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8 Monte Carlo Study of Hard 
Pentagons 

In this chapter we consider the freezing of a liquid consisting of molecules that have 
a shape that prevents close packing in a regular crystal. In particular, we consider 
a two-dimensional system of hard pentagons. We have studied the phase behavior 
of hard pentagons in isobaric and isotensic Monte Carlo simulations. On increas
ing pressure the system first goes from an isotropic liquid phase to a rotator phase 
on a triangular lattice. At higher pressures, it undergoes a first order phase tran
sition at which orientational order sets in and the lattice is distorted, thus partially 
accommodating the frustration due to the mismatch between particle and lattice 
symmetries. The resulting phase is similar to the 'striped' phase in the compress
ible antiferromagnetic Ising model on a triangular lattice. 

8.1 Background 

Shape is one of the main characteristics of molecules. Simple models, in which 
molecules are represented by hard objects without any interaction apart from their 
excluded volume, have been very successful in the analysis of the phase behavior 
of liquids and liquid crystals.4 

In this work we have investigated how a liquid behaves under pressure, if par
ticle geometry does not 'fit' to the crystal structure, into which the liquid tends 
to freeze. The simplest objects which fulfill this requirement are two-dimensional 
pentagons. At low densities they act like hard disks, that form hexagonal structures. 
At high densities the fivefold symmetry forbids hexagonal ordering. 

A system of pentagons has already been studied in an 'experimental simula
tion', by Duparcmeur, Gervois and Troadec." These authors studied the com
paction of macroscopic hard styrene pentagons on a blowing air table. These pen
tagons undergo thermal-like motion and experience, apart from hard pairwise pen
tagonal interaction, a soft repulsion due to the hydrodynamics of the air flowing 
from under the pentagons. This study focused on the high-density (presumably 
close-packed) crystal and its defects; no mention of a rotator crystal was made and 
information on the nature of any phase transition was experimentally inaccessible. 

A model related to pentagons are hard pentamers, objects made from five cir
cular disks arranged with their centers on the vertices of a pentagon. Those were 
studied by Branka and Wojciechowski in computer simulations and mechanical 

75 



8 Monte Carlo Study of Hard Pentagons 

Figure 8.1: Sketch for the overlap algorithm. 

simulations. I00~102 We will refer to similarities and differences of our results in the 
respective result sections of this chapter. 

We have performed isobaric and isotensic Monte Carlo simulations of hard pen
tagons. In an isotensic simulation the pressure tensor is imposed instead of the 
pressure. The system is allowed to relax to the pressure tensor by sampling the box 
shape. Because the box shape is not necessarily rectangular, the system may form 
crystalline phases that are not commensurate with a rectangular box.50'55-l03 

The order parameters, by which we have identified the structures obtained in 
the simulations, are defined in section 8.2.2. In section 8.2.3 the numerical data are 
presented and in section 8.3 we compare the freezing behavior to the transition in 
the compressible antiferromagnetic Ising model on a triangular lattice. Section 8.4 
sums up our conclusions. 

8.2 Simulations 

8.2.1 Overlap Criterion 

The algorithm for the overlap criterion required for the Monte Carlo simulations, 
consists of 3 steps (See Fig. 8.1 for details): 

1. If the distance r between the pentagons is bigger than the diameter of the 
outer circle, rj, the pentagons can't overlap. 

2. If r is smaller than the diameter a, = cxcos7r/5 of the inscribing circle, the 
pentagons always overlap. 

3. The edge E of either pentagon which is closest to the center of the other 
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8.2 Simulations 

pentagon (in this case b) is sought. If this edge is inside the other pentagon, 
the pentagons overlap, otherwise they don't. 

To test whether E is inside the other pentagon, we can draw a line from E in 
any direction. If the line crosses a border of the pentagon an odd number of 
times the point is inside, otherwise it's outside. In practice we choose the line 
to be horizontal, so we only have to check crossings of the line with border 
pieces that have a bigger and smaller y coordinate of the ends. 

8.2.2 Order Parameters 

We computed several quantities that reflect positional or orientational ordering of 
the system. 

