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Chapter 1 

Introduction 

In doing physics and mathematics, one often encounters problems which seem to be very 
hard, if not impossible, to solve. There are many famous examples of such problems - the 
radiation of a black body, Fermat's last theorem, the quantization of gravity, the Riemann 
hypothesis - but there are myriads of other problems in the everyday life of physicists and 
mathematicians which nobody ever hears about, but which at first sight appear to be just 
as difficult to solve. Nevertheless, many of these problems - including some of the famous 
ones - eventually obtain a solution. What is an unsolvable problem one evening may seem 
to be an easy exercise the next morning, or it may turn out to be solvable with a lot of 
hard work as much as 350 years later. 

The reason that difficult problems get solved is not that people get smarter after a good 
night's sleep, or after 350 years of evolution - amusingly, 350 years at the scale of evolution 
is of the same order of magnitude as a good night's sleep in the development of a single 
human being - but that people look at problems in different ways, one of which eventually 
turns out to be the right one. The radiation of a black body was understood when Max 
Planck thought about it in terms of quanta instead of waves, and Fermat's last theorem 
was proven because Andrew Wiles thought about it in terms of elliptic curves and modular 
forms instead of integer numbers. It is quite likely that one day the quantization of gravity 
and the Riemami hypothesis will also be solved problems, and probably the way in which 
they will be solved will be completely unexpected. 

When doing physics and mathematics, it is therefore often useful to have different de
scriptions of the same problem at one's disposal. String theory is a field in which this 
philosophy has become a way of life, which may be why it has led to so many surprising 
results in both mathematics and physics. In the development of string theory, people 
have constantly been finding new ways of thinking about things: dual models turned into 
worldsheet physics, p-branes turned into D-branes. AdS turned into CFT. and string the
ory itself turned into M-theory. One may even conjecture that we have originally started 
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12 CHAPTER 1. INTRODUCTION 

thinking about string theory in the wrongest possible way - which turns out to be a 
blessing in disguise, since it allows us to find better ways all the time, resulting in a large 
number of interesting insights. One can only speculate about the number of turns we still 
have to take before we find the optimal description of the theory. 

Whether this conjecture is true or not. it is a fact that what seemed to be many different 
string theories at first, now appear to be different faces of the same theory, which for lack 
of a good description and hence a good name is called M-theory. To be precise, all known 
(supersymmetric) string theories are related by dualities: reformulations which turn one 
string theory into another. These dualities are an incredibly useful tool for the string-
theorist, since every problem now automatically conies with a large number of possible 
ways to look at it and hence with a large number of possible solutions. But since solving 
problems and applying dualities are commuting operations, one may also use these dual 
perspectives on string theory in a different way: once a problem is solved, both the problem 
and the solution may be translated into a dual language, thus teaching us something new 
about another string theory. 

In this thesis, we will use the dual perspectives on string theory to learn more about its 
extended objects. We will see an example of the problem-solving capabilities of dualities 
in our study of the NS five-brane. We will also encounter the procedure of translating 
both a problem and a solution to a different language when we study supersheets. 

One question which should be asked at the end of every PhD research is of course: what 
was all of this good for? Has the world become a better place now that we know that 
supersheets can be described on a microscopic scale as string networks, or will more 
detailed knowledge about the partition function of the NS five-brane change the course of 
history? The irony put aside, one may indeed wonder whether string theory will eventually 
lead to something useful. In the sense of "a correct description of nature". this is a question 
which I hardly dare to speculate about, though I would say that the chances that string 
theory in its current formulation will be useful as a complete theory of nature are quite 
small. 

Personally - but anybody's opinion is as good as mine - I feel that the true power of 
string theory at the moment is not in the physics, but in the mathematics. For the first 
time, we have a theory which, even though still at a toy model level, naturally describes 
both quantum mechanics and general relativity. This fact alone makes string theory worth 
studying, hoping that one day we will be able to solve the puzzle of quantum gravity. To 
date, nobody knows how to solve this problem in nature, but if string theory can teach 
us that at least there is a mathematical way to combine quantum theory and gravity, this 
might put us on the right track towards a more physical picture of quantum gravity. It 
could be that in the course of maybe 350 years, such a picture slowly evolves from what 
we call string theory today, or it could be that tomorrow someone finds a completely 
unexpected solution to the problem after a good night's sleep. 
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Intended audience and assumed background 

From the above introduction, it will be clear that in my opinion, a string theorist cannot 
earn his living by merely studying small pieces of a theory which may or may not one 
day solve a puzzle whose solution in its turn may or may not be beneficial to society. 
Curiosity, and not practical use. is usually what drives a theoretical physicist. But a 
theoretical physicist should not just try to satisfy his own curiosity, he should also answer 
the questions asked by other people - regardless of whether these are physics students or 
interested laymen. In my opinion, a theoretical physicist should not just do research, he 
should also make the results of this research accessible to as wide an audience as possible. 

Of course, this PhD thesis had to be a technical report on five years of research, which 
made it inherently impossible to write it on a level which non-physicists can understand. 
But a PhD thesis should certainly be accessible for other PhD students who start working 
in the same field, and I have tried to keep this audience in mind every time I had to make 
a decision about including or omitting certain details. In particular, a good knowledge of 
quantum field theory and some familiarity with string theory and supersymmetry should 
be enough to understand the essentials of this thesis. I have benefited a lot from some 
well-written theses by other PhD students, so I hope that this thesis will be of similar use 
to one or two future string theorists. 

All of this has resulted in a thesis of more than 200 pages, so I must apologize to the expert 
readers, who will have to work their way through a lot of information which probably is 
not new to them. To make their life a bit easier, let me give an overview of what is to come, 
so the experts can skip the parts in which they are not interested, and the non-experts 
can get a picture of the road that lies ahead. 

Outline 

This thesis is the synthesis of two separate research projects: one concerning supersheets 
and string networks; the other one about the partition function of the NS five-brane. 
The first project (which actually historically came last) is conceptually the simplest and 
shortest one: it can be understood with relatively little background knowledge. The 
discussion of the NS five-brane partition function on the other hand will involve more 
sophisticated background material. I have tried to present the material in this thesis in 
increasing order of difficulty, though of course this is partially a matter of taste. 

The thesis begins with a general introductory review of string theory in chapter 2. I will 
assume that most of the background presented here is not new to the reader: the purpose 
of this chapter is not to explain string theory to newcomers, but to remind the reader of 
its important ingredients, and to put the rest of the thesis into the right perspective. Of 
course. I will especially pay attention to the subjects of extended objects and dualities, 
since these form the core of this thesis. 
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This background will be sufficient to present our work on supersheets and string networks 
in chapter 3. The material in this chapter was published in the paper [74] with E. Verlinde. 
It discusses the fact that two seemingly very different extended objects - one a network 
of strings, the other a three-dimensional object - are really the same thing. In deriving 
this result, several dualities are used. 

Chapter 4 is another introductory chapter: it introduces some more advanced subjects 
which will be needed to understand our work on the NS five-brane. The subjects treated in 
this chapter are Calabi-Yau manifolds. Taub-NUT and ALE-spaces. N = 2 supergravity 
in four dimensions, and special geometry. I will not assume that the reader is familiar 
with these subjects, so this second introductory chapter will be more detailed than the 
first one - though of course presenting a complete and self-contained discussion will be 
impossible within the limits of this thesis. 

In chapters 5 and G. I will then present the results of our research concerning the NS five-
brane. These chapters are an extended version of the paper [32]. written together with 
R. Dijkgraaf and E. Verlinde. A brief summary of these results can also be found in the 
written version of my talk at the Cargese Summer School in 2002. which was published in 
[76]. The aim of these chapters is to calculate the partition function of the NS five-brane 
in a particular setup: in chapter 5. I present the calculation of the classical approximation 
to this result, and in chapter 6 - after switching to a dual perspective - I present the 
derivation of its quantum corrections. 

Some of the less essential background and some of the more detailed calculations are 
presented in appendices, to avoid interrupting up the main line of the story too much. 
These appendices can be found at the end of the chapters to which their results refer. The 
thesis ends with a summary in Dutch for non-experts (meaning anyone who has had a 
secondary education and has some interest in physics), and of course the acknowledgements 
(also in Dutch), a curriculum vitae and a bibliography. 

Conventions and all tha t 

The most difficult task when writing a PhD thesis (assuming that all the technical work 
has been completed successfully) is to reach an acceptable level of consistency in notation, 
conventions, references, and so on. Often, either consistency with existing literature or 
internal consistency between the chapters has to be sacrificed. Keeping in mind the 
intended audience of PhD students, who most likely will want to look up details in the 
references every now and then. I have usually taken the notation used in the standard 
literature as the most important guideline. This has the consequence that at one or 
two places in this thesis. I had to change notation when a certain concept appeared in 
a different setting. The main examples are the change in the definition of the string 
length from the conventions by Green. Schwarz and Witten to the modern conventions, 
the change from upper case letters to lower case ones when the fields in a sigma-model 
get the interpretation of coordinates on a manifold (see also the remarks below), and 
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the rescaling of the metric of the moduli space of complex structures on a Calabi-Yau 
manifold by a factor of 2. I have tried to indicate as clearly as possible when and where 
these changes occur. One thing I have tried to be consistent with is the choice of the 
signature of lorentzian metrics: these always have a "mostly plus" signature, which in my 
opinion is the most natural choice. 

A few more words about my conventions with respect to coordinates are in place here. In 
this thesis, we will encounter ten-dimensional space-time coordinates, six-dimensional five-
brane coordinates, four-dimensional transversal coordinates, two-dimensional worldsheet 
coordinates, (n + l)-dimensional special Kahler coordinates, and n-dimensional inhomo-
geneous special Kahler coordinates. Moreover, many of these coordinates can either have 
the interpretation of an ordinary coordinate, or of a field in a sigma model. Needless to 
say, a consistent notation is important here to avoid confusion, although it is also nearly 
impossible to achieve complete consistency. The main distinction between the several 
types of variables is in their indices, and I have tried to be completely rigorous here. For 
easy reference, I give an overview of the different indices used in this thesis in table 1.1. 
The notation in chapter 3 differs from the one in chapters 4-6: since this chapter treats a 
quite different subject from the later chapters this should not lead to too much confusion. 
In the introductory chapter 2, I will use the notation in which the results will appear in 
the later chapters. 

Chap te r 3 
// .// . . . . 
i.j.... 
a.b.... 

Ten-dimensional space-time coordinates 
Worldvolume coordinates on D-branes 
Spatial worldvolume coordinates on D-branes 

Chap te r s 4-6 
n . J . . . . 
II.v.... 

m. n.... 
M. N.... 
a. b.... 
I. J.... 
i.j.. .. 

Worldsheet coordinates 
Four-dimensional space-time coordinates 
Six-dimensional internal coordinates 
Ten-dimensional space-time coordinates 
Three-dimensional coordinates transversal to the T-duality direction 
Homogeneous coordinates on special Kahler manifolds 
Inhomogeneous coordinates on special Kahler manifolds 

Table 1.1: The index conventions used in this thesis. 

If there is a certain direction playing a special role, it will always be denoted by a zero-
index. In lorentzian cases, the zero-index denotes the time direction: in deriving the 
Buscher rules, it denotes the direction in which we have a U{\) isometry. and in special 
Kahler geometry, it will be this index which disappears when going from homogeneous 
coordinates to inhomogeneous ones. 

In my choice of notation for the coordinates themselves. I have been less rigorous. In 
chapter -5. upper case letters denote space-time coordinates and lower case letters denote 
worldvolume coordinates. In chapters 4-6. I tried to use upper case letters when a coor-
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dinate has the interpretation of a sigma model field, and lower case letters otherwise, but 
sometimes this is just a matter of taste. Often, x is used for real coordinates and w, z for 
complex coordinates, but when I needed more different real or complex coordinates I have 
not always stuck to this rule. 

A completely different but also difficult choice was how to address the reader: should 
the thesis be written in the first person singular or plural? It is common to use "we" 
in the literature, even when a text is written by a single author. Sometimes, this can 
be justified by thinking of this "we" as "'the author and the reader", but it is also used 
in sentences such as "we omit the details of this calculation", where it is hard to find 
such an interpretation. Though I do not like this style - it almost seems like not wanting 
to take full responsibility for one's own writings I decided to use it as well, the only 
exceptions being this introduction, the summary in Dutch, the acknowledgements and the 
curriculum vitae. The main reason for this choice was that the two projects which form 
the basis of this thesis were done in collaboration with others, and hence it did not feel 
right to use sentences as "I now derive this or that as follows" when such a derivation was 
actually the work of several people. So I use "we". but to come back to my remark about 
responsibility: of course. I am the only one to blame for any mistakes in what follows. 

Even though I adapted to the conventions with respect to the "we", there is another 
respect in which I decided not to follow the standards in the literature: the way in which 
one refers to other people's work. Often, one encounters statements such as "This can 
be found in [14, 43, 86]". which in my opinion hardly does justice to the people who 
spent many months of hard work in writing [14], [43] and [86]. Moreover, if an author is 
explicitly mentioned, it is usually on a last name basis, which I find quite impersonal - I 
definitely prefer being called "M. Vonk" over "Vonk" myself. Therefore, the first time I 
cite a paper or book. I always mention the names of the authors, including the initials. 
If there are any further citations. I usually leave out the initials, and use "et al." if there 
are more than two authors. There are two exceptions to the rule: instead of writing "In 
the book by Green et al. [38, 39]" all the time. I use the conventional way to refer to this 
standard work by simply writing "in Green. Schwarz and Witten". The same holds for 
the book by J. Polchinski. 
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String theory 

In this introductory chapter, we give a brief overview of string theory. The intention is to 
highlight the subjects in string theory which we will encounter in the rest of this thesis. 
One purpose is to introduce some notation which will be used in the later chapters, but 
the main goal is to remind the reader of some essential notions and calculations which are 
needed to put the rest of the thesis in the correct perspective. Throughout the discussion, 
we will indicate how and where the material covered plays a role in the rest of this thesis. 

The chapter is divided into three topics, corresponding to the three ingredients in the title 
of' this thesis. They are covered in the reverse order from which they appear in the title. 
Section 2.1 discusses some of the basics of string theory. In section 2.1.1 we describe the 
action of the bosonic string, quantize this action, and make a first step towards deriving 
the string spectrum. In section 2.1.2. we discuss how one can impose the constraints 
following from the vanishing of the energy-momentum tensor on this spectrum. Section 
2.1.3 generalizes the results of the first two sections to supersymmetric strings. Then, in 
section 2.1.4 we describe how we can use the spectrum of the theory to find an ordinary 
field theory which is a good approximation to the string theory at low energies. Finally, 
in section 2.1.5 we discuss the compactification of string theory 

In section 2.2 we turn to the subject of extended objects. We will see that string theory 
does not just consist of strings, but that there are also objects of higher dimension, called 
D-branes and NS five-branes. D-branes are discussed in section 2.2.1: the XS five-brane 
is discussed in section 2.2.2. 

Finally, section 2.3 discusses the concept of dualities in string theory. We will see two 
explicit examples of cases where string theories look very different, but turn out to describe 
the same physics. The first example is T-duality to be discussed in section 2.3.1: the 
second is S-duality which we will describe in section 2.3.2. In section 2.3.3. we will then 
briefly mention some other dualities, leading to the conjecture that all known superstring 
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theories are special cases of'one fundamental theory called M-theory. We end this chapter 
with an appendix on the Buscher rules for T-duality. 

It is assumed that most of the topics to be covered here are not completely new to the 
reader. Readers who are not familiar with string theory or who want to refresh their mem
ories on a certain subject are advised to consult the books by M. B. Green. J. H. Schwarz 
and E. Witten [38. 39] and the ones by J. Polchinski [58. 59] for further details. The first 
of these is probably most suitable as an introduction to the held, but being written more 
than 15 years ago. it does not contain the more recent developments, most notably with 
respect to dualities and D-branes. For these subjects, one can consult the more recent 
book by Polchinski. With every subject we outline, we will mention where in these refer
ences one can find more information. We have decided not to include any references to the 
original papers on string theory in this chapter (the only exception being the discussion 
of the Buscher rules in the appendix); the reader can find detailed and annotated lists 
of references at the end of each volume of Green. Schwarz and Witten and of Polchinski. 
In this chapter, we also use the conventions and notations from these books; where they 
disagree we choose the conventions of Green, Schwarz and Witten. 

2.1 Strings 

String theory considers the quantum dynamics of one-dimensional objects (strings) prop
agating in a (D + l)-dimensional space-time. The main difference with quantum field 
theory is the fact that the fundamental object itself is extended, whereas we usually think 
of field theories as theories describing point-like particles. In string theories, there are two 
geometrical objects of interest: one is the (D + l)-dimensional space-time; the other is the 
(l + l)-dimensional worldsheet of the string itself. One can think of this worldsheet as the 
submanifold of space-time which is swept out by the propagating string, but in a quantum 
treatment, it is useful to switch perspective and consider the string worldsheet as the fun
damental geometrical object, and regard the space-time coordinates X^ as fields living on 
this worldsheet. This can be viewed as a generalization of a -first quantized" treatment of 
ordinary quantum field theory, where one considers the position coordinates of a particle 
as functions of a time-like coordinate parametrizing the worldline of the particle. In the 
case of a string, if (r. a) are coordinates for a point P on the worldsheet. then X>'{T. a) 
are the coordinates of P in space-time. In this language, a specific field configuration 
XI'(T. a) corresponds to a certain embedding of the worldsheet into space-time. 

In a classical, relativistic theory of point particles, the trajectories of the particles are 
geodesies, i. e. paths which locally (under small changes, keeping the end points fixed) have 
a minimal length. Similarly, one can argue thai the classical relativistic configurations for 
a string worldsheet are the ones which have a locally minimal area. Therefore, classically 
one can write an action for the string worldsheet fields which is simply proportional to 
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the area of the worldsheet: 

S = T I dTda^detd^X^'djX^. (2.1) 

where £ denotes the worldsheet. The worldsheet indices a, ft range over {r.a}. and 
the space-time indices \x. v range from 0 to D and are contracted with the space-time 
metric G,,„. which we take to be the fiat Minkowski metric ?/,,„ for the moment. We take 
worldsheet coordinates to be dimensionless. so T is a constant of dimension (mass)2 which 
can be interpreted as the string tension, i. e. its energy per unit length. This action is 
known as the Nambu-Goto action. 

By construction, the minima of this action are the embeddings of the string worldsheet into 
space-time which correspond to the classically allowed paths of the string. The basic idea 
of string theory is now to consider the quantum field theory defined by the same action. 
Note that this ••first quantized'- point of view is very different from the usual ••second 
quantized" formulation of ordinary quantum field theory, where one quantizes actions 
describing fields in space-time: here we quantize the coordinates themselves, viewed as 
fields living on the worldsheet. 

It is known that for ordinary quantum field theories, the first and second quantized for
mulations give the same results. For string theory this is much less clear - it is not even 
known how to formulate a completely general second quantized version of the theory. That 
we can nevertheless derive interesting space-time physics starting from this formulation is 
one of the many miracles of string theory. 

2.1.1 The Polyakov action, gauge fixing and naive quantization 

In a quantum theory, the action (2.1) is not very convenient to work with: the presence of 
the square root makes it very difficult to apply the canonical quantization procedure. This 
problem is solved by introducing an extra field hn3(r. a) and an action which is classically 
equivalent to the action (2.1): 

S = -J- I drda \fhha0daX^dpX^, (2.2) 
2
 JT. 

where h = \óetha0\ and it"' is the inverse matrix of ha;j. This action is known as the 
Polyakov action. Its properties are discussed in detail in section 2.1.2 of Green, Schwarz 
and Witten. That the Polyakov action is classically equivalent to the Nambu-Goto action 
(2.1) can be shown by calculating the equations of motion for this action and eliminating 
the /(-field. 

The field // can be interpreted as a metric on the string worldsheet. Indeed, from the 
action (2.2) we see that only its symmetric part contributes to the theory. Moreover, 
note the appearance of the factor of Vh. which is the familiar invariant measure we know 
from general relativity. Finally, note that the expression 'dnX^daX

v i}^ is the pullback 
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of the space-time metric - which in this simple case is just ??,,„ to the worldsheet of the 
string. The action can therefore be interpreted as the coordinate invariant integral of the 
worldsheet trace of the pullback of the space-time metric. We have already seen that the 
geometric interpretation of this is related to the area of the embedded worldsheet. Actions 
of this type are known as sigma models. The particular case we studied so far is a linear 
sigma model since its equations of motion are linear in X^: if we take a more general 
space-time metric Gfi„(X). the resulting interacting theory is known as a nonlinear sigma 
model. This procedure can of course be generalized to other dimensions: in chapter 4 we 
will discuss special geometry, which can be phrased in terms of nonlinear sigma models 
embedding a four-dimensional space into a target space of arbitrary dimension. 

