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Chapterr 6 
THEE GRÜNEISEN PARAMETER 

Thee strong volume dependence of the heavy-fermion state is often expressed in terms 
off  the heavy-fermion state having an unusual high Grüneisen parameter (10 to 100). 

6.11 Several definitions for  the Grüneisen parameter 

Forr this Grüneisen parameter several different a priori  definitions exist ([1][2][3][4]) . 
Afterr having listed these definitions, we will show that all of them are, within a certain 
framework,, identical. 

Gruiieisenn parameter  in terms of relative volume dependence of en-
ergyy levels of the system 

 The definition of the Grüneisen parameter as we will use it, and to which the first 
sentencee of this section refers to, is in terms of the relative volume dependence 
off  the energy levels of the system: 

/ain n̂ n 
\dhx(v)/\dhx(v)/ K } 

Inn which {) denotes an ensemble average and i numbers the different states of 
aa system having an energy Ei, repsectively. If the energy levels of the system 
cann be treated as stemming from separate parts of the system, as the lattice 
vibrationss (phonons), the quasi-particle excitations of the electronic system 
(e.g.. in a Fermi-liquid or marginal Fermi-liquid treatment) or even magnetic 
excitationss if any long-range magnetic ordering exists (e.g. magnons, solitons, 
vorticess etc.) the energy levels of a certain subsystem all amount to the same 
volumee dependence. Let this be denoted as: 

Ei^eMEi,Ei^eMEi, (6.2) 

wheree again i labels the various separate states of the sub system and where e (v) 
denotess its volume dependence. Ei denotes the volume independent part of such 
aa state. Each separate sub system has its own distinctive e(V); e.g. there is 
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onee related to the phononic part and another related to the electronic part, etc. 
Forr each of these subsystems, a Grtlneisen parameter can be introduced still as 
thee relative volume dependence of its energy levels. Al l its energy levels have 
thee same volume dependence. The need for an ensemble average is no longer 
neededd and: 

,_d\n(e(V)) ,_d\n(e(V)) 
11 subsystem — ,, (\/\ ' \V'" / 

E.g.,, a Grüneisen parameter can be defined for the phononic part, while a 
separatee one can be assigned to the electronic excitations of the system and 
evenn a third can be defined for the long-range magnetic ordering (if any is 
present).. The Grtlneisen parameter we wil l be mostly interested in is the one 
relatedd to the electronic part of the system, since we assume it is this part which 
providess the heavy-fermion behaviour. 

Somee caution is needed here. This treatment hinges on the fact that one can 
treatt the system in terms of separate subsystems. A large electronic Grtlneisen 
parameterr (as observed for heavy-fermion behaviour) implies a strong volume 
dependencee of the electronic energy levels. Phonons directly affect the mo-
larr volume. Does this high electronic Grtlneisen parameter suggest a strong 
electron-phononn coupling, even so strong that a separation of the system in 
subpartss is no longer justifiable? 

AA high electronic Grüneisen parameter suggesting a strong volume dependence 
off  the electronic energy levels also implies that the formation of states with 
aa high electronic Grüneisen parameter (as the heavy-fermion ground states) 
shouldd be associated with a change of the volume of the sample. 

 T h e Grüneisen parameter  in terms of th e relat iv e vo lume dependence 
off  t h e character ist ic temperature 

Focusingg for a moment on the electronic part of the system and the heavy-
fermionn states, the Grüneisen parameter can also be defined as 

r = - 9 R 7pp (<u) 

whereinn T* stands for the characteristic temperature for the heavy-fermion 
statess in the absence of a magnetic field. 'Notice the "-"sign in the above 
expression.. Usually, this version of the Grüneisen parameter is introduced by 

'Evenn for the "phonon part " many proper Grüneisen parameters exist. Each mode has its own 
ownn parameter; I \ = -d(In (o»i)) /d(In (V)) (see e.g. Askroft and Mermin p. 493 Eq. 25.18). 

Inn the Debye model all modes scale linearly with the cut-off OJD, or equivalently with the Debye 
temperaturee OD = {hvD) /kB; thus 
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meanss of a scaling Ansatz for the Helmholtz free energy as it was put forward by 
Puldee and others ([5]). The key assumption is that for heavy-fermion behaviour 
onlyy one typical energy scale exists. It is assumed that most of the volume 
dependencee of the thermodynamic properties can be correctly treated by as-
cribingg it as stemming from the volume dependence of this single energy scale. 
Itt is further assumed that in heavy-fermion compounds, a simple energy-scaling 
relationn exists between the characteristic fields, 2?*, and temperatures, T*, of 
thee heavy-fermion behaviour: kBT* w \^B*. The volume dependence of the 
thermodynamicc properties can just as well be ascribed to the volume depen-
dencee of the characteristic field and temperature; T* (V) and B* (V). T* (V) 
andd B* (V) are expected to have a similar volume dependence. 