We define the local values of the order parameters at location x;, which is the 
location of pentagon i. The global order A for the local order parameter a(x,-) is 
then defined as 

A = -
N Z«fo (8.1) 

(we use absolute values because most order parameters have imaginary compo
nents). 

First, the particle orientational order parameter 0„(JC;) is defined as 

M*i) = *Mi (8-2) 

where 9; is the angle between the orientation of pentagon i and an arbitrary fixed 
axis. 

For bond-orientational order we use 

V „ ( x , ) 4 l ^ (8.3) 

where Nt is the number of neighbours of particle i, the sum is over the neighbours of 
i and 9-• is the angle between an arbitrary fixed axis and the line connecting particles 
i and j . This is one of the usual order parameters used in studying 2D melting.75 

Two particles are neighbours if they share an edge in the Voronoi tessellation of the 
collection of points that are the centers of the pentagons. 

The positional order is measured using the static structure factor 5(q) at one 
specific scattering vector q equal to a reciprocal lattice vector of a perfect crystal 
with orientation and lattice snacina taken from the system. To check for hexa°onal 
crystalline positional order, the lattice vector a is set to its ideal value for a given 
packing fraction: 

(8.4) 
2 ^ 7 ] 

The crystal orientation is taken from the mean angle obtained from the global 
hexagonal bond-orientational order parameter: 

^ ö ^ X V é W (8-5) 
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Figure 8.2: Pressure P versus packing fraction r\: The equation of state shows two 
discontinuities; one a low density (see the inset) and one a higher den
sity. The dotted line is a scaled 2D hard-disk equation of state. 

which gives an orientation a between 0 < a < n/3 on the complex plane. Together, 
the lattice vector and the orientation give a reciprocal lattice vector G through the 
definition G • (ae'a) = 2%. The hexagonal crystal positional order parameter £ now 
is 

C(x,. JGx. (8.6) 

The same order parameter with different reciprocal vector q can be used for non-
hexagonal lattices. 

To get an measure of the coupling between the local bond order and particle 
orientation, the combined order parameter 

KWn 
1 

Ni 

1 e'° -«e. (8.7) 

was used. 

8.2.3 Phase Behaviour 

The simulations were performed with 4736 pentagons. Equilibration took 1.5 • 
106 MC steps per particle (sweeps) and production runs were of 1.0-106 sweeps. 
Results are given in length units of a (diameter of pentagon perimeter) and energy 
units of kBT. 

In Fig. 8.2, the pressure P is plotted versus the packing fraction 77; the fraction 
of area covered by pentagons. There are two discontinuities in packing fraction 
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8.2 Simulations 

Figure 8.3: Order parameters near the low density phase transition: The sixfold 
bond order T 6 and the structure factor of the corresponding triangular 
lattice S(qhex) increase. 

which indicate phase transitions. While the second (higher density) phase transi
tion seems to show a clear density gap, the nature of the transition is not so clear 
for the first one. This situation is similar to the 2D hard disk melting scenario; 
there it is difficult to decide on the basis of simulations of systems of finite size be
tween a first-order phase transition and a KTHNY dislocation-unbinding melting 
scenario involving a hexatic phase (see, for example, chapter 7 or refs. 6,75). Phase 
transitions that appear to be first-order in the simulations can be compatible with 
a continuous melting scenario in the thermodynamic limit. The similarity between 
the present case of the low-density phase transition of the pentagons and the hard 
disk fluid-solid phase transition can be seen in Fig. 8.2, where the scaled hard disk 
equation of state is superimposed on the pentagon equation of state. 

The density dependence of the order parameters in the vicinity of the low-
density phase transition, are shown in Fig. 8.3 . The sixfold bond order y¥6 (solid 
line) and the structure factor of the corresponding lattice S(qhex) (dotted line) in
crease. As we snail see in the high-density crystal, the value of the Structure factor 
is a sensitive measure for the exact lattice type and indicates that it is hexagonal. 