Being a relativistic theory, the two-dimensional theory is coordinate invariant. We can 
gauge fix this coordinate invariance by putting the worldsheet metric in the form 

KB = \(T.a)r)ap. (2.3) 

Indeed, observe that the worldsheet metric, being symmetric, has three degrees of freedom, 
two of which can be eliminated by reparametrizations of the two worldsheet coordinates, 
leaving only the single degree of freedom A. However, there is an additional symmetry of 
the theory: we can rescale 

ha0 ->u(T,<r)ha0 (2.4) 

without changing any of the other fields. Since \fh scales as ui and hal3 as w"1 under this 
operation, the action is indeed invariant. This last symmetry is known as Weyl symmetry. 
and it can be used to remove the last degree of freedom encoded in A and gauge fix the 
worldsheet metric to hQ0 = nag. Note that there may be global (topological) obstructions 
to doing this everywhere on the worldsheet; however, we will not be interested in these 
global issues here, and for simplicity we assume that the gauge can be fixed everywhere 
in the way we described. 

Covariant theories which have a local scale invariance are known as conformal field the
ories: only in two dimensions do these theories have enough gauge degrees of freedom to 
completely gauge away the metric. As a result, two-dimensional conformal field theories 
have a very large symmetry group, which is OIK1 of the main reasons why string theory 
gives us the nice results it does. Conformal invariance in two dimensions will play a role in 
our discussion of topological strings in chapter 6: conformal invariance in four dimensions 
will enter our discussion of four-dimensional N = 2 supergravity in chapter 4. 

In a moment, we will encounter some of the special properties of the conformal symmetry 
group in two dimensions. For now, however, the main point of this discussion is that the 
worldsheet metric can be completely gauged away, leaving only the coordinates X1* as 
degrees of freedom. After this gauge fixing the action has a very simple form: it is 

S = - | J drda (X'"X')t - X»X,) . (2.5) 

where the prime denotes a derivative with respect to a and the dot a derivative with respect 
to r . This is a simple quadratic action, which can therefore be quantized straightforwardly. 



2.1. STRINGS 21 

The equation of motion for this action is the wave equation: 

X"» - jt" = 0. (2.6) 

We take strings of a finite length, parametrized by a e [0. n}. In writing down the solutions 
to the equation of motion, we therefore have to specify boundary conditions on the fields 
X1* in the (j-direction in such a way that also the boundary terms in the variation of the 
action vanish. The three main examples of such boundary conditions are 

Closed 

Neumann 

Dirichlet 

X"(T.0) = X"{T.TI) 

X ' " ( T , 0 ) = 0 . X'"(r.7r) = () 

A " ( T . 0 ) = ^ ( T ) . X"(T,7T) = U(r), (2.7) 

where in the last line f^ and ƒ£ are two fixed functions of r. Each of the above conditions 
has a clear geometrical interpretation. Closed strings, as the name says, have the topology 
of a circle: the A''-fields are periodic. Neumann strings have the topology of a line 
segment: the end points of these "open strings" are free to move throughout space-time, 
and the boundary condition ensures that space-time momentum is conserved at the end 
points. Dirichlet strings are also open strings, but their end points are fixed at a certain 
(possibly time-dependent) point in space-time. It is as if these strings are "attached" to 
objects: we will say a lot more about this interpretation in section 2.2.1. At the moment, 
let us just mention that the two open string boundary conditions can be mixed, i. e. we 
can have Neumann boundary conditions in p + 1 directions (usually one takes a Neumann 
condition for the time direction) and Dirichlet boundary conditions in the other D — p 
directions. The resulting string can therefore move freely in only {p + 1) dimensions: it 
appears to be attached to some (p + 1)-dimensional hypersurface in space-time. 

As is well known from the theory of boundary value problems, the solutions to the wave 
equation (2.6) are of the form 

X^{T.a)=Xk(T-a) + X£(T + a). (2.8) 

where the subscripts mean "right-moving" and "left-moving". After imposing the bound-
ry < 

find 
ary conditions, we can expand A^ and A£ in Fourier components: for closed strings we 

Closed: A£ = \r» + h2
ap"(T - o) + | j . £ ^ e ' 2 ' ^ ^ 

XI \x» + l-llp"(r + <T) + -h £ i a ü e - » » ^ ; (2.9) 

for an open string with a Neumann boundary condition we find 

Neumann: X'^ = \x» + ^ V ( r - a) + \l. £ \o^e~in^-^ 

XI = I,-" + i/^"(r + a) + ^/,X;^<e"m(r+CT): (2'10) 

njtO 
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and for an open string with a Dirichlet boundary condition (where for simplicity we take 
JQ and ƒ£ to be constants) we find 

Z Z7T z *—' /; 

5 # - II^L{r + a) - k ^ l a f t e - * - ^ ) . (2.11) 
z Z7T z z—' n 

In these expressions. .xM,p''.a£ and Q(J are free parameters, and we introduced a constant 
of dimension (length) which is defined as /., = 1/\ZTTT. Since this is the characteristic 
length scale of our theory, all objects and in particular the string itself will have 
lengths which are expressible in ls, and which are usually of the same order of magnitude. 
This constant is therefore called the "string length". 

The solutions above are all quite similar, but of course the interesting details are in their 
differences. First of all, note that closed strings have two independent sets of oscillator 
modes, with coefficients a% and a£, whereas open strings only have a single set of these 
modes. This is a well-known fact from the theory of waves: in the case of periodic boundary 
conditions (corresponding to our closed string), there are left- and right-moving modes 
which can be independently excited: in the case of nonperiodic boundary conditions, the 
left- and right-moving modes are related - if the two endpoints are completely fixed for 
example, they add up in such a way that standing waves are formed. 

Another interesting difference is the fact that for the Neumann boundary conditions, we 
have free parameters x? and p'\ corresponding to the initial position and the momentum 
of the string, whereas in the case of Dirichlet boundary conditions these parameters are 
fixed in terms of ftf and fg. Of course, this is precisely the statement that the Neumann 
string is free to move along the XM-direction. whereas for the Dirichlet string the endpoints 
are fixed. Finally, note that for the Dirichlet boundary conditions, the left-moving modes 
have a relative minus sign when compared to the Neumann case. This minus sign (which 
ensures that the Neumann solution can be expressed in terms of cosines and the Dirichlet 
solution in terms of sines) will become very important when we discuss T-duality in section 
2.3.1. 

Having expressed the classical solutions of the theory in modes, we can now quantize 
the theory using the canonical procedure. That is, we can calculate the Hamiltonian, 
calculate the momenta corresponding to the fields A7', turn the fields into operators and 
impose canonical commutation relations, and work out what these relations imply for the 
commutation relations of the modes. Applying this procedure, one finds the commutation 
relations 

iu6lll+nif'
u 

inöm+nrr. (2.12) 

with all other commutators vanishing. Of course, these commutators only apply to the 

Dirichlet: 

n 

la? a"\ 
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cases where the respective oscillators are present, so the first line is absent in the case of 
Dirichlet boundary conditions, and the last line is only present if we have closed strings. 

Tlic next step in the quantization procedure is to find representations of the algebra 
defined by (2.12). From the reality of X'' it follows that a£„ = (a^) t , and hence we 
see that up to an absorbable scaling factor, the oscillator modes form the algebra of an 
infinite set of harmonic oscillators. For example, for an open string with only Neumann 
boundary conditions, we can define a vacuum state |0: k^} such that 

pf\0:k") = fe"|0;fc") 

< | 0 : / r " ) = 0 f o r a l l m X ) . (2.13) 

We can then create excited states by acting on these ground states with the "creation 
operators" a^_m. For the other boundary conditions, we find similar results, with the 
difference that for the Dirichlet directions there is no parameter k'1. and for closed strings, 
we have two sets of creation and annihilation operators. Constructions of representations 
of algebras in terms of "lowest weight states" |0) appear in many places in physics; we will 
encounter another example when we define chiral primary states for the two-dimensional 
JV = 2 superconformal algebra in chapter 6. 

More details on the constructions discussed in this section can be found in chapter 2 of 
Green. Schwarz and Witten. Strings with Dirichlet boundary conditions are not discussed 
there: details on these can be found in section 1.3 and the accompanying exercises in 
Polchinski. 

Before we can discuss the interpretation of the spectrum we have constructed, we have to 
turn to an aspect which we have completely ignored so far: the constraints following from 
the /i-equation of motion, and the resulting Virasoro algebra. 

2.1.2 The energy momentum constraints and the spectrum 

In the previous section, we have gauge fixed hag = r\ap to obtain the simplest possible form 
of the Polyakov action. However, a subtlety we have ignored so far is that by eliminating 
the //-field, we have also thrown away the equation of motion which follows from varying 
it. Of course, even after gauge fixing wc should still impose lins equation of motion in 
one way or another. As usual, the equation of motion following from varying a metric is 
that the energy-momentum tensor vanishes, where in the case of the Polyakov action, the 
energy-momentum tensor is given by 

TQI3 = dnX^d3X, - l-hai,h'"d1X"d,X„. (2.14) 

Note that this tensor is symmetric and traceless (this last property is generic for confor-
mally invariant theories), so setting it to zero gives two constraints on the solutions of the 
equation of motion. After we fix a gauge, we should not forget to impose these constraints. 
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One can do this in two ways. First of all. we can translate the constraints into operator 
equations which we impose on the naive spectrum after quantizing the unconstrained the
ory. Secondly, it is possible to impose the constraints on the classical equations of motion, 
thus restricting the number of free parameters, and hence the number of operators avail
able to construct a spectrum with. Each of these procedures has its advantages, so we 
will briefly discuss both of them in what follows. In fact, there is a third way to deal with 
the gauge fixing of the /j-field. which is by using the so-called BRST quantization. Since 
we will also encounter some ingredients of this procedure later in this thesis, we briefly 
discuss this third option at the end of this subsection. 

Covariant quantizat ion 

In the previous subsection, we have already quantized the unconstrained theory, so to 
proceed from that point we have to turn the equation Ta0 = 0 into an operator equation 
and impose this equation as a constraint on the spectrum we have found. Since- the energy-
momentum tensor is expressed in terms of the fields X1', which are naturally expanded 
in Fourier modes, it is convenient to write the energy momentum constraints in terms of 
Fourier modes as well. This gives the infinite set of modes 

1 °° 
L'n = 2 ^ a m - n a « / " (2-15) 

n= — oo 

where we defined aft = ltp» for open strings and aft = / s ; / ' / 2 f o r closed strings. After 
quantizing the theory, the modes L,n turn into operators, but there is a subtlety in the 
definition of L0. Since its factors do not commute, we have an ordering ambiguity in the 
definition of the quantized version of L0. One usually solves this problem by defining the 
quantum version of L0 to be normal ordered. 

1 -
U= 2«o«OM + X ^ a - " n » " - - (2-16) 

7 1 = 1 

Of course, we should keep in mind that this is just a convention, so that when translating 
classical expressions into quantum ones, we have to replace L0 by L0 - a. where a is some 
normal ordering constant which will have to be determined. For closed strings, since the 
X1' have two sets of modes, we also find a second set of Fourier modes L,„. 

With a careful calculation, one can derive; the commutator algebra of the Lm from the 
algebra of the Q'/„ : the result is that 

[Lni.L„] = (rn - n)Lm+n -\ —— (m3 - m)8m+n. (2.17) 

This algebra is known as the Virasoro algebra. The factor of (£>+l)/12 is called its "central 
charge". Note that, being the modes of the energy momentum tensor in a covariant 
theory, the Virasoro operators actually form a symmetry algebra of the theory. It can be 
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shown that in any conformally invariant field theory in two dimensions, a Virasoro algebra 
with some central charge appears as (part of) the symmetry algebra. For example, the 
Virasoro algebra will reappear in our discussion of topologicals twisted superconformal 
field theories in chapter G. 

Since we want to impose Tap = 0 as a constraint on our theory, it would now seem to be 
natural to impose 

Lm\o) = 0 (2.18) 

as a definition of physical states |0). However, since the commutator of L,n and L_m has 
a constant term, we can never achieve this for all m. The best we can do is set Lm\<p) = 0 
for m > 0. This is not as bad as it seems, since this implies that ((<p|L_m) = 0 as well, so 
the expectation values of all Lm for nonzero m vanish. For L0. we have to be careful, as 
we explained above; we should impose 

(L0-a)\<f>)=0. (2.19) 

The constant a can be calculated in several ways; basically its value is fixed by the require
ment of conformal invariance of the quantum theory. The result is that a = 1. Moreover, 
from similar requirements it follows that also D is fixed; one finds the surprising result 
that for a consistent interacting string theory, one needs to take D + 1 = 2G. That is, a 
consistent string theory (or more precisely, the bosonic string theory we have been dis
cussing so far) can only live in 26 space-time dimensions! In section 2.1.5 we will come 
back to this surprising fact and to the question how this can be reconciled with the fact 
that we seem to live in only four dimensions. 

The covariant quantization of the bosonic string, including a determination of the con
stants a and D. is discussed in detail in section 2.2 of Green. Schwarz and Witten. 

Light-cone quant izat ion 

Constructing the physical spectrum of the string from the naive spectrum discussed in 
section 2.1.1 plus the Virasoro constraint conditions is not very difficult, but discussing 
the details here would take up quite some space. Fortunately, there is a shortcut which 
makes a description of the physical spectrum rather straightforward. The origin of this lies 
in the fact that after gauge fixing hap = r\aii. there still is some gauge invariance left. To 
be precise, if we define a± = a ± r. then any coordinate reparametrization a± = ,f±{cr±) 
can be accompanied by a Weyl transformation in such a way that it leaves the form of 
the metric invariant. These reparametrizations can be used in the classical theory to fix 
two scries of oscillators a^ in terms of the other ones. The most useful choice here is to 
go to light-cone coordinates. 

X± = -^(X°±XD). (2.20) 

and use the reparametrization invariance to set a+ = 0 and to fix a~ in terms of the other 
a
l for i = 1 D — 1. After quantization, we obtain a similar spectrum to the naive 
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spectrum discussed in section 2.1.1. but this time only the a'_n act as creation operators1. 
The disadvantage of this procedure is that one loses manifest Lorentz covariance. The 
advantage of creating the states in this way is that they automatically satisfy the physical 
state conditions following from the Virasoro algebra. In particular, we can now write down 
the full physical spectrum of the different string theories we have discussed. In writing 
down this spectrum, we will go back to a notation in terms of oscillators atn. However, 
what we have gained now is that we know we can interpret D - 2 of these oscillators 
as "physical", whereas we can interpret states excited with the others as "gauge degrees 
of freedom", i. e. they do not correspond to physical states, but to a redundancy in the 
covariant description of the theory 

An important role in the interpretation of the spectrum is played by the LQ constraint 
equation (2.18). For the two open string theories, inserting a = 1 and the definitions of 
L0 and aft into this equation, we find 

M2 = - / / / , „ = -2 + 2 Y, o£n<Xn„ (2-21) 
n = l 

where we set /,,. = 1. Using a Hamiltonian formulation of the theory, it can be shown that 
pi' can be interpreted as the conserved space-time momentum of the string, so this formula 
gives us the mass of a certain string state. The second term on the right-hand side of this 
equation is an operator which measures the weight, which vanishes for the ground states 
and is raised by m after each operation with atm. We thus find the important result that 
the L0 condition determines the mass of the string state in terms of its total weight. A 
similar equation holds for closed strings, where combining the L0 and LQ equations leads 
to the result that 

C oc OO \ 

Y^-n^^ + Y^-n^nA • (2.22) 
n=\ n = l / 

whereas the individual equations require that the last two terms are equal, i. e. that the 
weight from left-moving oscillators equals the weight from the right-moving ones. 
A first problem we encounter is that the mass squared of the ground states of the theories 
is negative, i. e. they are tachyons. which lead to all the usual physical problems. For 
the moment, we simply ignore these states; in section 2.1.3 we will see how they can be 
removed from the spectrum. 

Next, we find an interesting set of massless states. For the open strings, the most general 
massless state has the form 

f dkAfl(k)a'L^\0:k"). (2.23) 

where the /c-dependence is only present for Neumann directions. For closed strings, we 

1To be precise, one needs the so-called DDF operators, named after E. Del Giudice. P. Di Vecchia and 
S. Fubini, to which the a'n are a linear approximation. 
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have the states 

fdkh^ik) o^aüi lO;*") 

jdkB,u,{k) QIIQ^JIO;/ . -"} 

I (lk^(k)rhua^a^\0:k"). (2.24) 

where each line corresponds to an irredncible representation of the Lorentz group: h^„ is 
a symmetric traceless matrix (not to be confused with the worldsheet metric hap)\ B>lv is 
antisymmetric, and 3> corresponds to a trace. Together these matrices have the degrees 
of freedom of an arbitrary matrix C/(„. 

At the next level, we find states of mass squared 2 for the open string and mass squared 
8 for the closed string. These masses are measured in units of the string mass, which 
is the inverse of the string length. Of course, we do not know on experimental grounds 
what the length of a string is, but since string theory is a theory of quantum gravity it is 
natural to suspect that it is of the order of the Planck length, and hence the mass of the 
excited states of the string is of the order of the Planck mass. At our everyday life energy 
scales (or even in particle accelerators), excited string states will therefore play no role 
whatsoever. Thus, even though there is in principle an infinite number of different string 
states, only the massless ones (which may of course become slightly massive as an effect 
of symmetry breaking at some lower energy scale) interest us when it comes to describing 
our low-energy world. 

There is of course a very tempting identification of quantities such as A^{k) with the 
Fourier transforms of space-time fields. In particular, since we know that A^ has two 
degrees of freedom which are nonphysical. it seems natural to interpret it as a space-time 
gauge field. Similarly, we are tempted to identify h^u with the space-time graviton. Bin/ 

with an antisymmetric tensor field, and $ with a scalar field. In section 2.1.4. we will see 
that this identification is indeed the right one, and that in this way. the space-time fields 
we are used to arise from the worldsheet physics. 

Light-cone quantization of the bosonic string is discussed in section 2.3 of Green, Schwarz 
and Witten. There, it is also shown that light-cone quantization and covariant quantiza
tion are equivalent. 

B R S T quantizat ion 

There is a final way of dealing with the conformal gauge degrees of freedom which we 
should mention, since it plays a role in the construction of the topological string theories 
we will encounter in chapter 6. The idea is not to do the gauge fixing "by hand", but to 
use the so-called Fadeev-Popov formalism. If we have a gauge group G which we want to 
use to set a gauge fixing condition F(d>) = 0. where ó stands for an arbitrary set of fields. 



2s CHAPTER 2. STRING THEORY 

we can achieve this by rewriting the path integrals in our theory with a trivial factor of 

1 = J Dg8{F{4>°)) det {^^A • (2.25) 

where g £ G. and oa is the result of transforming <p with g. This formula can be derived 
by applying a change of variables to the path integral generalization of the fact that the 
integral of a delta function is 1. 

Inserting this factor in a path integral, the delta functional will lead to the required gauge 
fixing. Moreover, since the action S[(j>] is gauge invariant, we can write it as S[(/>ff]. If 
we then make a change of variables o' = o". we see that the entire integrand becomes 
(/-independent, and the integral over G simply gives a multiplication with a constant 
(infinite) factor. In fact, this is well-known from gauge theories: if we do not fix all gauge 
degrees of freedom but integrate over gauge equivalent fields, the path integral becomes 
infinite. Therefore, after applying this procedure, it is natural to simply leave out the 
G-intcgral. and consider only the remaining path integral. 

This is a very brief description of what is in fact a quite subtle procedure, but what 
is important is what is left after applying all of this: we are left with the original path 
integral, in which the gauge fixing condition is imposed, and in which we have an insertion 
of the determinant 

which is the only remnant of the insertion of (2.25). Taking this determinant into account 
should be equivalent to the other two constraint procedures we have encountered in this 
subsection. 

