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3 Stacking Faults in Hard Sphere 
Crystals 

The freezing of hard spheres is one of the most dramatic illustrations that the 
emergence of crystalline order can be entropy driven. Ever since the early sim
ulations of Alder and Wainwright2 and Wood and Jacobson,3 hard-sphere freez
ing has been studied extensively, both theoretically13-57"59 and experimentally.60'61 

Hard spheres can occur in two different crystal structures, face-centered cubic (fee) 
and hexagonal close-packed (hep). These two phases differ in the stacking of the 
hexagonal close-packed [111] layers. The fee phase has ABCABC... stacking, 
while the hep phase has ABABAB... stacking. Of the two crystal structures, the 
fee phase is the most stable. Recent simulations suggest that, at the melting density 
(P/Po ~ 0.736, where p0 is the density at regular close packing) the fee phase is 
more stable than hep by an amount of the order of 90 ± 20 • 10~5kBT per particle.9'10 

As the free-energy difference between the two phases is very small, the sponta
neous generation of stacking faults is quite common. In fact, recent experiments 
on the crystallization of hard-sphere colloids under micro-gravity conditions or in 
a density matched system found that randomly stacked hexagonal close-packed 
(rhep) crystallites were formed.26,27-30-31 Yet, there is experimental evidence that, 
in slowly grown crystallites, the fee phase is favored over the hep phase, and fee 
stacking of hexagonal close-packed [111] planes occurs with a higher than ran
dom probability.26'27'31'62 The aim of the present paper is to estimate the driving 
force for the formation of a pure fee phase from the randomly stacked phase. Us
ing some simple assumptions about the rate of crystal growth, we can then arrive 
at an estimate of the growth velocity of essentially pure fee crystals from a poly-
crystalline mixture of randomly stacked crystals. Our main conclusion is that the 
driving force, although weak, is large enough to account for a growth rate of fee 
crystals that is of the order of Angstr0ms per second. In other words, for a typical 
hard-sphere colloid, it would take months to transform a 1-millimeter crystallite 
from rhep to fee. For a 50-100 p crystallite, the time would be days, rather than 
months. The presence of gravity strongly influences the dynamics of crystal growth 
and the resulting hard sphere stackings.26'27 Gravity may also be exploited by, for 
example, using colloidal epitaxy; see Ref. 28 and Chapter 4 for an application and 
its possible influence on stacking. 

To estimate the rate at which the fee phase grows from the rhep phase, we need 
to estimate the relative free energy of the latter. The free energy of the rhep phase 
contains several ingredients: first of all. A/ = fh — /fcc, the difference in bulk free 
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energies per particle of the pure fee and hep phases. Secondly, the interfacial free 
energy yhcp_fcc, which is the measure of the additional free-energy cost to create an 
fec-hep interface. And thirdly, the stacking entropy of the rhep phase ( kB\n2 per 
plane). Although A/ is known from recent simulations,9-10 its value has been sub
ject to debate.9,'°'58'59 We therefore recomputed it using two different techniques. 
We find that the different approaches do indeed yield the same answer. To compute 
7hcp_fcc we used a lattice-switch Monte Carlo technique that is described in some 
detail below. Finally, to estimate the actual growth rate, we make use of the version 
of the Wilson-Frenkel law,63 as applied to colloids by several authors.I3-57'60-61 

3.1 Lattice Switch Monte Carlo 

To compute the free energy of the fec-hep interface, we used the lattice-switch 
method proposed by Bruce and Wilding.10 This method is particularly suited to 
compute the free-energy difference between two different solid structures, pro
vided they have the same number of degrees of freedom. As a test, we used the 
same method to compute the free-energy difference between the bulk fee and hep 
phases. In the lattice-switch simulations, we consider two realizations of the crys
tal structure that are related through a simple one-to-one particle mapping. The 
configuration of the system is denoted by an index a. The particle positions in 
configuration a (e {a,b}) are denoted by X" + 8t, where Xf is the lattice position 
for particle i in configuration a, and 8t is the displacement relative to its lattice 
position. The different crystalline configurations differ in their lattice positions 
X)a,i= I...N. 

