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Chapterr 1 

Alic ee physics: an introduction 
andd survey 

NothingNothing shocks me! 
I'mI'm a scientist. 

Indianaa Jones 

InIn this first chapter we wil l present an overview of different aspects of Alice physics. 
Firstt we explain what Alice physics is and present some examples. Then we turn to 
Alicee electrodynamics, the theory we will explore thoroughly in this thesis. In section 
22 we preview the main results that will subsequently be described extensively in the 
followingg chapters. 

1.11 Alice theories 

Thee term "Alice physics1'1 refers to a certain type of topological interactions, which 
mayy for example occur in spontaneously broken gauge theories where a larger non-
abeliann gauge group G is broken to a smaller, the unbroken, gauge group H which 
itselff  is still non-abelian. This occurs if one of the scalar fields in the theory gets a 
vacuumm expectation value which is not invariant under the whole gauge group G. but 
onlyy under the unbroken part of the gauge group H. This implies that the classi-
call  ground state is degenerate and the vacuum manifold is isomorphic to the coset 
spacee G/H. the orbit of the order parameter under the group G. Broken symme-
triess manifest themselves by the appearance of massless scalar modes if the broken 
symmetriess are global, and massive gauge particles if they are local. The broken gen-
eratorss generate translations in the vacuum manifold. Another, equally important 

l rThee subject has no relation to the physics studied with the ALIC E detector at CERN. The name 
Alicee in Alice physics rather refers to the book "Alic e in Wonderland". This connection wil l become 
clearr later on. 



Chapterr 1. Alice physics: an introduction and survey 

manifestationn of broken symmetries is the possible appearance of topological defects 
inn the broken phase. Their nature is intimately linked to the topological properties of 
thee vacuum manifold. A topological defect is a spatially extended field configuration 
wheree the order parameter satisfies nontrivial boundary conditions characterized by 
somee topological invariant. This boundary condition implies that the order parameter 
fieldfield cannot stay within the vacuum manifold everywhere in the bulk. Well known 
exampless are monopoles. flux tubes and domain walls. 

Too point out what is characteristic of Alice theories it is illuminating to look at the 
casee of (magnetic) flux tubes. To every flux a specific element h of the unbroken 
gaugee group H can be associated, defined by the untraced closed Wilson loop around 
thee flux, given by: 

hh = Pe$ A»{x)dx"  . (1.1) 

withh P denoting path ordering along the loop 7. and A^(x) the gauge field. The 
elementt h can in principle be any element of the residual gauge group, but the flux is 
topologicallyy stable if it is an element of a disconnected part of the unbroken gauge 
groupp Hd 2. If the element h is not part of the center of the unbroken group, i.e. does 
nott commute with all of H [1]. then it is called an Alice flux. Note that this is a priori 
nott a topological statement, but it is essential that the unbroken group is non-abelian. 
Thee important thing is that, as h does not commute with the unbroken gauge group H. 
itt is not possible to give a single valued definition for all the generators/charges of H 
inn the presence of such an Alice flux. Apparently in these models there is an intricate 
interplayy between possible topological sectors (i.e.. topological quantum numbers) 
andd the allowed gauge charges in those sectors. The consequences of having defects, 
wdiichh form an obstruction to defining charges globally, can be quite drastic and lead 
too a number of remarkable physical phenomena, which forms the main subject of this 
thesis. . 

Topologicall  Alic e models 

Alicee phenomena may show up in many different guises. An obvious class of models 
wheree Alice phenomena appear, are the models where the topological non-triviality 
off  a flux implies the Alice behavior of the flux. Examples of these types of models are 
non-abeliann discrete gauge theories [2. 3] where a continuous group is broken to some 
discretee non-abelian subgroup and Alice electrodynamics [1. 4. 5] where a non-abelian 
groupp is broken to a residual H = U(l) K Z2 ~ 0(2). Theories with non-abelian 
discretee gauge groups have been extensively analyzed and have in particular been 
linkedd with the notion of (spontaneously broken) Hopf symmetry [6. 7. 8. 9]. These 
theoriess have gained some interest because they provide ideal models for topological 
quantumm computing. The Hopf symmetries in turn are connected to the general link 
betweenn Chern-Simons theories and quantum symmetries [10, 11. 12] as for example 
inn {2-f l)-dimensional gravity [13. 14]. 

2Heree we assume n2(G) = I I i (G ) = n0(G) = 0. 
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Dynamicall  Alic e models 

Anotherr interesting class of models consists of models where the Alice behavior of 
thee topologically stable flux is present for dynamical reasons. In these models, where 
typicallyy the flux itself is topologically stable, not all topologically equivalent fluxes 
aree Alice fluxes. However an Alice flux in this topological non-trivial sector can be 
thee lowest energy solution. Examples from this class of models are the SO(6) —
50(3)) x 50(3) x Z2 model [5] and the Spin(lO) -> SU{5) x Z2 model [15, 16. 17]. 
InIn [18, 19] a topological definition of Alice models is given, which works if there are 
alsoo magnetic monopoles present in the theory. In that case the Alice behavior can 
alreadyy be encoded in the topology of the theory as Alice fluxes influence magnetic 
monopoless and electric charges in a similar way. 

Wonderlandd in physics 

Althoughh we will concentrate on a specific model containing Alice physics, we would 
likee to remark that Alice features show up in various parts of physics. It has been 
usedd as a baryogenesis mechanism in for example [20, 21]. Alice effects appear in 
topologicallyy non-trivial universes [22, 23], in two dimensional gravity [24, 25, 26, 13], 
theyy pop up in the study of confinement [27, 28], in string theory the Alice effect 
connectss parallel branes [29] and it provides a possible solution to the strong CP-
problemm by gauging the CP-symmetry [30, 31]. Alice effects also appear in different 
condensedd matter systems, such as in the study of certain Bose-Einstein condensates in 
opticall  lattices [32, 33, 34], rotating Helium II I  [35, 36], superconductors [37, 38, 39] 
andd in nematic liquid crystals, where the uniaxial version has the same symmetry 
structuree as Alice electrodynamics (see for example [40, 41, 42]). 

1.22 Alice phenomena in Alice electrodynamics 

Inn this section we introduce Alice ElectroDynamics (AED) and preview some of the 
mainn results obtained in the coming chapters. We start with a description of the 
topologicall  structure of AED and introduce the notions of Alice flux and Cheshire 
charge.. Then we discuss some explicit continuum and lattice models and finally 
wee briefly report some remarkable physical consequences of the subtle interplay of 
topologicall  features leading to a variety of instabilities in the theory. 

1.2.11 The structur e of AED 

Alicee electrodynamics (AED) is a theory of electrodynamics in which charge conju-
gationn is a local gauge symmetry. To be specific, AED is a gauge theory with gauge 
groupp H = C/(l) x Z2 ~ 0(2), so, in a certain sense it is the minimally non-abelian 
extensionn of ordinary electrodynamics. The nontrivial Z2 transformation reverses the 

11 1 
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directionn of the electric and magnetic fields and the sign of the charges. 

