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Chapterr 3 

Thee influence of positional errors on 
thee Debye effects 

AcceptedAccepted for publication in Acta Crystallographica Section D 

Abstract t 

Thee relation between a Gaussian perturbation of the atomic positional parameters and 

thee average squared structure factor amplitude is presented. Using an error dependent 

radiall  distance distribution of an atomic protein model, it can be shown that the Debye 

effectss diminish exponentially as a function of increasing positional errors. These relations 

cann be used to estimate the quality of an atomic model and the corresponding phases. 

Thee limiting case of equal atoms with an infinitely large coordinate error results in the 

classicall  Wilson model. 

3.11 Introduction 

Thee deviations from a straight line in a Wilson plot (Wilson, 1942, 1949) are known 

ass Debye effects (Giacovazzo, 1998). These deviations are mainly caused by the stereo-

chemistryy of the molecular structure and can be modelled by the Debye equation (Debye, 

1915): : 

Thee subscript o in expression (3.1) denotes that the averaging is carried out over all 

orientationss of Fh for a given reciprocal lattice spacing h. Note that in expression (3.1) 

wee do not account for lattice periodicity or other packing effects and the expression is 

thuss only strictly valid for a single unit cell or molecule. The effect of the shape of the 
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molecularr envelope on the Wilson plot is not directly accounted for. This point is discussed 
byy Morris et al. (2003a). The need for these assumptions will however be eliminated as 
wil ll  be discussed below. 
Expressionn (3.1) can be rewritten in terms of the radial distance distribution frad(d). 
Assumingg equal atoms, one arrives at: 

E[|Fhj
2]00 = Nf(h) (l + (N- 1) ffraM^^-dd  ̂ (3.2) 

Forr the trigonometric part of the structure factor amplitudes, expression (3.2) can be 

transformedd into 

E[|Eh|
2] oo = l + 7(/0 (3-3) 

with h 

7 ( h )) = ( A r _ 1 ) p ^ ( ( 0 5 « d d (3.4) 

Inn the Wilson approximation the atoms are independent and uniformly distributed 
throughoutt the unit cell, resulting in 7(ft) = 0 (Giacovazzo, 1998). The excess or lack 
off  specific interatomic distances results in a non-zero interference and affects the mean 
squaredd structure factor amplitude. This is demonstrated in Figure 3.1, where the radial 
distancee distribution of a typical protein is multiplied by a sinc(27rftd) = sin(27rftd)/(27rhd) 
termm (see expressionn (3.4)), for 1/ft equal to 1.1, 2.2 and 4.5 A. In the same plots the curves 
forr a structure with a uniform, independent distribution of atoms (hereafter denoted as a 
randomm structure) are shown. The interatomic distances arising from chemically bonded 
atomss (1-2 distances) at about 1.4 A and atoms involved in bond angle distances (1-3 
distances)) at about 2.4 A are the two major contributors into the differences between the 
radiall  distance distribution of a protein structure and a random structure. An excess of 
interatomicc distances compared to the random case is also found around 3.8 A, a typical 
Ca(i)-Ca(i+1)) distance. At larger distances, differences between the radial distance dis-
tributionn of a protein and a random structure are also found due to secondary structure. 
Thee qualitative effects of these interatomic distances on the average squared structure 
factorr amplitude are summarised in Table 3.1 in terms of positive or negative contribu-
tionss to the integral in expression (3.4). As shown by Morris & Bricogne (2003) the 1-2 
andd 1-3 distances are (in part) responsible for a large peak in the mean (Eh|2 value at 
aroundd 1/ft = 1.1 A. Both the 1-2 and 1-3 distances have a positive contribution to 7(ft) 
forr 1/ft = 1.1 A, Figure 3.2. Also, the lack of interatomic distances between the latter 
twoo coordination shells where the sine function is negative, results in an effectively larger 
valuee of 7(ft) compared to a random structure. Other pronounced peaks in the average 
off  |Eh|2 as a function of resolution lie around 1/ft = 2.2 and 1/ft = 4.5 A. At 1/ft = 2.2 
AA the 1-2 distances have a negative contribution, while the 1-3 distances have a positive 
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Tablee 3.1: Qualitative contribution of specific interatomic distances to ~)(h) at pro-

nouncedd extrema in a Wilson plot. 
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maxx and min denote if 'y(h) is at a local maximum of minimum at the giveii value of 

h.h. +  denotes a positive contribution to -y{h). - denotes a negative contribution. + /-

denotess both a positive and negative contribution to f (ft)- See main text and Figure 3.2 

forr further details. 

contributionn to the average |Eh |2 value. A similar observation can be made for the peak 

att 1/7* = 4.5 A : the 1-2 distances and effects of secondary structure (here loosely defined 

ass distance features between 4.5 and 7 A ) have a positive contribution to the average 

|Eh |22 value, whereas the 1-3 and CQ-CQ distances at 3.8 A have a negative contribution. 

