. 

Ourr assumption is that the volume dependence of the free energy is set by the 
strongg volume dependence of this new energy scale, or by T*(V) and B*(V) for that 
matter.. T* and B* should depend on volume in a similar way. 
6.5.26.5.2 How to deal with the field and temperature dependence of the characteristic 

temperaturetemperature and field 
Off  course, T* will also depend on field and B* will depend on temperature. But, 
usingg the lessons learned from other correlated systems such as superconductivity, we 
assume: : 

TT**  = T°9{1\) 5*  = j B ° V l ( ^ ) *  (6'46) 
inn which the function g contains information about the phase boundary of the heavy-
fermionn state in the temperature-field phase space. T£ is the characteristic tempera-
turee in zero field while B£ is the characteristic field at zero temperature. 

Summingg up, the scaling Ansatz for the Helmholtz free energy for the elec-
tronicc part of the system, Fe, can be formulated as follows: 

F'=^ Wx/(w)'i) ''  (647) 

inn which the only volume dependent parameters are B£(V) and TQ(V). Introducing 
toto = T/TQ and bo = B/BQ, it is assumed that the volume dependence of f(to,bo) 
(thee part of the Helmholtz free energy containing the information about the partition 
function)) is through to and bo. 

6.5.36.5.3 The nature of the heavy-fermion state as drawn from the scaling Ansatz 

Duee to the general nature of the scaling Ansatz, it is very hard to distillate from 
itt its implications for the special physical nature of the heavy-fermion state. Simi-
larr types of Ansatz seem to hold for other correlated systems in which macroscopic 
orr mesoscopic correlation-length scales can be defined, such as superconducting sys-
temss or magnetic systems with long-range ordering. This suggests that a similar 
correlation-lengthh scale should also exist for heavy-fermion behaviour. Already in 
thee diluted Kondo systems, a correlation length exists related to the dimensions of 
thee formed Kondo clouds. Also for the Ruderman-Kittel-Kasuya-Yosida (RKKY) 
interaction,, a typical length scale, related to the range of the interactions, can be 
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identified.. Picturing heavy-fermion behaviour as a critical phenomenon between the 
competingg RKK Y and Kondo interactions, it is not surprising that for heavy-fermion 
behaviourr also correlation-length scales exist. What is surprising in this framework, 
however,, is that only one correlation length scale exists, as the scaling Ansatz seems 
too suggest. 

6.66 Al l Grüneisen parameters are equal, but some are more equal than 
o thers s 

Wee already introduced two different Grüneisen parameters for T* and for B*, as: 

dindin (T*) „ ^ din (B*) 

Butt of course we could just as well introduce a Grüneisen parameter for e.g. 7 (the 
linearr term of the specific heat), x (the magnetic susceptibility) or A, in which A is 
definedd by p(T) = p(0)(l - AT2), ( with p the resistivity) or any other observable, X 
forr that matter: 

dindin (X) 
TT**  = mkiry (6-49) 

ass is, for example, the case for the phenomena related to the single-impurity Kondo 
problem:: 7 ~ T*, x ~ l/T*  and A ~ \/{T*)2. Notice the missing - sign in this 
expressionn of I V In the case of the Kondo problem, all Grüneisen parameters turn 
outt to be identical. The hope is that the same wil l hold for the heavy-fermion problem. 

Wee already argued that, due to the existence of a single energy scaling rela-
tionn between the characteristic field and temperature in the case of heavy-fermion 
materials,, the following equality holds: 

I VV = I V (6.50) 

T*T*  is expected to be proportional to the width in energy of the peak at the Fermi 
levell  that is typical for the heavy-fermion state. As T* is also inversely related to 
thee density of states at the Fermi level (T* oc 1/N*(EF)) TT*  is equal to T7 at low 
enoughh temperatures: 

I VV = r 7 (6.51) 

Inn the remaining part of this section we would like to see what further conclusions we 
cann obtain, using the previously presented scaling Ansatz for the electronic Helmholtz 
freee energy (Fe). 

Onee of the outcomes we would like to show is that: 

rr=iSm=iSm ^ 
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cann be obtained using the previously discussed scaling Ansatz. In the process of 
doingg so we wil l further show the similarity of the different Grüneisen parameters 
introducedd within this framework. 

Grüneisenn parameters have to do with volume changes. We wil l have a closer 
lookk at the expressions produced by the scaling Ansatz for the magnetostriction 
(1/VV  dV/dB) and thermal expansion {1/VdV/dT). 

Forr the case of magnetostriction this implies: 

V~dBV~dB = ' M a x w e U re1** 1008 ) = y~Qp ' ^ 
dM dM 

~~ Kdv 
inn which M stands for the magnetization, to be expressed as: 

MM = - | | o r (6.54) 

MM = -Nk°TfhB: 
att using the scaling Ansatz of Fulde. 

Givenn that only B*(V) and T*(V) are volume dependent, this implies that: 

VVdd44 = -NkBT 
dhdh22 B*2

l**  + dT*dB* **  * 

Wit hh the help of the susceptibility that is introduced as: 

dM dM 
XX = IB01 

(6.55) ) 

(6.56) ) 

i tt is straightforward to show that: 

Forr heavy-fermion systems in fields and at temperatures not to close to the meta-
magneticc transition, we write: 

MM = x B a n d « = 0. (6.59) 

Inn this case: 

T MM « 2TB*  - TT* (6.60) 
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Andd since TB* ^ ^T* we can write: 

r M «r7 7 (6.61) ) 

Noticee that almost by definition: Tx = FM-
Upp to know, we established the following equalities: 

rived: : 

rr 11 = rM = rx = rT*  = r v (6.62) 

Forr the magnetostriction itself the following expression can therefore be de-

J_dV__ M 
VdB~VdB~KKV V 

ff + 1 H V - I 1 - dHT)J dHT)J 
Forr the case of the thermal expansion 

RR 1 d V t\K 11 W A l d S 

PvPv = y~jyf = (Maxwell relations) = —-— 

dS dS 
== KW 

inn which S stands for the entropy, for which we write: 
dFdFPP. . 

SS = -
dT dT 

==  -NkBT[f{t. U)) + * | ) 

I t ss volume dependence is therefore: 

+Nk, +Nk, 

2<9/JTT + T2 &f 
dtT*dtT* (T*) 2 dt2 

OfOf B &f B 

dhdh B* dtdh B* 

11 x* 

Usingg the expression for the specific heat, cv(T): 

Cv(T)Cv(T) = T ^ 

==  -NkRT (ËI.L(ËI.L JL 
\\ dt T*  + (T* 

d*f\ d*f\ 
))22 dt2 J 

andd the earlier given expression for the magnetization, it can be shown that: 

V—V— = cv(T)rT. + — BTB*. 

(6.63) ) 

(6.64) ) 

(6.65) ) 

(6.66) ) 

(6.67) ) 

(6.68) ) 

(6.69) ) 

(6.70) ) 

(6.71) ) 

(6.72) ) 
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Forr the thermal expansion this implies that: 

V&TV&T ~~ V 
ev(T)rVV + ^r^B* (6.73) ) 

Combiningg the expressions for the magnetostriction and the thermal expansion it is 
possiblee to express Tr*  ( and TB* for that matter) in terms of magnetostriction and 
thermall  expansion. 

''  1 8V ÖlnfAQ ' 

iJ^ViJ^V  VTB 
^ ^ JJ — (6.74) 

M M 

TT*TT* = 

ccvv(T)(T) + 
(.(. flln(M)\  01B 
11 "gg fg^ VTB VTB 

Andd again, if we stay far enough from the meta-magnetic transition for which: 

MM « xB and 
dln(Af) ) 

« 0 . . (6.75) ) 

(6.76) ) 

<91n(T) ) 

holds,, we find that in this limit the expression for IV*  reduces to: 

Here,, we recognize the expression for the Grüneisen parameter, so often used in the 
previouss pages. 

Inn heavy-fermion systems, the enhancement of the linear term of the specific 
heatt at low temperatures, 7, and the temperature-independent Pauli susceptibility 
observedd at low temperatures,  seem to be related to the same enhancement in the 
densityy of states at the Fermi-level that is typical for heavy-fermion systems. T7 = 
Txx is an expression of this fact. The standard theory for non-interacting fermionic 
excitationss that can be found in any textbook, predicts that 7 should be proportional 
too the density of states at the Fermi level while, simultaneously, x should also be 
proportionall  to this density of states. It is not said that an analysis like this is 
justifiablee in the case of heavy-fermion systems. To check this, the Wilson ratio is 
introducedd as: 

R ==  1 f**B\Xm 

3/ioo V HB J 7 
(6.77) ) 

If,, indeed, both x a nd 7 are related to the same density of states, this Wilson ratio 
shouldd be one. In heavy-fermion systems, this ratio is usually close to one. Once 
again,, this establishes the power of the band-structure picture of heavy-fermion sys-
temss as having a narrow peak at the Fermi level. 

Thee volume dependence of the Wilson ratio is given by: 

dki(R) dki(R) 
== r x-r 7 öln(V) ) 

Sincee T7 = Tx the Wilson ratio is expected to be volume independent. 

(6.78) ) 
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Chapterr 7 
UPT33 AND THE EFFECTS OF SUBSTITUTING PT BY PD 

7.11 Introductio n 

Mostt heavy-fermion compounds are either lanthanide- or actinide-based. Examples of 
Ce-basedd heavy-fermion compounds are: CeRu2Si2 and CeAl3. Examples of U-based 
heavyy fermion compounds are: UBei3 and UAI3. UPt3 serves as a drosophila for de 
U-basedd heavy-fermion compounds. It displays all their properties, considered most 
salientt for heavy-fermion behaviour, in extreme form. The major three properties are: 
thee apparent heavy electron mass in combination with a strongly enhanced strain 
dependence,, the high value for the Grüneisen parameter and, thirdly, an extremely 
smalll  but essentially non-zero magnetic moment. Aside from the superconductivity 
observedd in UPt3 below 500 mK, transport, magnetic and thermodynamic studies do 
nott reveal other phenomena, like long-range antiferromagnetic order, to be present 
inn the temperature-field range where heavy-fermion behaviour exists (T < 17 K and 
BB < 20 T). A possible interference of heavy-fermion behaviour with these other 
phenomenaa is, thereby, avoided. UPt3 is an ideal candidate to study the clean heavy-
fermionn behavior. 

Experimentss indicate that the observed superconductivity is related to the 
heavy-fermionn behaviour itself. In general, the jump in specific heat at the supercon-
ductingg phase transition is proportional to the effective mass of the quasi particles 
involved.. In the case of UPt3, this jump, indeed, corresponds to the heavy-fermion 
mass.. It seems that the quasi-particle excitations, which are responsible for the heavy-
fermionn behaviour, are involved in the formation of the superconducting condensate. 

Theoriess have been developed connecting the periodic Anderson Hamiltonian, 
ass used for heavy-fermion behaviour, to the Hubbard Hamiltonian, as used for high-
Tcc superconductors. In this framework, ([1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11]) one of the 
reasonss that UPt3 turns into superconductivity at sufficiently low temperatures could 
bee the presence of a clean unperturbed heavy-fermion state at slightly higher tem-
peratures. . 

Thee second reason to study UPt3 is that its properties can be easily modified 
byy doping with low concentrations of Pd. Depending on the degree of doping, various 
extraa phenomena can be introduced, such as: long-range antiferromagnetic ordering 
or,, what is called, "temperature-induced re-entrant heavy-fermion behaviour" , to be 
discussedd in chapters to come. The relation of such phenomena to and the interaction 
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Figuree 1 MgCd3 structure of UPt3. 

withh the pure heavy-fermion behaviour is analyzed by comparing the substituted 
alloyss with UPt3 itself, see the next chapters. 

7.1.17.1.1 Crystal structure 

Thee crystal structure of UPt3 is the "MgCd3"-lik e hexagonal close-packed structure 
withh two formula units per unit cell, see fig 1. The a- and 6- axis are in the hexag-
onall  basal plane with the a-axis along the U-U direction (while the &-axis is chosen 
perpendicularr to it) . The c-axis is perpendicular to this plane, a = 5.760 A and c = 
4.8999 A. Note that Fig.1 is, for clarity reasons, deceiving. I t suggest the c-axis to be 
enlargedd over the a-axis, while the reverse is true. The nearest U-U distance, dj/_r/, 
iss between U-atoms of two adjacent atomic layers: du_u = ( ( l /3 )a2 + ( l /4)c2 W2 

== 4.132 A. This exceeds the Hill limi t of « 3.4 A. The definition of the a- and the 
correspondingg 6-axis is three fold degenerate due to the hexagonal structure of the 
basall  plane. The nearest U-Pt-U distance is along the a-axis: aV-pt-r/= 5.760 A. 
Furthermore,, Fig. 1 does not represent the unit cell. 

Thee volume of the unit cell is given by v^3ca2/2 and is equal to 140.96 A. The 
correspondingg molar volume is Vm = 4.244 x 10^5 m3/mol, while the density is 19.40 
g/cm3. . 

7.1.27.1.2 The most salient properties of UPk 

Fromm specific-heat data, cv(T), an anomalous low-temperature upturn in 7 (= Cv^/T) 
iss observed, resulting in an extrapolated (from data between 1.4 K and 20K) zero-
temperaturee value of 7r _,0 = 422 mj /mol K 2 ([12][13][14]). In terms of a Fermi-liquid 
description,, this implies an enhancement of the effective mass, m*, with respect to 
thee free-electron mass, me of m*/me = 180 [15][16][17]. In normal metals, this ratio 
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iss in the order of 1. This large renonnalization corresponds to low values of the Fermi 
temperaturee and Fermi velocity. The low-temperature effective Grüneisen parameter 
hass been determined as well. Its value is: Teff = 60. 

Neutron-diffractionn experiments reveal the presence of weak antiferromagnetic 
orderingg in the heavy-fermion state below 6 K. Extrapolation to zero temperature 
pointss to an extremely small ordered moment of (0.02  0.01) /iB/U-atom directed 
alongg the b-axis (also hinted by muon spin-relaxation measurements [18], although in 
laterr experiments no magnetic order was detected ([19] [20]), suggesting different time 
windowss for the neutron and /iSR experiments). This antiferromagnetic ordering 
leadss to a doubling of the unit cell along the 6-axis. The relevant neutron-diffraction 
peakss are not resolution limited; the measured width corresponds to a magnetic corre-
lationn length of 250 A. [21] In contrast to, for instance, URu2Si2, careful measurements 
off  specific heat and thermal expansion failed to detect the weak antiferromagnetic 
transitionn at 6 K[24], 

Att temperatures well exceeding the characteristic temperature, T*, of the 
heavy-fermionn state in UPt3 (T* « 11-18 K depending on the way this tempera-
turee is deduced from the experimental observations), the compound behaves like a 
locall  moment system. 

Alsoo other features are observed in neutron-diffraction experiments. Exper-
imentss on polycrystalline samples yield features which can be related to antiferro-
magneticc fluctuations of local moments within the hexagonal plane. Their size is of 
thee same order as the effective moment deduced from the high-temperature Curie 
constant.. Furthermore, neutron experiments also reveal ferromagnetic short-range 
correlationss between adjacent planes. [22] 

Thee characteristic temperature, T*, can be determined on the basis of several 
physicall  quantities. The enhanced low-field magnetic susceptibility for field along the 
a-axis[25],, xCO» displays a maximum at 18 K. T* could be assigned to this maximum. 
Typicall  thermal-expansion data on UPt3 for length changes measured in the basal 
planee have a steep slope at low temperatures levelling off at higher temperatures [31]. 
AA maximum is observed in this crossover region and T* could be assigned to this 
crossoverr region. This would lead to T* = 11 K. 

High-fieldd studies of the magnetization at low temperatures have revealed a 
metamagnetic-likee transition at 20 T. This 20 T anomaly is also observed in magne-
toresistancee [14], volume magnetostriction, Hall-effect [23], sound velocity and acous-
ticc damping measurements [26]. Also the low-temperature value of 7 reveals a pro-
nouncedd maximum at 20 T. We could assign the characteristic field, B*, to B* = 20 
T.. Notice fiB B* w kB T*. 

I tt seems that in the low-temperature specific heat and, to a lesser degree, 
inn the thermal-expansion coefficient, a T^lni^TfT*) term is present, indicating the 
importancee of (ferromagnetic) spin-fluctuation effects. 

UPt33 is one of the strongest candidates for unconventional superconductivity 
(Tcc = 0.5 K). The existence of a second superconducting transition, approximately 
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600 mK below the first one, is observed by e.g. specific heat. For conventional BCS-
lik ee superconductivity with an isotropic gap, an exponential temperature dependence 
iss expected for the specific heat in the superconducting state. Instead a power-law 
dependencee is observed in case of UPt3. This latter temperature dependence is 
consistentt with point or line nodes in the superconducting gap. 

Concern ingg th e l igand-hybridizatio n s t rengths 

Thee shortest distance from U to Pt to U atoms (referred to as U-Pt-U-distance) is 
withinn the basal (hexagonal) plane. The shortest U-U distance is between two U 
atomss of adjacent planes, but this distance is already beyond the Hil l limit . The 
directt 5f-5f hybridization between two magnetic atoms (U) can, therefore, always 
bee disregarded. I t is the U-Pt ligand hybridization which is of importance for the 
heavy-fermionn behaviour. Is it possible to describe the heavy-fermion behaviour in 
termss of (basal-) plane layers displaying heavy-fermion behaviour coupled to each 
otherr by means of the conduction electron states? The shortest U-Pt-U-distance 
beingg in the basal plane could suggest that the intersite spin fluctuations, typical for 
thee heavy-fermion behaviour, occur between sites of the same layer. 

Dilatationn experiments along specific crystallographic directions produce help-
full  information to check for the validity of this hypothesis. 

Furthermore,, this hypothesis can, possibly, explain why the resistance versus 
temperaturee curve of UPt3 behaves so differently from those of e.g. Ce2Cu2Si2 and 
UBe13 3 

7.1.37.1.3 A short review of the effects of Pd doping 

Inn terms of the periodic table, Pt and Pd are sister elements. Pd occurs in the 
samee column as Pt only one row up. Pt and Pd are both metallic elements, and 
aree iso-electric. Replacing Pt by Pd seems to be a controlled manner of modifying 
thee properties of UPt3. This suggests that Pd doping mainly affects the lattice 
parameterss without directly changing the electronic properties of the "conduction 
states""  too much. Indeed, features which could be related to changes in molar volume 
ass discussed in 5.4 are observable. But also other effects are observed, suggesting that 
nott only chemical pressure is induced. 

UPd33 is a non-heavy-fermion compound. Its crystal structure resembles that of 
UPt33 to a large degree. The same hexagonal planes are observed, only with a different 
stackingg order. In UPt3 the stacking is ABA B (hexagonal close packed), while in 
UPd33 ABA C (double hexagonal close packed). Doping UPt3 with Pd (U(Pti_*PcU)3 
inn which x is the doping concentration of Pd only retains its MgCds like structure 
forr x< 0.3. 

Replacingg 2% of Pt by Pd (i.e. UXPtn.agPdn.re)̂ results in the detection of 
largerr local moments on the U-sites, ordered antiferromagnetically in the hexagonal 
planess (with their moments along the fr-axes). Initially , as this Pd concentration 
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iss further increased this long range antiferromagnetic ordering gets more and more 
pronouncedd ([27] [28] [19] [29] [30]). A maximum Néel temperature is observed in the 5% 
Pdd compound ( i.e. U(Pto.95Pdo.o5)3) : TN = 5.8 K. Its characteristic magnetic field 
amountss to BA .F. = 13 T. The size of the corresponding ordered moments amounts 
too (0.6  0.2) /iB/U-atom. Further increase of the Pd concentration decreases the 
Néell  temperature, hence suppresses this long-range antiferromagnetic ordering. To 
thee 10 % compound (i.e. U(Pto.öPdo.i)3) a Néel temperature of 0 K can be assigned 
(withh a characteristic field of 0 T). For higher Pd concentrations no tell-tail signs of 
suchh long-range antiferromagnetic ordering are observed. 

Dopingg with Pd has another effect. To the heavy-fermion behaviour in UPt3 

itself,, a characteristic temperature and field of T*  = 18 K and B* = 20 T, respec-
tively,, can be assigned. The effect of Pd doping is to suppress both characteristic 
temperaturee and field. For the 5% and 10% compounds we obtain T* = 7 K, B* = 
122 T and T* = 0 K B* = 0 T, repsectively ([15][17]) 

Valuess for the characteristic field, B*, as determined from high-field magne-
tostrictionn and magnetization measurements, are listed in the table below. The char-
acteristicc temperature, T*, defined as the maximum in the low-field susceptibility for 
thee field parallel to the a-axis, xJ^max)t is also listed in this table. From specific-heat 
dataa obtained for T > 1.5 K, values for 7 have been determined for various doping 
concentrations.. Some of them are fisted in the table below. For references, see [15] 
andd the review paper [31] and references therein. 

U(Pti_,Pd.)j j 
x=0 0 

x=0.05 5 
x=0.10 0 

77 (J/mol K2) 
0.422 2 

0.500 0 
0.580 0 

B*B*  (T]_ 
20 0 

12 2 
0 0 

T*T*  (K) from xQ(Tmox) 
18 8 

(111 K as found by 
thermall  expansion) 

7 7 
0 0 

(x(T)) is a monotonously 
decreasingg function) 

Whilee T* and B* monotonously decrease for increasing Pd concentration, the 
7-valuee passes through a pronounced maximum at x = 0.10, whereas limB->o A7/A S 
changess sign for concentrations between x = 0.07 and x = 0.10. It is interesting 
too mention that the 7-value of the x = 0.10 compound in zero field is comparable 
too the 7-value of UPt3 at a field of 20 T (the meta-magnetic field for UPt3). The 
trendss as discussed in 5.4 can be recognized: both B* and T* are decreasing while 7 
iss increasing for increasing Pd substitution. 

Ann increase in Pd concentration is associated with a distortion of the unit cell. 
Recentt observations make clear that it is the c/a ratio that governs the characteristic 
energyy scale. Both pressure and the Pd substitution affect the c/a ratio. A property 
likee the spin-fluctuation temperature turns out to be linearly dependent on the c/a 
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ratioo in a limited interval with l O - 3 ^ ^ between -015 and + 0.25 ([32]): T3f = 
333 * 1 0 " 3 ^ 2 i  + 17.5. T h e "characteristic" volume ( c/a ratio) (see 5.4) should be 
reachedd for x « 0.10 since for this concentration no longer non-zero values for T* and 
B*B*  are observed while 7 is still high. The absence of T*  and B* could suggest that 
thee peak in the density of states, so typical for heavy-fermion behaviour, is no longer 
presentt at the Fermi level. The still high value of 7 suggest that parts of the peak 
aree still within the range of kBT of the Fermi level. This could be interpreted as the 
peakk in the density of states to be just below the Fermi level. The 7-value remains 
largee up to 15 % Pd. 

Iff  we interpret the effect of a field as a shift of the peak in the density of states 
downwardss with respect to the Fermi level, the change of sign of l im B^o A 7 / AB 
fit ss into this framework. This also nicely corresponds to the observation that the 7-
valuee for the x = 0.10 compound measured in zero field is comparable to the 7-value 
measuredd for UPt3 in a field of 20 T. At B*, it is to be expected that the field has 
shiftedd the peak in the density of states in UPt3 just below its Fermi level. 

AA third effect (already noted) is that Pd doping increases the c/a ratio. Not 
soo much the volume of the unit cell is changed but rather the cell gets distorted. 
Inn UPt3, the thermal-expansion data along the a- and &-axes have a positive sign, 
whereass along the c-axis the sign is negative. [32] [33] [34] [35] [15]) The heavy-fermion 
relatedd features observed along the a- and 6-axes are not observed along the c-axis. 

Forr the 5% compound, the thermal expansion coefficient along the a- and 
fc-axesfc-axes is again of positive sign, while along the c-axis it is still negative. But, in 
particularr the features related to the long-range antiferromagnetic ordering are ob-
servablee along all three the crystallographic axes. Along the a-, b- and c-axes, the 
suppressionn of the long-range antiferromagnetic ordering displays itself as a cusp. 
Wee wil l demonstrate that the low-temperature thermal expansion of U(Pto.95Pdo.os)3 
scaless with TN even in the region where heavy-fermion behaviour is present ([34]). 

Forr the 10% compound a sign reversal occurs in the thermal expansion. The 
low-temperaturee thermal expansion along the a- and 6-axes is negative of sign while 
thee thermal expansion along the c-axis is positive. Characteristic field and tempera-
turee of the heavy-fermion behaviour are reduced to zero while an effective mass and 
aa Grüneisen parameter of a value typical for heavy-fermion behaviour is observed. 
Forr the 0% and 5% compounds, the thermal-expansion data along the a- and b-axes 
ass compared to the c-axis could be considered as independent or even in some cases, 
underr the assumption that the unit-cell volume does not change, as one (c-axis) is 
thee result of the distortion of the others. For the 0% compound, the features related 
too heavy-fermion behaviour are observed in the thermal-expansion data along the a-
andd 6-axes. Along the c-axis, no specific features are seen. Furthermore, the c-axis 
thermal-expansionn data display no field effect. Suppression of the heavy-fermion be-
haviourr by means of a field exceeding the characteristic field of 20 T, does not affect 
it .. I t looks like the heavy-fermion behaviour "has a preference for the (a,6)-plane". 
I nn the 5% compound the trends along the a- and 6-axes resemble the ones of the 0% 
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compound,, whereas the c-axis response could be interpreted under constant volume 
conditionss as the consequence of a distortion in the (a, 6)-plane. Again, the heavy-
fermionn behaviour seems to have "a preference for the (a, 6)-plane". Such an analysis 
cann no longer be applied to the 10% compound. It is almost as if we changed from 
aa situation in which the heavy-fermion behaviour is somehow plane-like to a truly 
three-dimensionall  case. 

AA heuristic interpretation could be the following. The intra-plane effects are 
differentt from the inter-plane effects. It could even be so that the heavy-fermion 
behaviourr is occurring in coupled two-dimensional sheets (hexagonal planes). By 
fiddlingfiddling with the c/a ratio, one is basically altering the relative strengths of the inter-
versuss intra-plane interaction parameters. 

Inn order to further elaborate on these observations, we have to explain the 
followingg four phenomena: 

•• The fact that long-range antiferromagnetic ordering and the large magnetic 
momentt per uranium atom are introduced by Pd doping; 

•• The occurrence of a maximum in the Néel temperature versus Pd doping; 

•• The suppression of the heavy-fermion behaviour accompanied by a sign reversal 
forr the thermal-expansion data versus Pd doping; 

•• This strange shift where for low Pd concentrations (0% and 5%) the features for 
thee heavy-fermion behaviour are mostly observed within the (a, &)- plane and 
nott along the c-direction, while for the higher concentrations (10%), features 
aree observed in the (a, 6)-plane and along the c-axis; the c-axis response cannot 
bee interpreted as a distortion-effect in the (a, 6)-plane. 

7.22 Long-range antiferromagnetic ordering and heavy-fermion behaviour 

Iff we interpret the effect of a field as a shift of the peak in the density of states 
downwardss with resp. to the Fermi level, the change of sign of lim^^o dj/dB fits 
intoo this framework. This also nicely corresponds to the observation that the 7-
valuee for the x = 0.10 compound measured in zero field is comparable to the 7-value 
measuredd on UPt3 in a field of 20 T. At B* it is to be expected that the field has 
shiftedd the peak in the density of states in UPt3 just below its Fermi level. 

Otherr observed effects cannot be explained within this framework. For U(Pti_a. 
Pdx)33 alloys, a A-like feature in the specific heat and a Cr-type of anomaly in the resis
tivityy appear for the x = 0.05 and 0.07 samples, indicating the presence of long-range 
antiferromagneticc order in a small concentration range near x = 0.05 with a maximum 
Néell temperature, 7V, for the x = 0.05 compound of 5.8 K (TN is 3.6 K and 5.5 K for 
thee x = 0.02 and x = 0.07 compounds, respectively). Neutron-diffraction experiments 
onn the x = 0.05 compound confirm the presence of antiferromagnetic ordering with 
aa large ordered moment of (0.6  0.2) /iB/U-atom pointing along the fr-axis. The 
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associatedd magnetic structure consists of a doubling of the crystallographic unit cell 
alongg the 6-axis. For x = 0.10, no indications of such long-range antiferromagnetic 
orderr are observed in thermodynamic and resistivity measurements. 

Tracingg the anomalies in thermal expansion, specific heat and resistivity as 
functionn of field in the case of U(Pto.95Pd0.o5)3, reveals that a field directed in the basal 
planee of 13 T (a-axis) or 12 T (6-axis) is needed to suppress the antiferromagnetic 
orderingg completely. 

