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1
Introduction

The figure on the left page shows a network of 450 nodes in a rectangular box with
the same aspect ratio as this thesis. This network is undeformed, however as the
Chapters progress the deformation increases up to the critical point.
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Chapter 1

1.1 Cells, tissues and other disordered networks
Cells are tiny biological machines that constantly consume energy to carry out
all of their functions. They provide structure and mechanical support, facilitate growth through mitosis and transport of various cargo and are able to show
motility. It is an intriguing complex environment with many components and
subprocesses taking place on such a small scale. If we only focus on the mechanical aspect of the cell there are already so many different demands that need to
be satisfied. Cells should be able to withstand large mechanical loads, while also
comply and actively adapt their shape to their environmental conditions [1]. Cells
obtain their mechanical integrity from the cytoskeleton, a network mesh of three
different types of biopolymers. Actin, microtubules and intermediate filaments
are the constitute elements of this cytoskeleton. Each of these polymers has its
own elastic properties and particular way they interconnect to form a network
structure. Actin is known to form branched networks near the cell membrane,
microtubules provides structure and shape and intermediate filaments protect the
cell against large deformations.

a)

b)

Figure 1.1: (a) A confocal microscopic image of the cytoskeleton of the cell with fluorescently labeled
polymers [2]. The actin filaments are shown in red, the microtubules in green and the nucleus in
blue. (b) The extracellular matrix, a composite network of primarily elastin and collagen fibers [3].

Tissues such as skin and arteries exist of a composite network of biopolymers
primarily collagen and elastin, called the extracellular matrix. Collagen is a relatively stiff polymer that is able to withstand a high tensile stress. By virtue of
branching and crosslinking collagen polymers can grow a network structure that
provides strength of the connective tissue. Within the tissue the extracellular
matrix embeds cells and bind to their cytoskeleton by proteins called integrins.
On a different scale there are colloidal particles, insoluble particles suspended in a
media, with a typical size at nanoscale up to a few micron. With artificial colloidal
particles it is possible to control the interactions to create aggregates of particles.
This aggregation process can be utilized to create macroscopic super-structures
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with the colloidal particles as constituent elements. Recent developments make it
is possible to create colloidal particles with widely varying properties such as different shapes and interactions. Moreover, it is possible to chemically alter colloids
to locally possess patches with positive or negative attraction. There exist many
ways to manipulate the aggregation process and therefore control the large scale
structures that are created in the process. One could for example transit between
more chain-like and more crystalline structures controlled by temperature [4].
Recent developments show the potential of such methods [5].
Finally, the rise of the 3D printer has made it possible and very accessible to
design and produce highly customizable materials cheaply and on a large scale. It
is possible to create very specific geometric arrangements [6–8] and create elements
of tunable density or thickness and thus stiffness [9]. Knowledge gathered about
the connection between microscopic design and macroscopic mechanical properties
can directly be converted into and tested in a designed material. An example of
such an applications would be to 3D-print biologically inspired material to be
used as improved prosthetics inside of the human body [10, 11].
Examples above stress the abundance of disordered networks as the most common way polymers are organized in mammals. From an engineerings perspective
it becomes more accessible to design materials to have certain specific internal
structure or possess specific properties. This can be done at different length scales
by methods varying from aggregation of colloids to 3D printing. Therefore, it is
of great interest to broaden our fundamental understanding of these disordered
solids, which is the aim of this thesis.

1.2 Elasticity, rigidity and deformations
Stiffness is the extent to which a material resists deformation in response to an
applied stress. From our everyday experience we know that the stiffness can
widely vary between different materials. On one end of the spectrum we have the
stiff steel beams that are able to support the weight of an entire building without
complying much. On the other end you have a flock of foam that complies with
the smallest stress you exert on it. The stiffness of a structure is of principal
importance in many engineering applications. An entire field of research exists
dedicated to determining and designing materials’ stiffness. In what follows we
describe how one formalizes the concept of stiffness and how one experimentally
measures stiffness.
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Linear elasticity theory for continuous media states that the growth of stress σ
can be approximated as the linear response to the applied deformation 
σij = Cijkl kl .

(1.1)

This is known as Hooke’s law, where Cijkl denotes the stiffness tensor which
captures the coupling between the different components of the stress to the strain
directions. For an isotropic material Hooke’s law reduces to
σij = λkk δij + 2µij .

(1.2)

We see here that two material parameters λ and µ, known as the Lamé coefficients,
determine the constitutive law between the stress and strain. These material
parameters encode all of the information about the microscopic interactions of
the constituent elements that make up the material. In this thesis we will focus
on how these material parameters are determined in terms of a potential energy,
that depends on the microscopic degrees of freedom of a material. In particular,
we will investigate how elastic moduli, defined and discussed in the next Section,
depend on the microscopic structure and geometry of different materials.

1.2.1 Elastic moduli
The macroscopic observables that captures a material’s stiffness are elastic moduli. The elastic moduli are defined as the resistance offered by an elastic body to
applied deformation per unit volume. For an isotropic solid we define two independent elastic moduli corresponding to two types of deformations we can impose
on a body. In Fig 1.2 we visualize those deformations on a 2D solid.
ΔX

L

L

L
γ= ΔX
L

Figure 1.2: A 2D isotropic material of size LxL undergoing deformation. (a) A simple shear deformation of shear strain γ. (b) A bulk expansion of dilatational strain of η.

Fig 1.2 (a) shows a simple shear deformation obtained by a transformation of the
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coordinates that reads
Hsimple shear =



1
0

γ
1



(1.3)

,

whereas in (b) dilatational deformation results from imposing
Hexpansion =

1+η
0



0
1+η



(1.4)

.

Simple shear and expansive strains are described by the strain tensor  = (γ, η)
most conveniently parameterized by simple shear and expansive strain parameters
γ and η, respectively. In 2D the strain tensor assumes the following form
(γ, η) =

HT H − I
1
=
2
2



2η + η 2
γ

γ
2η + η 2 + γ 2


.

(1.5)

In what follows we consider athermal solids, i.e. we assume in our discussions
that thermal fluctuations are negligible. Under these conditions, the stress σ
that arises due to a shear deformation of a solid is given by the derivative of
the potential energy U with respect to the applied shear formation γ, per unit
volume, namely
1 dU
,
(1.6)
σ≡
V dγ
where V denotes the system’s volume. The shear modulus G is defined as
G≡

1 d2 U
.
V dγ 2

(1.7)

In terms of a compressive strain η, the pressure is given by
p=−

1 dU
,
V d¯ dη

(1.8)

with d¯ the dimension of the solid. The bulk modulus K is defined as
K=

1 d2 U
+ p.
V d¯2 dη 2

(1.9)

The shear and bulk moduli are related to the Lamé coefficients µ and λ via G = µ,
and K = λ + 2µ.
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1.2.2 Poisson’s ratio
The Poisson’s ratio is a measure of how much a material contracts/extents in the
orthogonal directions as it is compressed/pulled on in the uniaxial direction. In
terms of the strain deformation tensor, this translates to the question how does
yy change when xx is imposed on the material. This effect formally expressed
∂yy
as the Poisson’s ratio ν, is defined as ν ≡ − ∂xx
. The sign of the Poisson’s ratio
indicates whether a material compresses or extends when pulled on in the orthogonal direction. For a positive ν the material shows a compressive response and
for negative ν an expansive response, as one can see directly from its definition.
As showed above there is an intimate relation between the elastic moduli and the
strain tensor. Therefore it is possible to express the Poisson’s ratio in terms of the
elastic moduli. This relation does in fact depend on the spatial dimension of the
problem (since the number of perpendicular directions changes). It is commonly
3K−2G
known that for a 3D material the Poisson’s ratio is given by ν = 2(3K+G)
. In
this work the 2D equivalent is relevant and the expression for the Poisson’s ratio
yields ν = K−G
K+G .

1.3 Nonlinear elasticity of fibers networks
A common property among polymeric networks is that their stiffness can increase
by a few orders of magnitude upon larger applied deformations or applied stress
[12]. A good demonstration of this effect is found in the extracellular matrix that
forms the structural framework of the human skin [13]. This connective tissue
is relatively soft, so it can easily comply with the motion of limbs. However, it
can also be resilient and strong in case that it is subjected to larger deformation.
There are several mechanism that can result in nonlinear stiffening behavior. For
example in semiflexible polymer networks, such as actin, stiffening occurs due to
a transition from conformational entropy to elastic stretching. This gives rise to
a characteristic 32 power-law stiffening with applied stress [14, 15]. For the stiffer
types of fibers, such as collagen-I, this is not a valid mechanism, because thermal
fluctuations are subdominant (we can consider it as an athermal system). A
successful explanation is provided by Sharma et al. in [16,17], where they describe
this sharp stiffening as a strain driven transition between two phases that can
occur in sub-isostatic networks with interactions of separated energy scales. The
exploration of this strain driven transition is the main subject of this thesis.
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1.3.1 Rigidity transition
Most materials either exist in a rigid, solid phase or a non-rigid flowing liquid
phase. However, in soft matter physics it is common to have materials that
exhibit a transition in rigidity. A well known example is the jamming transition
in amorphous solids as diverse as foams, emulsions, colloidal suspensions and
granular media [18, 19].
In 1856 Maxwell formulated a general criteria to determine if a frame will be stable
or not. He stated that for a frame of stiff elements rigidity will be guaranteed
when the number of constraints and number of nodes N (d¯ − z2 ) = 0, with N the
number of nodes, z the average connectivity and d¯ the spatial dimension. Solving
for which z this is the case, provides us with z = 2d̄. This point is known as the
isostatic point and we refer to this point as zc . In the phase diagram in Fig. 1.3
this point is indicated at zero strain.
For networks that are below the isostatic coordination, rigidity can still emerge
when they are subjected to external deformations. At some finite value of the
applied strain we will find that the network develops a state of self stress, that
will become stressed when strained further. We denote this particular strain value
as γc .
Rigidification can therefore occur by applying external deformation, or by adding
additional constraints. While these effects are seemingly unrelated, in Chapter
4 we show some similarities between them, and how the two effects are actually
intimately related through the way the materials’ microstructures are affected.
Consequently, these disordered networks feature a rigidity transition along a continues curve in the strain-coordination plane, as visualized in the phase diagram
in Fig. 1.3. The transition strain γc (z) at which a network with coordination z
transits from the floppy to rigid phase close to zc is given by γc (z) ∼ zc − z for
z < zc [20]. While for z > zc stability is guaranteed even in the absence of any
deformation.

1.3.2 The harmonic approximation
To understand what it means for a solid to be in a rigid phase lets consider a
generic complicated energy landscape. The total energy of an athermal solid is
a function of the nodes positions x. In Fig. 1.10 we pretend that x is a one
dimensional parameterization of a trajectory of all the nodes it is possible to visualize the high dimensional complex energy landscape. Lets assume the network
is in a state x0 of mechanical equilibrium as indicated in Fig. 1.10. Moving the
nodes in a particular way will result in a change in energy. We can write down
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γ
c(z)
Rigid

zc

Floppy

Connectivity

z

Figure 1.3: The phase diagram for the rigidity of network frames. One of the axis depicts the average
coordination of the frame. On the other axis the applied deformation parameterized by the strain γ
is shown. At zero strain the networks becomes marginally stable at the isostatic point zc . A line of
transition points exists γc (z) exists that separates floppy from the rigid phase.

the energy of the solid as an expansion in the displacements around the reference
configuration
U (x) = U |x=x0 +

X ∂U
∂xk
k

· (xk − x0k )
x=x0

∂2U
1X
(xl − x0l ) ·
+
2
∂xk ∂xl
k,l

· (xk − x0k ) + ...

(1.10)

x=x0

where x0 are the coordinates of the references state. Since we considered a reference state that is in mechanical equilibrium, force balance requires
−

∂U
∂xk

= 0.

(1.11)

x=x0

We now denote the displacements from the state of mechanical equilibrium x0
as δx ≡ (xl − x0l ), the energy at the mechanical equilibrium state as U 0 ≡
U |x=x0 . This eliminates the second term of the energy expansion. The second
order derivative of the energy is denoted as
Mk,j ≡

∂2U
,
∂xk ∂xj

(1.12)

where M is commonly referred to as the dynamical matrix. If we omit terms
above second order in displacements δx then Eq. (1.10) can compactly be written
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Potential energy U(x)

1.3 Nonlinear elasticity of fibers networks

1

o

U

xo

Displacement x

Figure 1.4: The energylandscape is a multidimensional functional that depends on the particle coordinates. If we parameterize the trajectory of the nodes by a single parameter x we can plot the
potential energy as function of this parameter. A schematic of how such a landscape could look like
is drawn. Each local minimum corresponds to a state of mechanical equilibrium. A reference state
is denoted by x0 with the corresponding value of the energy U (x0 ) = U 0 . The green dashed line
indicates the harmonic approximation of the potential.

as
U (x) = U 0 + 12 δx · M · δx ,

(1.13)

the harmonic approximation of the energy. The green dashed curve in Fig 1.10
demonstrates what this harmonic approximation would look like for the chosen
state of reference. The harmonic term is a measure of the local curvature in
the direction of the movement x, experienced as a resistance to the motion: the
higher the curvature the tougher it is to move in that direction. Considering the
harmonic approximation of the energy landscapes helps us to understand what
it means for a solid to be rigid. If the dynamical matrix M has only positive
nonzero eigenvalues a stiffness is experience in any possible direction δx. On the
other hand, when zero modes exist it is possible to move in a particular direction
(a linear combination of the zero modes) that will not increase the energy, and
consequently not require any work.
We can now reflect back on the phase diagram of rigidity drawn in Fig 1.3. The
Maxwell threshold can now be understood in terms of the dynamical matrix:
for submarginal networks the number of interactions of only the bonds is too
∂2U
will posses zero modes. The
limited, such that for a network in rest M = ∂x∂x
initial response of these networks will be floppy. The networks can be stabilized
by introducing additional interactions (which could be very weak), that will lift
these zero modes to finite values (most common example throughout this thesis
is the bending interaction). This effects the phase diagram in such a way that the
instantaneous rigidity transition from floppy to rigid softens. The initial response
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of such a network will be in the direction of the lowest eigenmodes and the stiffness
will be of the order of the newly introduced interactions. This forms the basic
explanation of the proposed mechanism for the nonlinear stiffening observed in
athermal disorderd networks.

1.4 Nonaffine displacements
Global deformations of a solid that are used to measure the elastic response are
imposed by a linear affine transformation H(γ). A transformation is affine when
sets of parallel lines remain parallel and ratios of distances between points are
preserved when they are lying on a straight line. Both types of deformations
defined in Sect. 1.2.1 do satisfy this condition. For disordered solids the absence
of symmetry allows for internal rearrangement of the material. Rearrangement
will occur because for a disordered network the imposed affine transformation does
not generate a force balanced configuration. A process of internal relaxation can
recover force balance, this process results in motion that moves nodes from their
affine position. We can define the nonaffine displacements of the nodes δx as the
difference between the nodes’ actual position and the imposed affine position of
that node,
δx ≡ x − Hx0 ,
(1.14)
with x0 the initial position of the nodes, and x the actual position of the nodes.
The position of the nodes now explicitly depends on the strain by the affine
transformation H(γ) and implicitly because of the nonaffine displacements. We
consider purely mechanical systems, full derivatives with respect to strain should
be taken as
d
∂
∂
=
+ ẋ ·
,
(1.15)
dγ
∂γ
∂x
with ẋ =

dx
dγ

the nonaffine displacements per unit strain or nonaffine velocities.

1.4.1 Elastic moduli with nonaffine displacements
Lets consider how the elastic moduli E are defined given the nonaffine contributions to the positions. An expression for these displacements can be obtained
by requiring that mechanical equilibrium is preserved under the deformation,
namely
dF
∂F
∂F
=0=
+ ẋ ·
,
(1.16)
dγ
∂γ
∂x
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where F is the vector of forces on each node and the RHS is obtained by utilizing
the definition of the full strain derivative given by Eq. (1.15). The force F can
be written in terms of the gradient of an arbitrary potential U , F = − ∂U
∂x , so
Eq. (1.16) can be written as
ẋ = −M−1 ·
with the dynamical matrix M ≡

∂2U
,
∂x∂γ

(1.17)

∂2U
∂x∂x .

We are now in the position to evaluate the expressions of the moduli. We take the
full derivative of the energy with respect to shear strain, again using Eq. (1.15),
dU
∂U
∂U
=
+ ẋ ·
.
dγ
∂γ
∂x

(1.18)

Consider the shear stress
σ=

1 dU
1 ∂U
∂U
1 ∂U
=
+ ẋ ·
=
,
V dγ
V ∂γ
∂x
V ∂γ

(1.19)

where in the last step we used ∂U
∂x = 0 because of mechanical equilibrium. The
next derivative of the energy with respect to deformation is
∂2U
∂2U
d2 U
=
+
ẋ
·
.
dγ 2
∂γ 2
∂x∂γ
Such that the elastic moduli can be written as


1 d2 U
1 ∂2U
∂U
E≡
=
+
ẋ
·
V dγ 2
V ∂γ 2
∂x∂γ
 2

2
1 ∂ U
∂2U
∂ U
−1
=
·M ·
,
−
V ∂γ 2
∂γ∂x
∂x∂γ

(1.20)

(1.21)
(1.22)

a relation established in earlier work [21].
Writing the modulus in this particular form emphasizes the important role of
nonaffine movements. The first term corresponds to the stiffness experienced by
the imposed affine motion (as it would be in a crystalline solid). The second term
corresponds to the relaxation process when nonaffine movements exist. All of the
interesting physics enters at the level of the nonaffine movements.
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1.4.2 Nonaffinity as an order parameter
Nonaffinity is a measure of the deviation of the nodes’ positions with respect to
their imposed affine position, |H(γ)x0 − x|. Interesting is how much the nonaffinity increases per unit-strain ∆γ. This leads to the definition of the nonaffinity
parameter δΓ(γ)
N
X
1
2
δΓ(γ) = 2
(dxaff
(1.23)
i − dxi )
l0 N ∆γ 2 i
Nonaffine displacements per finite strain difference is the approximation of the
derivative of the displacement, the nonaffine velocities, denoted as ẋ. Such that
the position of node i is obtained by its initial position plus the trajectory in space
Rγ
given by the integral over the nonaffine velocities xi = H(γ)x0 + 0 (dxi /dγ 0 )dγ 0 .
The typical value of the nonaffine velocities squared is defined as
ẋ2 ≡

N
1 X
ẋi · ẋi .
N i

(1.24)

The disordered nature of amorphous materials allow the nonaffine movements to
exist, which in turn allows for movement in the direction of the floppy modes.
In regular crystalline arrangements due to symmetry the nonaffine movement are
suppressed and are spatially invariant. In Chapter 3.5 we find a demonstration
of this effect. There the full honeycomb lattice is studied with and without any
spatial disorder. The sharp rigidity transition emerges as sufficient disorder is
introduced. In the absence of disorder completely different behavior is observed.

1.5 Rheology: experimentally determining elasticity
Rheology traditionally is the study of flows. In a broader context rheology is
the study on the response of a material, being a liquid or a soft solid, to external
stress or deformation. Rheometers are instruments that are able to experimentally
determine the elastic and viscoelastic behavior of gels and polymeric networks.
The instrument typically consists of two plates between which the gel or network
is placed as is illustrated by the schematic in Fig. 1.5 (a).
The plates can be rotated with respect to each other and operate to follow chosen
strain profiles γ(t) or stress ramps σ(t). The rheometer can be operated using
different protocols: In a stress-controlled protocol, an oscillatory stress is imposed
at frequency ω: δσ(t) = δσeiωt , while measuring the resulting strain γ(t) over
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ΔX

L

θ

γ= tanθ=

1

ΔX
L

Figure 1.5: Schematic of rheometer with two parallel plates between which a network or gel is placed.
Rotational motion of the plates causes a shear deformation of the samples. The shear strain γ is
related to the angle of rotation θ by γ = tan θ. The bold arrow indicates the direction of shear.

time. In a strain-controlled protocol, the material is subjected an oscillatory
strain of the form
δγ(t) = γ0 eiωt ,
(1.25)
where ω is the frequency of the oscillation and γ0 the amplitude of the oscillation.
The rheometer meanwhile measures the shear stress, where the stress response is
related to the applied strain
σ(t) = γ0 G∗ (ω)eiωt .

(1.26)

Here G∗ denotes the frequency dependent complex modulus which can be decomposed into real and imaginary part,
G∗ (ω) = G0 (ω) + iG00 (ω) ,

(1.27)

where G0 (ω) is the storage modulus, the elastic component of the stiffness, and
G00 (ω) the loss modulus, the dissipative component of the stiffness due to viscous
forces and plasticity. The elastic and viscoelastic properties of a material can
strongly depend on this frequency. In this thesis we are specifically interested in
the purely elastic behavior of a material. Measuring the shear modulus at low
oscillatory frequencies minimizes the dissipation of energy and is therefore most
suitable to determine the elastic component of the modulus.

1.6 Outline of this thesis
This thesis presents research on different models for disordered solids. Both with
a theoretical approach as with newly developed numerical tools, we explore the
details of rigidity transitions in these materials. What are characteristics of the
criticality that shows? What is the order of the transition? Do we find unique
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exponents for this transition? Do they depend on network architecture or dimensionality? Can we derive these critical exponents? In this thesis we present the
research that finds answers to these questions. A brief summary of each Chapter
can be found below.

Chapter 2: Numerical protocols, models and methods
In Chapter 2 we describe in detail the numerical methods that we employ in our
investigation of the physical properties of model materials. This involves the generation of network structures, controlling the connectivity, applying deformation,
methods of solving the dynamics of the system and the calculation of the physical
properties of interest.

Chapter 3: Nonlinear mechanics of branched networks
In Chapter 3 we demonstrate a minimal model for the elasticity of biopolymer
networks. We show that a generic feature of these networks is a strain driven
transition in rigidity. At a critical strain value a network transitions from a
floppy bending dominated, to a rigid, stretching dominated phase. In this Chapter
characteristics of this transition are explored in detail. We show that a general
scaling function exists that approximates all strain-stiffening curves.

Chapter 4: Micromechanical theory of strain-stiffening of
biopolymer networks
In Chapter 4 we investigate in more detail how the macroscopic properties of
disordered fibre network emerge from the micro mechanical details. Specifically,
we study the criticality of the strain driven rigidity transition from below. We
developed a theoretical model of rigid frames embedded in an elastic medium.
This new method allows to solve the dynamics of a network where energy scales are
infinitely separated. From this model we can make a prediction for the stiffening
exponent, which is then numerically verified.

Chapter 5: Strain-stiffening of spring networks: Beyond the
critical strain
In Chapter 5 we discuss in detail the behavior of submarginal networks above
the critical point in shear strain. Here we discuss the nature of the transition
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by considering sub-isostatic networks in the absence of any bending rigidity and
demonstrate that the shear modulus shows a discontinuous jump at the critical
strain. The discontinuous jump in the modulus is proportional to the distance
to the isostatic point. From this analysis we also learn how the modulus grows
beyond this point. It pins down one of the critical exponents of the scaling
function.

Chapter 6: Rigidity and auxeticity transitions in networks with
strong bond-bending interactions
In Chapter 6 we study an interesting limit of athermal mechanics in which bending
rigidity is the dominant (stiff) interaction. We show that for 2D planar networks,
system deprived from steric interactions still feature a unique average coordination
at which the material becomes rigid. Because of this we find a coordination driven
rigidity transition in the shear modulus. The bulk modulus does not show a
similar transition, since the mode of deformation does not couple to the specific
interaction. Together, this results in a disordered materials with auxeticity that
is tunable by coordination.

Chapter 7: Discussion
In this chapter we discuss how the results of the different chapters should be
understood together. We stress the important conclusions from this thesis and
discuss their generality and validity.
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Chapter 2

2.1 Networks modelling
Amorphous solids are materials that lack long-range order. An important property of biopolymer networks we study is their microstructural disorder. There
exist many different methods for generating networks with inherit disorder. Depending on the aim of the research it can be important to exactly match the
structural features between the model and real physical system, whereas in most
cases it suffices to have any arbitrary disordered arrangement. With recent advancements in imaging and image processing techniques tools have been developed
to mimic real biophysical networks in computer models [22–24]. However in this
study we have decided to employ several different common disordered network
models, to demonstrate the generality of our approach and our theoretical results.
In this section we discuss the different methods we use to create our amorphous
solids and mention their respective benefits and limitations.
We can describe a network as a collection of nodes at certain location in space
connected by edges. The number of edges that leave a node is the so called local
connectivity, where the connectivity of node i is denoted as zi . We can characP
terize a network by its average connectivity, z = N1 i zi . The different network
generation protocols discussed below show different ranges of coordinations, and
different ways with which connectivity can be controlled.

