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Chapterr 5 

AA monopole core instabil ity 

Inn the previous chapter we investigated a possible instability of topological defects 
inn theories with flat directions in their potential. We saw that such a instability is 
nott possible for magnetic monopoles. In this chapter we investigate a different type 
off  instability which is possible for the magnetic monopole. We present results on a 
coree instability of the 't Hooft Polyakov type monopoles. This instability, where the 
sphericall  core decays in a toroidal one, typically occurs in models in which charge 
conjugationn is gauged. However, we will argue that a core instability of  ;t Hooft 
Polyakovv type monopoles is quite a generic feature of models with charged Higgs 
particles.. We also discuss a third conceivable configuration denoted as "split core", 
whichh brings us to some details of the numerical methods we employed. This chapter 
iss mainly based on [86, 87]. 

5.11 Introduction 

Sincee the pioneering work of 't Hooft and Polyakov [88. 89] magnetic monopoles 
havee been studied in detail in many different models. In this chapter we address the 
questionn of stability of the core of the fundamental, spherically symmetric, monopole 
configuration,, a stability which appears to be so obvious that it was never seriously 
questioned.. We will show that in the original AED model [4] the spherically sym-
metricc unit charge magnetic monopole is not the global minimal energy solution for 
alll  parameter values in the model. We determine the regions in parameter space 
wheree this instability occurs and present some details of the numerical simulations we 
performed.. The fact that the core topology is not fixed by the boundary conditions 
att infinity and different core topologies can be deformed into each other was already 
establishedd earlier [90]. 
Ass we will indicate, Alice theories have a special topological feature which makes it 
plausiblee that such a core deformation really can be favored energetically. We wil l 
alsoo argue that a core deformation is typically energetically favored in models where 
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thee charged Higgs particles are light compared to the neutral Higgs particles. Our 
interestt in this problem was rekindled by some observations made in theories with 
globall  symmetries [91. 92. 93. 94]. 

Thiss chapter is organized as follows. We start with a brief motivation for studying 
thee monopole core meta-/instability in AED. Next we introduce the specific model 
andd discuss in some detail the numerical simulations we performed and present our 
thee main results. We end this chapter with conclusions and an outlook. 

5.22 The core instability 

Alicee electrodynamics (AED) is a gauge theory with gauge group H = U{1) ix IL-i  ~ 
0(2).0(2). As we saw in chapter 1 this theory allows for Alice fluxes and Cheshire charges 
[4.. 5]. In this chapter the Cheshire phenomenon in AED is of great importance to us as 
itt supports the possible core meta-/iiistability of the spherically symmetric magnetic 
monopolee solution. 

Itt was pointed out long ago that there are interesting issues concerning the core 
stabilityy of magnetic monopoles. Fixing the asymptotics of the Higgs field, the core 
(i.e.,, the zeros of the Higgs field) may have different topologies, notably that of a 
"ring""  rather than the conventional "point"1. These core topologies are cobordant. 
i.e... they can be smoothly deformed into each other and it is a question of energetics 
whatt wil l be the lowest energy monopole state [90]. In AED such a core deformation 
wouldd be accompanied by the rather unusual delocalized version of (magnetic) charge, 
thee so called magnetic Cheshire charge. Cheshire charge is a key feature of AED and 
iss a general phenomenon in field theories with (topologically) stable fluxes which are 
nott elements of the center of the unbroken gauge group. 

Inn the specific AED model we consider the Higgs field is a symmetric tensor, whose 
vacuumm expectation value may be depicted as a bidirectional arrow. In AED we can 
"punchh a hole" in the spherically symmetric monopole and deform it into an Alice 
ring,, this configuration is consistent with the continuity requirement on the order 
parameterr because of its head-tail symmetry. In figure 5.1 we plotted the two different 
coree regions one expects to find for a magnetic monopole in AED. In this chapter we 
determinee in what part of the parameter space of the model the monopole is meta-
/unstablee and where we expect the spherically symmetric monopole to compete with 
aa magnetically, Cheshire charged Alice ring. Figure 5.1(a) represents the spherically 
symmetricc magnetic monopole and figure 5.1(b) represents the magnetically Cheshire 
chargedd Alice ring. The fact that the core of the defect can really deform into a torus 
iss due to the head-tail symmetry of the Higgs field in the broken phase. We note 
thatt the Higgs field only rotates over an angle 7r when going around a single flux, see 
figuree 5.1(d). This is the hallmark for an Alice flux, so the core deformed spherical 

L Inn fact in AED the Higgs field can typically only be represented by a director field if it is in the 
vacuumm manifold. Thus the Higgs field need not go to zero inside the core of a defect. However for 
thee spherically symmetric magnetic monopole solution the Higgs field does go to zero, but for the 
Alic ee loop solution it does not. 
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monopolee is in fact an Alice ring carrying a magnetic Cheshire charge. 