Often, a determinant such as the one in (2.26) can be written in the form of a path integral. 
In particular, in the case of string theory, where we want to set hap = Ar/Q/g, it can be 
shown that what we have to calculate is the determinant of two differential operators V, 
- one for each component of the metric which we want to set to zero. It is well known 
that such a determinant can be calculated by introducing two fields b. c with ferrnionic 
statistics and using the path integral result 

det V, = / DcDb exp j / rV,/;l . (2.27) 

We can interpret the exponent in this equation as an extra term in the worldsheet action, 
which now depends on four extra ferrnionic fields: two c- and two Wields; one for each 
determinant. These fields are called "ghost" fields, since they do not have an interpretation 
in terms of physical particles, but arise from a mathematical trick to rewrite the path 
integral. 

Strangely, since we can now also act with operators corresponding to the b- and c-fields, 
this treatment of the gauge fixing seems to have enlarged our Hilbert space of physical 
states - whereas in the previous two treatments we have seen that the true physical Hilbert 
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space is actually smaller than the Hilbert space created by using all a ^ operators. This 
apparent contradiction is solved by the fact that the theory written in terms of X. b and 
c has a new symmetry, but this time one of fermionic nature. The generator of this so-
called BRST symmetry (named after C. Becchi, A. Rouet. R. Stora and I. V. Tyutinj is 
denoted by Q. For the explicit construction we refer to chapter 3 of Green. Schwarz and 
Witten; what is important to us is that being a fermionic generator, Q satisfies Q2 = 0. 
Therefore, there is a large set of states which trivially satisfy the symmetry condition 
Q\ir') = 0. namely the states which are themselves of the form \ip) = Q\x)- Moreover, all 
states which differ by the addition of a state of the form Q\x) are physically equivalent; 
in particular all the physical states \ip) we constructed are equivalent to the state 0. The 
interesting physical states are therefore the states which satisfy Q\ip) = 0. but which are 
not of the form \ijj) = Q\\) - or more precisely, the space of physical states is given by 

This space is known as the cohomology of Q. R can be shown that the remaining set of 
physical states is equivalent to the set of physical states we have constructed above by 
fixing the gauge ';by hand". 

Note that in our discussion, we have not bothered about the third degree of freedom of 
the metric, which is encoded in the field A in (2.3). The reason is that, as we already 
mentioned, after the gauge fixing of the other two degrees of freedom the action no longer 
depends on A. and we can remove the corresponding' path integral without any additional 
work. However, we have also mentioned that this procedure is only completely consistent 
in 26 dimensions: in other dimensions, the quantum theory has an anomaly which spoils 
Weyl invariance. This can be cured, however, by introducing another (bosonic) field \ 
called the Liouville field, with a specific action which cancels the anomaly. The reader 
can find the details of this construction in section 9.9 of Polchinski. 

The procedure we have followed can actually be reversed and generalized in the following 
way. Suppose we have some two-dimensional field theory such as the one given by (2.5). If 
we want to interpret this field theory as a string theory, we can either choose to replace the 
fixed metric (r]ng in our case) by a dynamical worldsheet metric over which we integrate, 
or we can add a ghost sector to the theory (and in noncritical dimensions also a Liouville 
sector), and study the remaining theory. We will encounter this reverse procedure in our 
discussion of topological string theories in chapter 6. Moreover, an operator similar to the 
BRST operator Q will play an important role in that discussion. 

Cohomology constructions appear in many places in physics and mathematics. We will 
encounter another construction of this form when discussing the cohomology of differential 
forms in chapter 4. 

Details on the Fadeev-Popov and BRST procedures can be found in chapter 3 of Green, 
Schwarz and Witten. There, it is also shown that the results of the BRST-quantized theory 
equal the results of the covariantly and light-cone quantized theories we have discussed 
before. 
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2.1.3 Superstrings 

As we mentioned in tin- previous subsection, the interpretation of the functions Afl(k). 
hfj,v(k), etc.. will be as space-time fields. All of these fields are bosonic in nature, but if 
we want to eventually describe the real world using string theory, we should at least be 
able to describe fermionic space-time fields as well. The procedure to do so is well known. 
and is discussed in detail in chapters 4 and 5 of Green. Schwarz and Witten. To obtain 
space-time fermions, one begins by adding worldsheet fermionic fields to the theory. With 
these fields, the same procedure as for the bosonic fields can be carried out. 

To start with, we should write down a worldsheet action containing both bosonic and 
fermionic fields. In the bosonic case, we had physical arguments to write down a specific-
action, but here we seem to have no guideline to tell us what the fermionic terms should 
look like. However, the Weyl invariance of the bosonic theory has so far played an im
portant role, so we would like our fermionic theory to be Weyl invariant as well. This 
turns out to be quite a strong restriction - for example, for the bosonic string, it led to 
the results that D + 1 = 26 and a = 1. As a second requirement, we may want to get rid 
of the tachyonic state in the string theory spectrum. It turns out that both of these facts 
can be achieved if we do not simply take an arbitrary extension of the bosonic worldsheet 
action, but if we take a super symmetric extension. In its simplest form (the so-called RNS-
formalism, after P. Ramond, A. Neveu and J. H. Schwarz), this supersymmetric action 
looks as follows: 

S = - | ƒ {daX»daX^ - # V d „ ^ , } . (2.29) 

where the ip11 are worldsheet Majorana spinors. and the pa are the two-dimensional Dirac 
matrices. In this action, the gauge is already fixed to hap = r/Q/3. We assume that the 
reader is familiar with the basics of supersymmetry, and that the fact that the above action 
is supersymmetric does therefore not come as a complete surprise. The above action has 
ordinary (A = 1) supersymmetry; further on in this thesis, and especially in chapters 4. 5 
and 6, we will also encounter various extended supersymmetries in various dimensions. We 
will not assume familiarity with details such as the precise algebras and representations 
of these extended supersymmetries: the necessary details will be discussed each time we 
encounter such a supersymmetric theory. 

To continue our discussion in analogy with the bosonic string case, we now have to choose 
boundary conditions for the fields. Here, the fermionic nature of the new fields starts to 
play a role. For example, when we consider a closed string, we may choose the fermions to 
be periodic, just like the bosons, but it turns out that working with anti-periodic fermions 
is just as good a choice. The periodic choice leads to what is called the R sector of a string 
theory (after P. Ramond): the anti-periodic choice leads to the NS sector (after A. Neveu 
and J. H. Schwarz). In fact, the closed string fields again split up into a right-moving 
and a left-moving part, each of which can have its own boundary condition, so there are 
four sectors of the closed string theory: the NS-NS. NS-R. R-NS and R-R sectors. For the 
open strings, we again find that the left- and right-moving parts are related, and hence 
we onlv have two sectors: an NS and an R sector. 
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Next, still following the bosonic procedure, we expand the fermionic helds into Fourier 
modes, and quantize the theory by turning the fields into operators and calculating the 
canonical (anti-)commutation relations for the modes. Just like in the bosonic case, it turns 
out that we can interpret these oscillators as creation and annihilation operators. The 
only exception to this is the case of the zero-modes in the R sector. (Being antiperiodic. 
the NS sector does not have zero modes.) These modes turn out to have the commutation 
relations of a Clifford algebra. In other words, the representations of this par t of the 
algebra - and hence the states in the R sector of the theory - have a spinor index, and we 
can interpret their coefficients as space-time spinors! 

When we construct the energy momentum constraints of the theory, we again find a 
Virasoro algebra. In fact, we find a supersymmetric extension of this, called the N = 1 
superconformal algebra. Moreover, one can find values of a (a different one for each sector) 
for which the Weyl symmetry does not have an anomaly, and one finds a restriction on the 
dimension of the theory, this t ime to D + 1 = 10. The LQ operator of the Virasoro algebra 
can again be used to determine the mass of the states, and again this mass is proportional 
to the total weight of a state, leaving only a finite number of massless states in each case. 

Using the oscillators, and taking care of the energy momentum conditions, we can now 
construct the physical spectrum of the theories. We only discuss the spectrum of the 
closed superstring, since this will lead to the theories we will discuss in this thesis. In the 
NS-NS sector, nothing new happens: it turns out tha t the massless states in this part of 
the spectrum correspond to the fields h^u.Btiv and $ which we already encountered in 
(2.24). In the NS-R and R-NS sectors, we do find new massless states. As we discussed, the 
corresponding fields must be fermionic in nature. To be precise, for each of these sectors we 
find a s ta te with one vector index and one spinor index: we denote the corresponding fields 
by \f". These fields will be interpreted as gravitini later on. In the R-R sector, we find 
s tates with two spinor indices, which are therefore bosons. In fact, by contracting these 
states with antisymmetric products of ten-dimensional gamma-matrices, we can translate 
these states into fields with vector indices, and we find a series of antisymmetric tensor 

fields with 0. 1 .2 10 indices. By contracting with an e-tensor. we can change the 
fields of rank p > 5 to fields of rank 10 — p. so we find two p-forms for p = 0,1 4 and 
a single five-form. Of course, not all degrees of freedom inside these fields are physical; by 
investigating more carefully what the physical degrees of freedom are. one finds tha t the 
p-forms in fact describe field strengths of (p— l)-forms. so the corresponding physical fields 
are two scalars. two one-forms, two two-forms, two three-forms, and a single four-form. 
(The reader who is not familiar with forms may want to consult appendix 4.A before 
reading on.) 

The theory as we have described it still contains a tachyon in the NS-NS sector. Fortu
nately, it turns out that we can consistently t runcate the spectrum to a spectrum which 
only consists of states of nonnegative mass squared. This projection is called the GSO-
projeetion. after F. Gliozzi. .1. Scherk and D. Olive. For this projection, one assigns a 
pari ty to every state in such a way that parity is conserved in interactions. In particular, 
every ground state is assigned a certain parity, and every time a fermionic oscillator acts 
on a s tate its parity changes sign. The spectrum is then projected to the subset of states 
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of parity +1 . The exact procedure is described in section 4.3.3 of Green. Schwarz and 
Witten. 

Let us mention a few important consequences of the GSO-projection on the low mass levels. 
First of all. in the NS-NS sector, the tachyon is projected out of the theory. Secondly, 
in the NS-R and R-NS sectors, the fermions are projected to be Weyl (chiral) fermions. 
Here, the choice for a chiral fermion is conventional: one can also choose to project to 
an anti-chiral fermion. For a single fermion. this is purely a difference in conventions, 
but for a closed string one can again apply the procedure to left-movers and right-movers 
independently, and this leads to two physically different theories: one with two gravitini of 
opposite chiralities. and one with two gravitini of the same chirality. The first, nonchiral 
theory is known as type IIA string theory, the second, chiral theory as type IIB string 
theory. 

Finally, in the R-R sector, some of the p-form field strengths are projected out. The 
remaining forms differ for the IIA and IIB theories: in the IIA theory we have a 1-form 
and a 3-form field; in the type IIB theory we have a 0-form. 2-form and 4-form field. These 
fields arise as follows: each of the GSO-projections relate the (;; + I)-form field strength 
to the (9 — p)-form field strength - or, since we equated these two. one (p + l)-form field 
strength to another one. If the relation from the left-moving and from the right-moving 
modes agree, we are thus left with a single p-form; if they don't match, the p-form is 
projected out. There is one exception to this rule: since there is only a single 5-form 
field strength, this is related to itself by the GSO-conditions. As a result, in one of the 
theories (the type IIA theory) it is projected out. but in the other (type IIB) we find the 
condition that the five-form field strength is selfdual. It is well-known that quantizing 
fields with a selfdual field strength is a difficult problem. This problem, for the case of a 
selfdual three-form field strength, will play a central role in our calculation of the classical 
five-brane partition sum in chapter 5. 

One of the important results of the GSO-truncation is that it leaves a space-time spectrum 
which is supersymmetric. To be precise, for the type II string theories, we are left with 
an N = 2 supersymmetric theory in 10 dimensions. As a consistency check, note that 
indeed we have found a theory with 2 gravitini. In this thesis, fermions will not play a 
very important role: in chapters 3. 5 and 6. all our calculations will be done in the bosonic 
sectors of the theory. However, the fact that the space-time theories are supersymmetric 
will play a very important role in everything that follows. 

We have discussed the closed (type II) string theories in some detail, but of course there is 
also an open superstring theory, called type I theory. Moreover, there are two somewhat 
more exotic closed string theories which have the left-moving modes of a superstring and 
the right-moving modes of a bosonic string. These theories are known as the "heterotic" 
string theories. Together, these five theories form the only known consistent string theories 
(i. e. tachyon free and without conformal anomaly) in a Minkowski space-time background. 
In this thesis, we will only encounter the type II string theories. 



2.1. STRINGS 33 

2.1.4 Interactions and effective actions 

Now that we know the low-energy (massless) spectrum of some string theories, let us 
discuss in a bit more detail why functions such as the ones in (2.23) and (2.24) can he 
interpreted as space-time fields. To do this, it is important to realize how interactions 
are incorporated in string theory. An interacting string theory is not a string theory in 
which the worldsheet theory is not free. Such nonlinear worldsheet theories do have an 
important meaning, as we will see in a moment, but they cannot describe how strings 
split and join, since this is a property which is encoded in the topology of the worldsheet. 
and not in the fields living on it. Interactions in string theory are described in chapter 7 
of Green, Schwarz and Witten. 

(b) (c) 

(f) 

Figure 2.f: The top row shows space-time pictures of (a) a noninteracting propagating 
string, (b) a tree diagram for a three-point interaction and (c) a one-loop diagram for a 
four-point interaction. The bottom row shows the corresponding worldsheets after the 
appropriate confonnal mappings. 

For example (focusing on the case of closed strings again), figure 2.1a shows the world-
sheet of a noninteracting propagating string: figure 2.1b shows a tree-level three-point 
interaction, and figure 2.1c shows a one-loop four-point interaction. We have drawn these 
surfaces from a space-time point of view. i. e. as curved surfaces, but recall that the world-
sheet metric on these surfaces is really flat. For example, the worldsheet corresponding to 
figure 2.1a can be described by a simple, flat cylinder, as in figure 2.Id. What does the 
worldsheet picture of figure 2.1b look like? Surprisingly, by using the conformal symmetry 
of the theory, we can describe this worldsheet as a cylinder with a puncture, where the 

(a) 

(d) (e) 
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puncture corresponds to the ••contracted"' external leg of the diagram - see figure 2.1e. 
Similarly, the diagram in figure 2.1c can be described by a worldsheet which is a flat torus 
with four punctures, as in figure 2.If. 

Of course, the fields living on a worldsheet such as the one of figure 2.1e do not have to be 
continuous across the puncture, so this figure really describes quite a different worldsheet 
field theory from the one in figure 2.Id. However, it can be shown that once we fix the 
asymptotic state on the external leg in figure 2.1b. path integrals in the theory on the 
cylinder with a puncture of figure 2.1e are equal to path integrals on the ordinary cylinder 
of figure 2.Id. as long as we insert a particular operator at the position of the puncture. 
These operators are called vertex operators: they are discussed in section 2.2.3 of Green, 
Schwarz and Witten. 

As an example, the vertex operator for emission of an external graviton state is 

V(r.a) = / dkh^{k)daX^daXue vAk-X (2.30) 

where for simplicity we left out a normal ordering prescription. This means that in the 
free theory on a cylinder, 

(V)cyl (2.31) 

gives the same result as calculating the partition function on figure 2.1b. with the boundary 
condition that the asymptotic state of the "external leg" is 

I dkh^{k)altla
v_l\Q;k). (2.32) 

Now, we can justify our claim that we can interpret h^ as a space-time graviton field. 
So far. we have worked in a background metric ?/,,„. Suppose that we now slightly change 
the metric to //piy + hfll,(X). where /; is small. In this new metric, we can evaluate path 
integrals with arbitrary insertions [...] as follows (again, we do not worry about normal 
ordering and contact terms): 

•)cyi DX[...]exp<^ / (?hv + hIHJ)daX>JdaXl 

DX 1 + / hfiUdaX>ldaXv + 0(h2 

(2.33) 

exp^ / rhll,daX"d"X"\. 

where we have left out some multiplicative constants to keep the formulas simple. Noting 
that the integrand in the second term in round brackets is simply the Fourier transform 
of (2.30). we can write this as 

(• • .)cyl,v+h = (• • •),,;/.-, + < • • • / V(h))cyLn + 0(h2). (2.34) 

In other words: the path integrals in curved space-time are the same as the path integrals 
in flat space-time, but dressed with external graviton states. We have explicitly written 
down the interaction with a single graviton state: the next term gives an interaction with 
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two external gravitons, etcetera. Through these states, an interaction with the geometry 
is established. This shows that indeed, h^u(k) can be viewed as (the Fourier transform 
of) the graviton field. The same story can be told for all other states we have found 
so far: by perturbing the original action, we can show that their coefficients all have an 
interpretation as space-time fields. 

One may now wonder if these space-time fields have any dynamics, and if this can be 
described by some action principle. Surprisingly enough, when we limit ourselves to a 
low-energy description of string theory, this is indeed the case. The reason for this is that 
we would like our theory to be free of conformal anomalies, and as we have seen this is 
a quite restrictive demand. For example, if we study a general nonlinear sigma model of 
the form 

S = - | f G„„(X) OnX^OnX'\ (2.35) 

which can be interpreted as a string theory living in a space with metric G,lt/, the theory 
will have a conformal anomaly even in 10 or 26 dimensions. Using a beta-function analysis 
(see section 3.4.2 of Green Schwarz and Witten), we can find out when the theory is 
anomaly free, and the answer is that to first order in the string length (i. e. in a low-
energy approximation), this is precisely true if Giiv satisfies the Einstein equations! We 
can carry out a similar analysis for all of the other fields in the type II string theories, and 
when we do this we find a consistent set of ••equations of motion" for the low-energy space-
time fields. In fact, just like the equation for the graviton is a well-known equation, all of 
these equations turn out to be familiar: they are the equations of motion for the N = 2 
supergravity actions in 10 dimensions. Just like for closed superstring theories, there are 
two of these theories, which are also called type IIA and type IIB supergravity. (A similar 
story of course holds for the other superstring theories, which lead to ten-dimensional 
N = 1 supergravity theories with nonabelian gauge fields.) 

We will not need the precise details of the ten-dimensional effective actions in this thesis 
- details can be found in section 12.1 of Polchinski. One feature of these actions is quite 
important, though: it is the role of the field <I>. the so-called dilaton. In all supergravity 
theories corresponding to ten-dimensional string theories, it appears (apart from its ki
netic terms) only in factors of the form c~*. If we would give a constant background value 
$ 0 to this field and study the way it appears in calculations on worldsheets of different 
topology (corresponding, as we have seen, to different interactions), it turns out that e~ 
plays precisely the role of a string couping constant! Usually, we will assume a constant 
background value for this field and denote the coupling constant by e_<p" = fjs. In our 
discussion of the five-brane in chapters 4-6 however, we will also use nonconstant back
ground solutions for <J>. which therefore have the interpretation that the string coupling 
"constant" is not constant throughout space-time. 

In the string derivation of the ten-dimensional effective action, one term we find in each 
case is of the form 

I tI
w.re-2*^ÜMG\R. (2.36) 

where R is the Ricci scalar derived from the metric Gjiv. This term looks like an Einstein-
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Hilbert term (which of course we expect in a theory of gravity), except for the appearance 
of the factor e - 2 *. This can be cured by redefining 

G;,„ = e* /4G„„. (2.37) 

Inserting this in (2.36). we see that it reduces to the ordinary Einstein Hilbert term. 
Note that the prefactor of 1/4 in (2.37) is dimension-dependent: in D + 1 space-time 
dimensions it would be '2/(D - 1). The set of fields in which (2.36) is expressed is called 
the string frame; the conventions of (2.37) are called the Einstein frame. In chapter 3. the 
switch from one frame to another in a four-dimensional setting will be important in our 
calculations. 

As we mentioned, in this thesis the precise form of the ten-dimensional super-gravity 
theories will not play a direct role, but the theories to which they reduce in several limits 
will be very important in chapters 4. 5 and 6. Moreover, the general concept of a low-
energy effective theory will be central in chapters 3, 5 and 6. 

2.1.5 Compactification 

Let us now come back to the strange fact that superstring theory only makes sense in 10 
dimensions, and bosonic string theory in 26. How can we reconcile this with the fact that 
in everyday life, we only see 4 space-time dimensions? One possible answer to this is that 
the other 6 dimensions (or 22. but we will focus on superstring theory) are really also 
there, but that we simply do not observe them because they form a very tiny compact 
6-dimensional manifold. 

