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5 Point Defects in Hard Sphere 
Crystals 

Any crystal in equilibrium will contain defects, such as vacancies, interstitials and 
dislocations. Of these, the point defects are the most common. Some thirty years 
ago, Bennett and Alder39 estimated the equilibrium concentration of vacancies in 
a hard-sphere crystal and found that, close to melting, this concentration could be 
quite high (typically, one vacancy per 4000 lattice sites). At present, the question 
of the concentration (and transport) of point defects in (colloidal) hard-sphere crys
tals takes on a renewed — and now quite practical — significance. Apart from 
the theoretical interest in hard sphere crystals as a model system, crystals from 
colloidal particles, having lattice sizes comparable to the wavelength of light, are 
being prepared and studied because of their potentially interesting photonic proper
ties. Clearly the presence of even a small number of defects can have a pronounced 
effect on the nature of photonic states in such materials. Moreover, as the accuracy 
of free energy calculations increases, it is no longer permissible to ignore the con
tribution of vacancies to the total free energy. The aim of the present chapter is to 
review briefly the statistical mechanical description of a crystal with point defects. 
This problem is not completely trivial, as the concept of a vacancy or interstitial is 
inextricably linked to that of lattice sites. And lattice sites loose their meaning in 
a disordered state. So, we should first address the question: when is it permissible 
to count states with a different number of lattice sites as distinct? The answer is, of 
course, that this is only true if these different states can be assigned to distinct vol
umes in phase space. This is possible if we impose that every particle in a crystal 
is confined to its Wigner-Seitz cell. In three dimensional crystals, this constraint 
on the positions of all particles has little effect on the free energy (in contrast, in 
a liquid it is not at all permissible). In a two-dimensional crystal, the constraint is 
more problematic, at least in the thermodynamic limit. However, for large but finite 
two-dimensional systems, the single-occupancy cell constraint is also quite reason
able. Below, we describe two alternative (but equivalent) routes to arrive at the free 
energy of a crystal with vacancies. In one case, we use the Grand-Canonical en
semble. This would seems to be the most obvious ensemble to use when describing 
a system with a fluctuating number of particles. Yet, the analysis is complicated by 
the fact that not only the number of particles, but also the number of lattice sites, 
may fluctuate. In the second analysis, we consider an isothermal-isobaric system. 
The latter approach is simpler and is, apart from a minor correction, equivalent to 
the one followed by Bennett and Alder.39 We then describe our numerical approach 
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5 Point Defects in Hard Sphere Crystals 

to compute the concentration of interstitials in a hard-sphere crystal. We compare 
our numerical results with a simple theoretical estimate. 

5.1 Free Energy of Vacancies 

5.1.1 The Grand-Canonical Route 

When considering the statistical mechanics of a crystal with vacancies, it is conve
nient to consider first a system with a fixed number of lattice sites, M, contained in 
a volume V. If this crystal is in contact with a particle-reservoir at chemical poten
tial ji, then the number of vacancies in the crystal may fluctuate. In principle, the 
crystal could also contain interstitials but, for the time being, we shall ignore this 
possibility. It is then easy to write down the expression for the grand potential of 
the crystal S': 

M 

- M 
n=0 
£ e x p (M-n)Pn QM_„(V.T (5.1) 

where j3 = \jkBT. Note that this is not the true grand potential, because we should 
also allow for fluctuations in the number of lattice sites. We denote the free energy 
of a crystal with no vacancies by Z*"'0' = — kBT\nQM. In practice, the equilibrium 
concentration of vacancies in a crystal is very low. We shall therefore make the 
approximation that vacancies do not interact. This assumption is not as reasonable 
as it seems, as the interaction of vacancies through the stress field is quite long-
ranged. The assumption that vacancies are ideal makes it easier to compute the 
canonical partition function of a crystal with n vacancies: 

QM-„(V-T) 
M\ 

n\(M — n) 
QW(V.T) 

M\ 

n\(M-
exp(-/3F :»h (5.2) 

where we have used the notation F{'^ to denote the free energy of a crystal with n 
vacancies at given positions. As the vacancies are assumed to be non-interacting, it 
is clear that we can write 

fin) r(0). • »ƒ] = M f0 - «ƒ, (5.3) 

where fQ is the free energy per particle in the defect-free crystal and -ƒ, is the 
change in free energy of a crystal due to the creation of a single vacancy at a specific 
lattice point*. Combining Eqs. 5.1, 5.2 and 5.3, we obtain 