Forr 0.2 < x < 0.5 in U(Pti_aPdx)3, still large 7-values and a high Grüneisen 
parameterr are observed in temperature-field regions in which the long-range anti-
ferromagneticc ordering associated with the large moment should be present. This 
suggestss that the heavy-fermion behaviour and this long-range magnetic ordering 
coexist,, although it is hard, on a definitional basis, to distinguish what is what. 

Thee fact that the small moment in UPt3 is only observed by neutron experi-
mentss and not by /xSR measurements can be interpreted as local moments fluctuating 
onn a time-scale detectable by neutron measurements but not by //SR measurements. 
I tt is surprising that the spin-fluctuation temperature associated to these moments in 
UPt33 is similar to the maximum possible characteristic temperature of the long-range 
antiferromagneticc ordering introduced by Pd doping (in the 5% compound). A fur-
therr interesting fact is that the inter-plane coupling of these fluctuating moments is 
ferromagneticc as opposed to antiferromagnetic for the intra-plane coupling. This 
seemss to be in agreement with the previously presented heuristic notion. 

7.33 Pt and Pd as meta ls 

Pdd and Pt are both transition metals. In the periodic table they can be found at the 
vergee of the transition metal series (Pd on top of Pt ). The elements in the column 
justt to their right are Cu, Ag, an Au. 

Denotingg only the part of the electron configuration of importance, the free-
atomm configuration for these latter elements are: 4s13d10, ös^d10 and ös^d1 0, re-
spectively,, a completely filled d-shell and only one s-electron in the next shell. They 
behavee so much as ideal metals that they are often used as model systems. For Pd 
ann Pt we find 5s°4d10 and 6s15d9, respectively. 

Inn the periodic table, Pd and Pt are surrounded by neighbour elements which, 
inn the metallic state, show superconductivity, magnetic order or none of both. Subtle 
changess in their electronic configurations could, therefore, have dramatic effects. 

Mostt transition metals can turn superconducting. The enhanced density of 
statess at the Fermi level of transition metals plays a role in this. There are exceptions: 
Pd,, Pt, Mn, Fe, Co and Ni. Unlike Pd and Pt, the metals Mn, Fe, Co and Ni are 
excusedd since they display magnetic ordering. Also the metal model systems Cu, 
Agg and Au are non-superconducting. No direct obvious reason can be found for the 
absencee of superconductivity for Pd and Pt. 

Pdd and Pt are at the verge of superconductivity and magnetism. Even ele-
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mentss in columns further to the right can turn superconducting. 

Bandstructuree calculations of both Pd and Pt exist. The width and the po-
sitionn of the d-band decreases in the sequence Ir, P t, Rh and Pd. The density of 
statess at the Fermi level is 13.8, 23.2, 18.7 and 32.7 (states/atom)/Ry, respectively. 
Saddlee points in the fift h band are important for the large peak in the density of state 
nearr the top of the d-band (the origin of the enhancement of the density of states 
off  Pt versus Ir or Pd versus Rh). Detailed comparisons with de Haas-van Alphen 
experimentss confirm the calculated Fermi surface. Comparison with the measured 
specificc heat and cyclotron masses indicate that the average mass enhancement due 
too electron-phonon interactions, is 1.44 and 1.66 for Pt and Pd, respectively. 

7.44 Unders tand ing t rends in te rm s of t h e Doniach model 

Plottingg the resistivity versus temperature for several U(Pti_a;Pdx)3 compounds (x 
varyingg from 0 to 0.15), a crossover seems to be present for increasing Pd concentra-
tionss [15]. For UPt3, a resistance behaviour typical for spin-fluctuation phenomena 
iss observed, while for increasing Pd-concentration this changes more and more into a 
behaviourr as observed for Kondo-like phenomena. For UPt3, a gradual drop of resis-
tivit yy for decreasing temperatures is observed (with a T2 component at low enough 
temperatures).. For U(Pto.ooPdo.io)3» a Kondo-like upturn appears. 

Thus,, on doping with Pd, a gradual transformation from a more antiferromag-
neticc spin-fluctuation like behaviour (UPta) into a more Kondo-behaviour-dominated 
systemm (U(Pto.9oPdo.io)3) seems apparent. While passing through the intermediate 
region,, an antiferromagnetic long-range ordered state associated with large moments 
arisess (U(Pt0.95Pdo.o5)3)-

Ann often used model in attempts to understand these trends is the Doniach 
model. . 

Thee basic concept is in terms of describing heavy-fermion behaviour as stem-
mingg from a competition of single-ion Kondo- and multi-ion RKKY-interactions. The 
twoo characteristic energy scales involved wil l have a different dependence on the 
exchange-couplingg constant between the conduction electrons and the localized mo-
ment,, J. Furthermore, J depends on the hybridization strength and on the position 
off  the f level. Both parameters are affected by Pd-doping. 

Inn the single-ion Kondo configuration, a singlet is formed between the local 
magneticc moment on the magnetic ion site and the surrounding conduction electrons. 
Thee singlet formation causes the magnetic moment to be completely screened. The 
puree RKKY-interaction introduces magnetic interactions between localized magnetic 
momentss at different magnetic ion sites. The sign of the interaction is oscillatory of 
nature,, depending on the distance between neighbouring magnetic moments and on 
thee Fermi wave vector. 

While,, for the pure RKKY-lik e interactions, theory predicts a characteristic 
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energyy scale: 

ERKKYERKKY W J , (7.1) 

theoryy predicts for the single-site Kondo problem a characteristic energy: 

EEKKrze-&rze-& (7.2) 

Forr very low J-values, both interactions are small but ERKKY is dominant over E^. 
Duee to the weak hybridization, the moments at the magnetic ions stay localized 
andd have, since the RKKY-interaction has the upper hand, a tendency to order 
magnetically.. A Néel temperature, T^, can be assigned. For increasing J-values, at 
firstt ERKKY increases faster than E%. TN primarily increases for increasing J-values. 
A tt some typical J-value, EK starts catching up on ERKKY. After passing this typical 
J-value,, a further increase wil l cause TJV to decrease. Kondo screening wil l partly 
takee place so that the ground state looses its magnetic nature. At some critical value, 
Jc,, EK = ERKKY- A further increase of J wil l cause the Kondo effect to take the 
upperr hand and the ground state wil l loose its magnetic character. 

Non-magneticc heavy-fermion behaviour may be anticipated for the region with 
JJ > Jc. Well below Jc, the material wil l display magnetic ordering with low 7-values. 
Forr J close to Jc, there is no adequate theory describing the ground state which can 
eitherr be magnetic with reduced moments or non-magnetic (due to the Kondo effect). 
I tt is in this region of J-values that the heavy-fermion state is expected to exist. The 
existencee of magnetic heavy-fermion compounds such as U(Pto.95Pdo.os)3 indicates 
thatt high 7-values cannot be excluded for J- values close to and below Jc. The basic 
ideaa proposed is that by doping with Pd, J wil l be altered passing through Jc so that 
thee system changes from spin-fluctuation-type to Kondo-type. 

7.55 T h e need for  an alternativ e approach 

Modern-dayy interpretations of heavy-fermion systems make use of the "scaling Ansatz" 
andd the existence of quantum-critical points (to some degree similar to thermody-
namicc phase transitions, but this t ime as function of interaction parameters). Ba-
sically,, the Doniach approach presented above also falls into this category, although 
bee it in a crude sense. I t assumes a competition between two different energy scales 
whichh have a different dependence on an internal interaction parameter (in this case, 
thee Kondo energy scale and the RKKY characteristic energy scale). While the first 
energyy scale displays a logarithmic dependence on the ligand-hybridization strength, 
forr the second a quadratic dependence holds. These different functional depen-
denciess suggest that there must be a cross-over region as compared to this ligand-
hybridizationn strength (read Pd doping) where the roles of the two energy scales are 
reversedd (in one region the first energy scale is dominating the second one, in the 
otherr the second is dominating the first). 
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AA disadvantage of an interpretation in terms of Kondo- and RKKY-interactions 
iss that i t leaves no room for a non-integer occupancy of the individual f shells on the 
magnetic-ionn sites.*  For single-ion Kondo systems, this small deviation from integer 
occupancyy of the f shell seems not to be crucial. In fact, the single-ion Kondo effect 
cann be interpreted as the result of scattering centra with internal degrees of freedom 
inn a sea of conduction electrons. 
7.5.17.5.1 The possible importance of non-integer filling 

Ass we shift attention to the situation where the f shells are arranged in a lattice, all 
formss of coherency effects start to set in not included in the RKKY-interaction.̂  

Comparingg the form of Periodic-Anderson Hamiltonians with Hubbard Hamil-
tonians**  in their most rudimentary forms, one could expect the Hubbard Hamiltonian 
too form at least part of some effective Hamiltonian for the Periodic-Anderson Hamil-
toniann under the condition that the total occupation density for all f shells combined 
iss fixed -but not necessary integer- as opposed to each individual f shell being integer 
occupiedd for the Kondo-lattice Hamiltonian [36] ("effective Hamiltonian" is meant 
inn the same sense as that the Kondo Hamiltonian is an effective Hamiltonian for 
thee single-ion Anderson Hamiltonian under the condition that the f shell is integer 
occupied). . 

Inn this part of the effective Hamiltonian, the Hubbard part, one could expect 
thee sea of conduction states to act as an intermediator between the various f sites. The 

**  We start with the Periodic-Anderson Hamiltonian as the most relevant Hamiltonian for heavy-
fermionn behaviour. Under the condition that each individual f shell is identically integer occupied, 
ann effective form for the Periodic-Anderson Hamiltonian can be derived. In its first-order term with 
respectt to 4rj"> the Kondo-lattice Hamiltonian can be recognized, whereas the second-order term 
cann be interpreted as representing the RKKY interactions. 

"ff  Incidentally, one of the underestimated problems is why regular Kondo materials behave so nicely 
inn accordance with a theory which is derived for a single ion whereas the typical concentration of 
ionss in such compounds is so high that separate ions must have strongly overlapping Kondo clouds. 

^Hubbardd models describe a lattice of magnetic-ion sites (f-states) between which electrons can 
hop.. This is the result of a small but present ligand hybridization. On each site a strong on-site 
repulsionn is present. 

Inn its most simplest form Hubbard Hamiltonian reads 

#Hubbb = 2 C"aLai,«T + (7l3) 

Itt describes electrons in a lattice with one orbit per site represented by the creation operator 
at̂ ^ (ai ( r ). (7 Represents the spin index while t is the site index. Furthermore n  ̂ =aj(rai0. and 
eeaa is the bare energy of such a singly occupied site. The term U J^ n^Tiij indicates that Coulomb 
interactionss only take place between two electrons occupying the same site and, hence, are forced to 
havee opposite spin, the on-site repulsion interaction. There is a hopping between sites described by 
thee matrix element t0j with *• ̂  = t*j.  The Hamiltonian Eq. 7.3 was simultaneously introduced 
byy Gutzwiller, Hubbard and Kanamori 
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distancee between various f sites is beyond the Hil l limit , so that one can safely discard 
anyy direct ligand hybridization between f sites. If any effective hopping of electrons 
(orr holes) between different f sites exists this must be the result of the intermediating 
rolee of the ligand hybridization between the f shells and the conduction states. 

Differen tt  t ypes of coherency effects not included For Hubbard Hamiltonians 
i tt is known that the fillin g (the number of electrons present as compared to the 
numberr of f shells/sites) is important [37]. For clarity reasons, let us restrict the 
discussionn for a moment to Hubbard models corresponding to the situation of a 
latticee of single f shells on each site only twice spin (two-fold) degenerate. In the 
casee of "half filling"there are as many electrons as there are sites present. I t is a well 
establishedd fact that for the case of " half-filling" such a model results in long-range 
antiferromagneticc ordering (as it is so often observed for heavy-fermion systems), see 
e.g.. [37] [38] [39] [40] and references therein. The antiferromagnetic case to which 
thee Hubbard model reduces (in the case of half-filling) is known in the literature 
ass the " t - J model". To enforce ferromagnetic ordering onto such a system a strong 
spin-orbitt coupling of some sort is needed. 

Inn the case of slightly less than half filling , one can visualize this as holes 
wanderingg around through the lattice leaving a trail of antiferromagnetic frustrations 
behindd them. § 

Thee analogous holds for more than half filling.  In this case one can visualize 
whatt is effectively the excess of electrons wandering around in an antiferromagnetic 
latticee leaving trails of antiferromagnetic frustrations behind. 

Thiss can be visualized as the presence of an excess electron wandering around. 
I tt could be that these trails of antiferromagnetic frustrations are important 

forr the heavy-fermion behaviour or even the superconductivity. 
Inn such Hubbard Hamiltonians, it can be even more exotic. Situations are 

imaginablee where a charge wanders around without any spin or, vice versa, a spin 
wanderss around without any charge. The essential point is that for all these phenom-
enaa to exist non-half fillin g is crucial. 

Anotherr coherence effect could be the interaction of the lattice of f shells as a 
wholee with the conduction electrons. One could imagine that instead of the standard 
Kondoo (-lattice) Hamilton ian, a Hamiltonian should be used somewhat along the 
liness of: 

Ai/eff .. cond-f s t a t e s "̂ ] P I{ }̂ 4f f f ^ , [ f ^ C ^ ] (7.4) 
{k,q},Kp } } 

§§ Start of with a perfect a lattice with on each site a spin arranged perfectly antiferromagnetically. 
Thiss is the situation for half filling.  To arrange for the slightly less than half filling  we make one site 
empty,, from a neighbouring site an electron with its spin can hop, causing many antiferromagnetic 
frustationss with its new neighbours 
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Figuree 2 Hubbard model. Each site is once occupied and neighbouring spins are arranged 
antiferromagnetically.. Remove one electron from a certain site. As neighbouring electrons hop 
ontoo this empty site, this hole moves through the lattice (in opposite direction as the electron 
hops)) leaving a trail of antiferromagnetic mismatches behind it. 
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with: : 

ckTcqii + ck|cqT \ 

-ii (ckTcqi - ckicqr) (7.5) 

CkTCqTT ~ °kiCqi / 

4tfqll  + 5 A t \ 
- i ( U i - 4 i f q r )) (7-6) 

k̂T^qtt ~~ V q l / 

Noticee that Sĵ k and S k̂ are the standard spin-vector operator definitions 
forr the conduction and f state with quasi-momentum k, respectively. For special 
choicess of I^Q the Hamiltonian A//eff. cond.{  8tate8 reduces to the Kondo or the Kondo-
latticee Hamiltonian. AHeB. cond.f s ta tes seems to be the more general equivalent of the 
previous. . 

M o r ee general a p p r o a ch Experiments indicate that the narrow peak in the density 
off  states observed at the Fermi level is similarly shaped as the peak formed after the 
smalll  hybridization of a narrow f-type of band and a broad conduction-type of band. 

Too allow the peak in the density of states related to the f band to have effec-
tivelyy an energy similar to the Fermi energy, instead of an energy much smaller than 
thee Fermi energy (as estimated from XPS and BIS measurements) corresponds to the 
formationn of low-energetic correlated ground states. Some room in phase space has to 
bee created for these new excitations to occur. For this, the f band has to be slightly 
depopulated,, leading to a charge transfer from f to conduction states. The energy 
losss as a result of the formation of these correlated states must compensate for the 
energyy gain as a result of the effective shift of the "bare" f level. The latter must be 
equall  to the energy difference between the Fermi energy and the "bare"f level as it is 
detectedd in a XPS experiment, hence 0.8 eV. 

Thee formation of a hybridization-shaped peak at the Fermi energy (as Fermi 
surfacee studies confirm for UPt3) is interpreted as the result of the balance between: 

•• on one hand, some process which can be effectively treated as renormalizing the 
"bare"ff energy to the Fermi energy; 

•• on the other hand, the creation of correlated ground states for which some room 
inn phase space has to be created (depopulation of f states). 

Sk,q q 

Sk,q q 

Thee first results in an energy gain of 0.8 eV while the second must result in an 
energyy loss more than 0.8 eV. Let us denote the energy loss for the second process 
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ass U (Ant) where Arif stands for the average depopulation from half fillin g per f site 
andd shell. Using a Taylor expansion one obtains 

UU (Ant) = PAm + QAn? + ... . (7.7) 

Forr the case of UPt3) An, amounts to 0.02 ([41] [42] [43][44][45] [46]). Omitting 
alll  second and higher order terms in the above expansion we obtain: 

UU (Ant) » PAnt. 

Ass we know U (Anf) to be in the order of 0.8 eV and Atif to be in the order of 0.02, 
wee can estimate P to be somewhere in the order of 20 to 25 eV. Although this result 
iss surprisingly close to values found by Miedema for the charge-transfer parameter in 
hiss approach of composite materials, we were not able to adapt such an approach for 
thee above situations. 

Wee will eventually interpret the strange behaviour of the size of the local 
momentss in terms of an (adapted version) of the Stoner model. In this model the 
sizee of the small moment as observed in UPt3 is dictated by Anf . 

Iss it possible to develop an alternative to the Doniach model that allows for 
Ariff  ^ 0 ? For this, we first have to catalogue the magnetic properties of UPt3 as we 
dopee it with Pd more carefully. 

7.66 Magnetic properties of U(Pti_a;Pdx)3 wit h respect to various Pd dop-
ingg concentrations. 

UPt33 itself is close to an "antiferromagnetic instability". Both in neutron and 
inn macroscopic thermodynamic experiments pronounced spin-fluctuation phenomena 
aree observed. The incipient long-range order becomes visible at chemical substitu-
tions. . 

Inelasticc neutron experiments, spin polarized and unpolarized, on single crys-
talss reveal the following type of correlations. In the hexagonal planes, antiferromag-
neticc correlations at Q = ( 1/2 , 0 , 1) were found The size of the corresponding 
locall  moment is extremely small and amounts to 0.02  0.01 /Xg / U-atom. This 
weakk antiferromagnetism develops below 6 K. 

Inn spin-polarized inelastic neutron experiments on polycrystalline samples 
fluctuatingfluctuating local moments (2 /ig / U-atom) are detected; their size is comparable 
too the size of the effective moment for the high-temperature Curie-Weiss constant 
(fi(fi eSeS = 2.6  0.2 fiB / U-atom) 

Consideringg the size of the local moments as detected in neutron experiments 
versuss Pd concentrations two trends can be distinguished. 
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»» For low Pd concentrations (up to 0.6 %), in-plane small-moment antiferromag-
netismm is detected. This type of antiferromagnetism gradually develops below 
aboutt 6 K (we assign 5.8 K to it) which temperature does not seem to be de-
pendentt on Pd concentration. The values of m2 (T) start to rise slowly below 
66 K and exhibit a quasi-linear temperature dependence down to the tempera-
turess where superconductivity develops [48]. The zero-temperature values of 
m22 increase with Pd concentrations ranging from 18 x 10"3 to 48 x 10"3 nB 

II  U-atom for 0 % to 0.5 % Pd, respectively [48]. One cannot really assign a 
phasee transition to the 6 K point. I t is more like this antiferromagnetic correla-
tionn gradually develops upon lowering temperatures below 6 K. A correlation 
lengthh can be assigned to it of about £m « 600 A. No significant annealing 
effectss were detected when considering the correlation length or the size of the 
low-temperaturee magnetic moment. It is concluded from this that this weak 
antiferromagnetismm is not particularly sensitive to local anistropic strain effects 
inn the samples. 

Forr higher Pd concentrations (between 2 % and 5 %), a second feature is de-
tectedd when plotting m2 (T) as deduced from neutron experiments. A more 
conventionall  long-range antiferromagnetic static ordering is found [48]. Values 
forr the detected moments are roughly by a factor of hundred times larger than 
forr the small-moment antiferromagnetism previously discussed, m2 (T) follows 

aa 1 — ( JT- 1 dependence, where TN stands for a Néel temperature, a re-

flectsflects spin-wave excitations and where j5 points to a 3D Heisenberg exchange 
interactions.. Values for the extrapolated zero-temperature moments are 0.35 
andd 0.63 fiB / U-atom for 2 % and 5 % Pd concentration, respectively. 

Thee shape of m2 (T) as determined from neutron experiments on samples with 
aa Pd concentrations higher than 1 % seems to consist of a superposition of a 
quasi-linearr temperature dependence below 6 K (as discussed previously) with 
onn top of it a feature just described. T  ̂ is the temperature below which this 
latterr feature starts. TN can, therefore, only range from 0.55 K, below which 
superconductivityy reigns, and 5.8 K. The latter result is obtained for the 5 % 
Pdd concentration) [48]. 

Forr samples with a Pd-concentration between 1 % and 10 % this long-range 
antiferromagneticc static ordering can also be detected by macroscopic thermo-
dynamicc experiments. Specific heat studies for U(Pt i_I Pdx )3 compounds for 
x-x-valuesvalues between 0.01 (1 % Pd) and 0.10 (10 % Pd) point to the presence of 
thiss ordering, with a maximum value for TN of about 6 K (5.8 K to be more 
precise)) for the 5 % compound with borders of the antiferromagnetic order of 
aboutt 1 % and 10 % Pd concentrations. 

Thee temperature dependence of the magnetic Bragg intensity for the sample 
containingg 1 % Pd is quite intringing. m2 (T) starts to rise slowly below 6 K 
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andd rises sharply below 2 K saturating below 0.5 K [48]. The sharp rise below 
22 K indicates the onset of long-range antiferromagnetic order with a saturated 
momentt below 0.5 K of about 0.11 /^ / U-atom. The estimated value for TN 

amountss to 1.8 K. In macroscopic measurements, this transition at 1.8 K does 
nott show up. 

Zero-fieldd /zSR experiments have been carried out on the 1 %, 2% and 5% Pd 
sampless [48]. The temperature dependence of the muon depolarization rate 
showss some similarity with the m2 (T) curves as determined from neutron ex-
periments,, in this respect that the quasi-linear background corresponding to the 
weakk small-moment antiferromagnetic correlation is absent. This is consistent 
withh the notion that this part of the magnetization corresponds to fluctuating 
momentss on a time-scale too short to be detected by fjSR. The temperature 
variationn of the exponential relaxation rate shows a temperature independent 
backgroundd and a quasilogaritmic increase below a temperature that is identi-
fiedd as the long-range antiferromagnetic ordering temperature. Values for 7N 
derivedd from the onset of the quasilogaritmic term for 0.7 %, 0.8 % and 0.9 
%% Pd concentrations. One could trace TN down to 0.45 K for the 0.6 % Pd 
concentrations. . 

Thee neutron-diffraction experiments on the small-moment ordering in pure 
UPt33 and the large-moment static ordering in U(Pt0.95Pdo.o5)3 show that the 
magneticc structure in both cases is the same. The magnetic unit cell corre-
spondss to a doubling of the nuclear unit cell along the 6-axis with moments 
pointingg along the fr-axis. A still not-settled discussion for the 5 % Pd com-
poundd is that the Néel temperature determined by ^SR reads as 6.3 K. This is 
inn contrast to the value of TN = 5.8 K as is found in neutron- and thermody-
namicc data. For the lower Pd -concentration compounds (1 % and 2 %) /iSR 
dataa are in agreement with thermodynamic and neutron data. 

Althoughh the long-range large-moment static antiferromagnetic ordering is 
shownn not to exist for Pd concentrations of 10 % and higher, there is a lack of infor-
mationn concerning the small-moment antiferromagnetism for such concentrations. 

Inn the table below the above data are summarized 
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Pdd concentration 

0 0 
0.1 1 
0.2 2 
0.5 5 
0.7 7 
0.8 8 
0.9 9 

1.0 0 

2.0 0 

5.0 0 

m(Tm(Tcc) ) 
(}x(}xBB j U-atom) 

18xx 10"3 

24xl0"3 3 

36xl0~3 3 

48xl0"3 3 

nott available 
nott available 
nott available 

0.11 1 

0.35 5 

0.63 3 

(K) ) 

0.45 5 
0.78 8 
1.23 3 

1.8 8 

3.5 5 

5.8 8 

QLB B 
QLB B 
QLB B 
QLB B 

LRSAFO O 
LRSAFO O 
LRSAFO O 

LRSAFO O 

LRSAFO O 

LRSAFO O 

fromND D 
fromfrom ND 
fromfrom ND 
fromfrom ND 

fromfrom /JSRD 

fromfrom /zSRD 
fromfrom /iSRD 
from from 
fittingg ND 
not t 
detectable e 
inn TDD 
fromfrom ND, 
/ASRD D 

andd TDD 
fromfrom ND 
andd TDD 
/iSR R 
gives s 
TNN « 6.3 K 

Tablee listing all values mentioned in the text; m (Tc) stands for the value of the size 
off  the magnetic moment as determined from neutron experiments extrapolated to the onset 
off  superconductivity. Tc stands for the superconducting phase transition temperature. 
TJSJJ represents the Néeel temperature. QLB and LRSAFO are abreviations for "Quasi-
Linearr Behaviour" and "Long-Range Static Antiferromagnetic Ordering" "ND" , "/ASRD" 
andd "TDD" stand for "Neutron Data", '>SR Data" and "Thermodynamic Data", 
respectively. . 

7.77 Manner s i n wh ich th e introduced Pd can affect th e sys tem 

Ass Pd is replacing Pt, we distinguish two manners in which it can influence the 
propertiess of the system. The first is by distorting the lattice. 

7 711 Lattice distortions as a result of the introduction of Pd to the system 

Substitutionn of Pt by iso-electric Pd leads, in any case, to a reduction of the ele-
mentaryy cell volume and to slight anisotropic changes in the lattice parameters. The 
a-- parameter remains almost constant at Pd substitution up to 10 %, whereas the 
cc parameter decreases at a rate of (3.4  2.4)x l0~4 A per % Pd or Ac / c = -( 
0.77  0 . 5 ) x l 0- 4 per % Pd. Using compressibility data deduced from sound-velocity 
measurements,, we arrive at «c « 0.151 Mbar- 1 and conclude that the effect of 1 % 
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Pdd substitution is equivalent with an uniaxial pressure along the c-axis of about 2 
kbar. . 
7.7.27.7.2 Other effects as the result of the introduction of Pd into the system 

Thee effect of Pd substitution is, of course, not just reducing the lattice parameter 
alongg the hexagonal axis. E.g., both pressure and Pd doping contract the unit cell. Pd 
increasess the c/a ratio, whereas pressure reduces it. For all properties concerning the 
magneticc ordering, pressure and Pd doping have opposite effects (showing that the c/a 
ratioo is the control parameter for magnetism in UPt3), whereas for superconductivity 
theirr effect is analogous (both Pd doping and pressure suppress superconductivity). 

Measurementss of the magnetic properties of solid solutions of Ni, Pd, and 
Ptt in Au exist. Au itself is diamagnetic. The increasing presence of either Pt or 
Nii  in Au will cause the system to be more and more paramagnetic. This can be 
understoodd in terms of the introduction of not-completely filled d-shells (of Pt and 
Ni)) to the system. Doping Au with Pd, however, will cause the system to be even 
moree diamagnetic. Some care has to be taken concerning the electro-negativity of 
thee elements involved, but it seems that Pd behaves itself in a metallic environment 
likee it is in a d10 configuration ( [47]). 

Replacingg Pt by Pd will cause the ligand hybridization of the magnetic atoms 
(U)) in the hexagonal plane to decrease. The decrease in hybridization strength, and 
togetherr with it in the itinerant nature of the f states, will cause the formation of 
locall  moments on the U-sites with Pd-atoms as nearest neighbours. 

7.88 Issues to be settled at considering magnetism and Pd doping 

Thee following three issues have to be addressed. 

•• The preference of antiferromagnetic ordering in the hexagonal plane and the 
peculiarpeculiar arrangement of all the moments along the b axis. In the hexagonal 
plane,, the U atoms can be looked as to be arranged in triangles. In such a 
triangularr configuration it is impossible to orient each individual moment so 
thatt the coupling to all its neighbouring moments is antiparallel. Usually, a 
configurationn is found which is some type of compromise. All three moments 
aree in a less than perfect alignment (the moments point, in a sort of star-
shapedd manner, away or towards the centre of the triangle). In this case the 
momentss are aligned along the b axis; two of the three couplings are perfectly 
antiferromagneticc while the third is ferromagnetic. 

•• The development of the size of the local moments for increasing Pd concentra-
tions.tions. At plotting the amplitude of m(Tc) versus Pd concentration we observe 
thatt for low concentrations of Pd (less than 0.6 %) the size of the moments as 
deducedd from neutron-diffraction studies remains small, (between 0.02 and 0.05 
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MBB / U-atom). For Pd concentrations exceeding 0.6 %, the size of the magnetic 
momentt increases dramatically, reaching its maximum of 0.63 fiB / U-atom for 
thee 5 % Pd concentration. 