Lattice based networks
The lattice based approach to generating an amorphous solid consists of generating a full regular lattice such as a triangular, square and hexagonal lattice in two
dimensions (see Fig. 2.1 (a) and (c)) and FCC or BCC lattice in three dimensions.
Then, disorder is introduced in two different ways; firstly, we can introduce spatial
disorder by displacing the nodes rest position and therefore changing the edges
rest lengths. Each node is displaced in a randomly chosen direction and displaced
over a distance between 0 and dmax , where dmax is the maximum displacement
a node can make and is therefore a parameter to control the amount of spatial
disorder.
Secondly, it is possible to introduce structural disorder by random bond dilution or
pruning. We visit each edge and remove that edge with a probability of 1 − Pbond ,
where Pbond is the probability for a bond to exist. The parameter can be used to
control the amount of structural disorder. Once both procedures are performed on
the lattice we arrive at the off-lattice structures as shown in Fig. 2.1 (b) and (d).
The random dilution of bonds is also a tool to control the networks connectivity.
Lattice derived networks such as the triangular, square, hexagonal (honeycomb)
lattice start with a well-defined coordination number. Respectively for these ge-
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Figure 2.1: (a) Full honeycomb lattice (N=286) (b) Diluted honeycomb lattice with bond probability Pbond = 0.95 and distorted by dmax = 0.2. (a) Full triangular lattice (N=256) (b) Diluted
phantomized triangular lattice with bond probability Pbond = 0.95 and distorted by dmax = 0.2.

ometries z equals six, four and three which puts a upper bound on the coordination
of such networks. Random bond dilution or pruning of bonds can be utilized to
lower the coordination of a network to a desired value. There exist a probability
at which the network will no longer have a system size spanning clusters, known
as the percolation probability Pc . At this point the network cannot be stable
under the given dynamics and this puts a lower bound on the range of connectivity as well. One downside of the lattice based networks is the limited range of
achievable coordinations.
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Packing derived networks
Producing a homogeneous network at specific coordination is done by a two step
process. First, a highly connected disordered network has to be created. This
is done by compressing a packing of soft discs in two dimensions or spheres in
three dimensions up to a certain pressure. Using a bidisperse distribution of radii
(commonly used ratio 1:1.4) we prevent crystallization and ensures a disordered
structure as in Fig. 2.2(a). Then a contact is assigned to each overlapping disc,
see Fig. 2.2(b). We omit the packing and are left with a highly connected network,
typically with an average of 5 and 6 connections per node, see Fig. 2.2(c), which
is the start point for the second step of the process.

a)

b)

c)

d)

Figure 2.2: (a) A bidisperse packing of (N=360) disks with sizes 0.5 (orange) and 0.7 (green)
compressed into a jammed configuration with high connectivity. (b) Overlapping disks make a
contact, since the packing is compressed it generates an entire contact network. (c) The disks are
omitted, keep the (contact) network of nodes and edges. Typical coordinations are between 5 and
6. (d) Following the min-max protocol bonds are removed from highly connected nodes until the
desired connectivity, in this particular example z = 4.

The second step is a biased dilution protocol that aims at maintaining homogeneity of the network, where this is typically lost in a true random dilution.
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The network defined as a collection of N nodes and a set of edges E. An edge
eij ∈ E connects between a pair of neighboring nodes i, j, with ranks zi and zj
respectively. For every edge eij we define the sum of ranks sij = zi + zj and the
absolute difference dij = |zi − zj |. The edges with largest value for sij , then smallest value of dij qualify to be removed from the system. If multiple edges qualify
we randomly select one. This process is repeated until the desired connectivity
is achieved. As an example, in Fig. 2.2(d) one finds the network of Fig. 2.2(c)
diluted to a connectivity of 4. To reiterate, this methods serves particularly well
in generating a network with low connectivity fluctuations.

2.1.1 Boundary conditions under applied deformation
In practice, we are strongly limited in the size of our networks (number of nodes)
because of the computational complexity. The maximum feasible system size is
strongly dependent on the specific goals of the simulation. It varies from a couple
of thousands of nodes for a full strain range simulation to about a million for a
single dipole response calculation in a unstrained system. However, none of these
sizes is remotely close to the system size of typical tissue or in vivo biopolymer
networks. Pinning the boundaries of a network would inevitably introduce finite size effects. To measure bulk materials behavior instead of boundary effects
we simulate under periodic boundary conditions. To impose a global deformation, the deformation is incorporated in the periodicity conditions. For shear this
means that the mirror image in the y-driection is shifted in the x-direction with
the imposed strain, known as Lees-Edwards boundary conditions. For an extensive strain the length of the boundaries is increased/decreased according to the
imposed deformation.

2.2 Micro-mechanical interactions
In the previous Chapter we have defined different ways of generating networks.
To study the evolution of such network under imposed deformation we have to
describe and define the interactions on the microscopic level first. In this Section
we introduce and motivate the interactions included in our models.

2.2.1 The worm-like chain model
While real bio-polymer filaments are rather complex in (internal) structure, often
the essence of fibers physical properties can fairly be approximated by a simple
two interaction model known as the worm-like chain model. In the worm-like chain
model a fibre is modeled as a simple elastic beam which locally stretches/compresses
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and bends. Both these deformations are penalized by a harmonic potential in that
deformation. The total energy stored in a fibre is obtained by the integral over
the energy density along the contour of the fibre,
 2 #
Z "  2
κ ∂ t̂
µ ∂l
Ufiber =
+
ds ,
(2.1)
∂s
2 ∂s
Lc 2
with Lc the length of the fiber, ds the infinitesimal width of the slaps over which
one integrates (see Fig. 2.3(a)) the harmonic potential in the compression or
dl
with a spring stiffness of µ. As well as a
extension of a segment of the fiber ds
harmonic term for the local curvature of the fiber, linearly approximated as the
dt̂
deflection from a straight fiber ds
, with a bending stiffness of κ.

Figure 2.3: a) Three fibers crossing connected by a crosslink at points of intersection. The crosslink
length is the typical distance from cross-link to crosslink denoted as lc . Energy of an individual
filament is given as the integral of the energy density along the contour of a fiber. b) Discretization
of the fibers by modeling them as nodes connected by edges. Each edge is a simple harmonic spring.

2.2.2 Discretization of the worm-like chain model
We attempt to capture this similar idea in a discretized network model. In this
case a fiber is represented as a collection of nodes and edges, see Fig. 2.3(b) for
an example of this. Filaments that are said to be connected by some cross-linking
polymer, are here connected by assigning them to a common node. It is known
that cross-linkers can form and break to renew contacts. While this effect is
of great interest and subject to a lot of recent research [25, 26], in this study
the effect of the regenerative dynamics is ignored by fixing the network topology
during simulations. Similar to the continuous fibers the discrete filaments can
both have stretching and bending interaction. On each edge we define a springlike potential with a stretching rigidity µ proportional to the elongation of the
fiber squared
µ
(|xi − xj | − l0,ij )2 .
(2.2)
Ustretch =
2l0,ij
Here l0,ij is the rest length of spring, i.e. the distance between node i and j in the
unstressed state. A bending interaction can be defined on the adjacent pair of
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edges that span some angle θ. The resistance to bending of the filaments is then
captured by an angle dependent potential
Ubend =

κ
2
(θijk − θ0,ijk ) .
2(l0,ij + l0,jk )

(2.3)

Where κ is the bending stiffness and l0,ij + l0,jk are the rest lengths of the two
edges that span the corresponding angle. The total energy of a discretized fibre
is obtained by the addition of these interactions summed over all elements of the
fibre/network
Ufiber =

X
i,j

X
µ
κ
2
(θijk − θ0,ijk ) (2.4)
(|xi − xj | − l0,ij )2 +
2l0,ij
2(l0,ij + l0,jk )
hijki

This simple two interaction model has only two control parameters, namely the
stiffness of both interactions. However, only the relative strength of the interactions is what dictates the dynamics. We therefore define the dimensionless
bending rigidity κ̃ ≡ µlκ2 , where l0 is the typical rest length acquired by taking
0
the mean of the length of all edges. For stiff polymers typically the bending is
often much softer than the elongation of the fiber i.e. the bending stiffness is
small compared to the stretching stiffness κ  µ [27]. While the effective stiffness
is highly dependent on bundle diameter and concentration, the typical value of κ̃
is of order 10−3 − 10−4 [16]. For other materials, such as aggregates of colloidal
particles, we can find the opposite case where κ  µ, this interesting limit is
studied in Chapter 6.

2.2.3 Additional sources of elasticity
In addition to a model of two interactions, in Chapter 4 we consider a model
in which the stiff springs are now modeled as rigid joints that maintain their
length regardless of the experienced stress on the joint. Under this condition
the remaining contributions to the elasticity of the network are the (weak) bondbending interaction, as described by Eq. (2.3). This model easily generalizes to
any other elastic contribution that will help to achieve a force balance. One of
the other elastic media we investigated is an elastic network, where we place a
Hookean spring between all nearby nodes that are not already connected by a
rigid edge. The potential then reads
X
κ
(0)
(rij − rij )2 ,
(2.5)
U=
2 neighbors i,j
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(0)

where rij is the distance between the ith and j th nodes, and rij is the restlength
of the said interaction.
Finally, we can employ a mean-field approach, to simplify the analysis, where each
node is hooked with a spring to its initial undeformed position with a Hookean
spring of stiffness one and restlength zero. The potential reduces to the simple
form
1X 2
U=
r ,
(2.6)
2 i i,0
where ri,0 denotes the distance between the current position and the initial position of particle i.

2.2.4 Athermal dynamics
In addition to the elastic contributions to the potential energy of a system as
described above, there could exist a configurational entropic contribution to the
free-energy. In this thesis we have considered a strictly athermal model. In this
subsection we motivate in what cases this makes a reasonable assumption.
At finite temperatures, thermal fluctuations cause the filaments to take nonstraight bended configurations because of the higher entropy of such states. On
the other hand, the bending rigidity of fibers resist deflection. These two effects
are in constant competition in any system of polymers. The effect of the thermal fluctuations are of magnitude kB T , with kB the constant of Boltzman and
T the temperature. Whereas the compliance of a fibre to bending is polymer
specific and characterized as the bending rigidity κ. The competition leads to a
typical length over which a fibers orientation persists. The persistence length lp ,
the length scale over which a fibre remains straight under the influence of thermal
fluctuations, is defined as lp ≡ κ/kB T , where κ is the scale of the bending stiffness
of a fibre.
The ratio between the persistence length and the typical polymer contour length,
Lc , is an indication for the relative influence of the thermal fluctuations on the
dynamics of the polymers. Biopolymers therefore are categorized as follows: flexible polymers when lp  Lc , semiflexible when lp ∼ Lc and stiff when lp  Lc .
Most biopolymers, at room temperature, are said to be semiflexible, such as actin
and intermediate filaments. Examples of polymers that classify as stiff are collagen and microtubule [28–30]. In table 2.1 one can find typical numbers for
the persistence length of several types of biopolymers as measured in different
studies [31, 32, 14].
In this thesis we have considered models of strictly athermal dynamics and study
the elastic properties of the network materials in the absence of thermal fluc-
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Table 2.1: Persistence length lp and Contour length Lc of several types of biopolymers.
Polymer
Hyaluronan [31]
F-actin [14, 29]
Intermediate filaments [32]
Microtubule [29]
Collagen-I [28]

Classification
Flexible
Semi-flexible
Semi-flexible
Stiff
Stiff

Persistence length lp
5 − 10nm
17nm
0.2 − 1µm
1 − 5mm
1cm

Contour length Lc
6µm
20nm
2 − 10µm
10µm
10µm

tuations. The results we obtain from these models therefore carry over to the
materials of stiff biopolymers, such as collagen and microtubules. In Chapter 3
we compare these outcomes directly with the rheological measurements on ex-vivo
collagen networks.

2.3 Protocols for simulating athermal mechanics
In this section we discuss the method of performing a simulation of a quasi-static
deformation of the network. First we discuss how this is done in an elastic model
where the mechanics is dictated by some potential U . Then we describe how we
achieve the same in a model of rigid bars embedded in some elastic medium. To
that extend we first introduce how to properly describe and utilize variations with
respect to deformation. Then we describe the steps in the protocol for simulating
quasi-static deformations.

2.3.1 Protocol for a model of elastic interactions
As described in Sect. 2.2 in the ordinary athermal model, the energy of the system
consists of two contributions: a pairwise spring interaction between connected
nodes, and a bending interaction between pairs of bonds. The total energy U is
given by
X
κ X
µ
2
2
∆rij
+
∆θijk
,
(2.7)
U=
2 neighbors i,j
2
triples

i,j,k

where µ and κ are stretching and bending stiffnesses that set the strength of the
two types of interaction.
The protocol for simulating the network under increasing deformation is as follows. A small strain step ∆γ is taken by an affine transformation of the nodes.
The new strain value is globally maintained by the imposed Lees-Edwards boundary conditions [33]. However, the affine movement has taken the system out of
mechanical equilibrium. In this case, a state of mechanical equilibrium can be
obtained by minimization of the potential energy, given by Eq. (2.7). For this
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purpose we utilized the Fast Inertial Relaxation Engine (FIRE) algorithm to converge to a local minimum [34]. For this state the nonaffine velocities are given
by
∂2U
ẋk = −M−1
,
(2.8)
kl ·
∂xl ∂γ
as derived in Sect. 1.4.1. From which we can directly calculate the elastic moduli
in the athermal limit, which are given by


1 d2 U
1 ∂2U
∂2U
∂2U
−1
E≡
=
−
· Mkl ·
,
(2.9)
V dγ 2
V ∂γ 2
∂γ∂xk
∂xl ∂γ
where repeated indices are understood to be summed over.

2.3.2 Protocol for a model of rigid bars
Framework for variations with respect to deformation
In Chapter 4 we adopt a Lagrangian formulation, and express all variations with
respect to the imposed deformations in terms of the deformed coordinates. Deformations are imposed to our system by applying an affine transformation H(γ) —
parameterized by a strain parameter γ, as given e.g. by Eqs. (4.1) and (4.2) — to
the coordinates x, i.e. x → H · x. The coordinates’ variations are supplemented by
additional nonaffine displacements, that are determined self-consistently by the
geometric constraints embodied in the elastically-embedded frame of rigid edges
(as expressed by Eq. (4.3)), and by the mechanical equilibrium constraints (as
expressed by Eq. (4.6)). The total variation of pairwise differences xij ≡ xj −xi
follows
dHT
dxij
= xij ·
+ ẋij ,
(2.10)
dγ
dγ
where ẋ denotes the nonaffine displacements per unit strain, referred to throughout our work as the nonaffine velocities. We deliberately spell out the total
variation of the pairwise differences xij since in our systems we employ periodic
boundary conditions. For simple shear deformations, we employ Lees-Edwards
periodic boundary conditions [33]. Equation (2.10) is the key relation that leads
to a general form for the total variation with respect to the imposed deformation
of any explicit function Z of the set of pairwise differences xij ; it reads
dZ
dγ
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X ∂Z dxij
·
∂xij dγ
i<j

X ∂Z  dH
=
·
· xij + ẋij ,
∂xij
dγ
i<j
=

(2.11)
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For the sake of brevity we define the operator
X ∂
∂/
dH
≡
·
· xij ,
∂/γ
∂x
dγ
ij
i<j

(2.12)

then the total variations with respect to deformation can be written in a compact
form as
d
∂/
∂
=
+ ẋk ·
,
(2.13)
/
dγ
∂γ
∂xk
where we have used that for any vector v
X
X
∂
∂xij
∂
∂
vk ·
=
vk ·
·
=
vij ·
.
∂xk
∂x
∂x
∂x
k
ij
ij
i<j
i<j

2
(2.14)

In our work we consider explicit functions of the set of pairwise differences xij
and of the set of edge forces τij ; in these cases, the total variation reads
∂/
∂
∂
d
=
+ ẋk ·
+ τ̇ij
,
dγ
∂/γ
∂xk
∂τij

(2.15)

where τ̇ denotes the variation of the edge forces with deformation.
It is important to appreciate that the operator ∂//∂/γ as defined in Eq. (2.12) does
not commute with the spatial partial derivative ∂/∂xk ; to see this, consider the
variation of a pairwise distance with the imposed deformation
T

xij · dH
∂/rij
dγ · xij
=
,
∂/γ
rij

(2.16)

then the spatial variation of the above follows as
∂ ∂/rij
=
∂xk ∂/γ

xij ·

dHT
dγ

+ xij ·
rij

dH
dγ

−

xij ·

dHT
dγ ·
3
rij

 !
xij xij
∂xij
·
,
∂xk

(2.17)

On the other hand, the spatial derivative of a pairwise distance reads
∂rij
xij ∂xij
=
·
,
∂xk
rij ∂xk

(2.18)

29

Chapter 2
with a variation with the imposed strain that follows
∂/ ∂rij
/
∂γ ∂xk

xij ·

=

dHT
dγ

rij

−

xij ·

dHT
dγ ·
3
rij

 !
xij xij
∂xij
·
∂xk

∂ ∂/rij
.
∂xk ∂/γ

6=

(2.19)

This non-commuting property of mixed variations has been overlooked in previous
work, since for generic athermal elastic solids in mechanical equilibrium
∂/ ∂U
∂ ∂/U
=
∂x
∂x ∂/γ

∂/γ

if

∂U
= 0,
∂x

(2.20)

as acknowledged for instance in [35]. In our work the potential alone may not
satisfy mechanical equilibrium (see e.g. Eq. (4.5) ), therefore the order in which
the spatial and deformation-induced variations are considered is important.
Quasistatic deformation simulations
We impose quasistatic deformation of our complex solids of elastically-embedded
rigid-edge frames as follows; at each step we solve Eq. (4.7), derived in Sect. 4.2.1,
iteratively using a conjugate gradient method to obtain the nonaffine velocities
|ẋi and the edge-force variations |τ̇ i. Notice that for compactness we use bra-ket
notation, such that |ẋi is understood to represent a node-wise vector with N d¯
components, and |τ̇ i is understood to represent an edge-wise vector with N z/2
components. We then impose a small shear or dilatant strain increment ∆γ (as
described above), evolve the coordinates according to the linear approximation
|xi → H(∆γ)|xi+∆γ|ẋi, and the edge forces according to |τ i → |τ i+∆γ|τ̇ i. These
steps are repeated while adjusting the strain increment such that |ẋ|∆γ remains
constant, until the strain stiffening transition is reached; we typically end our
deformation when the strain to the stiffening transition is of order 10−5 .
The evolution of the network configuration by finite integrations steps will inevitably lead to a violation of the incompressibility/inextensibility of the edges,
and mechanical equilibrium constraints on the frame’s nodes. We however are able
to bound the accumulated error by systematically performing correction steps in
which an adjustment of the nodes’ positions and of the edge forces restore the
satisfaction of the said constraints. The formulation of the correction step is
described next.
We first show that there exist a displacement of the nodes δx and a correction
of the edge forces δτ such that, when applied to a configuration, force balance
is restored. The set of equations for these correction displacements is written
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in terms of the operators introduced in Chapter 4; the operator S defined by
Eq. (4.9), its properties are discussed in Sect. 4.2.2 and A defined by Eq. (4.8) in
Sect. 4.2.1. Force balance implies that
(S T + δS T )|τ + δτ i − | ∂U
∂x

x+δx

i = 0,

(2.21)

where δS is the change in S as a consequence of the displacements δx. If the
displacements δx are small, we can approximate the forces at the new positions
as
∂U
| ∂U
(2.22)
∂x x+δx i ' | ∂x x i + M|δxi .
The change in S T due to the convection by δx is expressed as
δS T |αi =

∂ 2 rα
· δx .
∂x∂x

(2.23)

Using (2.22) and (2.23) in (2.21), we obtain
S T |τ i + S T |δτ i + δS|τ i − | ∂U
∂x i − M|δxi = 0 ,

(2.24)

where we omitted terms of order δxδτ .
In addition to bringing the system back to mechanical equilibrium, the displacement of the nodes δx should also cancel the errors accumulated in the actual bar
lengths, which means
(S + δS)|x + δxi = |`i ,
(2.25)
where we denoted the true lengths of the rods by `α . Using again the variation
of S, to first order in the displacement δx the above relation becomes
S|xi + S|δxi + δS|xi = |`i .

(2.26)

Notice that S|xi = |ri, and that
hα|δS|xi = δx ·

∂ 2 rα
· x = 0,
∂x∂x

(2.27)

and therefore Eq. (4.8) becomes
− S|δxi = |r − `i .

(2.28)

The correction step is therefore done by displacing the nodes according to |xi →
|xi+|δxi, and varying the edge forces according to |τ i → |τ i+|δτ i, where |δxi
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and |δτ i are solutions to the equations


A(τ ) −S T
−S
0



|δxi
|δτ i



=



|f i
|r − `i


,

(2.29)

where |f i are the unbalanced net forces, and |r − `i are the differences between
the current edge lengths and what their true lengths should be, both stemming
from the accumulation of integration errors. The correction step described here
can be repeated until the violation of the constraints becomes smaller than the
desired precision. In our simulations we have chosen 10−8 as the bound on the
accumulated relative error.

2.4 Methods of solving linear equations
Simulations involve solving sets of linear equations of the form A · x = b. Some
of the important examples of these equations being Eqs. (2.29), (4.7), (6.55) and
(6.34). We employ an iterative method known as the conjugate gradient method
(CG) [36]. The computational complexity of this iterative method is O(N 2 ),
because each contraction of the sparse operator A with the vector x will be linear
in N , and the number of iterations needed to converge to a solution with a given
precision is also proportional to N .
The exact method for solving linear equations involves at least N 2 operations off
size N , which brings the total complexity of such method to O(N 3 ). Therefore,
the iterative method of complexity O(N 2 ) are expected to outperform the exact
method for large enough systems. However, when approaching a critical point,
critical slowdown occurs. This manifests itself when the lowest eigenvalues of the
corresponding operator (A in this case) become smaller and smaller (compared to
the largest eigenvalue) as the critical point is approached. Because of the shallow
landscape of the eigenvalues, the iterative method may take many more steps to
converge to the same tolerance, which slows down the method massively. In this
particular scenario the exact method can actually outperform an iterative method
since it is not sensitive to this effect.
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Naturally occurring biopolymers such as collagen and actin form branched elastic
networks. These networks are submarginal, i.e., unstable to small deformations,
and are stabilized by bending interactions. Here we perform a numerical study
on the nonlinear elastic behavior of such networks. We show that the nonlinear
mechanics of branched networks is qualitatively similar to that of filamentous
networks with freely hinged crosslinks. In agreement with a recent theoretical
study [17], we find that the nonlinear mechanics of the studied branched networks too, can be regarded as strain-driven non-thermal critical phenomenon.
We obtain the critical exponents capturing the nonlinear elastic behavior near
the critical point by performing scaling analysis of the stiffening curves. We find
that the exponents evolve with the connectivity in the network. We suggest that
the nonlinear mechanics of disordered networks, independent of the detailed microstructure, is a strain-driven non-thermal critical phenomenon and the only
quantitative difference between different architectures is in the critical exponents
describing the elastic phase transition.