Followingg the suggestion of Fulde, a specific assumption is made for the form of 
thee Helmholtz free energy associated with the electronic part, Fe, of the system 
(thee part held responsible for the heavy-fermion behaviour): 

FFee = NkBT x f (r^-r, n
B„„]  (6-5) 

Thiss function ƒ has no direct volume dependence. The only volume dependence 
off  Fe stems from the volume dependence of T* (V) and B* (V). Some of the 
backgroundd leading to the formulation of the particular scaling Ansatz for the 
Helmholtzz free energy will be discussed in a later section. 

Wee would like to relate our Grüneisen parameter to the relative volume de-
pendencee of the above discussed single energy scale. But this parameter is not 
directlyy experimentally accessible. Instead, we took as its measure the relative 
volumee dependence of characteristic temperature, T* (V) . A just as legiti-
matee choice would have been to use B* (V). We can therefore put forward two 
possiblee definitions: 

dlnCT») ) 
r = I V - d ï n i ï rr  (6-6) 

dln(B») ) 
r = r B * -7 ïn WW  ( } 

Bothh Grüneisen parameters yield the same result. This will be shown in a later 
subsectionn more rigorously (using the scaling Ansatz for the Helmholtz free 
energy). . 

rr dln(e0) 
D e b y e""  dln(V )
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I tt wil l be shown that T can also be expressed in terms of experimentally acces-
siblee variables: 

inn which (3y and Cv (T) represent the thermal expansion and the specific heat 
off  the electronic part of the system, respectively, while V ,̂ represents the molar 
volumee (if the specific heat is expressed in terms of units of molar volume) and 
KK is the hydrostatic compressibility. 

Forr this result to be obtained, some approximations had to be made, justifiable 
inn the case of heavy-fermion behaviour. 

I tt has to be stressed that for a definition of the Grüneisen parameter in terms 
off  the relative volume dependence of the characteristic temperature or field (as 
i tt is done above in Eqs.6.6 and 6.7) and for the expression Eq.6.8 to hold, the 
frameworkk of the scaling Ansatz for the Helmholtz free energy (Eq. 6.5) is 
essential l 

Too evaluate T from Eq. 6.8, only the electronic parts of the specific heat and 
thee thermal expansion are needed. However, in a real experiment only thermal 
expansionn and specific heat data can be obtained in which all contributions such 
ass electronic, phononic, magnetic, etc. are included. 

Ann effective Grüneisen parameter is defined for that reason in which the mea-
suredd specific heat and thermal expansion directly enter. 

T h ee Grüneisen parameter  defined in term s of th e relat iv e vo lume 
dependencee of t h e temperature under  th e condi t ion that th e entropy 
remainss constant. 

Anotherr definition for the Grüneisen parameter, closely related to the previous 
one,, is: 

rfln(r) rfln(r) 
r== -d\n{V) d\n{V) 

(6.9) ) 

SS denotes the total entropy of the system. We omit magnetic terms for simplic-
ityy reasons. As 6E = T6S-P6V; a change in entropy, 6S, must be a function 
off  6E and 6V; hence: 

dS dS 
6S=6S=dË dË dV=0 dV=0 

I PP dS 
6E+6E+av av 

SVSV (6.10) 
dE=0 dE=0 
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6E6E and 6V stand for the change in energy and volume, repsectively Notice 
thatt furthermore cv = j§\v and ^r = 5In (T) in which Cy (T) represents the 
specificc heat of the sample, so that: 

ÖS_ ÖS_ 

dE dE 
6E6E = ^6E9V̂  (6.11) 

T T 

==  6Q 

T T 
ccvv{T)6T {T)6T 

(6.12) ) 

TT (6-13) 

== cv^ ln(T) (6.14) 

Forr the thermal expansion, /?i 5 we obtain: 

A - —— (6-15) 

dd22F F 
== K-

dVdT dVdT 
dS dS 

==  KdV' 

(6.16) ) 

(6.17) ) 

Hereinn is K the hydrostatic compressibility. This expression can be rewritten 
soo that: 

^6V^6V = ^6V (6.18) 
dVdV K 

PjVÖV PjVÖV 

KK V 
(6.19) ) 

==  ÊK6]n{v) (6.20) 

Thiss all combined leads to: 

OSOS = cv (T) 6 In (T) + ^-6 In (V) (6.21) 