•• The occurrence of a maximum for the Nêel temperature of the long-range antifer-
romagneticromagnetic ordering for increasing Pd concentrations. Plotting TN as detected 
inn thermodynamic experiments versus Pd concentration, we see that between 
22 % and 5 % the Néel temperature increases from 3.5 K to 5.8 K. For the 5 
%% compound a maximum is observed. Going from 5 % to 10 % Pd concen
tration,, TN is reduced. For Pd concentrations exceeding 10 %, no long-range 
antiferromagneticc ordering is detected any more. 

Ant i ferromagnet i cc orderin g w i t h moments along th e 6-axis 

Wee believe that heavy-fermion systems are best described in terms of the Periodic-
Andersonn Hamiltonian. As mentioned, a connection must exist between the Hubbard 
andd the Periodic-Anderson Hamiltonians. In the case of half filling, the Hubbard 
Hamiltoniann will result in antiferromagnetic ordering. That is consistent with the 
preferencee of heavy-fermion systems, such as UPt 3 , to order antiferromagnetically. 

Forr UP t 3 , we expect the peculiar 5f band to be slightly below half filling. 
Mostt of the antiferromagnetic tendencies are still expected to remain. In terms of a 
Hubbardd Hamiltonian, we are, in the case of UPt 3 , in the situation of holes wandering 
aroundd and leaving behind them a trail of antiferromagnetic frustrations. The holes 
hopp from U site to U site along the three crystallographic a axes. By choosing the 
arrangementt of moments as mentioned in the first point, we ensure that at least along 
onee a axis no extra frustrations are introduced (more than are already there as the 
resultt of the triangular structure). 

Deve lopmentt  of t h e size of the magnet ic moment 

I tt  is the second point, concerning the development of the size of the magnetic moment 
ass we dope with Pd, which the Doniach model tries to deal with. We will present an 
alternativee interpretation here. We believe the magnetic structure to have a similar 
originn as the magnetic ordering in Hubbard models for half filling, in that sense much 
moree standard. 

Wee will present here a treatment in terms of the Stoner model using the fact 
thatt the density of states at the Fermi energy is similarly shaped as for a small 
hybridizationn between a narrow f-like band and a broad conduction-like band. We 
willl refer to the latter as the "two-branched bandstructure". This density of states 
hass some particular features. It is a narrow peak with a small gap in between. The 
edgess of the gap are sharp. It is this particular shaped structure which is essential to 
ourr interpretation. 
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Wee will adapt a simple model for itinerant magnetic systems, known as the 
Stonerr model, ([94, 95, 96, 97, 98, 99, 100, 101, 102, 103, 104, 105, 106, 107]) 

Inn the appendix the detailed mathematics of this adaptation can be found. 

Stoner'ss criterio n adapted, applied to the particular  situation at hand. 

Wee already discussed the antiferromagnetic preference of heavy-fermion systems. We 
assumee the resulting many-body eigenstates to already reflect this antiferromagnetic 
ordering.. The index a we will use is, therefore, a pseudo-spin index. It reflects that 
forr each magnetic structure two options are open, a = 1 (one with spins in a certain 
configurationn and the other with all spins reversed). For each a, we assume the two 
branchedd density of states as previously mentioned. For the size of the gap between 
thee lower and the upper branch we introduce the parameter 2A. We assume the 
interactionn between the two sets of states, labelled by a = +1 and a = —1, to be 
ferromagneticc (translational symmetry is conserved). The self-consistency equation 

MM^^-TM^^-TM  (7-8) 

mustt hold (see appendix). In this case A+i ,- i is the shift in energy between the 
aa = +1 and the a = — 1 density of states. M (A-n^i) Represents the local moment 
presentt on a site as a function of A+i,_i. 

Ass a high density of states at the Fermi level is a characteristic property 
off  heavy-fermion behaviour, already for extremely small values of F (U), Stoner's 
criterium,, Eq. 7.52, is expected to be satisfied. 

Ass a result, any small interaction between the a = +1 and -1 states will cause 
thee two densities of states curves (in zeroth order) to rigidly shift with regard to each 
other. . 

Ass the density of states is known and charge neutrality must be enforced, 
M(A + ii  _i) (the nett local magnetic moment) can be calculated as function of the 
exchangee splitting, A+i.-i , between the a = +1 and a = -1 bands. 

I tt is known that occupation densities of individual f states (properly normal-
ized)) are always slightly less but close to unity for heavy-fermion compounds (0.92 
forr Ce and 0.98 for U compounds). We introduce Anf as a the deviation from unity 
fillingfilling  (0.08 and 0.02 for Ce and U compounds, respectively). As we set A+i,_i = 0 
(thee a — 1 densities of states are not shifted with respect to each other) the Fermi 
levell  must be found just below the lower edge of the gap in the lowest branch both 
forr the a — +1 and a = — 1 bandstructure. 

Inn that case, we shift the a = — 1 density of states to higher energies with 
respectt to the a = +1 density of state. 

Inn Fig. 3, the expected M (A+i t_i) is schematically sketched as function of 
A+i,_i .. Graphically, the solution of Eq. 7.50 is represented as the point of intersection 
betweenn M (A+i,_i) and the line A + i ,_ i /F (U). 
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Figuree 3 Graphical solution of Eq. 7.50 for a model density of states typical of heavy-fermion 
behaviour.. For each a — 1 (antiferromagnetic ordering, a = + 1 , and ordering with all 
momentss anti-parallel to it, a = -1), a similar density of states is assumed rigidly shifted 
byy the exchange splitting, A + l i _ i . As a result of their particular shape with a gap of 2 A , 
thee magnetization, M ( A + l i _ ! ) , versus A + 1 ) _ ! , has an extra plateau at low values of M 
andd A + i , _ i . Also drawn is the line A + i i _ i / F ( f / ) . Solutions of Eq. 7.50 are found where 
MM ( A + X i _ i ) and A+i^/F (U) intersect. A blow up of the low A + 1 > _ j region is depicted. 
Thee inlay represents a larger scale overview. By virtue of an adiabatic argument one can 
convincee oneself that the solution the system will chose is, of all the intersections, the one 
withh the lowest A + 1 > _ ! ^ 0 (see text). In the lower part, the density of states is schematically 
sketchedd for A + i , - ! within the range of this plateau and for A + i ( _ j exceeding it. 
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Startingg from A+^-i = 0, the initial increase of M (A+^-i ) is steep, as the 
densityy of states at the Fermi energy, n (E?), is so large. But already after a small 
shift,, A+] _1? the Fermi energy is within the gap between the lower and upper branch 
off  the er = +1 band (see Fig. 3). A+\ _j is so small as a consequence of Anfff being 
soo small in combination with n (EP) being so large. 

Ass a result, M(A+i,-i ) remains constant until the Fermi energy starts to 
exceedd the upper edge of this gap, 2A. We introduce A^i t_j as A+j>_1 = A + i ^ + 
2A.. For A+l i _i > A+j _l f M (A+i,_i) monotonically increases and saturates at high 
valuesvalues of A+1,-1. 

Forr A+]_! < A+1,-1 < A+j _l t the lower branch of one type is completely 
filledd and the total occupation in each band must stay fixed. It is straightforward to 
seee that for such A+i f_i: 

M<°>> = A^Ari, , (7.9) 

wheree | iB represent the Bohr magneton. 
Sincee Arif is in the order of 0.02-0.08 per site shell, Eq. 7.9 corresponds to 

smalll  moments per site and shell. 
Thee extra feature present in M (A+i (_i) (as compared to the general form of 

Fig.. 4) is this plateau of M (A+i,_i) = M<°> at A ^ j < A+i,_i < Al+\ t_v This 
plateauu is the consequence of a gap present between the + and - part in the heavy 
quasi-particlee density of states for each <7. 

Essentiall  to the Stoner treatment is the rigid shift between the two densities 
off  states. For this to be applicable, A+i,_i must be sufficiently small as compared to 
thee ligand hybridization, \T\. The question arises whether this is the case for A+ j . j 
<< A^füj < A^i _! and the corresponding magnetic moment M  ̂ = /iBA7if)? 

Forr such a solution to be feasible, the range of F (U) values must be sufficiently 
large.. From Fig. 3, it is straightforward to convince oneself that for this range: 

A ( o )) A ( 1 ) 

holds.. Clearly, the size of this range is set by a competition between A+i_! and 

A+ii  ^ i , on one hand, and M^°\ on the other. All three are small numbers. 
Typicall  for a ferromagnetic d-metal that just satisfies the Stoner criterium 

iss an exchange interaction of approximately 0.6 eV and a density of states at the 
Fermii  level that is approximately 10 times enhanced with respect to s-metals. For 
heavy-fermionn behaviour, the density of states at the Fermi energy is at least 100 
timess higher than for s-metals. As for the above d-metals, the Stoner criterium is 
justt satisfied, this sets a lower boundary for F (U) in heavy-fermion compounds of: 

^Lin^o-oeev. . (7.11) ) 
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KW KW 

++ 2 A : 
Ass F (U)max = » B  ̂ and MP» » M B A%_JF (U)  ̂ and A ^ = A ^ i 

F{U)F{U) t t 11 + 
2A A 

A(0) ) 
" + 1 , - 1 --

F(U\ F(U\ (7.12) ) 

Givenn the density of states for standard hybridization bands, Eq. 8.4, we can estimate 
thee ratio A / A ^ f ^ . Assuming the contribution of the conduction density of states, 

nncc,, to be constant over the small energy region 6f-A - A+f _j < e < ef — A, the 
followingg equality can be demonstrated to hold: 

€ f -A A 
6e6e I * + I < ^ (7.13) ) 

An ff is expressed per site and shell, while V represents the volume of the unit cell. 
Introducingg Nc as the total density of conduction states present in one Brillouin zone, 
thiss leads, in combination with Eq. 7.12, to: 

FiU), FiU), 

Ass we assume NrV « 1 

« P^^  + 1™ (7.14) ) 

occup.. denst. 
perr magn. ion site shell 
mang.. moment 
perr magn. ion site shell 
Rangee of exchange int. 
strengthh allowed (eV) 

U-based d 
heavy-fermionn compounds 

0.98 8 

0.02/JB B 

0.066 - 3 

Ce-based d 
heavy-fermionn compounds 

0.92 2 

0.08//B B 

0.066 - 0.7 

•• Expected occupation density and small magnetic moments per magnetic-ion site shell 
forr U- and Ce-based heavy-fermion materials. Also listed is range of exchange-interaction 
strengthss allowed for such small moments. /iB represents the Bohr magneton. 

Thee above-given estimates are rough. Especially the U-based compounds, for 
whichh a large range of allowed F (U) is found, seem suitable candidates for small-
momentt systems. This is consistent with the experimental observations. Small mo
mentss are up to now predominantly found in U-based heavy-fermion compounds. 
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Evenn for F (U) values in the above-listed ranges, A + i , _ i / F (U) versus M (A+i.- i ) 
cann have more than one intersection as A+^- i > 0 (two or even three). 

Too understand why of all such possible options the one with the smallest 
A^^füii  ^ 0 is chosen as the stable solution for the system, we consider F (U) as being 
switchedd on adiabatically. 

I nn terms of the previously discussed mean-field treatment, to lowest order the 
responsee of the system to any F (U) is to rigidly shift the a = +1 versus the a = 
-11 density of states. Whether such a shift occurs, depends on the energy balance 
betweenn the energy involved in the exchange interaction and the change in kinetic 
energyy associated with such a shift. This is the case as soon as the slope of M (A + i ,_ i ) 
inn A+1,-1 = 0 exceeds l/F (U) (Stoner's criterium). As F (U) increases at some point, 
thiss criterium starts to be satisfied and bands start to shift with respect to each other 
byy an amount A ^ _v The amount the two densities of states are shifted with respect 

too one another, A (
+ ^ J, is determined by M ( A J J 3 ) = A j J ^ / F {U) with A ^ ] > 

0.. Since we started with the lowest F (U) for which the Stoner criterium holds, only 

onee A J ^ i is found. Note that at A ^ J , the slope of M ( A $ £ 3 ) is less than F (U). 

AA further increase is energetically not favorable. As F (U) is turned on adiabatically, 

A+1,-11 = A+^f!* ] is the solution the system wil l chose to minimize its total free energy. 

Ass F (U) increases, also A+f^l shifts to higher values. 

Th ee basic idea 

Wee assume that, as we increase the Pd concentration, the f states get more and more 
localizedd and with it F (U) increases. In UPt3, each U atom is surrounded by 6 Pt 
atoms.. If we keep the concentration of the Pd doping low (well below 17 %, i.e. 1/6 
xlOO),, we expect each U atom to have at most one Pd atom as nearest neighbour. 
FF (U) is than some sort of average of the F (U) value for U atoms with no Pd atom 
ass nearest neighbour and the F (U) value for U atoms with one Pd atom as nearest 
neighbour.. In that concentration range, we expect F (U) to grow linearly with Pd 
concentration.. For very low concentrations of Pd (up to 0.6 %), we expect to be in 
thee range of interaction strengths (0.06 to 3 eV) to observe the small moments. As 
wee start to exceed F(U)CTit = 3 eV, the shape of M (Ai,_i ) versus A + i t _ i / F (U) is 
suchh that first the local magnetic moment almost makes a jump and than starts to 
increasee rapidly at further increasing F (U). 

Thee small moment is created by superimposing states on each other with 
oppositee spin directions on individual sites. In slightly more than half of the time, it 
iss in one direction. This translates itself into fluctuating moments. The quasi-linear 
behaviourr observed for m2 (T) in neutron experiments must also be related to the 
peculiarr bandstructure at hand. 

Thiss is basically the second issue to be settled as we described it. 
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7.8.17.8.1 A maximum for the Néel temperature at increasing Pd- concentration 
Wee established the appearance of local moments with a magnetic ordering identical 
too the type of ordering observed for the extremely small moments in UPt3. To this 
antiferromagneticc ordering, a Néel temperature, TN, can be assigned. The last step is 
too understand the appearance of a maximum in TN for increasing Pd- concentration 
(forr x = 0.05). 7JV is taken proportional to the product of the size of the magnetic 
momentss and the exchange coupling constant. 

Dopingg with Pd, causes the appearance of local moments until the full mag-
neticc moment of the localized U atom is reached. This only leads to a monotonous 
increasee in TN. Hence the maximum must be the result of a maximum in the in-plane 
exchangee coupling constant. 

Wee further assume the coupling between two neighbouring magnetic atoms in 
thee basal plane to partly originate from a super-exchange-like mechanism in which 
thee relatively localized d states of the Pt or Pd atom situated in between play a mayor 
role. . 

Imaginee the following situation: two sites F^ and FB , each with a spin (a singly 
occupiedd state). In between is a third site, D, with a doubly occupied degenerate 
state.. Let us denote these states as Df and D|. Imagine site FA to have spin up, F^f, 
andd site FB to have spin down, FB i . The super-exchange mechanism wil l shift the 
statee D; slightly towards the F T̂ and the D-j- state towards FB i . The superexchange 
couplingg constant is at a maximum if the overlap between F ^ state and the region of 
DD states with opposite net spin polarization (Dj,-Df) is at a maximum. If the F^-D-
FBFB sites are close together, there is a large overlap between orbitals, but the Df and 
Djj  have not much room to shift apart. The exchange coupling constant is expected 
too be at a minimum. On the other hand, if the F ^ - D - FB sites are fare apart there 
iss much room for the Df and D| orbitals to be shifted apart (to get a polarization) 
butt the overlap between the F-D orbitals is to small to pull them apart. Also in this 
limi tt we expect the exchange coupling constant to be at a minimum. Somewhere in 
thee middle, there must be an optimal situation. Notice that, instead of dealing with 
orbitalss getting more and more localized (as we expect the effect of Pd doping to be), 
wee changed the distance between states. 

I tt is this handwaving model we want to quantize and demonstrate that indeed 
suchh a minimum exists. 

Shortt  in t roduct io n int o th e super-exchange mechanism 
Inn the super-exchange mechanism, no direct exchange between the different f states 
off  the two magnetic ions is assumed. The interaction between an f state of a magnetic 
ionn and a d state of Pt c.q. Pd, is taken to be of the form: 

AH=AH= f63rJSf(r)Sd(r) (7.15) 

inn which we dropped terms related to the orbital angular moment for clarity reasons. 
S/(r)) and S<j(r) denote the spin-operator at r of an f and a d state, respectively. In 
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thiss expression, the exchange integral is proportional to the energy difference between 
thee triplet and singlet states: 

JJ OC Etriplet — Eginglet (7-16) 

^triplet^triplet and Egingiet are t n e energies associated with a triplet or singlet arrangement 
off  the f and d state, respectively. 

Thiss interaction energy arises from the Coulomb repulsion. In a singlet con-
figurationn two electrons are on the average closer to each other than in a triplet 
configuration.. Therefore, E«nslet > ^triplet- The operator S/Sd is either -3/4 for the 
singlett configuration or +1/4 for the triplet configuration. Consequently: 

AWAW = - {{Eginglet + ^triplet) + {^triplet ~ £«npie*))S/Sd (7-17) 

hass the eigenvalue ü ^ / et in the case of a singlet and Etripiet in each of the three 
triplett states. By redefining zero energy it is straightforward to recognize AH. 

Ann f moment with a certain direction will attract part of the d states with the 
momentt in the opposite direction and repulse the part of the d states with identical 
moment.. It is clear that this leads to an antiferromagnetic coupling between two f 
momentss with such a polarized cloud of d states between them. Of course, the real 
situationn is more complex. The role of the spin operator is replaced by the total 
angularr momentum operator. 

Thiss super exchange mechanism is dependent on the distance between the 
twoo U atoms or the extensiveness of the f and d states involved. To prove that the 
relatedd coupling constant between two neighbouring U moments displays a maximum 
ass function of the distance, or analogously as function of the radii of the orbitals 
involved,, a full size bandstructure calculation is needed for varying distances or radii. 
Suchh an enterprise is far beyond the scope of this thesis. We will therefore only present 
calculationss on a simple model, showing that a bandstructure calculation could be 
useful. . 

AA simple model consideration 

Twoo f orbitals both occupied by one electron, are considered, one orbital at r = R 
andd the other atr = —R. In their middle a d orbital is placed. This d orbital is 
occupiedd by two electron of complementary spin directions. For simplicity reasons 
thee actual wavefunctions, t/>, of the orbitals is replaced by ls-type orbitals, scaled so 
thatt the average radii are sustained: 
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Thee subscript i is either d or f, and u is the radial distance to the corresponding 
nucleus,, p is the spin quantum number, being either | or j . No angular dependence 
iss involved since the angular momentum quantum number is taken to be zero. We 
introducee an interaction of the form: 

&H&H  = / <5 r [Sf-orbital at -R + Sf-orbital at +R\ Sd-orbitais at r=0 (7.19) 

I tt is assumed that the orbitals do not deform. We wil l use a variational principle to 
determinee the ground state energy as function of distance between the f sites. 

Ass a starting point, the spin on ther = —R f site is assumed to be J, while the 
spinn at the r = R f site is j . AH wil l lead to the spin f d states being attracted to 
thee r = - R f site and repulsed from r = R f site. For the spin J. d state precisely 
thee reverse holds. We wil l treat this by just rigidly shifting the corresponding d-wave 
functionn along R by an amount x towards the attracting f site. The net shift is the 
outcomee of the balance of AH, and the normal free atom like energy (associated with 
presencee of the nucleus at the center of the d-orbit), He-atom- The first tends to shift 
thee orbitals while the latter tends to keep the orbitals on their place: 

* ( r ) , tt = 2 g ) f e - z ^ (7.20) 

V<(r)dii = 2 ( j ^ ) V ^ (7.21) 

Thee part of the energy we have to minimize with respect to x for different R is 

EEtottot = AH + Ha_atom (7.22) 

Wee disregard the screening effects due to other (conduction) states. 
I tt is clear that a system like this wil l lead to the observation of a minimum in 

thee ground state energy as function of distance. Enhancing the distance between the 
twoo f sitess wil l leave more room for the d states to polarize. The average magnitude 
off  the moment per unit area of the d states in the overlap region of the f and d states 
increases.. Associated with it, is an extra decrease in energy due to AH. But simul-
taneously,, the area of overlap between the f and d states decreases, counteracting the 
previouss energy tendency. For small distances, the first mechanism wil l be expected 
too be dominant while for large distances the second wil l be expected to be dominant. 
Thiss wil l be more quantified underneath. 

Wee furthermore assume that y = x /r <Cl so that a Taylor expansion in terms 

off  y, 

| r=Fx|| = y/r (cos(0) - yf + sin(0)2 

«« r=Fzcos(0) + ..., (7.23) 
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iss justifiable. 9 is the angle between r and R. It is straightforward to show that 

^-otom^(r)dTT = E*T**  - 2 ^ J , (7.24) 

HHdd-atom^(r)-atom^(r)didi = ^ e -Z d - 2 ^ J . (7.25) 

EdEd is the unperturbed energy of the d state. The expectation value of Ha-atom is: 

(^-atom)) = i - s i n h ( 2 -) (7.26) 
II  X rd 

inn which rd is the radius of the d orbital (as can be found in literature, for a Is state 
rr dd = o.d/Za). 

Forr the f states: 

* M „„  = 2 g ) e-Z'^, (7.27) 

* ( r ) , ,, = 2 ( | i ) e*'*?. (7.28) 

Onlyy those parts are of importance for which the overlap between the f and the d-
statess is significant. A 9max is introduced, for which 9 of all r in the overlap region 
satisfies:: —9max < 9 < 9max. An overestimate of 9max is found as those r- vectors 
havingg a 9 = 9max so that they also are a tangent to the circle of radius 77 around R 
(777 is the expectation value of the radius of the f orbital). This leads to: 

cos(9cos(9maxmax)) = J l - J  ̂ (7.29) 

Iff  all orbitals are not too close together, cos(9max) will be close enough to 1 to justify 
aa Taylor expansion in terms of cos(0) — 1 for |r  R| to make the expressions for 
V>> (r)j more manageable. 

|rr + R| « {R - r) - (cos0) - 1) — — + ... (7.30) 
KK — T 

Withh the help of this approximation we find: 

AHAH = - J(128) ee 2v (1 - c o s ^ ) ) s i n h (2 (£)). (7.31) 
UU + Tf 

Thee x-value which minimize i/*0*  = Hd-atam + AH as function of x, xmin, is: 
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I tt is a matter of simply plotting the expectation value of # t o t as a function of x/rd 

too convince oneself that for the total energy versus distance a pronounced minimum 
iss present (we used rf = lA. ) This could imply that the effective exchange coupling 
betweenn the two f states has an optimum as function of distance. An analogue 
conclusionn could hold for the UPt3 situation. To prove this rigorously a full size 
bandstructuree calculation is needed. 
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7.100 A P P E N D I X : Stoner  theory adapted 

Assumee we start with an Hamiltonian of the form 

ffoffo  = $>-A.(*)4A* - (7-33) 

Inn the case of the Periodic-Anderson Hamiltonian, ep. .̂ (k) would represents eigen-
energiess corresponding to a density of states as previously discussed whereas l^ a and 
£k(Trepresentt the creation and annihilation operators for the many-body eigenstates. 
kk Denotes the symmetry quantum label; i.e. the reciprocal-lattice vector. Assume 
aa magnetic structure present. As i t is required by time-reversal symmetry for each 
magneticc structure two options are open, one option is indicated by a, the other 
optionn is when all the magnetic moments are reversed in sign, indicated by -a. For 
simplee bands a takes the role of the spin quantum number, hence the name pseudo-
spinn index. 

Iff  we would have taken for Eq. 7.33 the standard (non-magnetic) band Hamil-
toniann the now to be presented treatment simply reproduces Stoner's results. The 
advantagee of this treatment is that it can readily be extended to hold for e.g. surface 
magnetism,, small clusters, anti-ferromagnetic ordering etcetera. 

AA Wannier representation for Z£ff can be introduced: 

wheree Ni is the total number of unit cells involved in the periodicity and R* is the 
positionn of one such unit cell. 

A nn interaction between the various states of the form: 
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A + i _ ii (arb. units) 

Figuree 4 Graphical solution of Eq. 7.50 for a model density of states, typical of a d-metal. 

Thee magnetization, M ( A + i , _ i ) , is sketched as function of the exchange splitting, A + i , _ i 

(seee inlay), a = 1 corresponds to the two opposite magnetic structures. Also drawn is the 

linee A + i , _ i / F (U) The solution of Eq. 7.50 is found where A + 1 > _ i / F (U) and M ( A + i _ i ) 

intersect.. Since the slope of M (A+ i ,_ i ) at A + i , _ i = 0 is half times the density of states at the 

Fermii level, n (eF), it is clear that in order to have any solution: l/F (U) < ( l / 2 ) n (eF)Hence, 

Stoner'ss criterium must hold. 
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HHii  = F {V) Y, ui-* ui,-*uLui*  (7-35) 
va va 

iss introduced. The interaction is local and sufficient screening between different 
cellss is present. I t is clear that the origin of F (U) must be the on-site repulsion present 
att individual magnetic-ion site shells. Therefore we expect F (U) to be a function 
off  U. We use the notation F (U) instead of U to indicate that it is this U which is 
alteredd by Pd doping. 

Thee self-consistent mean-field interaction Hamiltonian is expected to be of a 
generall  form: 

HiHi  = F (U) J2 [ ( « U t t t - a) t ^ t n , - ( < f f « i , ^ ) UI^UH,] , (7.36) 
i,<7 7 

wheree F (U) is the strength of the interaction and -a represents the orientation with 
alll  magnetic moments anti parallel to a. 

Wee reduced a two-states interaction, ex u\_aUi^au\(TUi t<j^ into a one-state 

formm (by our mean-field approach) consisting of diagonal elements, oc< u\_aUi t-a > 
uui,tri,tr uui^:i^:  a nd of-diagonal elements, oc - < u!ff

ut,-ff > « t ^ y ^ . Expectation values 
aree expressed as < >. 

Inn what follows, we restrict ourselves to the case where the change in symmetry 
duee to Hi is commensurate with the original symmetries Of H0. In particular we 
aree interested in ferromagnetic, Q = 0, and antiferromagnetic, Q = G/2) ordering 
( GG represents the reciprocal lattice vector related to one unit cell), i.e. ferro- or 
antiferromagneticc with respect to the underlying magnetic topologies. As a result we 
obtain,, with the help of Eqns. 7.34a and 7.36, the expression : 

HiHi  = F (U) £ [ i \ U (0) {l{j ki(, + ll+QJk+Q,} + N.a ( Q) {l[ +QJk,a + llJk+QA 

+r(o)) {'1,-A*  + 4+Q,-aW*}  +T(Q) {4+Q,-A*  + C*+Q,-*} ] > (7-37) 
wheree the following averages are introduced: 

^^ (0) EE £ f c (lljj\  JV„( Q) = £ f c ( < U , A * ) 

TT (o) = - E*  ( 4 A - ) T ( Q) = - £*  ( 'U.A-) 

Thee single elements summed over for T (0) and T ( Q), take a form analogue to the 
raisingg and lowering operators for angular momenta and spins. 



APPENDIX:APPENDIX: Stoner theory adapted 197 7 

Thee averages defined in Eq. 7.40 take the role of matrix elements. They still 
dependd on the eigenstates of the initial Hamiltonian, thus defining self-consistency 
conditionss for such matrix elements. 

Wee start with the most general case; Nv (0) ^ 0, Na ( Q) ^ 0, T (0) ^ 0 and 
TT ( Q) ^ 0. In this case the total Hamiltonian, H = HQ+HI, can be represented as 

**  = £4#. matrix 1* * (7.38) ) 

with: : 

LL = 
IkIk  , cr=- l 

lk+Qlk+Q , ff=-l 

and d (7.39) ) 

H, H, matri xx — 

TT = 

MM = 

H H 

22 I 2F{U)T 

==  f T(0) T(Q) \ 
~~ \T(Q) T(0) )> 

^^ / M(0) M(Q)\ 
~~ {M(Q) M(0) )> 

==  ( € p A' 

2F(U)T 2F(U)T 

(H-F(H-F {U) M\ 

(k)(k) + F(U)N(Q) F{U)N(Q) 
F(U)N(Q) F(U)N(Q) eePP..AA.(k+Q).(k+Q) + F(U)N(0) 

)) • (7.40) 

Ass such we introduced the definitions: 

NN (0) = Na=+1 (0) + N^-! (0) M (0) = ATff=+1 (0) - i \U_, (0) 
JVV (Q) = Nff=+1 (Q) + AU- i (Q) M (Q) = AU + 1 (Q) - A ^ - i (Q) 

(7.41) ) 

MM and iV take the role of the magnetization and total density of electrons respectively. 
Itt is a matter of straightforward but tedious algebra to determine eigenstates and 
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eigenvalues.. For the eigenvalues we obtain: 

EE (* ) , 2 = \ \ (CP-A. (* ) + ep.A. (fe +Q)) + F (U) N (0) 1\j2F (U) X 

22 ^ \ A e pA - (* ) -fPA. (*  + Q))2 + 4F(U f A* (7.42) 

withh 4 = {N{Q) X^T^T^+
X

M^M^) (7.43) 

a n dXX = ( 4 ( T ( 0 )2 + T ( Q ) 2 ) + ( M ( 0 ) 2 + M ( Q ) 2 ) (7.44) 

++  \/UB + C2)2 + \6D2  + C*f 

BB = . ( T ( 0 )2 - T ( Q ) 2 ) (7.45) 

CC =  ( M ( 0 ) 2 - M ( Q ) 2 ) (7.46) 

DD = ( M ( Q ) T ( 0 ) - M ( 0 ) T ( Q )) (7.47) 

Wit hh the help of the so found eigenstates and eigenvalues can the self-consistency 
criteriaa can be generated from definitions 7.40 and 7.41. Usually we are only interested 
inn simpler cases. 