To understand this, suppose that one of our space-time dimensions has the geometry of a 
very small circle. As we have seen, at low energy scales, string theory can be approximated 
very well by an ordinary quantum field theory. The fields in this theory can be expanded in 
terms of Fourier modes in the direction of the circle. However, except for the; zero mode, 
all of these modes will be very massive from the lower-dimensional point of view. For 
example, suppose we have a scalar field è satisfying the massive Klein-Gordon equation 

(D D + 1 -m2)4> = {). (2.38) 

where D/j+i is the d'Alembertian in D + 1 dimensions. Suppose we now compactify the 
D-th dimension on a circle of radius R. and denote all other coordinates by x'. If we now 
expand 

(P(x\.rD) =^24>n{x,)e"lxD/R (2.39) 
n 

and insert this in the Klein Gordon equation, we find that 

£ (aDö„ - (m2 + g ) 4>n) Jnx°IR = 0. (2.40) 
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In other words, from a D-dimensional point of view, we find a massive Klein-Gordon 
equation for each of the modes, but the masses of these modes are shifted by an //-
dependent term. When R is very small, these shifts become very large, and all of the 
masses become large except for the mass of the zero mode. Therefore, at everyday life 
energies, we can ignore all modes except for the zero-mode, which effectively behaves as 
a field in one dimension less. 

The procedure we sketched here is known as Kaluza-Klein reduction. Of course, we only 
discussed a very simple example: when we compactify more complicated fields on higher-
dimensional manifolds the mathematics becomes more involved, but one arrives at the 
same result: an effective lower-dimensional theory which contains a field for each zero 
mode (there can be several in higher dimensions) of the original fields. The general 
procedure is discussed in detail in chapter 14 of Green Schwarz and Witten. Note that 
even though the compactification manifold itself cannot be "seen" from the low-energy 
point of view, its geometry does influence four dimensional physics: as we have seen it 
determines the precise field content of the lower-dimensional theory, but it also plays an 
important role in determining the exact symmetries of this theory. 

Compactification will play an important role in this thesis: in chapters 5 and 6 we will con
sider a ten-dimensional theory which is compactified on a particular type of six-dimensional 
manifold called a Calabi- Yau manifold. Here, the last remark of the previous paragraph 
will become clearer: as we will see in detail in chapter 4. the choice for Calabi-Yau mani
folds ensures that the remaining four-dimensional theory is supersymmetric. 

2.2 Extended objects 

As we have seen, type II superstring theories contain several antisymmetric p-form fields. 
These fields are the higher-dimensional analogues of abelian gauge fields, since the phys
ical content of such a field is invariant under gauge transformations of the form C ( p ) -* 
C(p) _|_ dh(i'~vK (Sometimes, we need to accompany such a transformation with a gauge 
transformation on some of the other fields, as we will sec in chapter 5 when we discuss 
the gauge invariance of the three-form gauge field in the presence of a five-brane.) 

When a theorv contains an abelian gauge field, there are usually also particies wincn carry 
a charge with respect to it. One may wonder if this is also true for p-forui fields with p > 1. 
To answer this question, note that if a gauge field has a point-like source propagating in 
time along a worldline L. the contribution from this source to the action is proportional 
to 

ƒ .4. (2.41) 

Here we used differential form notation: see appendix 4.A for some details on differential 
forms. Suppose now that we have a string, propagating in a background NS-NS two-form 
field Bllu(X). Then the term in the nonlinear sigma model describing the worldsheet 
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action for B is 

SB = - 2" J Bilv{X)daX»&*Xv. (2.42) 

Note that we can view the integrand as the pullback of a space-time B-field to the string 
worldsheet. Therefore, we can rewrite this part of the action as 

SB = ~- I B. (2.43) 

where X(E) denotes the embedding of the worldsheet into space-time. In other words: 
we see that indeed there is an object which is charged under the NS-NS Z?-field: it is the 
string itself! This makes the question about charged objects for the other p-form fields 
even more interesting. If the above two examples are representative, these objects should 
have p — 1 spatial dimensions. 

Actually, one may go further, and wonder whether there are any magnetically charged 
objects for the p-form fields. In the case of an abelian vector field in four dimensions, a 
magnetic monopole can be described as an electric particle in the dual theory, where the 
field strength F is replaced by the dual field strength *F. Analogously, a p-form gauge 
field has a (p+l)-form field strength, which in ten-dimensions has a (9-p)-form dual field 
strength. This corresponds to an (8 -;;)-form dual gauge field, and hence a magnetically 
charged object for a p-form should have 7 - p spatial dimensions. 

In this section, we will see that all of these charged objects do indeed exist in string theory. 
Again, we will limit our discussion to the type II superstring theories since these are the 
ones we will study in the next chapters, but a completely analogous story can be told for 
the other string theories. As we have seen, in type II string theory, the R-R (p + l)-form 
field strengths and their (9—p)-form dual field strengths are on an equal footing, so we do 
not expect any fundamental differences between the electrically and magnetically charged 
objects for the RR-forms. Together, these objects are called "D-branes"': they will be the 
topic of section 2.2.1. D-branes are discussed in detail in chapter 13 of Polchinski. Since 
they are at the core of modern string theory research. D-branes will appear at several 
places in this thesis. In particular, in chapter 3 we will study supertubes and supersheets, 
which are certain configurations of D-branes. 

As for the NS-NS 5-field, we have seen that its electrically charged object is the string, 
so one may also expect that the string has a "magnetic dual". Following our reasoning 
above, it should be (5 + l)-dimensional. This so-called "NS five-brane" is the topic of 
research of chapters 5 and 6 of this thesis: we will introduce it in the second subsection 
below. The type IIA and type IIB NS five-branes are discussed in sections 14.1 and 14.4 
of Polchinski. 
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2.2.1 D-branes 

The fact that D-branes play a role in string theory was originally discovered in the low-
energy supergravity theories which we discussed in section 2.1.4. Recall that in perturba-
tive quantum field theory, one usually starts from a field configuration which is a solution 
to the classical equations of motion, and then calculates results in a perturbation series, 
where one perturbs around this solution. Often, such a "background" is chosen to be the 
solution where all fields are vanishing, but in studying solitons or instantons for example, 
nontrivial backgrounds are used. 

When studying the ten-dimensional type IIA and type IIB supergravity theories, people 
found that these theories contained solutions to the equations of motion (i. e. allowed back
grounds) of a special type. These backgrounds have a metric which has a block-diagonal 
form: it splits up into a (p + l)-dimensional part G;,„ and a (D-p)-dimensional part Gmn. 
Moreover, the metric is rotationally invariant for fixed ,T'\ and translationally invariant 
for fixed xm. Finally, the RR {p + 2)-form field strength in these solutions corresponds 
to that of a charged object located at x*1 = 0. Clearly, these are exactly the properties 
one expects from a D-brane. where x^ parametrizes the directions along the brane. and 
xm parametrizes the other directions. (When discussing either compactifications or cases 
where branes are involved, it is customary to denote the full set of coordinates by xM.) A 
D-brane of a specific spatial dimension p is usually referred to as a Dp-brane. Note that 
from the set of R-R-forms present in the theories, we conclude that type IIA string the
ory contains D0-branes. D2-branes, D4-branes and D6-branes. and type IIB string theory 
contains D(-l)-branes (i. e. pointlike instantons). Dl-branes. D3-branes. D5-branes and 
D7-branes. Actually, branes of dimension 8 and 9 also seem to exist in type II string theo
ries (following the same pattern: even in IIA. odd in IIB). but their existence is somewhat 
more difficult to show directly. When we discuss T-duality in section 2.3.1. we will see 
that their presence in the theory is nevertheless natural. 

Clearly, the above procedure of describing D-branes is rather indirect: from string theory, 
one first extracts a low-energy space-time theory, and from this, one extracts information 
about the D-brane. A major step forward was taken when J. Polchinski showed that in 
fact one can describe D-branes in a much more straightforward way in string theory. We 
have already seen the basic ingredient of this discovery: recall that the Dirichlet boundary 
conditions in (2.7) seem to describe an object on which the open strings end. When we 
have Neumann boundary conditions in p+l directions and Dirichlet boundary conditions 
in the other ones, the string appears to be attached to a {p + l)-dimensional object. 
Polchinski showed that indeed, this object has the correct properties (and in particular 
the correct R-R charge) to be identified with the supergravity objects discussed above. In 
fact, this is how D-branes got their name: D is for Dirichlet. Before this discovery, the 
objects were simply called p-branes. 

Note an important consequence of this identification: even though type II string theories 
started off as theories of closed strings only, once we include D-branes in the theory they 
can also contain open strings as long as the end points of these strings do not move freely 



40 CHAPTER 2. STRING THEORY 

through space-time, but remain confined to the D-brane worldvolume. We will have more 
to say about D-branes and open string boundary conditions when we discuss T-duality in 
section 2.3.1. 

The construction of D-branes in terms of worldsheet boundary conditions is a big step 
forward, since we can now directly extract information about the D-branes from the 
string theory without going through the intermediate step of constructing a space-time 
field theory. For example, one thing one can learn in this way is that the D-brane is a 
massive object, with a mass proportional to l/gs. This means that in the usual limit 
of string theory, where we take the coupling constant very small or even vanishing, the 
D-brane becomes infinitely heavy, and hence it is a static object. However, once we move 
away from the point where gs = 0. the D-brane becomes a dynamical object which can 
move through space-time and interact with other objects. 

In the limit where gs is very small, the D-brane does not interact with gravitons from 
its surrounding space-time anymore. As gravitons are just closed strings in a particular 
excited state, this is one aspect of the more general statement that D-branes at gs = 0 do 
not interact with closed strings. However, away from the D-branes type II string theory 
consists only of closed strings, so we find the important result that in the limit where 
gs = 0. the D-brane and the bulk space-time should each be described by an independent 
theory. When moving slightly away from this limit, it is natural to expect that for small 
gs, it is still a good approximation to study the theory describing a D-brane inside a set 
of fixed (or possibly adiabatically changing) bulk fields, without worrying about any back 
reaction. This philosophy will be present throughout this thesis. 

An immediate question is now of course: what does such a theory describing a "decoupled" 
D-brane look like? Our experience so far suggests that at low energy, we will find a field 
theory living on the worldvolume of the brane. In support of this idea, note from (2.23) 
and the remarks below it that the gauge fields AM(k) only depend on the momenta in 
the directions along the D-brane. The Fourier transform of this is therefore indeed a held 
AM{X») which lives on the worldvolume of the D-brane. Since on this worldvolume we 
have a (p+ l)-dimensional Lorentz group, we should interpret the components AM of this 
field as a worldvolume gauge field, and the other components Am as worldvolume scalars. 
(Note that to define these fields, one does not need to take the limit of small gs; they exist 
for any value of the string coupling.) 

Similarly to what we discussed in the space-time case, one can now derive an action 
describing the dynamics of the worldvolume fields on the D-brane. (Actually, we have 
only described the gauge fields coming from the NS-NS sector above; of course, there are 
also fields coming from the other sectors, as required by supersymmetry.) We will not go 
into the details of this derivation; they can be found in sections 8.7 and 13.3 of Polchinski. 
Moreover, we will only present the bosonic part of the result, which will be the basis for 
our calculations concerning' the supersheet in chapter 3. 

First of all. let us consider the NS-NS fields, which as we have mentioned are a gauge field 
and D - p scalar fields. It turns out that the expectation values of the scalar fields can be 
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interpreted as the position of the D-brane, so we will denote them by Xm. The low-energy 
action for the NS-NS fields is known as the Dime-Born-Infeld action; it is given by 

>DD1 I], ƒ J'" lx J - det (G,„, + By» + 2-KCX'F^) J' cF+1xJ-det(G^ + Bl,u + 2na'FliV), (2.44) 

where Tp ~ \/gs is the D-brane tension; Gpl/ and Bpi/ are the induced metric and £>-field 
on the brane. Note that the action depends on Xm through the definition of these induced 
quantities; for example, the induced metric is given by 

G^n = ^T^rGMN(XM). (2.45) 

Finally. F)lv is the field strength of Afl. and a' = / 2 /2 . In chapter 3. we will use units 
where Tp = l/2TvgH and 27ra' = 1. 

The second bosonic part in the low-energy D-brane field theory comes from the R-R fields. 
It is called the Chern-Simons interaction, and is given by 

Scs = igsTp / T C{k) exp(23 + 2-a'F). (2.46) 

This expression needs some explanation. The C^"' are the pullbacks of the A'-form gauge 
fields of the RR-sector to the D-brane worldvolume. The exponential should be expanded 
using the wedge product of the two-forms in its exponent. One should then pick out the 
term of this expression which is a (p + l)-form. so it can be integrated over the D-brane 
worldvolume. Let us give an example which will return in our discussion of the supersheet 
in chapter 3. Suppose we are in type IIB theory, and we consider a D3-brane. Also suppose 
that the only background R-R field which is nonzero is the 0-form. which we denote by 
rj. Since the sum over k now reduces to this zero-form, we need a four-form from the 
exponential to get a form which can be integrated over the worldvolume of the D3-brane. 
Therefore, we need the second order term in the expansion of the exponential, where we 
also set the background .B-field to zero. Writing this out and using the conventions we 
introduced above, we find 

Scs = --^r- I ^:v^v»nFpvFp„. (2.47) 
1071 ,/ 

where we wrote the wedge product in terms of an e-symbol. 

Finally, we want to sketch a generalization of the above construction. Suppose that instead 
of a single D-brane. we consider a stack of N D-branes which are placed on top of each 
other. We claim that the low-energy theory describing such a stack of branes has basically 
the same form as the theory we have discussed here, but that the fields are promoted to 
N x N matrices, that there is a trace in front of the action, and that the gauge field AM 

becomes a U(N) gauge field2. 

2Actually, the precise definition of this nonabelian Dirac-Born-Infeld theory is a notoriously difficult 
problem. However, the subtleties that arise will not play a role in this thesis, so we ignore them here. 
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The reason for this is that there are now ./V2 different types of open strings, where each type 
of string starts from a particular one of the N branes and ends on a particular one. (The 
open strings we are discussing have an orientation, so a string starting on D-brane i and 
ending on j is different from one staring on D-brane j and ending on i.) In other words, 
an arbitrary open string state in this theory (which is a superposition of these states) 
can now be written as an N x N matrix of "single D-brane string states". As a result, 
the corresponding space-time fields also become matrices. Moreover, a string stretching 
from i to j can only interact with a string stretching from j to k. which translates into 
the matrix multiplication and the trace in the effective action. Since in particular, we 
find a gauge field Afl which is a matrix, it is natural to assume that it is in the adjoint 
representation of some gauge group and describes some nonabelian gauge symmetry. A 
more careful study of the interactions between the strings shows that this is indeed the 
case, and that the theory we find is a U(N) gauge theory. As for the scalars X"'. they 
of course also become matrices, and it can be shown that their eigenvalues correspond to 
the positions of the individual branes. The procedure discussed here is known as adding 
Chan-Paton factors to the open string theory: it is discussed in detail in section 6.5 of 
Polchinski. 

We will not be needing this generalization to stacks of D-branes in our discussion of 
supersheets in chapter 3, but we will encounter similar results for the case of a stack of N 
NS five-branes in chapters 5 and 6. 

2.2.2 The NS five-brane 

The second type of extended object we will encounter in this thesis is the magnetic dual 
of the fundamental string: the NS five-brane. Again, this object was originally discovered 
as an allowed background for the supergravity theories. Let us write down the exact form 
of this background for the type IIA string theory, since we will need it in chapter 4 where 
we apply a T-duality to this solution. It is given by 

Gmn = ( 1 H j J "mn 

H = \ni3\ (2.48) 
j..S 

Here, r is the distance from the origin in the space transversal to the five-brane. and k 
is an integer, denoting the total charge of the solution: k = 1 gives the background for 
a single five-brane. and the more general case describes the background of k five-branes. 
H = dB is the three-form field strength of the two-form field B. and fi'3' is the volume 
three-form on the unit three-sphere. 

Note that in this solution, the space in the direction of the five-brane. encoded in Gp,,. 
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has the geometry of ordinary Minkowski space. The above solution therefore describes 
an infinite, flat five-brane. However, since the geometry in the solution is simply a direct 
product, one can insert more complicated geometries in the direction of the five-brane. 
as long as these geometries satisfy the Einstein equations. The transversal geometry will 
remain unchanged in this procedure. For example, in chapters 5 and 6.we will study 
five-branes which are wrapped along Calabi-Yau manifolds. 

Contrary to the D-brane case, it turns out that strings cannot end on five-branes. Hence, 
one does not have as good a handle on them as one does for D-branes. What the NS five-
brane has in common with the D-branes is that it is infinitely massive at gs = 0 - in fact, 
at small string coupling it is even heavier than the D-branes. with a mass proportional 
to l/g1 - and therefore in this limit its dynamics decouple from the theory in the bulk 
space-time. However, since we do not have the powerful tool of strings ending on the 
brane. it is much more difficult to find the precise theories describing the worldvolume 
dynamics of the NS five-brane. We will not discuss this issue here: it is treated in detail 
in chapter 5. 

2.3 Dualities 

The superstring theories we have mentioned so far (type I, IIA. IIB. and two heterotic 
theories) arose as quite different theories: they differed in the boundary conditions, in the 
sets of modes used to construct the spectrum, in the choice of GSO-projection. etc. ft 
seems that we are dealing with five truly different theories, but surprisingly this is not 
the case. In fact, there are all kinds of dualities relating these theories. Two theories are 
called dual when, even though their mathematical descriptions are completely different, 
they turn out to describe the same physics. Many of such dualities have been found: in 
this section, we will discuss the two examples which are most important in this thesis, 
and then give a more general overview of the web of dualities which is present in string 
theory. 

2 . 3 . 1 T - d u a l i t y 

The simplest type of duality in string theory is what is called a T-duality. where "T" 
stands for "target space". We will focus on T-duality for type II strings, but a similar 
duality exists for the heterotic string theories. 

T-duality arises when we compactify a string theory on a space-time circle. For example, 
let us compactify the closed, bosonic string theory on a circle of radius R in the X° 
direction. (Note that in this discussion, the O-direction is therefore not the time-like 
direction!) Just like we did in section 2.1.1. in quantizing this theory we first have to 
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write down the solutions to its equations of motion. These are easily found to be 

n^Q 

X°L \x* + ( f | + Rw) (r + a) + Us £ ^ e ' ^ ^ . (2.49) 
2 V 2R j z <-- n 

Observe that the differences with (2.9) are in the linear terms. In the above expression, we 
allowed for a winding number w which was not present in the unconipactified case, and we 
used the familiar quantum mechanical result that for a wave function to be well-defined, 
the momentum in the direction of the circle has to be a multiple of l/R. 

Quantization of the theory now proceeds along exactly the same lines as we discussed in 
sections 2.1.1 and 2.1.2. The main difference is that now we define the ao-oscillators in 
the X -direction to be 

nl2
s p 

nl2 

^ + Rw). (2.50) z.o 

In terms of these quantities, the Virasoro operators have the same form as in the unconi
pactified theory. We can again use the LQ condition to determine the mass of the states 
in the spectrum. Viewing the; compact dimension as an internal degree of freedom, the 
mass in the remaining (24+l)-dimensional theory is minus the square of the momentum 
in these directions, and inserting the above formulas we find 

„2 
M2 = -8+—-+ AR2w2 + 4(7V + N), (2.51) 

R 
where1 the last term stands for the weight of the oscillators and as in the other mass 
formulas, we have set ls = 1. 

Xote that i he above spectrum i> invarianl under the mapping R — 1 (2/i'i. In other word.-.. 
the closed bosonic string theories compactified on a circle of radius R and on a circle of 
radius 1/(2/?) have the same mass spectrum. However, the corresponding states look 
completely different: a string of winding number w and momentum quantum number n in 
one theory has the same mass as a string of winding number n and momentum quantum 
number w in the other theory. 

The fact that the mass spectra are the same may therefore seem to be just a funny 
coincidence, but the similarities between the two theories do not stop at this observation. 
One can show that also the interactions between the different states are exactly the same 
if one relates the two string coupling constants as 

9s ^9s^- (2.52) 
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In fact, the two low-energy effective field theories can be obtained from one another by 
a simple change of variables. In other words, even though we seem to be discussing two 
completely different theories, the physics they describe is exactly the same! 

