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2 Technical Background 

2.1 Computer Simulation: Free Energy Methods 
in Solids 

Particle-based computer simulations such as Monte Carlo (MC) or Molecular Dy
namics (MD) simulations do not allow direct measurements of the accessible vol
ume of the configurational phase space. As the entropy and, as a consequence, the 
free energy, is determined by this volume, direct calculations of the free energy of 
all but the smallest systems are impossible. However, it is possible to compute dif
ferences in free energy. To compute such differences, one makes use of the fact that 
derivatives of the free energy can be computed directly in a simulation. Imagine, for 
instance, that the free energy of the system is known at one particular density. Then 
we compute the free energy at another density by computing the density derivative 
of the free energy: 

(!)„,=mpwl 

where P(p) is the pressure of the system at density p. By integration, we then find 
the free-energy difference 

F(p2)-F(px)=N fP2dp^ (2.2) 

This procedure is useful to obtain free energy differences between, for example, a 
low density fluid (where the ideal gas laws apply) and a dense fluid. However, if 
there are first-order phase transitions between the two states, then hysteresis makes 
the compression effectively irreversible and the integration scheme fails. 

Fortunately, in computer simulations, there is a wide choice of thermodynamic 
integration schemes that are not limited to physically realizable transformations. 
For instance, as Kirkwood first suggested (not in the context of simulations, how
ever) that we can consider the free energy change associated with a change in the 
interaction potential of the system. If the free energy of the system described by 
one of these interaction potentials is known (or can be computed analytically) then 
the free energy of the system described by the second potential energy function can 
be computed by thermodynamic integration. To this end, we define a generalized 
potential-energy function that is a linear * combination of the two potentials Ua and 

'The combination needs not be linear, but this route has certain computational advantages 
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2 Technical Background 

U{X) = {l-X)Ua-XUb (2.3) 

The free energy of a system with this potential energy function is given by 

F{N.V,T.X.) = -kBT\nQ{N.V,T.X) 

^rNexp[-j3f/(A)] (2.4) 

Clearly, 

dF{X) 1 dQ(N.V.T.X) 
dX Q{N.V.T.X) dX 

JdrNdU{X)/dXexp[-l5U{X)} 

Q(N,V,T,X) 

dU' 

dX' 

which is equal to < Uh — Ua >. This quantity can be sampled in a normal simulation 
(note that the outcome of Eq. 2.5 does not depend on the exact way in which Ua and 
Ub are coupled in Eq.2.3). This means, that by integrating the thermodynamical 
average of the derivative of the potential, we can get the free energy difference 
between the systems with potentials Ua and Uh. 

2.1.1 Einstein Integration 

One application of this thermodynamic integration is the transformation of a crystal 
with an arbitrary potential energy function U, to a model crystal with a known 
free energy: the Einstein crystal. The Einstein crystal is a crystal consisting of 
particles connected with harmonic springs to their respective lattice sites. It has a 
configurational energy 

Ue(r
N) = £a(rl-r0i)

2 (2.6) 
i 

where r 0 ; is the fixed lattice position of the lattice position to which particle i is 
connected, and a is a spring constant. This gives us a free energy 

-kBTIn / dr^exp 

dN. ( n 

-Pkl<*( r ," ro. 

= "Vyhi«?J (Z7) 

where d is the dimensionality of the system. 
Using the functional of Eq. 2.3 (or U(X) = U0 + XUeï for hard spheres), there 

would be a sharp peak ofU(X) as A —• 0, because the crystal as a whole is allowed 
to explore the simulation box. This divergence can be removed by constraining 
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2.1 Computer Simulation: Free Energy Methods in Solids 

the system to have its center of mass fixed; the correction to the free energy of the 
Einstein crystal is7-42 

AFexm = Ft>cm-Fe = -kBTl-\n f J - ? ) (2.8) 

and to the real crystal it is 

t\-kBTd-JJL 
NJ B 2 \2nM 

AFcm = Fcm~F= -kBT\n ( £ ) - kBT- In ( ^ ) (2.9) 

making the free energy of the crystal 

PF j3 f /dU(X)\ pFe pAFexm pAFcm 

~V ~ NjdX\-^?T/ + ̂  + ̂  N~ ( Z 1 0 ) 

or (expressed as excess free energy Fex=F - Fid, with Fid the ideal gas free energy) 

jS êx j3 l\n /dU(k)\ ] gft tap 
N " N it N.ldX\^r) + 

_d_ / / 3 a \ d+\\aN 

2N \2K J 2 A' 
, ln2?r 

+tap + l - — (2.11) 

The parameter a can be used to keep the value ofdU/dk as flat as possible over 
the integration range to improve accuracy of the numerical quadrature.7 Careful 
integration can yield results with an accuracy of 0{\O~bkBT) per particle (see e.g. 
chapter 4). 