3.1 Introduction
Branched elastic networks appear naturally inside as well as outside animal and
plant cells [37]. Actin, a major component of the cytoskeleton is known to form
branched networks near the cell membrane [38–40]. At the level of load-bearing
tissues, the major component of the extracellular matrix is collagen, which forms
branched networks [41–43]. An important difference between intracellular filaments (actin and intermediate filaments) and collagen fibers is that the latter are
rather thick and have a longer persistence length [44, 45, 28, 46]. Whereas models
based on stretching out thermal fluctuations can account quantitatively for the
stiffening response of intracellular networks [14, 12, 15], much less is known about
the nonlinear mechanics of collagen networks. Unlike intracellular filaments, thermal fluctuations are unlikely to play an important role in the elasticity of collagen
networks. Recently Licup et al. [47] considered lattice based (triangular filamentous) and off-lattice networks (Mikado) with controlled connectivity to study collagen networks. The authors demonstrated that several important features of
the nonlinear mechanics of a collagen network can be captured by a triangular
or mikado model. However, it still remains unclear whether taking branching
explicitly into account has any significant impact on the reported mechanical
behavior.
Due to the relatively large persistence length of collagen, it is justified to study
the mechanics of a collagen network using a non-thermal model. A branched
network with only central force interactions is submarginal [48] by construction.
These networks are characterized by the absence of a linear elastic regime. In
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other words, they are unstable towards small deformations. Such submarginal
networks are ubiquitous in biology. However, collagen networks are stable towards small deformations. In fact, the linear elastic modulus is known to show
quadratic scaling with the concentration of collagen [49, 47, 17]. It follows that
any computational model of branched networks must take into account additional
interactions in a submarginal network to impact its rigidity in the linear regime.
Although there are several fields such as, normal-stresses, active-stresses [50], and
even temperature induced fluctuations [51], the most relevant field in the case
of collagen is stabilization by bending interaction. This is because the experimentally observed quadratic scaling of modulus with concentration corresponds
to the linear scaling of modulus with the bending rigidity [47, 17], as found in
several computational studies on disordered networks [47,17,52,53]. The bending
interactions arise through the persistence of a filament.
Here, we present numerical and analytical study of branched networks. With
numerical methods we obtain the mechanical response of the branched networks
to an externally imposed shear-deformation. Our approach is based on a scaling
analysis recently applied by Sharma et al. [17]. There, it was shown that the
nonlinear mechanics of non-thermal fibrous networks can be understood as a strain
driven critical phenomenon. The authors demonstrated that the critical behavior
is strain-driven and is a generic feature of networks far from the isostatic point
[48]. With an approximate but highly accurate scaling relation including the
two critical exponents f and φ, the authors were able to predict the nonlinear
stiffening curves of collagen over a wide range of concentrations. However, the
primary focus of the study was fibrous networks with freely hinged crosslinks and
average connectivity exceeding 3. In this study, the average connectivity of all the
networks considered is below 3. We demonstrate that the same scaling analysis
as in Ref. [17], with different critical exponents f and φ, can fully capture the
nonlinear mechanics of branched networks considered in this study.
The rest of the Chapter is organized as follows. In Sect. 3.2 we describe our
computational model taking into account the local branched structure. We then
describe the different geometric variations of branched networks considered in
this study. In Sect. 3.3 we present our results on the elastic behavior of branched
networks over the entire elastic regime. This section includes the performed scaling analysis of stiffness curves obtained from different network geometries. In
Sect. 3.4 we discuss several aspects of criticality of the elasticity. In Sect. 3.6 we
discuss how the number of connections in a network affects the critical behavior.
In Sect. 3.7 we compare how well this model captures the rheology of collagen.
Finally in Sect. 3.8 we discuss our findings and draw conclusions.
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3.2 Model
Since our focus in this study is branched networks, we use collagen to motivate the
network model as follows. The underlying structure of collagen is different from
other filaments found in biological systems such as the intracellular filaments,
microtubules and F-actin. These filaments are relatively straight and are able
to crosslink by specific proteins and ultimately form a network structure. Physically, the effect of a crosslink between two filaments, is a hard point-constraint
forcing the two points of attachment at the crosslink to move together. The relative orientation is irrelevant, i.e., there is no energy cost associated with rotating
filaments relative to each other. However, in branched biopolymer networks such
as collagen, the fibers themselves consist of multiple fibrils, which are covalently
cross-linked internally. The point at which two fibers seem to connect, is actually
where the collection of fibrils splits up and combines [54]. High-resolution images
of collagen reported in Ref. [55] show clear evidence for this feature. We call this
a branching point which by construction has three-fold local coordination number. Since the local connectivity cannot exceed 3, the network is by construction
submarginal [48, 56]. A schematic of a branching point is shown in Fig. 3.1. In
our description of the structure of branched networks, we ignore the possibility of
two bundles cross-linked to each-other. This allows us to calculate the bending
energy stored in the network by considering only the branching points.
We adopt the stretching part of the Hamiltonian from the rigid rod model [57,49],
since the stretching behavior of most biopolymers is not expected to be different
from rod-like filaments. The stretching contribution to the Hamiltonian for an

a)

b)

Figure 3.1: (a) The underlying structure of collagen is thought of as multiple long running fibrils
internally cross-linked to form a single bundle which occasionally branches out. At a branching point
individual fibrils move in different directions forming two separate bundles. The fibrils which belong
to two different bundles are bent and hence store bending energy. (b) Each individual bundle is
connected between two network nodes. At each branching point there are three bond-pairs which
can potentially contribute to the bending energy. However, we disregard the possibility of bundlesplitting due to highly bent fibers. This is shown above as the pair made of 0 − 2 and 0 − 3. In the
model this is taken into account by assigning an individual bending rigidity to each pair of bonds,
with the bending rigidity of the smallest initial angle set to 0.
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individual bond in the network is defined as
µX 1
Ustretch =
(|xi − xj | − l0,ij )2 ,
2 i,j l0,ij

(3.1)

where i and j runs over all connected nodes. The distance between two connected
nodes can be expressed in terms of the difference in position vectors xi −xj . Here,
µ is the effective stretch modulus for multiple cross-linked fibers that act together
as one filament and is taken to be the same for all elements. The rest length of
a bond that connects two nodes i and j is denoted by l0,ij , which is defined as
the end to end distance between the nodes at zero strain. As can be seen from
the quadratic form, the effect of both compression and extension of bonds with
respect to this rest length, is symmetric and linear.
Since the underlying structure of the network consists of long running branched
fibers, the Hamiltonian for the bending part should capture how the fibers share
bending energy at the branching points. The bending energy of the network is
given by
X
κijk
2
Ubend =
(θijk − θ0,ijk ) ,
(3.2)
(l0,ij + l0,jk )/2
hijki

where hijki refers to a pair of connected bonds in the network. For any pair there
is a bending modulus κijk , which indicates the magnitude of resistance to bending
deformation. At a branching point we take κijk to be κ, for the smallest angle
we put the bending rigidity to 0 (As indicated in Fig. 3.1(b)). Bending energy is
modeled as a linear response to changing the angle θijk with respect to the initial
branching angle θ0,ijk .
The magnitude of energy contributions is given by the stretching modulus µ and
bending modulus κ. The relative value of those determine the mechanical response
of the systems. Therefore, we define the dimensionless quantity κ̃ ≡ µlκ2 . This
0
quantity is reported for each simulations.
A honeycomb lattice is well suited to represent a branched network. An undiluted
lattice has a coordination number 3 at every node in the lattice. Earlier reports
on collagen networks have reported a coordination number close to 3 [58]. We
perform random dilution of a full honeycomb lattice with a probability 1 − Pbond
where Pbond is the probability for a bond to exist. Dilution introduces structural
disorder and brings the average coordination number below 3. In the work of Cavalcante et al. [55] it can be seen that specific collagen networks show structural
similarity with diluted honeycomb lattices. A schematic of a diluted honeycomb
lattice is shown in Fig. 3.2(a). In order to determine the significance of branching, we also consider a triangular lattice, as shown in Fig. 3.2(c), which has been
diluted in such a way to have a local connectivity never exceeding 3. These two
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a)

b)

c)

d)

Figure 3.2: Schematic of a typical network obtained from after dilution and distortion of a lattice
based network. (a) A honeycomb lattice after dilution with bond probability Pbond = 0.85 and (c) a
triangular lattice with Pbond = 0.95. (b) and (d) are corresponding distorted lattices. The applied
distortion is dmax = 0.8. After applying distortion the obtained configuration is set to be the relaxed
state of the network.

geometries, although both originating in highly regular lattices, are structurally
very different. In particular, the difference is seen in the initial angle distribution
as well as the distribution of length between every consecutive branching. Any
difference in the nonlinear mechanics of these two differences must therefore originate in the underlying structure. Also the influence of the regularity of lattice
based networks on mechanics is studied. For this we consider severely distorted
versions of the two lattices described above as shown in Fig. 3.2(b) and (d). Lattices are distorted by simply displacing every node in the network over a distance
of δ/2 in a random direction, where δ is a randomly chosen number between 0
and dmax . The maximum displacement dmax can be varied to control the amount
of distortion in the network and can reach a maximum of l0 . The main impact
of distortion is on the initial angle and bond length distribution. In all the cases,
periodic boundary conditions are imposed in all directions.
At every branching point we have the freedom to assign a different bending modulus to each adjacent pair of bonds as shown in Fig. 3.1. Besides considering the
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case where a finite bending rigidity is assigned to each of the three pair of bonds,
we consider other scenarios as well. Consider a collection of bundles which at one
point branches into two separated bundles as shown in Fig. 3.1a, then one can
regard the pair of bonds 0 − 2 and 0 − 3 as not sharing any bending energy. In the
model we include this by setting the associated bending rigidity κ203 of this pair
of bonds as shown in Fig. 3.1(b) to zero. Since in the model there is no notion
of an underlying directionality, we include the branching by setting the bending
rigidity corresponding to the smallest of the three initial angles to zero. Physically it is intuitive to think of this as the branching direction. To rule out the
effect of this arbitrary choice, we have considered other variants of this scheme,
for example, randomly setting one of the three bending rigidities to zero. From
these variations, we find that the choice of zero bending rigidity bond-pair does
not change the qualitative features of nonlinear mechanics of branched networks.
In this article we present the data for network in which κ̃ for the smallest angle
at a branching point is set to zero.
In this study, we focus on branched networks which are 2-dimensional. The shear
response of the network is determined in the following way. For a given imposed
strain γ, the network is subjected to a simple shear deformation by displacing
each node in the network according to
xaff =



1
0


γ
xinit .
1

(3.3)

Here xinit denotes the initial position vector of a node in the network and xaff
the positions after the affine deformation. We then minimize the elastic energy
stored in the network using the conjugate gradient algorithm [59]. By applying
Lees-Edwards boundary condition to the system a shear-deformation is imposed
on the length scale of the system size [60]. Once we obtain the energy stored in
2
the network as a function of γ we calculate the shear modulus as G = V1 ddγU2 and
the shear stress as σ = V1 dU
dγ where U = Ustretch + Ubend and V is the total area
that the 2D network occupies.

3.3 Nonlinear Mechanics of Branched Networks
In Fig. 3.3 we show the elastic modulus G versus shear strain curves for honeycomb
and triangular lattice with an average coordination number of hzi = 2.68. These
stiffening curves are obtained from simulations of undistorted networks. We first
describe the qualitative features of a stiffening curve. Each of the stiffening curves
can be characterized by an initial linear regime in which the elastic modulus does
not vary with the strain γ. The linear modulus scales with κ̃ [61, 62] as shown in
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Figure 3.3: Upper panels: Differential shear modulus G vs. shear-strain γ, for (a) an undistorted
honeycomb lattice with dilution of Pbond = 0.85 and (b) an undistorted triangular lattice with
Pbond = 0.95. In (a) the solid curve indicates the onset of stiffening γ0 . The dashed curve indicates
the strain at which critical transition occurs. The inset shows scaling of the linear modulus G0 with
the bending rigidity κ̃, the solid line indicates a unit slope. Lower panels: G rescaled for different
values of κ according to the scaling relation given by Eq. 3.7. The black curves in (c) and (d)
correspond to the data of (a) and (b) respectively. The blue curves in these figures correspond to
the distorted version of the lattices (dmax = 0.8) and were plotted with a scaling with artificial offset
to distinguish the two curves.

the inset of Fig. 3.3(a). In this regime, the dominant mode of local deformations
within networks is bending. Beyond a certain strain, denoted as γ0 , the modulus
increases rapidly with strain before it rolls over to a constant value at large strains.
The strain γ0 indicates the onset of nonlinear stiffening and here we arbitrarily
define it as the strain at which the nonlinear modulus has become approximately
3 times the linear modulus. As can be seen, γ0 is practically independent of the
bending rigidity. The independence of γ0 on the bending rigidity is in agreement
with the recent work of Licup et al., in which it was demonstrated that such
behavior can be understood by using simple geometric arguments as opposed to
energetics and is observed in experiments on collagen as well [47,17]. We note that
the stiffening curves for distorted networks (honeycomb and triangular) exhibit
the same qualitative features (See Fig. 3.3(c) and (d)).
As mentioned above, γ0 marks the onset of the nonlinear regime apparent in the
rapid increase of the modulus with increasing strain. The nonlinear regime can
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Figure 3.4: The differential shear modulus G vs. shear-stress σ for bending moduli κ̃ ranging from
10−6 to 10−2 . The elastic modulus in (a) is the same as shown in Fig. 3.3(a). Over the given
range of κ̃ the stiffening exponent changes significantly. Indicated are the steepest slope of 2.2 for
κ̃ = 10−6 (solid line) and the lowest slope of 0.8 for κ̃ = 10−2 (dashed). Clearly, a stiffening slope
of one is only found for very specific values of bending rigidity. In (b) we focused on the region where
κ̃ ranges from 10−3 to 10−2 . The stiffening slope smoothly transits from slightly lower to slightly
bigger then one. For κ̃ = 1.8 × 10−3 (in blue) the stiffening slope is closest to one. The dashed line
is an indication of slope one.

be divided into two sub-regimes. The first of which extends from γ = γ0 to γ = γc
as shown in Fig. 3.3(a) and (b) and the second from γ = γc and above. As will be
shown later, the strain γc marks the onset of rigidity in a submarginal network
with only central force interactions. Experimentally, the regime for large strains,
γ  γc , where the modulus approaches a constant value is elusive primarily due
to the failure of material [47]. However, as can be seen in Fig. 3.3, it is in the
first sub-regime where most of the nonlinear stiffening occurs. In the second subregime, the differential modulus increases much slowly approaching a constant
value for large strains. In fact, γc can be identified as the inflection point of
the stiffening curves for κ̃ → 0 suggesting that γc marks the strain at which a
network enters into a new regime (sub-regime). We can quantitatively capture
the nonlinear mechanics of branched networks over the entire strain-range in the
following way. Sharma et al. [17] recently showed that the strain-driven transition
of a submarginal network (with only central force interactions) from floppy to
rigid states is analogous to a second-order phase transition. The relevant order
parameter is the modulus G which increases continuously from zero with strain
increasing beyond the critical strain γc . With the bending rigidity κ̃ acting as
an auxiliary field, a scaling law was proposed which captures the crossover from
the bend-dominated linear regime to the stretch dominated high-strain regime
of filamentous networks. We perform the same scaling analysis on the stiffening
curves obtained from simulations on branched networks. The scaling function
motivated in Ref. [17] is given by


µ
κ̃
f
G = |δγ| G±
.
(3.4)
l0
|δγ|φ
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Here δγ = γ − γc is the strain interval measured relative to the critical point γc .
This scaling is analogous to that for the conductivity of random resistor networks
and fibre networks as a function of connectivity. The crossover function G± (x)
captures the functional dependence with the positive (+) branch corresponding
to δγ > 0 and the negative (−) branch to δγ < 0. For γ  γc , G− (x) approaches
x and thus G ∼ κ̃. On the other hand for γ  γc , G+ (x) approaches a constant
value and thus G becomes independent of κ̃. In Fig. 3.3(c) this function is used
to collapse the stiffening curves of Fig. 3.3 (a). In Fig. 3.3(d), the collapse corresponds to the stiffening curves presented in Fig. 3.3(b). The two sets of collapse
in each of Fig. 3.3(c) and (d) correspond to the undistorted (black) and distorted
(blue) versions of the network. In order to obtain a good collapse of the data,
the value for the exponents f and φ were selected. As can be seen, the collapse
consists of three branches. The linear regime corresponds to the lower branch
with G ∼ κ̃. The stretching regime, independent of κ̃ has zero slope and corresponds to the upper horizontal branch. These two branches merge into a single
branch which captures the approach towards the critical point, i.e., δγ → 0. The
slope of this branch, f /φ, determines the functional dependence of modulus as
G ∼ κ̃f /φ µ1−f /φ at the critical point. In Ref. [17], it was suggested that the
critical exponents depend on the average connectivity of the network. The two
networks considered here, honeycomb and lattice, have almost the same average
connectivity and indeed we see that their critical exponents are practically the
same. However, as we will show later in this study, the exponents evolve with the
average connectivity in the network. It follows from the above that the nonlinear
mechanics of branched networks can be quantitatively captured in exactly the
same fashion as for the filamentous networks.
The crossover function G± (x) describes the shear modulus of the network over the
entire range of strain. Within the framework of critical phenomenon, an equation
can be derived for the crossover function. This was shown to accurately describe
the corresponding crossover phenomenon in ferromagnetic phase transition [63].
Since the strain-driven criticality in networks is analogous to ferromagnetic phase
transition, a corresponding equation for the crossover function G± (x) can be derived [16]. The equation is given as:

(φ−f )
G1/f
∼
±1 +
.
φ
f
|∆γ|
|∆γ|
|∆γ|
κ̃

G

(3.5)

Where the ± solutions correspond to the two branches of the collapse described
by the corresponding scaling functions G± . We use this to analytically calculate
the modulus for any given strain. Critical exponents, f and φ, obtained from the
collapse according to Eq. (3.7) and the critical strain γc are given as inputs to
Eq. (3.5). In Fig. 3.3(a) and (b) we have superimposed the predicted modulus

44

3.4 Signatures of Critical Behavior in Branched Networks
according to Eq. (3.5) on the simulated data. The predictions of Eq. (3.5) are
in excellent agreement with the simulations both for honeycomb and triangular
lattice-based networks as shown in Fig. 3.3(a) and (b).
As shown above the nonlinear mechanics of branched networks exhibit qualitative
and quantitative similarities to the filamentous networks. Based on this observation, using filamentous networks to understand nonlinear mechanics of collagen
seems to be justified. As in Ref. [47], we observe the approximately exponential
regime in the stiffening curves. On plotting G as a function of σ as shown in
Fig. 3.4(a), one can calculate stiffening exponents as the approximate slope of the
G vs. σ curves (see Fig. 3.4(b)). The exponential regime is apparent in the G ∼ σ
scaling as shown in Fig. 3.4(b) where the stiffening exponent is very close to 1 over
a range of κ̃. However, the stiffening exponent is not constant and can increase
beyond 2 with decreasing κ̃ as shown in Fig. 3.4(b). The same observation was
made in Ref. [47]. In fact, this is an expected feature of the G versus σ curves.
Since κ̃ is an auxiliary field which governs the crossover from the bend-dominated
modulus to the stretch-dominated modulus, there is no unique power-law exponent relating G to σ. The exponential regime observed in experiments is in fact
an approximate one. One can obtain the full G versus σ curve from the scaling
law in Eq. (3.7).

3.4 Signatures of Critical Behavior in Branched
Networks
In this section, we focus on the continuous nature of transition with γ of the
modulus G to understand the nonlinear mechanics of branched networks. From
the scaling relation in Eq. 3.7, we learn that in absence of the stabilizing effect of
bending, i.e., κ̃ = 0, the modulus scales as G ∼ |δγ|f where δγ = γ − γc ≥ 0. The
critical strain γc is the point at which the network becomes marginally stable. We
show in Fig. 3.5 the modulus G as a function of |δγ| for two networks both with
κ̃ = 0 but having different average connectivity. As can be seen, for a system in
which κ̃ → 0, the slope of log G versus |δγ| approaches f .
In the presence of bending interactions, the network is stable for γ < γc with its
linear modulus scaling linearly with κ̃. In Fig. 3.6, we show how a network configuration evolves with the applied strain for a bending rigidity of κ̃ = 10−7 . We
show how the dominant mode of deformation changes from bending to stretching
with increasing strain. When the applied strain is low enough to be in the linear
regime, the network is in a bending-phase as shown in Fig. 3.6(a) (i) and (ii), with
the invoked bending of bonds indicated in blue. At large strains (γ ≥ 100 %), the
network can be regarded being in the stretching-phase, since in this limit almost
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Figure 3.5: The elastic modulus for a honeycomb lattice plotted against δγ for two different connectivities (see legend). In the limit of κ̃ → 0, the network is floppy below γc i.e. G = 0, therefore only
δγ > 0 is shown. The solid and dashed lines indicate the slope of the G vs. δγ curve as γ → γc+ .
The indicated values of the critical exponent f are very close to those obtained by collapsing the
stiffening curves (finite κ̃) using the scaling relation in Eq. (3.7).

all of the bonds are stretched out due to geometric alignment. In Fig. 3.6(a)
(iii) to (v) the red bonds indicate stretching as the major component of the local
deformation. Comparing the two figures we can see how for higher strains the
bonds increase their alignment. Between these two geometrical phases a transition
occurs. As the strain approaches the critical strain, the network enters a mixed
phase regime with stretching becoming increasingly important with increasing
strain. In fig. 3.6(a) (iii), the network configuration is shown very close to the
critical strain. At the critical strain, the stretching and bending energies become
comparable to each other. This is highlighted in the upper panel of Fig. 3.6(b)
in which the ratio of bending and stretching energy is plotted. We note that at
the critical strain, we do not necessarily have percolation of red bonds. Beyond
the critical strain, stretching becomes the dominant mode of deformation in the
network.
As shown in the upper panel of Fig. 3.6(b), stretching energy is negligible in
comparison to the bending energy for γ < γc . Both bending and stretching
energies increase rapidly in the range γ0 ≤ γ ≤ γc . At γ = γc bending and
stretching energy become comparable to each other. This observation highlights
the difference between stiffening strain and critical strain. The onset of stiffening
γ0 does not mark the onset of stretch dominated behavior. Stretch dominated
behavior commences at γc > γ0 . In presence of bending interactions, γ0 marks
the onset of the bend-to-stretch transition with the transition completing itself at
γ = γc .
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Figure 3.6: (a) A network undergoing a shear deformation. Here the bending rigidity is κ̃ = 10−6 .
For a range of shear-strain values γ, ranging from 10% to 150%, the obtained network configurations
are plotted. The bonds are colored according to the local stress, black in the absence of stress, blue
for stress due to bending force and red for stretching force. (i,ii) For low strains, the dominant
deformation mode is bending as shown in blue. (iii) At the critical strain, the network is in a mixed
regime with both bending and stretching present. It can be seen how the bonds, belonging to a
specific percolating cluster, transit to red indicating the increasing stress close to the critical strain.
Such a percolating cluster of red-bonds will cease to exist on reducing κ̃ to sufficiently low values.
(iv) Increasing the strain above the critical strain invokes many stretching modes throughout the
network. (v) Finally transiting to very large strains, the stretched bonds in the network align in the
direction of the shear-strain. In the lower panel of (b) the stiffness of the network is shown as a
function of strain. The rapid increase of stiffness close to the indicated critical strain coincides with
the observed geometrical transition in the network. In the upper panel of (b) the ratio of the two
energy contributions is plotted to demonstrate the narrow range over which the transition between
two phases occurs. Notice that the nonlinear stiffness up to the critical point should be attributed
merely to bending interactions. (c) Differential non-affinity δΓ(γ) as a function of deformation. The
differential non-affinity peaks at the critical strain γc .

In the range γ0 ≤ γ ≤ γc , the network deforms in a highly non-affine manner.
The strain γc coincides with the strain at which the non-affine fluctuations in
the network diverge. The non-affine fluctuations are a consequence of large scale
rearrangements in the network. A quantitative measure of these rearrangements
is the differential non-affinity δΓ(γ) expressed in terms of the node position by
δΓ(γ) =

N
X
1
2
(dxaff
i − dxi ) ,
l02 N dγ 2 i

(3.6)

f
where dxaf
is the imposed differential, affine, displacement-vector and dxi is the
i
true displacement-vector of node i in response to the differential strain dγ. δΓ(γ)
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is somewhat analogous to susceptibility in a ferromagnetic phase transition. For a
diluted honeycomb lattice the δΓ(γ) is shown in Fig. 3.6(c). As can be seen δΓ(γ)
peaks at γ = γc . The height of the peak increases with decreasing κ̃. In fact, in
the thermodynamic limit of the system size approaching infinity, the non-affine
fluctuations will diverge γ = γc as κ̃ → 0. The increase in fluctuations at the
critical strain with decreasing κ̃ is analogous to increasing susceptibility at the
Curie temperature in a ferromagnetic phase transition with decreasing magnetic
field.