Assumee that the influence of the interaction (Hi) is such that it conserves a 
ass a good quantum number, i.e. t he quantization axis of the magnetic moments is 
unaltered.. As the similarity of T (0) and T (Q) to the raising and lowering operators 
off  simple spins is apparent, this implies T (0) = T (Q) = 0. In this case, the magnetic 
topologiess of the original states {Vk a) stay conserved by the interaction. 

Stilll  the interaction can be of a ferromagnetic type, only states with identical 
kk interact, or antiferromagnetic type, only states with Ak = Q = G/2 interact, etc.. 

T hee se l f -cons is tency equat ion i n t he case of a fe r romagne t ic i n te rac t ion 

Wee now turn to a discussion of the ferromagnetic case. This corresponds to choos-
ingg N  (Q) = 0. No lowering of the translational symmetry occurs. Furthermore 
NNa=+a=+  (0) 7̂  Na=_ (0). The resulting Hamiltonian can be readily solved to yield: 

EEaa(k)(k) = eR A . ( f c ) + F ( £ / ) AU (7.48) 

== (€P.A. (fc) + ~F (U) N (0)) - sign (a) \F (U) M (0). 

I tt describes a rigid shift of the <r = +1 versus a = -1 cP A (k) band. This self-
consistencyy condition can be re-arranged in terms of this rigid energy shift. As: 

A + 1,_!!  = E+i(k)-E_x(k), (7.49) 

A + i , - ii  = F ( t f ) ( A U + i ( 0 ) - A U - i ( 0 ) ) = F ( £ / ) M ( A + w ) . (7.50) 
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MM (0) s N9=+i  (0) - Na=-i (0) is almost by definition a function of A+i.-i (denoted 
ass M (A-t-^-i)) . From the density of states and the requirement of charge neutrality, 
thee total density of occupied states is fixed, the magnetic moment, M(A + i t_i), as 
functionn of the exchange splitting, A+ l j _i, can be calculated. Given the density of 
statess and F (U) Eq. 7.50 can therefore be solved. 

Stoner'ss criteriu m in case of a ferromagnetic interaction 

Inn general M (A+i,-! ) is a monotonie increasing function which saturates. The exact 
shapee will depend on the density of states of the particular system. 

Ass an example, in Fig. 4 M (A+i,_i) versus A + i ^ for a model density of 
statess of a d metal is sketched. Example of such d metals are Fe, Ni. In fact for 
thee density of states we only considered the d states, i.e. the majority local density 
off  states (as obtained from e.g. a first-principle local density calculation) modified. 
Artificiall yy all states above and below the d bands are removed and the remainder is 
soo scaled that it has the correct number of states. 

Too graphically solve the self-consistency Eq. 7.50 we have to determine the 
intersectionn between M (A+^-i ) and the line A+\-i/F{U)  (in the case of the stan-
dardd Stoner theory F (U) = U). Due to the general shape of M (A+i t_i), it is obvious 
(seee Fig. 4) that a ferromagnetic solution is only guaranteed as the initial slope of 
M(AM(A++ ii ii-i)-i)  at A+i^ i = 0 exceeds l/F(U). This slope is simply 

<5M(A+1,_!) ) 

6A 6A +i,- i i 
==  \n(EF), (7.51) 

A + i , _ i = 00 Z 

wheree n (E?) is the total density of states at the Fermi energy for the non-magnetic 
system.. The condition for a magnetic solution therefore reads as: 

FF)>l.)>l.  (7.52) 

I tt is this criterium which in literature is known as the standard Stoner criterium for 
ferromagnetism m 

Whatt  the Stoner  criteriu m expresses In simple terms the Stoner criterium 
expressess the competition between the exchange interaction, in terms of F(U), and 
thee kinetic energy (n (Ep)~  A small density of states is generally related to a large 
bandwidthh and any spin splitting causes a large increase in kinetic energy. It is F (U) 
whichh is at the basis of the magnetism. 

Note,, as Stoner's criterium is satisfied, basically two solutions of A+i t-i/F (U) 
== M(A + 1_!) exist, i.e. A j j f }  = 0 and A ^ J > 0. At A ^ j = 0 the slope of 
M(A + i t_i)) exceeds 1/F(U). Considering net energies, for A+i.-i =0 it is lucrative 
too increase A+i,_i (shift the a = +1 versus <r  = -1 band) further. A further increase 
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inn A+i.- i wil l only further affect the balance of kinetic versus exchange energy pos-
itively.. This no longer holds at the second intersection, A j£u"j > 0 where the slope 
off  M (A+i,-! ) starts to be less than l/F (U). I t is therefore the latter which is the 
solutionn the system is expected to chose as stable option. 

Thiss is argued within the realm of the mean-field treatment for Hi. In other 
wordss the density of states for each a is rigidly shifted with respect to one another. 

(densitiess of states rigidly shifting). We expect this approximation only to be 
truee for A+h_xjW «C 1, where W represents the bandwidth. If A j ^ is too large 
abovee treatment can only be used to determine whether or not magnetism is to be 
expected.. Sizes of moments (where M (A+1_i) and A+h^1/F(U)) can no longer be 
estimatedd in this case. 

Stoner 'ss cr i ter iu m i n case of an antiferromagnetic interact ion 

Forr the case of an antiferromagnetic interaction we have Na (0) = N-a (0) and Na (Q) 
—— N-<r (Q)- Using these relations the single-state equations can again be solved. 
Wheree for the ferromagnetic case we employed the definition of M (0) to generate the 
self-consistencyy equation, here we have to employ the definition of M (Q). The result 
iss a cumbersome procedure. Clearly the eigenvalues wil l depend on the details of the 
electronicc band structure of the non-magnetic system. States k are coupled to states 
k+Q.k+Q. A simple graphical solution, similar to as for the ferromagnetic case, is not 
possible.. Following a suggestion of Blügel [108] in the case of an antiferromagnetic 
interactionn the analogy of the Stoner criterium (for ferromagnetism) should read as: 

\F(U)\F(U)XQXQ(E(EFF)>1.)>1. (7.53) 

Thee local density of states is replaced by xq (EF)- In our case q = Q. As n (Ep) oc 
(<5M(0)/<5A)) we define Xq oc (6M (Q)/<5A): 

XqXq = ^[qRlx(Ri), (7.54) 
» » 

wheree x (-R*) expresses the correlation of two sites a vector R+ apart. 
Forr ferromagnetism q = 0. Since xq=o =  n {EF) by definition, Eq. 7.52 can 

bee seen as special case of the more general rule Eq. 7.53 
Thee symbol x is used in analogy to the susceptibility. As the susceptibility 

describess the response of the system to an externally applied magnetic field in this 
casee the response is with respect to F(U), the interaction field. 



Chapterr 8 
HIGH-FIELDD DILATATION EXPERIMENTS ON UPT3; THE 

PUREE HEAVY-FERMION STATE 

8.11 Introductio n 

Inn this chapter, we will present the high-field thermal-expansion and magnetostric-
tionn data on UPt3. UPt3 is an interesting compound for several reasons. It can 
bee considered as a prototype system for the U-based heavy-fermion compounds. It 
displayss all three properties, considered most salient for heavy-fermion behaviour, in 
extremee form. In the field-temperature region where the heavy-fermion behaviour is 
assumedd to be present, i.e. for temperatures and fields below 17 K and 20 T, re-
spectively,, an apparent heavy electron mass in combination with a strongly enhanced 
strainn dependence, a high value for the electronic Grtlneisen parameter and a small 
butt essentially non-zero magnetic moment are observed. As already discussed, its 
magneticc ordering is also particular in this phase, suggesting the existence of sheets 
off  heavy-fermion behaviour in the (a, 6)-planes coupled along the c-axis. 

AsideAside from the superconductivity observed below 500 mK, no other phenomena 
aree observed. We will leave the superconducting phase outside the scope of our 
inquiriess and refer to [1] and references therein for further details. 

Thee properties of UPt3 can easily be modified by doping with low concentra-
tionss of Pd as a substitute for Pt. Depending on the degree of doping, various extra 
phenomenaa can be introduced, such as: long-range antiferromagnetic ordering and 
whatt is called "temperature-induced re-entrant heavy-fermion behaviour ". 

AA special role is set aside for magnetic fields. Not simply an extra energy 
scalee is added, but the physics in field is fundamentally different from that without 
aa field. E.g., a field is the only external parameter, that has direct interactions with 
spins.. This is of particular interest for heavy-fermion behaviour. Its elementary exci-
tationss are expected to involve predominantly spin-degrees of freedom. Furthermore, 
aa magnetic field affects the density of states. It also introduces an extra quanti-
zationn in the form of, e.g., the Zeeman splitting or Landau levels. For the spin of 
freefree electrons ( i^ /%), this results in an energy splitting to be expressed in a sim-
plee energy-scaling relation. Each kelvin corresponds to 0.5 T. Surprisingly enough, 
aa similar energy-scaling relation seems to exist between the characteristic field, B*, 
andd the characteristic temperature, T*, for heavy-fermion behaviour. For UPt3 with 
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aa value for T*  in the order of 10 K, the need for high fields, B> 20 T, is established. 
Ann important feature here wil l be that phonons have no direct magnetic-field 

dependence.. Any magnetic-field dependence observed must, therefore, be related 
too the effect of the magnetic field on the electronic part of the system. Applying 
magneticc fields allows for some form of separation between the electronic and phononic 
properties. . 

AA point briefly to be mentioned here is the already discussed preference for 
antiferromagneticc ordering and the de-preference for ferromagnetic ordering by the 
heavy-fermionn behaviour. 

Wee wil l argue that for UPt3 and its heavy-fermion behaviour, the primal effect 
off  an applied field is to shift the peak in the density of states associated with heavy-
fermionn behaviour to lower energies with respect to the chemical potential. In this 
picture,, B* corresponds to the field needed to shift this peak completely below the 
Fermii  energy. That implies that for B > B* at the lowest temperature such a 
peakk and hence heavy-fermion behaviour are no longer detected in a thermodynamic 
experiment,, but that as temperature is increased such states could possibly again 
affectt such experiments. 

Fromm specific-heat experiments, estimates can be deduced for the size of the 
apparentt effective heavy-electron mass ([2]). With the aid of dilatation experiments, 
furtherr information can be deduced concerning their relative strain dependence. This 
strongg strain dependence is a typical feature of heavy-fermion behaviour. Further-
more,, dilatation experiments are directional sensitive as opposed to the specific-heat 
experimentss (one can measure the dilatation along various crystallographic axes). We 
arguedd that, in a plot of the length of a sample as deduced from dilatation experiments 
versuss temperature and field, the heavy-fermion phase should be clearly detectable 
ass a valley even at non-zero temperatures. Dilatation experiments are, therefore, an 
excellentt tool to study the possibility of the existence of a heavy-fermion phase at 
higherr temperatures even in case i t is absent at the lowest temperatures. 

Wee present thermal-expansion and forced-magnetostriction data on UPt3 in 
thee temperature range 1.5-17 K and in magnetic fields up to 25 T. Temperature and 
fieldfield ranges are chosen so to cover both the characteristic temperature, T*, of 11 K 
andd the characteristic field, J3*, of 20 T. The magnetic field is always applied parallel 
too the crystallographic a-axis. For this field direction, the length changes along the 
a-,, b- and c-axes have been determined. The experiments have been performed on 
thee same sample as used in previous specific-heat ([2]) and magnetostriction ([3]) 
measurements.. Length changes were measured using a parallel-plate capacitance 
method. . 

Thee relative strain dependence of the electronic effective mass (m*) is defined 
as: : 

_fl(ln(m*) ) ) 
TiTi~~ ö(ln(L*)) ' 

(8.1) ) 
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inn which L» represents the sample's length along i = a-, fr-, or c-axis. T4 can be deter-
minedd from a combination of thermal-expansion data (as presented here) and specific-
heatt data (as presented in [2]). Two approaches exist. The standard Grtineisen-
parameterr analysis can be performed. The alternative approach is by means of a 
rigorouss result of Fermi-liquid theory. The ratio of the low-temperature linear co-
efficientss of thermal expansion and specific heat is expected to be proportional to 
thee apparent electronic r*  (in which i is in the direction along which the thermal 
expansionn is measured). This is in complete analogy with the well-known result 
fromfrom Fermi-liquid theory that the low-temperature linear term of the specific heat is 
proportionall  to the apparent electronic effective mass itself. 

Thee Grüneisen analysis leads to a temperature dependent expression while 
thee Fermi-liquid argument only produces a to zero-temperature extrapolated 

result. . 
Methodss exist (see e.g. [4] ) by which the direct contribution of the phonons 

too an observable quantity, such as e.g. specific heat or thermal expansion, can be 
estimated.. To assign the temperature dependence of the remainder to the tempera-
turee dependence resulting from the electronic excitations is not always correct. As a 
highh value for the Grüneisen parameter is taken as a fundamental property of heavy-
fermionn behaviour, also a strong electron-phonon coupling must be expected. The 
strongg electron-phonon coupling causes properties of the electronic excitations and 
theirr temperature dependence to be strongly affected by the presence of phonons and 
theirr temperature dependence. One could imagine that, as an effect of the phonon 
systemm present, the electronic excitations liable for the heavy-fermion behaviour are 
dressedd in a fashion similar to, e.g., a polaron, see [5] [6] [7]. In this case, the dressing 
hass a dramatic effect on the properties of the electronic excitations. In [5] [6] [7] it was 
estimatedd that for typical heavy-fermion systems this may leads to a 25 % reduction 
off  the effective mass of the electronic excitations. 

Thee presence of phonons will affect parameters, such as the ligand-hybridization 
strength,, essential for such electronic excitations. We estimated that already from the 
zero-pointt motion of phonons (the ground state of the phonon system at zero tem-
perature),, a drastic effect must be expected on the effective mass of the electronic 
excitations. . 

I tt is clear that a considerable fraction of the temperature dependence of the 
propertiess of the electronic excitations is stemming from the temperature dependence 
off  the phonon system and a strong electron-phonon coupling. 

Insteadd of studying the temperature dependence, a better option is to study the 
fieldfield dependence of m* and r». Phonons are hardly field dependent, and the observed 
fieldfield dependence must, therefore, directly be linked to the electronic system. 

Byy a comparison of the different field dependencies of i \ (for i = a- and 6-axis) 
versuss m* around B* we will try to deduce features for the anomalous structure in 
thee density of states (as there is the strain dependency of energy levels) typical for 
heavy-fermionn behaviour. 
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AL||a-axiss AL||b-axis AL||c-axis 

Figuree 1 Magnetostriction of UPt3 for fields, B || a-axis, covering the characteristic field of 
B*B* = 20 T. From left to right, the magnetostriction along the a-, b- and c-axis is represented, 
respectively.. Notice: the scale for the a- and 6-axes is a factor of three enlarged compared to 
thatt for the c-axis 

Fromm a combination of magnetostriction and thermal-expansion data, the rel-
ativee length changes, (AL/L), as function of both applied field and temperature can 
bee deduced. The results for the dilatation data along the o-axis wil l be presented in a 
three-dimensionall  plot of the relative length versus field and temperature. Aside from 
thee features present in such a plot for T < T* and B < B*, we wil l be particularly 
interestedd in the features present for B > B*. 

8.22 T h e forced-magnetostr ict ion data 

Thee forced-magnetostriction data, (1/LidLi/dB), with i either the a-, b-, or c-axis and 
BB || a-axis), see Fig. 1 nicely complete and extend the previously reported results 
off  [3]. They reveal a sharp peak at B* which rapidly decreases in amplitude for 
increasingg temperature. Measured along the c-axis, the peak in the magnetostriction 
dataa is about three times smaller than along the a- and 6-axis. The field at which the 
anomaliess are observed, B*, is not temperature dependent. Along the a-axis we are 
ablee to trace the anomaly up to 12 K, approximately the characteristic temperature, 
T*,T*, for the heavy-fermion behaviour in UPt3. With respect to the a-axis, along the 
6-axiss an extra contribution to the high-field background seems to be 

present.. I t is not clear whether this is a consequence of the difference between 
longitudinall  and transversal magnetostriction or related to the anisotropy. 
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Figuree 2 Thermal expansion data B 
crystallographicc a-and o-axis of UPt3 

a-axiss in fields above and below B* = 20 T for the 

8.33 Th e thermal-expansion data and their  analysis 

Thee thermal-expansion, on = L~x dLi/dT, data for i = a-, b-, or c-axis obtained at 
differentt field values are shown in figs. 2 and 3. The experiments have been carried 
outt for fields ranging from 0 to 24.5 T in steps of 2 T. For increasing temperatures, 
thee a a and a b curves in fields B < B* reveal a steep increase up to some maximum 
valuee after which they level of. The temperature at which this maximum occurs is 
supposedd to be related to the characteristic temperature, T*, of the heavy-fermion 
behaviour.. T* is found to shift to lower temperatures for increasing field values not 
exceedingg B*. Before a significant shift to lower temperatures of this maximum is 
observed,, a minimum field for B of 14 T is needed. 

Ass is argued, the effects of a magnetic field is not only to shift the peak in 
thee density of states to lower energies, but also to distort its shape. It is compressed 
intoo a smaller energy range. The latter is consistent with the observed shift of T* to 
lowerr values for increasing field strength in the range B < B*. 

Att fields B > B*, the thermal-expansion curves do not reveal this maximum. 
Onlyy a monotonie increase with temperature is observed in the studied temperature 
range.. However, these curves are still strongly affected by a change in magnetic field 
strength.. Since phonons are hardly field dependent, this field effect must stem from 
thee same electronic part also responsible for the heavy-fermion behaviour at B < B*. 
Itt is suggested that for B > B*, heavy-fermion states are still present. The peak in 
thee density of states still exists, although no longer at the Fermi level but at energies 
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Figuree 3 Thermal expansion data B || a-axis in fields above and below B* = 20 T for the 
crystallographicc 6-direction of UPt3 

justt below it. The degree such heavy-fermion states are observed in experiments is 
dependentt on the value of kBT and of the temperature dependence of the chemical 
potential.. For a more detailed discussion we refer to the previous chapters. Also the 
initiall  (T = 0 K) energy difference between the chemical potential and the peak is 
off  importance. I t determines the onset temperature of what is called the re-entrant 
heavy-fermionn behaviour. This energy difference is dependent on the magnetic field 
strength. . 

Forr B = 24.5 T, the ab curve turns even negative at the lowest temperatures, 
seee Fig. 3. As thermodynamics enforces l i m r ^ 0 a, = 0, this suggests the existence 
off  a minimum for T < 1.2 K (the lowest temperature reachable in these experiments 
att such high fields). Such a minimum would be in agreement with the features 
expectedd for re-entrant heavy-fermion behaviour. For the a-axis, although in the 
temperaturee region explored only positive values are observed, extrapolating the aa 

curvee for B > B* (20 T) seems to render also negative values, see Fig. 2. A similar 
minimumm could exist along the a-axis. Such a minimum could be an indication for 
thee existence of temperature-induced re-entrant heavy-fermion behaviour in UPt3. To 
settlee this dispute, either higher fields (this is expected to shift the minimum to higher 
temperatures)) or lower temperatures are needed. Both options are cumbersome given 
thee already high magnetic-field strengths. 

AA different effect in high fields is that large-sized local moments with a prefer-
encee along the &-axis are induced. This could play a role in the differences observed 
inn the magnetostriction and thermal-expansion data along the a- and the 6-axes. 

Al ll  aa, ab curves obtained at different fields seem to tend to one universal 

 i i I i i i i | i i i i | i i i i | i i 

—— B = 0T 
~ BB = 18T 
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—rBB = 21T 
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curvee at sufficiently high temperatures (above 20 K). This is consistent with the 
notionn that phonons are not field dependent and dominate the thermal expansion at 
sufficientlyy high temperatures. 

Alongg the c-axis, a monotonous decrease for increasing temperatures is ob-
served,, see Fig. 2. It displays hardly any magnetic field dependence. Even curves 
measuredd in magnetic fields above and below the characteristic field, B* — 20 T, are 
identical.. Since no real difference is observed between B< B* and B > B* in ac, 
itt seems reasonable to assume that the c-axis response is caused by other phenom-
ena.. Its absolute size is, however, considerable and comparable to aa and ab in the 
heavy-fermionn regime. 

Thee observed ctc cannot be explained in terms of a deformation or dilatation 
off  the basal plane at constant volume, since this would result in a field dependent 
ac.. This suggests ac to be primarily caused by field-independent mechanisms, such 
ass phonons or conduction-electron states. The standard estimate for both contribu-
tionss is much smaller than the observed thermal expansion. The origin of the c-axis 
responsee is still a mystery. 

Thee picture emerging is one of heavy-fermion behaviour/states in the basal-
planee layers, while these layers are coupled to one another by a still to be deter-
minedd mechanism. This is in agreement with section 7.1.2. The ligand-hybridization 
strengthh is estimated to be negligible along the c-axis with respect to its strength 
alongg directions in the (a, 6)-plane. The inter-site spin fluctuations typical of heavy-
fermionn behaviour occur mainly between sites within the same basal plane. 

8.44 The apparent effective mass and it s strain dependence 

Too obtain the relative strain dependence of the apparent electronic effective mass, we 
combinee the thermal-expansion data as presented here with the specific-heat data of 
Vann der Meulen et al. ([2]). The latter are obtained on the same samples under the 
samee conditions. 7 and a*0, as introduced in the previous chapters, represent the low-
temperaturee linear temperature coefficients of specific heat and thermal expansion 
alongg the i axis, respectively. 

Fromm specific-heat measurements, a broad maximum in the field dependence 
off  7 is observed. This reflects an identical maximum in the field dependence of the 
low-temperaturee value for m*. Following Fermi-liquid arguments by which m* is 
relatedd to 7, the ratio a*o, and 7 can be shown to be proportional to r :̂ 

nn oc 4 (8.2) 
7 7 

Thee values for r0 and rb versus B display a quite irregular behaviour. A sharp 
cusp-likee feature is observed at B*, see Fig. ??. Its abruptness is in striking contrast 
too the broadness of the maximum as observed in m* itself. This could indicate the 
presencee of an anomalous distribution of strain dependencies for heavy-fermion states 
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Figuree 4 Lower part: plot of the field dependence of the low-temperature linear temperature 
coefficientt of the specific heat in UPt.3. This coefficient is proportional to the apparant 
electronicc effective mass m*. Upper part: plot of its relative length dependence (along the 
a-axis)) versus field. The latter is deduced employing a combination of the low-temperature 
linearr temperature coefficient of specific heat and thermal expansion, a Fermi-liquid result 
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Figuree 5 Both the density of states, N(E), and the strain dependence of its energy levels is 
plottedd versus energy, E, as they are to be expected for the bandstructure resulting from the 
two-bandd model of itinerant f electrons. Only the ligand-hybridization strength, \T\, is assumed 
too be strain dependent. €f is the energy of bare f states already properly re-normalized (by 
e.g.. charge-transfer processes). N (E) has a sharp-edged top formed by the Brillouin-zone 
boundary,, B.Z.B.. Its corresponding energy is €f - A . 
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Figuree 6 Schematic drawing of the proposed bandstructure. The relative strain dependencies 
off the energy levels are indicated by a gray scale. We assumed B > B*, so that the chemical 
potential,, //, is exceeding the upper edge of the band. A sufficiently small temperature window, 
ksTksT is opened so that only states in the upper part of the peak, having a low relative strain 
dependence,, are included. Such a picture would fit the results presented. 
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ass found within the peak in the density of states. A bandstructure which has such a 
featuree is the one based on two-band models involving itinerant f electrons. 

Considerr the lower branch of such a two-band bandstructure. The energy-
dispersionn relation is: 

e(k)) + 6 f - v / ( ( 6 ( k ) - 6 f ) 2 + 4|T|2) (8.3) ) 

ee (k) Represents the bare conduction band energy, labeled by the quasi-momentura 
vectorss k. ef is the energy of the bare f level, already properly renormalized. \T\ is the 
ligand-hybridizationn strength, also renormalized but by the strong on-site repulsion. 
Wee obtain as a density of states: 

NN(B)_-N.(E-J^ (B)_-N.(E-J^ 1++ PI' 
(E-e,) (E-e,) 

(8.4) ) 

wheree Nc (E) denotes half the density of states of the unhybridized broad conduction 
band.. This bandstructure is superimposed on top of the other half of the broad 
conductionn band. 

Thiss is a sharp peaked structure close to ef, see figs. 5 and 6. It has a sharp 
edgee at its top, caused by the Brillouin-zone boundary. Its energy corresponds to 
eff - A where A = \T\2/et. 

Considerr for a moment only \T\ to be strain dependent. The strain dependence 
off  E- itself is then proportional to: 

BEBE A\T\ 

d\T\ d\T\ 
\l(\l(EE-*f+T^y+MTf -*f+T^y+MTf 

(8.5) ) 

dE/d\T\dE/d\T\ has its optimum for \E - ef | = \T\. This is understandable. The effect of 
hybridizationn on the energy spectrum is, in general, at its maximum when the energy 
differencee of the initial states before hybridizing is as small as possible (equal) In 
thiss case ,the shift in energy lines is as large as possible. In our case, this is obtained 
forr e{ = e (k) or \E - ef | = \T\. These states are maximally affected by the ligand 
hybridization.. The larger the ligand-hybridization strength affects the energy lines, 
thee larger their strain dependence is expected to be. 

However,, considering the effects of a change in length scale on the energy 
levels,, three effects have to be considered. The Brillouin zone boundary is shifted 
whilee the total number of k-vectors available within one Brillouin zone remains fixed. 
Thee gap between E- and E+ is strain dependent. And the shape of the band is 
alteredd because of the strain dependence of \T\. 

Al ll  items considered, the net result is that the states close to the Brillouin 
zonee boundary have a reduced strain dependence (the effect of the strain dependence 
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off  \T\ and of the Brillouin zone boundary work for these states in opposite direction) 
ass would be initially expected when only considering the effects as a result of the 
strainn dependence of \T\. It are the states just below it which have the largest strain 
dependence. . 

Inn fig 5, both N (E)_ and the relative strain dependence of the energy levels are 
schematicallyy depicted. The predominant part of states is found at the sharp upper 
edgee of the peak in the density of states, but they have almost no strain dependence. 

Thee temperature dependence of the chemical potential is determined by the 
factt that the total number of occupied states must be fixed. For B > B*, the Fermi 
energyy exceeds this peak in the density of states. The effect of having so much sates 
presentt just below the chemical potential causes the chemical potential to be extra 
temperaturee dependent. 

Ass a result, the degree in which heavy-fermion states with their enhanced 
strainn dependence are present within this peak and which are in range kgT of the 
chemicall  potential, is reduced. The degree the latter states affect thermodynamic 
experimentss is, therefore, also reduced. 

Forr B > B*, the high density of heavy-fermion states present at the upper 
boundaryy in this peak in the density of states with their reduced strain dependence 
(comparedd to the remaining states within the peak) has a strong positive effect on the 
observedd apparent electron mass by a strong negative effect on the observed apparent 
effectivee strain dependence. 

Thee above-discussed bandstructure that is typical for itinerant f electrons can 
simultaneouslyy explain the observed broad maximum in the effective mass and the 
sharpp anomaly in its strain dependence. 

8.55 The effective Grüneisen parameter 

Combiningg the thermal-expansion data in field along the three main crystallographic 
directionss (figs. 2 and 3) the volume thermal-expansion can be determined. 

Inn combination with the specific heat data of [2], the temperature dependent 
effectivee Grüneisen parameter can be determined for several fixed fields, see Fig. 7. 
Ann analysis in terms similar as previously indicated is used. As is already discussed 
beforee the fact that a high Grüneisen parameter is observed implies a strong electron-
phononn coupling. It is, therefore, not clear which part of the strong temperature 
dependencee of the Grüneisen parameters presented in Fig. 7 is related to the electronic 
part. . 