This turns out to be an example of what is in fact a much more general statement. Suppose 
that we have a closed string theory in a particular background given by some background 
fields $. G,,„. BIU/. and that this background has a U{\) isometry; i. e. that the background 
fields are invariant under the action of a circle group. The case of compactification on 
a circle, which simply appears as a product factor in the background geometry, is the 
simplest example of this. We choose space-time coordinates where X° parametrizes this 
isometric direction with a period of 2TT and all other coordinates are labeled Xa. It can 
now be shown that this theory has exactly the same physical content as a theory living in 
the background with field components 

1 

Goo 
By,, 
Goo 
n GpgGob — BQUB{)I, 

Gpg 

Goo 
D GoaBob — BoaGob 
B»b ^ 

CJQO 

$ - log Goo- (2-53) 

These rules are called the "Buscher rules", after T. H. Buscher. Since they are usually not 
covered in introductory texts but do play a crucial role in our calculation of the quantum 
NS five-brane partition function see in particular the calculation of the the T-dual of 
the five-brane background in chapter 4 - we give a derivation of these rules in appendix 
2.A. Note that for the simple case of compactification on a circle, the rules indeed lead to 
the results we have found3. 

Let us be a bit more precise, and discuss the exact mapping between the states in two 
T-dual theories for the case of ordinary compactification on a circle. First of all. note from 
(2,50) that under a T-duality, a° > a[j ^ u t Qo "~* ~ao- Moreover, note from (2.53) that 
the G- and ö-field with a component in the compact direction essentially change roles. 
Since the G-field is created from symmetric excitations and the .B-field from antisymmetric 
ones, it is therefore natural to assume that either a°_l or a°_1 changes sign under T-duality. 
and in analogy with the case of a[]. it is likely that it is a°_1 which changes sign. Even 
further generalization leads one to the suggestion that actually all oscillators a° change 

3To be precise, the reader might be wondering about some factors of two - these result from the fact 
that we have been using conventions from Green, Schwarz and Witten up till now, where 2a ' = ls. In 
practice, it turns out to be more convenient to rescale /., by a factor of %/2, which is the usual convention 
in most of the modern literature. In the rest of this thesis, we will switch to this notation. 

Goo 

Goa 

Gab 

B0a 

Bab 

<1> 
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sign under a T-duality. i. e. that 

X% - -X°R, (2-54) 

where if necessary we can choose the constant x° in (2.49) to be entirely or partially in 
X£. Indeed, one can show that this mapping leads to two theories describing the same 
physics, and that its action on the low-lying modes is precisely the one we have described 
- see section 8.3 of Polchinski for details. This change of sign, and the corresponding 
change from G-fields to ö-fields. will be important when we calculate the T-dual to the 
NS five-brane solution in chapter 4. 

One may wonder what happens if we include D-branes in our theory. From our previous 
observation, this is not very hard to see: note that if we apply (2.54) to the Dirichlet 
solution (2.11). we obtain (possibly after shifting a part of the constant term to X£. as 
before) the Neumann solution (2.10). and vice versa. Therefore, we find that a T-duality 
changes a Dp-brane into a D(p+ l)-brane if it acts in a direction transversal to the brane. 
and into a D(/> - l)-brane if it acts in a direction along the brane. 

Finally, it can be shown that everything we have said so far extends to type II superstrings. 
As we have seen, a T-duality exchanges D-branes of even dimension with D-branes of odd 
dimension, so we immediately find that if T-duality holds in this case, it should exchange 
type IIA theory with type IIB theory. From this, we can also derive how the R-R fields 
should change under a T-duality: any field which has a 0-index loses it. and the fields 
without 0-index obtain such an index. Indeed, it can be shown that with these rules and 
the ones we already established for the bosonic case, the type II theories are T-dual. In 
particular, the coupling constants of the two theories are related by 

where as we remarked in the last footnote, we changed our conventions and as a result a 
factor of 2 has disappeared compared to formula (2.52). 

Details about the T-duality of type II superstrings can be found in section 13.1 of Polchin
ski. In this thesis, this duality plays a major role. In chapter 3. we will apply a T-duality 
to the supertube solution of type IIA theory to derive what we will call the supersheet 
solution, which we will then investigate in detail. In chapter 6. T-duality will be the 
essential ingredient in deriving the quantum contributions to the NS five-brane partition 
function. 

2.3.2 S-duality 

As we have seen, in the low-energy limit of the type II string theories we find the type 
II supergravity theories. In fact, these are the only two possible theories of N = 2 
supergravity in ten dimensions, and as such they have been studied extensively in their 
own right. One well-known property of type IIB supergravity is that the theory has 
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an SL(2.M) symmetry group. Actually, this is a symmetry of the classical equations 
of motion, but as a result of the fact that in the quantum theory several charges are 
quantized, the quantum version of the theory only has an SL(2. Z) symmetry. One may 
wonder if we can find back this symmetry in the full string theory. 

This indeed turns out to be the case, but in string theory, the symmetry of the supergravity 
theory turns into a duality. To see why, let us discuss in some detail the special SL(2,Z) 
transformation corresponding to the element —1. In the supergravity action, this symme
try acts on the dilaton field as <J> —» — $. meaning that the string theory corresponding to 
the transformed action should have a couping constant of l/gs, and hence is a completely 
different string theory. Moreover, the symmetry exchanges the NS-NS two-form field B^f 
with the R-R two-form field BR. We have seen that the charge carrier for the first field 
is the fundamental string, whereas the charged object for the second field is the Dl-brane 
or D-string. Therefore, it is likely that in the string theories we should exchange these 
objects, and the transformed supergravity theory therefore corresponds to a string theory 
in which the D-string is the fundamental object! 

We thus arrive at the following duality conjecture: type IIB string theory with coupling-
constant gs is dual to type IIB string theory with coupling constant l/gs- This conjecture 
(or actually its generalization to the full SL(2. Z) group) is known as S-duality, and even 
though it has not been proven rigorously (mainly due to the fact that contrary to T-
duality. S-duality relates the weak coupling region of one theory to the strong coupling 
region of another one), there is an enormous amount of evidence in favor of it. The "S" 
in the name apparently comes from "superfield". which was the name originally given to 
the complex field A we will encounter below. 

How should we interpret the other transformations in SL(2. Z) in a string theory language? 
Again, we can learn a lot from studying the behavior of the supergravity fields. For 
example, the fields (BR.BNS) transform as a doublet under this group. Repeating our 
previous argument, we find that using an element 

(* r ] eSL(2.Z). (2.56) 

a fundamental string should be mapped to an object which has an integer charge p with 
respect to the BNS field and an integer charge q with respect to the BR field4. Similarly, 
a D-string should be mapped to an object with charges (r.s). A logical interpretation of 
these objects is as bound states of p fundamental strings and q D-strings. and it can be 
shown that indeed these objects exist, and have a tension of 

T(p.q) = ^-\p + q\\. (2.57) 

where A is expressed in terms of the string coupling constant and the R-R scalar field r\. 

4Here, we use conventions where the denning representation of 5L(2, Z) acts on the charges. In chapter 
3, we will switch to conventions where the defining representation acts on (BR, BNS), which leads to some 
relative minus signs and reshuffling of indices. 
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also known as the axion, as 

A = Ai+iA 2 = rj+ —. (2.58) 
9s 

For future purposes, the expression (2.57) is written in the Einstein frame, where the 
tension of the fundamental string is gN and the tension of the D-string is 1. Note in 
particular that the tension (and hence the mass) of a (p, g)-string is lower than the tension 
of p fundamental strings and q D-strings, so that this state is indeed a bound state. (When 
p and q have a common divisor, it is in fact a marginally bound state. Note however that 
under SX(2,Z) the fundamental string and D-strings are never mapped into such states, 
since p and q must be relatively prime.) 

If the duality is true, it should of course map all objects to other objects of the same mass. 
Therefore, the tension formula (2.57) should be invariant under the action of the duality 
group. This follows from the transformation of the scalar fields in the supergravity theory 
under SL(2.Z): under this action A transforms as 

l>\ — r 
A - - - . . 2.59) 

qX — s 
It is easily seen that indeed this gives a representation of 5X(2.Z). and that moreover 
(2.57) is invariant. We will come back to these facts in more detail in chapter 3. where we 
discuss networks of (p, g)-strings. 

Details about S-duality can be found in chapter 14 of Polchinski. In this thesis, the S-
duality of type IIB string theory will play an important role in chapter 3. where we use it 
to write down nice invariant expressions for the mass formula of the supersheet. S-duality 
will also turn up in chapter 5. where we use it to relate the world volume theory of a type 
IIB NS five-brane to the worldvolume theory of a D5-brane. This is the magnetic dual of 
the statement that the fundamental string is S-dual to the D-string. 

2.3.3 The web of dualities and M-theory 

We have discussed two examples of dualities in some detail. It turns out that this is 
only the tip of the iceberg, and that dualities are ubiquitous in string theory. Some of 
these dualities, such as the S-duality we discussed, hold for the uncompactified theories: 
other dualities relate two different compactified theories to one another, as is the case for 
T-duality. As a rule, the more dimensions we compactify. the more dualities we find. 

Let us mention some of the most important dualities, thus relating all five superstring 
theories we have met to one another. As we have already mentioned, there is also a T-
duality between the two different heterotic string theories. A strong-weak coupling duality 
similar to S-duality relates type I string theory to one of the heterotic string theories. Type 
I theory can also be related to type IIB string theory by compactifying the latter on a 
%2 quotient of a circle. The type IIA and heterotic string theories are related after a 
compactification on two different four-dimensional manifolds. And so on. and so on.. . 
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This wealth of dualities is a strong indication of the fact that the five known string 
theories are all just limits of one single larger theory. So far. nobody has been able to 
find a convenient mathematical description of this theory, but nevertheless it is believed 
to exist and many of its properties can be derived by studying its limiting string theories. 
This theory is called "M-theory". where the precise origin of the "M" is not known, but 
it can be viewed as an abbreviation of such words as "mother", "magic", "mystical", or 
the more practical suggestions "matrix" or "membrane" arising from two of its possible 
ingredients. 

There is one limit of M-theory we have not discussed yet, since it is not a string theory. This 
is eleven-dimensional supergravity, the unique supergravity field theory in the maximal 
number of dimensions. If we compactify this theory on a circle, its Kaluza-Klein reduction 
is type IIA supergravity theory. This has led to the suggestion that type IIA string theory 
is also the circle compactification of some eleven-dimensional theory, and that this larger 
theory is the full M-theory. The radius of the M-theory circle would then be proportional 
to gf, so that in the small radius limit we indeed find ordinary weakly coupled type IIA 
theory. Taking low-energy limits, one sees that eleven-dimensional supergravity should 
then be the low-energy limit of M-theory. 

This idea leads to some nice geometrical interpretations of dualities which at first sight 
are not geometrical in nature at all. For example, let us compactify M-theory on a 2-
dimensional torus. The geometry of such a torus is captured by the complex number A 
(known as the "modular parameter"), whose length is the ratio of the two lengths of the 
torus, and whose argument is the angle between its two sides. In other words, one can view 
the torus as spanned by the two edges 1 and A in the complex plane. It is well-known (and 
easy to see) that we can apply an SX(2.Z)-transformation to this parameter A without 
changing the geometry of the torus. 

Now. recall that M-theory on a torus is equivalent to IIA theory compactified on a circle, 
and that by T-duality. this is equivalent to type IIB theory on a dual circle. Therefore, we 
find an SL(2. Z)-mapping of type IIB theory to itself which does not change the physical 
content of the theory - and a more detailed investigation shows that this mapping is 
precisely S-duality! In particular, we can identify A with the complex coupling constant 
we introduced in (2.58). 

This similarity between S-duality and the symmetry of a toroidal compactification will be 
very convenient in chapter 3, where we will compactify type IIB theory on a torus, and 
hence we have two of these groups at our disposal: one corresponding to the S-duality of 
the theory, and acting on the complex coupling constant A: the other corresponding to 
the symmetries of the torus, and acting on its modular parameter r. 

Thus, we see that dualities unite all superstring theories we know into a single framework. 
For a more complete picture, the reader is referred to the last seven chapters of Polchinski. 
The goal of this thesis is to use this duality framework to uncover some properties of the 
extended objects which appear in the superstring theories - and in particular in the type 
II theories. 
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2.A Appendix: Derivation of the Buscher rules 

In this appendix, we derive the Buscher rules (2.53) for the fields GM„ and Dllv. Since this 
is a topic which is not covered in most introductory texts, let us give the references to 
the original papers by T. H. Buscher: they are [17. 18]. Our derivation will closely follow 
the discussion by M. Rocek and E. Verlinde in [60]: we will also use their notation. In 
particular, we will set a' = 1 and use complex worldsheet coordinates where z = a+ir. z = 
a — IT. in which the nonlinear sigma model takes the form 

5' = - ^ I d2 z (G,UJ(X) + Bllv{X)) OX'-dX». (2.60) 

We will assume that the metric has an isometry (i. e. the Lie derivative CkG = Ü for some 
Killing vector k) which is compatible with the B-field, in the sense that the Lie-derivative 
CkB is an exact form. It is not difficult to show that under these assumptions. 6X>' = ek>' 
is indeed a symmetry of the action. Furthermore, let us assume that we have chosen 
special coordinates in which the direction of k equals the X° direction, which because of 
its special role we will denote by 9. The other directions are denoted by X". As in the 
main text, note that this differs from the usual convention where the ^"-direction is the 
time-like direction! We assume that the isometry is periodic, and scale 9 in such a way 
that it has period 27T. 

If we now introduce a vector field with components A = AZ.~A = AY (where A and ~A do 
not have to be complex conjugates), the action (2.60) can be obtained by integrating out 
the Lagrange multiplyer held 9 from the "master" action 

SM = ^J <?* { (Gab + Bab)dXadXb + (G„0 + Ba0)dXaA + (Gob + BQb)AdXb 

+G00AA + è(dA-dA)}. (2.61) 

Note that the fields G and B are constant in the (9-direction. and as a result the field 9 
has completely disappeared from this action. Integrating out 0 leads to the result that 
locally we can write A = Of. A = Of for some function f{z.z). We identify this function 
with 9. and inserting this in (2.61) we find back (2.60). 

We want to see what this theory looks like if we integrate out A.A~. Classically, this can 
simply be done by using the equations of motion: 

(Gofc + Bob)dXb + Goo A = -09 

(Gao + Bao)dXa+GOQA = 09. (2.62) 

Again, note that these equations are not complex conjugate equations. From these equa
tions, we can solve for A. A: 

A = -Gob + BobdXb--^-dè 
Goo Goo 

A = -Ga0 + Ba0dXa + -Ld6. (2.63) 
kno Goo 
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It is a straightforward exercise to insert these solutions into the .4-dependent terms in 
(2.61). and we find that many terms in the result cancel and we are left with 

sA = -±-dm-{Ga0 + Baü){Gob + Bob) dxadxb- G a ° + Ba0 dxaW+^±^dedxb, 
Goo Goo Goo Goo 

[2.64) 
to which we still have to add the ^-independent term from SM- Now. identifying 0 as a 
new X°-coordinate. we note that this action is again of the form (2.60): 

S = - ^ / d?z (G„„(X) + B^AX)) OX^dXr (2.65) 

where, separating the parts symmetric and antisymmetric and in i and j in (2.64). we see 
that we can write 

Goo 

Goa 

Gab = Ga(, 

1 

Goo 
Bpa 
Goo 

Go„Go(, — B(_)„BQb 

B0a 

Goo 
GQ„ 

Goo 
f. „ G()aBob — BoaGob CO fifi-l 
k>ab = U ab y, • ^.OOJ 

Here, we have corrected an apparent sign mistake in the last of these equations which 
appears in the original papers. 

In the above derivation we only considered local matters, related to the geometry of space-
time. The topology of the resulting space is not clear from this discussion. From our 
discussion in the main text, we expect that if 0 is a periodic coordinate, then the T-dual 
coordinate 6 is also periodic. In [60], Rocek and Verlinde use a holonomy argument to 
show that this is indeed true, and that the dual coordinate 9 also has period 2n. Since 
in this parametrization. G0o is proportional to R. we see from the first Buscher rule that 
this indeed has the inversion of the compactification radius as its consequence. 

Finally, we want to mention what happens if we include a nontrivial dilaton background 
$ in our nonlinear sigma model. By requiring the conformal symmetry of the dual model, 
it was shown by Buscher in [17. 18] that the dilaton transforms as 

ê = $ - logGoo- (2-67) 

Note that this agrees with our observation in the main text that the coupling constant of 
string theory is rescaled by a factor of 7?_1 after a T-duality. 
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Chapter 3 

String networks and 
supersheets 

In the previous chapter, we briefly introduced string theory, and encountered D-branes and 
NS five-branes as examples of extended objects in this theory. We also saw that string 
theory is still not completely satisfactory understood, or even completely satisfactory 
defined. In particular, even though string theory was of course originally defined in terms 
of strings, from a more general "M-theoretic" point of view, it is not clear whether strings 
should really be viewed as the fundamental degrees of freedom in the theory, or if we 
should be looking for a more fundamental theory in which all of the extended objects - or 
a certain subset play a fundamental role. Since, as we also saw. many of these objects are 
related by dualities, it is not even straightforward to sum up a list of all different objects 
that constitute the theory. To be able to say something about these fundamental issues, it 
is important to get a good understanding of the physics of the extended objects, and the 
way they behave under dualities. In fact, we can often use the duality transformations to 
learn more about the extended objects. In this chapter, a first example of this philosophy 
is presented: we will use T-duality and S-duality to find an equivalence between two 
seemingly very different objects in type IIB string theory: a network of strings and a D3-
brane with nonzero electric and magnetic fields on its worldvolume. This work was done 
together with E. Verlinde, and our results were published in [74]. of which this chapter is 
an extended version. 

One side of the equivalence we want to show is formed by so-called "string networks". 
These networks, consisting of charged strings, were discovered independently by O. Aha-
rony. A. Hanany and B. Kol [1] and by A. Sen [64]. and they are reviewed in section 3.1. 
We will argue that if we give these networks an angular momentum, they will "blow up 

in a sense which we will make precise into sheets formed by a D3-brane with a small 
thickness stretching along the directions of the original network. The inspiration for this 
argument came from the discovery of "supertubes": similar structures of one dimension 
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less that is. consisting of D2-branes in type IIA theory - by D. Mateos and P. Townsend 
in [51]. We review the snpertube construction in section 3.2. In analogy with this name, 
we refer to the sheet-like D3-branes as "supersheets". In section 3.3 we present our argu
ments for the equivalence of supersheets with the simplest blown up string networks. In 
section 3.4 we discuss what we expect to happen for more complicated setups. 

The general philosophy - learning about extended objects through dualities - is present 
in two ways in this chapter. First of all. the motivation for the proposed equivalence will 
come from a T-duality argument applied to the supertube. Secondly, the fact that all the 
expressions we obtain transform nicely under the S-duality group of type IIB theory will 
be a great aid in showing the equivalence. 

3.1 String networks 

3.1.1 String junctions 

The first ingredient in our proposed equivalence is a network of strings in type IIB string 
theory. As we saw in section 2.3.2. type IIB string theory contains different types of 
strings, labeled by an integer fundamental string charge p and an integer D-string charge 
q. which have to be relatively prime. In particular, the fundamental string is the (1.0) 
string and the D-string is the (0,1) string. The tension of a general (p. q) string in the 
Einstein frame was given in equation (2.57): 

T(p.q) = ^-\p+q\\. (3.1) 
A 2 

where A = Aj + /A2 is the complexified string coupling constant that was introduced in 
section 2.3.2. 