XQX~XQX~11 = -Q . (1.2) 

withh X the nontrivial element of Z2 and Q the generator of the £7(1). 
Thee generator of £7(1) and the nontrivial element of the Z2 do not commute with each 
other,, in fact they anti-commute. This means that the Z2 part of the gauge group 
actss as a charge conjugation on the £7(1) part of the gauge group and that is what is 
meantt by the phrase "AED is electrodynamics in which charge conjugation symmetry 
iss gauged". 
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F i g u ree 1.1: A local charge conjugation transformation does not change the force on a charged 
particlee in an electric field in electrodynamics. 

Onee might envisage a local discrete symmetry by defining arbitrary patches and having 
nontriviall  gauge transformations between them. The transition functions can become 
topologicallyy nontrivial as we will see. A topologically trivial patch is depicted in 
figurefigure 1.1, where inside the contour the direction of the electric and magnetic fields 
andd charges is reversed, so that indeed the resulting physics is not affected. Charged 
particless move across the boundary without "noticing" it. So it appears that in a 
typicall  situation of ordinary electrodynamics nothing dramatically changes if charge 
conjugationn symmetry is gauged. However there are profound differences between 
EDD and AED, which we will discuss in this chapter and the coming chapters. It 
iss important to realize that, as the non-abelian extension with respect to ordinary 
electrodynamicss is discrete, it only affects electrodynamics through certain global 
(topological)) features, involving nontrivial Z2 bundles. 

Inn figure 1.2 we schematically indicate the structure of the gauge group, 17(1) x Z2, of 
(compact)) AED. It consists of two copies of U(l) connected by the nontrivial element 
XX of the Z2 part of the gauge group. 
Fromm the structure of the (residual) gauge group in figure 1.2 it is clear what the 
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F i g u ree 1.2: A schematic picture of the gauge group of AED. It shows the action of X, the connected 
andd the disconnected part of the gauge group and the sign difference between the two branches. 

possiblee topological defects in AED are3. As Ho(U(l) K Z2) = Z2 there will  be a 
topologicall  Z2 flux, denoted as Alice flux, and furthermore as Ili(U(l)  K Z2) = Z 
theree are also magnetic monopoles in this theory (like in compact ED). The element 
off  the unbroken gauge group associated with the Alice flux contains the nontrivial 
elementt of the Z2 part of the gauge group. X. This means that if a charge is moved 
aroundd an Alice flux it gets charge conjugated. At first this might not be a very-
interestingg observation as charge conjugation is part of the local gauge symmetry of 
thee model. However there is the notion of a relative sign, which is path dependent 
inn the presence of Alice fluxes. This means that if one starts with two equal charges 
(repulsion)) and moves one of the charges around an Alice flux one ends up with two 
chargess of the opposite sign (attraction), due to the non-commutativity of X and Q. 

Inn the presence of an Alice flux the generator of the (7(1) is not single valued and 
thereforee there is a topological obstruction to a global definition of electric charge. 
Howeverr if there are no Alice fluxes present it is possible to globally define the U(l). 
Butt note that also in the trivial sector of the theory a pair of Alice fluxes or a closed 
Alicee loop can be created out of the vacuum. What happens in that case to the 
definitionn of C/(l) charge? As the creation of such a topologically trivial configuration 
iss a local process the overall charge should not be affected, changes in the definition of 
thee (7(1) should occur only locally. A way to understand what happens is to cut out 
aa region of space which is such that the closed Alice ring lies on its boundary. Now 
thee U(l) can still be globally defined in the rest of the space. But physically one can 
off  course not just exclude this region and problems do indeed arise when a charged 
particlee moves through this region. The closed loop of Alice flux will bound a so 
calledd Dirac or Z2-sheet and if a particle crosses this sheet it gets charge conjugated. 

3Heree one has to envisage that AED is realized by breaking a larger gauge symmetry with the 
helpp of a Higgs mechanism and that this larger gauge group, G, has: 112(G) = n"i(G) = iio(G) = 0. 
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Itt looks rather artificial, but in fact it is just a convenient singular gauge choice. In 
thiss gauge a charge which moves around an Alice flux, gets charge conjugated at a 
veryy specific point where its trajectory goes through the sheet which is bounded by 
thee Alice loop. Clearly the location of this Z2-sheet is gauge dependent while the 
locationn of its boundary is the gauge independent Alice ring. In this sense there is an 
analogyy between the sheet and the Dirac-string of a magnetic monopole. 

Inn a situation where it is possible to define a global U(l) charge the total charge 
shouldd be conserved. Then the question arises what will happen to this conservation 
off  charge if a particle gets charge conjugated when moved through an Alice ring as this 
appearss to violate the conservation of charge. To resolve this paradox it is illuminating 
too perform some simple thought experiments. Let us start with a pair of oppositely 
chargedd particles and then create an Alice ring out of the vacuum. Then we take 
onee of the charges through the Alice ring. We end up with two like charges next to 
eachh other, say both positive. As the total charge cannot change by local processes, 
i.e... the creation of an Alice ring and moving one of the charged particles, the total 
chargee should still be zero. This tells us that the missing charge must be hiding in 
thee excluded spatial volume, i.e.. it must be carried by the Alice ring configuration. 
Theree art1 several ways to understand how the missing charge in AED is carried by 
thee Alice ring configuration. First we discuss a symmetric configuration in which it is 
veryy easy to understand how the missing charge is carried. Then we will do a thought 
experimentt from which it should become clear that the configuration we found for 
thee symmetric configuration is essentially generic. 

Firstt consider a symmetric configuration, where we put the Alice ring in the horizon-
tall  plane and assume there to be an up-down symmetry with respect to this plane 
(thee famous "Alice mirror"). We choose the Z2-sheet to also lie in this plane. The 
nicee thing of this symmetric configuration is that the electric field lines have to be 
perpendicularr to the Z2-sheet as the sign needs to change once they pass the Z2-sheet 
andd due to the up-down symmetry. This means that in this symmetric configuration 
thee boundary conditions for the electric field on the Z2-sheet are the same as those 
forr a charged conducting plate. Now we maneuvered ourselves into a position where 
thee answer to the question of the missing charge is very simple. From the perspective 
off  the; space which is not excluded the Alice ring bounds a conducting plate4. Ob-
viouslyy the missing charge is carried (ignoring for the moment the boundary effects 
thee Alice ring may have) by this "would be" conducting plate and the resulting field 
linee pattern is clear, see figure 1.3(d). Now it is important to note that although 
thee direction of the field lines depends on the location of the Z2-sheet the field line 
patternn itself is gauge invariant. Although the field line pattern is gauge invariant the 
conductingg plate boundary condition of the field lines on the Z2-sheet is clearly not. 
Theyy only hold in the symmetric gauge we started with. 