(a) ) (b) ) 

\ \ / / \\ I  / 

/ / \ \ 
/ / 

(c) ) (d) ) 

\ \ 

F i g u ree 5 .1: These figures show the two different core structures of a magnetic defect which are 
naturallyy present in AED. Figure (a) represents the spherically symmetric magnetic monopole, the 
'tt Hooft Polyakov type monopole, and figure (b) represents the magnetically, Cheshire charged Alice 
ring.. Figures (c) and (d) represent a slice of the different core topologies including the higgs field. 

5.33 The Alice model 

Too answer stability questions related to the spherically symmetric monopole config-
urationn (or the Cheshire charged Alice ring) we consider an explicit model. We use 
thee original tensor Alice model [62], but we will argue that the results obtained are 
quitee general and model independent. For completeness and notational convenience 
wee briefly summarize the model. The action is given by: 

S S /' fcc { pa^upa^pa^upa^ + bn^QD^fy _ y($) (5.1) ) 

wheree the Higgs field $ = <É>°6 is a real, symmetric, traceless 3 x 3 matrix, i.e., $ 
iss in the five dimensional representation of 50(3) and D„ $ 0^ 0^ ;[A M ,$],, with 
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ApAp — Af*Ta. where Ta are the generators of 50(3). The most general renormalizeable 
potentiall  is given by [50]: 

VV = -1-^Tv(^)-l1Tr(^) + \x(Tr(^))2 . (5.2) 

withh the parameter 7 > 0. since ($.7) = (-$,—7). For a suitable range of the 
parameterss in the potential, the gauge symmetry of the model will be broken to the 
symmetryy of AED. In the "unitary" gauge, where the Higgs field is diagonal, the 
groundd state is (up to permutations) given by the following matrix: 

/ - ƒƒ 0 0 \ 
$ o = 00 - ƒ 0 . (5.3) 

\\ 0 0 2/ / 

withh ƒ = Tix(l + V1 + ^ ) " 
Thee full action has four parameters. e,/i2.7.A. this number can be reduced to two 
dimensionlesss parameters by appropriate rescalings of the variables. A physical choice 
forr these dimensionless parameters is to take the ratio's of the masses that one finds 
fromm perturbing around the homogeneous minimum. To determine these, we write the 
actionn in the unitary gauge where the massless components of <& have been absorbed 
byy the gauge fields. The physical components of the Higgs field may be expanded as: 

$(x$(xfifi)) = $0 + \/2Mxtl)Ei+V2<l>2{x ti) Rz(a{xV))E2Rz{a{x»))T , (5.4) 

with: : 

EE = -1- ( "o' -1 0 )  E2 = J- ( I -1 0 ) 
^^ \ 0 0 2/ 2 ^ \ 0 0 0 / 

/ 00 0 1\ 
EE33 = -=\ 0 0 0 (5.5) 

v 22 \ 1 0 0 / 

andd Ri are the usual rotation matrices. To second order, the potential V($>) takes 
thee following form2: 

V{$)V{$) = const. + (2n2 + 1f)(j>\  + 37/102|2 +  (5.6) 

yieldingg the two distinct masses of the Higgs modes. Next we look at the 'kinetic" 
term,, ^ T r f - D ^ D ^ ) , of the Higgs field. Inserting the previous expressions for the 
Higgss field, we find: 

i lKP^D»»)) = l(a„&)» + \ \D>M2 + f «»ƒ» ( K ) 2 + (4)2) + - . , (5.7) 
2I tt is most convenient to use <f>2  for the combination §iexa, since these two Higgs modes, 4>2 and 

o,, combine to form one complex charged field, from now on called <fo-
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with:: D  ̂ — d  ̂ — i2eA^. The second term shows that the <fo component of the Higgs 
fieldfield carries a charge 2e with respect to the unbroken U(l) component A* of the gauge 
field.. The first term describes the usual charge neutral Higgs particle and the third 
termm yields the mass of the charged gauge fields. So the relevant lowest order action 
iss given by: 

55 = Jéx^-F^F'"- + lo^i)2 + \ | D > |2 - |m?<tf 

-\™lM-\™lM22 - \m\ ( ( ^ ) 2 + ( ^ ) 2 ) + }  , (5.8) 

withh mf = 4//2 4- 2-yf, TO2, = 67/ and m2
A — 9e2/ 2. 