-M 
V m 

£0n\(M-n)\ 

QMexp(Mfjp.) 

exp (M-n)flp exp •P(Mf0-nfi 

+ e x p ( - j 3 [ M - / , 
u 

(5.4) 

'The choice of the minus sign in the definition will later turn out to be convenient. 
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5. I Free Energy of Vacancies 

Usually, exp[—j3(jU — ƒ,)] is much less than unity. This allows us to write: 

—M — MM QMexp(MPn)exp Mexp l-Pbi-fi (5.5) 

Using 

(M-n) 
d l n ï ' 

dPv 
the average number of vacancies follows as 

<«>=Mexp - /3(M-/ ' , ) (5.6) 

Now, we should take into account the fact that, actually, the number of lattice sites 
itself is not fixed but will adjust to the number of vacancies. The total grand parti
tion function is therefore a sum over all states with different number of lattice sites 
M' = M + AM. In practice, AM <C M. We can then write 

S= I 3 - M + A M 
AM=-

Note that Z' depends on both M + AM and \i. We now choose the reference number 
of lattice sites such that in that particular case [l is equal to the chemical potential 
of the perfect lattice. That is: 

F{0]+P{0)V =Mn 

We also introduce a rather strange quantity, namely the 'grand canonical' parti
tion function of a perfect lattice with a fixed number of particles (M) : HJ '̂ = 

<2Mexp(M/3/i). Of course, HJ/;' is not a true grand-canonical partition function, 
as the number of particles in this system is fixed. The Grand Canonical partition 
function then becomes: 

AM= 

J , exp -/3F ( 0 )(M + AM) 

x exp (M+AM)Pfl exp (M + AM)exp I - / 3 [ / ! - ƒ , (5.7) 

We assume (as usual) that, in the thermodynamic limit. S is dominated by the 
largest term in the sum. Hence, we have to determine the point where the derivative 
of E with respect to M vanishes. To this end, we perform a Taylor expansion of the 
exponent in Eq. 5.7 in powers of AM. Note that for a perfect — defect free — 
lattice 

dF(0) dF(0) 
(5.8) 

and 
dM 

d2F® 
dM2 

dN 

dfl 
dN 

- M 

1 dP 
N dp 

(5.9) 
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Moreover, 
1 ri f 

ƒ, (M + AM) = ƒ, (M) + - 3 ^ - AM + ^(AM2^ 

By combining Eq. 5.8-5.10 we obtain 

exp j3(M-/i[M+AM]) 

V dp 

exp{-j3[p.-/,(M)]} 

l + ^ ^ - A M + ^ A M 2 ) 
V dp 

(5.10) 

Note that ƒ, = F ( 0 ) - F ( 1 ) . Hence, 

j3 a/, /3 3 / , «9V V 
V dp V <9V <9p FN 

PApV^/p 

(5.11) 

(5.12) 

where AP°] is the difference in the pressure of two crystals with M lattice sites, 
one with zero vacancies and the other with one vacancy (both in a fixed volume V 
and a temperature 7"). As a consequence, 

(M + AM) exp -j3(jU-/,[M + AM]) 

« M e x p { - / 3 [ M - / , ( M ) ] } | l + ^ + (/3A^01/p)AM(]§.13) 

Inserting the Taylor expansion in the expression for 3 , we obtain 

a = exp ^F<°)(M)+Mj3p I ^ e x p Mexp - p > - / , ( M ) ) 

AM 
M {j3AP°A/p)AM i^(AM)2} (5.14) 

It may seem inconsistent that we expand to second order in AM in the last term of 
Eq. 5.14 but only to first order in the preceding terms. However, as we show below, 
we actually expand — consistently — to second order in the vacancy concentration. 