Ann estimate of the phonon contribution to the effective Grüneisen parameter 
cann be obtained by the following procedure. Apply an ample enough magnetic field, 
BB ^> B*, so that all traces of heavy-fermion behaviour are suppressed. The latter 
includess re-entrant heavy-fermion behaviour. In this limit , thermal-expansion curves 
wil ll  turn out to be field independent. Since phonons are hardly field dependent, 
thee predicted effective Grüneisen parameter at high enough fields must be associated 



212 2 High-fieldd dilatation experiments on UPt3; the pure heavy-fermion state 

200 0 

150 0 

^ 1 0 0 0 

U U 

50 0 

0 0 

-50 0 
00 5 10 15 20 25 

T(K) ) 
Figuree 7 The temperature dependence of the effective Grüneisen parameter, Te!!, in UPt3 
forr several fixed fields above and below B* 

too phonons alone. If the phonemic Grüneisen parameter is expected to be not too 
temperaturee dependent, the same can be achieved by raising temperatures well above 
T*.T*. Still no estimate can be made for the effective Grüneisen parameter related to 
thee electronic part of the system and to the electron-phonon interaction. 

Alas,, for the maximum field strengths available, B = 24.5 T still a considerable 
fieldd dependence is observed. We could not reach sufficiently high fields for such a 
procedure. . 

8.66 T h e relat iv e length change plot ted versus temperatur e and field 

Eromm the data obtained for the magnetostriction and thermal-expansion curves, a 
three-dimensionall  plot can be constructed of the relative length change itself, AL/L , 
versuss temperature and field. In Fig. 8, such a plot is presented for the a-axis. We 
usedd the data obtained along the a-axis, and not the 6-axis. 

Thee heavy-fermion behaviour, with its strongly enhanced relative strain de-
pendence,, reveals itself as a clearly visible valley in this plot for the temperature-field 
regionss T < T* and B < B*. 

Ass becomes clear from Fig. 8, still a considerable field effect is observed for 
BB > B*. Such a field behaviour should stem from the electronic system, possessing 
stilll  features that are typical for heavy-fermion behaviour. The picture of re-entrant 
heavy-fermionn behaviour puts itself forward. 

Ass we wil l see, the existence of re-entrant heavy-fermion behaviour is confirmed 
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Figuree 8 Relative length change (in units of 10~4) along the a-axis versus magnetic field, 
00 T < B < 25 T, and temperature, 0 K < T < 15 K, as constructed from combination of 
thermal-expansionn and magnetostriction data for UPt3. The surface is drawn according to a 
splinee through the data points. The data points at T = 0 K are drawn for clarity reasons. 

Lengthh changes 

Figuree 9 
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Lengthh changes 

Figuree 10 Some of the data points used to construct the three-dimensional plot presented in 

fig.. 8. 

forr U(Ptn.9oPdo.io)3- There it is studied in greater detail. 

8.77 I n conclusion 

Wee introduced an heuristic picture, in which the effect of a magnetic field is to shift 
thee peak in the density of states responsible for heavy-fermion behaviour to lower 
energiess relative to the Fermi energy. Furthermore it compresses the peak width to 
ann even smaller energy span. In this picture, B* is the field needed to shift the peak 
completelyy below the Fermi energy. The compression to an even smaller energy span 
explainss why the observed characteristic temperature, identified by the maximum 
inn thermal-expansion curves obtained along the a-, 6-axis, shifts to lower values for 
increasingg fields. 

Fromm a combined analysis of specific-heat, [2], and thermal-expansion data 
presentedd here, we conclude that while the low-temperature apparent effective mass 
displayss a broad maximum at B*, its strain dependence displays a sharp cusp-like 
feature.. We interpreted this as an anomalous distribution of the strain dependence 
off  the energy levels for heavy-fermion states within the peak formed in the density of 
states.. We argued that the bandstructure resulting from a two-band model involving 
itinerantt f electrons is in agreement with these observations. 

Unlikee the thermal expansion along the a- and 6-axis, the expansion along 
thee c-axis displays virtually no field dependence. Even B > B* makes no difference. 
Stilll  its observed size is considerable (comparable to what is measured along the a,b-
axes).. Similar trends are observed for the magnetic susceptibility. This leads us to the 
conclusionn that heavy-fermion behaviour is predominantly occurring in basal-plane 
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layerss coupled to one another by a different mechanism, of which the origin is still to 
bee determined. The typical inter-site spin fluctuations predominantly occur between 
sitess within the basal plane. The observed thermal expansion along the c-axis is too 
largee to be described by a standard contribution of phonons or conduction electrons. 

Fromm the data obtained for magnetostriction and thermal expansion, a plot of 
thee relative length change along the o-axis is constructed. A clear valley for T <T* 
andd B < B* is observed, a consequence of the heavy-fermion behaviour existing in 
hiss region. 

Forr B > B*, the peak in the density of states is expected still to exist al-
thoughh shifted to energies smaller than the chemical potential. By increasing the 
temperature,, the heavy-fermion states within this peak wil l be depopulated. 

Re-entrantt heavy-fermion behaviour should display itself as a second valley 
presentt for B > B* in the above-mentioned three-dimensional plot. We are only 
ablee to observe a reminiscence of such a second valley that seems to be present at 
temperaturess slightly lower (T < 1.2 K) than accessible at these high fields (B > B* 
== 20 T). The presence of such a valley, i.e. re-entrant heavy-fermion behaviour, is 
inn agreement with the observation that properties as the thermal expansion are still 
stronglyy field dependent for B > B* or that thermal-expansion data along the a- and 
fr-axisfr-axis seem to turn negative and display a minimum for T < 1.2 K. 
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Chapterr 9 
HIGH-FIELDD DILATATIO N EXPERIMENTS ON U(PT0.95PDo.o5)3; 

MAGNETICC ORDERING VERSUS HEAVY-FERMION 
BEHAVIOUR R 

9.11 Introductio n 

AA large part of this chapter has already been published in [7] [8]. It is well known that 
theree are heavy-fermion compounds exhibiting long-range magnetic ordering with 
magneticc moments of substantial size. A stilll  open question is whether this long-range 
orderingg is related to the heavy-fermion state that is also present in these compounds. 
Doo both phenomena have a similar physical origin (just different demonstrations of 
thee same underlying states), or is it better to describe them as two separate states 
interactingg with each other? In this light it is a curious fact that ferromagnetic 
orderingg seems to be non-existing in these systems without the introduction of a 
strongg spin-orbit coupling as it is to be expected for Hubbard and t-J models. 

Thiss problem might be addressed by studying the compound UfPto.gsPdo.osV 
Dopingg UPt3 with 5% Pd induces, in addition to the heavy-fermion behaviour, long-
rangee antiferromagnetic ordering with a large ordered moment of 0.6 2 fJLB/V-
atomm [1]. 

Wee present thermal-expansion and magnetostriction data on U(Pto.95Pdo.os)3 
alongg all three crystallographic axes in magnetic fields up to 17 T and in the tempera-
turee range 1.5 - 12 K . The magnetic field is always applied along the a-axis. The crit-
icall  fields and temperatures of both the long-range antiferromagnetic ordering (TN = 
5.88 K, BAF = 13 T) and the heavy-fermion state (T* « 8.2 K, B* » 12 T) are covered 
inn these experiments. As we argued before, the ligand hybridization plays a crucial 
rolee in the formation of the heavy-fermion state, whereas the long-range antiferromag-
neticc ordering is strongly dependent on the inter-site exchange-coupling parameter. 
Bothh the ligand-hybridization strength and the inter-site exchange coupling are ex-
pectedd to be strongly molar volume dependent. Therefore, magnetostriction and ther-
mall  expansion are sensitive tools to study simultaneously heavy-fermion behaviour 
andd long-range antiferromagnetic ordering. In addition, length-change measurements 
aree a thermodynamic technique sensitive to crystallographic directions. Field and 
lengthh changes can be a applied c.q. measured along well-specified directions. 

Wee will observe features related to the heavy-fermion behaviour and features 
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relatedd to the long-range antiferromagnetic ordering, separately. But also features are 
observedd which we interpret as originating from the interaction between long-range 
antiferromagneticc ordering and heavy-fermion behaviour. 

Neutron-diffractionn experiments on U(Pt0.95Pdo.o5)3 reveal the presence of an-
tiferromagneticc ordering with an ordered moment equal to (0.6  0.2) /LtB/U-atom [1] 
pointingg along the b-axis. The magnetic structure consists of a doubling of the crys-
tallographicc unit cell along the same 6-axis. This ö-axis is not unambiguously defined 
becausee of the hexagonal structure of the basal plane. Three different 6-axes can be 
identifiedd and three different types of magnetic ordering exist. Macroscopically, three 
differentt types of magnetic domains are expected. 

Thee magnetic structure is similar to that of the small-moment antiferromag-
netismm observed in UPt3 itself (0.02  0.01 /JB/U-atom)[2]. The A-like anomaly in 
thee specific-heat data [3] and the Cr-type anomaly in the resistivity data [4] at TN 
confirmm the presence of long-range antiferromagnetic ordering of a spin-density-wave 
type. . 

Thee experiments have been performed on the same sample as used in previous 
high-fieldd specific-heat measurements ([3]). Length changes were measured using a 
parallel-platee capacitance method. 

9.22 T h e shared origi n and t h e interact ion be tween long-range magnet ic 
order in gg and heavy-fermion behaviour 

Theree is only one set of electrons present responsible for both the long-range magnetic 
orderingg and the heavy-fermion behaviour. A possible description could be in terms 
off  a Hamiltonian containing separate parts: one responsible for the heavy-fermion 
behaviourr and another one for the long-range magnetic ordering. Other parts describe 
thee interaction between the two. A different approach is to describe both phenomena 
ass two different manifestations of the same type of a ground state. Depending on 
thee particular interaction-parameter setting, this state is pushed from one limi t to 
thee other, displaying either more of its long-range magnetic ordering or of its heavy-
fermionn behaviour. 

Thee distinction between, what is called, different types of states at one hand 
andd fundamental interactions at the other, is always artificial. But still the ques-
tionn about the strength of the link between heavy-fermion behaviour and long-range 
orderingg remains on the table. 

Inn section 2.4, a staggered magnetic field is introduced for the small molecules 
studiedd in chapter 2. The original interactions in the molecules are represented by 
aa Hamiltonian very similar to the Periodic-Anderson Hamiltonian. To these interac-
tions,, an externally applied field is added enforcing either ferromagnetic or antiferro-
magneticc ordering. Depending on whether the added staggered field is ferromagnetic 
orr antiferromagnetic, different sets of the originally conserved quantum numbers of 
thee molecule are broken. For a ferromagnetic staggered field, it is the total spin 
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quantumm number which is no longer conserved (but its projection quantum number 
andd symmetry quantum numbers still are). For an antiferromagnetic staggered field, 
i tt are the quantum numbers associated with the symmetry of the molecule which are 
noo longer conserved. 

Forr molecules with a staggered field, we concluded that there are two field 
regimess (the relevant energy scales are HQB versus \T\ / (ec - ei)). In the low-field 
region,, we treated the staggered field as a perturbation, while in the high field region, 
thee ligand hybridization and the on-site interactions were treated as perturbations. 

There,, we concluded that for increasingly strong staggered fields, the effects 
off  such fields for being either ferromagnetic or antiferromagnetic on the low-energy 
excitationss are different. For an antiferromagnetic staggered field, the low-field low-
energyy excitations turn into their high field forms in a continuous way. For the fer-
romagneticc staggered field, the low- and high-field results differ in nature. A similar 
conclusionn holds when one considers the antiferromagnetic and ferromagnetic suscep-
tibilities.. We interpreted this as heavy-fermion behaviour being in agreement with 
long-rangee antiferromagnetic ordering but not with long-range ferromagnetic order-
ing.. To our knowledge no clean, single-crystalline, heavy-fermion compound exists 
whichh displays both heavy-fermion behaviour and long-range ferromagnetic ordering, 
simultaneously. . 

Theree are similarities between a ferromagnetic staggered field and an externally 
appliedd magnetic field. The above observation is in agreement with the existence of a 
characteristicc field for heavy-fermion behaviour (the minimum magnetic field needed 
too suppress the heavy-fermion behaviour). 

I tt is argued that the proper model description for the systems under study is 
thee Periodic-Anderson model. 

Thiss effective Hamiltonian consists of three parts: a straightforward conduction-
bandd part (involving only conduction states), a part involving only f-states of the 
magnetic-ionss (f-shell electrons) strongly resembling Hubbard Hamiltonians and a 
thirdd part connecting the conduction states to the f states. I t is the second part 
inn which we are interested here. At half filling , where each magnetic-ion site shell 
iss singly occupied, the Hubbard Hamiltonian resolves into antiferromagnet ordering. 
Thee situation at hand is one of slightly less than half filling . Still some antiferro-
magneticc tendencies are expected. I t is, therefore, this Hubbard part of the effective 
Hamiltoniann we hold responsible for the observed long-range antiferromagnetic or-
dering.. Only antiferromagnetic, and not ferromagnetic, ordering is allowed by the 
Hubbardd model. This disagreement between Hubbard models and long-range ferro-
magneticc ordering seems in concert with the previous observation made concerning 
ferromagneticc staggered fields and small molecules*. While we held the second part 
off  the effective Hamiltonian responsible for the magnetic ordering and/or the super-
conductivity,, i t is the third part (the effective interaction between conduction and f 

*I tt seems more generally true that some extra special requirements is needed to enforce ferro-
magnetism,, such as spin-orbit coupling. 
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Figuree 1 Field dependence (B || o-axis) of the relative length changes along the a-axis of 
U(Pto.95Pdo.o5)33 for T = 5.7 K (>Tjv) and T = 1.9 K (<JN). Using thermal-expansion 
dataa (section 5), extra offsets are added so that the relative length changes, A L a /L a , are 
representedd with respect to the length at 0 T and 1.9 K without any field history after cooling 
too T < TN. Arrows indicate the direction of the field sweep. I s ' and 2 n d indicate being either 
thee first or second time a field up and down sweep (maximum field 17 T) is performed on the 
zero-field-cooledd sample. 

states)) to which we connect the heavy-fermion behaviour. In terms of such a descrip-
tionn a strong interaction is expected between heavy-fermion behaviour and long-range 
magneticc ordering. 

I tt is, therefore, to be expected that a heavy-fermion state formed in the pres-
encee of long-range magnetic ordering is more stable than in its absence. In reverse, 
oncee heavy-fermion states are established they introduce an extra correlation between 
thee magnetic ions of which the long-range magnetic ordering benefits. As a result 
thee magnetic ordering is expected to be more stable in the presence of heavy-fermion 
behaviour. . 

AA different approach is in terms of models as put forward by e.g. Continentino 
andd Doniach. The heavy fermion state can be described as a quantum critical phe-
nomenon,, a critical balance between magnetic, RKKY , and Kondo interactions. I t 
couldd be imaginable that this balance, affected by changing boundary conditions, 
couldd t ip over in favour of one or the other, causing the heavy-fermion behaviour to 
displayy more of its Kondo or RKKY nature. 
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Figuree 2 Field dependence (B || o-axis) of the relative length changes along the 6-axis of 

U(Pto.95Pd0.o5)33 for T = 5.7 K (>Tjv) and T = 3.0 K ( < T J V ) . Using thermal-expansion data 

(sectionn 5), extra offsets are added so that relative length changes, A La/L&, are represented 

withh respect to the length at 0 T and 1.9 K without any field history after cooling to T < T N -

Arrowss indicate the direction ÖI the lield sweep. 1 anu t.n inuicate uemg eitner iirst or seconu 

timee a field up and down sweep (maximum field 17 T) is performed on the zero-field-cooled 

sample. . 
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Figuree 3 Field dependence (B || a-axis) of the relative length changes along the 6-axis of 
U(Pto.95Pdo.o5)33 for T = 5.7 K (>TJV) and T = 3.0 K (<Tjv) . Using thermal-expansion data 
(sectionn 5), extra offsets are added so that relative length changes, A L a /L a , are represented 
withh respect to the length at 0 T and 1.9 K without any field history after cooling to T < Tpj. 
Arrowss indicate the direction of the field sweep. I s ' and 2 n d indicate being either first or second 
timee a field up and down sweep (maximum field 17 T) is performed on the zero-field-cooled 
sample. . 

9.33 Re la t ive length changes as function of field 

Thee magnetostriction data obtained at fixed temperatures reveal several interesting 
features.. In Fig. 1, the relative length change as a function of B, AL(B) /L, is 
plottedd for several fixed temperatures. 

Forr temperatures T < TN, the relative length change along the a- and 6-axis 
displayss hysteretic behaviour, see the blow up of the low-field region in figs 1 and 2. 
Somee specific features are apparent. 

Afterr applying a field larger than 15 T (and removing it) , the length of the 
samplee at 0 T along the a-axis is reduced. Along the 6-axis, the zero-field length has 
slightlyy expanded by this procedure. 

Repeatingg the same field-up and -down sweep procedure for a second time 
(indicatedd by 2nd in fig 1, 2) wil l cause no further zero-field length changes. However, 
stilll  a difference exist between the data obtained in an up- or down-sweep in the field 
regionn between 0 T up to fields of 6 - 8T. I t seems that in the up sweep a minimum 
fieldfield of approximately 2 T is needed before the sample length along the a-, 6-axis 
startt to significantly deviate from its 0 T value. 
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Repeatingg the field up- and down-sweep for a third time, only reproduces the 
resultt obtained the second time. 

Alongg the c-axis no such hysteresis effects are observed, see Fig. 3. 
Forr the o- and 6-axis, relative length changes measured at two different tem-

peraturess are depicted in figs 1 and 2. Always a temperature exceeding Ts (= 5.6 K), 
TT =5.7 K, and a temperature significantly smaller than TN is chosen (T = 1.9 K and 
TT = 3 K for the a- and 6-axis, respectively). For T = 5.7 K (> TN), the long-range 
antiferromagneticc ordering is suppressed while for T < TN long-range antiferromag-
neticc ordering is expected to be dominantly present for B < B AF- With the help of 
thee thermal-expansion data (section 5) extra offsets are added to the ALi/L\ data 
plottedd for different temperatures. 

Forr each crystallographic direction, the ALi/Li curves shown in 1, 2 and 3 
wil ll  be compared. From the above figures it becomes clear that the formation of the 
long-rangee antiferromagnetic ordering is associated with an extra reduction of the 
lengthh of the sample along the a- and 6-axis, i.e. the area in the basal plane. 

Alongg the c-axis the transition from the antiferromagnetically ordered state 
intoo the forced ferromagnetic state is associated with a dramatic change in the sign 
off  the slope of the curves in Fig. 3. 

9.44 Analyzing relative length changes 

9.4-19.4-1 The observed hysteresis effects 

Thee hysteretic features mentioned must be related to the presence of domains. Al-
thoughh the magnetic moments have a preference to orient along a 6-axis, due to the 
hexagonall  symmetry of the crystal structure, this still leaves three preferential options 
open.. Three different types of antiferromagnetic domains are imaginable, distinguish-
ablee by the direction in which the magnetic moments are ordered. Each type on its 
ownn is further twice degenerate; i.e. a ordering with magnetic moments in a certain 
directionn and the ordering in which the direction of all the magnetic moments are 
preciselyy reversed. 

Ass the magnetic field is applied along one particular choice of a-axis, the 
typee of magnetic domains with their moments perpendicular to it (along the 6-axis 
correspondingg to the chosen a-axis), is expected to have the lowest energy. The effect 
off  an initial magnetic-field sweep to the maximum field value (17 T) and back is to 
reducee the number of types of domains present from three to one, i.e. the type of 
domainn with magnetic moments ordered perpendicular to the magnetic field. 

Goingg from the multi- to the single-type situation (after the initial sweep up 
andd down of the magnetic field), two observations can be made. 

First,, the a-axis shrinks while the 6-axis expands. Secondly, no longer an 
averagee is measured as is the case for the multi-type situation. 

I tt is straightforward to show that for the relative change of the area in the 
(a,, 6)-plane, AS'a.b/Sa.b» with respect to some reference surface area, the following 
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expression: : 

AS»,bb = A L , A L b + A L . + A^b 
S*bS*b La Lb LB Lb 

holds.. We note that as an effect of such a treatment, the surface area in the (a, &)-
planee as a whole shrinks as a result of a field treatment, i.e. AS^/S ̂ < 0 . With the 
reductionn of the types of domains, the stresses associated with the boundary zones 
betweenn different types of domains are reduced. 

Whatt still has to be explained is the difference between the field up- and down-
sweepp as observed after repeating the field-sweep procedure for a second time. Still 
aa (closed) hysteresis loop is observed. Repeating the procedure for a third time just 
reproducess the second-time data. For the up-sweep, a field of approximately 2 T is 
neededd before the length along the a- and 6-axis starts to change significantly from 
itss zero-field value. This feature is not observed in the down-sweep. This seems to 
bee at the heart of the discrepancy between the up- and down-sweep. 

I tt turns out that after a field up and down sweep, the zero-field magnetic 
structuree is locked into some minimum configuration. A certain minimal effort is 
neededd to overcome this locking. We wil l return to this point when discussing the 
thermal-expansionn data. 

AA possible explanation could be that magnetic domains relax in low fields into 
aa particular configuration dominated by crystal-lattice imperfections and that the 
excesss energy is associated with domain-wall formation. 
9.4-29.4-2 The reduction of the basal-plane dimensions of the elementary unit cell due to 

thethe formation of long-range antiferromagnetic ordering 

Thee formation of the long-range antiferromagnetic ordered state is associated with a 

reductionn of the length and surface in the basal plane. 
Ann explanation could be given in terms of a strong interaction between long-

rangee antiferromagnetic ordering and heavy-fermion behaviour. According to previ-
ouss chapters, a signature of heavy-fermion behaviour is a reduction in length of the 
sample.. A further reduction of length, due to the formation of long-range antiferro-
magneticc ordering, suggests that the heavy-fermion behaviour is even more stable as 
aa result of the long-range antiferromagnetic ordering. 

Thee experiments show that the formation of long-range antiferromagnetic or-
deringg is associated with a reduction of the dimensions of the basal plane. Along the 
c-axiss an expansion is observed. 

Thee reverse is also expected to be true. The presence of the heavy-fermion 
behaviourr introduces an extra correlation between the magnetic ions from which the 
long-rangee magnetic ordering benefits. 

9.55 Forced magnetostr ict ion data 

Thee features observed in the forced-magnetostriction data along the a-, b-, and c-axis 
aree similar: a broad shoulder related to the meta-magnetic transition of the heavy-
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Figuree 4 Forced magnetostriction curves, 1/Lj dLi / dB, of U(Pto.95Pdo.os)3 for i 
c-axiss (B || a-axis) at several fixed temperatures above and below T"N = 5.6 K 

== a-, b-, 

fermionn behaviour (its maximum at B* fn 12 T) with on top of it a sharp feature 
relatedd to a phenomenon at BA F (see Fig. 4) caused by the breaking up of the long-
rangee antiferromagnetic ordering. B&p is the characteristic field of the long-range 
antiferromagneticc ordering. 

Thee apparent broadness of the meta-magnetic transition in the magnetostric-
tionn data as compared to similar data taken on UPt3 could be related to the fact 
thatt in U(Pto.95Pdo.os)3 the Pt atoms are in-homogeneously replaced by Pd on the 
scalee of unit cells. The concentration of Pd atoms is smaller than one per unit cell 
( »» 0.15). Unit cells exist containing no Pd atoms while others do. Furthermore, it 
iss not always the same Pt position (in a unit cell) which is replaced by a Pd atom. 
Thiss inhomogeneity is expected to broaden the meta-magnetic transition. 

Thee locations of the anomalies in the B-T plane correspond nicely with the 
resultss obtained by magneto-resistance experiments [6]. 

Forr the a- and 6-axis an extra feature is observed at approximately 1 T. This 
featuree is related to the hysteresis effects discussed in the previous section. 

9.66 T h e thermal-expansion data 

Thee thermal expansion, «<= L^1 dLi /dT, along all three crystallographic directions, 
indicatedd by the subscript i = a, b, or c, for different fixed magnetic field values are 
depictedd in Fig. 5. 

I nn the presence of long-range antiferromagnetic ordering, the cooling and field 



2 2 66 High-
fieldfield dilatation experiments on U(Pt0.95Pdo.os)3; magnetic ordering versus heavy-fermion behaviour 

T(K) ) 

Figuree 5 Thermal-expansion data along the crystallographic a-,b- and c-axis of 
U(Pto.95Pdo.05)33 for B || a-axis. Field and temperature ranges cover critical fields and 
criticall temperatures of both the long-range magnetic ordering and the heavy-fermion be-
haviourr The o^-curves for 0.5 T and 8 T curves have an offset of 1.0 X l 0 ~ 5 K"1 and 
0.5XlO"55 K - \ respectively 
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Figuree 6 Thermal-expansion data, at, for i = a- (closed symbols) and 6-axis (open symbols) 

inn a field of 0.5 T (B || a-axis) for a U(Pto.95Pdo.o5)3 sample after cooling in zero field 

(right-handd side of picture) and after having applied a field of 10 T, exceeding B A F (left-hand 

sidee picture). The solid line without any symbols appearing in boh figures: 1/2 {a^+a^) 
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situationn has been given an offset of-0.5 X 10~5 K"1. Its similarity to the aa-curve in the 

samee situation is apparent 
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historyy becomes important. First, thermal expansion at 0 T is measured on a sample 
afterr it is cooled from room temperature to the lowest temperature accessible, T = 
1.22 K . At T <^TN a field of 0.5 T is applied and thermal expansion is re-measured. 
Thee obtained data are identical to the 0 T data. For T <C TN, a field sweep is applied 
(maximumm field 12 T) after which the field is reduced to 0.5 T again. A field of 12 T 
iss expected to be sufficiently large to turn a multi-domain sample into a single domain 
casee (see section 9.4). Re- measuring thermal expansion causes significant differences 
forr the a- and 6-axis from previous results. We attr ibute the observed difference in 
aa&&  and ah, depicted in Fig. ??, to the sample being either multi- or single-domain 
type.. If not explicitly mentioned otherwise, the data presented are always of a sample 
whichh experienced such a field treatment. 

Ass it is already discussed, once the temperature exceeds TNj re-measurement 
off  thermal expansions only reproduces the multi-type results. The effect of a 10 T 
fieldd is destroyed by raising the temperature above TN. The sample's magnetic do-
mainn structure has changed from single-type to multi-type again. As long as the 
temperaturee does not exceed 7N, the obtained thermal expansion does not display 
anyy hysteretic behaviour. 

Thee observed features in the a&- and a^-curves for different fields cannot easily 
bee described in terms of simple trends.. A sharp extra cusp-like feature is observed 
att TN (B) being either negative, in the case of the 6-axis, or positive, in the case of 
thee a-axis. After having applied a field of 10 T on the zero-field cooled sample, an 
extraa feature is introduced at Tk « 2 . 5K in both the 0.5 T aa and ah curves, see 
Fig.. ??. There is a slight difference for TA defined from the feature in the a- and the 
6-axiss respectively, 7A (6-axis) < 7A (a-axis). 

Inn the \ (oja + ah) curve, also a negative feature is observed at TA , see Fig . 
7.. This extra feature results from the extra features in aa and ah not cancelling each 
other;; a consequence of TA (6-axis) < T\ (a-axis). 

Alongg the c-direction, a negative sharp anomaly at TN (B) is observed. No 
domainn effects are found. The effect of the field is to decrease this height of the 
featuree and the temperature, TN ( £ ), at which the feature is observed is shifted to 
lowerr values. 

Important,, here is the absence of hysteresis effects in thermal-expansion data. 
Thee thermal expansion along the a- and 6-axis for a field-treated (as T < TN a field B 
»» # A F is applied and removed so that only single-type of domains are present) and a 
not-field-treatedd situation are different. But starting with a field-treated sample and 
measuringg thermal expansion as we sweep the temperature from the lowest accessible 
value,, T = 1.2 K, to a temperature sufficiently below TN, T ^ ^ ^ = 5.2 K, and 
back,, no hysteresis is observed. For 7 ^ m ax > 7k, Tmme9  ̂ = 5.7 K, we observe in 
thee down sweep the thermal expansion as measured on a sample which experienced 
noo field treatment after cooling down. We have to admit that the temperature span 
fromm 1.2 K to 5.2 K is not sufficiently large to draw too hard conclusions. A more 
detailedd discussion wil l follow in sections 5 and 7. 
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Forr fields exceeding 12 T (B* for the heavy-fermion behaviour in UfPtaosPdo.os)̂ 
noo features are observed in ac. Also along the a- and 6-axis all previously discussed 
featuress are suppressed. But at the lowest temperatures (T < 5 K) the sign of aa and 
Obb is reversed, negative as for B > B*. A shallow minimum is observed at low tem-
peratures.. Such behaviour is in agreement with re-entrant heavy-fermion behaviour 
ass already discussed. We can interpret such behaviour in terms of the typical peak 
inn the density of state at an energy slightly smaller than the chemical potential for 
BB > B* (instead of at the chemical potential as is the case for B < B*). An increase 
inn temperature wil l cause the heavy-fermion states to be detected again. This wil l 
displayy itself as the creation of a new valley in a plot of the length versus temperature 
andd field. 

