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1 Introduction 

1.1 Entropie solids 

At the heart of the highest-temperature, highest-density ordered crystalline phase 
of most materials lies a short-ranged, steeply repulsive inter-particle interaction 
(for an early postulation of this fact, see Bridgman1). Although for most simple 
molecular and atomic solids (metals, salts), the details of the attractive part of the 
inter-particle potential determine the type of crystalline ordering, beyond a certain 
density and at sufficiently high temperatures, there must be a crystalline phase for 
any system with such a steeply repulsive interaction. 

The crystalline phase is characterized by a spontaneous ordering of the particles 
into regular arrangements. These arrangements can be thought of as consisting of 
repeating unit cells containing one or more particles, i.e. with broken translational 
and rotational symmetry. Surprisingly, the entropy of this phase can be higher than 
the entropy of a fluid phase of equal density, as was found in some of the very 
first applications of computer simulations in 1957 by Alder and Wainwright2 (with 
molecular dynamics simulations) and Wood and Jacobson-* (who did Monte Carlo 
simulations) on a system of hard spheres. These authors found that there is a first-
order phase transition from a fluid phase to a crystalline phase. 

The phase behaviour of elastic hard spheres (i.e. particles with zero interaction 
energy if they are separated by a distance more than the sum of their radii, and 
infinite interaction energy if the distance separating them is smaller) is determined 
solely by entropy: when the momentum part of the partition sum is separated out, 
we are left with the configurational part which, for hard spheres, does not depend 
on temperature (as the Boltzmann weight for any given configuration is either zero 
— when particles overlap — or one). This means that only the number of config
urations, i.e. the entropy, determines the free energy of the system. Solids of hard 
spheres and of hard particles in general are therefore referred to as entropie solids. 

The crystalline solid is not the only ordered phase that hard particles can form;4 

for example, hard spherocylinders form nematic and smectic liquid crystals (par
tially ordered phases with order in one and two dimensions, respectively).5 Possi
bly, two-dimensional hard disks have a hexatic phase in which there is no transla
tional order but six-fold orientational order.6 In general, for the class of lyotropic 
liquid crystals, it can be said that the short-range steric repulsion is what usually 
determines the phase behaviour at high densities. 
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Figure 1.1: Layer stacking of spheres. 

1.1.1 The Hard Sphere Solid 

Because temperature is not a relevant thermodynamic variable for hard-particle 
systems, the phase diagram of a system of hard spheres can be thought of as a 
line; the phase coexistence between fluid and solid runs from a packing fraction 
rj = 0.49171, the freezing point of the fluid, to r/ = 0.54329, the melting point of 
the solid.7 

The thermodynamically stable hard sphere crystal forms the structure that was 
conjectured by Keppler to be the closest packing of spheres, as has only recently 
been confirmed.8 In this structure, the spheres form hexagonal layers (see Fig. 1.1) 
which are stacked in such a way that the particles in each layer fit into the 'holes' 
of the preceding and succeeding layer. 

As Fig. 1.1 shows, there are two distinct places where a succeeding layer would 
fit into the 'holes' of a layer of closely packed spheres. If we were to label the first 
layer to be at location A, and the next layer B (here, choosing a different 'hole' 
would make no difference), the third layer can either be back at A, or at C. The two 
simplest repeating structures are thus ABAB... and ABC ABC..., where the former 
constitutes the hexagonal close packing (hep) structure, and the latter is in fact a 
face-centered cubic (fee) structure. 

The higher symmetry of fee can be seen in Fig. 1.2. There, the cubic unit cell of 
the fee crystal is shown, with the hexagonally close packed layers of the ABCABC 
packing delineated by the lines that diagonally cross the faces of the cubic unit cell. 

The relative thermodynamic stability of fee vs. hep, the free energy difference, 
is extremely small: in the order of \0~ikBT per particle (see refs. 9-11 or chapters 
3 and 4). In practice, this will often cause the crystal to have random stacking: the 

2 



1.1 Entropie solids 

Figure 1.2: The fee unit cell. The cross-section of one close-packed layer is delin
eated. 

entropy contribution of the choice in stacking will outweigh the bulk free energy 
gains for smaller crystals. 

1.1.2 Colloidal Hard Spheres 

Hard spheres, and hard particles in general, are not just model systems. While it is 
not possible to have hard interactions on the atomic scale, it is possible to prepare 
colloidal suspensions that consist of effectively hard particles. 

Colloidal suspensions are suspensions of particles in a size range from several 
nanometers to about 1 micron; small enough to be subjected to thermal motion in 
the form Brownian motion and with a thermal energy at least as high as the gravita
tional energy of a few particle diameters, but big enough so that detailed knowledge 
about the internal degrees of freedom of each individual colloidal particle is not im
portant for the behaviour of the suspension.12 

Colloids interact through a potential of mean force that makes it possible to treat 
them as 'giant molecules'; depending on density and temperature, a suspension can 
show gas. liquid and crystalline phases, just like atomic and molecular systems. The 
colloidal interaction can often be modeled by a screened Coulomb interaction to
gether with dispersion forces, known as the DLVO — Derjaguin, Landau. Verweij 
and Overbeek — potential.1213 A distinguishing feature of the inter-particle po
tential is an effective hard-core repulsion at short range and a soft attractive or 
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repulsive interaction at intermediate ranges (and possibly a strongly attractive part 
at very short ranges, causing colloidal aggregation under certain conditions). 