Thiss interpretation of the well known features in the Wilson plot of a protein structure 

leadss to the statement that changes in the radial distance distribution caused by model 

errorss have an effect on the averaged calculated |Eh |2 and |Fh |2 values. The influence 

off a coordinate error on the Debye effects can therefore be used to assess the quality 

off  an atomic model and the corresponding phases. The function -y(h) is expected to be 

essentiallyy the same for a wide range of protein structures as judged from the well known 

featuress of the Wilson plot (Popov & Bourenkov, 2003: Cowtan fc Main. 1998: Blessing 

etet al, 1996), although a dependence on the secondary structure is present (Morris et al, 

2003a).. An empirical -){h) curve obtained from a PDB analysis (Bernstein et al., 1977: 

Bermann et al.. 2000) can be used to estimate 7(/i)06s from the observed structure factor 

amplitudess of the protein under consideration, which can be subsequently used to assess 

thee model and phase quality. 

3.22 The influence of the coordinate error on the Debye effects 

Thee error dependence of the mean squared structure factor amplitude was examined 

byy introducing an error-dependent radial distance distribution. frad(d\(J2). into equation 

(3.2): : 

E[\FE[\F hh\\\\qq = Nf*{h) (l + (,V - i) l^^d^f^l^-ddj 

==  Nf(h)(l + ~f(h\o2)) (3.5) 
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l /hh = 1/1 A 

l / hh = 2.2 A 

d(A) ) 

Figuree 3.1: Sine functions multiplied with the radial distance distribution of a ran-

domm structure (thin line) and lysozyme (thick line, PDB id: 102L), for (top to bottom) 

h = l / l . l .. 1/2.2 and 1/4.5 A. See Table 3.1, Figure 3.2 and the main text for further 

details. . 

DD Protein Structure 
 Random Structure 

V V 
1.4 4 1.9 9 

d(A) ) 

Figuree 3.2: Integrals of root delimited line sections of the curves depicted in Figure 3.1 

forr l / h = 1.1 A. The values on the horizontal axis correspond to the midpoints of the root 

delimitedd line sections. The height of the bars are proportional to the numerical value of 

thee integral. The difference between the integrals from the protein and random structure 

definess the qualitative contributions listed in Table 3.1. 
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wheree 7(ft|<r2) is the error-dependent variant of expression (3.4). The expectation value 

off  the trigonometric part of the structure factor amplitude becomes: 

E[|Eh|2] 0,f ll = l + 7(/i|cr2) (3.6) 

Thee subscript q in expressions (3.5) and (3.6) denotes that the expectation value is ob-

tainedd by integrating over the errors of the positional parameters. The errors of the 

positionall  parameters are assumed to be distributed independently for each atom, ac-

cordingg to a spherically symmetric Gaussian with variance terms equal to a  ̂ along the 

x,, y and z directions. The change in the radial distance distribution can then be written 

inn accordance with Zwart &: Lamzin (2003a): 

ffdd̂ d̂d(d\a(d\a22)) = f" frad(d
tar)NCM(d\dta\a2)Mtar (3.7) 

Jo Jo 

where e 

andd a2 is the sum of the variances of the error terms of the positional parameters of a 

pairr of atoms: 

aa22 = a) + 4 (3.9) 

Forr errors with a variance equal to o2  ̂ for all atoms, a2 becomes equal to 2a^. When atom 

jj  is not perturbed and an atom k has a positional error with variance cr£t, a2 becomes 

equall  to a2,. 