Twoo degrees of freedom of the five dimensional Higgs field are 'eaten' by the broken 
gaugee fields, one degree of freedom forms the real neutral scalar field and two degrees 
off  freedom form the complex (doubly charged) scalar field. To specify a point in the 
classicall  parameter space we may, up to irrelevant rescalings, use the dimensionless 
masss ratio's ^ and ^ . We note that the value of  ZZLL needs to be larger or equal 

7Ti27Ti2 rri2 TTI2 ° ^ 

too 7j, because for smaller values of | the groundstate corresponds to the symmetric 
unbrokenn vacuum. Note that we found three mass scales in this problem. For the 
simulations,, which we will describe in the next section, this means that we wil l we 
havee to deal with three different length scales. 

5.44 Numerical simulations 

Inn this section we will describe in some detail the numerical simulations we performed 
too determine the instability and the meta-stability regions for the spherically sym-
metricc monopole, in the parameter space of the model. First though, we introduce 
thee ansatz. We end the section with the discussion of a typical set of numerical 
experiments. . 

5.4.11 The variational ansatz 

Ass mentioned before we will use a variational approach. In such an approach the 
configurationss one finds are typically not exact solutions to the equations of mo-
tion.. However as the ansatz we will use contains the ansatz for the exact spherically 
symmetricc solution we may still study the instability and the meta-stability of this 
solution.. This means that the instability and the meta-stability regions we wil l find 
forr the monopole, are lower bounds, in the sense that those instability regions can 
onlyy become larger as the ansatz becomes less restrictive. 

Ass we expect the competing configuration of the spherically symmetric magnetic 
monopolee to be the magnetically Cheshire charged Alice ring, we base our ansatz 
onn cylindrical symmetry. The ansatz we will use also has a reflection symmetry 
withh respect to the 2=0~plane. We impose this reflection symmetry to eliminate the 
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(almost)) zero mode in the energy due to the position of the defect along the z-axis. 
Thee ansatz for the Higgs field is: 

<S>{z.p,0<S>{z.p,0 = 0) = <t>i{z.p)E1 + 02{z.p)E2 + 03{z.p)E3 (5.9) 

and d 
$(2.. p, 0) = Rj,{9)<${z,p, 9 = 0)Rz(6)T . (5.10) 

Thee ansatz for the gauge fields is simply given by eA\ = —tl]k^A(z,p). very 
similarr to the one for the spherically symmetric monopole [88]. except that we al-
loww A(z,p) to depend on p and z and not only on r = \Jp2 + z2. The bound-
aryy conditions for r —>  oc are the boundary conditions of the spherically sym-
metricc monopole [62]. i.e.. A(z.p) goes to one and the Higgs field to Q{z.p. 9) = 

Rz(9)R2Rz(9)R2 (arccos (^)) $oR-2 (arccos (f)) i?3(^)T. The boundary conditions at p = 0 
andd z = 0 follow by imposing the cylindrical and reflection symmetry and are given 
inn the table below: 

0i i 
02 2 
03 3 
A A 

pp = o 
ddpp(f>i(f>i  = 0 

ddpp0022 = 02 = 0 
0 3 =0 0 

ddppA=0 A=0 

22 = 0 
<920!!  = 0 
ddzz<t>2<t>2  = 0 
0 3 =0 0 

ddzzAA = 0 

Itt is easy to see that these boundary conditions are also met by the spherically sym-
metricc monopole. so it is indeed contained in our more general ansatz. With the help 
off  this model and ansatz we study the stability of the spherically symmetric mag-
neticc monopole. Before we present the results we describe the numerical methods we 
employ,, and a typical set of experiments. 