Note from the above formula that by the triangle inequality, the tension of a (p+p'. q + q') 
string is lower than or at most equal to the sum of the tensions of a (p. q) and a {p'.q') 
string, where equality only happens if (p. q) and (p'. q') are both multiples of some charges 
(j/'.q"). Hence the (p.q) strings with p and q relatively prime are truly bound states, 
and when we put a (p.q) string and a (p'.q') string on top of each other, they will join 
into the single bound state of a (p + p'.q + q') string1. However, one may wonder what 
happens if we try to "pull apart" the constituents of such a bound state. For example, 
we may consider a configuration such as in figure 3.1a. On the left side of this figure, 
where the two strings are close together, it will be energetically favorable for the strings 
to form a bound state. However, if by some mechanism we pull the right ends of the 
strings apart, at some point the formation of a bound state will stop. Therefore, we will 

1 Again, we assume that the relevant charges are relatively prime. When this is not the case, the 
(dp.dq) string should be viewed as a marginally bound state of d strings of charges (p.q). For most of 
our purposes, we can simply forget about this difference; in section 3.4 we will come back to some of the 
subtleties that can arise in this case. 
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(p.q) 

(p+p'.q+q') 

(p .q ) 

(a) (b) 

Figure 3.1: When (p.q) strings are set up in a configuration as in (a), the result is a string 
junction (b). 

end up with a configuration as in figure 3.1b. where a (p.q) string, a (p'.q') string and a 
(p + p'. q + q') string come together in a three-string junction. The fact that such string 
junctions exist in type IIB string theory was discovered by O. Aharony, J. Sonnenschein 
and S. Yankielowicz in [2] and worked out in more detail by J. Schwarz in [61]. 

Type IIB string theory is a theory of oriented strings, so the strings in figure 3.1 have an 
orientation. Since a (p. q) string of one orientation is the same as a (-p. —q) string of the 
opposite orientation, we can choose all the orientations in figure 3.1b to be outgoing (or 
all incoming), and in that case we have that 

E* = £' 0. (3.2) 

where i = 1,2,3 now labels the three outgoing strings. 

Now we ask ourselves when a string junction is in equilibrium. By this we mean the 
following: if one ties three ropes together with a single knot and pulls each rope with a 
certain force, the knot will be in an equilibrium (i. e. it will not move) when the vector 
sum of the forces on it is zero. It is natural to expect the same thing to happen at a string 
junction. 

The direction of te force exerted on a string junction by a particular string is of course the 
direction of the string itself. Let us call the unit vector pointing in this direction it, for 
the ith string. The magnitude of the force is the change in the energy if we would move 
the knot a little bit - so this is exactly the string tension (3.1). Therefore, we see that the 
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string junction is in equilibrium if 

1 :i 

Y X , IP* + *AI"* = 0- (3.3) 

Let us consider the string junction to lie in a fixed plane, parametrized by a complex 
coordinate z. In these coordinates, n* is given by a complex number of unit norm. Up 
to 0(2)-transformations (rotations and reflections), there should be a unique solution to 
the equilibrium equation: there is only one angle between strings 1 and 2 such that their 
resulting force has the same magnitude as the force coming from string 3. Of course, the 
direction of the third string is then also determined uniquely. 

Therefore, it is enough to find one solution of (3.3). But this is not very hard: since by 
(3.2) the sum of charges is conserved at the junction, it is also clear that 

Y/(p,+ql\)=0. (3.4) 
i=\ 

If we now choose the direction of the strings in the complex plane to be given by the 
complex number 

pi + q, A 

\Pi + q,M 

we immediately see that 

1 - f 3 

T- ^ \Pi + <ftA|n< = T- J2(Pi + ftA) = 0. (3.6) 

and hence the string junction is in equilibrium. The interesting fact about formula (3.5) 
is that up to overall rotations and reflections, the direction of' a string only depends on its 
own charges, and not on the properties of the two other strings in the junction. We will 
now exploit this fact to construct supersymmetric networks of strings. 

3.1.2 Networks of (p.q) strings 

A string network is a planar network of (p. q) strings, such as the one depicted in figure 
3.2. where at all string junctions the charge conservation (3.2) is satisfied, and where the 
directions of all strings in the network satisfy (3.5) in terms of some complex coordinate 
in the plane2. From the previous paragraph, it is now clear that all junctions in such a 
network will be in equilibrium. These string networks (in the literature also sometimes 
referred to as "string webs") were first studied by 0 . Aharony. A. Hanany and B. Kol in 
[1] and independently by A. Sen in [64]. One of the things that was shown in these paper: s 

To be precise, the 1 and (' directions in this complex parametrization have to be orthonormal, so the 
different choices of such coordinates are related by rotations, complex conjugation and translations. 
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Figure 3.2: An example of a string network. At all junctions, charge is conserved and the 
directions of the strings in terms of their charges are given by (3.5). 

is that string networks are supersymmetric: they are invariant with respect to one quarter 
of the supersymmetries that the flat type IIB string vacuum has'. For a proof, the reader 
is referred to the original papers. 

In this chapter, we will be studying the simplest string networks, consisting of only three 
strings on a torus, as in figure 3.3. To this end. we compactify space-time on a torus 
of modular parameter r and area A. and arrange the three strings on this torus in the 
depicted configuration. Of course, the charges of the three strings have to be chosen such 
that the charge conservation (3.2) is satisfied, which means that we can freely choose the 
charges of two of the strings, and then the charges of the third string are determined. 
One may wonder if it is always possible on the torus to arrange the strings in such a way 
that they have the ••preferred directions" (3.5). A simple counting of degrees of freedom 
at least makes this plausible: an arbitrary torus has three real degrees of freedom (one 
angle and two lengths, or alternatively the modular parameter r and the area A), and 
the string network has the three lengths of the strings as its degrees of freedom. A more 
careful analysis indeed shows that up to singular cases where the length of one of the 
strings goes to zero it is always possible to "fit" a string network of given charges on a 
particular torus. 

Since we know the tension of each of the strings from formula (3.1). we can express the 
mass of a string network of certain charges in terms of the lengths of the three strings, or 
alternatively in terms of the equivalent parameters r and A. The expression for the mass 

'Each string junction of course has a "mirror" string junction which just as well is in equilibrium. The 
reader may have wondered why we do not consider string networks which at some junctions have this 
reflected setup instead of (3.5). The reason is that such networks are not supersymmetric. It would of 
course be interesting to nevertheless study these networks, and see if they decay into some supersymmetric 
configuration. 
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Figure 3.3: A simple string network on a torus of modular parameter r. 

M was first derived by A. Sen in [64]. and can be written as 

T 

( P' \ 
M2 A 

V 92 / 

(±L + M) 
V2 

(3.7) 

In this expression, the matrices L and AI are defined as 

0 

L = 
0 
0 

V i 

0 1\ 
0 - 1 0 

-1 0 0 
0 0 0 / 

M = MT®MX) (3.8) 

where M\ is defined in terms of the complex coupling constant A = Ai + i\2 by 

1 / I 
M) 

Ai 

A2 V A] |A|2 (3.9) 

and MT is defined by a similar expression in terms of the complex modular parameter r. 
The sign in front of L in (3.7) is chosen such that the contribution of this term is positive. 

The order in the tensor product in (3.8) is defined in such a way that M\ mixes the p-
and (-/-components of the vectors in (3.7). and Mr mixes the 1- and 2-components. The 
reader who is familiar with SX(2.Z) representation theory will recognize the form of M\: 
it is a covariant matrix, in the sense that it transforms as 

Mx -
d c 
b a M> 

(I b 

if we apply an SL(2. Z) duality transformation to A: 

a\ + b 
A 

cX + d' 

(3.10) 

(3.11) 
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Up to a reshuffling of the indices which we used for later convenience. (3.10) means that 
M\ is left multiplied by the SL(2,Z) matrix, and right multiplied by its transpose. Now. 
let us study how the charges p and q transform under SL(2. Z). Since p denotes the B^s 
charge of a string and q denotes its BH charge, the effective action for a string theory with 
a (p, (/)-string in its background will contain a term proportional to 

„ ^ •(*£)' (3'12) 
where Y. denotes the string worldsheet. Recall from section 2.3.2 that under SL(2.Z). the 
2-form fields transform as 

& H : s) (&) • 
Hence, invariance of the term (3.11) requires that the string charges transform as 

P \ • ( a ~b\f P\ (3.14) 
q J \ -c (I J \ q 

Combining this result with the transformation (3.10) of M\, we see that the mass formula 
(3.7) is invariant under the SL(2.Z) duality group, as was to be expected. In an exactly 
analogous way. one can show that the mass formula is also invariant under SL(2,Z) 
transformations of the torus, acting on the modular parameter r and the 1- and 2-indices. 

Finally, besides the double SL(2,Z) invariance. the reader should note that, since we 
expressed the mass formula (3.7) in terms of the parameters A and r of the torus, the 
formula has no explicit dependence on the lengths l% of the three strings. Moreover, the 
formula depends explicitly on the charges of only two of the three strings. All of these 
properties will be crucial in the proof of our result. 

3.2 Supertubes 

We now turn to the other side of' our proposed equivalence: supersheets. In fact, since a 
large part of the calculation is similar but less involved in two dimensions, we will first 
review the supertube in this section. For more details, the reader is referred to the original 
paper by D. Mateos and P. Townsend [51]. Note that whereas the rest of this chapter 
discusses objects in type IIB string theory, the supertube discussed here, being a D2-brane, 
is an object appearing in type IIA string theory. 

A supertube is a D2-brane embedded in flat space-time, which has the shape of an infinitely 
long cylinder of some radius R. Normally, such a setup would be unstable, since the D2-
brane has a tension, and hence the radial direction would contract into a point4. However. 

4Note that we do not wind the circle around some noncontractible loop in space-time! We assume the 
cylinder to be embedded in a topologically trivial part of space-time, so the circle can freely contract and 
expand. 
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this can be prevented by giving the tube some angular momentum around its symmetry 
axis. As is well known from classical mechanics, such an angular momentum results in 
a centrifugal force, and this force might be able to balance the inward force from the D-
brane tension. Indeed, we expect the inward force due to the tension to decrease to zero 
if we shrink the radius, while the centrifugal force for a fixed angular momentum should 
become infinite in this limit. On the other hand, for a very large radius, the centrifugal 
force should be small and the inward force should be large. Therefore, we expect to find 
a stable radius R at which the two forces exactly cancel. 

There are several ways to give the tube an angular momentum around its symmetry axis. 
One is by simply making it rotate, but here we choose a different way. Since a D2-brane 
has a U{\) gauge field living on its worldvolume (see section 2.2.1). we can turn on electric 
and magnetic background fields in the worldvolume theory. Note that since we are in 2+1 
dimensions, the electric field, corresponding to the F°" components of the field strength, 
is a 2-dimensional vector, but the magnetic field, corresponding to F 1 2 . is a scalar. Hence 
if we turn on an electric field in some direction, and we turn on the scalar magnetic field, 
there will be a Poynting vector momentum in the direction perpendicular to the electric 
field. If we therefore turn on an electric field along the axis of the tube, along with a 
nonzero magnetic field, we will have an angular momentum around the symmetry axis as 
a result. This configuration is depicted in figure 3.4. 

Figure 3.4: By turning on an electric field along the axis and a (scalar) magnetic field, we 
can give the supertube an angular momentum. 

3.2.1 The supertube Hamiltonian 

To make the above arguments more quantitative, let us consider the worldvolume action 
of the D-brane. In section 2.2.1. we saw that the Lagrangean (in the absence of RR-fields 
and the NS-NS two-form) is the Born-Infeld Lagrangean: 



3.2. SUPERTUBES 61 

where we normalized the fields in such a way that there are no unnecessary constants inside 
the square root, and the overall factor is chosen such that the expanded Lagrangean for 
small F has a factor of 1/4TT in front of the F2-term. which is the convenient normalization 
for selfduality (cf. the paper by E. Verlinde [73]). Of course, in 2+1 dimensions there 
are no selfdual fields, but we introduce this normalization in preparation of the (3+1)-
dimensional case. Note that we also set 2-rca' = 1. so all lengths in the following will be 
dimensionless quantities measured in terms of the string length. 

In space-time, we choose polar coordinates around the symmetry axis of the tube. X 
labels the direction along the axis, R labels the radial direction5, and $ is the polar 
angle. (There is no relation between this $ and the dilaton which we denoted by the same 
symbol in the previous chapter.) Finally. T is the time coordinate. The other space-time 
directions will not play a role. The flat space-time metric in these coordinates is 

ds2 = -dT2 + dX2 + dR2 + R2d&2 + ds2(M6), (3.16) 

where M6 denotes 6-dimensional Euclidean space, or any other compactification manifold. 

On the D2-brane wold volume, we choose coordinates t, x, (j>, and we use the reparametriza-
tion gauge invariance of these coordinates to set 

t = T, x = X. (/> = $. (3.17) 

The induced metric G on the worldvolume is now easily calculated; it is given by 

G« =-™G»«-(;; I I)• <3I8> 
where capital letters and Greek indices denote space-time quantities, and lower case letters 
and Latin indices i.j denote worldvolume quantities - cf. table 1.1. Below, we will 
also use Latin indices a.b.... to denote space-like worldvolume indices only. 

In writing down a componentwise expression for F,j. we have to make a choice which will 
influence the appearance of many of the formulas below. The reason is that in writing 
down this expression, we would like to define electric and magnetic fields by 

Ea = pQa B _ leabpab (3 1 9 ) 

However, in writing down the definition for B we have two choices: we can use an e-
symbol with entries ±1 . or we can use an e-tensor with entries ±\/det Gab = ±-R- The 
law of conservation of misery holds here: some formulas look nicer with the first choice, 
others with the second. The reason for this is that with the latter choice, the _B-field will 
transform nicely as an invariant scalar, whereas the former choice only makes it transform 
as a scalar density - see appendix 3.A for details about this. In a Lagrangean formalism. 

5 To simplify the notation we will denote both the radial coordinate and the fixed radius at which the 
supersheet sits by the symbol R. 



62 CHAPTER 3. STRING NETWORKS AND SUPERSHEETS 

the iJ-field transforms as a vector, so the most natural expressions arise if we choose the 
definition of the S-field as a scalar. However, in a Hamiltonian formalism, the conjugate 
momentum to E appears, which - being a derivative of the Lagrangean - is a vector 
density, so in this formalism the formulas look more natural of we work with the B-field 
as a scalar density. Since we use both formalisms here, we have to make some choice, and 
choose to define (3.19) in terms of an epsilon-tensor, making Lagrangean expressions look 
natural. As a result, in the next section, we will write the Hamiltonian expressions in 
terms of the more natural scalar density -)£?, where -) = x/det Gab- Note that our choice 
differs from the one made in [51]: our choice turns out to be more convenient especially 
in the three-dimensional case6. 

With these definitions, and keeping track of te factors of R coming from the e-tensors. we 
find that 

/ 0 -Ex -E0 \ 
Fij = Ex 0 -RB . (3.20) 

\ Ea RB 0 J 
In our setup, we only turn on an E-Held in the .('-direction, so we can set E$ = 0 in the 
above expression, and we will write Ex = E. 

When inserting (3.18) and (3.20) into the Lagrangean, there is one more thing which may 
cause some confusion - or at least it caused some confusion with the author when doing 
the calculations: one should realize that the determinant in the Born-Infeld Lagrangean 
is an ordinary "matrix determinant'', so no extra factors of -^/detGij appear from the 
e-tensors used to define the determinant. Whereas in the discussion about the B-field 
above we had the choice to either include these factors or not, here we have to work with 
the (-symbols to make the Lagrangean transform as a scalar density, as it should. This 
fact is also discussed in more detail in appendix 3.A. Taking this into account, we find 
that the resulting expression for the Lagrangean is 

R 
L = \Jl + B2 - E2. (3.21) 

Recall that we want to find the value of the tube"s radius for which it is stable - i. e. we 
want the radius to minimize the energy. Hence, the quantity we are really interested in 
is not the Lagrangean but the Hamiltonian. It is a straightforward exercise to calculate 
this Hamiltonian from the above Lagrangean. especially if we go to the temporal gauge 
An = 0- The reason is that in this gauge, E — A, and hence the conjugate momentum to 
the vector potential A is simply given by 

D **§ 
(3.22) 

Vl+B2- E2 

6 A third possible choice would be to introduce a coordinate £ = R<p to transform the metric to the 
flat space-time metric Gij = r]tJ, making both definitions of £ equal. This would however obscure many 
of the subtleties we encounter below with respect to the .R-dependence of the quantities, so we choose to 
use the more natural polar coordinates. 
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where we included the factor of 2irgs in the definition to keep the next formula simple. In 
electrodynamics, the quantity D is known as the "electric displacement". We can solve 
the above equation for E. 

and calculate the Hamiltonian by the usual prescription: 

DE , 
II 

2ngs 

= -±-^(D? + K2)(Bi + l). (3.24) 
2irgs 

To calculate the energy per unit length of the supertube. we have to integrate this Hamil
tonian over the ^-coordinate, which in our coordinates simply corresponds to multiplying 
by a factor of 2TT. 

So far. we have been calculating the Hamiltonian for a tube with a fixed radius R. Now, 
we want to investigate the i?-dependence of this expression. In doing this, one has to 
be careful: there is a clear explicit B-dependence in the above formula, but how do the 
quantities D and B depend on RP. The easiest way to find this out is by compactifying 
the x-direction of the tube on a circle and noting that now the B- and D-fields become 
quantized, and the quanta cannot change under small changes in R. We will do this very 
explicitly in the three-dimensional case; here we just state the result for a two-dimensional 
tube: the line integral over the (^-circle of the B-field is quantized, and so is the surface 
integral over the entire volume of the tube of the field Fx(p. Since our coordinates are 
^-independent (we put the independence in the metric), this means that actually D and 
FX0 are constant under small changes of the volume. Since B is defined as eab-F„;,. this 
last statement means that Bo = BB is constant if we change R. To stress the fact that 
D itself is constant, we now denote it by D{). 

Inserting these definitions, and multiplying by the factor of 2ir we mentioned above to go 
from a two-dimensional energy density to an energy per unit length of the tube, we find 

S = - ^ ^(DZ + R^iBZ+Ri). (3.25) 

Note that, as we expected from our genera! arguments at the beginning of this section, 
this indeed becomes infinite for both R —> 0 and 7? —» oo. 

3.2.2 Interpretation of the result 

Minimizing the energy per unit length (3.25) with respect to R is a simple calculation, 
and we find that it is minimal at 

R = v/BoBo. (3.26) 
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giving a minimal energy per unit length of 

£ = -(D0 + B0). (3.27) 

In their paper [51]. D. Mateos and P. Townsend gave a nice interpretation of the origin 
of these results. First of all, they showed that the supertube background preserves one 
quarter of the supersymmetries of string theory in empty, flat space-time. Then, they 
compared the supertube to another system, consisting of fundamental strings and D0-
brancs. which also preserves this number of supersymmetries. 

To see why such a comparison can be made, note that the D0- and £?0-fields can be inter
preted as dissolved fundamental strings and DO-branes within the D2-brane world volume. 
For example, for the D-field. this can be seen as follows. Recall that the [7(1) gauge field 
in the D2 worldvolume stems from the fact that the endpoints of strings ending on it 
have £7(1) charges. Therefore, a single open string starting and ending on a cylindrical 
D2-brane will cause electric field lines inside the D2-brane starting on one end point and 
ending on the other end point (see figure 3.5). Now if we pull one end of the string towards 
x = +oc and the other end towards x = —oc. the result will be an electric field in the 
x'-direction of the tube. 

I 
Figure 3.5: The D-field on the supertube can be viewed as arising from dissolved funda
mental strings. 

That a DO-brane can be viewed as a source for the B-field is a bit harder to argue intu
itively, but it can be deduced from the Chern-Simons term in the D-brane worldvolume 
action we gave in section 2.2.1. So. up to normalization, which we will treat more carefully 
in the three-dimensional case, we can write the supertube energy density as 

6 = q0 + qF. (3.28) 

where QQ denotes the dissolved DO-charge and qp denotes the dissolved fundamental string 
charge. In fact, these two charges are the only RR and NS-NS charges on the supertube; in 
particular, it can be shown that even though it is "made of D2-brane". the supertube does 
not carry any D2-brane charge. This is not as strange as it sounds, since diametrically 
opposite points on the tube have an opposite orientation, and hence viewed from one of 
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these points, a neighborhood of the other point is really an anti-D2-brane. In this way, 
the D2-branc charge of opposite points ••cancels out". 

Tn [51], it was now observed that there is another system with exactly the same charges 
and the same number of supersymmetries. This system consists of an infinite number of 
DO-branes. placed in a linear array, with fundamental strings running between the branes. 
as depicted in figure 3.6a. Note that, contrary to other D-branes. a DO-brane cannot have 
a single string ending on it. since its electric flux will have nowhere to go. Therefore, the 
number of strings ending on a DO-brane should equal the number of strings starting from 
it7, and hence the number of strings between any consecutive pair of DO-branes in figure 
3.6a is the same. 