I tt can be shown (Appendix II-1) that: 

l{h\al{h\a22)) = exp(-27r2f tV) 7( f t ) (3.10) 

Thee exponential multiplier has the same form as the D term in the work of Luzzati 

(1952)) and Read (1986).In the limiting case of an infinitely large error and h  ̂ 0, 7(ft|<r2) 

inn expression (3.10) becomes zero, effectively resulting in the Wilson approximation of 

independent,, uniformly distributed atoms and thus E[|Eh|2] = 1. The dependence of 

E[ |Fh|2]]  as a function of the coordinate error and the resolution can be used to estimate 

er̂ ^ and corresponding figures of merit. Let us model the expected, average calculated 

intensityy as a function of resolution and model error as follows: 

JV V 

E[|Fh|2] 0,gg = kp&Q[-Bmïh
2/2}Y,fj{h){l +exp[-47r2a2

ï / i
2b(/>)) (3.11) 

j j 

Whenn 7(ft) is known, or a good estimate of it is available, denoted as 7(ft)06S, a least-

squaress minimisation of the difference between the average calculated, squared structure 
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factorr amplitude as a function of resolution ( < | F h |2> obtained from a model) and its 

expectedd value (E[|Fh|2] ) can be carried out. The latter expectation value is calculated 

usingg expression (3.11) thus allowing to estimate the scale factor kp, the Wilson plot B 

valuee £?wii and the variance of the error model a^. This variance can in turn be used to 

estimatee phase probabilities (Sim, 1958, 1959) and corresponding figures of merit, which 

aree defined as the expected value of the cosine of the phase difference between the available 

andd error-free phases. 7(/i)06s (an estimate of -y(h) of the protein under consideration) can 

bee obtained from the observed X-ray data and from an empirically obtained, standard 

'y(h)'y(h) curve, denoted as 7 ( / I ) P D B, using a procedure outlined in Appendix II-2. 

Thee standard y(h)pDB curve was obtained from the analysis of 100 protein structures 

fromm the PDB. The structure factor amplitudes were calculated and have subsequently 

beenn normalised in resolution bins: 

< I E - | 2 > - " S S ÖÖ
 (3-i2) 

Thee subscript h in expression (3.12) denotes the summation over the Nh reflections that 

fallfall  within the resolution bin h. Although this is more computationally intensive than 

obtainingg the "f(h) profiles via the radial distance distribution and the Debye equation, 

expressionn (3.2), it has the advantage that lattice periodicity and non-equal atom effects 

aree incorporated. The resulting mean -y(h) profile is shown in Figure 3.3 together with 

aa 7(/i) profile obtained using expression (3.4) and a 'y(h) profile obtained using (3.12) 

forr equal atom structures for comparison. As shown in Appendix II-2, the use of the 

empiricallyy obtained ^/(h)poB curve for the estimation of 7(/i)0&5 avoids the need for the 

single,, equal atom molecule approximation. 

3.33 Results 

3.3.11 Coordinate error dependent 'y(h) profiles 

Montee Carlo simulation has been carried out to compute the average value of <S 1" ^ , ^>, 

withh d distributed according to the non-central Maxwell distribution in order to test the 

validityy of expression (3.10). This has been carried out for a number errors and various 

valuess of h. The numerical results have been subsequently compared with the results from 

expressionn (3.10). A plot of the average values < s ^Jhd as a m n c t i ° n or the expected 

valuess is shown in Figure 3.4. To visualise the effect of the reduction of the Debye 

effectss with increasing positional error, the atomic model of lysozyme (PDB id: 102L) 

hass been used to compute a number of error dependent radial distance distributions and 

correspondingg -y(h\a2) profiles via (3.5) and (3.7). The resulting profiles are shown in 

Figuree 3.5. The contribution of hydrogen atoms has been omitted. 
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Figuree 3.3: Empirical j(h) curves determined from a selection of good quality atomic 

proteinn models using expression (3.12) for the deposited protein models (crystal struc-

ture),, the same protein models but with all atoms as oxygen and B values set to 20 A2 

(crystall  structure, equal atoms) and using the radial distance distribution, expression 

(3.5),, (single molecule, equal atoms). The differences between the curves are ascribed to 

packingg effects and the assumption of equal atoms in expression (3.5). 

00 0.2 0.4 0.6 0.8 1.0 

<s inc(2 jxhd)> > 

-0 .4 4 

Figuree 3.4: The expected value of i(h\a ) , given by relation (3.10), is plotted against 

thee average value of < 2 ,^ > f° r a distance distributed according to the non-central 

Maxwelll  distribution with a target distance equal to 2.5 A at various values of a2 and 

h,h, black diamonds. The least-squares line fitted through the points has a slope of 1 and 

correlationn coefficient of 1. 
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Figuree 3.5: The effect of a coordinate error on the Debye effects calculated for lysozyme 

(102L)) using expressions (3.6) and (3.7). 