Fig. 8.3 also shows the absence of global 10-fold (and therefore 5-fold) orien-
tational order. The correlation of 10-fold order104 

«•M(r) = <tfo(0)*ioM>/*M (8-8> 

is shown in Fig. 8.4: the decay of the orientational order is rapid and initially 
exponential and the simulation box appears to be large enough relative to the decay 
length of the orientational order. 
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Figure 8.4: The orientational correlation function g0 (r) for the highest simulated 
pressure of the low-density solid (P = 45, r/ = 0.820) and for the 
lowest simulated pressure of the high-density crystal phase (P = 46, 
r/ = 0.837). Beyond r approximately 10a, the low-density values 
merely show statistical noise. 

Higher order orientational order that incorporates both the 5-fold symmetry of 
the particles and the 6-fold symmetry of the lattice, O30, or the coupling of that 
to orientational order (^>JQ¥6), could not be distinguished from zero, presumably 
because of the high sensitivity to thermal fluctuations (low Debye-Waller factor) 
associated with such high-order orientational order parameters in two dimensions. 

At the higher density phase transition (see Fig. 8.5) the bond order T6 increases 
further, but the corresponding structure factor S(qhex) drops to zero. The system 
still has six-fold bond order, but the particles are no longer positioned in a regular 
triangular lattice. At the same transition, 5«-fold orientational ordering sets in: 
in particular, O | 0 grows strongly. However, <&5 remains effectively equal to zero. 
The reason why we observe only 10-fold (in general, 10n-fold) ordering is that the 
particles align in 'antiparallel' fashion, cancelling <&, exactly. 

Together with the absolute orientational order, the coupling between orienta
tional and bond-orientational order, in this case ^to^ö § o e s ^rom z e r o t 0 a finite 
value at the transition. The structure that forms is a striped phase of antiparrallelly 
packed pentagons, as the snapshot from Fig. 8.6 shows. 

To our knowledge, there exists no proof that the regular arrangement of Fig. 8.6 
(shown schematically in Fig. 8.7) is the densest possible pentagon packing on a 
plane, but it has been conjectured by Henley105 that this is, in fact, the case. Our 
simulations, and the experiments by Duparcmeur et a l " spontaneously form this 
arrangement at the highest pressures. The arrangement itself, as shown in Fig. 8.7, 
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Figure 8.5: Order parameters near the (higher-density) rotator-crystal phase transi

tion. 

is a distorted hexagonal packing with a unit cell of size 

5+v/5 
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5 + ^5 ) «0.824a1; hex 
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(0.0) 

a 

' 0 

1 3 li 
16 + T 6 ^ 

1 9 

(8.9) 

(8.10) 

with a maximum packing fraction of 0.92131. 
Figure 8.5 also shows the density dependence of the appropriate structure factor 

5(qcp) for this type of distorted hexagonal lattice. The figure clearly shows that this 
order parameter starts to grow at the phase transition. In addition we also followed 
the behavior of the 'aspect-ratio order parameter', defined as 

a 
,,cp 

7cp 
(8.11) 

where ax and ay are the measured lengths of the unit cell edges corresponding to ac
x
p 

and acv in Fig. 8.7. a^ex and a^ex are the equivalent hexagonal unit cell dimensions. 
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Figure 8.6: Partial snapshots from the three phases. On the left the fluid phase, in 
the middle the rotator crystal and to the right the high-density crystal. 
The pentagons are shaded according to their absolute orientation. 

This order parameter goes from 0 to 1 as the lattice distorts from hexagonal to the 
close-packed structure, as can be seen in Fig. 8.5. 

Upon compression, the system in the rotator-phase forms a close packed crystal 
with a large concentration of defects in the form of 'kinks' in the stripes of the 
parallelly aligned pentagons, similar to what the pentagon packings of Duparcmeur 
et al ." showed. In addition, hysteresis prevents crystallization until pressures are 
well beyond those at which the crystal melts. 

The size of the density gap, the hysteresis and the jumps in order parameter val
ues (especially the one in a) strongly suggest a first order phase transition between 
the rotator phase and the close packed crystalline phase. Given the large number of 
particles involved it is unlikely that it is a finite size effect. 