3.5 Criticality in a full honeycomb-lattice
In the previous section, we showed that the diluted honeycomb lattice-based network exhibits a linear shear modulus governed by bending energy, followed by
a rapid nonlinear stiffening beyond a threshold strain. This agrees with similar
computational studies on other submarginal lattice-based networks and randomly
connected Mikado networks [52, 64, 53, 65, 66]. Lattice-based networks are appropriate to model the behavior of biological networks, provided that structural disorder is added to those lattices [67, 16]. Structural disorder can be introduced by
diluting a full lattice, as shown in Sect. 3.2. Such bond dilution, however, introduces not only geometric disorder, but also a reduction in the connectivity. The
honeycomb lattice represents an interesting alternative structure because of its
intrinsic submarginality in 2D, permitting the separate introduction of geometric
disorder, independent of connectivity, as we demonstrate here.
In a regular, full honeycomb lattice, due to the symmetry one expects that any
non-affine displacements within the network occur within a unit cell. It was shown
in Ref. [68], that a regular honeycomb lattice is unstable to small deformations
that lead to rotation of unit cells without stretching any bonds. Thus, such a
network has a vanishing linear shear modulus. Interestingly, however, the regular
honeycomb lattice becomes stable for any finite shear strain, making it intrinsically nonlinear even at small strain. In the presence of bending interactions, the
regular honeycomb lattice also becomes linearly stable. Moreover, as we show
below, in presence of finite spatial disorder, the full honeycomb lattice exhibits
strain driven critical behavior at a finite strain threshold, analogous to the diluted
honeycomb and generic submarginal networks [16].
One can now explore specifically the role of spatial disorder, as opposed to dilution, in a full honeycomb lattice by distorting it while maintaining a constant
connectivity of z = 3. In Fig. 3.7 we show the elastic modulus for an undiluted
honeycomb network. The blue data sets correspond to undistorted networks with
varying bending stiffness, as discussed in Sect. 3.2. Due to the symmetry of the
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Figure 3.7: Differential elastic modulus for an undiluted honeycomb-lattice with an average connectivity of three at each node. In blue, an undistorted fully regular lattice and in black a distorted
lattice with dmax = 0.5. The regular lattice shows a vanishing modulus as κ̃ goes to zero. The
dashed line indicates a slope 2 as expected scaling for this limit. For any finite κ̃ there exists a
linear regime, the extent of which depends on the κ̃. As can can be seen in the black data, disorder
restores a finite strain-threshold γc at which the distorted network undergoes a continuous transition
in rigidity. The inset shows the positive correlation between the critical strain and the amount of
distortion.

lattice, the displacement of nodes will be correlated for any given strain and no
unique strain-value exists for which the correlation length diverges. We can retain a threefold connectivity and now include structural disorder by distorting
the nodes of the network. In Fig. 3.7, in black, the elastic modulus is shown for
such a distorted full honeycomb lattice. The disorder is added by displacing every node in a random direction over a random distance as described in Sect. 3.2.
As can be seen in Fig. 3.7, when the applied distortion is non-zero, the network
exhibits strain stiffening behavior analogous to the generic submarginal networks.
Here, due to the structural disorder, non-affine movements of nodes can occur
independently making it possible to relax the energy globally. Simulations were
performed on networks with different levels of distortion, from which we obtain
the critical strain (see inset of Fig. 3.7. We find that the evolution of the critical
stain γc from zero to a finite critical strain value appears to be continuous with
the amount of distortion. The full dependence of γc as a function of distortion
will be investigated in a future study.
We conclude that a submarginal network with any finite amount of disorder, either
spatial by distortion or topological by dilution, will exhibit strain-driven critical
behavior. The critical strain can be varied either by disorder in the network node
positions or by varying the connectivity. Moreover, the critical strain shrinks
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continuously to zero as the disorder is decreased to zero, corresponding to the
perfect lattice. This property could be used to design networks with a desired
critical strain without changing the network connectivity.
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Figure 3.8: (a) For two different network connectivities the collapse is plotted with freely fitted
critical exponents f and φ. The two systems are both undistorted honeycomb-lattices, but have
different average connectivity due to different amount of dilution of the network. The example
curves illustrate how the ratio between the critical exponents f and φ depend on the connectivity.
(b) The values of f and φ/2 are plotted separately to show how the critical exponents are dependent
on network connectivity hzi. Major variation was found in exponent f rather than φ. (c) The ratio
f /φ, the two critical exponents, plotted for different geometries as a function of the average number
of connections z per node. A strong correlation between this ratio of exponents and the average
connectivity hzi is found. Different network geometries show comparable exponents aslong as the
network connectivity is similar.

In this section, we study the evolution of the critical exponents with the average
connectivity in a network. To that end, we create both honeycomb and triangular
lattice networks with varying connectivity in the range 2 < hzi < 3. The minimum
connectivity close to 2 is a constraint due to connectivity percolation of the used
lattices. For each network ar a given connectivity, we perform scaling analysis as
in Sect. 3.3 on the stiffening curves to obtain the critical exponents f and φ. In
Fig. 3.8(a), we show collapse of the stiffening curves obtained from undistorted
honeycomb lattice for two different connectivities of hzi = 2.46 and 2.88. As can
be seen, the critical exponents are different for the two connectivities. We note
that the exponent φ for the two connectivities is practically the same. The relative
value of the exponent f , however, increases significantly from 0.47 to 0.8 as hzi
varies from 2.46 to 2.88. In Fig. 3.8 (b) and (c) we show the evolution of the critical
exponents of both honeycomb and triangular lattice networks with the average
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connectivity. We identify two important features. Firstly, the exponents obtained
from both honeycomb and triangular are practically indistinguishable implying
that the exponents are predominantly determined by the average connectivity
and are independent of the detailed microstructure of the network. Secondly,
the exponent φ shows a very weak dependence on the average connectivity. The
exponent f varies from 0.45 to 0.82 over the range of entire range of connectivity
considered here. Similar variation in critical exponents was reported by Sharma
et al. [17] in their study on strain driven critical behavior of fibrous networks. We
do not have an understanding of why the critical exponents evolve with the degree
of connectivity. In conventional critical phenomena, the critical exponents do not
depend on the details of the microscopic interaction but only on the underlying
spatial dimensionality.

3
3.7 Experimental validation of the model
We introduced a rather simple model for branched bio-polymers to gain understanding of the mechanics of these types of materials. This model provides a
mechanism that explains the generic behavior of rapid nonlinear stiffening upon
an external shear deformation. In this model the transition shows the characteristics of a critical phase transition driven by strain. It raises the question how
well this captures the actual observed strain stiffening behavior of biopolymer
networks. In this section we make a one by one comparison with experimental
data on biopolymer networks.
To test the predictions from our model in a biologically relevant system, we consider the rheological data from measurements presented in the work by Sharma
et al. [16]. There they prepared homogeneous networks of collagen type I at
37 C° and a range of concentrations. The average coordination number of these
networks is determined to be around z = 3.3 ± 0.1, similar values where reported
in a previous study [58]. Figure 3.9(a) shows a series of measurements of the
stiffness of these networks as a function of strain. For these collagen networks
strain is measured up to the point of rupture. The concentration ranges from 0.7
to 5.0 mg ml−1 . Assuming that collagen fibers behave as athermal homogeneous
elastic rods, the dimensionless parameter for the relative bending rigidity κ̃ can
account for the combined effect of fibril thickness, mesh size and concentration
and is predicted to increase with protein concentration c [16].
The data demonstrates that the strain stiffening transition is indeed observed
in real fiber networks. The model system has demonstrated that the onset of
stiffening and critical strain value are independent of the bending rigidity. The
rheological data shows that in the case of collagen this claim holds relatively well,
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a weak dependence on the concentration of collagen is observed (see the inset
from Fig. 3.9(b)).

Figure 3.9: (a) The differential shear modulus obtained from rheological experiments on collagen
networks of different concentrations. As an inset the linear modulus G0 of the undeformed collagen
network as function of the concentration of collagen c. (b) A scaling collapse performed on the
experimental data with exponents f = 0.8 and φ = 2.2. For each of the stiffening curves a
slightly different value for critical strain γc is used. As an inset the critical strain as function of the
concentration c, which reveals a weak dependence on concentration. Both figures are obtained from
the work of Sharma et al. [16].

Next, we like to see how well the scaling function, that has shown to capture
the universal form of the stiffening curves of our model system, indeed correctly
accounts for the stiffening of collagen. Fig. 3.9 (b) shows data including an even
broader range of concentrations rescaled according to the scaling relation


c
G/c ∼ |δγ|f G±
.
(3.7)
|δγ|φ
The value for the critical strain γc is determined for each curve separately. In the
inset of Fig 3.9 (b) these values are plotted as function of the collagen concentration, in which a weak dependence on concentration is observed. To compare,
in the model system the critical strain does not depend on the bending rigidity
κ̃ when κ̃  1. The exponents f and φ are fitted such that one obtains the best
collapse of the different series. For the rescaling in Fig. 3.9 the exponents are
f = 0.8 and φ = 2.2. These values are very comparable to those in simulations
for honeycomb networks close to a coordination of three. The network architecture of collagen changes depending on the nucleation conditions, with one of
the most important parameters being the temperature. In the work of Jansen et
al. the effect of these structural differences on the stiffening behavior is studied
extensively [69].
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In this Chapter, we studied the nonlinear mechanics of non-thermal branched networks. Branched networks are ubiquitous in biology. Collagen, the major component of extracellular matrix forms branched network, and can be considered
to be relatively insensitive to thermal fluctuations under physiological conditions.
Motivated by this, we considered two different microstructures: honeycomb and
triangular, to represent non-thermal branched networks in 2D. In the past, filamentous networks have been used to model the nonlinear mechanics of collagen
networks [47, 17]. However, it remained unclear whether taking branching explicitly into account has any significant impact on the reported mechanical behavior.
A recent study by Sharma et al. [17] demonstrated that the nonlinear mechanics
of fibrous networks can be understood within the framework of non-thermal critical phenomenon. The strain-driven transition of a submarginal network, with no
bending interactions, from floppy to rigid states is a continuous second-order phase
transition. Once the continuous nature of transition is established, finite bending
rigidity can be included as an auxiliary field. Scaling analysis from the theory
of critical phenomenon yields a scaling-law which can quantitatively capture the
entire nonlinear mechanics of the network for any bending rigidity and strain.
As critical behavior is rather insensitive to the microscopic details of interactions
within network elements, we expect the elastic behavior of branched networks
to be qualitatively similar to the filamentous networks. Indeed, our study on
branched networks demonstrates that the nonlinear mechanics of these networks
is qualitatively similar to that of filamentous networks. The experimentally observed exponential stiffening (approximate) is reproduced by our model networks
over a range of bending rigidity. The same approximate scaling of modulus with
the shear stress is found in models based on filamentous networks (Triangular
phantom and Mikado in 2D and 3D FCC lattice networks) [47]. It seems that
the exponential regime is a common feature of disordered networks, filamentous
or branched. However, the exponential stiffening is only approximate in nature;
there is no power-law scaling of the modulus with the shear stress. This claim
is based on the fact that the nonlinear stiffening regime actually corresponds to
a crossover regime. The crossover is governed by the bending rigidity and the
distance to the critical strain.
The scaling-law governing the crossover is a function of the distance to the critical
strain, the bending rigidity, and the two critical exponents, f and φ. We found
that the critical exponents, as expected, do not depend on the microstructure of
the branched network. Both honeycomb and triangular lattice networks have the
same critical exponents for a given average connectivity. The exponents, however, evolve with the average connectivity. At present, we do not understand the
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dependence of exponents on the average connectivity. From the perspective of
critical phenomenon, the critical exponents are expected to depend on the spatial
dimensionality. In this study we have limited our focus to branched networks
in 2D. The same evolution of exponents with connectivity has been reported by
Sharma et al. in Ref. [17] in their study on nonlinear mechanics of filamentous
networks. It is interesting to find out whether other exponents, such ν associated with the divergece of correlation length is also dependent on the average
connectivity. This will be investigated in a future study.
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Chapter 4
Filamentous bio-materials such as fibrin or collagen networks exhibit an enormous
stiffening of their elastic moduli upon large deformations. This pronounced nonlinear behavior stems from a significant separation between the stiffnesses scales
associated with bending vs. stretching the material’s constituent elements. Here
we study a simple model of such materials — floppy networks of hinged rigid
bars embedded in an elastic matrix — in which the effective ratio of bending to
stretching stiffnesses vanishes identically. We introduce a theoretical framework
and build upon it to construct a numerical method with which the model’s microand macro-mechanics can be carefully studied. Our model, numerical method
and theoretical framework allow us to robustly observe and fully understand the
critical properties of the athermal strain-stiffening transition that underlies the
nonlinear mechanical response of a broad class of biomaterials.

4.1 introduction
Various types of biopolymers in biological systems form semi-flexible network
structures. In mammals, examples are actin that spans parts of the intracellular cytoskeleton [70, 38, 14], collagen forms the extracellular matrix in which cells
are embedded [41, 42], and fibrin forms hemostatic clots [71, 72]. Other, nonbiological semi-flexible networks are also of interest, such as gels and network
glasses [73–76]. Although various biopolymers can form networks radically different in their structure or microscopic interactions, their mechanical response
shows a generic property [12, 44]. These materials are relatively soft at small
deformations but stiff for larger deformations. This stiffening of the elastic moduli under external deformations, known as the strain-stiffening transition [53, 77],
takes place abruptly at a finite strain, suggesting an underlying criticality.
At the origin of strain-stiffening transition is the existence of floppy modes in
undercoordinated networks or frames [78]. The Maxwell criterion requires that for
a frame of struts with freely hinged joints the average connectivity or coordination
z must be larger than the critical value zc = 2d¯ in d¯ spatial dimensions, in order
to be mechanically rigid [48]. In frames with connectivities lower than the critical
connectivity, collective floppy modes emerge [78, 79], implying that these frames
can be deformed while maintaining the invariance of all the struts’ lengths. Floppy
modes persist only for finite-amplitude deformations, above which the frame will
eventually rigidify [53, 80, 20], at the strain at which no further deformation is
possible without stretching or compressing the struts.
Semi-flexible biopolymer networks are typically formed by cross-linking of fibers
or fiber splitting, leading to a connectivity below the critical connectivity zc .
However, the joints of such networks are not freely hinged, indicating the presence
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of additional interactions. The latter give rise to macroscopic mechanical stability,
as reflected by these systems’ finite elastic moduli, despite the hypostaticity of the
underlying network. The additional interactions that act as stabilizing fields could
originate from pre-stress [81], temperature fluctuations [51], active stresses [50] or
bending energy [82, 83]. In this Chapter we focus on the latter – networks that
are stabilized by bending energy, that arises due to the persistence of fibers.
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Figure 4.1: The strain stiffening transition is conventionally studied by deforming simple model
networks in which the characteristic energies of bending and stretching interactions are well-separated.
In the figure we show the shear modulus G of such a model (see text for details) as a function of
shear strain, for different values of the ratio of stretching to bending stiffness µ̃ (see Section 2.2).
The curve with circle symbols corresponds to the shear modulus of the model introduced in this
Chapter, which corresponds to the limit µ̃ → ∞. By studying this limit, our model allows us to
reveal the critical properties of the strain stiffening transition that underlies the nonlinear mechanics
of biopolymer networks.

Biopolymer networks are often modelled in computational and theoretical studies
by employing two characteristic energy scales, one associated with the stretching
of fibers and one associated with the stabilizing bending energy. When these two
energy scales are well separated, a sharp stiffening transition upon imposing external deformation is observed [56,16], as demonstrated in Fig. 4.1. In [16] it has been
shown that the shear moduli of such networks follow a scaling form, suggesting
a phase transition from a bending-dominated to a stretching-dominated regime.
However, a thorough understanding of the micromechanics of this transition is
still lacking.
In this Chapter we introduce a theoretical framework that allows us to study in
great detail the elastic properties of floppy frames of rigid struts stabilized by an
embedding elastic energy. This model corresponds to an infinite scale separation
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between bending and stretching energies of conventional models of biopolymer
networks, as demonstrated in Fig. 4.1. In turn, this allows us to cleanly reveal
the critical behavior that underlies the strain-stiffening transition as seen in biomaterials [84]. Our framework allows us to derive an exact equation of motion
that involves both the embedding elastic energy, and geometric information that
characterizes the embedded floppy frames. We further derive micromechanical
expressions for elastic moduli, and perform a scaling analysis to determine the
critical exponents that relate elastic moduli to deformation. We further resolve
the mechanical dependence on our frames’ connectivities, and identify a divergent
micromechanical lengthscale that emerges upon approaching the strain stiffening
transition.
This work is organized as follows; in Sect. 4.2 we introduce our theoretical framework and use it to derive exact equations of motion and microscopic expressions
of elastic moduli for externally-deformed frames of struts embedded in an elastic
energy. In Sect. 4.3 we describe the numerical method that is designed based
on our theoretical framework, and describe the protocols and numerical experiments we performed. Sect. 4.4 presents our theoretical analyses together with
their validation by our numerical experiments. Concluding remarks are given in
Sect. 4.5.

4.2 Theoretical framework
We consider disordered networks (frames) of rigid struts (edges) with mean connectivities z smaller than the Maxwell threshold zc = 2d¯ (d¯ denotes the dimension
of space). The boundary conditions are assumed to be periodic in all dimensions,
and Lees-Edwards boundary conditions [33] are employed for frames subjected to
simple shear deformation. We consider the athermal limit, and neglect inertial
effects, i.e. the dynamics is overdamped. In addition to the geometric constraints
imposed on the frame’s N nodes by its rigid edges, we embed our frame in an
elastic medium by introducing a potential energy U (x) that depends upon the N d¯
coordinates x of the frame’s nodes. We do not specify at this point the properties
of the potential energy function U (x); these will however be discussed at a later
stage in what follows.
Our aim in this Section is three-fold; first, we derive the equations of motion that
describe the microstructural evolution of our frames under externally-imposed,
quasistatic deformations. We shall see that two sets of variables are key for
resolving the microstructural evolution of our elastically-embedded frames: the
deformation-induced nonaffine displacements of the frame’s nodes, and the deformation induced variation of tensile/contractile forces in the frame’s edges. These
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variables are determined self-consistently in our framework by imposing two sets
of constraints: the rigid-edge constraints that disallow variations in the distance
between nodes connected by an edge, and the mechanical equilibrium constraints
requiring that the forces exerted by the embedding potential energy must be
balanced by the forces that arise in the rigid edges. We shall show that this
requirement has important implications on the forces derived from the embedding potential energy. Finally, we derive expressions for elastic moduli at finite
deformations, which are the main focus of our work. We note that the rate of imposed deformation is assumed to be very small, i.e. timescales associated with the
imposed deformation are assumed to be much slower than any other mechanical
relaxation process in the system.

4.2.1 Deformation-induced dynamics
Consider an elastically-embedded floppy frame under an external deformation;
the latter is conventionally described in terms of an affine transformation H(γ)
parameterized by a single strain parameter γ; in the case of simple shear deformation in two-dimensions (2D) the affine transformation reads
Hsimple shear =



1
0

γ
1



(4.1)

,

whereas dilatational deformation results from imposing
Hexpansion =



1+γ
0

0
1+γ


.

(4.2)

Deformation is imposed given H by applying the transformation x → H(γ) · x to
the nodes’ coordinates x. Where x is the vector of all the nodes’ coordinates and
xk denotes the coordinates of the k’th node.
In addition to the motion of the frame’s nodes due to the imposed deformation as
described by the affine transformations given above, the nodes must also perform
additional, nonaffine displacements δxk , in order for the frame’s perfectly-rigid
edges to maintain their lengths. Under an infinitesimal strain δγ the nonaffine
displacements can be defined by the nonaffine velocities (per unit strain) ẋk as
δxk = ẋk δγ. The invariance of the length rij ≡ |xij | of the edge connecting the ith
and j th nodes under the imposed deformation can be expressed as
drij
∂/rij
∂rij
=
+
· ẋ` = 0 ,
dγ
∂/γ
∂x`

(4.3)

where here and in what follows repeated indices are understood to be summed
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over, and we adopt a Lagrangian formulation in which the notation ∂//∂/γ should be
understood as the variation due to the imposed deformation, expressed in terms
of the deformed coordinates, see detailed discussion in Section 2.3.2; it reads
X
∂/
∂HT
∂
≡
xij ·
·
.
∂/γ
∂γ
∂x
ij
i<j

(4.4)

Since we consider undercoordinated frames with z < zc , the set of geometric
constraints embodied by Eq. (4.3) does not fully determine the nonaffine velocities
ẋk , but rather merely constraints the space of possible nonaffine velocities. The
full determination of ẋk is possible by considering the consequences of mechanical
equilibrium, which we demand to hold under the imposed quasistatic deformation.
Mechanical equilibrium can be expressed by considering the total net force fk on
the k th node, which consists of two contributions: a contribution −∂U/∂xk from
the embedding potential energy U (x), and a contribution that arises from the
tensile or contractile forces τik in the edges connected to the k th node. These two
contributions must vanish in mechanical equilibrium, namely
fk = −

X
∂U
+
nik τik = 0 ,
∂xk

(4.5)

i(k)

where the notation i(k) is understood as the set of nodes i that are connected to
the k th node, nik ≡ xik /rik is the unit vector that points from node i to node k,
and we chose the convention that τik is positive for contractile forces. Eq. (4.5) is
central to our theoretical framework; at every point along the deformation fk = 0,
which means that the frame’s geometry, as encoded in the directors nik , and the
tensile/contractile forces τik , will all evolve such that Eq. (4.5) is always satisfied.
Notice that the edge forces τik are still unspecified at this point, similarly to the
nonaffine velocities ẋk , and will also be determined self-consistently.
Preservation of mechanical equilibrium under the imposed deformation means
that the net forces fk on the nodes, which vanish identically as expressed by
Eq. (4.5) above, remain unchanged, namely
dfk
dγ

=

X ∂fk
∂/fk
∂fk
+
· ẋ` +
τ̇ik
∂/γ
∂x`
∂τik
i(k)

= −
+

∂/ ∂U
+
/
∂γ ∂xk
X
i(k)
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τik

X ∂/nik
i(k)

∂/γ

τik −

∂2U
· ẋ`
∂xk ∂x`

X
∂nik
· ẋ` +
nik τ̇ik = 0 .
∂x`
i(k)

(4.6)

4.2 Theoretical framework
Eqs. (4.3) and (4.6) form a closed linear system for the variables ẋ` and τ̇ik ≡
dτik /dγ, that can be written in matrix, bra-ket form as


A(τ ) −S T
−S
0



|ẋi
|τ̇ i





|∂/γ f (τ )i
|∂/γ ri


,

(4.7)

X ∂nik
∂fk
∂2U
=
−
τik
,
∂x`
∂xk ∂x`
∂x`

(4.8)

=

where we have defined
Ak` (τ ) ≡

i(k)

Sij,k

≡

∂/γ fk (τ ) ≡

∂rij
,
∂xk
X ∂nik
∂/ ∂U
∂/fk
=
τik −
,
∂/γ
∂/γ
∂/γ ∂xk

(4.9)
(4.10)

i(k)

∂/γ rij

≡

∂/rij
.
∂/γ

(4.11)

Eq. (4.7) uniquely determines the dynamics of the system under any imposed
deformation, parameterized here by the strain parameter γ. The notations A(τ )
and ∂/γ fk (τ ) are meant to emphasize that these objects depend on the set of N z/2
edge forces τik , the latter are discussed in length in Subsection 4.2.2 below. Notice
that |∂/γ f i is understood to represent a node-wise vector with N × d¯ components,
whereas |∂/γ ri is understood to represent an edge-wise vector with N z/2 components. Importantly, we will assume that undeformed frames (i.e. prior to any
applied deformation) are unstressed, i.e. their edges carry no initial tensile or compressive forces, meaning that τij |γ=0 = 0 for all edges ij, and that ∂U/∂xk |γ=0 = 0.
2
U
Consequently, Ak` reduces to the Hessian matrix of the elastic energy ∂x∂k ∂x
in
`
undeformed frames, as understood from Eq. (4.8).
We further highlight that the operator S is known as the equilibrium matrix [78];
it holds geometric information of the frame’s rigid edges, and plays an important
role in determining the mechanics and rheology of floppy systems close to the
jamming point [85–88], as well as the elasticity of random networks of Hookean
springs [89], and the physics of topological metamaterials [90]. In our rigid-edge
floppy frames, S has a nonzero kernel, i.e. there exist nontrivial displacement fields
on the frame’s nodes, that — to linear order in the displacements magnitude —
preserve the rigid-edge constraints. Such displacements that neither stretch nor
compress the edges are conventionally termed floppy modes, and will be further
discussed below.
We note that the existence of a unique solution to Eq. (4.7) depends on the
number of interactions that the embedding potential energy U is comprised of,
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that are not redundant with respect to the constraints embodied by the rigid-edge
network (e.g., an interaction between a pair of nodes that are already connected
by a rigid edge is redundant). The system will possess finite elastic moduli only
if the number of non-redundant interactions is larger or equal to N (zc − z); in
what follows we consider embedding potential energies that comprise of many
more non-redundant interactions compared to this bound, which guarantees the
existence of a unique solution to Eq. (4.7).

4.2.2 Edge tensile/compressive forces
The deformation-induced variations dτij /dγ are determined by Eq. (4.7) (denoted
there by |τ̇ i). The edge forces |τ i at strains γ > 0 are therefore given by the
Rγ
integrals τij = 0 (dτij /dγ 0 )dγ 0 , with the initial conditions τij (γ = 0) = 0 for pairs
of nodes i, j connected by a rigid edge. Equivalently, an expression for the edge
forces can be obtained by considering the bra-ket form of Eq. (4.5), namely
|f i = S T |τ i − |∂x U i = 0 ,

(4.12)

where |∂x U i ≡ |∂U/∂xi.
Eq. (4.12) highlights an important property of the potential-derived forces |∂x U i;
this can be seen by considering any floppy mode |ui, i.e. any displacement field
on the nodes on the frame that, to linear order in the field’s magnitude, does
not violate the frame’s rigid-edge constraints. Floppy modes |ui form the kernel
of the operator S (defined in Eq. (4.9)), i.e. they satisfy the relation S|ui = 0.
Contracting hu| with Eq. (4.12), we obtain
hu|S T |τ i − hu|∂x U i = −hu|∂x U i = 0 .

(4.13)

We therefore conclude that the dynamics drives the system in a very particular
way: the requirement that the potential derived forces |∂x U i must be exactly
balanced by the edge forces |τ i at any point along the deformation implies that
the frame’s nodes self-organize under the imposed deformation such that |∂x U i
acquires no projection onto the floppy modes of the rigid-edge frame.
This property of the potential-derived forces |∂x U i as expressed by Eq. (4.13),
allows us to write an explicit expression for the edge forces |τ i, that will be key
for our scaling analysis later on. This is done by operating on Eq. (4.12) with S
and rearranging it in favor of the edge forces |τ i as
|τ i = (SS T )−1 S|∂x U i .