We can define a global partition function, Z(N,V,T) as the sum of the partial 
partition functions for the different configurations a: 

Z{N,VJ)=Y_tZ{N,V.T,a)=YJf d^Yle-^5'^ (3.1) 
a a Jy i 

where O represents the configurational energy in units kBT. If the system can 
switch between different configurations by replacing the lattice positions Xi but 
retaining the displacements 5,, the probability of finding the system in configuration 

P(a\N.V.T) = Z - ^ 4 (3.2) 

The Helmholtz free energy of configuration a is 

fa = yv-1 Fa = N~l kBT\nZ{N.V.T. a) (3.3) 

and the free energy difference between two configurations a = {a, b} can be writ
ten as 

K r kRT , P(a\N,V,T) 
A f = -J— In ' (3.4) 

N P(b\N,V.T) 
The probabilities P(a\N. V, T) are sampled using the histogram method of Ref. 10. 
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3.2 Results 
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Figure 3.1: Side view of the two configurations a and b between which the free 
energy difference is calculated to calculate the interfacial free energy. 
The configurations are divided into four pieces and the middle quarters 
of the configurations are swapped so that configuration a has two in
terfaces between fee and hep, and configuration b has four. Note that 
the view is with the hexagonal layers upright and perpendicular to the 
paper and that periodic boundary conditions are used. 

For the calculations on the free energy difference between fee and hep struc
tures we have used an fee crystal as configuration a = a and an hep crystal as 
configuration a = b. To calculate the interfacial free energy between fee and hep 
we have used a system where the layer stacking for configuration a is a crystal 
which has the first half of its hexagonal layers in fee stacking and the second half 
in hep. The stacking for configuration b has the middle two quarters swapped with 
respect to configuration a, creating a crystal which has four parts: fee, hep, fee and 
hep (See Fig. 3.1). In this situation, configuration a has two interfaces between fee 
and hep stacking, and b has four (with periodic boundary conditions), while the 
total size of the fee and hep parts remain the same. 

We obtain the interfacial free energy density by computing the free energy dif
ference between structures a and b, and dividing this difference by the difference 
in interfacial free area of a and b. 

3.2 Results 

Most simulations were performed at a reduced density of p /p 0 = 0.7778, (packing 
fraction r) = 0.5760), a density somewhat higher than the melting density. This 
density was chosen because the system would become unstable at the melting point 
due to the histogram method which was used, and the density of p/p ( ) = 0.7778 is 
the same as in Ref. 10. In all simulations, periodic boundary conditions were used. 

We first calculated the free energy difference per particle between fee and hep 
stackings (A/h fcc). In Table 3.1 we present our results. In the same table, we also 
show show the free-energy difference at a reduced density of 0.736 (the melting 
density), as computed by Bolhuis et al.,9 using the Einstein integration method58 

. Our results appear to disagree with those of Bruce and Wilding.10 To verify 
our results, we also performed an Einstein integration on the 1728-particle system. 
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N 

12096 
216 

1728 
5832 

216 
1728 
1728 

A 4c-hcp( 1 ( r 3 W 
90 ±20 
101 ± 4 
83 ± 3 
86±3 

132 ± 4 
112±4 
113±4 

method 

EIy 

LSI() 

LS10 

LS10 

LS 
LS 
EI 

Table 3.1: Simulation results on the free energy difference between fee and hep 
structures of the hard-sphere crystal. The system size is denoted by N. 
EI stands for Einstein integration, and LS for the lattice switch method. 

However, our simulations were considerably longer than those of Ref. 10. The 
results of these simulations agreed to within the (very small) statistical error with 
the lattice switch method. We can use our results for N = 216 and N = 1728 to 
estimate A/h fcc in the limit A' —> °°. If we assume that finite-size corrections 
scale as l/N, then the results for N = 1728 are, to within the statistical error, equal 
to the results for the infinite system. 