The tunability of the inter-particle interaction (by, for example, manipulating 
the salt concentration of the solvent to change the range for the screened Coulomb 
interaction) of colloids makes them eminently suitable for studying the effect of 
inter-particle forces on the phase behaviour. The fact that the particles themselves 
are relatively large and usually well distinguishable from the surrounding solvent, 
makes it feasible to perform real-space analysis of the equilibrium and dynamic 
behaviour of these systems using microscopic measurement techniques.'4 

Colloidal suspensions are found in many common substances, ranging from 
paints to biological systems. In nature, the particles are mainly found in fluid 
phases, but there are some examples of crystalline colloidal systems in nature; 
opals being the most well-known. Recently, the optical properties of colloids of 
roughly the size of the wavelength of visible light, have started to become exploited 
as a self-assembling photonic material; the crystalline phases are in principle well 
suited to make large, visible light photonic band-gap materials.15 

By, for example, grafting polymers to the surface of colloids, the effective po
tential can be made to become harshly repulsive.16 Such 'hard-sphere' colloidal 
suspensions have an equation of state that corresponds to the one found in com
puter simulations.17"20 Hard-sphere colloids exhibit a first-order phase transition 
from the fluid to a close-packed crystal structure.21 The exact type of close-packed 
structure formed depends on experimental conditions but can partly be understood 
from simulations (see, for example chapter 3 or Ref. 11). 

An intrinsic property of many colloidal suspensions is that not all particles have 
the same size (and possibly shape); they are polydisperse. Polydispersity influences 
the equilibrium behaviour; possibly destabilising ordered phases, widening coex
istence areas and causing size fractionation.1922_24 Typically, for experiments on 
hard-sphere colloidal suspensions, the polydispersity of the originally liquid col
loidal suspension varies from 3% to 5%. 

1.2 Disorder 

This thesis focuses on the role of disorder on the equilibrium behaviour in entrop-
ically ordered phases, in particular the hard sphere crystal. Although potentially 
important for applications of ordered colloidal systems like the already mentioned 
photonic materials, there have, up to now, not been many studies on this subject, 
which is not surprising given the experimental difficulties in obtaining measure
ments of most of the types of disorder mentioned. The types of disorder considered 
here are stacking faults, polydispersity, point defects, the possiblity of dislocation 
unbinding in 2D and orientational disorder. 

Chapter 3 and 4 describe the effects of stacking (fee or hep) on the hard sphere 
crystal. Stacking faults, faults in stackings of close-packed layers which transform 
part of the crystal from fee to hep or vice versa arise, as mentioned above, because 
of the entropy gain in the choice of two layer types, and the low bulk free energy 
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differences involved. This type of stacking faults is not unique to hard spheres; for 
example, there is a possiblity of this happening in Lennard-Jones potentials, where 
for some densities the zero-temperature free energy differences between fee and 
hep changes sign as a function of density and is in general in the order of 10 3 kBT 
per particle.25 

Some experimental studies have been performed to establish the exact type of 
stacking that spontaneously occurs under gravity26-29 and in micro-gravity condi
tions.30-31 In addition, it is possible to manipulate the boundaries of the deposited 
colloidal crystals to form pure fee32 and even the metastable hep.33 

The study of the influence of polydispersity on solids has centered on the range 
of stability of polydisperse crystals (the phase behaviour)23-34 and fractionation 
effects.24-35 In experiments, the effect on the equation of state has been studied 
by Phan et al.22 Chapters 4, 6 and 7 explore various aspects of the polydisperse 
crystal. 

Of the mentioned types of disorder, perhaps the most well understood is that of 
point defects. Point defects play a key role in the dynamic behaviour of solids, with 
their mobility being one of the principal agents of diffusion in crystalline solids36 

(for an example, see Ref. 37). Applications of point defects include traditional 
silver-based photography, where vacancy-interstitial pairs are created by electro
magnetic radiation in the form of visible light in silver-halide crystals. The inter-
stitials then aggregate to stable clusters which after develompent, cause the image 
to form.38 In hard sphere crystals, not much is known about point defect con
centrations experimentally; computer simulations by Bennett and Alder39 give a 
relatively high (in the order of 10 -4) concentration for vacancies. Chapters 5 and 6 
deal with the formation of point defects in hard sphere solids in equilibrium. 

In two dimensions, the solid crystalline phase is at its lower critical dimen
sion. Strictly speaking, there is no long-range translational order.6-40-41 There 
is a universal melting mechanism, the Kosterlitz-Thouless-Halperin-Nelson-Young 
(KTHNY) melting scenario, which occurs when the free energy of free dislocations 
becomes smaller than zero. This happens when the crystal is so 'soft' (elastic con
stants are low enough) that the translational entropy of the dislocations becomes 
higher than the cost in elastic energy. At this point, the crystalline phase should 
go through two continuous phase transitions, with a liquid crystalline phase in 
between: the hexatic phase. This melting scenario, although universal, need not 
neccesarily occur because it can be pre-empted by a first-order phase transition. 
For two-dimensional hard disks, it is, as of yet, unknown which of the two mech
anisms takes place; KTHNY melting or a weak first-order phase transition. In 
chapter 7, the introduction of polydispersity, which widens the coexistence gap in 
three dimensions, is explored for two-dimensional hard disks. 

Finally, in chapter 8, the equilibrium phase behaviour of a type of particle is 
investigated which has a symmetry that is incommensurate with the symmetry of 
the lattices it forms: the pentagon. The two-dimensional pentagon system forms 
a hexagonal lattice at lower densities, but upon increasing the density, forms a 
'striped' phase that closely resembles striped phases in elastic antiferomagnetic 
spin systems. 
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