5.4.22 Some numerical details 

Wee mentioned in section 5.3 that the AED model has three mass scales, i.e., three 
relevantt length scales. However we examine a region of parameter space in which 
onlyy two of those are relevant. That is the core geometry of the defect and the region 
wheree the Higgs field is not in the vacuum manifold on the one hand, and the inverse 
masss of the gauge fields - which is typically much larger - on the other. To be able 
too adequately capture both scales we use a space and configuration dependent lattice 
spacing.. In fact we will use two types of lattices. In figure 5.2 we schematically 
givee the step sizes as a function of the point number (in one dimension). The two 
dimensionall  lattices we wil l use have the same type of lattice in both directions. 

Thee only difference between the two lattices is that in the second, figure 5.2(b), there 
aree extra lattice points near r = 0 and z = 0 and thus it has more lattice points. 
Howeverr the same part of space is covered by both lattices. Although the difference 
betweenn the two lattices is quite small we will encounter a specific lattice dependence, 
whichh turns out it be an artifact, but nevertheless will be of use later on. 
Too obtain the minima of the energy within the ansatz for the different values of 
thee parameters of the model, we used a Monte Carlo based cooling method. In this 
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Pointt  number  Point number

(a)) (b) 

F i g u ree 5.2: The two different types of lattices. The first part covers the core structure of the defects 
wheree the second part captures the region where the gauge fields - which have a much smaller mass 
-- show nontrivial behavior. The only difference of a lattice of type (b) with respect to lattice of type 
(a)) is a few extra lattice points near r = 0 and z = 0. 

methodd one introduces a temperature and gives a configuration with energy E a weight 
factorr equal to e~r. In the limit o f T ^ O only the configuration with the lowest 
energyy survives. Assuming there are no flat directions this procedure selects a unique 
configuration.. With the help of a Monte Carlo mechanism different configurations 
aree sampled. We keep sampling at a specific temperature as long as the energy of the 
systemm averaged over a preset number of sweeps3 (typically 10) decreases and do this a 
minimall  number of times (typically 3). When this average energy no longer decreases 
wee lower the temperature (typically by 10%) and repeat the process until the total 
energyy drop at a specific temperature becomes lower then a predetermined relative 
energyy change (typically ~ 10~6%). During this process we keep the acceptance rate 
off  the Monte Carlo steps locally fixed for all fields. This means that we introduced 
aa maximum step size for each field at each position and automatically adjust it to 
gett the preferred acceptance rate. Since the change due to temperature change is 
easilyy captured we determined the desired maximum step sizes in the beginning of 
thee cooling mechanism and further only correct for the trivial temperature changes, 
i.e.,, as T changes in aT, Sfieid changes in ,/aöfield- This assumes that the energy 
changee depends quadratically on the field change which is what one naively expects 
nearr a stable configuration, and indeed, that criterion worked nicely. 

Thee procedure we just described is used to determine stable configurations within our 
ansatzz for the different values of the parameters of the model. To be able to determine 
thee meta-stability and instability regions of the monopole in the parameter space of 
thee model we perform hysteresis type experiments. This means that we determine 
thee lowest energy configuration for a specific point in the parameter space and use 
thiss configuration as the starting point for the determination of a stable configuration 
att a point nearby in the parameter space. As the change in the parameter space is 
onlyy small one would expect the new configuration also to be close to the previous 

3I nn one sweep all variables undergo one Monte Carlo step, i.e., are allowed to change once. 
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one.. We determine the new configuration again with the help of the cooling method4. 
Wee repeat this process and move along a trajectory in the parameter space and back 
again.. We choose these paths such that the lowest energy configurations on each 
endd of the trajectory are different type of configurations: a spherical monopole and 
aa Cheshire charged Alice ring. To keep things numerically simple we keep the mass 
off  the gauge fields constant during a hysteresis experiment. This restriction selects 
specificc trajectories in the two dimensional parameter space, which are given by: 

rriA rriA 

rri2 rri2 

mm A 
,, J712 

1+ + te)te) 2 2 
(5.11) ) 

nth h m2 2 
thee value of  !!lA- at the minimal value of 

Thiss restriction allows us to keep the total space covered by the same lattice through-
outt the hysteresis. In a single hysteresis experiment the size of the core does not 
changee much, so we keep the lattice fixed throughout a single hysteresis experiment. 

09 9 

0.8 8 

07 7 

0.6 6 

0.5 5 

0.4 4 

0.3 3 

02 2 

00 1 

(a) ) (b) ) 

F i g u ree 5.3: The two typical results of the hysteresis experiments for the different lattice types 
projectedd on the I r l i --axis. Figure (a) corresponds to a lattice of type (a) and figure (b) corresponds 
too a lattice of type (b). 