AA most remarkable feature of these charged Alice ring configurations is that the source 
off  the charge cannot be localized. Suppose we have a small test charge which we want 
too use to locate the source of the charge. The test charge will follow a specific field 

44 At least the excluded space has the same boundary conditions as a conducting plate. 
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linee and expects to end up at a charge. However, there are no sources for the field 
lines.. As the test charge moves through the Alice ring - the sheet that is - its sign 
changess exactly where the field lines change direction and the charge will just move 
on.. So, from far away a definite charge is carried by the Alice ring configuration, but 
ass one comes closer one finds there is no source of that charge. This elusive type of 
chargee is called a Cheshire charge after the grinning cat in Alice in Wonderland who 
disappearss but leaves his grin behind [43. 44]. 

AA second way of understanding how a Cheshire charge appears in AED. does not 
involvee any symmetry arguments. We reexamine the thought experiment where we 
movee a charge through an Alice ring. To understand the appearance of Cheshire 
chargee in this setting we make use of the fact that due to charge conservation and/or 
quantizationn electric field lines can not pass an Alice flux5. We start with a single 
chargee and create in its vicinity an Alice ring out of the vacuum. As the electric 
fieldd lines cannot pass through the Alice flux they are pushed away by the Alice ring, 
seee figure 1.3(b). Next we pull the charge through the Alice ring, see figure 1.3(c). 
Iff  we then move the charge to infinity it is clear what the resulting Cheshire charge 
configurationn looks like, see figure 1.3(d). This thought experiment demonstrates the 
genericc nature of the Cheshire phenomenon. 

Inn the appendix of chapter 6 we will encounter the so called Cheshire current, see figure 
6.11.. This object typically only lives in two dimensions, while a Cheshire charge can 
appearr in two and three dimensions. A Cheshire current appears if one takes a charge 
aroundd two Alice fluxes. In that case the charge can be annihilated with the anti-
chargee that stayed behind. Due to the fact that the electric field lines can not close 
aroundd a single Alice flux, the pair of fluxes wil l carry a Cheshire current. We refer 
too the appendix of chapter 6 for more details on the Cheshire current configuration 
andd its relation with Cheshire charge. 

Ass IIi(t7(l ) tx Z2) = Z there are also magnetic monopoles in compact AED (as in 
compactt ED). Already at this point there is a subtle interplay between the fluxes and 
thee monopoles in AED [45]. Exactly this point is used in [18] to define topological 
Alicee models. In the presence of an Alice flux the sign of a magnetic charge is no 
longerr uniquely defined, i.e., in AED the monopole and the anti-monopole belong to 
thee same topological sector. To understand this feature of AED we will investigate a 
configurationn where a monopole and an Alice flux are coexisting, see figure 1.4. 

Oftenn the so called base point in homotopy theory is not important. However if 
Ho(H)Ho(H)  ̂ 0 the position of this base point can become relevant. This is the case 
inn AED and results in the topological equivalence of the monopole and the anti-
monopole.. A monopole charge is determined with the help of a closed surface enclosing 
thee monopole, see figure 1.4(a). If there are no Alice loops or fluxes present the base 
pointt of this surface, XQ, is irrelevant. However if there is an Alice loop present the 

5Indeedd the fact that electric and also magnetic field lines cannot penetrate an Alice flux is rem-
iniscentt of the Meissner effect, where magnetic fields are expelled from an electric superconductor. 
Inn that case magnetic flux is quantized and can be trapped in a superconducting ring. The para-
doxicall  situation in our model is that the Alice flux appears to be both electrically and magnetically 
superconductingg yet strictly neutral: in other words the analogy appears to break down at this point. 
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(d) ) 

F i g u ree 1.3: This sequence of pictures makes clear that the Cheshire phenomena is a generic 
phenomenonn in AED and does not depend on the symmetry of the configuration. Using the fact 
thatt due to charge conservation and/or quantization electric field lines cannot cross an Alice flux 
onee is lead to the notion of Cheshire charge. 

basee point of this surface does become relevant. As the fundamental homotopy group 
off  AED is Z2, there are two different ways byy which one can enclose the monopole with 
thee closed surface starting from the base point. In one, see figure 1.4(b), the surface 
doess not go through the Alice loop, in the other, see figure 1.4(c), the surface does go 
throughh the Alice loop. These two possibilities are equally well suited to define the 
chargee of the magnetic monopole, but differ in outcome. To understand the difference 
inn outcome we deform the latter surface, see figure 1.4(d). We see that the two surfaces 
differr by a transformation around the Alice flux, 0. As the nontrivial element X of Z2 
doess not commute with the generator Q of U{\) in AED there is distinct difference 
betweenn the two definitions of the magnetic charge. This difference is caused by the 
presencee of the Alice flux and is called the influence ofHo(H) on U\(H). Obviously 
theree is a sign difference between the outcomes of the two definitions of the magnetic 
charge.. This means that there is no topological distinction between positive and 
negativee magnetic monopoles in the presence of an Alice flux. This may not be too 
surprisingg for a theory where charge conjugation is part of the local gauge symmetry. 
However,, we note that there is still the notion of the relative sign between magnetic 
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charges,, which is path dependent as we explained in the context of electrical charges. 
Wee seem to be confronted with a puzzling arbitrariness in talking about charges in 
thiss simple model. 

(a)) (b) 

F i g u ree 1.4: These figures show that in the presence of a loop of Alice flux, L, the sign of the 
(monopole)) charge is not uniquely defined. The two surfaces E and E' are equally well suited to 
measuree the (monopole) charge, but differ by the path /3, which shows that they are charge conjugated 
withh respect to each other. 

1.2.22 Some specific realizations of Alice electrodynamics 

Inn this subsection we will introduce and briefly discuss some specific AED models. 
Firstt we will look at continuum models where AED is realized after spontaneous 
symmetryy breaking through some suitable Higgs mechanism. Subsequently we look 
att a lattice model of AED. Both types of models will  allow the formation of magnetic 
monopoless and Alice fluxes. In the continuum models they appear as solitons due to 
thee symmetry breaking, but in the lattice model they appear because of the lattice 

17 7 



Chapterr 1. Alice physics: an introduction and survey 

Th ee continuum models 

Thee continuum models of AED are the main subject of chapter 2 and we refer to 
thiss chapter for more details. Let us think of a spontaneously broken gauge theory 
wheree the order parameter in the broken phase, the Alice phase, can be represented 
byy a director field. We may think of this order parameter as a line segment or a 
bidirectionall  arrow. Thus it fixes an orientation but not a direction. Just like a 
normall  vector field, such an order parameter is invariant under rotations around 
itss axis, which represents the U(l) gauge degree of freedom. But the bidirectional 
arroww has an additional symmetry, the reflection symmetry, i.e., the invariance under 
rotationss of an angle of IT around an axis perpendicular to its own orientation. This 
invariancee represents the charge conjugation symmetry of AED. These two symmetry 
operationss do not commute with each other, they anti-commute. So we find that the 
directorr field is an appropriate order parameter for AED. 