Wee represent the specific heat in terms of units of molar volume, V^,. As a result 
off  the criterium 6S (T, V) — 0, we obtain 

00 = cv (T) tfln (T) + ^ 6 In (V) (6.22) 

h e n c e r,_ | lHmm = IMS_ (6.23) 
a in (V )) « „ ^ . ( T ) ^ ' 
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6.22 T h e simi lar i t y between various definit ion s of Grüneisen parameters 

Thee link between the second and the third definition of the Grüneisen parameter 
iss apparent. Both lead to an identical formulation in terms of specific heat, ther-
mall  expansion, compressibility and molar volume. The volume dependence of the 
characteristicc temperature must be such that the entropy is conserved. Therefore: 

*Mnn = sMn (624) 
din000 d\n{V) / K > 

Thee essence of the scaling Ansatz for the Helmholtz free energy is the ex-
istencee of a single energy scale for the heavy-fermion state. To its eligible volume 
dependence,, the source of the volume dependence of thermodynamic properties is 
ascribed.. As a measure of this, the relative volume dependence of the characteristic 
temperature,, T* , was taken. Intuitively, the volume dependence of this single energy 
scalee must be identical to the volume dependence of the individual energy levels of the 
heavy-fermionn state (the first definition of the Grüneisen parameter listed). A link is 
establishedd between the second and the first definition of the Grüneisen parameter. 
Theree is a more rigorous way. We wil l show that also for the first definition of the 
Grüneisenn parameter the expression: 

TT=S$)=S$) (6-25) 
holds.. This wil l be done in the framework of statistical mechanics. 

Ass was previously shown: 

PvPv = «J£- (6-26) 
Thee Grüneisen parameter can be expressed as: 

r = ^ rr = ^ . (6.27) 

Inn the spirit of a Fermi-liquid description, we label the excitations by i and their 
respectivee energies by 2*̂ . The probability of an excitation being occupied, P  ̂ is 
definedd as: 

PiPi = V r-PEk ' (6-28) 

inn which (i) is the collection of configurations of possible excitations and f3 = \/{kBT). 
Thee expectation value of Ei, (i?j), is: 
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Thee total energy is found as E = {Ei) N, in which N is the total density of excitations. 
Furthermore,, since the specific heat is: 

* mm d E 

Cv(T)Cv(T) = - ^ 

11 dE 

V,B V,B 

i tt can be shown that: 

Cv(T)Cv(T) = 

keTkeT22 d/3 V,BV,B ksT2 

 ^m-wi 
::  "[(frfr-iEi)))) 

Nd(Ej) Nd(Ej) 

dp dp \V,B \V,B 
(6.30) ) 

(6.31) ) 

(6.32) ) 

inn which ( ) denotes the expectation value. On the other hand, the Helmholtz free 
energy,, F, can be expressed as F = —kBT\n{Z), in which Z is the grand canonical 
partitionn function, Z = £ ) w e~pEi. EVom the Helmholtz free energy the entropy can 
bee determined as: 

V,B V,B 

dF dF 

HBTHBT22 dp V,B V,B 

Thee volume derivative of the entropy can be shown to be: 

dSdS N 

(w(wx{Eix{Ei~~{Ei)) {Ei)) 
dvdv kBT 

Forr the Grüneisen parameter all this implies: 

rr  = == v-

(6.33) ) 

(6.34) ) 

(6.35) ) 
KC{T)KC{T) c{T) ' {EiiEi-iEi)))  ' 

Iff  all the energy levels stem from the same subsystem they will , almost by definition, 
havee the same volume dependence, denoted as: 

EiEi = €(V)Ei. (6.36) ) 

Inn which e(V) is the volume dependence of the energy levels independent of index i 

whilee Ei is the rest of the energy level (no longer volume dependent). 
I tt is straightforward to show that this leads to: 

ii  V te{V) 01n(e(V) 
rr  = 

PvVPvVm m 

== v- (6.37) ) 
KC.iT)KC.iT) * e{V)* e(V) dV d ln(V) 

Inn the extreme right hand side of the expression, the definition of the Grüneisen 
parameterr in terms of the relative volume dependency of the energy levels, the leading 
definitionn in our list, can be recognized. A link is established for all three definitions of 
thee Grüneisen parameter. For all three definitions the expression in terms of specific 
heatt thermal expansion compressibility and molar volume holds. 

http://KC.iT
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6.33 T h e effects of electron-phonon coupl ing 

Off  course, to picture the system as being built out of several subsystems is an over-
simplification.. Some care has to be taken to justify this subdivision. 