Figuress 5.3(a) and (b) show the typical hysteresis results. The figures show the values 
off  the field variable -4h at r = z - 0. This variable is a normalized order parameter 
inn the sense that its value equals zero for the spherical monopole, and one for the Alice 
ring.. A negative value of the order parameter is also possible and corresponds to a 

44 The temperature at which the secondary cooling process starts is smaller than the starting tem-
peraturee of the initial cooling process. This starting temperature of the secondary cooling processes 
determiness the energy barriers which can be overcome. Only in the limi t where this temperature goes 
too zero can one really claim that a configuration becomes unstable. However for finite temperature 
onee can still show the instability under small, but finite, perturbations. This is what we mean if we 
claimm to find an instability of a specific type of configuration. 
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neww type of configuration, the so called split core, see figure 5.4(c) and also [92. 93]. 
Figuree 5.3(b) shows what one would expect for a hysteresis type of experiment for a 
latticee of type (b) while figure 5.3(a) shows a different behavior and corresponds to a 
latticee of type (a). 

Inn figure 5.3(a) the split core configuration appears and although this configuration 
typicallyy has more energy then a Cheshire charged Alice ring configuration, it does 
appearr to be meta-stable. In [92, 93] this object was discussed for the global analog 
off  AED, a nematic liquid crystal theory, and it was argued that this configuration is 
duee to the cylindrical symmetry restriction of the ansatz used to explore the solution-
space.. Here we found that it might as well be just a lattice artifact as it depends on the 
latticee type used in the hysteresis experiments. Although this split-core configuration 
mayy be viewed as an undesirable feature caused by lattice and/or symmetry artifacts, 
wee will see that it can be turned into a useful tool. 

(a)) (b) 

(c) ) 

F i g u ree 5.4: These figures show the three typical core structures we encountered in the numerical 

simulations.. Al l three figures show a slice of the core structure at y = 0 an in the figures the value 

off  1 — ,T% is plotted. In figure (a) we plotted the core structure of the spherically symmetric 

magneticc monopole at ^hl  = 0.57 and —^ = 0.0095. In figure (b) we plotted the core structure of 

thee magnetically Cheshire charged Alice ring at 2Ü- = 0.88 and ^ ^ = 0.0073 and in figure (c) we 

plottedd the core structure of the split core configuration at ^ i - =1 .12 and r^A- = 0.0425. 
^^ ^ ° mo mo 
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5.4.33 A typical set of experiments 

Ass mentioned before we do hysteresis type experiments along specific trajectories in 
thee parameter space of the model. Next we look at a typical set of such experiments. 
Wee did the hysteresis experiment for three different numbers of lattice points, where 
wee only changed the number of lattice points describing the core of the configuration. 
Onee could of course also change the number of points outside the core but we found 
thatt that did not make any difference in the observables we examined and did not 
affectt the stability of the configurations. We performed numerical simulations with 
25x255 (27x27). 50x50 (54x54) and 100x100 (108x108) lattice points describing the 
coree structure for each line in the parameter space we considered. The figures 5.5(a-
d)) are the typical results of such an investigation. The figures show two different 
observables:: the relative energy difference of the two branches of the hysteresis, and 
thee quantity 0-^' . The figures 5.5(a) and 5.5(b) belong to lattices of type (a) and 

thee figures 5.5(c) and 5.5(d) belong to lattices of type (b). All figures show the results 
obtainedd with the three different number of lattices points, with the lines A. B an 
CC corresponding to 25x25 (27x27). 50x50 (54x54) and 100x100 (108x108) points 
describingg the core structure respectively. 

Lett us first compare the figures 5.5(a) and 5.5(c). These figures show the values of 
r-r-  '. In both figures we see that qualitatively the lines A, B and C do not differ 

veryy much, but quantitatively they do. The steep part of the lines corresponds to 
thee local instability of the Cheshire charged Alice ring and the spherical monopole. 
Inn both figures 5.5(a) and 5.5(c) we see that the Alice ring becomes locally unstable 
withh respect to the monopole for low enough values of —. In figure 5.5(c) we see 
thatt for large enough values of ^ - the monopole becomes unstable with respect to the 
Alicee ring, whereas in figure 5.5(a) we see that the monopole slowly transforms into a 
splitt core configuration, see figure 5.4(c). and does not become locally unstable with 
respectt to the Alice ring. In figure 5.5(b) we do see that this split-core configuration is 
globallyy unstable with respect to the Alice ring configuration as it costs more energy. 