We define the fractional change in the number of lattice sites, y, as 

AM 
yS~M 

Similarly, we define the vacancy concentration x as 

M : exp •£(/*-ƒ, 

Finding the maximum in the exponent is then equivalent to maximizing 

j3M fdP' 

dp 
yA+Mx{0) 1 +y(\+ J3VAF 0,1 

(5.15) 

(5.16) 

(5.17) 
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5. 1 Free Energy of Vacancies 

where x(0) is the value of x for AM = 0 and ps is the density of the ideal reference 
lattice. The maximum value is at 

and the maximum of the grand canonical potential is 

,x2(0)fl+/3VAPC)'1V\ 
Z«exp(-/3F (0)(M)+M/3;U)exp I Mx(0) 

» ( * ) 

(5.19) 

I 

Hence, the presence of vacancies increases the grand potential (as it should) and it 
changes (increases) the number of lattice sites. However, ignoring terms of order 
&(x2(0)), the vacancy concentration is still given by Eq. 5.6. 

The next question is: how do vacancies affect the melting curve. Now our 
definition of the reference system (i.e. the perfect lattice with the same fi) turns out 
to be convenient. Note that the Grand Canonical partition function is related to the 
pressure by 

fiPV = lnH = PP{0]V+M.X(0) + 0{x(O)2) (5.20) 

Ignoring terms quadratic in the vacancy concentration, we find that the effect of 
allowing for vacancies is to increase the pressure of the solid by an amount 

AP^x(0)pskBT (5.21) 

Let us assume that the liquid was in equilibrium with the perfect crystal at pressure 
P and chemical potential jx. Then it is easy to verify that the shift in the coexistence 
pressure due to the presence of vacancies is 

SPcoex=^P^ (5.22) 

and the corresponding shift in the chemical potential at coexistence is 

<5AW = — (5.23) 
Pi 

Direct calculations of the vacancy concentration in a hard-sphere crystal at melt
ing39 indicate that x(0) « 2.6 • 10~4. Hence, the increase in the coexistence pres
sure due to vacancies is 8Pcoex « —2.57- 10~3 kgT/a^ (where a is the particle 
diameter). The corresponding shift in the chemical potential at coexistence is 
Sflcoex = —2.74 • \0~*kBT Note that this shift is very significant when compared 
to the accuracy of absolute free-energy calculations of the crystalline solid.42 
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5 Point Defects in Hard Sphere Crystals 

5.1.2 The NPT Route 

Bennett and Alder39 work with the Gibbs free energy rather than the Helmholtz free 
energy. Their expression for the vacancy concentration is based on the analysis 
of the effect of vacancies on the Gibbs free energy of a system of N particles at 
constant pressure and temperature. First, we define gvac, the variation in the Gibbs 
free energy of a crystal of M particles due to the introduction of a single vacancy at 
a given lattice position 

SVaC = GM+lA(N.P.T)-GM0(N.P.T) 

= V . , . ( V i ) - F « , o ( W + ^ « + i , r V ) (5'24> 
where the first subscript refers to the number of lattice sites in the system, and the 
second subscript to the number of vacancies. In this equation we distinguish M, the 
original number of lattice sites, and N, the number of particles, even though in the 
present case N = M. Let us write ƒ, (Eq. 5.37) as 

~f\ — ĴIM-l.l(̂ AM-l.o) ^M+i.o(^w+i.o) 

Hence, 

8 ~ FM+\.\\^M+\.\) —^W+l.|(^A*+l.o) + 

^M+l.l(^V+l.o) —^W+l,o(Yjf+l,o) + 

P(VM+i,i-VMfi) (5-25) 

The next step is to introduce a hypothetical defect free crystal with M lattice sites, at 
the same pressure as the system with M + 1 lattice sites. The volume of this system 
is VMQ = {M/(M+ l)}VM+] 0. Similarly, the free energy of this hypothetical system 
is FM0 = {M/(M+l)}FM+l0. Note also that 

W i ( W i ) - W W = - ^ v - / , + / 0 (5.26) 

where Av = vVY"' — vpar' is the difference in volume of a vacancy and a particle, at 
constant pressure and number of lattice sites. Moreover, 

p(VM+]A-VM0) = P(Av + V/N) (5.27) 

Hence, the Gibbs free energy difference associated with the formation of a vacancy 
at a specific lattice site, GM , - GM_X 0 = gvac, is then 