2.1.2 Lattice Switch 

Another way to calculate free energy differences between states a and b is by cal
culating relative probabilities of finding the system in either of these states, which 
are freely accessible to it. To this end, we define a Landau free energy with order 
parameter A 

F(X.N.V.T) = -kBT\x\Q{k.N.V.T) 

= ~kBT\n /^/rA '5(A'-A(r))exp[-/3t/(rN)] (2.12) 

and we say that X belongs to state q e {a.b} if A e {A^}. Now the free energy 
associated with state q is the aggregate of the order parameter values belonging to 

F(q\N.V.T) = -kBTlnQq(N.V.T) 

= -kBTln^dk'Q(k',N.V.T) (2.13) 
{A,} 
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2 Technical Background 

and the probability of rinding the system in state q is 

P(q) = Qq(N.V.T)/Q{N.V.T) (2.14) 

so the free energy difference between a and b becomes 

F(b\N.V.T)-F{a\N.V.T) = 

which can in principle be obtained in a single simulation. 
The difficulty now is to construct an ensemble that connects the two states of 

interest with a suitable order parameter. The order parameter has to be such that 
for a given value there should not be distinct and in practice mutually inaccessible 
regions of phase space; these will cause sampling problems due to the finite na
ture of simulations. An example is the ensemble used to calculate the free energy 
associated with an interstitial in chapters 5 and 6, where the particle diameter of 
one particle was allowed to vary between 0 and 1 and the probability of finding a 
particle of diameter 1 was compared with the probability of finding a point particle. 
This path between normal crystal to a crystal with an interstitial works because the 
interstitial diffuses quickly on the time scale of the simulation, as does the point 
particle (and the radii in between). 

Another application of Eq. 2.15 is a direct method for comparing the free en
ergy between two crystalline phases developed by Bruce and Wilding.10 In this 
lattice switch method, originally applied to the fcc/hcp problem in hard spheres, 
the particles are at positions 

r, = R( /,+d,. (2.16) 

where R is the perfect lattice position for particle i and d( is the displacement 
of the actual particle with respect to its perfect lattice position. Normal sampling 
is done in d( with an extra degree of freedom: the choice in lattice positions R^,, 
connecting two crystalline phases. Now state a is defined as having the set of lattice 
positions R^; and state be as having the set of lattice positions R^(. and free energy 
differences can be calculated directly. This method is used in chapter 3 to compare 
the free energy of a crystal with two interfaces between stacking types, to one with 
four interfaces. 

2.1.3 Multicanonical Sampling 

It is to be expected that the probability of accepting a lattice switch as described 
above is low. In general, there might be values for A in Eq. 2.12 that have a high 
free energy and therefore low probability, yet, we still need to sample those areas 
of phase space to connect the states we are interested in. 

The solution is to bias the Boltzmann distribution by simply making the low-
probability A values more probable. We can add a weight factor W(A) to the free 

kDT\n 

kRT\n 

Qa(N,V,T) 

pip) 
(2.15) 

10 



2.2 Elasticity 

energy in Eq. 2.12 and sample 

F'(X,N,V,T,{W}) = F(X.N.V.T) + W(X) 

= -kBT\n(ü{X.N.V.T)cxp[W(X)]\ 

= -kBThifdrN8(X-X(TN))x 

exp[W(A) - j3 t / (0 ] (2.17) 

which means that the probability of a micro-state is now modified by an amount 
depending on the order parameter value A; instead of Metropolis sampling based 
on the acceptance probability determined by min {1, exp (—j3 AU)}. we sample with 
acceptance probability based on min{l.exp[-/3A[/ +AW(X)]}. With this biased 
ensemble we sample a histogram P'(X \N. V. T) from which we can unfold the bias 
by 

P{X\N.V.T) oc P'{X\N.V:T)exp[-W{X)} (2.18) 

to either get a free energy profile up to a constant F(X.N.V.T)+A = —kBT lnP(A) 
or a free energy difference from Eq. 2.15. 