AA high electronic Grüneisen parameter implies that the electronic excitations 
aree strongly molar volume dependent; suggesting a strong electron-phonon coupling, 
maybee even so strong that a division into an electronic an a phononic part for the 
systemm is no longer justifiable. We could find ourselves in a similar situation as for 
thee B.C.S. theory for superconductivity. 

Forr all three methods discussed above, it is implicitl y assumed that the appar-
entt heavy electron mass (proportional to the linear low-temperature coefficient of the 
specificc heat) and its volume dependence (proportional to the linear low-temperature 
coefficientt of the thermal expansion) are not affected by the electron-phonon coupling. 

Argumentss exist which suggest that in contrast to ordinary metals, in which 
thee quasi-particle mass (m*) increases as a result of the electron-phonon interaction, it 
shouldd drastically decrease in the case of heavy-fermion systems. Both an approach 
byy Fulde and co-workers [8] [5] [6] [7] as well as the approach presented here lead to 
thiss conclusion. In ordinary metals the electron with its phonon cloud is heavier than 
withoutt it. The crucial heavy quasi-particle excitations for heavy-fermion behaviour 
cann be traced back to the inter-site and on-site spin fluctuations. These essential 
excitationss for the heavy-fermion behaviour can be pictured as (spin) excitations 
runningg from f site to f site. It is straightforward to see that the effective mass of 
suchh excitations is determined by the itinerant nature of the original f-states. Its 
itinerantt nature is determined by the ligand-hybridization strength between the f 
shellss and the shells of their ligand atoms. Dressing such excitations with phonon 
cloudss implies that neighbouring atoms come closer to these magnetic ions. Therefore, 
thee ligand-hybridization strength is increased. This wil l increase the itinerant nature 
off  the f band and with it reduce the effective mass of the above described heavy 
quasi-particlee excitations. The argument bears similarities to the case of a polaron 
inn normal metallic conductors or that of B.C.S. superconductors. 

Fuldee considered the system as a particular Kondo lattice. At low-enough tem-
perature,, a singlet could be formed at each individual magnetic-ion site between the f 
electronss and the conduction electrons. The energy gain due to the singlet formation 
iss denoted as: EQ = - k B T * , where T* is thee equivalent of the Kondo temperature in 
thee case of a lattice. I t defines the low-energy scale of the system. In particular the 
quasi-particlee mass, m*, is expected to be proportional to (T*) - 1. The energy gain 
duee to the singlet formation and the quasi-particle mass are inversely proportional. 
Thee ligand hybridization of the f electrons with the conduction electrons, on which T* 
cruciallyy depends, increases when neighbouring atoms are moved closer to the mag-
neticc ion. As a result of the electron-phonon interaction, neighbouring atoms wil l 
movee closer and the energy gain due to the singlet formation increases. A measure of 
thee latter's increase is provided with the help of the electronic Grüneisen parameter 
inn terms of T = - d l n ( T * ) /d\n{V) . Since the energy gain due to the singlet for-
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mationn is increased by the electron-phonon interactions, the effective masses should 
decrease.. Fulde and co-workers [8] [5]where able to quantify this. They demonstrated 
thatt for CeRu2Si2 this could lead to an effective mass reduction of 25 %. To obtain 
thiss result they made use of a characteristic temperature of 21 K, a bulk modulus of 
11.22 x 1011 N/m2 and an electronic Gruneisen parameter of 150. Using the same set 
off  typical numbers, within our approach (using itinerant f bands) we calculated an 
effectivee mass reduction of about 18 %. It would be beyond the scope of this thesis 
too go into the details of this calculation. The size of the reduction of the effective 
masss as a result of the electron-phonon interaction is substantial. The question puts 
itselff  forward whether for heavy-fermion behaviour it is still justifiable to represent 
thee total Helmholtz free energy simply as a sum of terms in which one can be assigned 
too the electronic system and another to the phononic system, etc.. 

6.3.16.3.1 The anisotropic Gruneisen parameter 

Too introduce the anisotropy, the Gruneisen parameter must be split up into (gen-
erally)) three components corresponding to the relative length dependencies of the 
energyy levels, along all three crystallographic axes separately. It can be shown that 
alll  three components of this new Gruneisen "vector" independently (along all three 
crystallographicc axes) still linearly depend on the three components of the thermal 
expansion.. No longer the volume thermal expansion is needed but the components 
off  the thermal expansion along all three crystallographic axes. The proportionality 
constantt (matrix) between the Gruneisen- "vector" and thermal expansion-"vector" 
containss the bulk specific heat and the compressibility tensor. Since the deformation 
tensorr is by definition a symmetric tensor it is always possible to diagonalize this 
tensor.. If this set of basis vectors also diagonalizes the compressibility then, with 
respectt to this set of basis vectors (indicated by i), again: 

holds.. A one to one correspondence between the thermal expansion in a certain 
directionn and the Gruneisen, or the relative length dependence of the energy levels, 
inn that direction is again established. 