3.3.22 Model and phase quality estimates 

Estimatess of a  ̂ and corresponding figures of merit have been obtained using the described 
least-squaress procedure, with a number of different errors on the model. 
Thee first model used was the ARP/wARP (Perrakis et a/., 1999) distributed example 
(withh the X-ray data) of Leishmanolysin (PSP; courtesy of P. Metcalf). The final model 
hass been randomised by adding a Gaussian error to the positional parameters with an 
rmsdd of 1.5 A. Structure factor amplitudes have been calculated from this model using 
REFMAC55 (Mursfmdov et al, 1997) and have been used to estimate cr .̂ The overall 
scalee factor, Wilson plot B value, the bulk solvent parameters and 7(/i)0„ s have been 
estimatedd from the measured, experimental data (a zero coordinate error was assumed) 
ass outlined in Appendix II-2. 7(/i)0ts has been subsequently used to estimate the scale 
factor,, the Wilson plot B value and the variance of the Gaussian error model, cr ,̂ given 
thee structure factor amplitudes calculated from the randomised model. In Figure 3.6 a 
bulkk solvent corrected Wilson plot from the experimental data is shown (Observed I) as 
welll  as a fitted curve on the basis of j(h)0i,s (Theorectical I, 0 A rmsd). The least squares 
residuall  estimated the coordinate error to be 1.7 A. The corresponding Wilson plots using 
thee calculated structure factor amplitudes of the randomised model are shown in Figure 
3.66 as well. 

•rmsdd = 0.02 A 

•rmsdd = 0.36 A 

•rmsdd = 0.71 A 

rmsdd = 1.06 A 

•rmsdd = 1.40 A 

•rmsdd = 1.82 A 

•rmsdd = 2.23 A 

0.8 8 

h2(A" 2) ) 
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Figuree 3.6: Wilson plots for experimental, bulk solvent corrected PSP structure factor 

amplitudess (Observed I) and the fit using the estimated ~y(h)0bs (Theoretical I, 0 A rmsd). 

Similarr curves are shown for the structure factor amplitudes calculated from the model 

withh an rmsd of 1.5 A on the positional parameters (Calculated I). A fit of the Wilson 

plott of the calculated structure factor amplitudes using f(h)0i,s and assuming a coordinate 

errorr of 1.7 A is also shown (Calculated I, 1.7 A rmsd). In the upper right corner, the 

exponentiatedd negative least squares criteria is shown versus the rmsd. 

Thee same final model of PSP was scrambled by introduction of a Gaussian error to the 

atomicc parameters and underwent five unrestrained refinement cycles with REFMAC5 

usingg the full resolution range of the observed structure factor amplitudes, with the use of 

crosss validation. The resulting coordinates have been used to calculate model structure 

factorr amplitudes and figures of merit were estimated. This has been carried out for a 

numberr of different errors as well as for a phase set calculated from a model with an rmsd 

off  3 A which was used for free atom modelling with ARP/wARP, without the use of cross 

validation.. A similar set of tests has been carried out on the 1HF8 model and X-ray data 

sett from the PDB. For 1HF8, the data was truncated at the low resolution side because 

off  poor data quality for 1/h > 7 A . The results of these test are summarised in Figures 

3.77 and 3.8. Another test has been carried out on a number of intermediate free atom 

modellingg structures. Solvent-flattened experimental phases of PSP were used to carry 

outt a free atom modelling experiment without the use of cross validation. The estimated 

figuress of merit and rmsd values are shown in Figure 3.9. 
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•• <estimated fom> 
•• <refmac fom> 
B<truee fom> 

Figuree 3.7: Estimated figures of merit for the PSP data set (resolution: 20-2.0 A, Bwn 

iss 18 A2) for various scrambled models refined without restraints, as well as from a free 

atomm model obtained from phases generated from the final model randomised by 3 A 

rmsd.. In the latter case, no cross validation has been used. <estimated fom> denotes 

thee average figure of merit estimated via the described method. For comparison, the 

REFMAC55 estimate is given as well. <true fom> is defined as the average value of the 

cosinee of the phase differences between the final and scrambled model. 