9.77 Analyz in g t h e thermal-expansion data 

Severall  experimental facts suggest the presence of heavy-fermion behaviour for T > 

TNN (B). These are: 

•• The similarity between thermal-expansion data as measured on UfPto.gsPdo.os^ 
forr TN (B) < T < 9 K and of UPt 3 (previous chapter, [7]) is apparent. 

•• For T > Tn (B), still a strong field dependence is observed for the thermal-
expansionn curves. Since phonons are hardly field dependent and no long-range 
magneticc ordering is present at these temperatures, this must be related to 
heavy-fermionn behaviour (the only remaining phenomena with a strong field 
dependence).. As the applied field exceeds B* (and J9AF)> 5 > 12 T, the field 
dependencee of the thermal expansion curves is strongly reduced in particular 
inn the 5 K < T < 9 K. 

•• For T > TN (B), still a metamagnetic transition associated with heavy-fermion 
behaviourr is observed in magnetostriction data. 

Thiss suggests that long-range antiferromagnetic ordering is not crucial for 
thee presence of heavy-fermion behaviour. At least for B < 12 T, the long-range 
antiferromagneticc ordering and the heavy-fermion behaviour should be considered as 
twoo separate phenomena interacting with each other. 

Fromm the data depicted in Fig. 5, we deduce the ct0 = (1/2) (a a + a^) and 
a aa — Ob versus temperature curves for various fixed fields, see Fig. 7. While OQ is 
proportionall to the thermal expansion of the (a, 6)-plane, a a — 0%, is related to the 
deformationn of the (a, 5)-plane. For B < 12 T, the ao curves look similar to those 
foundd for UPt3 with on top of it a feature related to the long-range antiferromag
neticc ordering. The features observed in the UPt 3 data we related to heavy-fermion 
behaviour. . 

Plottingg these curves as a function of T/Tjq (B), see fig 8, for T / T N (B) < 1, 
thee ao curves obtained for B < 12 T are almost identical. Excluded is the extra 
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Figuree 7 Plotting a0 = (1 /2) ( a , + ab), ( a a - a b ) and av = (1/3) ( a a + ab + a c ) as 
determinedd from data on U(Pto.95Pdo.o5)3 presented in fig 5 
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Figuree 8 Plotting a 0 = (1/2) ( a a + a b ) of U(Pto.95Pdo.05)3 as function of the temperature 
normalizedd to the Néel temperature (TN (B)) for several fixed values of the applied field. 

featuree at TA w 2.5 K present in the a0 (B = 0.5 T) curve (TA/TN (B = 0.5 T) w 
0.4).. This suggests TN (B) to be the only important energy scale in this region (T 
<< TN, B < SA P) . The influence of the long-range antiferromagnetic ordering on the 
heavy-fermionn behaviour seems to be much stronger than the direct influence of the 
externallyy applied magnetic field. Of course, an indirect influence exists. An external 
fieldfield change wil l affect the long-range antiferromagnetic order which, on its terms, 
wil ll  influence the heavy-fermion behaviour. The above interpretation is consistent 
withh the analysis presented in section 9.4 concerning the areal contraction in the 
(a,, ft)-plane related to the formation of the long-range antiferromagnetic ordering. 

Wee could investigate the role of long-range antiferromagnetic ordering on 
heavy-fermionn behaviour since we are able to compare heavy-fermion behaviour in 
thee presence and absence of long-range magnetic ordering. The reverse, drawing 
conclusionss about the effect of the heavy-fermion behaviour on the long-range an-
tiferromagneticc ordering, is not unambiguous. There is no temperature-field region 
wheree long-range antiferromagnetic ordering exists in the absence of heavy-fermion 
behaviour. . 

Thiss extra feature observed near TA in ot0 (B = 0.5 T) could be related to the 
magnetic-structuree configuration. To understand the still present hysteresis effects in 
thee relative length change versus field in a single-type domain sample we introduced 
aa locking mechanism. It locks the magnetic structure in one specific configuration at 
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thee lowest fields. A minimal external magnetic field strength seems to be needed to 
dislockk it. In fact, the magnetic structure arranges itself continuously to minimize 
thee free energy for given temperature and external field. This dislocking energy could 
alsoo be applied thermally (T >TA) 

Att temperatures below T « 2.5 K ( 7 A ) , the shape of a0 {B = 12 T) still 
reflectss the dominant presence of heavy-fermion behaviour, while at higher temper-
aturess it changes into a curve similar to those found in UPt3 corresponding to a 
field-suppressedd heavy-fermion behaviour (for B > 20 T, -the characteristic field of 
thee heavy fermion state in UPt3). Reaching B\F, the long-range antiferromagnetic 
correlationn length wil l tend to zero but still some fluctuating antiferromagnetic or-
deringg is present. For B =12 T, the balance of effects on the heavy-fermion state, 
withh on one hand the remanent long-range antiferromagnetic ordering, which tries to 
restoree the heavy-fermion state, and on the other hand the externally applied field, 
whichh in this region (B ft*  B*) partly suppresses the heavy-fermion state, becomes 
critical.. Increasing the temperature wil l further suppress the long-range antiferro-
magneticc ordering until it completely disappears. The balance wil l t ip over in favour 
off  the destruction of the heavy-fermion behaviour by the field. For even higher fields, 
thee a0 and aa b-curves are smooth. Their physics is dominated by the presence of 
localizedd moments (on the uranium sites) and what wil l be referred to as "re-entrant 
heavy-fermionn behaviour" later on. 

Comparingg the aa(B =0.5T) or ab(B = 0.5T) for the multi-domain sam-
plee (zero field cooled) with \ (aa (B = 0.5T) + ab (B = 0.5T)) of the single domain 
samplee (field cooled) we observe that for temperatures, sufficiently exceeding TA 
(T(T > 3.5ÜT), both coincide. 

Asidee from a sign reversal, the aa - a6 curves resemble ac. The volume 
expansionn is small as compared to the other parameters. 

Ass discussed in section 9.4, the relative length in the studied field-temperature 
regionn can be deduced from a combination of thermal-expansion and magnetostriction 
data.. I t is found that entering the long-range antiferromagnetically ordered phase by 
eitherr decreasing field or temperature causes the area of the (a, 6)-plane to shrink. 
Thee a-axis shrinks considerably more than the b-axis. 

Finallyy we calculated the volume thermal expansion (av = (1/3) (aa + ah + ac)) 
forr several fixed fields. We find that av in the long-range antiferromagnetically ordered 
phasee is almost constant independent of field and temperature ( (0.25  0.05)-KT5 

K" 1),, see Fig. 7. 

9.88 I n conclusion 

Amongg the Pd doped U(Pti_xPda!)3 compounds it is the x = 0.05 compound in which 
thee long-range antiferromagnetic ordering is most dominantly present. 

Fromm analyzing magnetostriction and thermal-expansion data, we find that in 
U(Pt0.95Pdo.o5)33 the effect of the long-range antiferromagnetic order on the heavy-
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fermionn behaviour is substantial, much stronger than the direct effect of the applied 
field.. For T < TN ( £ ), the important energy scale is TN (B) (see fig 8). The major 
effectt of the applied field on the heavy-fermion behaviour is to affect the long-range 
antiferromagneticc ordering which on its terms affect the heavy-fermion behaviour. I t 
is,, therefore, not by accident that for T approaching zero temperature B* = JBAF in 

U(Pt0.95Pd0.05)3. . 
Thee observation that long-range antiferromagnetic ordering has a positive in-

fluencefluence on the formation of the heavy-fermion behaviour is in agreement with the 
modelss as they are shortly summarized in section 9.2. 

Ass the effect of long-range magnetic ordering is so dramatic for the heavy-
fermionn behaviour (it enhances it) we expect the long-range antiferromagnetically 
orderedd phases to be enclosed by the heavy-fermion phase in a field-temperature 
phasee diagram. 

Thee volume thermal expansion is almost constant and independent of field and 
temperaturee in the field-temperature region were the long-range antiferromagnetic 
orderedd state exists. Furthermore, the formation of this long-range antiferromagnetic 
orderingg is associated with a non-isotropic reduction of the area in the (a, 6)-plane. 
Alongg the a-axis the reduction is substantially more than along the &-axis. 

Thee formation of long-range antiferromagnetic ordering being associated with 
aa reduction of the volume and basal-plane area is counter intuitive. We explained 
thiss in terms of a strong interaction between heavy-fermion behaviour and the long-
rangee antiferromagnetic ordering. I t is the long-range ordering which helps the heavy-
fermionn state to be more pronounced which on its terms is liable for the areal reduction 
inn the a,b-plane. Could the observed features along the c-axis be interpreted as 
stemmingg from the deformation in the (a, 6)-plane? 

Inn our studies of length changes as function of field, hysteresis effects related 
too the magnetic structure are clearly visible. Features are observed which we related 
too a reduction from multi- to single-type of domains by a field up- and down-sweep 
forr a zero-field-cooled sample. Repeating such a field sweep for a second and a 
thirdd time, still displayed hysteretic features. We interpreted this in terms of the 
magneticc structure being locked into some minimum configuration at the lowest field. 
Importantt parameters for such a configuration are crystal-lattice defects, the energy 
associatedd with domain-wall formation and the crystal-anisotropy energy. A certain 
minimumm field is needed to dis-lock the magnetic structure out of this configuration 
afterr which the magnetic structure adjusts itself to minimize the free energy for 
givenn temperature and field. In the low-field thermal-expansion data also a feature 
iss observed which we related to this wdis-locking energy". 
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Chapterr 10 

HIGH-FIELDD DILATATIO N EXPERIMENTS ON U(PT0.9oPDo.io)3 

10.11 Introductio n 

Ass the Pd concentration in U(Pti_xPdx)3 is increased from x = 0.05 to x = 0.10, 
severall  effects occur at low temperatures. The observed long-range antiferromagnetic 
orderingg below T = 5.8 K in UfPto.gsPdo.oOg is no longer observable in the x = 0.10 
compound.. Considerably sized local moments start to be created but still a high 
effectivee mass is detected. But the most significant feature for this chapter is that, 
comparedd to UPt3 and U(Pt0.95Pdo.o5)3 where the thermal-expansion coefficient in the 
(a,, 6)-plane is positive and negative along the c-axis, for the U(Pto.9oPdo.io)3 com-
pound,, the thermal expansion along the c-axis is positive whereas in the (a, ö)-plane 
itt is negative. As far as thermal-expansion data along separate axes are concerned, 
thee increase of the Pd-concentration up to x = 10 has induced a sign reversal for the 
thermal-expansionn data along the different axes. No such sign-reversals are observed 
inn forced magnetostriction data. On the other hand, still a high effective mass is de-
tected.. So this state can still be named a heavy-fermion state but it must be different 
fromm the heavy-fermion behaviour detected in UPt3 and U{Pt0.95Pdo.05)3- These are 
thee phenomena which we like to study in this chapter. 

AA further increase of Pd doping (x > 0.10) introduces extra spectral lines in 
thee X-ray diffraction pattern. These spectral lines do not grow continuously in inten-
sityy with Pd doping. It is more like they are introduced discontinuously. One could 
interprett this as the x = 0.10 compound being in a meta-stable situation between two 
chemicall  phases. It is, therefore, hard to track the above-mentioned phenomena for 
evenn higher Pd concentrations. The question how high the Pd concentration has to 
bee to increased before the observed high effective masses transform into more metallic 
sizedd values, cannot be answered, since Pd concentrations are needed for which the 
crystallographicc isomorphy cannot be guaranteed. 

I tt has been suggested that Pd doping shares similar effects as the application 
off  a magnetic field. Considering, for instance, 5*, doping UPt3 with 10% Pd shifts 
B*B*  from 20 T to 0 T. Thus, instead of further Pd doping (x > 0.10), one could use 
ann applied magnetic field to evoke the same phenomena. 

Ass the difference in heavy-fermion behaviour in UPt3 and U(Pt0.9oPdo.io)3 

revealss itself the best in dilatation data, we will use dilatation experiments for the 
studyy of U(Pto.goPdo.io)3- High-field dilatation experiments (1.2 K < T < 12 K and 
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normall  heavy-fermion behaviour  re-entrant heavy-fermion behaviour 

""  n n 

noo heavy-fermion heavy-fermion 
behaviourr behaviour 

== heavy quasi-particle T | < T9 
stales s 

F.D.. = Fcrmi-Dirac distribution function 

Figuree 1 Schematic depiction of re-entrant heavy-fermion behaviour. In the left-hand side of 
thee picture normal heavy-fermion behaviour is depicted. The Fermi energy is within the peak in 
thee density of states. At low temperatures, heavy quasi-particle excitations are observed. In the 
right-handd side of the picture a magnetic field shifts the peak in the density of states to lower 
energiess with respect to the chemical potential. B*, is the characteristic field needed to shift 
thee peak just below Fermi energy. For B > B*', at the lowest temperatures, e.g. 7\ , no heavy 
quasi-particlee excitations and no heavy-fermion behaviour are observed. In the picture at the 
right,, the temperature (T2) is sufficiently increased in order to excite the heavy quasi-particle 
excitations,, i.e. heavy-fermion behaviour is re-introduced. The degree such excitations are 
observedd is a balance between the temperature window opened, kr^T, and the temperature 
dependencee of the chemical potential /j, (T) 

00 T < B < 1 7K with B n a-axis) wil l be presented. 

Thee important phenomena related to heavy-fermion behaviour in UPt3 appear 

alll  to be related to the basal-plane layers (with some form of coupling along the c-axis). 

Forr U(Pt0.9oPdo.io)3 , however, the reverse seems to hold. The roles of the c-axis and 

thee (a, 6)-plane appear to be reversed. This reversal does not seem to grow gradually 

ass a function of Pd doping (as far as data are available in the literature). 

I tt looks like an alternative interpretation is needed. This approach is schema-
tizedd in Fig.1 

Wee wil l suggest the following. The major effect of a magnetic field on the 

peakk in the density of states is similar to Pd doping. They both shift this peak 
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t oo lower energies as compared to the chemical potential. In this sense x = 10 cor-
respondss to a field of B = 20 T (10% Pd shifts B*  from 20 T to 0 T). For such 
aa concentration of Pd-doping or such a field strength, the peak is shifted just be-
loww the chemical potential with the consequence that at the lowest temperatures no 
longerr any heavy-fermion behaviour is detected. But already at low temperatures, a 
temperaturee window k^T starts to be opened around the chemical potential. States 
withinn the energy-window k^T around the chemical potential wil l again be detected 
inn thermodynamic experiments. If such states would be heavy-fermion states (as for 
thee situation of a peak in the density of states just below the chemical potential) 
heavy-fermionn behaviour starts to be detected again. Initially , a temperature in-
creasee reintroduces heavy-fermion behaviour instead of destroying it. This is why 
wee refer to such alleged phenomena as "re-entrant heavy-fermion behaviour". As 
temperaturee is further increased, heavy-fermion behaviour starts to be suppressed by 
similarr mechanisms as for the situation where the chemical potential is within the 
energyy range of the peak in the density of states. 

Wee argued that the presence of heavy-fermion behaviour in a certain temperature-
fieldfield region should reveal itself by the presence of a valley in a plot of the length versus 
temperaturee and field in such temperature-field region. For "normal" heavy-fermion 
behaviour,, such a valley has its lowest point at 0 K. For re-entrant heavy-fermion be-
haviour,, however, this valley is shifted to higher temperatures. Whereas, starting from 
thee lowest temperatures, a temperature increase for normal heavy-fermion behaviour 
causess us to proceed out of the valley (resulting in a positive sign for the thermal-
expansionn coefficient), we conclude that for re-entrant heavy-fermion behaviour the 
oppositee occurs. Initially , we enter more and more into the valley (resulting in a neg-
ativee sign for the thermal-expansion coefficient) before leaving the valley. Still we 
assumee that the important phenomena for heavy-fermion behaviour predominantly 
occurr in the (a, 6)-plane. 

I nn this sense, one should compare the low-field thermal-expansion measure-
mentss on U(Pto.ooPdo.io)3 with the thermal-expansion measurements on UPt3 for 
fieldss larger than B* . In the first situation, the peak is shifted below the chemical 
potentiall  by Pd doping while in the second situation this is achieved by the magnetic 
field.. There are, however, some complicating factors. 

Firstly,, there are the experimental considerations. To collect thermal-expansion 
dataa at such low temperatures and high fields (B >B* ) on UPt3 is not straightforward 
withh the present equipment. In a previous chapter it is suggested that for a sufficient 
comparisonn temperatures at least below 1.2 K are needed in fields up to 24 T. 

Secondly,, unlike for featureless bandstructures, in case of a sharp feature in 
thee density of states, the temperature dependence of the chemical potential, \L (T), 
cannott be discarded. This temperature dependence of p, (T) is determined by the 
criteriumm that the total density of occupied states is fixed. If no conduction states 
aree present, the temperature shift of the chemical potential must be such that no 
heavy-fermionn states (within the peak in the density of states just below the chemical 
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potentiall  for T = 0 K) are depopulated as temperature increases from the lowest 
temperaturess onwards. Essential to the observation of re-entrant heavy-fermion be-
haviourr is, therefore, the presence of a non-zero density of conduction-electron states. 

Ass the density of the conduction-electron states is increased, the temperature 
dependencee of the chemical potential is decreased. As a result, more heavy-fermion 
statess are depopulated by a temperature increase and, as a consequence, the re-
entrantt heavy-fermion behaviour can better be observed. An illustrative, limiting, 
examplee is the hypothetical situation where the density of conduction-electron and 
heavy-fermionn states are identical and constant. In this case, the chemical potential 
hass no temperature dependence and the degree re-entrant heavy-fermion behaviour 
iss observed scales with the ratio of kB T over the initial energy difference between the 
chemicall  potential and the peak in the density of the heavy-fermion states. 

Wee expect that Pd doping wil l increase the density of conduction-electron (non 
heavy-fermion)) states. In short, the argument goes as follows. In the U(Pto.9oPd0.io)3 

sample,, Pd is replacing Pt homogeneously on a scale of several unit cells. But the Pd 
concentrationn is so low that the average concentration of Pd atoms per unit cell is less 
thann one (w 0.3). Unit cells exist which contain a Pd atom while others do not. As a 
result,, we expect the meta-magnetic transition to be broadened. For U(Pto.9öPdo.o5)3, 
wheree a similar argument must hold, we indeed detected a broadening of the meta-
magneticc transition. In terms of bandstructures, an effect of Pd doping is that the 
upperr edge of the heavy-fermion peak is less sharply defined and smeared out in terms 
off  energy. As argued, the heavy-fermion states with energy levels in the upper part of 
thee heavy-fermion peak in the density of states have a reduced strain dependence as 
comparedd to the remainder of heavy-fermion states. They contribute to the observed 
apparentt effective mass but as far as dilatation experiments are concerned they have 
aa similar effect (on e.g. re-entrant heavy-fermion behaviour) as if a large density of 
conductionn states (non heavy-fermion states) would have been added. 

We,, therefore, expect, as the Pd concentration increases, the phenomena, 
whichh we referred to as "re-entrant heavy-fermion behaviour", to be more clearly 
present.. If we compare, for example, thermal expansion data of U(Pt0.95Pdo.05)3 for 
BB > 12 T (B* » 12 T for U(Pt0.95Pdo.o5)3) with thermal expansion data of UPt3 

itselff  for B > 20 T (B* « 20 T for UPt3) it seems that such trends can be recognized. 
Thee 14 T and 16 T curves for the thermal expansion data along the a- and 

6-axess on U(Pt0.95pdo.o5)3 are already consistent with this notion of re-entrant heavy-
fermionn behaviour. For T < 6 K, a sign reversal has occurred as compared to the 
thermal-expansionn curves along the a- and fe-axes at lower fields. In terms of our 
lengthh plot versus temperature and field it is at this temperature that the lowest 
pointt of the valley is reached. The curves have an extremum (minimum) for T < 5 
K.. Initially , as one starts to increase the temperature from the lowest temperature 
onwards,, the primal effect wil l be the opening of the temperature window kBT. But as 
temperaturee further increases, the temperature dependence of the chemical potential 
setss in compensating the effect of kB T on the creation of the re-entrant heavy-fermion 
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behaviour.. At this minimum, both effects balance each other. 

Att considering the thermal-expansion curves for UPt3 itself within the (a, b)-
plane,, only for the 24.5 T curve along the 6-axis a negative sign is detected below 
TT « 5 K . No extremum (minimum) is found for the thermal-expansion curves along 
thee a- and ft-axes for B > 20 T. We expect higher fields and/or lower temperatures 
too be needed to observe such a minimum. 

Al ll  is formulated within a single-particle description here. A more correct for-
mulationn would have been in terms of many-body excitations, in which case the energy 
levelss of the excitations depend also on the occupation densities of their fellow excita-
tions.. This will introduce an extra temperature dependence to such excitaitons. For 
alll  purposes, we will not consider such temperature effects. The experimental trends 
too be presented seem already in sufficient agreement with the theoretical consider-
ationss (to be presented) without considering these temperature effects. Associated 
withh the shift of the peak in the density of states to energies smaller than the Fermi 
energyy is the creation of local moments at the magnetic ions. As B exceeds 5* , the 
creationn of local moments starts affecting thermal expansion (including its field de-
pendence)) and magnetostriction. We, therefore, expect to observe in U(Pt0.9oPdo.io)3 
nott only features related to re-entrant heavy-fermion behaviour but also related to 
thee creation of local moments. 

Bruls,, [3], suggested a similar high-field behaviour but on the basis of a dif-
ferentt model. His, argument is basically that the heavy-fermion ground state is, in 
analogyy to the Kondo ground state, a singlet state. Excited states exist with a non-
zeroo total magnetic moment. For the sake of argument, say a triplet state. The 
presencee of a magnetic field will lif t the (magnetic) degeneracy, by means of the 
Zeemann splitting. In the case of the three-fold degenerate triplet state, the energy 
off  the state with no magnetic moment parallel to the field (m=0) is not affected 
byy the magnetic field while for states with either its full moment parallel (m=l) or 
anti-parallell  (m=-l) to the field their energy will have an increasing and decreasing 
fieldfield dependence, respectively. Being a singlet, the energy of the heavy-fermion state 
itselff  is not affected by the field. For field strengths exceeding some characteristic 
magneticc field, £*, the Zeeman splitting is sufficient for the m = -1 triplet state to 
havee a smaller energy as the original (singlet) heavy-fermion state. No longer the 
heavy-fermionn (singlet) but the triplet ro = -1 state is the ground state. For B > B*, 
heavy-fermionn behaviour is no longer observed at the lowest temperatures as only the 
mm — -1 state is occupied. The singlet heavy-fermion state still exists. A sufficient 
temperaturee increase, so that kBT exceeds the energy difference between the singlet 
heavy-fermionn state and the m = -1 triplet state, could cause the heavy-fermion sin-
glett state to be anew populated. Heavy-fermion behaviour is expected to reappear 
forr such temperature increases. 
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10.22 Our  major  concern 

Ourr major concern is fourfold. In the first place we want to catalogue the high-field 
dilatationn properties of the U(Pt0.9oPdo.io)3 compound as complete as possible. The 
alreadyy existing data ([1][2][6][5][4] ) have been extended so that a more complete 
comparisonn between the various U(Pti_a.PcU)g compounds can be made. 

Next,, we want to test how much of our re-entrant heavy-fermion behaviour 
interpretationn holds. We wil l do this in several ways. The features observed in the 
thermal-expansionn data are very broad. The shape of these features is, therefore, not 
off  much help. Instead, from model considerations we wil l deduce some scaling laws 
andd verify whether or not our thermal-expansion data satisfy these laws. 

Stilll  we have to explain the anomalous c-axis response, given that heavy-
fermionn behaviour is dominant within the hexagonal plane. 

Finally,, we wish to verify whether it is possible to detect any effect related to 
thee creation of local magnetic moments at the U-atoms. We wil l attempt to interprete 
thee observed volume magnetostriction in terms of the creation of such local moments 

10.33 T h e most sal ient properties of U(Pto.9oPdo.io)3 

U(Pt0.9oPdo.io)33 has some properties which sets it apart from U f P t i ^ P d ^ - c o m p o u n ds 
withh lower concentrations of Pd-doping {x < 0.10). 

•• As mentioned for x < 0.10, the basal plane expands with increasing tempera
tures,, while the hexagonal c-axis contracts. For x = 0.10, the signs are precisely 
reversed.. It is the c-axis which expands while the (a, 6)-plane contracts as tem
peraturee increases (see figs. 3 , 5, 7 and 6 or reference [4]). 

•• Also a change in sign for the low-temperature volume thermal expansion, av = 
(1/3)) (a a + a b + ac) is observed. While for x < 0.10 its sign is positive, for x 
==  0.10 its sign is negative. 

•• No meta-magnetic transition is observed in U(Pt0.9oPdo.i0)3 (see [5]). Specific-
heatt data ([6, 7]), however, suggests that the heavy-electron masses are still 
present t 

•• The zero-field low-temperature linear term of the specific heat, 7, for the x 
==  0.10 compound is comparable to the 7-value for UPt 3 in a field of 20 T. 
200 T is the characteristic field for UPt3 . Furthermore, the field dependence of 
77 for U(Pt0.9oPdo.io)3 is similar to the field dependence of 7 for UPt 3 in fields 
exceedingg its characteristic field (20T). 

7u(Pt0..oPdo.io)aa (B) « 7upt 3 (B + ^ 3 ) (10.1) 

(seee [4]). 
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Figuree 2 Oversimplified bandstructure of the peak in the density of states just below the 

chemicall potential. 7Zmaj and n^n stand for density of quasi-particle states with enhanced 

relativee strain dependent energy levels (heavy-fermion states) and conduction-electron (non 

heavy-fermion)states,, respectively. 

Thee latter two items suggest that the characteristic field, B*, for U(Pt0.9oPdo.io)3 

-Bu(Pto.9oPdo.io)33 w ° T- (10.2) ) 

10.44 Scaling laws for  re-entrant heavy-fermion behaviour 
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justt below the chemical potential, see Fig. 2. We reduce the peak in the density 
off  states to a box-like feature; its width is given by AE. It are the states within 
thiss peak which have a (constant) significant strain dependence. Their (constant) 
densityy of states is represented by nmaj. This feature is superimposed on a constant 
densityy of conduction-electron (non heavy-fermion) states. Their density of states is 
representedd by ra^n. At the lowest temperatures, the chemical potential, \i (T = 0 K), 
exceedss this peak by an energy difference represented by A. For this oversimplified 
bandstructure,, we will determine the expected thermal expansion. In terms of energy, 
wee assume that the peak in the density of states has a width in the order of AE » 2 
meV.. This corresponds to a typical characteristic temperature of 15 K. The Fermi 
energy,, fi (T = 0 K), is assumed to exceed the upper edge of the peak in the density 
off  states by an energy difference A in the order of a few meV's. For the total density 
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AA = 2.5 meV 
5.602 2 

Figuree 3 Calculated chemical potential, / i (T) , and thermal expansion, a(T) , versus temper-
aturee for the model bandstructure in case of A=0.25 meV. a(T) is normalized with respect to 
thee low-temperature thermal expansion as is to be expected for model bandstructure in case 
thatt the initial Fermi level is within the peak in the density of states. "A" , " B " , "C" , and " D " 
denotee different temperatures regimes, see text. 

off  conduction electrons and for the chemical potential, typical values for metals are 
assumed;; 5-1028 m"3 and 5.6 eV, respectively. 

nm ajj and n  ̂ are chosen in such a way that, at T = 0 K, the total density 
off  occupied conduction states, A ^ (min), and that of heavy-quasi-particles states, 
iVtot(maj),, gie eqU ai This corresponds to an equal number of f and conduction 
statess per unit cell. At T = 0 K, the heavy quasi-particle peak in the density of 
statess is completely filled, i.e. 

nminfJ-iTnminfJ-iT = 0) a iA£. . 

" t o tt (mill ) 

Inn this schematic approach it is only A which has a field dependence, i.e. 

dA dA 

dB dB 
> 0 . . 

(10.3) ) 

(10.4) ) 

Wee further assume the relative strain dependence of energy levels for conduction 
statess to be negligible as compared to the heavy quasi-particle states found in the 
rectangularr peak in the density of states. I.e. for m* representing for both cases the 
apparentt effective mass, we have: 

dd In (m*) 

d l n (L ) ) 
ö ln(m*) ) 

conductionn states dinn (L) » 1 , , 
heavyy quasi—particle states 

(10.5) ) 



ScalingScaling laws for re-entrant heavy-fermion behaviour 243 3 

: | J U U 
n(E) ) 

F.D. . 