DO-chame 

(a) (b) (c) 

Figure 3.6: (a) An array of DO-branes with fundamental strings running between consec
utive DO-branes. (b) the same system with dissolved DO-charge. (c) the supertube into 
which this system should blow up. 

The configuration in figure 3.6a is in fact a very special kind of a more general config
uration, since just like on the supertube. the DO-brane charge will in general not stay 
localized, but it will spread out over the entire length of the strings. Therefore, we should 
really think of such a system as of the one depicted in figure 3.6b. where we have a long 
string with qp units of fundamental string charge, and qa units of DO-charge per unit 
length spread out along the string. It is not hard to show that, just like the supertube, 
such a configuration preserves one quarter of the original supersymmetries. and from the 
construction we also see that its energy per unit length will have the form (3.28)8. 

.juiliiiiiHL l/.J izing, the "necklace" configuration has the same RR and NS-NS charges as the 
supertube, it has the same supersymmetries. and it has the same energy per unit length. 
The only thing in which it differs from the supertube is in the fact that it does not have 
any angular momentum, since it does not extend in any direction perpendicular to its axis. 
These observations lead D. Mateos and P. Townsend to propose in [51] that the supertube 
is really a blown up version of the necklace. That is. if we take a necklace construction and 

7Note that this distinction makes sense since type IIA string theory has oriented strings. 
8Of course, in our heuristic argument above we did not pay any attention to the normalization of these 

terms (we will do this carefully in the supersheet case), so one would really have to show that the factors 
in front of these terms are the same as well. 
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give it an angular momentum, it will blow up into a supertube. and if we take away the 
angular momentum from the supertube. while preserving its other charges, it will "blow 
down" into a necklace. 

Note that the supertube has a fixed angular momentum, proportional to qFqo- One may 
of course wonder what happens if we try to put a different amount of angular momentum 
on the necklace. If this amount is less than qFqQ there is no problem, since we can just 
blow up a part of the necklace (corresponding to some of the F-strings and some of the 
D(J-branes), and leave the remaining charged string as a necklace of lower charges in the 
center of the resulting supertube. However, it is not clear what will happen if we try to 
give the necklace an amount of angular momentum which is too large: it could be that part 
of the angular momentum then turns into radiation, or maybe the whole configuration 
will become unstable and its remnants will fly away. Of course, to really study these issues 
one should consider a mechanism which actually transfers the angular momentum to the 
necklace, such as a collision with another object. We will not study these questions in this 
thesis, but focus on the two "extremal" eases of the necklace and the single supertube 
or rather, their three-dimensional generalizations, to which we now turn. 

3.3 String networks and supersheets 

Since the general philosophy of this thesis is to apply dualities to learn more about ex
tended objects in string theory, we now ask ourselves if there are any interesting dual 
configurations to the supertube. In fact, it will turn out that the simplest of all string 
dualities. T-duality. already leads to some quite interesting results. 

When applying a T-duality to the supertube, there are basically two options: one can 
apply a T-duality in the longitudinal direction, or one in a transversal direction. The T-
duality in the longitudinal direction was performed by J.-H. Cho and P. Oh in [23]. where 
they showed that the dual configuration is a helix-shaped D-string which spins around its 
central axis. This was shown by considering the boundary conditions of a string ending on 
a supertube. and applying a T-duality to those; the presence of the electric and magnetic 
fields inside the D2-brane worldvolume have the effect that the resulting Dl-brane -
which without these fields would simply be a circle in the remaining direction - becomes 
tilted, and hence spirals the cylinder on which the D2-brane was wrapped. The angular 
momentum on the supertube translates into the spinning of the helix. 

In this section, we will be interested in the other T-dual configuration, where we apply 
the T-duality in a direction perpendicular to the supertube. It is not hard to guess what 
the dual configuration is: the T-duality now turns the D2-brane into a D3-brane, which 
we expect to have electric and magnetic fields in its worldvolume, just like the supertube 
did. In fact, since the electric field corresponded to dissolved F-strings perpendicular to 
the direction of the duality, we expect this field to be unchanged, and similarly since the 
scalar magnetic field corresponded to dissolved DO-branes. and the DO-branes turn into 
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D-strings one can expect this to dualize into a B-field in the direction of the T-duality. 
(Note that indeed, in three spatial dimensions, the B-field becomes a vector.) 

We can make this a bit. more precise by also considering the T-dual of the necklace config
uration of the previous section, which corresponds to the supertube without any angular 
momentum. Here, we only have the DO-branes and the intertwining strings, so the naive 
T-dual configuration will consist of a number of Df-branes with intertwining fundamental 
strings, as shown in figure 3.7. Just like in the supertube case, we expect such a configu
ration to blow up into a D3-brane with electric and magnetic fields on its worldvolume if 
we give the configuration some angular momentum. 

i 

I 
Figure 3.7: The naive T-dual version of the necklace consists of D-strings with intertwining 
fundamental strings. 

However, the right hand side in figure 3.7 is not very accurate, since we saw in section 3.f 
that a fundamental string cannot simply end on a D-string. What happens is that the 
F-string and the D-string come together in a junction, and a (l.l)-string emerges. At some 
other junction, this (l.l)-string can then split into a D-string and an F-string again, and so 
on. Therefore, instead of the right hand side of figure 3.7. we should really expect to find 
some string network as the T-dual of the necklace configuration. The goal of this section is 
to make this correspondence more precise. In fact, we will argue that any string network 
blows up into a D3-brane if we give it some angular momentum. Just like in the supertube 
case, the extra direction of this D3-brane is a circle with a radius which minimizes the 
energy of the system. It is as if the holes in the network "fill up", and the network grows 
an additional circular dimension of some radius R. Since this radius is generically small 
(it is expressed naturally in units of the string length), the resulting configuration will 
look like a two-dimensional sheet which has obtained a small "thickness'' in an additional 
third direction. For this reason (and the fact that the one quarter supersymmetry is still 
present after the T-duality), we call these structures "supersheets". 

It is more or less obvious that the supersheets and the string network configurations can 
be set up to have the same RR and NS-NS charges and that they also have the same 
amount of supersymmetry. Therefore, the nontrivial thing to check is if we can find 
specific field configurations on the D3-branes corresponding to specific string networks, 
and if the masses of the two systems will be the same. This is what we will show in this 
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section. 

3.3.1 Description of the supersheet system 

To be able to easily check the overall normalization constants of our result - something 
which we did not do in the supertube case we would like to work with a system of finite 
mass. Therefore, we will study the supersheet and the string network on a torus of finite 
size. This has the extra advantage that the fluxes will become quantized, and we can 
compare the flux quantization in the D3-brane to the natural quantization in terms of 
winding numbers of strings in the string network. Our claim will be that we can construct 
a toroidal supersheet as a blown up version of any of the simple string networks consisting 
of only three strings, which we studied in section 3.1.2. We will come back to the case of 
more complicated string networks in the next section. 

Let us begin by describing the supersheet system. We consider type IIB string theory on 
a space-time of the form 

M10 = l T x T 2 x l 2 x M5. (3.29) 

RT is the time direction, parametrized by a parameter T. The torus T2 is flat and has 
modular parameter r. To parametrize it. we will use coordinates X, Y along perpendicular 
directions. The coordinate X will be periodic with period Lx: the coordinate Y will range 
from 0 to Ly. This gives a cylinder, whose edges at Y = Q.Ly are identified with the 
appropriate twist to obtain the modular parameter r . R2 is also equipped with a flat 
metric, and polar coordinates $. R. Finally. M5 is an arbitrary 5-dimensional manifold 
which will play no further role in the discussion below. 

Putting everything together, the metric of our space-time in these coordinates is 

ds2(M10) = ~(IT2 + dX2 + dY2 + dR2 + R2d$>2 + ds2(M5). (3.30) 

We now wrap a D3-brane around the T2. and give the remaining direction the shape of 
a circle of fixed radius R around the origin in the M2-plane. where again we use the same 
symbol R for the radial coordinate and for the specific radius of this circle. Note that 
even though the D3-brane now has the topology of Sl x Sl x S1. the last one of these 
circles is very different from the other two. since it is embedded in a topologically trivial 
part of' space-time, so it can freely contract and expand. 

The worldvolume coordinates of the three-brane are (t. x. y. <fi), where we take each of the 
last three coordinates to be periodic, with periods Lx, Ly and 2TT respectively. We fix the 
worldvolume reparametrization invariance by gauging 

T = t 

<I> = o . 



3.3. STRING NETWORKS AND SUPERSHEETS (i!) 

The parameter c has to be included in this description, since we chose the space-time 
coordinates X. Y to be perpendicular whereas we chose the worldvolume coordinates x. y 
to be periodic. From the embedding we see that the modular parameter r of the space-time 
torus is related to the constant c by 

r = (c + i)^-. (3.32) 
L*x 

We use a similar notation as in the supertube case: worldvolume quantities will have 
indices i.j.k where these indices range over the set {t.x.i/.ó}. In particular, x' = 
ƒ..;••'' = ,r. etc. If we do not consider the time component, we will use indices a.b.c 
Space-time quantities are denoted by indices \i. v. p.... Again. X1 =T.X- = X. etc. 

3.3.2 Calculation of the Hamiltonian 

The worldvolume theory on the D3-brane is again given by the Born-Infeld Lagrangean 
(see section 2.2.1): 

V - d e t ( G H - F ) - V-detG—l— e'jk'FuFkl. (3.33) 
27T<?S tt>7r<7,5 

where we used the same normalization conditions as in the previous section, and now 
we explicitly included the contribution for a constant nonzero axion field >]. The reason 
for this contribution is that in order to compare with the string network result, we need 
to incorporate arbitrary complex coupling constants, and the axion expectation value is 
the real part of this complex coupling constant. The factor of v 7 - det G/gK in front of 
the second term perhaps looks unfamiliar: it results from the fact that we want to be 
consistent in using e-tensors instead of e-symbols. 

Again, the above Lagrangean is not really the quantity we are interested in: we want to 
derive an expression for the supersheet Hamiltonian from this to draw conclusions about 
minimum energy configurations9. The easiest way to do this is by first ignoring the ?/-term 
and calculating the corresponding Hamiltonian. and then calculating the contribution of 
a nonzero //-field. Therefore, we begin by calculating the Hamiltonian corresponding to 
the first term. 

Vf. 

In the Lagrangean (3.33). G,j is the induced metric on the worldsheet: 

/ - 1 0 0 0 \ 
OX1' dX" r, 
dx- dx>nv 

0 
0 

V (l 

1 
c 
0 

1 + c2 

0 

0 
0 

R2 

9 The calculation presented here is a bit lengthy and quite straightforward; the reader who is not 
interested in the details can skip to the last formula in this subsection immediately. 
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and Fjj is the field strength of the worldsheet U(l) gauge-field A,: 

Fii = 
I ° 

Ex 

Ey 
\ Eé 

-Ex 

0 
-RD° 
RBv 

-Ey 
RB9 

0 
-RB-' 

-E0 \ 
-RBy 

RBX 

o ) 

(3.35; 

As in the supertube case, the factors of R = \/det Gnh come from the e-tensors in the 
definition of the magnetic fields. 

Inserting these explicit matrices in (3.33). and again noting that there are no factors of R 
coining from the definition of the determinant, we find after a straightforward calculation 
that 

R 
L = - — V7! + \B\2- \E{2 - (B • £)2. (3.36) 

where the inner products are with respect to the space-like metric Gah and its inverse Gal'. 
From this expression we can calculate the electric displacement 

D"-2^dL - R G""Eh + B"(B-E) 
9Ea 9sy/l + \B\2 + \E\2 + (B-E)2' 

where we introduced a factor of 2TT for future convenience. Note that in the supertube 
case, we also multiplied by a factor of gs, but since these factors are exactly what interests 
us here, we keep the string coupling constant explicitly in our calculations. From the 
above expression we see that the Hamiltonian in terms of E and B equals 

H_ D-E L _R l + | g | 2 

2TT 2TTO, sJl + \B\> + \E\> + {B-Ey ^ ' ^ 

Hamiltonian in terms of B and E 

Of course, this expression is not in its final form yet. since the Hamiltonian has to be a 
function of B and D instead of B and E. Solving for E in (3.37) is not straightforward, 
but fortunately there is a smarter way to get rid of the -E-dependence of the Hamiltonian. 
First of all, we remove the square root by writing 

R? gi (1 + \B\2 + \E\i + (B • £")-')' ^ " ^ 

If we want to construct an expression with this same denominator, but written in terms 
of B and D. we see from the expression for D that we will need terms that are at most 
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quadratic in D. Therefore, our building blocks to construct H from are 

1_ 1 + \B\2 - \E\2 - (B • E)'2 

\D\2 \E{2 + (2 + \B\2)(B • E)2 

R2 X 
(D • B)2 (1 + \B\2)2(B-E)2 

R2 X 
(3.40) 

where 
X = g2

s(l + \B\2 + \E\2 + (B • E)2) (3.41) 

is the denominator of (2TT)2H2/R2. 

Now it is easy to find a relation in which the factors of E in the numerators cancel. First, 
we cancel the \E\2 terms by noting that 

1 |£>12 _ (1 + ]B|2)(1 + (B • Ef) 
g2 R2 X y ' ' 

Now we can also cancel the (B • E)2 terms: 

The term on the right hand side of this expression is exactly (2n)2H2/R2. so we find the 
expression 

(2n)2H2 = ~ + ^\B\2 + \D\2 + \D\2\B\2 - (D • B)2. (3.44) 

By a well known identity for exterior products, the sum of last two terms equals \D x B\2. 
so the resulting expression for H2 is 

H'2 = 7A2 {K + ̂ W + \D\2 + \D x B\2 y 
(2TT)2 [ g2 gj 

The Einstein frame 

The expression above was derived in the string frame, to avoid unnecessary cluttering of 
the formulae with additional factors of ^fg~s. However, we want to work with the result 
in the Einstein frame, where there is no coupling constant in front of the VdetG term in 
the action. To this end, we write the first term in the Born-Infeld Lagrangean as 

— J-detiG^ + F^) = - ^ - J - d e t ( % + % 
2irgs V 2TT y V Jgl ^/g. 

è i M ^ + S ' 
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where we defined the Einstein metric G = G/\fg~s. Comparing this expression to the 
original Lagrangean. it is clear that the transformation of the final result (3.45) to the 
Einstein frame can he done in the following way: 

1. Remove all factors of gs from (3.45): this is the result we would have obtained if 
there were no factors of gs in the Lagrangean. 

2. In this result, we want to add a factor of l/y/gl for each factor of Fab. Note that 
by our definition of B (recall the discussion in section 3.2.1). these factors are pro
portional to yB, where -) = VdetG„6. so we should first write the Hamiltonian in 
terms of 7B and then multiply each of these factors by a factor of I/A/JTJ. 

3. Since D is the derivative of the Lagrangean with respect to E. each factor of D 
obtains the inverse factor: Jgl. 

This leads to our final expression for the supersheet Hamiltonian in the Einstein frame 
with vanishing axion field: 

H'2 = jèy {R2 + ^h'B|2 + 9°W2 + ^Dx ^ l 2 } • (3-47) 

Including the axion field 

Our final task is to include the second term of the Lagrangean (3.33) in our calculation, 
so that we can work with arbitrary background values for the axion field, and hence with 
arbitrary complex coupling constants. Note that this term loses its factor of l/gs when 
we go from the string frame to the Einstein frame. A simple calculation (again taking 
into consideration all factors of 7 coming from e-tensors) shows that 

e^FijFki =8B-E. (3.48) 

so the extra term in the Lagrangean (3.33) can be written as -rp/B • E/2TT. This implies 
that the electric displacement D" obtains an extra term -tp.B". so the extra terms in 
H = (D • E)/2TT - L cancel each other, and the functional form of H in terms of E and B 
is actually the same expression as in the case (3.38) without axion field. 

However. H should be expressed in terms of D and B. and since D has changed, this 
expression will be different from the expression without the axion field. Let us take the 
result (3.47) as a "first order approximation" to the correct answer. Then substituting 
the new expression D" -*• D" - rp,B" into this equation, we obtain 

(2n)2H2 -» (2TT)2H2 - 2gsTiB • D° + g,rf\~B\2 

= (2ir)2H2-2gsrnB-D-gsr1
2\1B\2, (3.49) 
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where D° is the "old" electric displacement. We want to cancel these extra terms, so 
we have to add them to the Hamiltonian with an opposite sign, and we find the new 
Hamiltonian 

(2n)2H2 = R2 + (-+gsi1
2)\~,B\2+gs\D\2 + 2gs,nB • D + ±\D x jB\2. (3.50) 

9s •'' 

This can be nicely expressed in terms of the complex coupling constant of type IIB string 
theory: writing 

A = / / + — . (3.51) 
9s 

we can write our result as 

X'2 = i ( ^ + T>- IB) ( } ,̂ 2 )(°)+±\D* ,B\2 , W2\ A^1 ' ;V A, |A|2 )\lB J^ R? 

which note the appearance of the matrix (3.9) - is a nice SX(2, Z)-invariant expression. 
Also note that the notation used in this expression is rather symbolic, in the sense that 
the matrix products also involve inner products between te vectors. 

3.3.3 Comparison of the masses 

Mass of the supersheet 

We now want to find the value of the radius R for which the mass of the supersheet is 
minimal, so we can compare this equilibrium configuration to the string network. Again, 
(3.52) has both an explicit radial dependence and an implicit one through the dependence 
of the fields B. D. Since we are now in a compactified system, the fluxes of these fields 
are quantized B by Dirac quantization and D by momentum quantization - and hence 
these fluxes cannot change when we change R. This allows us to exactly determine the 
independence of the fields. The precise quantization conditions are calculated in appendix 
3.B. where it is found that 

D' = ^ jy = 'f 

'BJ = ^- 7** = T - . (3-53) 

so actually neither of these fields is implicitly i?-dependent in the coordinates we use. The 
careful reader might be worried by the fact that these quantized fields do not seem to be 
inversely proportional to an area, but note that the reason for this is that the radius of the 
(^-circle in our worldvolume coordinates is 1. and this radius actually is in the denominator 
of all expressions above. 
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We now insert these quantized values for the field in (3.52) and multiply by the square of 
the volume. V2 = (2n)2LxL

2. to obtain the total mass of the supersheet: 

M1 R2L2L 
(nxmy — riymx)'2 

'i n-

l 
( n*Lx \ 

nvLy 

mxLr 

V mTLy J 

G 
A,G 

\XG 
|A2|G 

/ nxLx \ 
n»Ly 

m'Lx 

V m"Ly J 

(3.54) 

In this expression, we left out the components of the fields in the 0-directioirs since we 
took those vanishing', and we denoted the remaining metric in the (,r. (y)-direction by G: 

G 
1 

l + cz (3.55) 

Note that the final term in this expression is completely independent of' R. whereas the 
first two terms make sure that the energy of the system blows up both in the R —> 0 limit, 
where the energy due to the angular momentum becomes infinite, and in the R —> oc 
limit, where the energy due to the D-brane tension becomes infinite. The value of the 
radius for which the energy is minimal is easily found; it is given by 

R2 = 
\nxmy — nym3 

LxLy 
(3.56) 

and inserting this in (3.54). we find the equilibrium mass of the supersheet: 

M2 = 2LxLy\n
xmy - nvmx\ + — 

( nxLx \ 
nyLy 

mxLx 

\ myLy ) 

G \XG 
AiG |A2|G 

/ nxLx \ 
n«Ly 

mxLx 

V ™yLy J 

(3.57) 

Mass of the s t r ing network 

We finally arrived at a formula for the supersheet mass which we can compare to the mass 
of the string network to which we claim it is dual. To establish the exact relation with 
the string network, note that a unit of .D-flux should correspond to a fundamental string, 
and a unit of i3-fiux to a D-string. Hence a natural guess for the corresponding string 
network would be a network consisting of a (l.O)-string with winding numbers (nx.ny) 
and a (0. l)-string with winding numbers {mx.my). More precisely, this is the natural 
guess if ;/'' and ny have no common divisor, and similarly for mx and mv. If for example 
nx and ny have a common divisor d. the correct description is in terms of d fundamental 
strings of winding numbers (nx/d,ny/d). We will assume here that there are no such 
common divisors: in the next section we will come back to the subtleties which arise when 
there are common divisors. 
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In general, a network consisting of only two strings, as described above, will not be in the 
equilibrium state we described in section 3.1. As an example, consider the simple network 
of figure 3.8a. where we have drawn the case of winding numbers (1. 0) and (0.1). 