Noww let us examine and compare the figures 5.5(b) and 5.5(d). First we note that the 
relativee energy differences are very small, being of the order of pro-mils. This is one of 
thee reasons why the minimal relative energy difference step in the cooling mechanism 
iss chosen so small, of the order of 10~5 pro-mil. In the regions where both branches 
off  the hysteresis give the same configuration, see figures 5.5(a) and 5.5(c). the relative 
energyy difference is equal to zero on the scale of the figures 5.5(b) and 5.5(d). The 
otherr segment of the curves is the interesting part, in figure 5.5(b) and 5.5(d). The 
pointt where this segment of the curves goes to zero is the point where the spherically 
magneticc monopole solution is no longer the lowest energy configuration within our 
ansatz.. i.e.. it is the point where the monopole becomes globally unstable. As we use 
moree lattice points to probe this meta-stability this point moves only very slightly. 
Typicallyy one should extrapolate the results to infinitely many points, but here we 
cann use a different approach. We will exploit the results of the two different types 
off  lattice. In the limit of infinitely many lattice points both lattice types will move 
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c c // / B J ^ A 

0.99 1 1.1 1-2 1.3 
rrVrr^ ^ 

o.e e 

0.6 6 

0.4 4 

0.2 2 

% % 6 6 0.7 7 

B B 

 , 

Ü Ü 1 1 
0.88 ' 

(b) ) 

c c 

J J 
/ / 

ƒ ƒ 

L L 
O.E E 11 1.1 1.2 1. 

(c) ) (d) ) 

F i g u ree 5.5: These figures show the results of a typical set of experiments of a specific line in the 
parameterr space, with the results projected on the ^ - a x i s. Figures (a) and (b) correspond to a 
latticee of type (a), while figures (c) and (d) correspond to a lattice of type (b). In the figures (a) 
andd (c) the value of '?1 \~' is plotted, while in the figures (b) and (d) the relative energy differences 
off  the two branches of the hysteresis plotted in pro-mils. The lines A, B and C correspond to 
25x255 (27x27), 50x50 (54x54) and 100x100 (108x108) lattice points respectively describing the 
coree structure. 

too the same point. However in the figure 5.5(b) we see that this point in approached 
fromm the right while in figure 5.5(d) it is approached from the left5 when increasing 
thee number of lattice points. Obviously this helps us to determine the position of 
thee point where the monopole becomes globally unstable, as well as the error in the 
positionn of the point. So we may turn the lattice dependence into a useful tool to 
determinee the global stability of the spherically symmetric monopole solution. 

Forr most trajectories through the parameter space the same feature can be used to 
determinee the point where the Alice ring configuration becomes locally unstable with 
respectt to the monopole. However this point is not as interesting, since the Alice 
ringg configuration is not necessarily an exact solution to the equations of motion. 

DWee observed this feature for all the trajectories through parameter space we considered. 
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Bothh lattice types also show a local instability of the spherically symmetric monopole 
solution.. In figure 5.5(c) this happens at a clear point, but from figure 5.5(a) where 
thee monopole changes into a split-core configuration, it is a bit harder to fix the point 
wheree this happens as it appears to be a continuous process. Although the position 
off  this point is unclear, from figure 5.5(a). it is at least clear that this point moves in 
thee same direction for both types of lattices as follows from figures 5.5(a) and 5.5(c). 

Withh the help of the results of both types of lattice we determine the global instability 
pointt of the spherically symmetric monopole solution and local instability point of 
Alicee ring configuration. To determine the monopole instability point we only use the 
resultss from the lattices of type (b) as they clearly show the point where the monopole 
solutionn becomes locally unstable. 