The calculation of the interfacial free energy was performed on a 12 x 12 x 24 = 
3456 particle system particle system at a reduced density p/p0 = 0.7778. The total 
length of the simulation was 2.21 • 1012 Monte Carlo cycles. The fec-hep interfacial 
free energy was found to be 25.9 ± 5.6 • 10~5kBT/o2, with a the particle diameter. 
In what follows, all free energies will be expressed in units of kBT and all distances 
in units of the particle diameter o~, unless otherwise noted. 

3.3 Discussion 

Using the numerical data presented above, we can estimate the free energy differ
ence between the stable fcc phase and the rhep phase. If we assume that the stacking 
in the rhep phase is truly random, then the free-energy difference per particle is 

A/rhcp-fcc = 0 - W t a p - f t e + 0 - 5 W - f c c * 0 " l n 2 / V (3-5) 

where s0 is the surface area per particle (s0 = (\ /3/2)(p0 /p)2 /3a2 as 1.02rj2, for 
P/PQ = 0.7778) and Nt is the number of particles in a single close-packed layer. 
In Eq. 3.5, we have assumed that the interfacial free energy does not depend on 
the density of stacking faults. This is almost certainly an approximation. How
ever, as the stacking-fault free energy itself is small, the resulting error is probably 
negligible. Our simulations suggest that for small crystals (less than a thousand 
particles per plane) rhep is more stable than fcc. Hence, only once the crystallites 
have grown beyond this size (corresponding to lateral dimensions of some ten mi
crons for real colloidal crystals) can the slow annealing towards the stable phase 
commence. Let us therefore consider crystals that are sufficiently large that we can 
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ignore the stacking entropy. Then the driving force per particle to convert from rhcp 
to fee is 0.5A/h fcc + 0.5yh fccs0, which, in the present case, is approximately 
equal to 6 • 10~4. Let us now consider the growth of fee crystallites at the expense of 
rhcp crystallites. It is plausible to assume that fee crystallites grow where a [111]-
grain boundary of the fee crystal is in contact with an rhcp crystal. In the case of 
colloidal crystal growth from solution, the velocity of the crystal front is, to a good 
approximation given by13'57-60-61-63 

v c r = ^ V " / V - l ) (3.6) 

where A t̂ is the chemical potential difference between liquid and solid, D is the 
(short-time) self-diffusion constant in the dense colloidal suspension, A is a char
acteristic distance over which a particle should diffuse in order to be incorporated in 
the crystal, and C, is a factor of order one. In order to arrive at an estimate for vcr, we 
assume that grain boundaries are liquid like, and the characteristic distance A is of 
the order of the particle diameter o~. Moreover, we replace A î by A/rhc _f . For a 
200 nm colloid, atypical value for D would be D sa 2 • 10~10 cm2 s_1. The resulting 
estimate for vcr is vcr sa 6 • 10~9 cm s"1. Hence, this rough estimate suggests that 
it would take several months to grow a 1 mm fee crystal, starting from a rhcp crys
tallite. It is therefore hardly surprising that only random stacking was observed in 
the micro-gravity experiments of Zhu et al.30 However, many studies of colloidal 
crystallization last months or even years. The present analysis suggests that the 
fee crystallites observed under those conditions could indeed be 'true' hard-sphere 
crystal fee phases. A second conclusion is that small crystallites (containing less 
than 303 » 3 • 104 particles) will never become fcc-like. Intermediate-sized crystal
lites (containing less than 1003 particles) can be fcc-like, but will always have an 
appreciable equilibrium concentration stacking faults. 

Recently, there have been several experiments focusing on hard-sphere stacking 
and its aging.26"28 All of these studies find that fee is the most favourable stacking; 
either it forms immediately under sedimentation28 or it forms through slow anneal
ing.2627 Although gravitational stresses and small disturbances appear to strongly 
favour fee through what appears to be shear-melting of hep,27 the density-matched 
systems, unaffected by gravity, seem to regrow rchp crystals as fee crystals at a rate 
that is compatible with the rates predicted in this chapter. 
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