Figuree 3.8: Estimated figures of merit for the 1HF8 data set (resolution: 7-2.0 A, Bwu 

iss 32 A2) for various unrestrained refined scrambled models. The true figure of merit 

iss taken to be equal to cosine of the phase difference of the final and current model. 

<estimatedd fom> denotes the average figure of merit estimated via the described method. 

Forr comparison, the REFMAC5 estimate is given as well. 
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Figuree 3.9: Figures of merit and corresponding rmsd estimates of the PSP data set 

duringg free atom modelling. <true fom> is defined as the average cosine of the phase 

differencee between the final and current model. <estimated fom> denotes the average 

figuree of merit estimated via the described method. For comparison, the REFMAC5 

estimatee is given as well. 

3.44 Discussion and Conclusions 

Ass seen from Figure 3.4. the exponential multiplier describes the changes in the Debye 

effectss as a function of coordinate error rather well and offers an easy way of modelling 

thesee effects. The differences in the f(h)PDB profiles computed using expression (3.4) and 

viaa binning of structure factor amplitudes are ascribed to the underlying assumptions. 

Thee effect of packing only affects the low resolution part of the y(h) curve, whereas the 

effectt of an equal atom assumption is introduces substantial differences over the whole 

resolutionn range. The curves can however be scaled together using an exponential model 

similarr to the Babinet terms used to model the effects of the bulk solvent. 

Thee estimates of the figures of merit shown in Figures 3.7. 3.8 and 3.9 are close to the 

REFMAC55 estimates, indicating that the effects studied contain enough information to 

predict,, within certain limits, the accuracy of the model and corresponding phases. In 

thee case of phases originating from a model with an rmsd of 3 A and extreme model 

biass due to the subsequent free atom modelling without cross validation (see Figure 3.7, 

entryy rmsd=3 A + f.a.m) the average estimated figure of merit is still larger than the 

truee average cosine of the phase error but is a better estimate than the one obtained by 

REFMAC5. . 

AA key point is that the presented error estimation method is rather sensitive to the quality 

off  the low resolution part of the data set used. This is ascribed to the fact that the Debye 

effectss at high resolution diminish faster than those at lower resolution. Most information 

onn the value of o2 when the error is (moderately) large is thus obtained from the low 
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resolutionn part of the data. More appropriate weighting schemes in the least-squares 
proceduree or a maximum likelihood approach can possibly account for this sensitivity 
andd might be usefull in reducing the observed bias in the estimates. Linked to this is the 
needd for a model describing the behaviour of the bulk solvent and its effect on the average 
structuree factor amplitude. The exponential model (Tronrud, 1997) used here is known 
forr its limitations (Fokine & Urzhumtsev, 2002) but has been widely used because of its 
simplicity.. The presented method is sensitive to non-randomly incomplete data, such as 
missingg strong, low angle reflections. These effects can in principle be modelled by using 
thee characteristics of the truncated Wilson distribution (Parthasarathy &; Sekar, 1993b), 
ratherr than ignoring a subset of valuable structure factor amplitudes as done for the 1HF8 
dataa set. Furthermore, the method is based on an assumption of independent Gaussian 
errorss on each atom. Violation of this assumption undermines the basic principles of the 
method,, which is largely designed for usage during free atom modelling experiments. 
Ideally,, the dependence of the average squared structure factor amplitude as a function 
off  resolution and model error, should be used in conjunction with other error estimation 
methods,, such as a A (Read, 1986), in a hope to enhance the overall quality of the er-
rorr estimates. Further incorporation of prior knowledge in the error estimation method 
outlinedd in this paper might enhance the results. If secondary structural information is 
availablee or if the classification procedure outlined by (Morris et a/., 2003a) proves to be 
reliablee and robust, then protein specific 7(/I)PDB curves can be utilised to obtain a more 
accuratee 7(/i)06S estimates. 

Usingg the expected averaged squared structure factor amplitude as a function of resolution 
andd model error as a source of information during refinement, seems to be an interesting 
option.. This is in effect a reciprocal space variant of the addition of restraints to atoms 
onn the basis of known radial distance distributions in proteins (Sheldrick, 1998; Scheres 
&&  Gros, 2001, 2003). A more radical and possibly better approach would be to improve 
thee description of structure factor probability distributions by taking into account stere-
ochemistryy a priori, as suggested by Bricogne (1997b,a). 