Thee original model [4] of AED uses the five dimensional symmetric tensor represen-
tationn of 5*7(2) (for this representation one can just as well use SO(3)). The action 
off  this model is given by: 

5== léx l^Fa^F;u+-ATY(D^D^)-V(^)\ , (1.3) 

wheree the Higgs field <£> = <& ab is a real symmetric traceless 3 x 3 matrix. 
Thee potential is given by: 

^^ = - ^ 2 T r ( $ 2 ) - l 7 T r ( $ 3 ) + i A ( T r ( $ 2 ) ) 2 . (1.4) 

Byy a suitable choice of parameters the Higgs field will acquire a vacuum expectation 
value,, 3>0. In the gauge where <É>0 is diagonal it takes the form $0 = diag(—f, - ƒ, 2/). 
Ass an aside we mention a field in physics where the same order parameter has shown 
up:: the theory of nematic liquid crystals. Here the symmetry is realized as a global 
symmetryy whereas in AED the 27(1) x Z2 symmetry is local. A typical model used 
too describe these systems is the Landau-de Gennes free energy model [46, 47, 48, 49], 
givenn by: 

TT = J(fei+fv)dV (1.5) 

feifei = -^d1Qaf3d1Qa{3^—dfiQaf3d1Qai + ~-d1Qot(3d0Qai (1.6) 

ƒ.. = a^(Q2)-^(Q3) + l(^(Q2)f (i.7) 

Althoughh the two models are quite different they can be mapped onto each other for 
aa limited region of the parameter spaces. In the limi t of vanishing gauge coupling of 
thee AED model and for static solutions of the equations of motion the original AED 
modell  can be mapped onto the Landau-de Gennes model with L2 = £3 = 0. This 
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correspondencee will be used in the analysis of the monopole core instability in chapter 
5. . 

Thee vacuum manifold after symmetry breaking corresponds to the gauge orbit of the 
orderr parameter and therefore becomes equal to the real projective space MP2, i.e., the 
sphere,, S2, with opposite points identified. The topologically non-trivial structure of 
thiss manifold is quite well known and its first and second homotopy groups are given 
by: : 

n^MP2)) = Z2 and n2(EP2) = Z (1.8) 

Thee nontrivial ^ ( K P2 ) results in the appearance of magnetic monopoles in AED. 
Thiss does not make specific use of the head-tail symmetry of the order parameter and 
iss for example also present in a theory with a vector order parameter field, such as 
thee Georgi-Glasgow model [50]. The fact that Ili(]RP2) = Z2 means that there are 
alsoo topologically non-trivial Z2 (Alice) fluxes present in the theory. The appearance 
off  Alice fluxes is due to the head-tail symmetry of the order parameter. Indeed, 
thee fact that opposite points on the sphere are identified with each other, which 
iss a direct consequence of the head-tail symmetry of the order parameter, allows 
thesee Alice fluxes, see figure 1.5(a). As we explained in the previous subsection the 
subtlee interplay between the monopole and the flux content of the theory gives that 
monopoless of opposite charge belong to the same topological sector. 

Onee of the key features of the Alice flux is the fact that the order parameter, the 
Higgss field, only rotates over IT around an Alice flux. That this is allowed is due to 
thee head-tail symmetry of the Higgs field. Now it is also clear that the charges with 
respectt to the unbroken U{\) change sign when they go around an Alice flux, as the 
generatorr of the unbroken £7(1), i.e., a pointed arrow, also only rotates over n when 
transportedd around an Alice flux and thus picks up a minus sign, see figure 1.5(b). 
Ass we now have an explicit model we can try to find explicit solutions of the magnetic 
monopolee and the Alice flux. Appropriate ansatze were given in [4]. We will discuss 
thee monopole ansatz later on, but for the moment we mention that it is very similar to 
thee spherically symmetric 't Hooft-Polyakov magnetic monopole ansatz. The ansatz 
forr the Alice flux is more interesting. Locally one can always gauge the Higgs field 
suchh that it is in a diagonal form. However it need not always have the one parameter 
structuree <E> = diag(—a, — a, 2a) mentioned before. The spherically symmetric mag-
neticc monopole does have this form, but for the Alice flux it can be shown that this 
doess not allow for a static solution to the equations of motion. So for the Alice flux 
onee needs the more general form <I> = diag(—a,—b,a+ b), implying that the ansatz 
requiress more than a single function for the scalar field. 

Inn figure 2.1 we show a numerical Alice flux solution to the equations of motion, for 
specificc values of the parameters of the model, based on the following ansatz: 

$(r,0)) = e£?L * ( r ) e - ^ 1 , (1.10) 
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(a)) (b) 

F i g u ree 1.5: Figure (a) shows the possibility to have topologically non-trivial closed loops due to 
thee head-tail symmetry of the Higgs field. Figure (b) shows that the Higgs field is single valued if it 
onlyy rotates over an angle 7r after going around the Alice flux and that the generator of the unbroken 
[ƒ(! )) is actually double valued in the presence of an Alice flux. 

wheree the tensor <&(r) is conveniently parameterized as, 

// 1 0 0 \ / 0 0 0 \ 
$(r)) = m{r) 0 - \ 0 + q(r) \ 0 § 0 . (1.11) 

\0\0 0 -\) \o o - f J 
andd Ti the generators of 5*0(3). 
Att spatial infinity the boundary conditions are: q = m and a = 1 and at the core of 
thee defect the boundary conditions are: a = q = 0. 

Ann interesting feature of the solution is that the gauge symmetry is not restored at 
thee center of the defect, i.e., the Higgs field does not become zero. The symmetry at 
thee core of the defect is again that of AED only now with a [/(l)-isospace direction 
differentt from the unbroken symmetry at spatial infinity. The fact that the Higgs field 
deviatess from the form diag(—f, —f,2f) means that it can no longer be represented 
byy a single direction everywhere. This behavior is sometimes referred to as an escape 
inn the biaxial direction. 