8VaC = P(VMJ_lA-VM0)-f]+(Av+V/N)P + f0 

= P(vMA ~ V o + V o - ^ - i , o ) " h +fo 

= P{V /N) - ƒ , + ƒ „ 

= (P/p +f0)-fi 

= Mo"/! (5-28) 
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5.1 Free Energy of Vacancies 

where we have defined p.0 = (P/p + f0). Now we have to include the entropie 
contribution due to the distribution of n vacancies over M lattice sites. This total 
Gibbs free energy then becomes 

G = G0(N)+ng-+MkBT[-ln-+[l--\ln[l--\) (5.29) 

« G0{N)+ngvac+nkBT]n^-nkBT (5.30) 

If we minimize the Gibbs free energy with respect to n, we find 

(n)^Mexp(-pg^) 

where we have ignored a small correction due to the variation of InM with n. If we 
insert this value in the expression for the total Gibbs free energy, we find: 

G = G0(N) + (n) gvac - (n) gvac - («) kj = G0- (n) kBT 

The total number of particles is M- (n). Hence the Gibbs free energy per particle 
is 

G0-(n)kBT _ (n)kBT 
P ~ N " « O yv 

w jX0-xvkBT (5.31) 

Thus the change in chemical potential of the solid is 

A/i = —xvkBT (5.32) 

from which it follows that the change in pressure of the solid at fixed chemical 
potential is equal to 

AP = xypskBT (5.33) 

This is equivalent to Eq. 5.21 above. Hence the Bennett-Alder scheme is equivalent 
to the 'grand-canonical' scheme f 

It should be pointed out that the variation in volume due to the replacement 
of a particle by a vacancy can be computed either directly, in a constant-pressure 
simulation, or indirectly by measuring the change in pressure in a constant volume 
simulation. The two methods are related through the thermodynamic relation 

fdV) (dP\ fdN\ 
{jp)N.T{dN)VJ\dv)RT

 = ~l 

Noting that the number of vacancies is n = M - N, we can see that the change in 
pressure with the number of vacancies for a fixed number of lattice sites, is 

¥•] =(¥•] (d~) (5 35) 
dNjyr \dVjNAdNjp<T fIn Ref. 39, a slightly different expression is found, but this is due to a small error in the derivation in 

that paper. 
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5 Point Defects in Hard Sphere Crystals 

In particular, the pressure change due to one vacancy (i.e. APa i , defined in 
Eq. 5.12) is 

D0.I = P _P - A , Y ^ N 

dv 
W' = PM.0-pMA= Av[ - ^ J (5.36) 

N,T 

5.2 Computational Scheme 

5.2.1 Vacancies 

Numerically, it is straightforward to compute the equilibrium vacancy concentra
tion. As before, the central quantity that needs to be computed is — ƒ,, the change 
in free energy of a crystal due to the creation of a single vacancy at a specific lattice 
point. In fact, it is more convenient to consider + ƒ,, the change in free energy due 
to the removal of a vacancy at a specific lattice point. This quantity can be com
puted in several ways. For instance, we could use a particle-insertion method. We 
start with a crystal containing one single vacancy and attempt a trial insertion in the 
Wigner-Seitz cell surrounding that vacancy. Then ƒ, is given by 

ƒ, = - t - r i n - ^ ^ (5.37) 
'Vws<exp{-fJAU > 

A" 

where Vws is the volume of the Wigner-Seitz cell, and AU is the change in potential 
energy associated with the insertion of a trial particle. For hard particles 

fi=_kBTJnnws^sA\ (538) 

where PaCc(Vws) is the probability that the trial insertion in the Wigner-Seitz cell 
will be accepted. As most of the Wigner-Seitz cell is not accessible, it is more 
efficient to attempt insertion in a sub-volume (typically of the order of the cell-
volume in a lattice-gas model of the solid). However, then we also should consider 
the reverse move — the removal of a particle from a sub-volume v of the Wigner-
Seitz cell, in a crystal without vacancies. The only thing we need to compute in 
this case is Prem{v), the probability that a particle happens to be inside this volume. 
The expression for ƒ, is then 

vPaccjv) 

Prem(v)Ad 
fi=-kBT In [ - ac;\'kil ) (5.39) 

Of course, in the final expression for the vacancy concentration, the factor Ad drops 
out (as it should), because it is cancelled by the same term in the ideal part of the 
chemical potential. 