The smallest variance in values of P'{X) is obtained when it is a flat distribu
tion; i.e. when W(X) = — exp[F(X.N.V.T)]. Now, F(X.N.V.T) is precisely the 
quantity we are after, so it has to be approximated iteratively. Using the histogram 
P'i(X) obtained from simulation iteration i, we get the new weights for step i+ 1 

Wi+l(X) = Wi(X)-\nP;(X) + c (2.19) 

Of course, this makes very little use of the information from previous steps and does 
not take into account relative uncertainties; better methods for obtaining weights are 
described in Ref. 43. In practice though, the simple updating scheme of Eq. 2.19 
is quite effective for quickly exploring previously unsampled areas of the P(X) 
histogram, especially with a little over-damping. 

Multicanonical sampling is applied to the lattice switch method for hard spheres 
as follows: an overlap parameter Mr(d

N) is introduced which counts the number 
of 'virtual overlaps': the number of overlaps one would have if one would switch 
from the current underlying lattice R^( to lattice R^;. If q = r then Mr(d

N) = 0, but 
if it is not, it is usually bigger than zero. Now the order parameter which is used as 
a basis of the bias is 

L(rN)=Ma(r
N)-Mh(r

N) (2.20) 

so a lattice switch is accepted only if L(l") = 0. Because of the multicanonical 
sampling, this state is actually sampled and the switch is actually performed during 
the simulation; a state with an unbiased probability of &{ 10"150) for 1728 particles, 
as can be seen in chapter 3. 

2.2 Elasticity 

Elasticity, the linear response of a solid body to an applied deformation, is impor
tant not only for the study of the mechanics of materials: it also plays an important 
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2 Technical Background 

role in modeling the concentration of various types of defects. As will be shown 
in Chapter 5, the equilibrium concentration of interstitials can be estimated using 
a simple model involving a shear elastic constant. In addition, the free energy of 
dislocations in 2D depends strongly on Young's modulus, a combination of the 
second-order elastic constants. If the 2D Young's modulus drops below a certain 
universal value, the free energy of free dislocations goes to zero and a continuous 
phase transition can occur. This prediction forms the basis for the study of polydis-
perse disks in chapter 7. 

In our daily experience, elasticity is the restoring force (stress) of a solid to an 
applied deformation (strain). In a statistical mechanical sense, it is related to the 
increase in free energy with applied strain. Imagine the particle coordinate of par
ticle (' in the undeformed system, r'k, which are deformed through a homogeneous 
deformation 

(where we employ the Einstein summation convention) with deformation matrix 
akl and displacement gradient vkl. Now, the free energy of a many-body system 
should be rotationally invariant and the change in free energy upon deformation 
can only depend on the change in the distances between particles. This implies that 
the free energy should not be expressed as a function of the strains akr but of the 
Lagrangian strain parameters r\kl. The Lagrangian strains are related to the akl 

through 

1U = 2(°W°W " 5A/) = 2 ( % + % + VmkVml) <2-22) 

The change in distance between any two particles ;' and j (A'j> = r'k - rj), can be 
expressed in terms of the Lagrangian strains: 

2 % W = (^A,-5kl)^^ 

2 

m k 

2 

A'/ (2.23) 

In other words, the change in distance between two particles i and j only depends 
on the original positions rk and the Lagrangian strain parameters r\kl\ in particu
lar, the elastic free energy should depend on them. In an expansion around small 
deformation, we can write 

F (%) /V = ^(0)/V + C , / % + ^C,/m,ir7,/r?m„ 

+ yCklnmopriklrinmTlop + --- (2.24) 

where V is the density at zero deformation. The second-order elastic constants, 
Cklmn are what is usually referred to as 'the elastic constants'. (The values Ckl 

should either be 0 or reflect the imposed thermodynamic control parameters when 
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2.2 Elasticity 

kl 
a 

11 22 33 23or32 13 or 31 12or21 
1 2 3 4 5 6 

Table 2.1: Voigt indices for elastic constants. 

expanding around equilibrium to satisfy the requirement that the free energy should 
be minimal at zero strain). 