SH H 

Fermi-Diracc distribution 
function n 

:: Conduction electron 
likee states 

:: Heavy quasi-particle 
likee states 

:: Energy window kT 
openedd around u(T) 

Figuree 4 Schematic drawing of / i (T) and the Fermi-Dirac distribution function with respect 

too the oversimplified bandstructure for several characteristic temperatures A,B,C and D (see 

text). . 
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wheree L denotes a length scale. 
Thee temperature dependence of \i (T) is determined by the criterium that the 

totaltotal density of occupied states, ATtot, must be fixed: 

f f o r TT = 0 K nminfi(T = 0K) + nmaLiAE 
* **  1 for T > 0 K ƒ dE [n^ (E) + r w j (E)] F (E - /i (T) , T)Fg0'6> 

withh F(E-^T) , T)F.D. ̂  ^_X>} + 1. (10.7) 

F(EF(E — fi(T) , T ) F D represents the Fermi-Dirac distribution function and /? = (kB T) _1 

AA summation is interchanged by an integration. As a result of Eqn.10.6 we obtain: 

e ^ ii  = e ^ T ) ( e - ^ r ) + l ) 5 ( e - ^ T ) ) (10.8) 
*maj j 
*mi n n / ii  + e-«»(T=°)-A -a'B ) ' , — 

» WW " ( a + . -WTM»-4> j ' (10-9) 

Ass e~^< r ) < 1, ̂  (x) is approximated by a first-order Taylor expansion, it is straight-
forwardd to determine jit (T) as: 

/ / ( T ) = k B T l n n ' ^ = 00 K, _ ! , ^ ^ ^ ' ( e - ^ - e - ^ ) ) 
++ (10.10) ) 

/zz (T = 0 K) is fixed by the fact that we assume the total occupation density of non 
heavy-fermionn (conduction) and heavy-fermion states at T = 0 K to be equal. From 
Eqn.10.11: : 

li(Tli(T  = QK)=^AE. (10.11) 

Inn terms of the free energy, F, the volume thermal expansion, av is defined as: 

KK represents the hydrostatic compressibility. Employing a grand-canonical ensemble 
too express the free energy as a result of a calculation highly similar as presented in 
sectionn 5.3 we obtain for av : 

•• / e - ^ ( T ) _|_ e-0(n(T=O K)-A- A£) \ 
111111 y e-fr(T) + e-MT=0 K)-A) J (10-13) 

(j^W** " Pfë) e~MT) + ̂ {l*(T = 0K)~A-AE) e-^<r=° K)-A-AB) 

ee-P»(T)-P»(T) -f- e~0(j*(T=O K)-A-A£) 

e " M r )) + ES5* ^ ( T = ° K ) ~ A ) e-0W=a K)-A) 

e-0M(r)) + e-£(Kr=o K)-A) 
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Inn this expression kEn^am̂  is identical to the low-temperature linear temperature 
coefficientt of the thermal expansion for fi (T = 0 K) within the heavy-fermion peak. 
I.e.. k B n ^ c^ corresponds to the low-temperature linear temperature coefficient 
forr B < B* or x < 0.10 (normal heavy-fermion behaviour). The situation at hand 
correspondss to B > B* or x > 0.10 

Fromm Eqn.10.13 in combination with eqns. 10.10 and 10.11 

OJVV ( k e n ^ a ĵ , AE , A (B) , T) 

cann be determined. Its result is nott necessarily transparent. To facilitate matters, we 
plott a^nn = av/ksn^jCWj and /i (T) as function of T for A = 0.25 meV, see Fig. 
3. . 

Itss trends can be understood in terms of a qualitative argument. Four different 
temperaturee regimes can be identified, denoted as " A"," B" , C" and " D" in Figs. 
33 and 4. 

Ass T < Tduu- = A/kB, no heavy-fermion states are included within the energy 
rangee kBT of fj, {T = 0 K). This is schematically depicted in A of Fig. 4. As a result, 
noo heavy-fermion states are (thermally) depopulated. In the case rij^  is constant, 
alsoo fi (T) is constant and a = 0 as T < 7 ^ . After T starts to exceed Tchar, heavy-
fermionn states in the peak of the density of states start to be in the range of keT" 
off  fi (T = 0 K) (B). Initially, the temperature window grows more rapidly than the 
temperaturee dependence of \i (T), hence, more and more heavy-fermion states start to 
bee depopulated. The consequence is that the sample shrinks in size. As temperature 
iss further increased, the temperature dependence of fi (T) will grow and less heavy-
fermionn states are depopulated per keivin (C). 

Ass temperature further increases, dfi (T)/dT will reach its maximum (p (T) 
wil ll  have a linear temperature dependence). The rates the temperature window is 
openedd and the chemical-potential is shifted are again in balance (D). A similar 
linearr temperature dependence for // (T) is obtained in case no conduction states are 
present,, keeping in mind that an extra offset of approximately T^  ̂ is present. The 
thermall  expansion saturates at a value önorm (Too) < 0. 
10.4.110.4.1 Extremum in thermal expansion; relation between its value and the tempera-

tureture at which it is observed 
Wee observed a minimum for « ^ (T) at T = T ^ . For this extremum, the rate 
byy which the heavy-fermion states are depopulated as function of temperature, is 
expectedd to be roughly zero. Let D (T) denote the total occupation density of heavy-
fermionn states, i.e. for our oversimplified bandstructure: 

DD (T) = n ^ / M T) (10.14) 
Ju(T=0Ju(T=0 KVA-A E ^ v * v + l 
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T(K) ) 

Figuree 5 Several calculated thermal expansion curves as expected for the model bandstructure 
withh A=0.35 meV, 0.45 meV, 0.95 meV and 1.20 meV. The minima of all the thermal expansion 
curvess with different data sets are connected by a straight line, expressing the existence of a 
linearr relation between the temperature at which the minimum is observed and its value 

Thee criterium determining Text reads: 

dD_ dD_ 

dT dT 

Straightforwardd calculations lead to: 

(10.15) ) 

£(Text) ) {E-pjT^)){E-pjT^)) dfijT) -ii  S = A I ( T =0 K)-A 

(10.16) ) 

Oncee Text is determined, an o rm (Text) is fixed by Eqn.10.13. 
Ann intimate relation between a^rm (Text) and T^t is expected. This relation is 

experimentallyy accessible with the use of magnetic fields. T^t as well as anorm (T) are 
bothh dependent on A. Considering bandstructures, i t is in particular the parameter 
AA which is expected to be field dependent. 

Ass we assume A to be sufficiently large so that for all temperatures considered 
onlyy the tale of the step-like feature in the Fermi-Dirac distribution function extends 
intoo the peak in the density of states, it can be shown that our oversimplified band-
structuree leads to a linear relation between Text and anorm (Text). In Fig. 5 several 
thermal-expansionn curves calculated for different values of A are plotted. The linear 
relationn is apparent. In terms of experiments this is achieved by using magnetic fields. 

I tt is clear that the precise relation between T^t and an o rm (Text) depends on 
thee bandstructure under consideration. 
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104.2104.2 Summary: Expected features of re-entrant heavy-fermion behaviour in thermal-

expansionexpansion data 

Thee precise shape of the thermal-expansion curves depends on the specific shape of 
thee bandstructure assumed. Still some general trends can be identified. 

•• The sign of the thermal expansion expected for re-entrant heavy-fermion be
haviourr is reversed as compared to that of normal heavy-fermion behaviour, 
wheree the Fermi energy is situated within the peak in the density of states. 

Inn terms of valleys in three-dimensional plots, the valley associated with normal 
heavy-fermionn behaviour has its minimum at 0 K, while for re-entrant heavy-
fermionn behaviour this is shifted to higher temperatures. 

•• The expected thermal-expansion curves display an extremum at a certain tem
perature,, T = Text (denoted as a ( T ^ ) in our model calculations). 

•• The principle shape of thermal-expansion curves should be conserved at chang
ingg the energy differences between the Fermi energy and the peak in the density 
off states. This energy difference is affected by a magnetic field. The expected 
effectt of a magnetic field is to shift the peak in the density of states to smaller 
energiess as compared to the Fermi energy. Plotting: 

" ( r - g )) — -I— (10.17) versus s « ( T « * ( B ) , B )) T^{BY 

ass obtained for different fixed field values, should reveal one universal, magnetic-
field-strength-independent,field-strength-independent, curve. Its shape is, in principle, expected to be only 
dependentt on the precise nature of the bandstructure involved. 

•• An functional relationship should exist between a ( T ^ (B) , B) and T ^ (B) 
ass obtained for different fixed magnetic-field strengths. In the case of our over
simplifiedd model bandstructure this is a simple linear relation; a ( Text (B) , B) 
== U Text (B) + L where U and L depend on the banstructure parameters used. 
Wee expect the existence of such a relation to be valid for any bandstructure 
consistingg of a narrow peak at energies just below the Fermi energy. 

•• The more conduction states are present, the better re-entrant heavy-fermion 
behaviourr is observed. This is believed to be the origin that re-entrant heavy-
fermionn behaviour in U(Pt0.9oPdo.io)3 is more pronounced than in UPt 3 . 

10.55 Thermal expansion data 

Thee thermal expansion, at = L^dLi/dT, along the three crystallographic direc
tion,, indicated by the subscript i = a, b or c, at different fixed field values is shown 
inn Fig. 6. The a» and a b curves are negative in sign and reveal a broad but still 
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""  ' 17T' ' ' ' 

44 6 
T(K) ) 

88 10 

Figuree 6 Thermal expansion data along the a-, b- and c-axis for fields up to 17 T in the 
temperaturee range 0 - 10 K. B || a-axis 
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Figuree 7 Plotting thermal expansion data of fig. 6 as at ( T , B)/ \at (Text (B)i , B)\ 

versuss T/T^t (B). In which i represents either a- , b- or c-axis and Te x t (B)i is the temperature 

att which an extremum (either a minimum for the a-, 6-axes or a maximum for the c-axis) is 

observedd for specific field B See fig. 6 for further explanation of symbols. 

pronouncedd minimum. The temperature at which this minimum occurs is associ
atedd with Text (-B)£. It is found to shift to higher temperatures while the size of its 
minimum,, at (Tex t (B) , B) decreases as field strength increases. 

Althoughh similarly shaped, the ac-curves are positive in sign. They reveal a 
broadd but still pronounced maximum at Text (B)c. Text (B)c is found to shift to higher 
temperaturess while ae(Teat(B)c,B) decreases for increasing magnetic field strength. 
Qualitatively,, a a , ab and ac are similarly shaped, except for their different signs. 

10.66 Analyz in g th e thermal expansion 

Accordingg to the third item on the list presented in section 10.4.2, the thermal-
expansionn data of Fig. 6 have been re-plotted as a{ (T , B)/\ai(Text(B)i , B)\ versus 
T/T^T/T  ̂ (B)i in Fig. 7. In the case of i = a- or 6-axis, T^t (B){ marks the position 
off the minima, while for i = c-axis it marks the position of the maxima. Along the 
c-axis,, Text is found at a slightly different value than along the a or 6-axes. The 
normalizedd thermal-expansion data measured along all three crystallographic axes 
(a,, b and c-axis) for different fixed field strengths form one universal curve. The sign 
differencee in Fig.7 between i = c-axis and i = a, 6-axes is cosmetic. 

Figg 8 represents a plot of \cti (Text (B){ , B)\ versus Text (B), as obtained at 
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Figuree 8 Plotting \at (T^t (B)i , B)\ versus T„x (B) as obtained from thermal expansion 
dataa of fig. 6 for different fixed field strengths for i = a- and &-axis. T^t (B)i denotes the 
temperaturee at which for field strength B a minimum is observed in thermal expansion data 
alongg axis i. \at ( 1 ^ , (B)i , B)\ denotes the absolute value of this minimum. A linear 
relationn is apparent. Lines represent linear fit (least squared method) i = a- and è-axis. Inset 
representss a to 0 K extrapolation of these fits to demonstrate that they intersect at 0 K. 
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Figuree 9 a&-ah and Qa+Qb plotted for several fixed field strengths as determined from data 

off fig. 6, to study deformation in the basal plane. Note the difference in scale between a^+ai, 

(1(T5)) and aa-ab (1CT6 ) 

1 1 

2 2 

3 3 

4 4 

L L 

~\\~\\ ^ 

-- o"n 
.. 1 . 

11  1  1

«̂ ^  17T . 

V 1 2 T ; ; 

vv 8T jV-

4"[V ^ ^ 
I . I . I . . 



252 2 High-fieldd dilatation experiments on U(Pto.goPdo.io)3 

differentt fields strengths, for the a- and 6-axis. A linear relation fits the data nicely. 
Suchh a linear relation is expected for the oversimplified bandstnicture previously 
discussedd (see Fig. 2). It is to some degree a surprise that such a relation also 
agreess with the experimental situation at hand, corresponding to a expected much 
moree complicated bandstructure. Notice the slight difference between the a- and the 
6-axiss data. A possible explanation for this could be the field-induced creation of 
locall  magnetic moments. Such moments have an initial preference to order along 
thee three-fold degenerate 6-axes (up to some point where the external magnetic field 
appliedd along a certain a-axis starts to be the determining factor). This interpretation 
iss consistent with the observation that the linear fits (made by the least mean square 
method)) for the a- and 6-axis intersect each other for 7 ^ = 0 K, see inset of Fig. 8. 
^extt = 0 K corresponds to the situation of a peak in the density of states just below 
thee Fermi energy. In that case the local moment creation is not yet in its initial phase 
andd no local moments are expected to be found. 

Thee sign reversal of the thermal expansion observed in U(Pt0.9oPdo.10)3 as 
comparedd to the UPt3 compounds with a lower degree of Pd doping, is in agreement 
withh the first item as listed in section 10.4.2. For x < 0.10 in U(Pt1_xPd: r)3, we 
assumee the initial Fermi energy to be within the energy range of the peak in the 
densityy of states as B < B*. For these compounds and field ranges a positive thermal 
expansionn is observed along the a- and 6-axis (while along the c-axis, a negative 
thermall  expansion is observed). Regarding the aa and ah curves of U(Pto.95Pdo.o5)3 

inn fields exceeding B* *=« 12 T , these could be interpreted in a similar manner. They 
startt of negatively and for increasing temperatures they turn positive. It is as if one 
enterss the valley of the re-entrant heavy-fermion state and exits it again. 

I nn the preceding chapter we successfully interpreted the observed high-field 
dilatationn measurements on UPt3 and U(Pt0.95Pdo.o5)3 as a dilatation in the (a, 6)-
planee being related to the heavy-fermion behaviour, while for the dilatation along 
thee c-axis some extra mechanism must be involved. E.g. for UPt3 along the c-axis 
noo anomalies are observed at the characteristic temperature, T*, associated with the 
heavy-fermionn behaviour while for the a-, 6-axis clearly there is one. Furthermore, 
thee observed thermal expansion along the c-axis is magnetic field independent. Even 
att crossing 20 T, B* for UPt3, there is no effect on the thermal expansion along 
thee c-axis, unlike as is the case with the a, 6-axes. A similar conclusion must hold 
forr U(Pto.9oPdo.io)3, i-e. the dilatation in the (a, 6)-plane is related to heavy-fermion 
behaviourr while for the dilatation along the c-axis some extra mechanism comes into 
play. . 

Inn fig 9, we plotted both (aa-r-ab), a quantity proportional to the areal thermal 
expansionn of the (a,6)-plane, and (aa-ab) , a quantity containing information about 
thee deformation of the (a, 6)-plane versus temperature for several fixed field values. 
Noticee that the scale of (aa-r-ab) is enlarged by a factor of 10 compared to (aa-a:b). The 
qualitativee similarity between (aa-|-ab) and ac suggest that the c-axis response can 
bee interpreted as a thermal contraction of the (a, 6)-plane. We believe the observed 
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Figur ee 10 Observe d force d magnetostrictio n data along a- and 6-axis measure d at severa l 
fixedd temperature s (rangin g fro m 1.2 K to 10 K) and fiel d alon g the a-axis 

featuress in (a^-a^) to be related to the alleged creation of local moments. An optimum 
iss observed for the (aa-ab) curves. As the field strength increases, this maximum 
increasess but is simultaneously shifted to higher temperatures. 

Comparingg the aa and ab data for several fixed fields it seems that there is a 
shiftt of approximately 4 T in the ab curves with respect to the aa curves. E.g. the 
abb curve measured at 12 T resembles the aa curve measured at 8 T the most. Also a 
minimumm field of 4 T is needed to cause ab data to differ from their 0 T result. This 
wee wil l also relate to the appearance of local moments. 

10.77 Th e forced magnetostr ic t ion data 

Thee observed features in the magnetostriction data, 1/Lt dL{/ dB along the a- and 
6-axiss seem reversed with respect to each other (see fig 10). Where a minimum is 
observedd along the a-axis, a maximum is observed along the 6-axis and vice versa. 
Alongg the a-axis, first a decrease to a shallow minimum at low fields occurs after 
whichh a steep increase up to some positive maximum value is observed for increasing 
fields.fields. Both, the position of the minimum and maximum shift to higher fields as 
temperaturee is increased. However, while the height of the maximum decreases, the 
depthh of the minimum increases for increasing temperatures. Along the 6-axis, first 
aa maximum at low fields is found after which a steep decreases to some negative 
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Figuree 11 Observed forced magnetostriction data along a- and 6-axis measured at the fixed 
temperatures:: 1.9 K, 2.1 K, 2.8 K, 5.7 K and 9.0 K (spanning the temeprature range from 
1.22 K to 10 K) and field along the a-axis. For clarity reasons the labelling of the 2.1 K curve is 
suppressed. . 

minimumm value is observed. The trends of the maximum and minimum along the 
&-axiss as function of temperature are identical to the trends of the shallow minimum 
andd maximum as observed along the a-axis. In this respect it seems again that the 
fr-axisfr-axis curves are shifted by approximately 4 T to higher fields with respect to the 
a-axiss curves. 

Alongg the c-axis, a different behaviour is observed, see Fig. 11. For increasing 
fields,, a steady increase of the magnetostriction along the c-axis is observed, until at 
somee characteristic field it levels off to a constant value. An increase in temperature 
wil ll  decrease the initial slope at low fields while the above-mentioned saturation field 
wil ll  shift to higher fields. 

10.88 Ana lyz in g th e magnetostr ict ion data 

Ass previously discussed, several different theoretical frameworks exist predicting that 
aa complete shift of the peak in the density of states (associated with heavy-fermion 
states)) to energies below the Fermi energy must be associated with the creation of 
locall  magnetic moments at the magnetic-ion sites, i.e. the U ions. We believe that 
thee observed anisotropy in the magnetostriction data and also some of the features 
observedd in the thermal-expansion data (see section 10.6) are related to the creation 
off  these moments. Like in UPt3, we assume the local moments on the U atoms to have 
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Figuree 12 (1/La) {SLJ6B) - 1/Lb) {SU/SB) and ( l / L . ) (ÓLJ6B) + 1/2*) {SLb/SB) 
forr temperatures from 0 K to 10 K Magnetostriction data as presented in 10 are used 
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Figuree 13 Volume magnetostriction, ( l / £ a ) {dLJ 

dB)dB) + 1/Lb) {81^/dB) + (1/LC) (dLc/8B), as determined from magnetostric-

tionn data of figs. 10 and 11 once plotted versus B and once plotted versus (B2 + Blf12 /T. 

BBaa denotes an introduced virtual field of approximately 4 T along the ft-axis to account for the 

presencee of a preferential orientation of the magnetic moments along the &-axis. Temperatures 

aree chosen to cover the range of 1.2 K to 10 K 
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ann initial preferential orientation along the &-axis. The 6-axis is d priori  three-fold 
degeneratee (as also the a-axis is). The external field is applied along one specific a-
axis.. For varying magnetic-field strength, not only the degree in which local moments 
aree created will vary but also the alignment of the moments will be a balancing act 
betweenn the influence of their initial preference to orient along any fc-axis and the 
orientationn enforced by the magnetic field. 

Inn figs. 12 and 13 we plot: 

ii  ay 
&.bb ldB 

VdB VdB 

(l/£a,b)(#<S'a)b)/é?5)) is proportional to the areal magnetostriction of the (a, 6)-plane. 
(l/L a)(öLa/öB)-(l/Lb)) reveals information about the deformation of this plane and 
(l/V)(dV/dB)(l/V)(dV/dB) represents the volume magnetostriction. 1/S*,b dS^/dB, 1/VdV/dB 
andd X/Lc dLc/dB have similar trends both in shape and temperature dependence. 
Thee features observed in 1/La dLJdB - \/IA> dl^fdB indicate a deformation of 
thee basal plane for varying field and fixed temperatures. We relate this to the field-
inducedd magnetic moments having initial preferential orientations. 

Wee will see whether the observed volume magnetostriction can be explained 
inn terms of local moments. Such an interpretation implies that the observed volume 
magnetostrictionn should be not so much dependent on J5tot but rather on i?tot/T, in 
whichh .Btot stands for the total field. 

AA virtual field, B^, along the 6-axis, is introduced to deal with the presence of 
aa preferential orientation for the magnetic moments. The applied field, B, is aligned 
alongg an a-axis, causing the expected total magnetic-field strength to be: 

BBMM = J&TBÏ  , %t = W + BÏ  (1Q20) 

Theree are three initial 6-axes for which magnetic moments have a preference to orient 
along.. In the above equations we basically assumed the only 6-axis to be considered to 
bee the one perpendicular to the a-axis along which the magnetic field is applied. This 
iss only true for sufficiently strong magnetic-field strength. For a certain field strength, 
B,B, this puts an upper limit to the temperature scale considered. Assuming the system 
off  magnetic moments as three dimensional this upper limit can be approximated as: 

^ k B rr < / % £ -• T < 0.45 K, (10.21) 
it it 

wheree f/,B represents the Bohr magneton. An extremely rough estimate for By, is 
44 T. As we compare the ctA with Ob curves at different field strengths, the best 
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agreementt is if we compare aa (B) with o*  (B + 4 T). Furthermore, a field exceeding 
approximatelyy 4 T is needed before the ah curves start to differ from their 0 T form. 
Wee realize that this a very crude treatment of such a delicate subject. 

Inn fig 13, we plotted (l/V)(dV/dB) versus B and (y/B2 + B*)/T - Bh/T. 
Thee extra term -Bh/T is introduced to ensure that all magnetostriction curves have 
thee same offset. Although Bh = 4 T is only a rough estimate for the T < 6 K region, 
thee (l/V)(dV/dB) curves obtained for different fixed temperatures seem to converge 
too one universal curve as they are plotted versus <JB2 + B\jT - Bh/T instead of 
versusversus B. Furthermore, the shape of this universal curve displays a similarity with 
aa Brillouin function. In solving the problem of the magnetostriction of localized mo-
mentss analytically, these are the functions by which they are best described. Notice, 
thatt we completely over-stepped the problem that the magnitudes of the created 
momentss is temperature and field dependent. This magnitude is dependent on the 
degreee of (de-)population of the peak in the density of states (its full moment being 
reachedd when the peak is completely occupied). In this light it is surprising how 
reasonablyy well this procedure works. 

Thee features observed in the thermal-expansion data are mostly explained in 
termss of changes of the apparent relative strain dependences of the effective masses, 
whilee the observed features in the magnetostriction data are mostly explained by just 
thee presence of magnetic moments. 

10.99 A three-dimensional plot 

Inn a further effort to study re-entrant heavy-fermion behaviour, we construct a plot 
off  the relative-length change versus temperature and field by means of a combination 
off  the previously presented thermal-expansion and magnetostriction data. The argu-
mentt and the procedure followed is similar to the one presented in section ?? (Fig. 
10)) for (normal) heavy-fermion behaviour in UPt3. In Fig. 14, the relative length 
changee along the a-axis, AL a/L a, for fields ranging from 0 T to 17 T and temper-
aturess between 1.2 K and 10 K is presented. Re-entrant heavy-fermion behaviour 
shouldd reveal itself as a valley in such a plot with this respect that it is shifted to 
higherr temperatures. While for normal heavy-fermion behaviour the lowest point of 
thiss valley is found at 0 K, for re-entrant heavy-fermion behaviour it is found at an 
elevatedd temperature. 

Bothh for the normal and re-entrant heavy-fermion case the occurrence of a val-
leyy is the result of the enhanced strain dependence of energy levels of states associated 
withh the heavy-fermion behaviour. 

Thee a-axis is chosen since it is the axis along which the magnetic field is 
applied. . 

Clearlyy visibly in Fig. 14 is the onset of a valley (see arrow) which is shifted to 
higherr temperatures with respect to the valley in Fig. 10 for UPt3. The valley in Fig. 
144 has all the hallmarks expected for re-entrant heavy-fermion behaviour. Another 
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Figuree 14 Relative length change in units of 10"3for the a-axis versus field, 0 T < B < 

166 T and temperature, 0 K < T < 12 K, constructed from a combination of magnetostriction 

andd thermal expansion data. The surface is drawn according to a spline function through 

dataa points and is extrapolated to T = 0 K. The arrow points to the boundary of the valley 

interpretedd as re-entrant heavy fermion behaviour. It is shifted to higher temperatures as 

comparedd to normal heavy-fermion behaviour in UPt3, see e.g. fig. 10. 
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indicationn of re-entrant heavy-fermion behaviour is that the onset temperature of this 
valleyy shifts to higher temperatures as magnetic-field strength increases (as the peak 
inn the density of states is shifted further to lower energies). This onset temperature 
iss dependent on the energy difference between the Fermi energy and the peak in the 
densityy of states, a parameter affected by magnetic field. 

Whilee here we are even able to observe the onset of the valley, in our attempts 
too study the valley for re-entrant heavy-fermion behaviour, in UPt3 we only observed 
featuress which possibly could be interpretable as the high-temperature tail of such a 
valley.. Apparently, only a few kelvin (T > 1.2 K) is already sufficient to destroy re-
entrantt heavy-fermion behaviour in UPt3 while for U(Pt0.90Pdo.io)3 for temperatures 
upp to 10 K still re-entrant features are observed. 

10.100 I n conclusion 

Wee introduced the concept of re-entrant heavy-fermion behaviour as a suggestion 
too describe the behaviour of heavy-fermion systems in fields exceeding the charac-
teristicc field of the (normal) heavy-fermion behaviour, B*. Re-entrant heavy-fermion 
behaviourr implies that for B > B* an increase in temperature from the lowest temper-
aturess onwards again induces heavy-fermion behaviour although B exceeds B*. Such 
temperaturee dependence is contrary to normal heavy-fermion behaviour observed for 
BB < B* were an increase in temperature generally destroys heavy-fermion behaviour. 
Concerningg the shift of the peak in the density of states with respect to the Fermi 
energy,, magnetic fields and Pd doping have a similar trend. E.g. considering B* , 
dopingg UPt3 with Pd shifts B* = 20 T (for x = 0) to B* = 0 T (for x = 0.10). 

Thee experimental differences reported in literature for l ^ P t ^ P d^ with x 
<<  0.10 Pd and x > 0.10 Pd turn out to be very well explicable in terms of normal 
versuss re-entrant heavy-fermion behaviour. 

Wee further argued that high-field dilatation experiments are an excellent tool 
too experimentally verify the existence and the features of re-entrant heavy-fermion 
behaviour.. As it is put forward, specific heat is not necessarily the best of choices for 
suchh a purpose. 

U(Pt0.9oPdo.io)33 is used to study the existence and properties of such re-entrant 
heavy-fermionn behaviour. Effects for which in UPt3 fields exceeding 20 T are needed 
cann be studied in U(Pt0.9oPdo.io)3 at much lower fields. The effect of Pd doping is 
nott only to shift the re-entrant heavy-fermion features to higher temperatures (for 
thee particular case of U(Pt0.9oPdo.io)3, T « 5 K) but it makes these features even 
moree pronounced. 

Inn section ??, an attempt is made to observe re-entrant heavy-fermion be-
haviourr in UPt3 itself. Aside from the fact that fields larger than 20 T are needed, 
aa cumbersome exercise, also all features expected turn out to exist at temperatures 
beloww 2 K which, in combination with the high magnetic field strengths, is a temper-
aturee region that is not easily accessible. Not more than the onset of such re-entrant 
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heavy-fermionn behaviour is observed in our experiments (T > 1.2 K). 
Thee existence of re-entrant heavy-fermion behaviour in U(Pto.9oPdo.io)3 is ver-

ifiedd in two distinct manners. A detailed study is made of its expected features 
inn thermal-expansion data and their magnetic-field dependence. Universal scaling 
ruless are formulated. It is verified that the thermal-expansion data obtained on 
U(Pto.9oPdo.io)33 display such features and its magnetic field dependence satisfies the 
above-mentionedd universal scaling relations. A three-dimensional plot of the relative 
lengthh change versus temperature and field is constructed from the experimentally 
obtainedd magnetostriction and thermal-expansion data. Clearly, a valley is observed 
withh all the distinct hallmarks of the re-entrant heavy-fermion behaviour. 