5.55 The results 

Lett us now turn to results of our investigations. First we describe how we extracted 
thee results from the hysteresis type of experiments. There are two important results. 
Inn the first place, there is the line bounding the region in parameter space where 
thee spherically symmetric magnetic monopole solution is no longer the lowest energy 
configuration.. Crossing that line the solution only becomes meta-stable. Although 
ourr variational method does not prove that the configuration which has the lowest 
energyy is a Cheshire charged Alice ring solution, in that case it actually does imply it, 
ass we find that a Cheshire charged Alice ring configuration minimizes the energy for 
thosee parameter values within our ansatz. In the second place there is the other line 
boundingg the region where the spherically symmetric magnetic monopole solution is 
noo longer a locally stable solution. Finally we also determined the line at which the 
Alicee ring configuration becomes locally unstable, but as explained before, this line 
iss of least interest as the Alice ring configuration (with our ansatz) is typically not a 
solutionn to the equations of motion of the model. 

Inn figure 5.6(a-c) we give the results for the meta-stability and instability lines. Figure 
5.6(c)) shows the meta-stability line for the spherically symmetric magnetic monopole 
solution.. We showed in section 5.4.3 that we use the results of both lattice types to 
determinee the monopole meta-stability line. As the meta-stability lines determined 
withh the help of the two lattice types move oppositely and towards each other for an 
increasingg number of lattice points, we use both results to determine the meta-stability 
line.. The plot shows the lines on which we did the hysteresis type of experiments, 
thee two monopole meta-stability lines determined by the different lattice types and a 
shadedd region which is to represent the error in the position of the monopole meta-
stabilityy line. Thus we did not extrapolate the results from both types of lattices to 
ann infinite number of lattice points we just used the results from the lattices with the 
mostt lattice points to corner the meta-stability line, see figure 5.6(c). This line shows 
thatt the spherically symmetric magnetic monopole is not always the lowest energy 
solutionn and cuts the parameter space into two regions. 

Too determine the position of the instability line of the spherically magnetic monopole 
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solution,, see figure 5.6(b), we just use the results from the type (b) lattices as these 
showw a clear point where the monopole becomes unstable. This does mean we have 
too extrapolate our results to a lattice with an infinite number of points. For all lines 
inn the parameter space we investigated we observed that the change of the position, 
projectedd on the ^ -ax i s, of this point from the 27x27 to the 54x54 lattice is about 
twicee as big as the change in the position from the 54x54 to the 108x108 lattice. We 
estimatee the position of the monopole instability point by extrapolating this behavior 
too a lattice of an infinite number of lattice points. This means that the estimated 
positionn of the instability point lies at the same distance from the 108xl08-point as 
thee 54x54-point only on the other side. The error we estimate as twice this distance. 
Inn figure 5.6(b) we plotted these results. We plotted the lines on which we did the 
hysteresiss experiments. The shaded region is to represent the error in the position 
off  the monopole instability line and we plotted the instability line obtained from the 
dataa of the 108x108 lattices. The estimate of the instability line itself is not plotted 
butt is right in the middle of the shaded region. 

0.33 0.4 0.5 0.6 0.7 0.8 0.9 1 1.1 1.2 1 
mi/m? ? 

mA/rri2 2 

(a) ) 

0.33 0.4 0.5 0.6 0.7 0.8 0.9 1 1.1 1.2 1.3 

(b) ) 

mA /m? ? 

0.33 0.4 0.5 0.6 0.7 0.8 0.9 1 1.1 1.2 1.3 
m 1/m 2 2 

(c ) ) 

F i g u ree 5.6: These figures show the stability results from the hysteresis type of experiments we did 
onn the specific lines in the parameter space of the model. The shaded regions give the errors of the 
lines.. Figure (a) shows the local instability line of the Alice ring configuration. Figure (b) shows the 
monopolee instability line and figure (c) shows the monopole meta-stability line. 

Inn figure 5.6(a) we plotted the instability line of the Alice ring configuration. For 
mostt of the lines through the parameter space we used the same technique as for the 
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monopolee meta-stability line, for the rest we used the same principle as we used for 
thee monopole instability line. 

Againn we note that due to the fact that we used a variational approach the monopole 
meta-stabilityy and instability lines are upper bounds in the sense that if less restric-
tionss are forced upon the configurations these lines can only move to the left. i.e.. in 
favorr of the Cheshire charged Alice ring. 