(4.14)

The zero projection of |∂x U i on the kernel of S, as expressed by Eq. (4.13),
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guarentees that Eq. (4.14) for the edge forces is a solution to the mechanical equilibrium equation (4.12). To understand why this is the case, we insert Eq. (4.14)
into Eq. (4.12) and rearrange, to find

I − S T (SS T )−1 S |∂x U i = 0 ,

(4.15)

with I denoting the identity operator. Therefore, we need to prove that I −
S T (SS T )−1 S is a projection operator onto the kernel of S [91]. The symmetric,
positive semi-definite operators SS T and S T S share the same non-zero eigenvalues. In addition, their respective eigenvectors are related by a simple relation [85];
if SS T |φω i = ω 2 |φω i and S T S|Ψω i = ω 2 |Ψω i with the same ω, then S|Ψω i = ω|φω i
−1
and S T |φω i = ω|Ψω i. We decompose the operator I−S T SS T
S on the eigenmodes of SS T and S T S to find
I −S T (SS T )−1 S

X S T |φω ihφω |S
ω2
ω
ω>0
X
X
=
|Ψω ihΨω | −
|Ψω ihΨω |

=

X

=

X

|Ψω ihΨω | −

ω

4

ω>0

|Ψω ihΨω | .

(4.16)

ω=0

The zero-frequency modes |Ψω i of S T S form an orthonormal basis of the kernel
of S. In particular, any floppy mode |ui (i.e. that solves S|ui = 0) belongs to the
kernel vector space.

4.2.3 Explicit equations of motion
The availability of an explicit expression for the edge forces as given by Eq. (4.14)
allows us to express the equations of motion for the nodes and the edge forces as
explicit functions of a given state; some algebraic manipulations of Eqs. (4.7) and
the adoption of bra-ket notation for the sake of clarity, yields
|τ̇ i =
|ẋi =

−1


|∂/γ ri + SA−1 |∂/γ f i ,

−1
A−1 |∂/γ f i − A−1 S T SA−1 S T
|∂/γ ri+SA−1 |∂/γ f i .

− SA−1 S T

(4.17)
(4.18)

As discussed above and seen in Eqs. (4.8)-(4.11), here and in what follows A and
|∂/γ f i are understood to depend on the set of N z/2 edge forces |τ i, the latter
are explicitly given by Eq. (4.14). If A possesses zero modes, A−1 in the above
relations should be understood as representing the pseudo inverse, as implied by
Eq. (4.7). Eqs. (4.17) and (4.18) will be employed in our scaling analysis in what
follows.
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4.2.4 Elastic moduli
The deformation dynamics of our elastically-embedded frames is fully described
by Eqs. (4.17) and (4.18). We now turn to deriving microscopic expressions for
elastic moduli. Recall that we consider the athermal limit, then elastic moduli E
are defined as
1 d2 U
,
(4.19)
E=
V dγ 2
with V = Ld¯ denoting the system’s volume. Full derivatives d/dγ are understood
as taken under two sets of constraints: the rigid-edge constraints that disallow
the frame’s edges to change their length (as expressed by Eq. (4.3)), and the mechanical equilibrium constraints that imply that edge tensile/compressive forces
are always balanced by the potential-derived forces (as expressed by Eqs. (4.6)
and (4.12)). Specifically, full derivatives read
X
d
∂/
∂
∂
=
+ ẋk ·
+
τ̇ij
,
/
dγ
∂γ
∂xk edges ij ∂τij

(4.20)

as employed, e.g., in Eq. (4.6). In what follows we will denote by G the shear
modulus, obtained when γ represents simple shear strain, and by K the bulk
modulus, obtained when γ represents compressive/dilatational strain.
We start our derivation of microscopic expressions for elastic moduli of elasticallyembedded floppy frames with
dU/dγ = ∂/U/∂/γ + h∂x U |ẋi .

(4.21)

In generic athermal disordered solids the potential-derived forces |∂x U i vanish
by virtue of mechanical equilibrium, leading to the vanishing of the second term
on the right-hand side (RHS) of Eq. (4.21), see e.g. [21]. Importantly, in our
framework we also assume mechanical equilibrium; however, as discussed in length
above, it emerges due to the balance between the edge forces |τ i and the potentialderived forces |∂x U i (see Eq. (4.12)), which are each generally non-zero. Consequently, the second term on the RHS of Eq. (4.21) does not vanish, nor does its
derivative with respect to strain, and therefore the second full derivative of the
potential energy with respect to strain reads

d2 U/dγ 2

=

2

∂/ U/∂/γ 2 + h∂x ∂/γ U |ẋi + h∂/γ ∂x U |ẋi
+ hẋ|M|ẋi + h∂x U |ẍi ,

(4.22)

where we utilized the conventional notation for the Hessian matrix of the potential
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2

∂ U
energy M ≡ ∂x∂x
, and see discussion about the non-commuting variations ∂x ∂/γ 6=
∂/γ ∂x in Section 2.3.2). Importantly, we note that the RHS of the above equation
depends on the still-undetermined variables |ẍi ≡ |dẋ/dγi.

Instead of deriving an equation for |ẍi (which is possible but tedious), we show
next that elastic moduli can be expressed solely in terms of previously-determined
quantities. First, the force balance equation (4.12) can be used to write the second
term of the RHS of Eq. (4.21) as
h∂x U |ẋi = hτ |S|ẋi = −hτ |∂/γ ri ,

(4.23)

where the second equality is understood by writing Eq. (4.3) in bra-ket notation,
as
(4.24)
|ṙi = |∂/γ ri + S|ẋi = 0 .
Notice that the stress tensor for athermal elastic materials is defined as σ ≡
V −1 dU/dγ [21], and therefore the form of Eq. (4.23) is expected; up to a factor
of V −1 , it has the Irving-Kirkwood form of the edge forces’ contribution to the
stress tensor. Eq. (4.21) now becomes
dU/dγ = ∂/U/∂/γ − hτ |∂/γ ri ,

(4.25)

which allows us to easily carry out another full derivative with respect to strain
under the rigid-edge and mechanical-equilibrium constraints, as
d2 U/dγ 2

=

2

∂/ U/∂/γ 2 + h∂x ∂/γ U |ẋi
2

−hτ |∂/γ,γ ri − hτ |∂x ∂/γ r|ẋi − hτ̇ |∂/γ ri ,
2

(4.26)

2

where we denote ∂/γ,γ = ∂/ /∂/γ 2 , and ∂x ∂/γ r is a linear operator such that
hτ |∂x ∂/γ r|ẋi =

X
edges

ij

τij

∂ ∂/rij
· ẋ` .
∂x` ∂/γ

Up to a factor of V −1 (see Eq. (4.19)), Eq. (4.26) constitutes an atomistic expression for the elastic moduli of our athermal elastically-embedded rigid-edge frames,
that are uniquely determined by the nodes’ coordinates.

4.3 Numerical methods, models and protocols
Having described in detail our theoretical framework, we next turn to concisely
reviewing the numerical methods employed in our work, that we use to validate our
micromechanical theory. A comprehensive description of our numerical methods,
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procedures and protocols are provided in Chapter 2.
To establish the generality of our results, we simulated two types of embedded
frames: frames derived from packings of soft discs by inheriting and systematically
pruning their contact networks, and frames obtained by perturbing the nodes of
honeycomb lattices, and pruning their edges. Examples of these disordered frames
are shown in Fig. 4.2. The packing based networks allow us to probe mechanics
over a wide range of coordinations, and, in particular, study phenomena that
emerge close to zc . The honeycomb networks allow sampling a smaller window
of coordinations, quite far from zc , but appear to be more robust against plastic
instabilities, described in Chapter 7.3.

a)

b)

Figure 4.2: Examples of the floppy frames employed for our study: (a) a packing-derived network
obtained by diluting the edges of a packing’s contact network, and (b) a diluted off-lattice honeycomb
network with disorder of the node positions (dmax = 0.5), see Chapter 2.1 for a detailed description
of the protocol used to construct these frames.

To further reinforce the generality of our approach, we have also selected two forms
for the embedding elastic energy in which our floppy frames are embedded. The
first potential energy function depends quadratically on the angles formed between
pairs of edges that share a common node, and is meant to mimic the bending
energy of biopolymer fibers. The second potential energy is a simple Hookeanspring interaction that is introduced between nearby pairs of nodes that are not
already connected by a rigid edge of the floppy frame. The precise functional form
of the embedding potential energies and further details can be found in Sect. 2.2
in Chapter 2.
We have developed athermal, quasistatic deformation simulations derived from the
formalism developed in Sect. 4.2. In these simulations our embedded frames are
deformed under simple shear or expansive strains, as described in Subsect. 4.2.1.
This amounts to integrating the equations of motion (4.17) and (4.18) by iteratively calculating the nonaffine velocities |ẋi and the deformation-induced varia-
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tion of the edge forces |τ̇ i using Eq. (4.7), applying small incremental strain steps,
and evolving the configuration and edge forces accordingly. We further exploited
our theoretical framework to apply correction steps that systematically eliminate
— to any chosen precision — the accumulated integration errors that stem from
employing finite integration steps, see complete derivation and description in Section 2.3.2. During the deformation of the networks plastic instabilities can occur.
A local rearrangement drives the network towards a different stable configuration. In Sect. 7.3 in the discussion Chapter, we provide an example of such an
instability and discuss their influence on the measured observables.

4.4 Micromechanical theory of strain stiffening and
numerical validation
4.4.1 Elastic moduli in undeformed states
We kick off the discussion by considering the coordination dependence of elastic
moduli of undeformed (i.e. to which no strain has yet been applied) elasticallyembedded frames. Recall first our assumption that before any imposed deformation the edge forces |τ i and the potential-derived forces |∂x U i both identically
vanish. Consequently, it is convenient to consider the form for elastic moduli Eγ=0
of undeformed systems obtained by setting |∂x U i = 0 in Eq. (4.22), namely
2

Eγ=0 =

∂/γ,γ U + 2h∂x ∂/γ U |ẋi + hẋ|M|ẋi
.
V

(4.27)

We next utilize a mean-field approximation; we consider a simplified embedding
elastic energy U that consists of connecting each node to its absolute initial position by a Hookean spring with unit stiffnesses. In this simplified case, following
the definition of the operator A (see Eq. (4.8) and discussion in Subsect. 4.2.1) one
finds A = M = I, and recall importantly that |τ i = 0 in undeformed frames. This
latter condition implies that h∂/γ f |∂/γ f i is regular (see Eq. (4.10)), and therefore
within our mean-field approximation Eq. (4.18) can be written as
|ẋi ' −S T SS T

−1


|∂/γ ri+S|∂/γ f i .

(4.28)

The characteristic scale of nonaffine velocities squared reads
ẋ2 ≡ hẋ|ẋi/N ∼ hb| SS T

−1

|bi/N ,

(4.29)

where |bi ≡ |∂/γ ri+S|∂/γ f i is a vector with regular components.
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To proceed we introduce the spectral decomposition of the positive-definite operator SS T
X
SS T =
ωp2 |φp ihφp | ,
(4.30)
p

where the eigenvectors |φp i and the squares of eigenfrequencies ωp2 satisfy the
eigenvalue equation SS T |φp i = ωp2 |φp i. The spectral properties of the operator
SS T have been investigated extensively in [85–87]; in those works it has been
shown that the distribution D(ω) of eigenfrequencies ω of the operator SS T in
isotropic random floppy networks features a gap at low frequencies, and the emergence of a plateau of modes that follows D(ω) ∼ constant above the characteristic
frequency ω ∗ ∼ δz ≡ zc −z with zc = 2d¯ denoting the Maxwell threshold in d¯ dimensions. Examples of the spectra of SS T , calculated for frames at two different
coordinations, are shown in Fig. 4.7a. These aformentioned details can be incorporated into Eq. (4.29) to obtain an estimation of the magnitude squared of the
nonaffine velocities, as
ẋ2 ∼

X hb|φp i2
p

ωp2

Z

1

∼
ω∗

D(ω)
1
dω ∼
.
2
ω
δz

(4.31)

Our analysis indicates that as δz → 0 the nonaffine velocities should diverge as
ẋ2 ∼ 1/δz. In Fig. 4.3b we plot ẋ2 as measured in our floppy frames, against δz;
we find perfect agreement with our mean-field prediction, supportinig that this
scaling law (and others discussed below) is invariant to the particular functional
form of the elastic energy U . In [20] the same scaling is predicted using a different
line of argumentation.
a) 103

b) 103
shear
dilation
1

102

1

1
1

ẋ2

Eγ=0

102

101

100
10−2

101

10−1

δz

100

100
10−2

10−1

100

δz

Figure 4.3: For undeformed networks (N = 12 800) of different coordinations z we plot (a) the shear
modulus G (black triangles) and bulk modulus K (grey circles), and (b) the characteristic scale of
nonaffine velocities squared ẋ2 ≡ hẋ|ẋi/N for both shear and dilation.
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Having established that the nonaffine velocities are singular as δz → 0, it becomes
clear by examining Eq. (4.27) that to leading order
Eγ=0 ∼ ẋ2 ∼

1
,
δz

(4.32)

in perfect agreement with our measurements shown in Fig. 4.3a.

4.4.2 Elastic moduli of strained configuration
We now turn to our main focus – the study of strain stiffening as manifested by the
variation of elastic moduli upon deforming elastically-embeded floppy frames of
rigid edges. We start by noting that at the limit of the strain stiffening transition
the edge forces approach a self-balancing set, namely
S T |τ i
= 0.
lim p
γ→γc
hτ |τ i

(4.33)

This implies that a zero mode of the operator SS T developes as γ → γc , as indeed
demonstrated in [87]. We denote this vanishing mode by |φ0 i and its associated
eigenvalue by ω02 . Due to the vanishing of ω02 close to γc , the edge forces |τ i as
given by Eq. (4.14) can be approximated by
|τ i '

hΨ0 |∂x U i
hφ0 |S|∂x U i
|φ0 i =
|φ0 i ,
2
ω0
ω0

(4.34)

where we assume that hΨ0 |∂x U i approaches a (coordination dependent) constant
as γ → γc , and notice crucially that S T |φ0 i = ω0 |Ψ0 i [85], where |φ0 i and |Ψ0 i are
normalized eigenvectors (see also discussion below Eq. 4.15.). The approximation
Eq. (4.34) is validated numerically in Fig. 4.4a. In turn, the vanishing mode of
SS T implies that the characteristic force in the edges
τ≡

p
1
hτ |τ i/N ∼
ω0

(4.35)

diverges as γ → γc ; we assume in what follows a power-law divergence τ ∼ δγ −χ ,
and aim at formulating a micromechanical derivation of the exponent χ.
The divergence of the edge forces τ ∼ δγ −χ leads to a stronger divergence of
their deformation-induced variations τ̇ ∼ δγ −(χ+1) . Glancing at Eq. (4.26) for the
elastic moduli, we conclude that the leading p
order term is the one involving |τ̇ i,
and in particular we expect E ∼ τ̇ where τ̇ ≡ hτ̇ |τ̇ i/N is the characteristic scale
of the deformation-induced variation of edge forces.
The deformation-induced variations of the edge forces |τ̇ i are spelled out in
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b)
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Figure 4.4: For a honeycomb-lattice (N = 3 600, z = 3.0, dmax = 0.5), (a) the approximation of the
edge forces as given by Eq. (4.34) and denoted here by τ̃ is tested by plotting the relative magnitude
squared of their difference with the actual forces τ (see Eq. (4.14)), as a function of the distance
to the critical strain δγ. (b) Validation of relation (4.36); for the same deformed network we plot
hφ0 | SA−1 S T

−1

|φ0 i against τ /ω02 , to find a linear relation.

Eq. (4.17); to relate the latter to the characteristic edge force τ and the vanishing eigenvalue ω02 , we assume that there are merely weak correlations between
the eigenfunctions of the operators A and SS T , allowing us to write a key scaling
relation expected to be valid as γ → γc ,
− (SA−1 S T )−1 ∼ τ (SS T )−1 ∼ τ

|φ0 ihφ0 |
,
ω02

(4.36)

where the factor of τ can be understood by considering the definition of A as seen
in Eq. (4.8). Relation (4.36) is put to a direct numerical test in Fig. 4.4b, where
−1
we plot hφ0 | SA−1 S T
|φ0 i vs. τ /ω02 and find a linear relation between the two,
establishing the validity of the aformentioned assumption of weak correlations
between the eigenfunctions of the operators A and SS T .
Using the approximation Eq. (4.36) in Eq. (4.17), the edge force variations can
be written as
hφ0 |∂/γ ri
|φ0 i ,
(4.37)
|τ̇ i ' τ
ω02
since the term involving |∂/γ f i in |τ̇ i is subdominant close to the critical strain γc ,
as argued in Appendix A.. We thus expect τ̇ ∼ τ /ω02 , and together with Eq. (4.35)
we obtain
τ̇ ∼ τ 2 ⇒ χ = 1/2 ,
(4.38)
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Figure 4.5: a) The characteristic nonaffine velocities as a function of the distance to the critical
point δz. b) The characteristic bondforces τ as a function of the distance to the critical point δz.
The dashed line indicates the predicted scaling exponent of χ = 12 .

leading to the conclusions
τ∼

1
(γc − γ)1/2

and τ̇ ∼

1
.
(γc − γ)3/2

(4.39)

In addition, from relation (4.23) we conclude that ẋ ∼ τ , hence the characteristic
nonaffine velocities should diverge as
ẋ ∼

1
.
(γc − γ)1/2

(4.40)

To test our theoretical predictions, we have deformed our elastically-embedded
frames using the methods described in Sect. 4.3, and measured their elastic moduli
using the microscopic expressions derived in Sect. 4.2.4. In Fig. 4.5 the diverging
quantities, the nonaffine velocities (a) and the bond forces τ (b) are plotted. This
numerically verifies the predictions made by Eqs.4.40 and 4.39 and confirms the
scaling exponent ξ = 21 . In Fig. 4.6a we report the deformation-induced stiffening
of the shear modulus in a single realization of an embedded floppy frame with
z = 3.0. The triangular symbols represent the full shear modulus as given by
Eq. (4.26), which is plotted against the strain difference δγ ≡ γc −γ to the critical
stiffening strain γc . As our key result, we find a very clean G ∼ δγ −3/2 scaling
over several orders of magnitude of δγ. In Fig. 4.6b a similar behavior is observed
for the bulk modulus in networks under expansion.
We also plot in Fig. 4.6 the various contributions to the elastic moduli E; to this
aim we define
E = E (0) + E (1/2) + E (3/2) ,
(4.41)
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where, following Eq. (4.26)
2

E (0)

=

E (1/2)

=

E (3/2)

=

∂/ U/∂/γ 2
,
V
2
h∂x ∂/γ U |ẋi − hτ |∂/γ,γ ri − hτ |∂x ∂/γ r|ẋi
,
V
hτ̇ |∂/γ ri
−
.
V

(4.42)
(4.43)
(4.44)

Our data indicates that E (0) ∼ δγ 0 , E (1/2) ∼ δγ −1/2 , and E (3/2) ∼ δγ −3/2 , in
perfect agreement with the scaling relations derived above. In Appendix B. we
explain why hτ |∂x ∂/γ r|ẋi ∼ δγ −1/2 despite that τ ∼ ẋ ∼ δγ −1/2 .
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Figure 4.6: Elastic moduli of deformed, elastically-embedded floppy frames of rigid edges, as a
function of the distance to the critical strain δγ ≡ γc − γ. Shown are the decomposition of the
moduli’s constituent terms, grouped by their scaling behavior with respect to strain, as expressed by
Eqs. (4.42)-(4.44), and predicted by our theory. Panel (a) shows the shear modulus G of a sheared
disordered honeycomb-lattice (N = 3 600, z = 3.0, dmax = 0.5) with a bond-bending interactions
as the embedding elastic energy, while panel (b) shows the bulk modulus K of a packing-derived
disordered frame with z = 3.0 embedded in an Hookean-spring elastic network.

The predicted scaling laws ω02 ∼ δγ and E ∼ τ̇ ∼ δγ −3/2 do not capture the possible coordination dependence of these observables. To resolve the coordination
dependence of the vanishing eigenvalue ω02 and of the elastic modulus E, we first
note that strain stiffening sets in at a characteristic strain scale δγ? ∼ δz [20, 87].
At strains γc −γ . δγ? we expect ω02 ∼ δγ as derived above. On the other hand,
in isotropic, undeformed states, one expects ω02 ∼ δz 2 , as shown e.g. in [86]. We
therefore write a scaling ansatz for the vanishing eigenvalue ω02 of the form
 
δγ
2
2
ω0 ∼ δz F1
,
(4.45)
δz
where the scaling function F1 (x) ∼ x for x  1, and F1 (x) ∼ constant for x  1.
In Fig. 4.7b we plot the vanishing eigenvalue ω02 (defined as the minimal eigenvalue
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Figure 4.7: The distribution of eigenfrequencies D(ω) of the operator SS T , calculated for sheared
networks of N = 4 096 nodes with coordinations z = 3.6 and z = 3.8, at different stages of the
deformation. Each curve shows the distribution of eigenfrequencies binned over 100 independent
realizations. The distributions feature a plateau above an onset frequency ω ∗ ∼ δz ≡ zc − z, with
zc the Maxwell threshold. Upon deformation, p
a single, lowest frequency mode ω0 per realization
escapes from the plateau, and vanishes as ω0 ∼ δγ upon approaching the critical strain, as shown
in panels (b),(c). The mean (over realizations) frequency of the lowest mode ω0 is indicated with a
vertical line, and its standard deviation is indicated by horizontal lines. (b) The lowest eigenvalue ω02
of the operator SS T as function of the distance to the critical point γc for packing derived networks
(N = 1 600) of different coordination number δz. Each data-point represents the median over 20
realization. (c) The same data as presented in panel (b), recasted into the scaling form given by
Eq. (4.45).

of SS T ) vs. the strain difference to the stiffening transition δγ, for systems with
various coordinations z as indicated by the legend. The excellent agreement of
our data with the scaling form Eq. (4.45) implies that the vanishing eigenmode
depends on strain and coordination near the strain stiffening transition as
ω02 ∼ δzδγ .

(4.46)

This is one of the key results of our work.
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Figure 4.8: (a) The shear modulus G as function of the distance to the critical point γc for packing
derived networks of different coordination (N = 1 600) number δz. Each curve is the result of
the median of 20 realisation. (b) The shear modulus G rescaled by δz to obtain a collapse of the
same data. (c) and (d) are the same as (a) and (b) but for the bulk modulus K of networks under
expansive deformation.

We finally turn to the coordination dependence of the elastic modulus. In Subsect. 4.4.1 we have shown that in isotropic, undeformed states the elastic moduli
scales as δz −1 , whereas in this Section we find E ∼ δγ −3/2 in deformed states
approaching the strain stiffening transition. We combine once again these results
together with the strain scale δγ? ∼ δz into a scaling ansatz
 
δγ
−1
E ∼ δz F2
,
(4.47)
δz
where the scaling function F2 (x) ∼ x−3/2 for x  1, and F2 (x) ∼ constant for
x  1.
In Fig. 4.8a we plot the shear modulus G vs. the strain difference to the stiffening
transition δγ, for systems with various coordinations z as indicated by the legend.
The excellent agreement of our data with the scaling form Eq. (4.47) implies
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that elastic moduli depend on strain and coordination near the strain stiffening
transition as
√
E ∼ δz δγ −3/2 .
(4.48)
This is another key result of our work.

4.4.3 Lower bound for the critical exponent χ
The main assumption made to derive the critical exponent χ regards the weak
correlations between the matrices A and S. This assumption can not always
be guaranteed, for example for a freely-jointed chain, which correspond to the
limiting case of a coordination two network, the weak correlations assumptions
seems to be false. Notwithstanding, in such cases we can still establish a lower
bound for the critical exponent χ, which is saturated in the cases studied in this
Chapter, when A and S are weakly correlated.
We denote by αmin the smallest eigenvalue of the matrix SA−1 S T . Given any
arbitrary vector |ci, one has

T −2

hc| SA−1 S
hc|ci

|ci

1

,
2
αmin

(4.49)

hc|SA−1 S T |ci
≥ αmin .
hc|ci

(4.50)

hc|SA−1 S T |ci
hd|A−1 |di hc|SS T |ci
ω02
=
≥
.
hc|ci
hd|di
hc|ci
λmax

(4.51)

≤

In addition we can rewrite

where |di ≡ S T |ci and λmax denotes the largest eigenvalue of A. The inequality
(4.50) saturates when |ci is set to be the lowest eigenvector of SA−1 S T . Now,
since the upper bounds (4.50) and (4.51) are independent of the choice of |ci, this
implies that ω02 /λmax ≤ αmin . Finally, using the bound (4.49) one finds
hb| SA−1 S T
hb|bi

−2

|bi

≤

λ2max
.
ω04

(4.52)

The source of the singularity of A is the contraction with the edge forces |τ i (see
Eq. (4.8)), thus λmax /τ must remain bounded at the critical strain. Then there
must exist a constant B such that λmax ≤ Bτ . Combining (4.35),(4.36) and (4.52)
one finds
hτ̇ |τ̇ i
B2τ 2
τ̇ 2 ∼
≤
∼ τ 6,
(4.53)
hb|bi
ω04
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which finally implies that
− 2(χ + 1) ≥ −6χ ⇒ χ ≥ 1/2

(4.54)

Remarkably, for any strain stiffening transition, independently of the elastic matrix dimension and topology of the embedded network, we expect a diverging
elastic modulus E ∼ (γc − γ)−(χ+1) with a critical exponent χ ≥ 1/2.