6.44 The measured specific heat 

Forr anisotropic systems, both the thermal expansion and the specific heat must be 
corrected.. For simplicity reasons we will only consider isotropic systems for a moment. 

Thee specific heat as it is measured in a standard specific heat experiment 
iss measured at constant pressure (cp(T)) and not at constant volume ((^(T)). A 
canonicall  transformation has to be carried out which is best done by the use of a 
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Jacobian.. Defining the Jacobian ^"'v? as the determinant: 

d(u,v) d(u,v) 

*{*,V)*{*,V)  Ë 

du du 
dx dx 
Öv Öv 
dx dx 

du du 
ÖV ÖV 
Ov Ov 
dy dy 

(6.39) ) 

wee can write for cv(T)=T M 

9T\V' 9T\V' 

C v ( r )) - T Ö ( T 7 V ) " 1 ^
 (6'40) 

VV ' ' 9(T,P) 

==  cp(T)-TJ  ̂ = cp(T)-TTPvcv(T), (6.41) 
\dP/T \dP/T 

inn which we made use of general rules applicable for determining determinants such 
as: : 

9(v,u)9(v,u) __ fl(ti,v)  d(u,v) _ d(u,v) djt,s) 
9(x,y)9(x,y) (x,y) d{x,y) ~ d(t,a) d(x,y) . . 

d(x,y)d(x,y) dxly dtd{x,y) 8{x,y) "*"  d(x,y) 

andd Maxwell relations. We assumed the specific heat to be expressed in terms of 
mol.: : 

** {T{Tl~l~TTff
T)T) =TTPV(T). (6.43) 

Forr the Grüneisen parameter this implies: 

p p 
pp  observed fey A A\ 

11 real ~ Z p WITYT' t 6 ' 4 4 ' 

Here,, r ^ , ^ , ,^ is the Grüneisen parameter calculated using the measured specific heat 
directlyy (cp(T)), while Treai is the Grüneisen parameter corrected for Ct,(T). 

I nn most cases, even for heavy fermions for which (3V and T are enhanced, 
thesee are minor corrections at low enough temperatures (  10K). However, at higher 
temperaturess the differences can turn out to be substantial. 

6.55 S o me of t h e background for  th e formulatio n of th e scal ing Ansatz for 
t h ee He lmho l t z free energy 

Ass was discussed in a previous section (see section "The Grüneisen parameter) one of 
thee ways for defining the Grüneisen parameter is as the relative volume dependence 
off  the characteristic temperature. There, a scaling Ansatz for the electronic part of 
thee Helmholtz free energy of the heavy-fermion state was introduced, in short: 

F«(T,, B, V) = NkJTf ( ^  , - ^ ) . (6.45) 
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Inn this case, the volume dependence of the electronic free energy only depends on the 
volumee dependencies of T*  and B*. For a precise definition, we would like to refer 
too the mentioned section, where this scaling Ansatz was basically introduced out of 
thee blue. In this section, an attempt will be made to reveal some of the experimental 
(andd theoretical) data which justify the formulation of such a scaling Ansatz. 

Experimentall  evidence exists for the existence of one characteristic tempera-
turee in heavy-fermion systems. In most thermodynamic experiments, a temperature, 
T*,T*, can be defined dividing the temperature region into a high- and a low-temperature 
zone.. It is below T*  that the heavy-fermion state seems to be formed. Exceeding T* 
wil ll  cause the heavy-fermion state to be destroyed. 

 In susceptibility experiments, T* could be assigned to the temperature at which 
aa maximum in the susceptibility is observed. 

 Typical for specific-heat data ((^(T)) as measured on heavy-fermion compounds, 
thee ratio Cv(T)/T is high at low temperature while at high temperature it is 
muchh lower. T* could be assigned to the cross-over region. 

 Typical thermal-expansion data on heavy-fermion compounds have a steep slope 
att low temperatures levelling of at higher temperatures. T* could be assigned 
too this cross-over region. Usually, a maximum is observed in this cross-over 
region.. T* could also be assigned to this maximum. 

 In some compounds, a coherence temperature can be defined from resistance 
data,, as being the temperature below which a T2 temperature dependence of 
thee resistance is observed. However not in all compounds such a coherence 
temperaturee can be straightforwardly defined. 