Inn equation 2.4 we see that the Higgs field can be represented as a sort of symmetric 
productt of two vector fields. The only information of the two vectors that survives in 
thee translation to the Higgs field is the product of the lengths, h, and half the relative 
angle,, ip. Expressed in these variables the Higgs field is given by: 

22 / - (s in2V + l) 0 0 \ 
$$ = -hi 0 sin2 tp - cos2 ip 0 . (1.12) 

\\ 0 0 cos2^ + l / 

Forr the present discussion this parameterization is more convenient than the one we 
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usee to find a numerical solution, equation 1.11. As the Higgs field at r = 0 should 
bee single valued it has to commute with T\. This means that ip = ir/2 or ft = 0 at 
rr = 0. Thus the Higgs field can do two things. Either it can vanish in size or it has 
too "rotate" to ip = n/2. Investigating the potential in terms of h and ip shows that 
rotatingg and not vanishing of h realizes a lower potential energy. Thus it is natural 
thatt the Alice flux makes use of the possibility to escape in the biaxial direction. 
Althoughh the Higgs field in the center of the flux is again invariant under an AED 
partt of the gauge group, it is typically in the wrong broken vacuum6. Meaning that 
thee Higgs field has the wrong sign, i.e., it is not in (or close to) the global minimum 
butt in (or close to) another minimum of the potential, see figure 1.6. 

F i g u ree 1.6: This figure shows the typical form of the potential as a function of the length h and 
thee angle ip. Here we plotted it for fj,2 = 1, 7 = —1 and A = 1. It makes clear that it is natural for 
thee Alice flux solution to escape into the biaxial direction. 

Alreadyy at this point one might wonder whether for a magnetic monopole solution 
theree is also the possibility to escape in such a biaxial direction. We return to this 
issuee later on in this chapter when we investigate a core instability of the spherically 
symmetricc magnetic monopole, which is further explored in chapter 5. 

Wee wish to mention two alternative continuum Alice models. These two Alice models 
havee a similar symmetry structure as the original model, but the Higgs sector consists 
off  a pair (X, Y) of adjoint representations. The head-tail symmetry alluded to before 
inn these models comes about by putting the Higgs field on an orbifold. i.e., imposing 

6Typicallyy there are two minima of the potential which have the same unbroken AED subgroup. 
Howeverr only one of them is the true global vacuum, while the other is just a local minimum of the 
potential. . 
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speciall  boundary conditions on the Higgs fields. More specifically in one model the 
Higgss field. X. is put on a Z2 orbifold which identifies X with —X. In the other 
modell  the two Higgs fields are put on a S2 orbifold which identifies the point (X.Y) 
withh (Y. X). The action for both models is given by: 

SS = Jd\v j l r (\^Ffi, + l&'XD.X + ^YD(lY - ^[X.Y] 

A A 
- ( T r ( X 22 + r 2 ) - / 2 ) \ . (1.13) 

Theree is a gain by introducing this rather intricate Higgs sector, notably that these 
twoo models have monopole solutions which can be mapped one to one to the 't Hooft-
Polyakovv monopoles while the Alice flux solutions correspond precisely to Nielsen-
Olesenn flux solutions with winding number one-half. Much is known about these 
solutionss and for particular parameter values even a Bogomolny limit exists. 

T hee latt ice model 

Lett us now introduce a lattice version of compact AED (LAED). In chapter 3 we will 
studyy this model quite extensively. Here we limit ourselves to a preview of the main 
results.. We refrain from giving an introduction to lattice gauge theory, for this we 
referr to the beginning of chapter 3 or for a more thorough introduction to [51. 52]. 
Ourr interest in a lattice formulation of the theory is evident for two reasons;(i) it 
allowss us to study the phase diagram and in particular what type of condensates may 
form,, and (ii) it may allow us to study certain nonperturbative quantum properties. 

Thee gauge degrees of freedom in a lattice gauge theory are the link variables. These 
aree related to the gauge potentials and for the model at hand given by: 

UUuu{x){x) = elAAx^T^{x) . (1.14) 

withh au(x) € {0.1}  and AlJ{x) € (-7r.7r). 
Heree av represents the Z2 gauge variable and Av the compact U(l) gauge variable of 
thee theory. If au{x) = 1 that implies that a Z2-sheet in D = 3, or a Z2-volume in 
DD — 4. crosses the link. These Z2-sheets can of course be moved around by local Z2 
gaugee transformations, but their boundaries, the Alice loops, can not. The action of 
thee lattice model of compact AED we wil l use is given by: 

SS = -=• y2\-{l-Pf) cos F+ mfPf) . (1.15) 
99 p  ̂ >P 

wheree Pf is one if an Alice flux crosses a plaquette and zero if not. F is the F of U(l) 
afterr the Z2 fields have been gauge transformed away from the plaquette, which is 
alwayss possible if Pf = 0. We will use a (hyper-)cubic lattice and the plaquettes are 
thee two dimensional sides of the (hyper-)cubes. 
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Thee first term in the action is the well known Wilson action [53] for compact C/(l) 
latticee gauge theory, if there are no Alice fluxes present. The second term introduces 
ann extra bare mass for the Alice fluxes. As we explained before the difference between 
EDD and AED only arises if there are Alice fluxes present. Even if we do allow local 
chargee conjugation symmetry transformations none of the physics will change. So 
thee tilde in the first term of the action is not important if there are no Alice fluxes 
present. . 

Inn the limi t of m/ —> oo and g finite the Alice fluxes in the theory are excluded 
andd our LAED model becomes equal to the Wilson model. In the limi t of g —> oo, 
butt keeping rrif/g2 finite our LAED model becomes equal to the also well known Z2 
latticee gauge theory. This is a very nice feature of the model as it allows one in some 
regionss of the parameter space to check the results with well known results from these 
modelss and we will also use their results as input for the estimates we make. 

Thiss LAED model contains both Alice fluxes and monopoles as lattice artifacts. They 
disappearr in the naive continuum limit . However our introduction of the extra bare 
Alicee flux mass might prevent this if a suitable limi t of this extra mass term is taken 
simultaneously.. We could just as well also have introduced an extra bare mass term 
forr the magnetic monopoles present in the model. However, this is computationally a 
muchh more involved procedure and it turns out that it is not needed in the sense that 
thee four different phases of the model can be realized without it. The four phases are 
representedd by the different defects that are or are not condensed. 

Withh the help of numerical simulations we determined the regions in parameter space 
wheree the different phases in this model occur, for both the three and the four (space-
time)) dimensional model. The results are shown in figure 1.7. 

(a)) (b) 

F i g u ree 1.7: In both figures we plotted some specific height lines of the monopole/instanton and 
Alicee flux density, which represent the location of the different phase transitions. Figure (a) contains 
thee result of the three dimensional model, where figure (b) contains the results of the four dimensional 
model. . 

Thee lines in figure 1.7(a) and 1.7(b) are some typical height lines which represent 
thee location of the different phase transitions. As one may see, not all phases are 
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separatedd by a phase transition. For example the transition between no condensed 
instantonss and condensed instantons in 3D is a crossover (as is very well known). We 
seee that the transition between condensed fluxes and condensed fluxes plus condensed 
monopoles/instantonss is also a crossover. 