4.4.4 Diverging lengthscale
We end this Section with revealing the existence of an underlying diverging lengthscale that accompanies the critical strain-stiffening transition. The jamming literature offers numerous discussions and numerical investigations of diverging lengths
close to various jamming transitions. A brief but rather complete and recent review of those previous efforts can be found in [91].
We find that the clearest observation of the diverging length is made as follows; we
begin with considering the explicit form of the edge forces as given by Eq. (4.14).
The latter can be decomposed as
X
|τ i = (SS T )−1 S|∂x U i =
cα |τα i ,
(4.55)
α

where cα ≡ hα|S|∂x U i is the projection of the potential-derived forces onto the
αth edge, |αi is an edge-wise vector which has zeros in all component besides the
αth one, and
|τα i ≡ (SS T )−1 |αi .
(4.56)
Properties of the edge forces can therefore be determined by knowledge of the
spectral properties of SS T . It has been well-established that disordered floppy
networks feature a frequency scale ω ∗ ∼ δz above which there is a plateau of
modes that remain statistically invariant under applied strain [87], as also shown
in Fig. 4.7. In addition, at strains δγ < δγ? the frequency scale ω0 appears below
ω ∗ , followed by a set of modes which in the thermodynamic limit should fill the gap
between ω0 and ω ∗ . Such modes can be considered as plane wave modulations
of the vanishing mode |φ0 i [87]. Then, from Eq. (4.56) and using the spectral
decomposition of SS T the component of |τα i pertaining to the β th edge reads
hβ|τα i =

X
ω0 ≤ω<ω ∗

X hβ|φω ihφω |αi
hβ|φω ihφω |αi
+
.
2
ω
ω2
∗

(4.57)

ω ≤ω

The second sum on the RHS
of Eq. (4.57) has been shown in [86] to feature an
√
−r δz
exponential decay ∼ e
with r the distance between the αth and β th edges.
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Figure 4.9: (a) Decaying correlations C(r) as function distance between pairs for a single network
realisation (N = 40 000) under increasing amount of deformation reveals the increasing length scale
in the system. (b)p
In the lower panel we present the collapse of the correlation functions by the
length scale lr ∼ 1/ δγ.

The sum between ω0 and ω ∗ in Eq. (4.57) has been shown [87] to also follow
an exponential decay ∼ e−r/lr with lr ∼ 1/ω0 . Therefore, close to the critical
√
strain the second sum is subdominant, and hβ|τα i ∼ e−r/lr with lr ∼ 1/ δγ. Our
prediction is verified in Fig. 4.9, where we show the average spatial decay of the
squares C(r) ≡ hβ|τα i2 as a function of the distance r between the αth and β th
edges.

4.5 Summary and outlook
In this Chapter we have revealed the critical behavior that underlies the strain
stiffening transition observed in athermal biopolymer networks. This transition
has been traditionally probed using numerical models by introducing two stiffness
scales characterizing bending and stretching modes respectively, and choosing the
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ratio µ̃ between these stiffness scales to be very large in order to expose the
underlying critical behavior [17,56], as demonstrated in Fig. 4.1. Here we directly
take the limit µ̃ → ∞, and present the formalism and simulation method that
emerges from this limit.
The formalism introduced allows us to construct a scaling theory, both for undeformed, isotropic complex solids of floppy frames embedded in an elastic medium,
and of the mechanics of such solids subjected to large deformations. Our main
results are (i) that undeformed, isotropic elastic moduli depend on coordination
as E ∼ δz −1 , with δz ≡ zc −z denoting the coordination difference to the Maxwell
threshold zc ≡ 2d¯ in d̄ dimensions. (ii) Elastic moduli
√ of complex solids approaching the strain stiffening transition scale as E ∼ δz δγ −3/2 , with δγ ≡ γc − γ
denoting the strain difference to the critical stiffening strain γc . (iii) A diverging
length lr ∼ δγ −1/2 accompanies the critical strain-stiffening transition.
In related research efforts the strain stiffening transition has been analyzed in
the framework of phase transitions [16, 92]; the stiffening transition was shown in
these works to be captured by the scaling form


κ̃
f
E ∼ µ|δγ| G±
,
(4.58)
|δγ|φ
with critical exponents f and φ and κ̃ ≡

κ
l02 µ

. Our approach is only able to

capture the stiffening below the critical point corresponding to G− (κ̃|δγ|−φ ). The
scaling function G− (x) ∼ x , for x  1, which implies that E ∼ µκ̃|δγ|f −φ . To this
extend we can conclude that the two critical exponents f and φ are related by
the constraint f − φ = −3/2. The reported values of f − φ in the literature [16]
vary from −1.34 to −1.77 and in good agreement with the given constraint. We
further note that our results contradict the proposition of [92] according to which
the nonaffine velocities follow ẋ2 ∼ δγ −3/2 , whereas our results indicate that the
correct scaling is ẋ2 ∼ δγ −1 .
Our analysis reveals that there exists a set of observables whose scaling with
respect to the distance to the strain stiffening transition δγ can be directly interchanged with the difference between their coordination and the Maxwell threshold
δz. For instance, upon shearing our elastically-embedded floppy frames, the nonaffine velocities scale as ẋ ∼ δγ −1/2 , whereas the nonaffine velocities of isotropic,
undeformed frames scales with coordination as ẋ ∼ δz −1/2 . This interchangeability indicates that there is at least a partial underlying equivalence between
constraining the space of floppy modes by imposing (macroscopic) external deformation, and constraining it by increasing the (microscopic) connectivity of the
floppy network. Understanding this connection calls for further investigation.
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Appendices
A. Dominant term of |τ̇ i close to γc
Using the approximation Eq. (4.36) in Eq. (4.17) for the edge force variations,
one finds
hφ0 |∂/γ ri
hφ0 |SA−1 |∂/γ f i
|τ̇ i ' τ
|φ
i
+
τ
|φ0 i .
(4.59)
0
ω02
ω02
Let us focus on the second term on the RHS of the above relation, and in particular
on the contraction
hφ0 |SA−1 |∂/γ f i = ω0 hΨ0 |A−1 |∂/γ f i .

(4.60)

Since |∂/γ f i and the matrix elements of A depend linearly on the edge forces τ ,
one could expect that h∂/γ f |A−2 |∂/γ f i remains finite as γ → γc . This, in turn,
implies that close to γc we can neglect the second term on the RHS of Eq. (4.59),
then
hφ0 |∂/γ ri
|τ̇ i ' τ
|φ0 i ,
(4.61)
ω02
as seen in Eq. (4.37).

B. The contraction hτ |∂x ∂/γ r|ẋi
In this Appendix we show that although both the edge forces τ and the nonaffine
velocities ẋ diverge as δγ −1/2 upon approaching the strain stiffening transition, the
contraction hτ |∂x ∂/γ r|ẋi ∼ δγ −1/2 and not ∼ δγ −1 as one might naively expect.
We start by using the derivatives, defined in Chapter 2 given Eq. (2.18) in
Eq. (2.17), to obtain
xij ·

∂ ∂/rij
=
∂xk ∂/γ

dHT
dγ

+ xij ·
rij

dH
dγ

−

xij ·

dHT
dγ ·
3
rij

 !
xij xij
∂xij
·
∂xk

(4.62)

T

=



xij · dH
dH dHT
dγ · xij
+
+
2
dγ
dγ
rij


·

∂rij
∂xk

(4.63)
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The contraction of interest takes the form
T

X
edges

i,j

τij

∂ ∂/rij
· ẋk
∂xk ∂/γ

=

X
edges


τij

i,j

xij · dH
dH dHT
dγ · xij
+
+
2
dγ
dγ
rij


·

∂rij
· ẋk
∂xk

·

∂/rij
∂/γ

T

=

X
edges

∼

i,j


τij

xij · dH
dH dHT
dγ · xij
+
+
2
dγ
dγ
rij

τ ∼ δγ −1/2 .



(4.64)

where we have used that ∂/rij /∂/γ is regular, that
∂rij
∂/rij
· ẋk =
∂xk
∂/γ

(4.65)

following Eq. (4.3), and recall that repeated coordinate indices are understood to
be summed over.
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5.1 Introduction
In the previous chapter we analyzed the strain-induced stiffening transition of
floppy frames (networks) of rigid struts embedded in an elastic matrix. The
theoretical framework presented in the previous chapter does not allow the consideration of deformations above the critical strain by virtue of the perfectly rigid
(unextendable and incompressible) struts. However, networks with elastic bending and stretching interactions can indeed enter the regime above the critical
strain, as demonstrated in Chapter 3; there we showed how networks deformed
beyond the critical stiffening strain enter a stretching-dominated regime, with
elastic moduli that become independent of the bending stiffness. In this Chapter
we analyze in depth the behavior of floppy elastic networks deformed to strains
above the critical stiffening strain. We employ numerical simulations and scaling
arguments to study the scaling with connectivity of the critical stiffening strain,
the discontinuous jump of elastic moduli across the critical strain, the regularity of nonaffine displacments above the critical strain, and the scaling of elastic
moduli with respect to the deformation beyond the critical strain.
0.06
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γ
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Figure 5.1: Typical signal of the shear modulus across the strain stiffening transition, for a spring
network at z = 3.6, spring stiffness µ = 1 and the bending stiffness κ = 0. It can be seen that
at the critical strain the modulus shows a discontinuous jump from zero to finite value across the
transition.

5.2 Model
We consider the model system described in detail in Sect. 2.3.1 of Chapter 2.
In this model disordered networks are endowed with bending and stretching in-
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teractions, with the parameter κ controlling the ratio of bending to stretching
stiffnesses. The limit κ = 0 is taken in the present Chapter by discarding of the
bending interactions altogether. Under these conditions, upon deforming our networks, we are able to locate the strain stiffening transition, and record the critical
strain γc . To find the critical strain with high precision we use a strain protocol
where we start with some step size ∆γ and increase the strain by this value until
we measure a finite value of the modulus for the first time. The step size is then
reduced and we start unstraining the network by moving in the opposite direction
until rigidity is lost. Then we reduce the strain step and start to increase the
strain again. This process is repeated until the strain steps ∆γ is as small as
∆γ/γc ∼ 10−4 . In Fig. 5.2 (a) we report the dependence of the critical strain on
coordination; we verify that γc ∼ zc − z, as also found in previous work [20,87].

5.3 Discontinuous jump in elastic moduli
Upon deforming networks in the κ = 0 limit, the shear modulus changes abruptly
at the critical strain γc , as shown in Fig. 5.1. In Chapter 4 we have showed that
accompanying this transition is the development of a single state of self stress
(SSS); the latter is defined as a set |φ0 i of tensile or contractile forces in the edges
of a network that satisfy mechanical equilibrium on the nodes, namely
S T |φ0 i = 0 .

(5.1)

We emphasize that SSSs are geometric objects; the existence of a SSS in a given
network does not imply that any forces actually exist in the network edges. In
fact, exactly at the critical strain, our network edges carry no forces whatsoever;
under these circumstances the shear modulus of the network is given by [93,91]
G = V −1 hφ0 |∂γ ri2 .

(5.2)

From the above relation we understand that the discontinuous jump in the shear
modulus at the strain stiffening transition is governed by the overlap between the
developed SSS |φ0 i and the deformation of the edges |∂γ ri.
The dependence of the aformentioned overlaps on connectivity can be resolved as
follows. We consider systems below the strain stiffening transition, i.e. at γ < γc .
Recall next Eq. 4.18 for the nonaffine velocities, and the approximation Eq. 4.28;
with these one writes
hφ0 |∂γ ri2
ẋ2 ∼
.
(5.3)
ω02
We have shown in Chapter 4 that in isotropic, undeform networks the nonaffine
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velocities follow ẋ2 ∼ δz −1 (Fig. 4.3b). Recall as well that we have established
that the eigenvalue associated with the developing SSS follows
(5.4)

ω02 ∼ δγδz .

Finally, a scaling ansatz can be made for the magnitude square of the nonaffine
velocities, in the form
 
δγ
2
−1
,
(5.5)
ẋ ∼ δz F3
δz
with F3 (x) ∼ x−1 for x  1 and F3 (x) → constant for x  1. This means
that as the strain stiffening transition is approached, ẋ2 ∼ δγ −1 , independent of
coordination. Since the RHS of Eq. 5.3 must be independent of coordination, then
combining Eqs. (5.3) and (5.4) we conclude that
(5.6)

hφ0 |∂γ ri2 ∼ δz .

Finally, combining this result with Eq. (5.2), we predict that the jump of the
shear modulus (from zero) should follow
(5.7)

G ∼ δz .

In Fig. 5.2 (b) we show the value of the shear modulus G measured at the critical
point γc for networks at different coordinations. The scaling of G(γc ) with δz
shows good agreement with our scaling prediction.
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Figure 5.2: For a spring networks at coordinations ranging from 3.2 to 3.99, spring stiffness µ = 1
and the bending stiffness κ = 0; (a) The critical strain value γc at which the networks rigidify
plotted against δz (b) The discontinuous jump in the modulus, measured as the first finite value of
the modulus plotted against δz. In these simulations the critical strain has been approached with
steps size ∆γ/γc < 10−4 .
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5.4 Nonaffine velocities
While the shear modulus exhibits a discontinuous jump across the strain stiffening
transition in the κ → 0 limit, the nonaffine displacements (discussed in length in
previous chapters) feature the opposite behavior: they diverge when γ → γc− as
ẋ2 ∼ |δγ|−1 (as shown in Chapter 4), but then become finite for γ > γc . We
have seen in Chapter 3 that for finite values of bending and stretching stiffnesses
the magnitude of nonaffine velocities show a peak around the stiffening strain γc .
The lower the ratio κ of bending to stretching rigidity, the sharper the non-affine
velocities peak. This can be seen by examining Fig. 5.3, in which we plot the
square amplitude of the nonaffine displacements (rescaled by the system size N )
vs. the strain, for networks of N = 6400 and with a connectivity of z = 2.73;
we find that the response is not symmetric around the critical strain: at γ > γc
the nonaffine velocities ẋ2 decrease when the networks are strained beyond the
critical point, and for lower values of the ratio κ the decrease is more pronounced.
In the κ = 0 limit an abrupt and instantaneous drop of the nonaffine velocities
occurs.
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Figure 5.3: Square magnitude of nonaffine velocities across the strain stiffening transition, measured
for various values of the ratio κ of bending to stretching stiffnesses, including the κ = 0 case in
which the bending interactions are discarded altogether. It is apparent that as κ → 0, ẋ2 develops
a discontinuous drop across the transition.

This discontinuous jump of ẋ in the κ → 0 limit can be understood as follows:
consider the limit κ = 0 obtained by entirely discarding of the bending interactions. Under these circumstances, at the critical strain γc none of the network
edges are stretched or compressed, i.e. they carry no forces. The microscopic
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expression for the non-affine velocities |ẋi = −M−1 |∂x,γ U i reduced then to
|ẋi = −(S T S)−1 S|∂γ ri .

(5.8)

While the operator S T S is expected to feature a vanishing eigenvalue as γ → γc−
(recall that S T S and SS T share exactly the same nonzero eigenvalues), at the
critical strain and above it S T S will feature no such vanishing eigenvalues. As a
result, ẋ2 will loose its singularity across the stiffening transition.

5.5 Shear modulus scaling above the critical strain
In order to resolve the scaling behavior of the shear modulus above the strain
stiffening transition, we consider the nonlinear shear modulus dG/dγ, evaluated
exactly at the strain stiffening transition γ = γc in the κ → 0 limit. As mentioned
above, exactly at the transition the network edges bare no loads at all, which
simplifies the analysis. In particular, it implies the form Eq. (5.8) for the nonaffine
velocities.
Following [94], the nonlinear shear modulus is given by
dG
1
=
dγ
V



∂3U
∂3U
∂3U
∂3U
: · ẋẋẋ + 3
: ẋẋ + 3 2
· ẋ +
∂x∂x∂x
∂γ∂x∂x
∂γ ∂x
∂γ 3


,

(5.9)

where the notations : and : · are understood as double and triple contractions,
respectively, and the nonaffine velocities ẋ are given by Eq. (5.8). Since the
latter were argued to be regular at γ → γc+ , we conclude that dG
dγ must also be
regular (with respect to strain variations; we do not investigate the coordination
dependence of these observables). Finally, this in turn implies that the Taylor
expansion
dG
G(γ − γc ) ' G(γc ) +
(γ − γc )
(5.10)
dγ γc
exists, and therefore
G(γ) − G(γc ) ∼ δγ

(5.11)

for γ & γc . This result is validated numerically in Fig. 5.4, where we plot the
difference between the value of the shear modulus and the modulus at the critical
strain G(γ) − G(γc ) as a function of the distance to the critical strain δγ. The
scaling is validated for networks at different coordinations ranging from 3.2 to 3.8.
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Figure 5.4: For networks of size N = 1600 at different coordinations in the range of z between 3.2
and 3.8, we plot the value of the shear modulus G after subtracting the value of the modulus at the
critical point γc as a function of the distance to the critical strain δγ. The critical strain has been
determined up to an strain step ∆γ/γc < 10−4 . Regardless of the coordination the predicted linear
scaling G(γ) − G(γc ) ∼ δγ is found.
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5

In this Chapter we have studied the mechanics of floppy networks that were
deformed up to and beyond the critical stiffening transition. We observe several
remarkable features; first, we observe that the shear modulus jumps abruptly at
the stiffening transition, attaining a value ∼ δz. A result that is in agreement
with observations made previously [95,96]. However, there exists literature where
a continuous growth from zero of shear modulus has been reported [16, 92].
Second, we see that the nonaffine velocities feature an opposite behavior: they
are singular at strains γ < γc , but regular at and above the stiffening transition.
Our scaling analysis explains this abrupt change, and the observations that the
nonaffine velocities become regular is key to understanding how the modulus
grows beyond the critical strain.
Finally, we have argued that above the transition the increase in the shear modulus
above its value at the critical point scales linearly with the additional strain δγ.
This implies that the exponent f introduced in [16] (discussed in Chapter 3 as well)
should be equal to 1, in good agreement with the predictions by Merkel et al. [95].
Previously, values of f were reported that are lower than 1 [83,16,96], which might
be explained by structural differences of the materials studied. Why there exists
deviating values between different types of networks remains a question for future
research.
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An interesting question to be addressed in future studies is whether the nonlinear
modulus dG
dγ features some interesting scaling laws with respect to coordination.
It is expected that as z → zc the system would become increasingly isotropic,
as a result of the vanishing stiffening strain scale, established numerically in this
Chapter. This increasing isotropy, together with the requirement that an isotropic
system should feature a vanishing nonlinear modulus from the symmetry γ → −γ,
leads to the expectation that dG
dγ should vanish with vanishing δz.
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A widely-studied model for gels or biopolymeric fibrous materials are networks
with central force interactions, such as Hookean springs. Less commonly studied
are materials whose mechanics are dominated by non-central force interactions
such as bond-bending potentials. Inspired by recent experimental advancements
in designing colloidal gels with tunable interactions, we study the micro- and
macroscopic elasticity of 2D planar graphs with strong bond bending potentials, in
addition to weak central forces. We introduce a theoretical framework that allows
us to directly investigate the limit in which the ratio of characteristic central-force
to bending stiffnesses vanishes. In this limit we show that a generic isostatic point
exists at zc = 4, coinciding with the isostatic point of frames with central force
interactions. We further demonstrate the emergence of a stiffening transition when
the coordination is increased towards the isostatic point, which shares similarities
with the strain stiffening transition observed in biopolymeric fibrous materials,
and coincides with an auxeticity transition above which the material’s Poisson’s
ratio approaches -1 when bond-bending interactions dominate.

6.1 Introduction
In 1864 Maxwell spelled out a criterion that frames of freely-hinged struts need
to satisfy in order to be mechanically stable [48]: if the average connectivity
z is higher than a threshold value zc ≡ 2d¯ in d¯ spatial dimensions, rigidity of
the frame is guaranteed, regardless of the exact way the elements are connected
(as long as fluctuations in connectivity are limited [97]). In frames with z <
zc collective modes exist that are floppy [78, 79, 86], which means that motion
associated with these modes will respect the perfect rigidity of the struts. The
gradual disappearance of such floppy modes as z → zc is known as the jamming
transition [98–100], and has been related to various mechanical and dynamical
phenomena such as the divergence of viscosity in non-Brownian suspensions [101]
and the fragility of chalcogenide glass formers [102].
Most studies of jamming phenomena focus on the role of steric interactions, often
modeled by some form of central forces e.g. Hookean springs [103] or hard-sphere
repulsions [104, 105]. In this Chapter we explore the mechanical properties of a
different class of materials: disordered networks in which the dominant interaction
takes the form of bond bending. Our focus is motivated by recent advancements
in the fabrication of colloidal gells with tunable interactions; in particular, we
were inspired by the work of Schall et al. [4], who built and controlled nano- and
micrometer size superstructures using critical Casimir forces on patchy colloidal
particles. By measuring fluctuations of the constituent colloids, the authors of [4]
established that the stiffness of bond bending in their superstructures is much
larger than the stiffness of radial interactions, by up to two orders of magnitude
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Figure 6.1: (a) A confocal microscopic image of an colloidal aggregate at ∆T = 0.6◦ C (∆T =
T − Tc , measured as distance to the critical temperature). (b) A measurement of the energy U as
a function of the angle between pairs of colloids at different temperatures. As an inset the derived
bending stiffness as function of temperature. (c) A measurement of the energy U as a function of
the angle between pairs of colloids at different temperatures. As an inset the derived radial stiffness
as function of temperature. These figures are adopted from the work of Schall et al. [4]

or more [106].
Inspired by these outstanding experiments mentioned above, we set out to address the following questions: (i) what are the elastic properties of materials
whose mechanics are dominated by bond-bending interactions, (ii) how should
the micromechanics of this class of materials be understood from a geometric perspective, and (iii) what sort of jamming phenomenology emerges in this class of
systems.
In this Chapter we consider disordered networks in two dimensions (2D) of mean
coordination z, and introduce both radial and bond bending interactions, characterized by stiffnesses µ and κ, respectively. We consider the ratio µ̃ ≡ µ/κ
between these stiffnesses as a key tunable parameter of the material, in addition
to the coordination, and investigate numerically and theoretically the behavior
of elastic moduli under variations of z and µ̃. We show that as the limit µ̃ → 0
is approached, scaling behavior of elastic moduli emerges, as a function of the
distance between the mean connectivity and the system’s jamming point, shown
here to coincide with the the Maxwell threshold [48] zc = 4 at which the generic,
‘central-force’ isostatic point occurs.
We take two complementary routes in order to study theoretically the limit µ̃ → 0
at which the scaling behavior of elastic moduli emerges. First, we fix κ and set µ =
0; this arrangement allows us to understand the scaling behavior of elastic moduli
in the hyperstatic regime z > zc . We further put forward a scaling argument
supported by numerical tests that the hyperstatic regime is characterized by a
diverging length `c ∼ (z − zc )−1/2 .
Even more intruiging is the limit µ̃ → 0 obtained by fixing µ and sending κ → ∞;
this is achieved by considering the angles formed between bonds that share a
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common node to be entirely fixed, i.e. they serve as geometric constraints. In
this limit, and away from the isostatic point, hypostatic networks feature elastic
moduli ∼ µ. Interestly, we find that the shear modulus G diverges as z is made to
approach zc from below, while the bulk modulus K remains regular. We present
a theoretical framework that allows us to predict the divergence of G with zc − z
in this limit, and find good agreement with our numerical calculations.
Finally, we consider the auxeticity of our model; we find that far into the hypostatic regime the material features a positive Poisson’s ratio, of around 0.3, a
value characteristic to many disordered materials [107, 108]. However, ν rapidly
decreases as z is increased. Interestingly, in the limit µ̃ → 0 the material approaches perfect auxeticity ν → −1 as z → zc , and remains perfectly auxetic in the
entire hyperstatic regime.
Our work is structured as follows; in Sect. 6.2 we spell out the model ingredients
and observables considered in our study. In Sect. 6.3 we present a numerical
investigation of the elastic properties of our model, as a function of the two key
control parameters, namely the ratio of stiffnesses µ̃ and the mean coordination z.
In Sect. 6.4 we explain the occurrence of an isostatic point at zc = 4 in our model.
In Sect. 6.5 we consider the hyperstatic regime, and study theoretically the limit
µ̃ → 0, while Sect. 6.6 presents a theoretical framework that allows us to study the
hypostatic regime in the limit µ̃ → 0. In Sect. 6.7 we provide scaling arguments
and show numerically that a characteristic lengthscale diverges as the isostatic
point is approached. Sect. 6.8 discusses the auxeticity of our model, and our work
is summarized in Sect. 6.9, where we discuss future research directions.