 T* can also be taken as a measure for the residual low-temperature quasi-elastic 
linee width in a neutron experiment. 

Althoughh the definitions of T* in relation to the different experimental tech-
niquess lead to different values of this characteristic temperature, it still seems that 
onlyy one temperature scale is involved. Nevertheless, the relationship between this 
temperaturee scale and the characteristic temperatures observed by a specific experi-
mentall  technique has still to be established. 

Similarly,, one characteristic field, B*, is observed for fields below which the 
heavy-fermionn state is created; for fields exceeding it, the heavy-fermion state is 
destroyed.. E.g. in magnetization, magnetostriction and magnetoresistance measure-
ments,, sharp features are observed at the meta-magnetic transition field, B*. The 
consensuss between different experimental techniques about the value of B* is appar-
ent. . 

Thee simple energy scaling relation 3/2kBT* w faB* seems to hold. All this is 
suggestingg the existence of only one typical energy scale to be present, both governing 
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thee field and temperature dependence of the heavy-fermion state. I t is clear that both 
T*T*  and B* are directly related to this single energy scale, although the nature of the 
linkk still has to be determined. Overstepping this last point and introducing t as 
tt = T/T* and b as 6 = B/B*, the electronic part of the Helmholtz free energy seems 
too be describable in the form Fe — NkBTf(t,b). Here, N is the density of magnetic 
ionss and f(t,b) is a, still to be determined, function only depending on t and b. Notice 
thatt we omitted the direct volume dependence. We wil l come back to this in the next 
subsection.. Anyhow, every parameter of heavy-fermion systems appearing in ƒ seems 
too be indirectly normalized with respect to this single energy scale. This implies that 
thee corresponding entropy is only depending on t and b. 

6.5.16.5.1 The strong volume dependence of the single energy scale 

Thee key assumption to be made is the way in which the volume dependence of Fe is 
described.. I t is assumed that its volume dependence can be treated as solely being 
causedd by the volume dependence of the single energy scale involved in the formation 
off  the heavy-fermion state. Or, likewise, by the volume dependence of T* and B* 
(bothh related to the typical energy scale involved in the formation of the heavy fermion 
state).. Since a simple energy scaling relation exists between T* and B*> that in some 
mistyy way must be related to the single energy scale of the heavy-fermion state, both 
T*T*  and B* are expected to have similar volume dependencies. 

Viewingg the heavy-fermion state as emerging from a delicate competition be-
tweenn two interactions, namely the Kondo- and the Ruderman-Kittel-Kasuya-Yosida 
(RKKY )) interactions, the apparent existence of only one energy scale causes interpre-
tationn problems. Two energy scales should be present, one related to the Kondo effect 
andd one related to the RKKY interaction. Although heavy-fermion behaviour typ-
icallyy occurs in a regime where these two energy scales are comparable in strength, 
theree is no a priori  justification for the assumption that they should be identical. 
Thee contradiction between the belief that two energy scales should be present and 
thee fact that at low temperatures the specific heat, susceptibility and resistance seem 
too be dominated by one single energy scale is apparent. Interpreting heavy-fermion 
behaviourr as a critical balance between Kondo- and RKKY-interactions, the general 
consensuss is that there exists something like a coherence temperature c.q. energy 
scale,, Tcoh, which is set by an interplay between the Kondo and RKKY interaction 
energies,, below which coherence temperature a new low-temperature energy scale 
setss in. For higher temperatures, the single-ion Kondo energy sets the scale. In this 
framework,, one of the central issues is whether the Kondo energy scale and this new 
energyy scale are fundamentally different. In terms of band structures, this new en-
ergyy scale is related to the width of the peak in the density of states. In terms of the 
Kondo-- versus RKKY-interaction picture, for temperatures exceeding TCOh this width 
iss the Kondo temperature/energy scale, while for temperatures smaller than Tcoh this 
energyy scale is renormalized by the RKKY-interaction. How this renormalization 
processs comes about is still misty. The Kondo- as well as the RKKY-energy scale are 
stronglyy dependent (exponentially) on the ligand-hybridization strength and the bare 
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f-levell  energy, which on their terms are strongly volume dependent. For that reason, 
itt is reasonable to expect this new energy scale (characterizing the heavy-fermion 
state)) to be also strongly volume dependent. 

Inn terms of the bandstructure approach, the width of the peak in the density of 
states,, and consequently this new energy scale, is roughly the hybridization strength 
renormalizedd by the on-site repulsion. This again, leads to the same conclusion that 
thiss new energy scale should be strongly volume dependent. 