Apart from the strain, our daily experience with elasticity is connected to the 
restoring force. The stress is the force fk per surface area dst. 

fk = Tkidsi 

and is, as is shown in appendix A, in free energy terms equal to 

1 
V l

akn,ain 
dF 

drj„„, 

(2.25) 

(2.26) 

Note that the components of Ck[ are just the stress tensor at zero deformation, and 
are Ckl = ^SklP for isotropic pressure P. 

Using Eqs. 2.24 and 2.26, we can derive a generalization of Hooke's law; ex
panding the stress tensor around zero deformation 

dTkl 

da„ 

dwakoaiP(dF/dn op) 

akl=5kl 
dOCmn 

ko In V^nin ' 2 mnoPi cl° qp °P\ 

dCCn 

(2.27) 
akl=Skl 

where we used the fact that V'/V = J = det akl, (J is the Jacobian of the transforma 
tion akl). Around zero deformation akl = 8kl, a - 1 

tedious calculation gives us 
5kl and Tkl =Ckl: a somewhat 

dT,, 

da„ (Ckn 5lm + Cln 5km ~ Ckl 5'»« ) + C, klmn 
(2.28) 

with Jacobi's identity dJ I do.— = O. J. A similar (but even more tedious) deriva
tion can be done for the second derivative of Tkl to get terms containing the third-
order elastic constants, as is done in chapter 4. The inverse of the derivative' above 
(the strain derived as a function of stress) defines the components of the compliance 
S klmn' 

da, 
klmn dTm 

(2.29) 

'This is only true in the case of isotropic pressure, see Wallace44 for details 

13 



2 Technical Background 

From the elastic free energy in Eq. 2.24, it is clear that not all 34 elastic con
stants Cklmn, nor all 32 components of Ckl are independent. Because r\kl is symmet
ric and derivatives are independent, the components of Ckl, Cklmn, Cklm , etc. sat
isfy the Voigt symmetry; for example 

C, =C„ =C,, =C ,, (2.30) 
klmn Iknm klnm nmkl v ' 

For shorter notation, we can instead use the Voigt notation Ca„ = Cklmn, which 
uses this symmetry to replace two indices with one Voigt index; see Table 2.1 for 
the full list of Voigt indices. The values for 3D elastic constants in this thesis — 
and in most literature on 3D elasticity — are reported using Voigt notation. 

For systems with symmetries, such as the cubic symmetry of fee and the hexag
onal symmetry of hep, the number of independent elastic constants can be further 
reduced; for example, the values of C|,, C22 and C33 should be the same for fee 
in the frame of reference of its cubic symmetry. In total, there are only three in
dependent elastic constants for fee: CU.C]2 and the shear elastic constant C^; all 
other elastic constants are the same as the three above or zero (for example C14). 
In two dimensions, the common hexagonal crystal has two elastic constants, just as 
the isotropic case:45 C,, and C12. 

2.2.1 2D Isotropic and Hexagonal Systems 

For two-dimensional systems with hexagonal symmetry or isotropic systems, the 
free energy expansion at isotropic pressure of Eq. 2.24 has only two independent 
elastic constants and reduces — up to the second order — to 

AF(%)/V = -P(J?„ + T722) 

+ 2Cn(T?i2i+T?22 + 2T?f2) 

+CI2(TJ1 1TJ2 2-TJ1
2

2) (2.31) 

(note that C44 = j{Cu — C12)), while, traditionally the free energy functional for 
arbitrary deformation has been defined as 

AF(«A7)/V = -P(un+u22) + lK(ui,)2+h"2ki 
= -P(uu+u22) 

+ U L ( " I 1 + " 2 2 + 2 " I 1 M 2 2 ) 

+ M L ( " I I + « 2 2 + 2 « I 2 ) (2-32) 

with AL and \i.L as the bulk and shear Lame coefficients. Crucially, uk[ is defined as 
the Lagrangian strain without quadratic components of the displacement matrix 

When we expand Eq. 2.31 up to quadratic terms in vkl (for small deformations) we 
get 

AF(ukl)/V = -P(uu+u 71) 
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2.2 Elasticity 