5.2.2 Interstitials 

As in the case of vacancies, the calculation of interstitials centers around the cal
culation of gj, the free energy associated with introducing an interstitial into the 
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5.2 Computational Scheme 

system (in the NPT ensemble), g, can be expressed as a sum of two parts: the free 
energy of introducing a point particle into the system (gms = —kBT\n < 1 — T} >, 
where TJ is the packing fraction), and the free energy of growing that particle to the 
same diameter (a0 = 1) as the other particles (ggmw). 

For the calculation of ggr0H', we simulate an extended system consisting of a 
lattice of N particles with diameter a0 = 1 on (or near) lattice sites and one extra 
(interstitial) particle that has a diameter a, that can vary freely. We interpret a, as 
an additional coordinate and, in this sense, the system that we are considering is an 
extended system. The partition sum for the extended system is 

Q(N+l.P.T)= I do' Q{N+\.P.T.o') (5.40) 

where Q(N + 1. P, T, a') is the partition function for the isothermal-isobaric system 
with one interstitial particle with radius a'. The probability of finding the interstitial 
particle with a specific radius a' = Oj is 

P(al\N+l.P.T) 
tid& Q{N+l.RT.o')8{ol-o') 

Q(N.P.T) 
Q{N+l,RT.a,) 

Q{N+\.P.T) 
(5.41) 

and the Gibbs free energy G(N + l.P.T.Oj) of a system with an interstitial with 
diameter a, is equal to 

G(N+l.P.T.a,) = -kBTlnQ{N+l.PT.a,) (5.42) 

Thus, the free energy difference between a system with a pintails interstitial (a, = 
0) and a full-grown interstitial (a, = 1) is 

ygrow G{N+1,RTA)-G{N+\.P.T.0) 

Q(N+\.PTA) 
~ kBTlnQ(N+\^PT,Q) 

P(0\N+\.P.T) 
= L F n — (5.43) B P(l\N+\,PT) 

It is obvious that P{o\N + l.P.T) can be very small for large values of ar In 
order to get an accurate histogram for P(Gj\N+ l.P.T), we have to use a biased 
sampling scheme. We employ the method of umbrella-sampling/multicanonical 
sampling,43-70 where we associate a weight E, (a) with a, which we use while sam
pling over o": 

P{<j\N+\.P.T.{^})°cP{o\N+\.P.T)e^a) 

If we sample over this distribution, we get a histogram P({a}\N + \.P. T. {<!;}), for 
which we can get the desired histogram P({o}\N + l.P.T) by refolding the bias: 

P(a\N+l.P.T) °c P(o\N+ l.P.T.{%})e -5(ff) 
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5 Point Detects in Hard Sphere Crystals 

The weights £ (a) are obtained by iteratively running the system and calculating 
(for the run i +1, from the results of run /) 

É,.+1((7) = §,(a) - ln/>(<7pV,P, 7\ {&(*)}) + C 

where C is an arbitrary constant.43 This will make the histogram P({a0}\N+ 
LP. T. {£,}) converge to a flat distribution over the accessible range. 

5.2.3 Interstitial Type Discrimination 

The fee crystal has two types of possible places, or 'holes' in which interstitials 
can reside: one of octahedral shape and one of tetrahedral shape. There are four 
octahedral holes and eight tetrahedral holes in one fee unit cell. To measure the 
relative concentrations of interstitials in these two types of holes, it turns out it is 
not possible to try to prepare the system in one hole and calculate ggWH\ because 
during the course of a simulation the interstitial makes many hops. 

In order to measure the relative occupation probability of the different holes, 
the interstitial has to be traced. This is done by the following scheme: at the start 
of the simulation, every particle i, except the original interstitial, is assigned to a 
lattice position R,. At fixed sampling intervals, the squared distance between the 
original interstitial and the nearest lattice sites (<52„ i = (rm; - R,)2) is compared 
with Sf = (r- — R ;)

2. If dfmi < 8f, the interstitial and particle ;' exchange identity 
(i.e. the interstitial acquires a lattice position R, and particle i becomes the intersti
tial). Once we have identified the interstitial, it is straightforward to assign it to a 
tetrahedral or octahedral hole. 