Ourr assumption is that the volume dependence of the free energy is set by the 
strongg volume dependence of this new energy scale, or by T*(V) and B*(V) for that 
matter.. T* and B* should depend on volume in a similar way. 
6.5.26.5.2 How to deal with the field and temperature dependence of the characteristic 

temperaturetemperature and field 
Off  course, T* will also depend on field and B* will depend on temperature. But, 
usingg the lessons learned from other correlated systems such as superconductivity, we 
assume: : 

TT**  = T°9{1\) 5*  = j B ° V l ( ^ ) *  (6'46) 
inn which the function g contains information about the phase boundary of the heavy-
fermionn state in the temperature-field phase space. T£ is the characteristic tempera-
turee in zero field while B£ is the characteristic field at zero temperature. 

Summingg up, the scaling Ansatz for the Helmholtz free energy for the elec-
tronicc part of the system, Fe, can be formulated as follows: 

F'=^ Wx/(w)'i) ''  (647) 

inn which the only volume dependent parameters are B£(V) and TQ(V). Introducing 
toto = T/TQ and bo = B/BQ, it is assumed that the volume dependence of f(to,bo) 
(thee part of the Helmholtz free energy containing the information about the partition 
function)) is through to and bo. 

6.5.36.5.3 The nature of the heavy-fermion state as drawn from the scaling Ansatz 

Duee to the general nature of the scaling Ansatz, it is very hard to distillate from 
itt its implications for the special physical nature of the heavy-fermion state. Simi-
larr types of Ansatz seem to hold for other correlated systems in which macroscopic 
orr mesoscopic correlation-length scales can be defined, such as superconducting sys-
temss or magnetic systems with long-range ordering. This suggests that a similar 
correlation-lengthh scale should also exist for heavy-fermion behaviour. Already in 
thee diluted Kondo systems, a correlation length exists related to the dimensions of 
thee formed Kondo clouds. Also for the Ruderman-Kittel-Kasuya-Yosida (RKKY) 
interaction,, a typical length scale, related to the range of the interactions, can be 
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identified.. Picturing heavy-fermion behaviour as a critical phenomenon between the 
competingg RKK Y and Kondo interactions, it is not surprising that for heavy-fermion 
behaviourr also correlation-length scales exist. What is surprising in this framework, 
however,, is that only one correlation length scale exists, as the scaling Ansatz seems 
too suggest. 

6.66 Al l Grüneisen parameters are equal, but some are more equal than 
o thers s 

Wee already introduced two different Grüneisen parameters for T* and for B*, as: 

dindin (T*) „ ^ din (B*) 

Butt of course we could just as well introduce a Grüneisen parameter for e.g. 7 (the 
linearr term of the specific heat), x (the magnetic susceptibility) or A, in which A is 
definedd by p(T) = p(0)(l - AT2), ( with p the resistivity) or any other observable, X 
forr that matter: 

dindin (X) 
TT**  = mkiry (6-49) 

ass is, for example, the case for the phenomena related to the single-impurity Kondo 
problem:: 7 ~ T*, x ~ l/T*  and A ~ \/{T*)2. Notice the missing - sign in this 
expressionn of I V In the case of the Kondo problem, all Grüneisen parameters turn 
outt to be identical. The hope is that the same wil l hold for the heavy-fermion problem. 

Wee already argued that, due to the existence of a single energy scaling rela-
tionn between the characteristic field and temperature in the case of heavy-fermion 
materials,, the following equality holds: 

I VV = I V (6.50) 

T*T*  is expected to be proportional to the width in energy of the peak at the Fermi 
levell  that is typical for the heavy-fermion state. As T* is also inversely related to 
thee density of states at the Fermi level (T* oc 1/N*(EF)) TT*  is equal to T7 at low 
enoughh temperatures: 

I VV = r 7 (6.51) 

Inn the remaining part of this section we would like to see what further conclusions we 
cann obtain, using the previously presented scaling Ansatz for the electronic Helmholtz 
freee energy (Fe). 

Onee of the outcomes we would like to show is that: 

rr=iSm=iSm ^ 
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cann be obtained using the previously discussed scaling Ansatz. In the process of 
doingg so we wil l further show the similarity of the different Grüneisen parameters 
introducedd within this framework. 

Grüneisenn parameters have to do with volume changes. We wil l have a closer 
lookk at the expressions produced by the scaling Ansatz for the magnetostriction 
(1/VV  dV/dB) and thermal expansion {1/VdV/dT). 

Forr the case of magnetostriction this implies: 

V~dBV~dB = ' M a x w e U re1** 1008 ) = y~Qp ' ^ 
dM dM 

~~ Kdv 
inn which M stands for the magnetization, to be expressed as: 

MM = - | | o r (6.54) 

MM = -Nk°TfhB: 
att using the scaling Ansatz of Fulde. 