6.2 Model and key observables
We consider 2D disordered planar graphs (networks) with periodic boundary conditions, whose topology is characterized by the mean number of edges per node,
denoted by z. We build these disordered networks by adopting the contact network of packings of soft spheres, and pruning edges according to a protocol that
maintains low node-to-node fluctuations of connectivity. Our network generation
protocol is described in Chapter 2.1, and an example of a network with z = 3.95
is shown in Fig. 6.2a.
We introduce the following potential energy U for our disordered networks
U=

κ`¯2 X
µX
∆θijk 2 +
∆rij 2 ,
2
2
hi,j,ki

(6.1)

hi,ji

where κ and µ denote the bond-bending and central-force stiffnesses, respectively,
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a)

b)
j

i

k

Figure 6.2: (a) An example of a typical network with a mean coordination of z = 3.95 considered
in this Chapter. Our network generation protocol is described in Chapter 2.1. (b) Bond-bending
interactions defined on pair of edges that connect to a common central node. The red arrows
∂θ
represent the field ∂xijk , see text for details.
`

and `¯ denotes the microscopic units of length. The first term on the RHS of
Eq. (6.1) represents a sum over all angles θijk formed between pairs of edges that
share a common node, with no other edges found in between the said pair, as
illustrated in Fig. 6.2b. We define the deviations from the rest-angles ∆θijk ≡
(0)
(0)
θijk − θijk with θijk denoting the initial (ground state) rest-angles. The second
term on the RHS of Eq. (6.1) represents a sum over the network’s edges, and we
define the deviation from the rest-lengths ∆rij ≡ rij − `ij where `ij denotes the
rest-length of the edge connecting the i, j pair of nodes. Lengths are expressed
in terms of `¯ which denotes the mean rest-length. Below we will always assume
that the networks reside at their respective ground states, i.e. all of the angles are
equal to their rest-angles, and all edges reside at their rest-lengths, implying that
U = 0 and that there are no stresses in the material.
In what follows we consider simple shear and expansive strains, described by
the strain tensor  = (γ, η) most conveniently parameterized by simple shear and
expansive strain parameters γ and η, respectively. In 2D the strain tensor assumes
the form


1
2η + η 2
γ
.
(6.2)
(γ, η) =
γ
2η + η 2 + γ 2
2
Given a strain tensor  that describes an imposed deformation mode, distances
√
rij = xij · xij between the coordinates of any two nodes xi , xj vary under such
imposed deformations according to
δrij '

1 (xij ·  · xij )2
xij ·  · xij
−
,
3
rij
2
rij

(6.3)

where xij ≡ xj −xi .
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We focus on macroscopic elastic properties as seen in the athermal shear and bulk
moduli, denoted as G and K, respectively. The shear modulus is defined as
G≡

1 d2 U
,
V dγ 2

(6.4)

whereas the bulk modulus is given by


1 1 d2 U
1 dU
K≡
−
.
V 4 dη 2
2 dη

(6.5)

Total dervatives e.g. d/dγ are understood as taken in the athermal limit, i.e. under
the constraints dictated by mechanical equilibrium [21].
a)

b)
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Figure 6.3: Shear modulus G, rescaled by κ (a) and µ (b), vs. the mean coordination z for various
values of µ. In this representation we see that (i) a jamming transition occurs at zc = 4, (ii) that
G ∼ κ deep in the hyperstatic regime z > zc , and (iii) that G ∼ µ deep in the hypostatic regime z < zc .
The black circles correspond to the limit µ̃ → 0, discussed in detail separately for the hyperstatic
regime in Sect. 6.5 and for the hypostatic regime in Sect. 6.6.

6.3 Elastic properties of bond-bending-dominated
networks
We start the presentation of our results with a numerical investigation of the shear
modulus variation under changes of the mean coordination z and the ratio µ̃ of
bond-bending to central-force stiffnesses. In Fig. 6.3 we plot the sample-to-sample
means of the shear modulus averaged over 20 random networks of N = 25 600
nodes. The left panel plots the ratio G/κ vs. the coordination z; noticeably,
z = 4 marks the onset of an underlying jamming transition, that becomes more
pronounced as µ̃ → 0. For small µ the ratio G/κ grows by several orders of mag-

100

6.3 Elastic properties of bond-bending-dominated networks
nitude as z approaches the critical coordination zc = 4, in a fashion reminiscent to
the strain-stiffening transition observed upon deformation of biopolymeric fibrous
materials [83, 69, 109]. Far above zc the ratio G/κ becomes roughly independent
of µ, indicating that in this regime G ∼ κ.
In the right panel of Fig. 6.3 we show the same sample-to-sample means of the
shear modulus, this time rescaled by µ, to find that deep in the hypostatic regime
z < 4, G ∼ µ. The data pertaining to µ̃ = 0 in Fig. 6.3 will be discussed in detail
in what follows.
In Fig. 6.4 we show a scaling plot for G; here G/κ is scaled by δz −f and plotted
against the variable µδz −φ where δz ≡ |z−zc | denotes the distance to the critical
coordination zc ≡ 4. The best collapse if found using the exponents f = 1.25 and
φ = 2.25. In what follows we will argue that the correct exponents should be f = 1
and φ = 2.

(G/κ)|δz|−f

102
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104
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Figure 6.4: Scaling collapse of the shearmodulus G. Rescaled with the appropriate exponents f and
φ. Here f = 1.25 and φ = 2.25.

To understand the scaling behavior of the shear modulus as seen in Figs. 6.3 and
6.4, in the next Sections we explain the occurrence of an isostatic point at zc = 4
in our model, and consider the limit µ̃ → 0 separately in the hyperstatic z > zc
and the hypostatic z < zc regimes.
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6.4 The angle-preserving isostatic point of 2D planar
networks
The emergence of an isostatic point becomes apparent when the limit µ̃ → 0 is
considered, as seen in Fig. 6.3. In the hypostatic regime z ≤ zc the limit µ̃ → 0 can
be obtained by fixing µ and sending κ → ∞. Under these circumstances the bondbending interactions can be treated as geometric constraints; a displacement field
u` on the network’s nodes will leave the angles θijk invariant (to leading order in
u` ) if it satisfies
∂θijk
· u` = 0 ,
(6.6)
∂x`
for every angle θijk , where here and in what follows repeated node indices are un∂θ
is shown in Fig. 6.2b.
derstood to be summed over. An example of the field ∂xijk
`
It is useful to define the linear operator
Qijk,` ≡

∂θijk
,
∂x`

(6.7)

which takes vectors from the space of the nodes’ coordinates to the space defined
by the entire set of angles. The number of rows Q features is equal to the total
number of angles N z, whereas the number of columns is 2N , each represented a
spatial coordinate of a node. Nontrivial solutions to Eq. 6.6 are expected to exist
if the rank of the operator Q is smaller than the number of degrees of freedom
2N available to the displacement field u.
We next argue that the rank of Q becomes exactly equal to 2N at z = 4; to this
aim we define zi to be the number of edges connected to the ith node, and we note
that the number of angles that surround each node is equal to zi . A displacement
field that preserves zi−1 angles that surround a single node must also preserve the
zith angle as well, meaning that a single angle for each node can be selected, and
the row of Q corresponding to that particular angle can be eliminated (it will be
expressible as a linear combination of other rows). This amounts to eliminating
N rows out of the N z rows of Q.
We finally note that each face of our planar network is a polygon with m edges,
built from m angles; a displacement field that preserves m−1 angles of a face must
also preserve the mth angle, further reducing the number of independent rows of
Q by the number F of faces of the network. The latter is related to the number
of nodes N and the number of edges 21 N z via Euler’s formula for a planar graph
embedded on a torus
F = 12 N z − N .
(6.8)
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a)

b)

F
Figure 6.5: (a) A node that connects with z neighbors spans z angles between the adjacent pairs
of bonds. When we sum over all the angles that surround a single node we find a value of 2π.
Meaning that a single angle for each node can be selected, and the corresponding row can removed
from the operator Q. (b) The face F enclosed by edges span a set of angles. This set angles when
looped over sums to a fixed value and therefore a single angle for each face can be selected, and the
corresponding row can removed from the operator Q.

The total number of independent rows left after the eliminations described above
is thus

(6.9)
rank(Q) = N z − N − 12 N z − N = 12 N z ,
which becomes equal to the dimension of configuration space 2N when the coordination reaches zc = 4. In these considerations we neglect corrections of order
N −1 that arise from collective translations [110].
We conclude that in our two-dimensional disordered networks nontrivial displacement fields that preserve the entire set of angles will exist if z < 4, whereas
when z > 4 no such displacements exist. Interestingly, the critical coordination
that separates these two regimes coincides with the Maxwell threshold zc = 2d¯ of
networks of rigid struts [48] discussed intensively in the jamming literature, see
e.g. [99, 100].
Having established that an underlying isostatic point exists at z = 4, we next turn
to discussing the scaling behavior of elastic moduli as the critical coordination is
approached from above and from below.

6.5 The hyperstatic regime z > zc
It is illuminating to study the elasticity of our model in the hyperstatic regime
by fixing κ and sending µ → 0, resulting in µ̃ → 0 (see black circles in Fig. 6.3a).
These circumstances correspond to eliminating the second sum on the RHS of
Eq. (6.1) for the potential energy, leaving us with
Uµ=0 =

κ`¯2 X
∆θijk 2 ,
2

(6.10)

hi,j,ki
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Figure 6.6: The shear modulus G in the limit of µ̃ = 0. (a) In the hypostatic regime, where z < zc ,
G divided by the characteristic energy scale µ as a function of the distance to the critical coordination
δz − . (b) In the hyperstatic regime, where z > zc , G divided by the characteristic energy scale κ as
a function of the distance to the critical coordination δz + .

6.5.1 Elastic moduli in the hyperstatic regime
The microscopic expression for the athermal shear modulus G for systems governed by a potential energy U reads [21]
1
G=
V



∂2U
∂2U
∂2U
−1
−
·
M
·
`m
∂γ 2
∂γ∂x`
∂xm ∂γ


,

(6.11)

where

∂2U
(6.12)
∂x∂x
is known as the dynamical matrix. Recall that our systems are assumed to have
U = 0 (i.e. all of the angles reside exactly at their rest-angles) before any deformation is imposed, leading to a simple form for the dynamical matrix; it reads
M≡

M`m = κ

X ∂θijk ∂θijk
.
∂x` ∂xm

(6.13)

hi,j,ki

Working in units such that `¯ = 1 and κ = 1, employing Eq. 6.7 and adopting
bra-ket and matrix notations, the dynamical matrix takes the form
M = QT Q ,

(6.14)

where here and in what follows we assume that the redundent rows of Q have
been eliminated as described in Sect. 6.4.

104

6.5 The hyperstatic regime z > zc
We next see that under the circumstances of fixing kθ and sending kr to zero,
X ∂θijk ∂θijk
∂2U
=
,
∂x` ∂γ
∂x` ∂γ

(6.15)

hi,j,ki

which can be expressed using our bra-ket notation as
2
|∂x,γ
U i = QT |∂γ θi ,

(6.16)

2
≡ ∂ 2 /∂γ∂x. We note that the space of angles
where we denoted ∂γ ≡ ∂/∂γ and ∂x,γ
θijk is assumed here to only consist of those angles that were not eliminated from
the corresponding rows of Q.

Combining now Eqs. (6.11),(6.14) and (6.16), we arrive at a simple expression for
the shear modulus:
G=

h∂γ θ|I − Q(QT Q)−1 QT |∂γ θi
.
V

(6.17)

A similar expression was first put forward in [93] for the case of random networks
of relaxed Hookean springs.

6.5.2 Scaling argument for hyperstatic moduli
We follow a similar line of argumentation as presented in [93] for elastic moduli
of random networks of relaxed Hookean springs. From general consideration (see
e.g. [91] for a detailed discussion) it can be shown that for z > zc
X
I − Q(QT Q)−1 QT =
|φ` ihφ` | ,
(6.18)
`

where |φ` i are the zero-modes of the operator QQT , namely they satisfy
QT |φ` i = 0 .

(6.19)

These objects are akin to the so-called states of self stress studied intensively in
the context of the jamming transition [111–113, 91] and the physics of topological
metamaterials [114,115]. Simple counting arguments [93,111,113] suggest that in
a system of size N with coordination z there are N (z−zc ) orthonormal modes |φ` i.
Assuming these modes are extended and random objects one expects h∂γ θ|φ` i ∼
O(1), and therefore we predict
G=

1 X
h∂γ θ|φ` i2 ∼ z − zc ,
V

(6.20)

`
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in the hyperstatic regime, and in the limits z → zc+ and µ̃ → 0. In figure 6.6 (b)
we show our measurements of the shear modulus for κ = 1 and µ = 0. We do not
find perfect agreement with the theoretical prediction. However, this trend seems
not to be unique to a system where bending interactions dominate; The shear
modulus of hyperstatic spring networks shows a similar super linear scaling with
δz too, as demonstrated by Fig. 6.12 in Appendix A.. Uncovering the origin of
the disagreement in both of these cases is left for future work.
As for the bulk modulus, we note that isotropic expansions leave the angles θijk
unchanged. As a consequence, we expect the bulk modulus to trivially scale with
µ throughout the entire coordination range. In Fig. 6.7 we show that this is indeed
the case.
3.5
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0

K/µ

3
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3
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z
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Figure 6.7: The bulkmodulus K devided by the characteristic energy scale kr , as a function of the
coordination z for various values of spring-stiffnesses kr .

6.6 The hypostatic regime z < zc
To study the elasticity of our model in the hypostatic regime, we fix µ and send
κ → ∞, resulting in µ̃ → 0. In this route of taking the µ̃ → 0 limit the bondbending interactions can be treated as geometrical constraints, as mentioned in
Sect. 6.4.
In what follows we assume z < zc , we fix µ and send κ → ∞, resulting in µ̃ → 0.
We aim at incorporating the geometric constraints of fixed angles while deriving
microscopic expressions for elastic moduli; a similar derivation was recently presented in [109] in the context of the nonlinear mechanics of biopolymeric fibrous
materials. In what follows we will consider the angles θijk as being entirely fixed;
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the potential energy of the material then reduces to
µX
Ukθ=0 =
∆rij 2 ,
2

(6.21)

hi,ji

i.e. we only consider the central-force part of the energy. We aim at taking the
derivative of the energy with respect to the imposed deformation, under two sets
of constraints: (i) the system must remain in mechanical equilibrium along the
deformation, and (ii) the geometric constraints of fixed angles must be satisfied
by the total displacements of the network’s nodes.
In order to satisfy condition (i), we introduce Lagrange multipliers τijk that correspond to clamping torques associated with each fixed angle θijk ; in terms of these
torques and the potential energy given by Eq. (6.21), the net force experienced
by the ith node must vanish, namely
fm =

X
hi,j,ki

τijk

∂U
∂θijk
−
= 0.
∂xm
∂xm

(6.22)

Condition (i) is satisfied by demanding that not only is the net force zero, but it
also does not change under imposed deformations, namely
X ∂fm dτijk
dfm
∂fm
∂fm
=
+
= 0,
· yn +
dγ
∂γ
∂xn
∂τijk dγ

(6.23)

hi,j,ki

where the nonaffine displacements y are additional displacements that the nodes
must perform on top of the imposed deformation, in order to satisfy the mechanical equilibrium constraints, and leave the angles invariant under the external
deformation. The latter requirement can be expressed as a constraint equation
for each angle θijk that reads
dθijk
∂θijk
∂θijk
=
+
· ym = 0 .
dγ
∂γ
∂xm

(6.24)

We use the definition of the total force defined in Eq. 6.24 to work out the several
partial derivatives that one encounters in Eq. 6.23. We find that
∂2U
∂fm
=−
,
∂γ
∂γ∂xm

(6.25)

∂fm
∂2U
=−
,
∂x
∂x∂xm

(6.26)
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X ∂θijk
∂fm
=
,
∂τijk
∂xm

(6.27)

hi,j,ki

where terms containing τ are dropped because in the undeformed state the torque
forces are identically zero. And partial derivatives of τ with respect to positions
are zero since it does not explicitly depend on strain and position.
To simply further consider the specified potential energy given by Eq. 6.21 In
undeformed state all pairwise distances in the network are at their rest length, so
2
∆rij = 0 for each hi, ji. Setting µ = 1, the second order derivative ∂x,x
U reduces
to
X ∂rij ∂rij
∂2U
=
,
(6.28)
∂x∂x
∂x ∂x
hi,ji

and the mixed derivative

2
U
∂γ,x

to

X ∂rij ∂rij
∂2U
=
,
∂γ∂x
∂γ ∂x

(6.29)

hi,ji

Finally, we deploy the operator notation in which we denote
Qijk,` ≡

∂θijk
,
∂x`

(6.30)

Sij,k ≡

∂rij
,
∂xk

(6.31)

Combining all of the above, Eq. 6.23 can now be compactly written as
|f˙i = −∂γ S − (S T S)|yi + Q|τ̇ i = 0 ,

(6.32)

and similarly the invariance of the angles, given by Eq 6.24, as
|θ̇i = |∂γ θi + Q|yi = 0 ,

(6.33)

with ∂γ ≡ ∂/∂γ. Combining equations 6.32 and 6.33 into a single relation


ST S
−Q

−QT
0



|yi
|τ̇ i



=



−S T |∂γ ri
|∂γ θi


,

(6.34)

where we have used the notations ∂γ rij ≡ ∂rij /∂γ and ∂γ θijk ≡ ∂θijk /∂γ. Eq. (6.34)
forms a closed linear system that can be inverted in favor of the nonaffine displacement field y and the torque variations τ̇ .

108

6.6 The hypostatic regime z < zc

6.6.1 Elastic moduli in the hypostatic regime
We are now in the position to derive expressions for elastic moduli, in the limit
µ → 0 obtained by taking κ → ∞ and µ = 1; the second derivatives of the energy
with respect to deformation reads
d2 U
dγ 2

=

∂2U
∂2U
+2
· yk
2
∂γ
∂γ∂xk
∂U dy
∂2U
: yk ym +
·
.
+
∂xk ∂xm
∂xk dγ

(6.35)

Assuming again an unstressed material, namely that all torques τijk = 0 vanish
then following Eq. (6.22)
∂U
= 0.
(6.36)
∂xk
Notice further that for the simple form of the potential Eq. (6.21), and by setting
µ = 1, one finds
X ∂rij ∂rij
∂2U
=
↔ ST S ,
(6.37)
∂xk ∂x`
∂xk ∂x`
hi,ji

and

X ∂rij ∂rij
∂2U
=
↔ S T |∂γ ri .
∂xk ∂γ
∂xk ∂γ

(6.38)

hi,ji

Combining Eqs. (6.36), (6.37) and (6.38) with Eq. (6.35), we arrive at an expression for elastic moduli in the hypostatic regime z < zc in the limit µ̃ → 0:
G=

h∂γ r|∂γ ri + 2h∂γ r|S|yi + hy|S T S|yi
.
V

(6.39)

6.6.2 Scaling arguments for hypostatic moduli
Examining Eq. (6.39)
it is clear that if the characteristic scale of nonaffine disp
placements y ≡ hy|yi/N diverges as z → zc , one expects to observe scaling
laws of elastic moduli with respect to z −zc . To understand the behavior of the
nonaffine velocities, we rearrange Eq. (6.34) in favor of y as
|yi =

−1

−1

(S T S)−1 S T |∂γ ri − (S T S) QT Q(S T S)


−1
· Q(S T S) S T |∂γ ri − |∂γ θi .

QT

−1
(6.40)

We now perform a mean-field approximation, and consider a potential energy that
consists of Hookean springs of unit stiffness that connect each node to its absolute
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initial position x(0) , namely
Umf =

X

(0)

|xi − xi |2 .

(6.41)

i

In this case the dynamical matrix ∂ 2 Umf /∂x∂x reduces to the identity tensor I
(instead of S T S, as given by Eq. (6.37)), and the nonaffine displacements assume
the simple form
|yi = S T |∂γ ri + QT (QQT )−1 (QS T |∂γ ri − |∂γ θi) .

(6.42)

As z approaches zc , we expect the operator QQT to posses low-frequency modes,
that in turn give rise to diverging nonaffine displacements. The first term does
not contain this operator and is therefore remain of order one. The second term
on the RHS of Eq. (6.42) (the term involving Q) can be neglected compared to the
third term as z → zc because the additional Q in front of S T |∂γ ri. The operator
−1
Q when contracted with QQT
will reduce the singularity. Therefore in this
limit that z → zc
−1
y 2 ≡ hy|yi/N ∼ h∂γ θ| QQT
|∂γ θi .
(6.43)
Assuming that the operator Q is random, it has been shown in [116] that the
spectrum of concatenations of the form QQT should depend on the dimensions of
the operator Q; in particular, one expects the density of states of QQT to follow
the Marchenko-Pastur distribution [116], namely
p
ω 2 − ω?2
D(ω) ∼
,
ωω?2

(6.44)

with ω? ∼ zc−z. The distribution of the modes of QQT is plotted in Fig. 6.8 (a) for
hypostatic network at different coordinations. The lower end of the spectrum is
expected to start at ω? ∼ zc − z. In Fig. 6.8 (b) we divide the frequency ω by this
scale and see that the lower and of the spectrum lines up. Assuming next that
the eigenmodes of QQT are random, extended objects (similarly to the arguments
made before Eq. (6.20)), we estimate
y2 ∼

Z

D(ω)
dω ∼
ω2

Z
ω?

dω
1
1
∼
∼
.
2
ω
ω?
zc − z

(6.45)

Finally, following Eq. (6.39) we expect that to leading order in y, G ∼ y 2 . We
therefore conclude this Section with the prediction
G∼

110

1
,
zc − z

(6.46)

6.7 Diverging lengthscale in the hyperstatic regime
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Figure 6.8: (a) Density of states, D(ω), of the QQT of hypostatic networks. With δz the distance
to the isostatic point, δz = zc − z. (b) The frequency divided by the expected scaling of the lowest
frequency in the spectrum ω? ∼ δz. The lower end of the spectrum lines line up at a specific value
of ω/δz.

in the hypostatic regime, in the limits z → zc− and µ̃ → 0. This prediction is
validated numerically in Fig. 6.6 (a).

6.7 Diverging lengthscale in the hyperstatic regime
In Sections 6.5 and 6.6 we rationalize the scaling of the shear modulus in the limit
µ → 0 both in the hyperstatic and hypostatic regimes, respectively. Building on
the discussions held in both of these Sections, we now make a scaling argument
that predicts a diverging lengthscale in the hyperstatic regime, that is expected
to follow
1
`c ∼ √
.
(6.47)
z − zc
The argument is made as follows; consider the vibrational spectra of our bending
dominated disordered networks with µ = 0 and z larger than but close to the
critical coordination zc . As shown in Sect. 6.5.1, for µ = 0 the dynamical matrix
assumes the form
M = QT Q .
(6.48)
We note that, apart from possible zero modes, the spectra of the concatenations
QQT and of QT Q are identical [116]. We therefore expect the occurrence of a
plateau of disordered vibrational modes above the frequency scale ω? ∼ z−zc [116],
as discussed in Sect. 6.6.2.
On the other hand, our system’s potential energy is invariant to global transla-
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a)

b)

Figure 6.9: Displacement response field δx of two networks of N = 1 000 000 with coordinations
(a) z = 4.4 and (b) z = 4.05, zoomed in on the core of the localized force perturbation. Comparing
the field in (a) to the field in (b), we observe that as the coordination gets closer to the isostatic
point the response field decays slower as a function of the distance to the perturbation.

tions, and therefore Goldstone modes are expected to be present at small frequencies. In Fig. 6.8 we see signatures of these modes in the lower end of the
spectrum. In particular, the frequency ω̃min of the longest wavelength Goldstone
mode depends on the system size L and the shear modulus G as
ω̃min ∼

√
G/L .