Thee location of the phase transition lines and the values of certain measurable quanti-
tiess can be very well determined for this model. This is mainly because the parameter 
spacee of the model can be divided up into several regions which almost fill  out the 
wholee phase space and which can be relatively easily understood as the physics is 
ratherr well approximated by some dominant aspects, see section 3.4. 

Thee region where the Alice fluxes are not condensed can be approximated by having 
noo Alice fluxes around at all, i.e.. ignoring the effect which the few present Alice fluxes 
have.. As we argued before this is the same as the Wilson model of compact ED. When 
thee Alice fluxes do condense many plaquettes are pierced by a flux. In this region 
thee behavior of the U(l) degrees of freedom is also well understood. If a plaquette 
getss pierced by a flux the values of the U(l) degrees of freedom of that link become 
irrelevant,, see equation 1.15. To lowest order, ignoring the Z2-sheets, this means that 
piecess of space are cut out by the Alice rings. As the unpierced plaquettes become 
moree and more isolated their behavior can obviously be estimated by the behavior 
off  single plaquettes. Here we note that actually there is no need for the unpierced 
plaquettess to become fully isolated. It is well known from lattice ED that already two 
dimensionall  lattice ED is described by the behavior of a single plaquette. To lowest 
orderr also the interaction between the pierced and the unpierced plaquettes is well 
known,, as they exclude each other. The interaction of the fluxes among themselves 
iss the same as it would be for Z2 gauge theory. Using these estimates and using the 
resultss from Z2 and compact U(l) lattice gauge theory as known results, one can 
estimatee the different features of our LAED model. We estimate quite successfully 
thee location of the different phase transition lines, the average value of cos F for the 
unpiercedd plaquettes, the flux density and the monopole/instanton density. For more 
resultss and more details on the LAED model we refer to chapter 3. 

1.2.33 Instabilitie s and topological defects 

Inn this subsection we wil l briefly discuss situations in which topological defects may 
developp instabilities of various sorts. To wet the appetite we first look at a simple 
examplee which is representative for a generic feature of a rather large class of field 
theories.. We show that a topologically stable kink can reduce the vacuum degeneracy 
off  a model with flat directions. Then we return to AED and study a core instability of 
thee spherically symmetric 't Hooft-Polyakov type magnetic monopole. In particular 
wee wil l find that the monopole can decay into a Cheshire charged Alice ring. In the 
lastt part we wil l discuss a charge instability that occurs in AED in (2+l)-dimensions. 
Wee wil l find that a static charge is unstable to the creation of a pair of Alice fluxes. 
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Dynamicall  vacuum selection 

Inn the following we will examine a specific field theory with a flat direction in the 
potential.. We want to clarify a general idea and only choose this model for its sim-
plicity,, for more details on this subject we refer to chapter 4. The model we will use 
iss a (1+1)-dimensional model and allows for topologically stable kink configurations. 
Thee action of the model is given by: 

55 = y ^ x { i ( ^ 1 ) 2 + i ( ^ 2 ) 2 - ^ W - ^ - / 2 ) 2 }  • (1-16) 

withh 0i and 02 two real scalar fields. The field 02 is present to create a flat direction 
inn the potential. 

Onee of the nice features of this particular model is that it it easy to show that only 
thee topologically non-trivial boundary conditions with 02 equal to zero at both plus 
andd minus infinity allow for a truly static kink solution. This is just the standard 
kinkk solution for a theory with a single scalar field. Actually, if real space is finite 
thenn all topologically nontrivial boundary conditions allow for a static kink solution. 
InIn the limit where the boundary values of the the 02 field do not deviate too much 
fromm zero, the static kink solution can be very well described by a superposition of 
twoo independent parts. One corresponds to the special kink solution with 02 (z:) — 0 
andd outside the core of this kink there is another part where the Higgs fields only 
varyy within the vacuum manifold of the model, i.e., they satisfy 0f — 4>2 — P- This 
secondd part, referred to as the "tail", is easily described by a special combination of 
thee Higgs fields which lives on the vacuum manifold and is therefore called a moduli 
field.. This moduli field is obviously a massless field. The construction is thus as 
follows:: we take the special kink to take us from one part of the vacuum manifold to 
thee other, disconnected part of the vacuum manifold. Then, outside the core of the 
kink,, the moduli field takes over and ensures that the specific boundary conditions are 
met.. The fact that this works in the limit of a large space - large with respect to the 
deviationn of the boundary conditions of 02 from zero - can be understood as follows. 
Inn the limit of an infinite space the only static kink solution is the kink solution with 
(f>(f> 22(x)(x) — 0. The energy in the tails scales as l/Rx. with R  ̂ the radius of the space. 
Soo in the limit of a large but finite space the energy comes close to the energy of the 
speciall kink and it is therefore an obvious candidate for the static kink solution as 
RRxx becomes large. 

Noww we can try to understand what happens in an infinite space if the boundary 
conditionss of the 02 field are not zero and we are in the topologically non-trivial 
sector.. Because the configuration cannot be a static configuration we need to choose 
somee initial conditions. In figure 1.8 we see snapshots of configurations, which started 
outt at rest. In figure 1.8(b) we used a kink in a finite space as initial condition, where 
inn figure 1.8(a) we used a constant 02 and for 0i used a rescaled kink as initial 
condition. . 

Itt is clear that the configurations again consist of two parts. There is the (possibly 
excited)) special kink with 02 = 0 and there is the moduli field. The equations of 
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(a) ) (b) ) 

F i g u ree 1.8: These figures show snapshots of non-static configurations. The values of the fields for 
negativee values of x follow from the antisymmetry of the configuration and are not plotted. 

motionn for both parts are extremely simple. The special kink is just static and the 
modulii  field, being massless, moves (away) with the speed of light leaving the "special" 
vacuum,, with foix) = 0, behind, see figures 1.8(a) and (b). This is what we refer to as 
dynamicall  vacuum selection (DVS). One could wonder if other initial conditions would 
leadd to a different picture. Including dissipation of energy through coupling to other 
fieldsfields it is clear that the Higgs fields will inevitably relax to a configuration containing 
aa special kink together with some moduli field. The energy of such a configuration can 
comee arbitrary close to that of the special kink. In other words dynamical vacuum 
selectionn just selects the lowest energy state in a given topologically non-trivial sector, 
whichh only depends on the topological information of the boundary conditions and 
nott on the particular location in the flat direction. 

I tt should be clear that the key ingredient in this process is the scaling of the energy of 
thee tails. It is only because these scale to zero as the region over which the moduli field 
changess becomes larger that DVS works. This shows that DVS is a common feature 
forr all one dimensional field theories which have flat directions in their potential and 
alloww for topologically non-trivial boundary conditions. In fact it has been noted 
beforee that such a mechanism is also operative in two dimensions [54, 55, 56], in 
aa situation with topologically stable fluxes with flat directions, where the energy of 
thee tail scales as l/logi?oo. In three or more dimensions, a similar energy argument 
cann be used to show that DVS will no longer occur. We conclude that in one and 
twoo dimensions only the topology of the boundary conditions is important, while in 
higherr dimensions also the non-topological information of the boundary conditions is 
importantt for the physics in the bulk of the system. 