Itt is cmite easy to understand why the Alice ring is the lowest energy configuration 
inn the limit of large values of ^ and the monopole is the lowest energy solution 
inn the limit of small ~ . The two masses mi and rri2  correspond to energy costs 
inn deviations of the Higgs field from the vacuum manifold. Deviations pure in the 
'length'' of the Higgs field correspond to mi. While deviations in the non-uniaxial 
directionn correspond to m.2. In the limi t of ^ — 06 the non-uniaxial deviations 
arc11 suppressed and the spherically symmetric (uniaxial) magnetic monopole is the 
lowestt energy solution. In the limit of — — oc one would expect, an 'escape" in the 
non-uniaxiall  direction. This signals the meta-stability of the monopole and implies 
thatt the Cheshire charged Alice ring is the lowest energy solution. In this case the 
lengthh of the Higgs field never becomes zero7 as can bee seen in figure 5.4(b). i.e.. the 

quantityy f 1 — ^0r ) never becomes equal to one. 

Wee pointed out that one of the main factors determining the monopole core meta-
stabilityy is the mass ratio ^ of the charged and neutral Higgs particles. As the mass 
off  the charged excitation becomes much smaller than the mass of the neutral exci-
tationn the 't Hooft Polyakov magnetic monopole is expected to become meta-stable. 
Clearlyy this argument holds generically and one expects a core met a-/instability to 
bee a general feature of the 't Hooft Polyakov magnetic monopole in models with 
chargedd Higgs excitations. The nice thing of Alice type models is that they naturally 
suggestt an alternative configuration to the 't Hooft Polyakov type monopoles: the 
magneticallyy Cheshire charged Alice loop. 

5.66 Conclusions and outlook 

Inn this chapter we investigated the core structure of the unit charge magnetic monopole 
andd discussed the numerical methods we employed in some detail. We showed that 
thee core structure of the magnetic monopole is not necessarily spherically symmetric. 
Thee model has three mass scales, two of them refer to the Higgs field, one to its 
lengthh and the other to deviation from the uniaxial direction. The third mass scale 
iss set by the mass of the broken gauge fields. The topologically non-trivial boundary 
conditionss can be met by an "escape"' in a non-uniaxial direction. This possibility 
allowss for the length of the Higgs field to stay finite in the core and not go to zero as 

6Notee that this limi t can in fact not be taken as the minimum value of ^ ^ at which the broken 

vacuumm is still the true vacuum is equal to \. For smaller values of  1^-L the unbroken vacuum is the 

truee vacuum. We come back to this point in the conclusions and outlook section. 
7Nott shown here, but we also find that the minimum length of the Higgs field in the case of the 

Alic ee loop increases for increasing ^ - as this argument indicates. 
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wouldd be necessary otherwise. As the ratio of the masses, ^ , increases it becomes 
harderr energetically to decrease the length of the Higgs field and one would expect 
ann escape in the non-uniaxial direction. 

Att the end of section 5.5 we argued that a core instability of the 't Hooft Polyakov 
magneticc monopole is a general feature of models with charged excitations of the Higgs 
field.. The instability occurs in the region of the parameter space where the charged 
excitationss are much lighter than the neutral excitations. In Alice electrodynamics 
theree is also an other, somewhat independent motivation to question the core stability 
off  the spherically symmetric magnetic monopole, provided by the possibility of an 
Alicee ring which can carry a magnetic Cheshire charge. 

Withinn our ansatz we determined the meta- and instability regions of the spherically 
symmetricc magnetic monopole. We also found that, as expected, the competing 
configurationn is the magnetically Cheshire charged Alice ring. We did also stumble 
uponn the somewhat unwanted split-core configurations but fortunately they never 
becamee the lowest energy solutions. As we used a variational approach we cannot 
claimm that the Alice ring configurations we found are exact solutions to the equations 
off  motion. However they do have every feature which one would expect from an 
exactt Alice ring solution. Also, because we used a variational approach the regions 
off  meta-stability and global-stability of the spherically magnetic monopole are with 
respectt to energetic upper bounds so that with respect to the exact solutions, these 
regionss can only become smaller. 

Ass a final comment we want to come back to the fact that the minimum value of 
^^ = | for which the broken vacuum is the true vacuum. In section 5.5 we gave 
aa simple explanation of why the spherically magnetic monopole becomes globally 
unstablee in the limi t of large values of ^ - . In the opposite limi t one would expect the 
monopolee to be the spherically magnetic monopole to be the global stable solution. 
Howeverr as the minimum value of ^ - = | there is no guarantee that this ever happens. 
Itt could just be that in this or similar models the 't Hooft Polyakov type magnetic 
monopolee is never globally stable. 

91 1 



Chapterr 5. A monopole core instability 

92 2 