(6.49)

Consider now the response to a localized force perturbation in a random bendingdominated network of coordination z and linear size L; if ω̃min  ω? , we expect the
far field of the response to the local perturbation to exhibit a continuum-elasticlike structure, whilst if ω̃min  ω? no continuum-elastic-like response is expected
since low-frequency disordered modes will overwhelm the response. Since the
two frequency scales ω̃min and ω? become comparable when L is of the order of
√
√
1/ z−zc , we expect to see a signature of a diverging length `c ∼ 1/ z−zc in the
spatial structure of the response to point perturbations.
We stress that both in floppy (hypostatic) [86] and in hyperstatic random networks
[89] the length `c was observed, as well in several other previous works. Ref. [91]
provides a comprehensive summary of additional observations of the length `c in
the existing literature.
To test our argument, we select randomly an angle θijk impose a localized force
perturbation of the form
∂θijk
fm =
.
(6.50)
∂xm
An example of this force can be seen in Fig. 6.2b. The linear displacement response
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Figure 6.10: Magnitude of the response field as a function of the distance to the local induced
stress, mean over 50 pertubations. Networks of N = 1 000 000 and with varying coordination in the
hyperstatic regime z = [4.8 4.4 4.2 4.1 4.05]. Above the critical-point the field decays with r to the
power −4.

to the force fm reads
−1
δx` = M−1
`m · fm = M`m ·

∂θijk
.
∂xm

(6.51)

We denote any two angles in the system θ1 and θ2 , and by r12 the distance between
the nodes associated with these angles. In Fig. 6.9 an example of the response
field is visualized for two different coordinations. The growing length scale is
clearly showing. We next define


∂θ1
∂θ2
· M−1
·
,
(6.52)
C(r) =
m`
∂xm
∂x` r12
where hir12 denotes the average over all pairs of angles θ1 , θ2 separated by a
distance r12 . Fig. 6.10 shows the results of our numerical calculations of C(r):
in panel (a) we show the mean of 50 different force perturbations. In panel
(b) we plot the same data shown in panel (a), this time scaled by r4 δz 2.5 , and
plotted against rδz ∼ r/`c , clearly revealing that the lengthscale governing the
√
transition to a continuum-like response is `c ∼ 1/ z−zc , consistent with our
scaling argument.

6.8 Auxeticity
In this final Section, before summarizing our work, we show the auxetic behavior
of our model material. Auxeticity is quantified by the Poisson’s ratio ν, defined
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in 2D as
ν=

K −G
.
K +G

(6.53)

Materials possessing ν = 1/2 are known as incompressible, whereas materials with
ν < 0 are termed auxetic; the latter are nongeneric, and as such draw attention in
the field of architected metamaterials [117–119].
In Fig. 6.11 (b) we plot the Poisson’s ratio ν averaged over 20 realizations as a
function of the coordination, for various values of the stiffness ratio µ̃. We find
that our system becomes auxetic in the entire range of µ̃ explored (µ̃ ≤ 10−2 ), for
z roughly larger than 3.5. Interestingly, in the limit µ̃ → 0 we find a transition to
perfect auxeticity ν = −1 at the isostatic point zc = 4. In Fig 6.11 (a) we plotted
both the bulk and shear modulus in this particular limit. The shear modulus
diverges and the bulk modulus remains of order 1 as z → zc . Therefore, by the
definition of the Poisson’s ratio in Eq. 6.53, it is expected that ν → −1. From the
scaling behavior of G discussed in Sect. 6.6 we expect ν +1 ∼ zc −z as z → zc .
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Figure 6.11: (a) Shear and bulk modulus as function of the coordination in the hypostatic regime
zc for κ = ∞, µ = 1 and thus µ̃ = 0. (b) The Poisson’s ratio ν as a function of the coordination z
for various values of the ratio of stiffnesses µ̃.

6.9 Summary and Discussion
In this Chapter we explored the elastic properties of a model system that represents a material whose mechanics is dominated by bond-bending interactions,
rather than the commonly-studied steric or radial interactions. Our study was
motivated by recent intriguing experimental work by Schall and coworkers [4], who
fabricated colloidal superstructures using critical Casimir forces [120], in which
bond-bending interactions between the constituent patchy colloidal particles were
shown to be much stiffer than radial ones.
In our model system we observe numerically and rationalize theoretically the
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existence of an angle-preserving isostatic point zc = 4 that governs an underlying
jamming transition observed when the ratio of stretching to bending stiffnesses of
the interactions vanishes. The jamming behavior we observe as the coordination
is made to approach the critical coordination from below is reminiscent of the
strain stiffening transition observed in fibrous biological materials [83, 69, 109].
Our theoretical arguments for the scaling of elastic moduli in the limits µ̃ → 0,
z → zc+ (the hyperstatic regime) and z → zc− (the hypostatic regime) follow closely
two previous theoretical approaches to the jamming [93] and the strain-stiffening
[109] transitions in random networks, respectively. In the hyperstatic regime, the
arguments put forward by Wyart [93] using the operator S (see Eq. (6.31)) —
that represents the constraints assocaited with radial interactions — were applied
here using the operator Q that represents constraints associated with conserving
the angles of our networks. In the hypostatic regime, our argumentation echos the
framework and reasoning presented in [109], where again the role of the operator
S in [109] is played by the operator Q in the present work. The applicability
of these approaches establishes their generality, and highlights the key physical
ingredient governing the mechanics near jamming and stiffening transitions – the
interplay between interactions-induced constraints and configurational degrees of
freedom.

Appendices

6

A. Shear modulus of hyperstatic spring networks
In this appendix we show that the super-linear scaling of the modulus with δz as
observed in hyperstatic networks is not unique to the model of pure bending interactions, but extends to other interactions as well. A convenient demonstration
of this is found in networks of springs with coordinations above the isostatic point
zc = 4. These networks are stable even if the absence of bending interactions, so
we omit those entirely. In this case the total potential energy is given only by the
spring interactions
µ X
U=
∆r2 .
(6.54)
2 edges i,j ij
with µ the spring stiffness. In Chapter 1.4.1 we derived that the nonaffine velocities are dictated by
|ẋi = −M−1 |∂/γ ∂x U i ,
(6.55)
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Figure 6.12: The shear modulus G for undeformed spring networks of size N = 25 600 nodes. The
networks are prepared with coordinations above the isostatic point zc , ranging from 4.01 to 5.0. The
shear modulus rescaled by spring stiffness µ is plotted as a function of the distance to the isostatic
point δz + = z − zc . We observe that the modulus grows super linear in δz + , with approximately
δz 1.25 .

and once we have solved for the nonaffine velocities, the elastic shear modulus
can be calculated as


1 d2 U
1 ∂2U
−1
/
/
(6.56)
G≡
=
− h∂γ ∂x U |M |∂x ∂γ U i .
V dγ 2
V ∂γ 2
For networks of 25 600 nodes and varying coordinations from 4.01 to 5.0, we
calculate shear modulus in the undeformed state. The shear modulus shows a
scaling with the distance to the isostatic point δz = z − zc that clearly deviates
from the expected slope 1. Similar to the pure bending case presented in the main
text, we observe that the scaling is roughly G ∼ δz 1.25 .
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Chapter 7

7.1 Critical exponents of the strain stiffening
transition
In this thesis we demonstrated in great detail how the stiffening transition in
disordered networks shows characteristics of a critical phase transition: a strain
controlled transition in rigidity upon external deformation of the material. The
most prominent features we observe are the power-law divergence of elastic moduli and of nonaffine displacements. Furthermore, this thesis aims at explaining
the scaling exponents we observe. Of futher interest are questions about the
universality of our results, and how they might depend on the dimensionality,
coordination or network architecture.
In Chapter 3 we introduced two critical exponents f and φ, that are used to rescale
shear moduli data for different values of the bending modulus. The values that are
obtained from the numerical investigation of branched honeycomb networks [83]
vary with the degree of dilution of the lattices. The value of f varied from 0.47
to 0.8 and φ from 1.8 to 2.2 . Another publication focussing on various other 2D
and 3D lattice models reported values of f varying between 0.5 and 1.45 and φ
between 2.0 and 2.9 [16]. The values obtained from experiments on collagen, as
also reported in this study, are f = 0.8 and φ = 2.1. In the work of Jansen et
al., it is shown that polymerization temperature influences the structure of the
collagen [69] network, which can effect the measured exponents. From this we
conclude that there seems to be a trend in the exponents on coordination rather
than on dimensionality.
In Chapter 4 a theoretical investigation of the strain-stiffening transition aims
at explaining the connection between micro-mechanics and geometry, and macroscopic observables. By introducing a new model we are able to measure and
describe the onset of stiffening (i.e. the strain range below the critical strain) in
the limit of vanishing bending rigidity. We successfully predict that the scaling exponent λ in the relation G ∼ δγ −λ is expected to be equal to 32 and
find very convincing numerical agreement. When considering the scaling function and the corresponding exponents f and φ, this translates into a constraint
φ − f ≡ λ = 23 .
In recent work of Shivers et al. [92] the authors present a real-space renormalization approach from which they obtain a scaling relation between the different
critical exponents related to this transition. The authors report that their numerical simulations show a stiffening exponent λ of 32 . In Chapter 4 we find perfect
numerical agreement with these predictions in the limit of rigid-bars embedded in
an elastic medium. At finite separation of energy scales all of the other reported
values for φ − f , both for simulations and experiments, lie between 1.3 and 1.8.
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This is in good agreement with the predicted value of 23 .
The individual values of the exponents f and φ are not dictated by either of
these theoretical models. However, in Chapter 5 we showed that in a pure spring
network the shear modulus takes the form G(δγ) ∼ G(γc ) + δγ f , for γ > γc .
The data consistently show that f = 1 for networks at different coordination,
in agreement with predictions and numerical evidence presented by Merkel et
al. [95]. In the research of Vermeulen et al. [96] a similar result is presented for
mikado networks, however they reported a lower value of f = 0.82. If we now
compare this to the values of f reported above, which were obtained from the
scaling collapse at finite bending rigidity, we see that these are consistently lower
than the mean field exponent of one. Possibly, it is the different geometry of the
diluted lattice-based networks that affects the exponent. For future work it would
be interesting to investigate if there exists a structural parameter that strongly
correlates with the measured exponent.

7.2 Jump in modulus
For any network that is subisostatic the network stiffens at a finite strain value
γc . If the network is a pure spring network in the absence of any other stabilizing
interactions, the network is strictly floppy before this critical strain value. It has
been debated in many studies how rigidity arises exactly at the critical point:
does the modulus continuously grow from zero [16,92], or does the modulus jump
discontinuously to a finite value, from which it increases upon further deformation
[95, 96]. In Chapter 5 we confirm the existence of a jump in the shear modulus at
the critical strain proportional to δz. A possible explanation for the difference in
observed behaviour could lie in the particular architectures of the networks that
were studied. The general understanding is that at the critical strain a state of
self stress is created; from that point onwards, the system can bare stresses. It
could be the case that the properties of the state of self stress that emerges are
different for different network architectures.
In Chapter 3 the proposed scaling function should work for transitions that are
of continuous nature. The jump in modulus would not be captured by the scaling
function. However, in this chapter we see that the collapse captures the general
form of the stiffness curves really well. A plausible explanation could be that since
the jump of the modulus is typically not so large, it will be pronounced only if
the bending rigidity is sufficiently small. Therefore, for all practical purposes the
scaling collapse seems to be a plausible approximation of the stiffening behavior.
If characteristics of a jump would be pronounced in failure of the collapse, it would
be in the upper branch of the collapse where a deviation could be observed.
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7.3 Plastic events and irreversible behavior
The models described in this thesis consider the athermal elastic response of a
network. At first glance one expects reversibility of the dynamics. However, upon
the quasi-static deformation of the elastically-embedded frames it is observed that
transitions can occur between metastable states by local buckling events. When
instabilities are visible, they manifest as soft-spot in the modulus and stress, as
demonstrated in Fig. 7.1 showing the signature of a plastic instability in the shear
modulus. The prevalence of these plastic events appears to depend on the coordination and system size, as well as on the details of the elastic interactions in which
the frames are embedded. Interestingly, the type of deformation seems to have
a large influence on the abundance of these events. The plastic events manifest
themselves mainly under shear deformations, because because both tensile and
compressive forces are building up in the bonds. Compressive forces are sensitive
to destabilize by a buckling event. The bulk expansion of the networks did not
show signs of instabilities. Bulk compression has not been part of this study, but
the compressive stress on the bonds is most likely able to destabilize easily. We
leave the systematic investigation of these instabilities for future research.
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Figure 7.1: Example of a plastic instability in a packing-derived network (N = 1600, z = 3.8). (a)
The shear modulus shows a characteristic dip where the network softens over a small strain interval.
(b) The shear stress shows a sign of the instability as well.

7.4 Biological relevance
In this thesis we have studied disordered networks in a model where the dynamics
are dictated by the athermal elastic response. This is a minimal model of two
simple interactions, that aims to capture the essential mechanics of real life examples of disordered material, such as the connective tissue of the human skin.
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7.4 Biological relevance
In Chapter 3 we show how this model is able to reproduce a key observation in
generic biopolymer networks: the rapid increase of the stiffness upon external
deformation of the network. In particular, the model captures qualitatively and
quantitively the features of the strain stiffening of collagen type I material very
well. However, as discussed earlier the proposed model will only properly describe
the network dynamics if the constituent elements are stiff enough and the persistence length is larger than the crosslink distance. In this case, one should consider
models that go beyond the limit of pure athermal response [51]. Hopefully future
research will provide us with a method that unifies the purely athermal models
with those of thermal fluctuations.
We have studied the properties of disordered solids as isolated bulk materials,
while normally they are embedded in a highly complex biological environment.
For example, the extracellular matrix is a composite network with embeded cells,
which is far from the idealized homogenous collagen material. What are the
implications of the structural heterogeneities at the level of the embedded cells
[121]? Furthermore, we know various levels of structural hierarchy in the self
organization of these biological compounds exist, which can have a huge impact
on the actual mechanical response [122]. In this thesis we have broaden the general
understanding of elasticity in disordered material, on top of which future research
can build to explore the physics of these more complex biological settings.
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Summary
Material scientists aim at understanding, exploring, developing and designing
materials to posses certain unique properties. The variety of materials known
to us is huge, and new types of materials with exotic properties are constantly
being developed. Material properties determine their possible applications and
designations: for example, metals are good conductors of heat, which helps to
evenly warm an object made from such materials, in turn making them suitable for
cookware. On the other hand, we would use a poorly-conducting material such as
cork or wood for making a coaster to lay down a hot pan. We find similar opposing
demands for mechanical properties such as flexibility and strength: for example,
snowboards or skis need to have a certain amount of flexibility in order to comply
with the mountain roughness and to initiate and withstand jumps. In cycling,
bike frames are designed to be as stiff, strong and light as possible. Indeed, years
of research and engineering have made a huge impact on the materials used in this
sport. Traditionally, road bikes where made out of strong but heavy steal; later
the lighter aluminum frames became available, and currently the entire pelotons
rides on bikes with carbon fiber frames.
In nature we find intriguing examples of biological materials that have to meet
several mechanical demands at the same time. The cytoskelleton is a composite
network of several types of biopolymers that ensures the structural integrity of the
cell. Cells should be able to withstand large mechanical loads, while also comply
and actively adapt their shape to their environmental conditions. Another example is the extracellular matrix, an elastic composite network and major structural
component of the connective tissue of the human skin. It is soft and resilient for
small deformation so it easily complies with the motion of our limbs, while it is
stiff and strong when subjected to large deformations, for example when we pull
on our skin. A transition from a soft to a stiff response is common among disordered polymeric networks. For semi-flexible polymers this stiffening behavior can
be understood as a transition from a high-entropy state to an elastic stretched
state. For stiffer polymers a different mechanism is needed to explain the observed
behavior. Minimal models for athermal disordered networks have been proposed
that are able to reproduce the observed strain-stiffening behavior of disordered
polymeric networks.
In this thesis we present our detailed investigation of the strain stiffening transition
in athermal disordered networks. This investigation involves the development
of numerical tools, the theoretical investigation of various minimal models, and
presentation of numerical data to support our theory.
In Chapter 3 we introduce a model for a biopolymer network that features two
interactions: a stiff longitudinal spring interaction and a weak bending interac-
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tion. We numerically determine the athermal response of a network with these
two interactions under imposed deformations. We show that external deformation
will cause a rapid transition in the material’s stiffness at a specific value of strain.
This strain-driven transition brings the network from a bending dominated phase
to a stretching dominated phase. The numerical investigation reveals the characteristics of a critical phase transition. Most importantly, we show that a universal
scaling function exists that approximates all strain-stiffening curves.
We proceed to analyze the onset of stiffening below the critical strain in Chapter 4.
A model is introduced in which the bending and stretching energy scales are hugely
separated. This model reveals the existence of a critical point for small values of
the bending stiffness. In this Chapter we introduce a theoretical framework that
enables us to directly simulate the network mechanics in the limit of vanishingly
small stabilizing interactions. In this model the stiffness of the material diverges
at the critical point and the theoretic framework enables us to understand how
this behavior emerges from the underlying microscopic geometry.
We continue with our investigation of the rigidity transition in Chapter 5, by
exploring the stiffness of disordered networks above their critical stiffening strain.
In the absence of bending interactions, our networks are strictly floppy up to
the critical strain. We demonstrate that right at the critical strain the material’s stiffness jumps discontinuously from zero to a finite value. We show how
the stiffness of the material at that critical point depends on the underlying connectedness of the network. Using scaling argument, we predict that the stiffness
should grow linearly with the applied deformation beyond the critical point, and
show numerical data to confirm this prediction.
Finally, in Chapter 6, we study the properties of a network with unconventional
micromechanical properties: a network in which the non-central force interactions,
such as bond-bending potentials, are dominant, and stabilization occurs by weak
pairwise interactions. Here again we employ our theoretical framework to fix
geometrical constraints embedded in an elastic energy to study the limit in which
the ratio of characteristic central-force to bending stiffness scales vanishes. We
predict that there must exist a unique number of connections for which a planar
network becomes mechanically rigid under these conditions. We show that the
shear modulus shows a rigidity transition at this coordination while the bulk
modulus remains soft independent of coordination. This leads to controllable
auxeticity: the material’s Poisson’s ratio can be tuned to be either positive or
negative by varying the underlying connectedness of the network.
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Samenvatting
Materiaalwetenschappers zijn constant bezig met het ontdekken en ontwikkelen
van vernieuwende materialen. De verscheidenheid aan materialen die de mens kent
en gebruikt is ongekend en er komen steeds weer nieuwe materialen met exotische
eigenschappen bij. De eigenschappen van een materiaal bepalen de mogelijke
toepassing: bijvoorbeeld, metaal is een goede geleider van warmte wat helpt bij
een gelijkmatige en snelle verwarming en daardoor uitermate geschikt om mee te
koken. Aan de andere kant gebruikt men juist een slecht geleidend materiaal zoals
kurk of hout als onderzetter voor die warme pan. In veel toepassingen zijn ook de
mechanische eigenschappen van een materiaal, zoals de flexibiliteit en sterkte, van
belang: een voorbeeld hiervan zijn ski’s en snowboards, welke voldoende flexibel
moeten zijn om met de oneffenheden van de piste mee te bewegen en om sprongen
te absorberen. Bij een sport zoals het wielrennen is het daarentegen de uitdaging
om een zo stijf en licht mogelijk frame te maken. Decennia van onderzoek heeft
geresulteerd in een grote ontwikkeling in de materialen die worden gebruikt binnen
de sport. Van oudsher worden fietsframes gemaakt van staal, een sterk maar zwaar
materiaal, later maakte de lichtere aluminium frames hun intrede in de sport en
vandaag de dag vinden we enkel carbon frames in het peloton.
De natuur komt met veel fascinerende voorbeelden van materialen die zich weten
te schikken naar de wisselende mechanische omgeving. Onderdeel van de cel is het
cytoskelet, een samengesteld netwerk van verschillende type biopolymeren welke
de cel voorzien van mechanische stabiliteit. Cellen worden soms blootgesteld
aan relatief grote krachten en weten hun vorm aan te passen aan hun omgeving. Een ander voorbeeld is de extracellulaire matrix, een samengesteld elastisch
netwerk van polymeren, welke een belangrijke component van de menselijke huid
is. Deze is zacht en flexibel voor kleine deformatie zodat het gemakkelijk mee
vormt met de beweging van de ledenmaten. Echter, voor grote uitrekking van
de huid wordt deze stijf en weerstaat grote krachten voordat deze scheurt. Een
dergelijke overgang van flexibele naar stijve respons is niet uniek voor de huid en
wordt ook waargenomen in andere wanordelijke netwerken van polymeren. Voor
een subgroep van polymeren wordt dit begrepen als een overgang van een hogere
entropie toestand naar een elastische toestand. Voor de stuggere polymeren, waar
thermische fluctuaties nauwelijks een rol spelen, gaat dit niet op en is een ander
mechanisme actief. In een zoektocht naar dit mechanisme, zijn er verschillende
minimalistische modellen geïntroduceerd welke instaat blijken het geobserveerde
gedrag te reproduceren.
In dit proefschrift beschrijven we in detail ons onderzoek naar de rigiditeittransitie
in athermische wanordelijke materialen. Dit onderzoek bestaat uit het ontwikkelen
van numerieke methodes, een theoretische beschrijving van verschillende mini-
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malistische modellen en numerieke data uit simulaties ter ondersteuning van de
theorie.
In Hoofdstuk 3 introduceren wij een model voor netwerken van biopolymeren,
waarin twee interacties centraal staan: een stijve longitudinale interactie en een
zwakkere buig interactie. Voor dit model voeren wij simulaties uit waaruit wij
de elastische eigenschappen van dergelijke netwerken bepalen. We laten zien dat
onder externe deformatie de netwerken een rappe toename in stijfheid laten zien
rond een specifiek punt in deformatie. Deze overgang gedreven door de externe
deformatie brengt het netwerk van een buiging gedomineerde fase naar een fase
waarin de elementen uitrekken. Tot slot tonen wij aan dat de transitie van verschillende netwerken een universele curve volgt.
We vervolgen de studie van deze transitie door in Hoofdstuk 4 in detail de
aanzet van de transitie tot aan het kritische punt te analyseren. In dit hoofdstuk
introduceren we een theoretisch framewerk waarin het mogelijk is om direct het
limiet te simuleren waarin de stabiliserende interactie oneindig zwak aanwezig is.
Dit unieke limiet onthult het bestaan van een kritisch punt. Onder deze omstandigheden zien we dat de stijfheid van het materiaal divergeert in het kritische
punt. Het theoretische framewerk verschaft ook meer inzicht in hoe dit gedrag
voortvloeit vanuit de onderliggende microscopische geometrie.
In Hoofdstuk 5 onderzoeken wij de transitie van wanordelijke netwerken exact
op en boven het kritische punt. In afwezigheid van een stabiliserende interactie, leveren de netwerken geen weerstand tot aan het kritische punt. Precies op
het kritische punt wordt het netwerk rigide doormiddel van een sprong in de
stijfheid naar een eindige waarde. We tonen aan dat de stijfheid van het materiaal op het kritische punt afhangt van het aantal connecties in het netwerk.
We beargumenteren waarom we verwachten dat de stijfheid lineair groeit met de
deformatie vanaf het kritische punt, en de numerieke resultaten bevestigen deze
voorspelling.
Tot slot, in Hoofdstuk 6 bestuderen we netwerken met een ongebruikelijke micromechanische eigenschap: een netwerk waarin de buiginteractie dominant is over
een zwakkere radiale interactie. Hier gebruiken wij opnieuw het model waarin
gefixeerde geometrische vrijheidsgraden in combinatie met een elastische interactie het systeem beschrijven. Hiermee bestuderen wij het limiet waarin de verhouding tussen de interacties exact nul is. We laten zien dat in een 2D netwerk
er voor een dergelijk systeem ook een uniek aantal connecties bestaat waarvoor
de rigiditeit is gegarandeerd. De stijfheid van het materiaal neemt toe naarmate
het aantal connecties in het netwerk het kritische aantal nadert. Terwijl onder
een uniforme expansie het aantal connecties geen invloed heeft. Het gevolg is dat
we de Poisson’s ratio kunnen beïnvloeden doormiddel van het aantal connecties
in het netwerk te veranderen.
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tot alle etentjes en borrels, heb ik altijd ontzettend gewaardeerd.
Lieve Sophie, het is super fijn geweest om iemand zo dichtbij te hebben die als
geen ander weet hoe het is om een promotietraject te doorlopen. Enerzijds de
frustraties, maar ook de luxe van een PhD zoals de reizen naar Azië en Amerika
heb ik met jou kunnen delen. Je hebt geholpen enige structuur aan te brengen
in mijn werken en ik vind het knap hoe je mijn onmogelijke dag-nachtritme hebt
doorstaan. Ik wil je bedanken voor je steun en alle leuke dingen die wij samen
doen.
Door jou heb ik er ook een zeer meelevende schoonfamilie bij. Jullie hebben altijd
met oprechte interesse mijn traject gevolgd en ik wil jullie bedanken voor deze
betrokkenheid.
Mijn lieve ouders, jullie zijn er voor mij geweest zoals niemand anders dit zou
kunnen. Jullie leven altijd ontzettend met mij mee, bij al mijn keuzes en bij elke
stap die ik maak. Daarbij laten jullie altijd weten hoe trots jullie zijn, iets wat mij
ontzettend motiveert. Jullie voelden ook haarfijn aan wanneer het even minder
wilde lukken op mijn werk en probeerden dan direct te helpen. Maar bovenal,
ben ik zo ontzettend dankbaar voor alle fijne momenten samen in de afgelopen
jaren.
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