5.3 Simulation Results 

The free energy calculations were performed with 256+ 1 particle systems ( 4 x 4 x 
4 cubic fee unit cells) at four different pressures. Different parts of the histogram 
P({a}\N,P, T, {r/}) were calculated in parallel, and subsequently combined. The 
calculation of the weights took about 20 iterations of 2 • 104 MC sweeps per CPU 
on 5 CPU's. Once the weights were known for one pressure, they could be used 
as starting points for the other pressures, accelerating the weight calculation con
siderably. Final calculations were done with approximately 20 iterations of 4-105 

sweeps each (again on 5 CPU's). The final P(a\N.P.T) histograms for all four 
pressures are plotted in Fig. 5.1. 

For the calculation of ii at the different pressures, the results for the free energy 
of the perfect crystal42 were used together with Hall's71 equation of state. The 
results are summarized in Fig. 5.2 and table 5.1. For one pressure (P = 11.7, the 
coexistence pressure), we calculated g ; for a larger system (TV = 8 x 8 x 8 + 1 = 
2048 + 1) to check for finite-size effects; as can be seen from the results, these are 
negligible. Using the interstitial type discrimination algorithm described above, 
it was found that the (bigger) octahedral holes are far more likely to contain the 
interstitial than the tetrahedral holes (see table .5.1). 
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10 

Figure 5.1: The normalized probability P{o\N,P,T) of finding an interstitial with 
radius a/2 for hard-sphere crystals at (reduced) pressures 11, 11.7, 12 
and 13. 

5.3.1 Interstitial Diffusion 

When an interstitial is tracked, as described in section 5.2.3, an interesting effect 
can be seen. As is shown in Fig. 5.3, the interstitial makes discrete 'hops'. These 
hops are from one octahedral hole to the other; the interstitial takes the place of a 
lattice particle, which then in turn becomes the interstitial. 

This hopping leads to a fast diffusion of the interstitial through the crystal; 
Fig. 5.4 shows the mean squared distance (relative to the interstitial's original po
sition) as a function of the number of random particle displacements (MC cycles) 
for a MC simulation with very small (relative to inter-particle separation) particle 
displacement moves. In this case, the particles will move diffusively. When this 
short-time self-diffusion is compared to the long time hopping diffusion, they turn 
out to be nearly equal: for a step size of / = 0.0008a, the short-time self-diffusion 
constant is72 Dself: 
fusion constant is D 

J- / 2 

hop 

1.07 x 10 7C72/step, while the long-time hopping dif-

1.20 x 10 -7^.2 7^/step. Because the diffusion is so fast, 
Id be a major mechanism ior particic uii-nartic!e diffusion through interstitials 

fusion through the crystal, even when interstitial concentrations are low. 

5.4 Analytical Estimate of the Free Energy of 
Interstitials 

As octahedral holes are the largest cavities in an fee crystal, we limit our analysis 
to these. The number of octahedral holes in an fee crystal is equal to the number 
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p 
N 

n 
n 

8,/kBT 
XI 

hel 

C44 

*/.a 

11.0 
256+1 
0.536 
16.5 

29.9(1) 
1.5 -10 6 

0.087(6) 
41 

1.1-10 6 

11.7 
256+1 
0.545 
17.1 

34.5(2) 
2.7- 10"8 

0.032(2) 
46 

1.3-10"7 

11.7 
2048 + 1 

0.545 
17.1 

34.7(2) 
2.4- 10^8 

46 
1.3-10"7 

12.0 
256+1 
0.548 
17.4 

36.5(2) 
5.6- 10~9 

0.079(9) 
48 

6.8- 10~8 

13.0 
256+1 
0.559 
18.4 

44.1(3) 
7.2-10 12 

0.118(8) 
57 

3.2- IQ"9 

Table 5.1: Simulation results for the properties of interstitials in hard sphere crys
tals. The values for the packing fraction rj and the chemical potential ii 
were taken from refs. 42 and 71. gt is the free energy associated with 
interstitial formation, Xj is the interstitial concentration from the simula
tions. het is the fraction of interstitials found in tetrahedral holes. The 
values from the analytical estimate of section 5.4 are given as xt , using 
values for the elastic constants C44 from ref. 65 

of lattice sites, the derivation of the expression for the concentration of interstitials 
is almost identical to the one for the vacancy concentration. Let us denote the 
change in free energy associated with the introduction of an interstitial at a specific 
octahedral site by f,. The concentration of interstitials is then 

exp W-M: (5.44) 

