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Summary 

In this thesis, various properties of hard-body solids are explored. Chapters 3 
through 6 deal with 3D crystals of hard spheres. Chapter 7 is about about the 
melting of the crystalline phase of polydisperse 2D hard disks. Finally chapter 8 
discusses the phase behaviour of hard pentagons. 

Chapter 2 presents a short review of free energy methods for simulations in 
crystalline solids, and of methods to calculate elastic constants. The free energy 
methods reviewed are thermodynamic integration and its variants (Einstein inte
gration) and lattice switch Monte Carlo. For elasticity calculations, both direct cal
culations of the stress as a function of strain, and fluctuation methods to calculate 
the elastic constants are discussed. 

In chapter 3 predictions are made about the stacking behaviour of growing hard-
sphere crystals. Crystals of hard spheres can be found either in one of the two 
regulare close-packed arrangements: fee (face-centered cubic) or hep (hexagonal 
close-packed), or in a mixed form, random hexagonal close-packed, rhep. All of 
these packings amount to different ways to stack the hexagonal planes that make 
up a hard-sphere crystal. As hard-sphere crystallites in a hard-sphere colloidal 
suspension, one can expect a small crystallite to be randomly stacked, because the 
bulk-free energy gain of the entropically favoured fee and the interfacial free energy 
associated with an fec-hep transition are outweighed by the stacking entropy. As 
the crystal gets larger, the ratio of number of layers to the number of particles gets 
smaller and the fee phase should win out. To show this, the bulk free energy of the 
two regular stackings is re-calculated (it is around 10~3kBT per particle) and the 
interfacial free energy between fee and hep is calculated. Based on these values, 
a prediction is made for the timescales at which a randomly stacked crystal will 
regrow into an purely fee crystal. 

Another aspect of hard sphere fec-hep stacking is discussed in chapter 4: the 
elastic behaviour of both stackings. Using stress-strain methods in simulation, it is 
shown that some of the elastic constants — most notably C12 — differ by up to 20% 
between fee and hep. This result is verified by free energy calculations, with the 
comparison to the stress-strain results involving some third-order elastic constants. 
In addition, the relative distance between the stacking planes of hep (its c/a ratio) 
is found to be different to the equivalent in fee, converging to that the fee value as 
density increases. Finally, the influence of polydispersity on the elastic constants is 
investigated, and found to be minimal. 

Chapters 5 and 6 an analysis of the point defect concentration in hard-sphere 
crystals is presented. Chapter 5 considers the monodisperse case and develops a 
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theoretical framework for equilibrium point defect (vacancy and interstitial) con
centrations. Subsequently, interstitial concentrations are calculated (and are found 
to be in the order of 10~8) and compared with a simple model. 

The vacancy and interstitial concentrations for the polydisperse hard-sphere 
crystal are calculated in chapter 6. As polydispersity increases from zero towards 
the maximum polydispersity at which the crystal is stable, the vacancy concentra
tion declines by roughly a factor of two (from around 10~4 to around 5 x 10~5), 
while the interstitial concentration increases by a factor of 106, up to 2 x 10 -2. This 
is due to the finite concentration of particles that are small enough to easily become 
interstitials. It is found that the free energy associated with an interstitial is mainly 
sensitive to the radius of that interstitial, independently of the polydispersity of the 
crystal; this means that the small-particle tail of the particle-size distribution of the 
crystal will be crucial for the interstitial concentration in real hard-sphere colloidal 
crystals. 

The melting transition of 2D hard disks is investigated in chapter 7, in the 
light of possible KTHNY (Kosterlitz-Thouless-Halperin-Nelson-Young) disloca
tion-mediated melting. The hard disk system is viewed as a limiting case of the 
polydisperse hard disk system, as the melting behaviour as a function of polydis
persity is explored. This is done because in 3D the hard-sphere system displays a 
widening of the density-polydispersity gap upon increasing polydispersity, show
ing a stronger first-order character. In 2D, the apparent width of the phase transi
tion (which may in fact be a continuous transition with finite size effects) appears 
unchanged as a function of polydispersity. In addition, the point at which the crys
tal becomes soft enough for dislocations to start unbinding (the point where the 
Young's modulus K = \6K) appears to be located inside the apparent phase transi
tion gap consistently throughout the range of accessible polydispersities. 

Finally, chapter 8 explores the phase behaviour of hard pentagons in 2D, as a 
system where the particle symmetry is incommensurate with any crystalline sym
metry. The system is found to undergo two phase transitions: one liquid to rotator 
crystal phase transition similar to the 2D hard disk freezing transition, where the 
particles in the rotator crystal are positionally quasi-long-range ordered on a hexag
onal lattice but rotationally unordered. The second (first-order) transition converts 
the rotator crystal to the fully ordered crystal, where the orientations of the pen
tagons are ordered in a striped fashion. The particle positions in the fully ordered 
crystal on a compressed hexagonal lattice, with lower symmetry than the hexago
nal lattice. A comparison can be made between the second phase transition and the 
phase transition in the elastic antiferromagnet on a triangular lattice. 
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