Simultaneouss to the effects we referred to as re-entrant heavy-fermion be-
haviour,, there are mechanisms at work responsible for the creation of local magnetic 
momentss at U atoms as B starts to exceed B* (« 0 T). The size of these local mo-
mentss is dependent on the external magnetic-field strength. Such magnetic moments 
aree assumed to have an initial preferential orientation along the &-axis. Their real 
orientationn is a balance between the effect of the magnetic field and the degree they 
havee a preference for a 6-axis. The latter was treated by introducing a virtual field 
B\>.B\>. Clearly such magnetic moments also affect the dilatation data. 

Inn preceding chapters we successfully interpreted the observed high-field dilata-
tionn measurements on UPt3 and U(Pto.95Pdao5)3 &&  t n e dilatation in the (a, 6)-plane 
beingg related to the heavy-fermion behaviour, while for the dilatation along the c-axis 
somee other mechanism is involved. E.g., for UPt3 along the c-axis no anomalies are 
observedd at the characteristic temperature, T*, associated with the heavy-fermion 
behaviourr while for the a,&-axis clearly there is. Furthermore, the observed ther-
mall  expansion along the c-axis is magnetic-field independent. Even crossing 20 T, 
UPta'ss characteristic field, has no effect on the thermal expansion along this axis. For 
U(Pt0.95Pdo.5o)3>> the observed strong deformations (associated with the formation of 
long-rangee antiferromagnetic ordering) of the (a, &)-plane correspond to the features 
observedd along the c-axis. For U(Pto.9oPdo.io)3> the dilatation in the (a, 6)-plane is 
relatedd to heavy-fermion behaviour while the dilatation along the c-axis some extra 
mechanismm must come into play. This is verified by plotting both the difference and 
summ of the thermal expansion data measured along the a- and 6-axis for several field 
values.. While the first combination contains information about the deformation of 
thee (a, 6)-plane as function of temperature and fixed fields, the second is identical to 
thee surface thermal-expansion of the (a,6)-plane. The thermal expansion measured 
alongg the c-axis could be well explained in terms of contractions and expansions of 
thee (a, 6)-plane as temperature varies for fixed field strength at constant volume. 

Fromm the comparison between the thermal expansion measured along the a-
andd 6-axis, a very rough estimate of By, Rrf 4 T is made. 

Thee features observed in the magnetostriction data were interpreted as the 
consequencee of the creation of local magnetic moments. An analysis of the magne-
tostrictionn along the c-axis in terms of a deformation or expansion (or contraction) of 
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thee (a, 6)-plane as function of field for fixed temperatures is not possible. We argued 
thatt observed volume magnetostriction could be explained in terms of local moments. 
Suchh an interpretation implies that the observed magnetostriction should not so much 
bee dependent on £t o t but on B^/T where B  ̂ stands for the total field. Although 
#bb = 4 T is a rough estimate, by plotting magnetostriction as obtained at different 
fixedd temperature versus y/B + B^jT-B^jT instead of B all curves seem to converge 
too a universal curve of a shape very similar to a Brillouin function. This leaves room 
forr an interpretation of the magnetostriction in terms of induced magnetic moments. 
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Chapterr 11 
EPILOGUE E 

Thiss thesis basically consists of two relatively separate parts. Below, the lines of 
argumentt are represented, in a bird's eye view, for each part separately. We start 
withh the first part. 

AA relatively new interesting class of materials is formed by the heavy-fermion 
compounds.. Their chemical composition always involves a dense periodic arrange-
mentt of actinide or lanthanides atoms embedded in a metallic host. The essential 
featuree of the actinide/lanthanides magnetic atoms is their narrow not-completely 
filledfilled f shell. Arrangements of magnetic ions in metallic hosts are also found in more 
"common""  systems: e.g. magnetic systems (where magnetic ions are also arranged 
denselyy periodic) or Kondo systems (dealing with the situation of a magnetic ion 
embeddedd in a metallic host). It is, therefore, not surprising that heavy-fermion com-
poundss share experimental features with these systems. Some of the features are even 
exhibitedd in a more extreme sense than by the "original" systems. This includes the 
name-givingg property, the apparent heavy electron mass. 

Att the lowest temperature a new state of matter sets in. Among other features, 
thiss reveals itself as an enhancement of the linear term of the temperature depen-
dencee of the specific heat. This is, generally, interpreted as an enhancement of the 
apparentt effective mass. A similar feature is found in Kondo systems (in terms of the 
concentrationn of magnetic ions involved, Kondo systems can be considered diluted). 
Thee features observed in Kondo systems are adequately traced back to the particular 
naturee of the interactions between the (in this case) f states of the magnetic ion and 
thee conduction states. Only therein the enhancement of the effective mass is smaller. 

Thee enhancement of the apparent effective mass associated with the creation 
off  the heavy-fermion behaviour is generally interpreted as the introduction/formation 
off  many low-energy excitations (as heavy-fermion behaviour starts by lowering the 
temperature,, suddenly much more energy per degree Kelvin can be stored in the 
electronicc part of the system than in the absence of that behaviour). In terms of 
densitiess of states a pronounced narrow peak is formed at the chemical potential. For 
thee Kondo effect, this peak is generally referred to as the Abrikosov-Suhl resonance. 
Heavy-fermionn behaviour appears to have similar features, even more pronounced. 
Thiss seems, at least heuristically, to be a correct description. 

Forr the Abrikosov-Suhl resonance a theoretical description exists. In this 



264 4 Epilogue e 

thesis,, this description is formulated in terms of Friedel's sum rule. That approach 
cannott straightforwardly be adapted for the case of a dense and periodic arrangement 
off  magnetic ions, as is the case in heavy-fermion systems. An intriguing "Gedanken" 
experimentt is proposed. Imagine the situation where a piece of heavy-fermion ma-
teriall  is embedded in a metallic host. In this case, again, a transformation from a 
non-magneticc impurity in a Fermi-liquid to a magnetic impurity in a Fermi gas can 
bee performed. Again, Friedel.s sum rule should hold at sufficiently large distances. 

Fromm the previous presentation the suggestion could rise as if the heavy-
fermionn behaviour is just some turboform of the Kondo effect. This is far from 
whatt we would like to suggest. 

Thee effective mass enhancement in Kondo systems is attr ibuted to, what can, 
looselyy speaking, be seen as associated to the low-energy excitations involved in an 
effectivee "screening" of the f-electron spin of the magnetic ion by the spins of the 
conductionn electrons. Similar mechanisms cannot straightforwardly be adapted to 
thee case of heavy-fermion systems. This is for fundamental reasons. There are 
simplyy not sufficient conduction electrons present and too many conduction states 
havee interactions with too many magnetic-ion f states simultaneously (a state can 
onlyy be in singlet formation with one other state at a time). The result must 
bee some form of interaction between the magnetic ions which must be magnetic of 
origin.. But what the nature is of these magnetic interactions is not unambiguously 
established. . 

AA similar dense and periodic arrangement of magnetic ions is found in more 
"classical""  magnetic systems. It is, therefore, not surprising that heavy-fermion sys-
temss share features with this form of magnetic system, as there are: the retrieved 
largee magnetic moment (with ordering) at sufficiently high temperatures where heavy-
fermionn behaviour is suppressed and, in some sense, the high effective Grüneisen pa-
rameterr (expressing a vastly enhanced strain dependence of various properties such 
ass energy levels, characteristic temperatures, characteristic fields etc.) observed in 
thee presence heavy-fermion behaviour. 

Thee observation that heavy-fermion behaviour is some form of compromise 
betweenn Kondo interactions and magnetic interactions does not do justice to the 
problem.. Kondo interactions and magnetic interactions seem to be competing ten-
denciess in these systems. We argued that the Kondo screening seems to destroy the 
magneticc interactions, whereas the latter seems to suppress the Kondo screening. An 
effectt we observed is that the spin of a magnetic ion can also be "screened" by the 
spinss of surrounding magnetic ions. 

I tt is, therefore, not surprising that heavy-fermion systems also have properties 
whichh cannot be associated to either the Kondo or the magnetic interactions. Heavy-
fermionn systems generally have a Wilson ratio (the enhancement of the specific heat 
versuss the enhancement of the susceptibility) unequal to two (as it should be for 
Kondoo systems) and sometimes an extremely small, but essentially non-zero mag-
neticc moment. Suggestions have been made that these small moments are rapidly 
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fluctuatingfluctuating in time. This could explain why these moments are detected in neutron 
experimentss but not in /iSR experiments. 

Too deal with "competing tendencies", heavy-fermion behaviour is often con-
sideredd to occur close to a quantum-critical point. The phenomena near that critical 
pointt bare resemblance to thermodynamic phase transitions. This time, the impor-
tantt parameters is not an external macroscopic quantity like the temperature, but 
ratherr the interaction-parameter strength. With the help of a scaling Ansatz, critical 
exponentss and their mutual relationships can be established. These parameters are 
thenn experimentally accessible. An alternative interpretation is in terms of the double 
channell  Kondo problem. 

Althoughh this is a highly legitimate (and successful) approach, in this thesis 
thee emphasis is on the microscopic nature of the many-body states responsible for 
heavy-fermionn behaviour. 

Inn a certain manner, heavy-fermion systems do not form a "class of materials" 
inn the strictest sense of the word as for example the "classical" BCS superconductors 
do.. For BCS superconductivity two properties are of importance: the Meissner 
effectt and the zero resistivity. Both properties have to be compared to the normal 
(metallic)) state of matter. Heavy-fermion behaviour is more characterized by its 
eclecticc collection of properties and it has to be compared to magnetic states or Kondo 
states,, on top of which it seems to prevail. For instance, by gradually replacing Ce by 
Laa in CeRu2Si2 the properties of (Ce,La)Ru2Si2 shift from heavy-fermion behaviour 
too Kondo behaviour. There are no clean-cut boundaries. It is more as if heavy-
fermionn behaviour forms a no-man's land in parameter space between various regions 
inn which different types of behaviour prevail: magnetism, Kondo behaviour, etc.. 

Afterr serious deliberation, the properties we believe to be the most charac-
teristicc for heavy-fermion behaviour are: the apparent high effective mass, the high 
Grüneisenn parameter and the small, but essentially non-zero, magnetic moment. 

Wee started with a detailed inspection of existing theories. In particular, the 
Kondoo effect and the magnetic interactions were closely examined. This is for various 
reasons.. Why the Kondo theory cannot be straightforwardly adapted to the situation 
off  heavy-fermion systems? Is it possible to understand the conflict between Kondo 
andd magnetic interactions in heavy-fermion systems? As the standard Hamiltonian 
too deal with heavy-fermion systems we chose the Periodic-Anderson Hamiltonian. For 
thee diluted regime we introduced the Anderson Hamiltonian. The concept of an effec-
tivee Hamiltonian was introduced and it was demonstrated how under the restriction 
thatt each f state stays integer occupied, for the case of a diluted concentration of mag-
neticc ions, the Kondo Hamiltonian is retrieved from the Anderson Hamiltonian. We 
alsoo discussed the "Kondo-versus-RKKY approach", in which case for the magnetic 
interactionss interactions of the RKKY type are chosen. The pro's and con 's of that 
approachh were discussed. Among other observations, we pointed out that under the 
samee restrictions used to derive the Kondo Hamiltonian from the Anderson Hamilto-
niann one can derive an effective Hamiltonian from the Periodic-Anderson Hamiltonian 
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inn which in the lowest term the " Kondo-lattice Hamiltonian" is recognized. In higher 
orderr terms, interactions of the RKKY form can indeed be recognized. But to un-
derstandd why only these parts of the higher order terms prevail one must make use 
off  the fact that a quantum critical point exists. 

Eventually,, we introduced a different effective Hamiltonian for the Periodic-
Andersonn Hamiltonian. I t consists of three terms; for the conduction states a straight-
forwardd conduction-band Hamiltonian, a Hamiltonian for the f states in which the a 
Hubbardd Hamiltonian can be recognized and an interaction term between the f and 
conductionn states. The latter has the form: 

Atf eff.. cond-f states = ~ ^ lfc$ [ c ^ ^ j [ f * , ^ ] 
{k,q},{<r,p } } 

with: : 

4rfqii  + 5 AT \ 
- W ^ - U T ) ) 

V q TT ~ 4l f qi / 

Noticee that sk j k and S  ̂ are the standard spin-vector operator definitions for 
thee conduction and f state with quasi-momentum k, respectively. For special choices 
o ff ^ {k ,q}> t he Hamiltonian AHeS, cond.f Btates reduces to the Kondo or the Kondo-lattice 
Hamiltonian.. For heavy-fermion systems resembling Kondo systems, p\ is non-
zeroo for small values of |k - qj. If a wider range of k and q values is allowed, a 
descriptionn in terms of itinerant f states is better applicable (as it seems to be the 
casee for UPts). 

I tt is this term we hold responsible for the low-energy excitations that are 
typicall  for heavy-fermion behaviour. 

I tt is the Hubbard term in this effective Hamiltonian we hold responsible for 
thee magnetic ordering. In the case of half fillin g it is known that the Hubbard 
Hamiltoniann effectively reduces to an Hamiltonian for an Heisenberg antiferromagnet. 
Inn heavy-fermion systems we have slightly less than half filling , in which case holes 
propagatee through the antiferromagnetic ordered lattice of magnetic ions leaving trails 
off  magnetic frustrations behind. 

Thiss approach indicates why generally all heavy-fermion compounds order 
antiferromagneticallyy and not ferromagnetically. To order ferromagnetically a strong 
spin-orbitt coupling is needed (as in our small molecules). 

Wee considered rather simple molecules, so that eigenstates and energy spectra 
cann be readily generated, to study several microscopic features of many-body states 
thatt we expect to occur in heavy-fermion systems. E.g. we studied the effects of 
conduction-electronn states shared by two f states both for the situation where an 

Sk,qq = 2 

^kTCq|| + CklCqT 

_ 11 ( Ck|Cql ~ CklCqTJ 
CkTCqTT ~~ Ckl CQi 
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inadequatee number of conduction states/electrons is present to form singlets with 
eachh f state/electron individually and where an adequate number is present to do 
so.. Also the effects of altering the number of electrons present in the system on 
thee energy spectrum is studied. This is of interest because the differences between 
suchh spectra form the single quasi-particle spectra as determined in an XPS or BIS 
experiment.. Another subject of interest is the effect on the correlation between sites 
whenn a surplus of symmetry operators is present. 

AA detailed study is made of what we called n particle-hole excitations". As such 
excitatonss exist also ground states exist where conduction and f states are arranged 
inn triplets in stead of singlets. 

Inn the final part of the second chapter we studied the effects of a fictitious field, 
enforcingg the magnetic ions to order either ferromagnetically or antiferromagnetically. 
Amongg other features, an energy scaling relation between characteristic field and 
characteristicc temperature is retrieved. 

Inn the second part of this thesis, high-field dilatation experiments on the 
UfPti-aPda,̂^ compounds are performed. UPt3 serves as a Drosopilae for the heavy-
fermionn compounds. UPt3 has all the properties characteristic for heavy-fermion 
behaviourr in its extremest form. By replacing Pt by Pd its properties can be al-
teredd in a controlled fashion. Dilatation experiments are an excellent tool to study 
heavy-fermionn behaviour. The creation or suppression of heavy-fermion behaviour as 
aa result of field or temperature changes is accompanied by large changes in the molar 
volumee (a result of the high Grüneisen parameter). 

Concerningg the magnetic properties of the UfPti-sPd ĵ compounds we used 
ann alternative approach to the more common Kondo-versus-RKKY interpretation. 

Wee argued that unlike as for the single-ion case for the periodic magnetic-ion 
casee Arif ^ 0 (the deviations from integer filling  of each f orbital) is an important 
property.. In general terms, by allowing the peak in the density of states related to 
thee itinerant f-states to have an energy equal to the chemical potential, instead of 
ann energy much smaller than the chemical potential, the system will be able to form 
low-energyy correlated many-body states. Some room in phase space must be created 
too allow for these new excitations to occur. For this the f-band is slightly depopulated. 
Inn terms of the hybridization-peak-at-the-Fermi-level description just introduced it 
iss Ant which determines at which energy the chemical potential is found within this 
peak.. It will not be surprising that the effective mass is a function of Arif . 

Wee even argued that the size of the extremely small but essential non-zero 
magneticc moment is also a function of Ant. For this purpose we adapted the Stoner 
theoryy to be applied to particular hybridization-style shaped bandstructures (each 
bandstructuree corresponding to one particular type of antiferromagnetic ordering). 
Suchh an interpretation could be made to agree with the notion that the small mag-
neticc moment is a rapidly fluctuating moment (so that it is only detectable by some 
experimentall  techniques). 

Wee explained the observation of a maximum in the Néeel temperature versus 
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Pdd doping in terms of sizes of orbitals and a super-exchange mechanism. 

Somee heavy-fermion systems resemble Kondo systems, while others seem bet-
terr describable in terms of a renormalized hybridization peak. The system we con-
sidered,, UPt3, belongs to the latter class. The empirical notion concerning the shape 
off  the peak in the density of states at the Fermi level, typical for heavy-fermion be-
haviour,, is that it is shaped as if a dispersionless f-style band is hybridized with a 
broadd conduction-style band. Phenomenologically, concerning the shape of the peak 
inn the density of states, many-body interactions should have two mayor effects. A 
priori,priori,  as (fx - ef) > \T\ (the energy associated with the bare f state of the magnetic 
ionn is well below the chemical potential) such a hybridization peak would not be 
detectablee in a thermodynamic experiment, (/J — ef) Should effectively be renormal-
izedd so that the resulting peak is found at the chemical potential. To accommodate 
forr the experimentally detected large effective masses (associated with the shape of 
thee peak) the ligand-hybridization should be approximately ten times smaller as is 
estimatedd by means of an overlap integral. 

Forr UPt3, the shape of this hybridization-style peak seems to be in agreement 
withh the temperature and angular dependence of the observed de Haas van Alphen 
oscillationss [1]. But we took it a step further. We assumed the relative strain de-
pendenciess of various energy levels within this peak to be as if it would be such a 
(renormalized)) hybridization peak and as if all strain dependence stems from the 
volumee dependence of the ligand-hybridization strength. 

Wee argued that this is consistent with the observation of a broad shoulder in 
thee size of the low-temperature effective mass versus temperature (as deduced from 
high-fieldd specific heat data) for UPt3 at B* « 20 T while its relative strain depen-
dencee displays a sharp cusp (determined from a combination of high-field specific 
heatt and high-field thermal-expansion data). 

Inn this heuristic picture the effect of introducing an external field is primarily to 
shiftt this hybridization peak to lower energies with respect to the chemical potential. 
Thee characteristic-field strength, B*, is then associated with the field needed to shift 
thee peak completely below the Fermi energy. At the lowest temperatures, it is no 
longerr detectable in a thermodynamic experiment. As the peak is shifted below the 
chemicall  potential, large local moments start to be created. 

Forr B> B* the peak is still present only at energies smaller than the chemical 
potential.. At the lowest temperatures, thermodynamic data are not affected by 
thatt peak but, as temperature is increased, it starts to be, again, included within the 
temperaturee window k sT of the chemical potential. We coined the phrase "re-entrant 
heavy-fermionn behaviour*1. 

Inn dilatation experiments, heavy-fermion behaviour reveals itself as a valley in 
aa three-dimensional plot of the length versus temperature and field. So, in case of 
re-entrantt heavy-fermion behaviour we run for increasing temperatures into the valley 
ass opposed to out of the valley for "regular" heavy-fermion behaviour. This implies 
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thatt for the "regular" heavy-fermion behaviour we expect a positive sign for the 
thermal-expansionn coefficient, while for the "re-entrant heavy-fermion behaviour" 
thatt sign should be negative. 

Wee argued that one of the effects of Pd doping in the UfPti-^Pd ĝ compounds 
iss similar to applying magnetic fields. It shifts the peak to lower energies. We argued 
thatt 10 % of Pd doping corresponds to applying an external field of B* « 20 T. 

Thee above interpretation provided an explanation for the sign reversal of the 
thermal-expansionn coefficients measured along the a, b-ax.es and c-axis in U(Pto.9Pdo.i)3 

ass compared to UPt3 and all other U(Pti_3.Pda;)3 compounds with x < 0.1. 
Wee could demonstrate that all thermal-expansion curves for U(Pt0.öPdo.i)3 

obtainedd at various field are basically of one universal shape if they are renormalized 
withh respect to their extremum. This can be taken as an indication of re-entrant 
heavy-fermionn behaviour. 

Comparingg high-field thermal-expansion data for U(Pto.oPdo.i)3 there seems 
too be an off set of approximately 4 T between the thermal-expansion data obtained 
alongg the a- and along the fr-axis. We interpreted this as the presence of an extra 
internall  field resulting from the creation of the local moments. For both axes, the 
minimumm that is observed at (Text) hi the thermal-expansion coefficient (amin (Text)) 
versuss the temperature shifts linearly with Text as obtained for various field strengths. 
Thee Unes for the a- and fr-axis intersect for am-m (Text) = 0 and Text < 0- This can 
bee taken as a further indication for re-entrant heavy-fermion behaviour. Besides, 
thee features observed on UPt3 in fields B > 20 T (as the effective mass, thermal 
expansionn etc.) resemble very much the features as observed on U(Pto.9Pdo.i)3 for 
5 > 0 T . . 

Furthermore,, in our interpretation the presence of antiferromagnetic ordering 
iss expected to further stabilize heavy-fermion behaviour (they are not interpreted as 
twoo opposing tendencies as in the "Kondo-versus-RKKY approach"). This is also 
whatt we observed in the measurements on U(Pto.95Pdo.05)3 • For temperatures smaller 
thann the Néeel temperature all surface thermal-expansion curves for the (a, b) -plane 
scale.. They can be shown to be identical with respect to a temperature normalized 
byy the relevant Néeel temperature. 

Wee also could study the effects of the presence of domains on dilatation mea
surements.. The concept of a " dislocking field" is introduced. 

Ass Pd is introduced to the UfPti-a-Pd^Jg at low concentrations (x ft» 0.02) 
locall moments start to be created. Further increase of the Pd concentration will make 
thee long-range antiferromagnetic ordering more pronounced (the Néeel temperature 
increases)) only to reach its maximum for x = 0.05. At a further increase of the Pd 
concentration,, the long-range antiferromagnetic ordering is depressed. We assume 
thatt as we increase Pd concentration the f states turn more and more localized. This 
notionn is inspired by observations made in doping experiments of Pt and Pd in Au. It 
iss basically the ligand-atom orbital which becomes effectively smaller. We interpreted 
thee occurrence of an optimum in the Néeel temperature versus Pd concentration in 

http://b-ax.es


270 0 Epilogue e 

termss of a super-exchange mechanism. Between two magnetic ions a ligand atom is 
situatedd with its degenerate ligand orbital. There must be sufficient room between 
thee two magnetic orbitals to shift the two degenerate versions of the orbital with 
respectt to one another so that a sufficient polarization is introduced in the overlap 
regionn with the f orbital . On the other hand the magnetic ions must be sufficiently 
closee to the ligand atom so that their respective orbitals have sufficient overlap. 

I tt became clear that the c-axis response in \J(Pt!-xPdx)3 is large and not 
directlyy related to the heavy-fermion state. In UPt3 the c-axis thermal-expansion 
curvess are even not magnetic field dependent. Applying a field exceeding B* has 
noo mentionable effect on the shape of these curves. No feature is present which can 
bee associated with the characteristic temperature. On the other hand the size of the 
thermall  expansion is considerable. 

Att first glance, one could argue that the thermal expansion curves along the 
c-axiss for U(Pto.95Pdo.05)3 and U(Pt0.9Pd0.1)3 result from some elastic deformation of 
thee crystal. Extensive studies, however, demonstrate that this could not be the case. 
Thee origin of the large c-axis response is still mired. We interpret the thermal expan-
sionn phenomena in U(Pt1_xPdI ) 3 as resulting from sheets of heavy-fermion behaviour 
inn the (a, b)-planes coupled to one another by mechanisms yet to be identified. 

D.I.W. . 
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II  really enjoyed our large Chinese dinners with the sousing music of running magnets 
inn the background. 

Uli ,, for me you are the uncrowned king for getting the most Tesla's out of 
thee amount of cooling power available and cutting experimental corners in the safest 
wayy (although you should maybe stop doing it with Helium vessels). Thank you for 
lettingg me profit from your talents. 

Thann there are the guardian angels of the magnet laboratory; Jos Rook Lijni s 
Nelemans,, Harry Balster, Hung van Luong and Martha. In particular I want to 
mentionn here Klaas van Hulst, who I will remember as one of the kindest persons I 
everr met. They were always willing to help me, even with the stupidest of problems. 

Too Elma and Jos I am thankful for helping me with computer and personal 
crises s 

Ton,, my friend, how are your feelings, printer-wise? And Marc never forget, 
doo not feed other people's monkeys too much. Sjoerd I miss our discussions about 
physicss and the meaning of it all. I hope you find all the glory you deserve. 
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Too George Bruls, I am still thankful for his invitation to Frankfurt. I share 
hiss taste in simplicity and elegance. 

Sasha,, I still remember that you stopped me in my tracks on the large staircase 
att the Van der Waals Zeeman laboratory speaking words along the lines of "Let's 
nott care what other people think and just do it" . Thank you for teaching me the 
basicss in mental-pirating skills. 

Too John Singleton and Andrey Geim I am thankful for taking the time to 
discuss. . 

I tt is in particular Sigi Straessler, the smartest brain in the west, which I want 
too thank for taking a closer look at my ideas and taking them a step further. It was 
aa privilege to see the master at work. 

II  also want to mention all those fellow workers not already mentioned, who, 
overr the years, turned into good friends, such as: Niels, Alex, Benno, Maaike, 
Magteld,, Ceciel, Fausto, Cecilia, Fausto, Joop, Freddy, Jan and many more It 
iss hard to thank you all at this place, but please do not think I forgot you. 

AA special place in all this is taken by Judith. 
Daddy,, I would like to thank you for not just being my father. Hein, thank 

you,, and not just for making the fourth of July such an unforgettable day. Thank 
you!!  Marianne, I am looking forward to seeing you again. Thomas, Stella, Hans 
andd Linde you heard the story of my thesis so many times. Thank you, for being so 
patientt with me. 

II  only just started, there are many more angles. I t would be almost undoable 
too thank them all. Therefore I would like to finish with a general, and well meant, 

THANKK YOU!!! 



Vin" ,ard iumm le\ iosa (IKP.) 

KK pure si m inne (( ; . ( . . ) 

( ) n l \\ the t ru th wi l l set us Tree { . ! . ( . ) 

Mindss are like parachutes, the> on l \ lunet ion when the> are o])en 
(M.B.)) Ami ha\e holes in the middle? ( I ' .W. ) 

Thee t ru th is l ike a mult i -headed dragon if \ ou chop one head ol ' i t 
ww ill «row two new ones 

II he pure heaut> of creat i \e thought and the charm ol' 
understanding,, is what makes our life so much more enjoyable 

thann that ol' a b r ick (A.J.) 

Ikk weet niet welk heeld de wereld \ ; m mi j /a l hebben, maai - in m i jn 
o»enn ben ik alleen een jongetje geweest dat speelt op het strand en 
nuu en dan het p le/ ier heelt dat hi j een no« «ladder steentje, ot een 
no»» mooiere schelp ontdekt, te rwi j l de «rote oceaan der waarheid 

no»» onontdekt \ o o r hem li«t. ( I . \ . \ ertaalt) 

l.ee \ent nous porfera ( V I ) . ) 

Lett the wisest men teach our chi ldren (S.) 

AA «ood scientific question is precise, concise and has an answer. 
II hc\ are usually not the most interesting (|iiestions 

II he art o lask in« is more impor tant than the art oi answering 

Doorr meten tot weten. (K.O.) 

\ u rr die Theorie entscheidet was maim sieht (A.K.) 

Kerstt het ^ak en dan pas de pcda«o«iek. 

Indienn «oed /el l 'begrepen en pas daarna «oed uit«cle«d, begri jpen 
leerlingenn \aak \eel meer dan /e credit «e»e\en wordt (h ierb i j 

moetenn denken en doen niet met elkaar verward worden). 

Dee schoonheid \an de verwonder ing 

Onderwi jss is stilstaan (R.vAY.) 

Krr zi jn twee Minnen M U I i nd i \ idual isme. een «ocde en een kwade 
\ o r m .. l a a t ons alsjeblieft de «ocde niet \er«eten en ons herinneren 

waaromm systemen eigenli jk in het leven geroepen zi jn 

Normen,, in de / i n van de rebels, z i jn wel overdraagbaar. Waarden. 
inn de zin \ a n de kwal i tei ten waartoe de normen dienen, kunnen 

hooguitt \oor«eleef'd worden. 

( iocdd vakmanschap is een kwestie \ an voordoen en nadoen. 

Wc rr sucht der l lndet. wer kloplet den w i rd auf«ctahn (PAN.) 
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