In a static lattice, r0, the radius of such octahedral holes equals (\fl/2 - 0.5)a, 
where a is the nearest-neighbor distance. For a hard-sphere crystal at melting, this 
radius equals r0 = 0.229 o. Clearly, in order to fit in an interstitial, the cavity 
has to be expanded. If we assume that the crystal is elastically isotropic (a fair 
approximation for a cubic crystal) then the work needed to create a cavity of radius 
r equals63 

W = SKyiLrn(r-r0)
2 (5.45) 

where /iL is the shear Lamé coefficient. How large should r be? Clearly, it should 
be at least 0.5a, otherwise the interstitial would not fit into the lattice. But, in fact, 
it should be larger, because the interstitial particle itself requires some free volume 
vF. We should therefore minimize the sum of the free energy of a particle in a 
cavity of radius r and the elastic energy required to create such a cavity. Using 
vF = (47r/3)(r- a/2)3, the expression for this free energy is* 

F(r) = -kBT\n\(4x/3)(r-o/2)3 + &nilLr0(r-r0)
2 (5.46) 

:In what follows, we leave out the factor involving the de Broglie thermal wavelength, as it cancels 
anyway in the final result. 
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5.4 Analytical Estimate of the Free Energy of Interstitials 

Figure 5.2: x{ as a function of the reduced pressure P. The drawn line corresponds 
to a fit of the fornix, = exp(-6.1P + 54) 

Differentiating Eq. 5.46 with respect to r yields the following equation for the equi
librium radius of the cavity: 

3kBT(r-o/2)2 

( r - a / 2 ) 3 

This yields the following equation for r 

l6nnLr0(r-r0)=0 (5.47) 

Orn r z - ( c r / 2 + r 0 ) r + - ^ - 3fegg 
l6nnLr0 

and hence 
°/2 + r0 /(CT/2 + A-0)

2 or0 3kBT 
2 Y 4 2 16^Lr0 

(5.48) 

Inserting Eq. 5.48 in Eq. 5.46 we obtain the expression for the total free energy of 
an interstitial at a specific lattice site 

fl -kBl In (4*/3)(rf - o/iy + i7tnLr0(r, - r0)2 (5.49) 

If we use the parameters for a hard-sphere solid at melting (fiL as C44 = 4665), we 
find that the predicted concentration of interstitials is approximately 1 • 10~7. Con
sidering the crudeness of the approximations involved in deriving this result, the 
agreement with the corresponding numerical estimate (x, tn 3 • 10~8) is gratifying. 
However, at higher densities, the agreement becomes worse, possibly because it is 
no longer justified to assume isotropic, linear, elastic behavior around an interstitial 
(see table 5.1). 
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5 Point Defects in Hard Sphere Crystals 

Figure 5.3: Projection of the interstitial position during the simulation onto the xy-
plane. Note the horizontal and vertical 'hops' that correspond to octa
hedral holes in the 100-oriented fee crystal. 
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Figure 5.4: Mean interstitial distance from the origin ((Ar2)) as a function of 
MC cycle number for a MC simulation with small particle step size 
(/ = 0.0008(7). The MC cycle number here corresponds to the number 
of displacements in a random walk. The dotted line corresponds to the 
fitted diffusion coefficient. The discrete nature of the interstitial 'hop
ping' is clearly visible in the intermediate regime of 103-105 cycles. 

In summary, we have shown that the equilibrium concentration of interstitials 
in hard-sphere crystals is so low that most experiments will not be able to detect 
them. We find that interstitials are quite mobile. This implies that interstitials that 
are trapped during crystal growth should be able to diffuse rapidly to the crystal 
surface. This information is good news for experimentalists trying to grow photonic 
band-gap materials. On the other hand, colloidal hard sphere crystals will have a 
high equilibrium concentration of vacancies. With the present accuracy of free-
energy calculations, vacancies yield a detectable change in the free energies, but 
interstitials do not. 
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