Givenn that only B*(V) and T*(V) are volume dependent, this implies that: 

VVdd44 = -NkBT 
dhdh22 B*2

l**  + dT*dB* **  * 

Wit hh the help of the susceptibility that is introduced as: 

dM dM 
XX = IB01 

(6.55) ) 

(6.56) ) 

i tt is straightforward to show that: 

Forr heavy-fermion systems in fields and at temperatures not to close to the meta-
magneticc transition, we write: 

MM = x B a n d « = 0. (6.59) 

Inn this case: 

T MM « 2TB*  - TT* (6.60) 
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Andd since TB* ^ ^T* we can write: 

r M «r7 7 (6.61) ) 

Noticee that almost by definition: Tx = FM-
Upp to know, we established the following equalities: 

rived: : 

rr 11 = rM = rx = rT*  = r v (6.62) 

Forr the magnetostriction itself the following expression can therefore be de-

J_dV__ M 
VdB~VdB~KKV V 

ff + 1 H V - I 1 - dHT)J dHT)J 
Forr the case of the thermal expansion 

RR 1 d V t\K 11 W A l d S 

PvPv = y~jyf = (Maxwell relations) = —-— 

dS dS 
== KW 

inn which S stands for the entropy, for which we write: 
dFdFPP. . 

SS = -
dT dT 

==  -NkBT[f{t. U)) + * | ) 

I t ss volume dependence is therefore: 

+Nk, +Nk, 

2<9/JTT + T2 &f 
dtT*dtT* (T*) 2 dt2 

OfOf B &f B 

dhdh B* dtdh B* 

11 x* 

Usingg the expression for the specific heat, cv(T): 

Cv(T)Cv(T) = T ^ 

==  -NkRT (ËI.L(ËI.L JL 
\\ dt T*  + (T* 

d*f\ d*f\ 
))22 dt2 J 

andd the earlier given expression for the magnetization, it can be shown that: 

V—V— = cv(T)rT. + — BTB*. 

(6.63) ) 

(6.64) ) 

(6.65) ) 

(6.66) ) 

(6.67) ) 

(6.68) ) 

(6.69) ) 

(6.70) ) 

(6.71) ) 

(6.72) ) 
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Forr the thermal expansion this implies that: 

V&TV&T ~~ V 
ev(T)rVV + ^r^B* (6.73) ) 

Combiningg the expressions for the magnetostriction and the thermal expansion it is 
possiblee to express Tr*  ( and TB* for that matter) in terms of magnetostriction and 
thermall  expansion. 

''  1 8V ÖlnfAQ ' 

iJ^ViJ^V  VTB 
^ ^ JJ — (6.74) 

M M 

TT*TT* = 

ccvv(T)(T) + 
(.(. flln(M)\  01B 
11 "gg fg^ VTB VTB 

Andd again, if we stay far enough from the meta-magnetic transition for which: 

MM « xB and 
dln(Af) ) 

« 0 . . (6.75) ) 

(6.76) ) 

<91n(T) ) 

holds,, we find that in this limit the expression for IV*  reduces to: 

Here,, we recognize the expression for the Grüneisen parameter, so often used in the 
previouss pages. 

Inn heavy-fermion systems, the enhancement of the linear term of the specific 
heatt at low temperatures, 7, and the temperature-independent Pauli susceptibility 
observedd at low temperatures,  seem to be related to the same enhancement in the 
densityy of states at the Fermi-level that is typical for heavy-fermion systems. T7 = 
Txx is an expression of this fact. The standard theory for non-interacting fermionic 
excitationss that can be found in any textbook, predicts that 7 should be proportional 
too the density of states at the Fermi level while, simultaneously, x should also be 
proportionall  to this density of states. It is not said that an analysis like this is 
justifiablee in the case of heavy-fermion systems. To check this, the Wilson ratio is 
introducedd as: 

R ==  1 f**B\Xm 

3/ioo V HB J 7 
(6.77) ) 

If,, indeed, both x a nd 7 are related to the same density of states, this Wilson ratio 
shouldd be one. In heavy-fermion systems, this ratio is usually close to one. Once 
again,, this establishes the power of the band-structure picture of heavy-fermion sys-
temss as having a narrow peak at the Fermi level. 

Thee volume dependence of the Wilson ratio is given by: 

dki(R) dki(R) 
== r x-r 7 öln(V) ) 

Sincee T7 = Tx the Wilson ratio is expected to be volume independent. 

(6.78) ) 
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