Thee process we described can be interpreted in two ways. One is the dynamical vac-
uumm selection as we emphasized, on the other hand it can be viewed as an instability 
off  a certain class of topologically non-trivial kinks and fluxes. The latter interpre-
tationn is more in line with the discussion of a monopole core instability we turn to 
next. . 
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AA monopole core instabilit y 

Wee have mentioned that AED features 't Hooft-Polyakov type monopoles. Now we 
wantt to examine the core structure of such a magnetic monopole. We discussed that 
inn the Alice flux solution the Higgs field can not be represented by a director field 
everywhere.. Representing the symmetric tensor field by two independent isovectors, 
seee equation 2.4, these will no longer be (anti)parallel in the intermediate region of the 
space,, 0 < r < oc. The Higgs field escapes in the biaxial direction. For the monopole 
thiss is not necessarily the case, but one may wonder if allowing for more general Higgs 
configurationss in the same topological sector, the energy of the monopole solution can 
bee lowered. Here we examine such a possibility. For more details on this investigation 
wee refer to chapter 5. 

Theree is a second reason to expect a monopole core instability of the spherically 
symmetricc magnetic monopole. In section 1.2.1 we encountered an object called the 
Cheshiree charged Alice ring. There we mainly focussed on an electrically Cheshire 
chargedd Alice ring, but similarly there is in principle also the possibility of the mag-
neticallyy Cheshire charged Alice ring. The Alice flux is not an ordinary magnetic 
flux,flux, it is in some sense orthogonal to the electromagnetic U{\) direction in the gauge 
groupp and does therefore not distinguish between magnetic and electric fields. Bear-
ingg this in mind it is a natural question to ask whether such a magnetic Cheshire 
configurationn may have lower energy. 

Firstt we will show with the help of some topological deformation considerations that a 
closedd Alice ring really can carry a magnetic charge. Then we will qualitatively argue 
thatt this configuration could indeed be stable and finally we show some numerical 
resultss establishing a core instability of the spherically symmetric magnetic monopole 
inn part of the parameter space of the model. 

Thee element of the gauge group associated with an Alice flux lies in the disconnected 
partt of the gauge group, Hd- If one has an Alice ring there is no reason for this 
elementt to be the same for all planes intersecting the Alice ring. Parameterizing the 
Alicee ring with an angle this element should be a periodic function of this angle, 
seee figure 1.9(b). This continuous set of elements of the gauge group therefore has 
too sweep out a closed path in the disconnected part of the unbroken gauge group. 
Fromm figure 1.2 it is clear that also this path can have an non-trivial topology, i.e., a 
windingg number. Thus the Alice ring, besides carrying a topological charge related to 
thee Alice flux, can also carry another topological charge which is labeled by a winding 
number. . 

Thee description we just gave is very closely related to the topological definition of 
magneticc charge in the pioneering work of Lubkin [57]. To classify magnetic charge 
hee used a continuous set of closed paths sweeping out the surface of a sphere, see 
figurefigure 1.9(a). Let us denote these paths as C .̂ with 0 running from zero to 2n and 
t?4,=oo = C(p=2n- This continuous set of paths defines through parallel transport a 
closedd path in the connected part of the gauge group, Hc, and can be labeled by a 
windingg number. Lubkin then showed that this winding number is the topological 
magneticc charge inside the sphere. Now let us label the continuum set of paths we 
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usedd to describe the Alice ring by Q,. The main difference between the two sets of 
pathss is that one describes a closed path in Hc while the other does so in Hd- However 
multiplyingg the elements of the C  ̂ with a specific element of Hd maps the elements 
fromm Hd to Hc in an injective way. This one to one map from Hd into Hc also maps 
closedd paths in Hd to closed paths in Hc

7. More pictorially one can easily see that the 
closedd paths CT^.Cj, are equivalent to the closed paths C  ̂ used by Lubkin. Thus 
wee find that an Alice ring can also carry a magnetic charge which should, following 
thee same arguments as for the electric charge, be carried as a Cheshire charge. 

(b) ) 
(a) ) 

F i g u ree 1.9: Both figures show some specific paths of a continuum of paths which. Figure (a) shows 
thee paths used by Lubkin to classify magnetic charges, where figure (b) shows the paths used to 
describee the Alice ring. There is a one to one map of the paths in figure (b) to paths equivalent to 
thee paths in figure (a) showing that a closed Alice ring can carry a magnetic charge. 

Wee just showed that the punctured magnetic monopole becomes a magnetically 
Cheshiree charged Alice ring. That this is possible is due to the head-tail symme-
tryy of the Higgs field. To understand that such a configuration can indeed be stable 
wee make an estimate for the energy of such a charged Alice ring. We approximate 
thee energy of the circular Alice ring of radius R, by Eioop = 2irRSfiux, with £fiux the 
energyy per unit length of the Alice ring, and approximate the energy of the Cheshire 
charge,, Eches, by a uniformly charged disc with radius R. The magnetic field of the 
latterr is given by: 

B B 
ixRixR2 2 

R R 
JL JL 

QQv v r'r'  dr'dO' 

Vr22 + z2 + r'' 2rr'2rr'  cos 6' 

22 a{r,z) 

(1.17) ) 

(1.18) ) 
7whichh preserves the winding number up to a possible sign change, but this is not important 

becausee magnetic charges of opposite sign belong to the same topological sector. 
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Wheree we have rescaled the coordinates by a factor of R and Q is the total charge. 
Thee field energy is then given by: 

JJches ches fë-BlPSxfë-BlPSx (1.19) 

== ^ - f' a(r,z)-a{r,z) d3x (1.20) 

OO2 2 

==  R A ( L 2 1 ) 

Wheree A is a dimensionless constant determined by the disc geometry. The total 
energyy of the Alice ring of radius R, with a Cheshire charge Q is thus given by: 

OO2 2 

EEtottot = 2irR£flux + ^ A (1.22) 

Wee see that there are two competing, R-dependent terms and we may determine the 
radiuss of the loop which minimizes the energy, yielding: 

yy zirtflux 

Consequentlyy the minimal energy is given by: 

EE = ^/87r£fluxA \Q\ (1.24) 

Obviouslyy this estimate can only be trusted if the radius of the Alice ring is much 
largerr than the radius of the Alice flux and this should be checked. Nevertheless the 
estimatee does indicate that a Cheshire charged Alice ring can be a stable configuration, 
wheree the string tension is balanced by the repulsion between the magnetic field 
lines.. Interestingly this estimate gives an energy proportional to the magnetic charge, 
Eoc\Q\. Eoc\Q\. 