{P{u2
u + « 2 2 + 4 M 1 2 ~ 2 U 1 2 U 2 I 

X-C ( 
2 ^ 1 P 

+hCn(iqj +u22 + 2u]2) 

+C 1 2 (« l l«22-"12) (2-34) 

which equates the Lamé elastic constants to 

K + ^L = cn-p 
ML = {{Cn-Cl2)-P = C44-P (2.35) 

2.2.2 Computer Simulations 

To calculate the elastic constants using molecular simulations, there are three basic 
methods: direct free energy calculations, which directly calculate the free energy 
change as a function of applied strain, stress-strain methods, where a system is 
deformed and the stress response to the deformation is calculated, and fluctuation 
methods. 

Direct calculation of the free energy response to an applied strain has mostly 
been performed as a validatory method, as in Ref. 46 and in chapter 4, and are 
relatively expensive if the free energy is recalculated for each deformation. 

The conceptually most straightforward way to calculate the elastic constants, 
the stres-strain methods, measure the stress as a function of a small applied strain. 
The second-order elastic constant are in this case a function of the derivative of 
the stress as function of strain through Eq. 2.28. Typically, for hard spheres, the 
maximum applied strain is less than lO - 3 to keep the stress response linear enough 
(for second-order elastic constants). 

The stress tensor can be calculated in a simulation — similarly to the virial 
pressure — with (see appendix A) 

k T8 I / N r'Jr'J \ 
= ^ — yy^)-M- (2.36) v y\hk V i / 

where ƒ'"'•' is the total inter-particle force that particle i experiences on coordinate 

index k, the inter-particle distance r'J = r'k— rj, and U'(r'J) = dU{r\ri)/dr'i with 

U(r'.r-i) as the inter-particle potential between particles i and /'. For hard particles 

(for which the inter-particle potentials are nondifferentiable) this can only be done 

directly in an MD simulation, where a time average of the average momentum 

exchange is equal to the average of the force47 

I N 

U'=l 

'v \ 1 rT 'v on' 
Yfïuri) = lim- / tm^Adt 
ér* 7 *—Wo ,6i dt ' 

lim - £ mAp^r» (2.37) 
t~,°° Z coW(i.j) 
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where Ap'J = p'k(t + e)~p'k(T — e), the difference in momentum before and after a 
collision involving particles i and j , or zero if there was no collision. The last term 
involves a sum over all collisions and uses Newton's third law {Ap'J = —Apj'). 
Like for the pressure, the ensemble average of Eq. 2.36 can be approximated using 
extrapolation of a radial distribution-like function48 for use in a MC simulation; 
this method, however, is relatively cumbersome. 

From the expansion of the free energy around the strain it could be noted that 
the second-order elastic constants play the role of an inverse compressibility: just 
like the inverse isothermal compressibility can be seen as a second derivative of the 
free energy in the canonical ensemble: 

1 1 fdP\ 1 fd2F\ 

we have by definition from Eq. 2.24 

1 d2F 
k"""~vd^mn

 {239) 

(Incidentally, using Eq. 2.29 it is straightforward to show44 that the compressibil
ity is Kr = Skkll). This second derivative has been evaluated by Squire, Holt and 
Hoover49 (following an original derivation by Born and Huang, but with cross-
terms) for the case of particles with pairwise interactions and becomes 

klmn wy» 

(2.40) 

where the term between braces contains fluctuations of the stress tensor. Similarly, 
the fluctuations in the isotensic ensemble, in which the stress Tkl is fixed and the 
strain is allowed to fluctuate,50"52 are related to the elastic constants: 

The fluctuation methods use these relations to calculate all the elastic constants 
in a single simulation. The oldest method by Squire et al.49 uses the stress fluctu
ations of Eq. 2.40 in an NVT ensemble. Because this method needs derivatives of 
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2.2 Elasticity 

the inter-particle potential it can not be used directly for hard particles. An adap
tation for hard spheres has been developed by Farago and Kantor53 which involves 
taking a limit on an approximating potential. 

Unfortunately, the fluctuation methods seem to suffer from equilibration prob
lems52 or poor convergence54'55 due to slow relaxation of box size or microscopic 
stress. The work of Sprik et al.,52 but also the quoted number of simulation steps 
in other work46 seems to suggest that the stress-strain method is more efficient. 