8.3 The Elastic Antiferromagnet on a Triangular 
Lattice 

Ising antiferromagnets — Ising models with a positive spin-spin coupling constant 
J — are often used as models of the order-disorder transition in alloys. 'Ordering' 
in an alloy usually implies that unlike particles tend to be neighbours, just as neigh
boring spins tend to align antiparallel in an antiferromagnet. However, in alloys 
with a face-centered cubic (fee) lattice, this type of ordering leads to frustration, as 
antiferromagnetic order does not 'fit' the fee structure: the lattice cannot be filled 
up with alternating rows of up and down spins in all directions. This 'frustration' 
results in the formation of a disordered ground state. 

The two-dimensional analog of this problem, the antiferromagnet on a com
pressible triangular lattice, has been studied extensively.106- '°7 In this model, spins 
are free to move around their lattice position and the neighbouring spin-spin inter
action parameter J(i.j) is a function of the distance between the spins i and j . In 
addition, there is a linear elastic term in the Hamiltonian with the strain depending 
on the spin positions, introducing the additional requirement of a slowly varying 
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8.3 The Elastic Antiferromagnet on a Triangular Lattice 

Figure 8.7: Close packing: pentagons pack onto a distorted triangular lattice. The 
unit cell is shown as the rectangular area with darker shades; its dimen
sions and particle positions are given by Eq. 8.9 and Eq. 8.10, respec
tively. 

displacement field. It has been shown that the coupling to lattice distortions allevi
ates the frustration and allows for the existence of an ordered ground state.107 This 
new phase, the 'stripe" phase, has two broken symmetries: the Ising symmetry and 
the three-state symmetry of bonds in the underlying lattice. 

The transition to this stripe phase has been found to be strongly first order under 
the assumption of a mean strain field.107 When fluctuations in the spin positions are 
taken into account, the transition is still strongly first order for low values for the 
spin-displacement coupling constant relative to the elastic constants, but becomes 
weakly first-order for higher values of the spin-displacement coupling constant.108 

The high-density phase transition in the pentagon system resembles this transi
tion. Frustration due to the mismatch in particle and lattice geometry is removed 
by straining the lattice into the non-hexagonal, striped phase shown in Fig. 8.6 and 
Fig. 8.7. Here, the symmetries that are broken are the 'left-right' symmetry (the 
direction where a pentagon corner is pointing in a bond direction) and a three-fold 
symmetry involving the choice of direction of the stripes. The size of the den
sity gap, the behaviour of the order parameters a and O^M^ suggest a moderately 
weak first-order transition similar to what is seen by Gu et al. for the intermedi
ate regime of the spin-displacement coupling constant strength. 
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8 Monte Carlo Study of Hard Pentagons 

8.4 Conclusion 

We have investigated the phase behavior of hard pentagons using Monte Carlo sim
ulations. Pentagons constitute a simple model for particles, whose geometry con
flicts with the simplest (2D) crystal symmetry. 

At low pressures pentagons exhibit a positionally and orientationally disordered 
isotropic phase. On increasing the pressure, the system undergoes a 2D hard disk
like phase transition to a positionally ordered, but orientationally disordered rotator 
phase. We do not find traces of fivefold symmetry in the orientational order param
eters. 

On further increase of pressure, the non-spherical shape of the particles begins 
to influence the phase behavior. The system undergoes a first order phase transition, 
in which the orientational degrees of freedom are frozen and, simultaneously, the 
lattice becomes distorted. 

As pentagons cannot be packed densely in a regular triangular lattice, the posi
tional order changes at this phase transition. The resulting distortion of the lattice 
alleviates the frustration of orientational and positional order. This effect is well 
known in the context of the antiferromagnetic Ising model. The transition to the 
high density phase in hard pentagons resembles the transition to the 'striped' phase 
in the antiferromagnetic case. 

One way of varying the polygon analog of the spin-displacement coupling con
stants would be to look at the behaviour of heptagons. Heptagons should have a 
lower 'misalignment' penalty to displacement (the analog of the spin-displacement 
coupling constant) and the rotator phase-striped crystal transition should should 
therefore be more strongly first-order. 
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