Too determine whether the spherically symmetric magnetic monopole is unstable we 
returnn to the original Alice model [4]. We use a variational approach. The ansatz we 
employy contains the ansatz of the spherically symmetric magnetic monopole solution. 
Wee fix the ansatz by imposing cylindrical and up-down symmetry, as these are the 
symmetriess one would expect for a magnetically Cheshire charged Alice ring. The 
naturall  boundary conditions at spatial infinity correspond to the usual boundary con-
ditionss of the spherically symmetric magnetic monopole solution. The most important 
thingg at this moment is that our ansatz allows for Alice ring like configurations, see 
figuree 1.10(b), and at the same time contains the ansatz of the spherically symmetric 
monopolee solution, see figure 1.10(a). For a detailed description of the ansatz and the 
parameterss used to describe points in the parameter space we refer to chapter 5. 

Wee studied the system using a numerical relaxation and hysteresis procedure and 
determinedd the lowest energy configuration at specific points in the parameter space 
andd determined the stability region of the monopole solution, see figure 1.11. We 
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(a) ) (b) ) 

F i g u ree 1.10: Both figures show a plot of 1 6f22 for y = 0. Figure (a) shows the typical core 
structuree of the spherically symmetric magnetic monopole and figure (b) that of the magnetically 
Cheshiree charged Alice ring, which lies in the x-y plane at z = 0. 

indeedd find that the spherically symmetric magnetic monopole solution is not always 
thee lowest energy solution in its topological sector. Even though the Alice ring con-
figurationsfigurations we found are strictly speaking not necessarily solutions to the equations 
off  motion, they do nevertheless put an upper bound for the energy of such an exact 
solution.. Furthermore they have the properties one would expect of a magnetically 
Cheshiree charged Alice ring. We conclude that the spherically symmetric magnetic 
monopolee can be unstable with respect to a decay to a magnetically Cheshire charged 
Alicee ring. 

mA/m2 2 

F i g u ree 1.11: This figure shows the meta-stability line for the spherically symmetric magnetic 
monopole.. The shaded region gives the error on the location of the line. On the left of this line the 
monopolee and on the right the Alice ring is the lowest energy configuration within our ansatz. 

Wee just showed that the 't Hooft-Polyakov type monopole is not always the lowest 
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energyy configuration in AED carrying a magnetic charge. There is a region in the 
parameterr space of the model where the magnetic charge is realized as a magnetically 
Cheshiree charged Alice ring. Next we will conclude this lightning preview by consider-
ingg an even more radical type of charge instability which appears in (2+l)-dimensional 
Alicee electrodynamics. 

Chargee instabilit y in (2+l) -d imensions 

Wee will discuss the stability of an external charge (pair) under the creation of a pair of 
Alicee fluxes in (2+1)-dimensions. In section 1.2.1 in the introduction of the Cheshire 
chargee we found that in a specific symmetric configuration the Z2-sheet could be 
interpretedd as conducting plate. In two dimensions this also holds, but it will have a 
moree drastic consequence. For a detailed investigation we refer to chapter 6. 

Too understand what may happen let us consider the following thought experiment. 
Assumee that we have an external charge in the plane and create out of the vacuum 
aa pair of Alice fluxes, with a Z2-sheet (or rather Z2-line) connecting them. For 
conveniencee we choose all objects, including the Z2-line say on the x-axis. Obviously 
thiss configuration has an up-down symmetry in the plane allowing us to interpret 
thee Z2-line as a conducting "needle'', a line segment bounded by the fluxes. We see 
thatt the pair of fluxes will acquire an induced Cheshire dipole. And, as a conductor 
attractss a charge, the flux close to the charge will move towards the charge, while 
thee other flux will be pushed away. Here we ignore a possible (typically parameter 
dependent)) intrinsic flux-flux interaction which could of course also be attractive. 
Soo what happens when the flux "absorbs" the charge is basically that the charge 
getss converted into a Cheshire charge carried by the flux pair. This Cheshire charge 
resultss in a repulsive force between the two Alice fluxes, so the separation between the 
Alicee fluxes will keep increasing and thereby diluting the charge indefinitely; charge 
effectivelyy disappears. The notion of a static localized charge is lost. This is a novel 
mechanismm by which charge can loose its manifest appearance, besides the well known 
phenomenaa of screening and confinement. 

Inn this thought experiment we ignored the structure of the Alice fluxes, a possible 
intrinsicc flux-flux interaction and the well known confining mechanism of monopoles 
disguisedd as instantons proposed by Polyakov [58. 59]. Although including these 
effectss might change the details of the instability, the main conclusion remains un-
altered.. The assumptions we made can also be justified by working with a lattice 
model,, see section 1.2.2, where there is a priori no flux-flux interaction or flux core 
structuree and the monopole mass can be taken to be infinite, suppressing the confine-
mentt mechanism. In fact in this regime one can determine the field configurations 
analyticallyy with the help of the conformal invariance of two dimensional electrody-
namics.. For example the potential and the field lines of two opposite charges with a 
fluxx pair in the middle are given in figure 1.12(a) and 1.12(b) respectively. 
Thee energy gain in the field energy due to the presence of the Alice flux pair can also 
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(a)) (b) 

F i g u ree 1.12: These figures show some of the equipotential lines, figure (a), and the corresponding 
fieldd lines, figure (b), of two oppositely charged charges in the presence of a pair of fluxes located at 
thee endpoints of the thick black line segment. 

bee determined exactly and is given by: 

withh Q the charge of the external charges and Xi the location of the charges with 
respectt to the middle of the flux pair and in units of twice the distance between the 
fluxes. fluxes. 

Withh the help of these and other expressions we investigate several decay geometries of 
somee charge systems in AED in chapter 6. One of the most important consequences 
off  this instability is the fact that the potential between two charges will not grow 
indefinitelyy in (2+l)-dimensional AED irrespective of the presence of monopoles, i.e., 
duee to this instability the potential between two external charges will saturate, see 
figurefigure 6.10. So we find that (2+l)-dimensional AED is not necessarily a confining 
theoryy but may instead exhibit this novel Cheshire screening. Finally a comment on 
thee situation in (3+l)-dimensional AED. Here one does not expect the same results, as 
thee classical potential itself already saturates and an Alice ring can not grow without 
aa linear cost in energy. However in the phase where the Alice fluxes condense one 
doess expect a screening effect as one has a condensate of possible (induced) dipoles. 

Thiss completes our introduction and preview of Alice phenomena, which shows that 
havingg slightly more than electrodynamics might result in rather drastic dynamical 
andd physical effects. These phenomena appear to be quite generic if after symmetry 
breakingg the residual symmetry group has non-commuting discrete subgroups. 
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