Appendix A: Force and the Stress Tensor 

To make the connection between the stress tensor as defined in Eq. 2.25 and its ex
pression in terms of the free energy in Eq. 2.26, we calculate the virtual work done 
on an arbitrarily strained body when it undergoes a virtual deformation, following 
Wallace's44 derivation. We imagine an arbitrarily deformed material with particle 
points r̂  bounded by a surface s into volume V', we define the stress Tkl by the 
force fk acting on surface element dsr 

fk = Tklds, (2.42) 

undergoing a further, virtual displacement of the surface element dst with an a-
mount of Ark. This virtual deformation corresponds to a virtual change in the dis
placement gradient Vkl (see Eq. 2.21) and Ctkl 

r'k + Ar'k = (8kl+Avkiy, 

= (8ki+Avkt)ai„/»> 

= (a^+Aa^r, (2.43) 

so Aakj = Avkjakl. The deformation amounts to a virtual work of 

fkAr'k = Tklds,Avkn/m (2.44) 

which, for the whole material, is the integral over the surface s: 

AW (TklAvkmr'mds, 

yl
TklAvkldv 

VTuAVu 

= V'TklA±(vkl + vlk) 

= V ' ^ A r ^ a J o g ' (2.45) 

where we employed Gauss's theorem from step one to two, the next-to-last step 
can be done because the stress tensor Tkl is symmetric and the last step because the 
change in Lagrangian strain can be expressed in terms of Avkl as 

= lia
mk^>nnanl+Avmnankaml) 

= \ amkanl ( V»>» + Vnm) (2.46) 
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Now, because for reversible changes 

dU = dW + TdS (2.47) 

we get for the canonical ensemble (F — U — TS) 

dF/V^T^a^dTJmn (2.48) 

or 

Tki = 77j(*km<xln[ — ) (2.49) 

which brings us back to the Ckl of Eq. 2.24 at zero deformation. 
We will now extend the virial theorem56 to give a microscopic definition of the 

stress in terms of particle interactions. For this derivation it is convenient to use 
time averages rather than ensemble averages; the ergodicity hypothesis 

JdpNdrNA(pN.rN)exp[-l3U{pN.r
N)] 

W JdpNdrNexp[-pU{pN.rN)} 

= l i m - CA(pN\t].rN\t])dt (2.50) 
T^°° T Jo 

is a central concept in the connection of statistical mechanics to thermodynamics. 
An example of a thermodynamic average is the connection between temperature 
and mean particle momentum 

1 
Ipipi )=T (2-51) 

3NmkB v = 1 / 

Now, we will calculate the average of an extended Clausius virial equation 

n, = lfti (2-52) 

with ft as the total force experienced by particle i in direction k. The time average 
of this quantity is 

j rT N 

'M = }™-J0 pWt 
1 r £ d2r'k t . 

dt2 ' 

1 rx N 

lim - / y 
T->°° T ./o f?i 

N dA d, 1 rr» ór'kór\ 
hm - / > m^^-dt 
r->~T7o -t\ dt dt 

1 /-T N 

lim-/ X w i * 

•feBr5fc/ (2.53) 
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2.2 Elasticity 

where step two to three involves an integration by parts and Eq. 2.51 is used in the 
last step, keeping in mind that velocities in each direction are uncorrelated. We 
can now separate the force f'k into internal forces (from the interaction between the 
particles) and external forces (from the interaction of the particles with the surface 
s) 

'£(/• 
dr'J \r'i 2-i Zvii \yii\ h 

= WMTL+X* (2-54) 

where r'J = r'k - r1 and we assume the particles to interact solely through pair po
tentials. The external forces are now given by the stress tensor as in Eq. 2.42 over 
the surface area ds„„ and are Tkmds„, for the k coordinate index, so, using Gauss's 
theorem again (and assuming homogeneous stress over the volume) 

I Tkmr,dsm= Tkldv = VTkl (2.55) 
s JV 

which allows us to rewrite Eq. 2.53 as 

IT T<S 1 / N rIJ 

w v y\hm 
kBTSkl 1 / 

V=u«' 
tl.tflW-hk) 

where the last step is done using Newton's third law. This connects the microscopic 
positions and inter-particle forces to the homogeneous stress tensor. 
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