(a) (b) 

Figure 3.8: The string network grows an extra string to achieve its preferred directions. 

Of course, the directions of the strings in this network will in general not be the preferred 
directions 1 and A. To achieve these preferred directions, the string network will "grow 
a (1. l)-string" as in figure 3.8b. In fact, we noted in section 3.1 that this was enough, 
and that a three-string network can always achieve its preferred directions. Moreover, as 
we also noted there, the mass formula (3.7) for the string network only depends on the 
parameters of the torus and the quantum numbers of two of the three strings. Hence, we 
do not need to calculate the exact lengths of the resulting strings, and we can in fact in 
our calculations just think of the network in figure 3.8b as the one in figure 3.8a. 

The case with determinant 1 

To begin with, let us assume that 

= \nxmy-nymx\ = l, (3.58) 

so that the F- and D-strings (before the extra string grows) span a torus with an area 
equal to the area of the original torus. Hence after an SX(2. ̂ -transformation on the 
modular parameter we can view this network as a fundamental string of winding number 
(1.0) and a D-string with winding number (0,1) on a torus with sides nxLx + nvrLx and 
mxLx + mvTLx. This new torus has modular parameter 

r = ( % "',. ) • r. or r = ( _£„ "™y ) • f. (3.59) 

We can insert these data in the string network mass formula (3.7). It is clear that the first 
term in this expression is equal to the first term in (3.57). For the second term in (3.7) 

nx ny 

mx rny 
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we find 

Mj TxTy 
0 
0 

V i / 

Mi-^Mx 

•Lx-Lty 

0 
0 

V i / 

/ "J ' \ T ( "'" 
Mx J yVfr (3.60) n" n" 
Mx-iMr , 

m m 
\ mM / \ m» / 

where in the second line we used SL(2. Z)-invariance and we interchanged the two matrices 
M.. Note that the fundamental torus has modular parameter 

[c + i, Lx' 

and inserting this in M.T we find 

Mi 
1 

/ nxLx \ 
nyL,, G XiG 

XiG \X2\G 

f n'L,. \ 
nyLv 

mxL, 
V "Ply ) 

(3.61) 

(3.62) 
mxLx 

V rnyLy J 
which is precisely equal to the second term in (3.57) 

The case with arbitrary determinant. 

Now suppose; the determinant in equation (3.58) is A ^ 1. Note that the determinant 
cannot be zero since in this case the B- and D-fields would point in the same direction 
and there would be no angular momentum on the supersheet. When we draw the F- and 
D-strings (again, before the extra string grows) in the complex plane which covers the 
torus T2. they span a parallelogram with an area which is A times the original area of the 
torus; see figure 3.9, where we have drawn the original torus as a square and the strings 
as solid lines. This parallelogram is not ""empty", however, since by periodicity it contains 
A parallel "string bits" of each type at equal distances, as indicated in figure 3.9 by the 
dashed lines. 

To obtain the mass squared of this network, we will calculate the mass squared of one of the 
smaller parallelograms in figure 3.9. and multiply it by A2 since A of these parallelograms 
together form a copy of the original torus T. Note that such a small parallelogram is not 
actually a torus, since its opposite edges are not identified. However, since the mass of a 
string only depends on its length and type, we may just as well use the mass formula for 
string networks. Accordingly, we will speak of the "modular parameter of a parallelogram" 
even when it is not a torus. 

Xote that ii is still true that the modular parameter of one of the small parallelograms is 

myT + mx 

nyT + n1 
(3.63) 
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Figure 3.9: Strings of winding numbers (3.1) and (1.2) span a parallelogram of area 5. 
The dotted lines are copies of the strings. 

The problem is that in this case this is not an SL(2. Z)-transformation. However, in 
showing the 51/(2. Z) invariance of the mass formula (3.7). we did not actually need the 
integrality of the coefficients of the transformation, so the expression is really SL{2, R)-
invariant. Since we can multiply the coefficients in (3.63) by an arbitrary constant this is 
enough, and we can write 

'-{ds(SS)h 
Using this transformation, we can carry out the same calculation as in the previous para
graph, where now after the transformation the four-vectors obtain an extra factor of 1/yA. 
This gives an overall factor of 1/A. There is another overall factor of 1/A coming from 
the smaller area A of the torus. Putting all of this together, we see that these factors are 
exactly canceled by the factor of A2 which comes from the fact that we have to calculate 
the mass squared of A of these small tori. Hence we showed that we again obtain the 
expression (3.57). 

This concludes our calculations: we have shown that indeed the mass of the toroidally 
compactified supersheet is equal to the mass of the simple three-string network, and hence 
that we can view the supersheet as a "blown up" version of this network. 

3.4 More general configurations 

There are two questions to which we have to come back now in order to complete our 
discussion about the supersheets. The first question is: what happens if the flux quantum 
numbers in the supersheet have common divisors? If the quantum numbers of a single 
type of flux (say nx and ny) have a common divisor d, the corresponding string will have 
winding numbers with the same common divisor, and hence it is better to think of this 
string as a set of d strings with winding numbers nx/d and ny/d. In the "naive string 
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network" without the extra grown string, there is of course no reason for these d strings to 
be on top of each other. Therefore, we can calculate the mass of the actual string network 
by for example spreading out these strings evenly, and using a similar trick to the one we 
used in the case with A ^ 1 in the previous section. In this way. it is easy to show that 
also in this case the supersheet has the same mass as the corresponding string network. 

A subtlety arises10 when all winding numbers. mx.m,y.nx and ny have a common divisor 
(I. In that case, we can view the resulting string network as a set of d smaller string-
networks put on top of each other. Should we view this as a single network, or really 
as a set of d separate networks? This question might seem uninteresting, but it becomes 
quite interesting if we think of the supersheet configuration corresponding to d separate 
networks: we expect this to be a set of d supersheets on top of each other. Instead of 
the ordinary U(l) theory corresponding to a single D-brane we have studied so far, such 
a system would be described by a U(d) nonabelian Born-Infeld theory. Unfortunately, a 
precise definition of this theory is not known. However, we seem to find here that there 
is a close relation between the abelian Born-Infeld theory on a torus with background 
gauge fields with flux quantum numbers with a common divisor on the one hand, and the 
nonabelian Born-Infeld theory on a torus with fluxes where this common divisor is divided 
out on the other hand. It would be interesting to investigate this further. 

A second question to which we have to come back is that of more general string networks. 
In this section, we have only considered three-string networks on a torus, and yet we seem 
to have been able to describe all possible supersheets on this same torus. What do the 
more general string networks correspond to? Our claim - which unfortunately we are not 
able to prove in detail is that all of these networks will also blow up into supersheets, 
and that hence there is a many-to-one relation between string networks and supersheets. 

To see why this is a plausible claim, note that the "microscopic structure" of the string 
network did not enter our calculations; all that really mattered was the effective electric 
and magnetic fluxes coining from the network. However, these effective fluxes can also be 
defined for more complicated networks on tori, by just counting the total F- and D-string 
winding numbers around each cycle11. Just like in the simple case we studied, we expect 
that only these effective fields enter in the relationship with the supersheet. This fits in 
nicely with the picture that in the blowing-up process, what happens is that the holes in 
the string network "fill up" and a supersheet without holes and with a finite thickness 
remains. 

In the sense discussed above, the supersheet is like a "macroscopic description" of a large 
class of string networks. It would be nice to work out this idea more precisely, and see 
if one can define an entropy for the supersheet in terms of its "microstates"12. In this 
picture, the properties of the supersheet would be defined as the thermodynamic quantities 

10We thank Jan de Boer for pointing this out to us. 
It is not hard to see that this is a well-defined quantity, since F- and D-string charge are conserved 

at each vertex in the network. 
12Indeed. in a paper by B. Kol [49], some evidence for the existence of an entropy in string networks 

has been given. 
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related to the microscopic properties of the string network. For example, we could set up 
a string network where all of the string junctions are located in a small region of the torus. 
However, from entropy arguments one would expect the string junctions to spread more 
or less equally along the surface of the torus, thus making a local tension tensor and local 
electromagnetic fields well-defined and more or less constant. This "macroscopic state" 
would then correspond to the supersheet with the correct electric and magnetic fluxes. 
As a closely related issue, one would like to describe how exactly the excitations of the 
single strings combine into "collective modes" which correspond to the excitations of the 
D3-brane. 

3.A Appendix: On ^-symbols and determinants 

Since in this chapter we work with metrics which have determinants not equal to ±1. 
it is useful to describe some of the subtleties that arise in working with e-symbols and 
determinants in this case. In fact, two types of e-symbols can be defined, and correspond
ingly two types of determinants arise. We will see that the square root of one of these 
determinants has the transformation properties of a scalar, whereas the square root of the 
other transforms as a scalar density. A similar remark holds for other quantities defined 
in terms of e-symbols, such as the magnetic field. 

We will work in three dimensions for simplicity: everything can be straightforwardly gen
eralized to other dimensions. Let us begin by defining the simplest e-symbol. Since this is 
not the symbol we will encounter much in the main text, we denote it by I. It is defined 
in the well-known way: 

-123 _ _j_^ j-_|_ CyCjjc permutations) 

f213 = — I (+ cyclic permutations). (3.65) 

and all other entries of i vanish. Note that we define the entries of the ê-symbol to be ±1 
in every coordinate frame, so it does not transform as a rank three tensor. 

Using the ê-symbol, we can define the "matrix determinant" of a rank two tensor Aa\, as 

deiA=— t t JAadAbeAcf. (3.66) 

This is the usual definition of a determinant as a homogeneous polynomial of degree 3 (or 
degree d in d dimensions) in the matrix entries of A. Note that since ê is not a tensor, this 
determinant is not an invariant quantity: its value depends on the choice of coordinates. 
Below, we will se that in fact its square root transforms as a scalar density. 

The metric Gab is of course one example of a rank two tensor, and hence we can calculate 
its determinant det G. It is a well known fact that the square root of the absolute value 
of this determinant, when integrated over some region X of space-time, gives an invariant 
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definition of the volume V(X) of this region: 

d3x v/| det G\ = V(X). (3.67) 
x 

The reason that this does not depend on the choice of coordinates is that the measure d3x 
transforms as the inverse of \J\ det G\. as can be easily checked. This fact can be used 
to build invariant actions: for any scalar quantity S. the integral of y/\ det G\S gives an 
invariant action the Einstein Hilbert action (with S = R, the Ricci scalar) being one 
example of this. A quantity transforming as -y/[ det G\S is called a scalar density. Any 
Lagrangean involving a metric field should hence transform as a scalar density . 

There is another useful property of the quantity y | d e t G | : it can be used to define an 
invariant e-tensor as 

eabc =
 l ~abc /g 6 g ) 

V^deT^ 

The fact that this e-symbol transforms as a tensor is well known from general relativity 
and can be easily checked by an explicit calculation. From now on. we will denote this 
covariant quantity as an e-tensor. and the e with entries ±1 as an e-symbol. 

In the main text, we use the e-tensor to define the magnetic field D in a covariant way as 
B" = \eabcFilc. Since this definition is written in terms of covariant objects, this magnetic 
field transforms as a vector. If we define a magnetic field in terms of an e-symbol, we now 
see that it will transform as a vector density. 

The e-tensor can also be used to define an invariant determinant of a rank two tensor A, 
which we will denote by Idet: 

Met A = enbcedefAadAheAcf. (3.69) 

Note that whereas the ordinary determinant can be defined for any px p matrix, this in
variant determinant is only well-defined for tensors, i. e. for dxd matrices in d dimensions. 
The relation with the ordinary determinant follows from the definition of the e-symbol: 

det ,4 = | det G | Idet A (3.70) 

This proves our earlier statement that \J\ det A\ transforms as a scalar density. In partic
ular, we see that in Lagrangeans such as the Born-Infeld Lagrangean. we should be using 
the ordinary determinant, and not the invariant one. 

1-1 Of course, we are usually not trying to do quantum gravity, so generally the metric G will be simply 
a background field which is not integrated over in a path integral. One may therefore argue that it is 
not strictly necessary to demand coordinate invariance of such actions. Here, we will adopt the practical 
point of view that it is much easier to manipulate invariant quantities, so whenever possible we will write 
our actions and Hamiltonians in an invariant form. 
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3.B Appendix: Flux quantization 

In this appendix, we provo the quantization of the B- and D- fluxes which we used in 
subsection 3.3.3. We will keep an arbitrary unit of electric charge e throughout this 
appendix: in the main text, we use units where e = 1. which makes the SL(2. Z)-invariant 
expressions look much nicer. 

C-flux quant izat ion 

The quantization of Z?-flux is nothing but Dirac quantization. Dirac quantization can be 
derived in many ways; the argument in this appendix is due to 0 . Alvarez [4]; see also 
the paper by M. Alvarez and D. I. Olive [3]. We want to show the quantization of general 
F-fluxes: 

I Fe—Z (3.71) 
h e 

where F. which is locally of the form F = 0,Aj - OjA, is a U(l) field strength and E is a 
closed two-cycle inside a four-manifold KA\. 

We suppose that the gauge field At couples minimally to a complex scalar field <p. i. e. it 
appears inside the covariant derivatives 

DiCp = {di + ieAi)4>. (3.72) 

A gauge transformation is now of the form 

A, -> Ai--diX, (3-73) 
e 

under which the derivative (3.72) indeed transforms covariantly. 

Now we cover the cycle E with patches Ua of trivial topology, such that in each patch 
a gauge field Af and a scalar field ©Q are defined. On the nonvanishing overlaps Ua3 = 
Ua n £/'3 these fields are related by a gauge transformation: 

n3 = eixaa(x)<j>a 

Af = A?-±diX
a0, (3.74) 

Going from Ua to U^ and back gives the consistency condition that xa0 = —X0a +27rnQ/3 

for some integers na8, but from the definitions we see we can choose nali arbitrary, so we 
will assume that na8 = 0 and xa / ? = ~Xia• 

On nonvanishing triple overlaps Ua(i~< = Ua nU13 n t/7 we find in a similar way that 

Xa8 + X01 + Xia = ^nadl (3.75) 
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for some integers nQ t f \ In this case however it is not clear - and in general not true -
that we can set all n to zero, so we will leave the iiai3~' in this formula as undetermined 
integer constants. 

Now suppose E can be covered by a finite number of patches Ua. having no higher than 
triple overlaps, and that these patches can be contracted to slightly smaller closed subva-
rieties Ua that overlap only on lines LaJ and vertices V'"'3"'. Then 

£ „ J i 

F M,.f 

E / . A°- (3-76) 
OU" 

where we applied Stokes' theorem. Note that in the last sum. every line Lai also appears 
as L*3". but with opposite orientation. Therefore, we can write the above sum as 

* = E ƒ (A" -A3) 
•)•£. 

\ E / V- (3-77) 

Again, we can apply Stokes' theorem to obtain a sum over vertices on the right hand side: 

1 
F - V (xa0+XM-Xa^) 

y e 

" (xa0 + xM + x1Q) 
a</3<7 

y E »Q/37- (3-78) 
a</3<7 

so we proved our desired result. 

Now we apply this to our setup in section 3.3.3: let MA = R x Si x Si x Si, where R is 
parametrized by t and the three circles are parametrized by the corresponding variables 
and have lengths Lx.Ly and 2TT respectively. To get the quantization condition for the 
constant field B = B». we take E = Sx x Si , so the formula for the flux quantization 
(3.71) becomes 

2irLxFx^ = ~ m v (3.79) 

for some my G Z (the minus sign is inserted for later convenience), so since FX(j> = —~jBv 

we find the quantization condition 

1 my 

!& = - — . (3.80) 

In exactly the same way we find 
1 TflX 

~B* = - — . (3.81) 
e Ly 
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D-üux quantizat ion 

Next, we want to show that the flux of the D-field is quantized: this is basically momentum 
quantization. First of all, note that in the gauge transformation (3.73). x does not have 
to be single-valued around closed loops. For example, when in our supersheet geometry 
we go around 5]. once. \ is allowed to change as 

X(x + Lx) = X(x) + 2nk. (3.82) 

These transformations (for k ^ 0) are called "large gauge transformations''. We will 
show that quantum mechanically, this symmetry is only preserved if we require D to be 
quantized. 

Suppose we have a functional F[Ai(x)]. Then we can expand the change of this functional 
under a gauge transformation to first order in x(x): 

F A,(x) - -diX(x) 
e 

= F[Mx)} - i ƒ d 3 . r9 ,Y( . r ) -^^FL4,( . r ) ] + 0 (v 2 ) . (3.83) 

As in the main text, we will choose the Aü = 0 gauge, and work with time-independent 
X- so we can change all space-time indices i in the above formula by spatial indices a. 
From this expression, we see that an infinitesimal gauge transformation is generated by 
the operator 

X = _ i fd3xdaX{x)t- (3.84) 
e J öAa(x) 

Note that in the "position representation", the momentum operator conjugate to the 
electric field (i. e. the electric displacement) is 

D ° ^ = - 2 " M ^ ) (3'85) 

(note the inclusion of the factor 2TT from our definition (3.37)). so we can write this operator 
as 

X = -+- d3xdaX(x)D"(x). (3.86) 
Z7T€ J 

Of course, a large gauge transformation does not have an infinitesimal generator, so to 
be able to incorporate these transformations into our description as well we have to work 
with the exponentiated version of this operator: 

ex = exp { - ^ - I dixdaX(x)Du(x)\ . (3.87) 

If we indeed have a symmetry, this operator must be the identity for all xix)- T o s e e w n a t 

this implies when xix) ls t n e parameter of a large gauge transformation as in (3.82). we 
do a partial integration in the x-direction to obtain 

e * = exp — ' - * -
2/TC 

I d3xX(x)daD
a(x) + - I Dx(x)\, (3.88) 

J e Jsixs^ J 
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where the second term arises as a boundary term in the partial integration since xix) 
changes by an amount of 2nk when going around 5).. 

This operator has to be the identity for any \ and k. so from the first term we get the 
familiar Gauss' constraint 

d„Da = 0. (3.89) 

and from the second term we obtain the quantization condition 

/ Dx = 2imx, (3.90) 

for some nx G Z. which for constant Dx implies 

In exactly the same way we obtain 

Z > ' = r f . (3.91) 

D» =(• — . (3.92) 



Chapter 4 

Geometry and supergravity 

In the previous chapter, we have studied string networks and supersheets, which are special 
configurations of D-branes. In the introduction to extended objects in section 2.2, we have 
seen that there is another type of extended object in string theory: the NS five-brane. 
This five-brane. which was briefly introduced in section 2.2.2. will be our object of study 
in the remaining part of this thesis. Recall that whereas D-branes can be described as 
objects on which open strings can end - and which can therefore be studied using the 
worldsheet theory of the string - the NS five-brane is defined as the magnetic dual of the 
fundamental string, and we need the intermediate step of a low-energy space-time theory 
to define it. Moreover, as we will discuss at length in chapter 5, it turns out that we 
can define a worldvolume theory on the NS five-brane. but that this theory is much more 
complicated than its D-brane cousins. For these reasons, it is often more difficult to study 
the properties of the NS five-brane than it is to study analogous D-brane properties, and 
some of these properties - especially the ones that only turn up in a quantum treatment 
- are still somewhat mysterious. 

Sticking to our general philosophy, we want to see what we can learn about the quantum 
properties of the NS five-brane using dualities. To be precise, we will be interested in 
calculating the quantum partition function of an NS five-brane which is wrapped on a 
so-called Calabi-Yau manifold in type IIA string theory, in the background of a RR three-
form field with vanishing field strength, and in a specific low-energy limit where the 
worldvolume theory decouples from the space-time theory. The actual calculations of the 
five-brane partition function will be performed in chapters 5 and 6. where in the first of 
these two chapters we calculate the classical partition sum. and in the next we compute 
its quantum corrections. The purpose of the current chapter is to give an introduction 
to some important concepts which are needed in these calculations. As such, it can be 
viewed as a bridge between the general introduction to string theory in chapter 2. and the 
more advanced topics in chapters 5 and 6. 

85 
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By introducing a five-brane in type II string theory, its ten dimensions split up into six 
dimensions along the brane. and four transversal dimensions. All of our calculations will 
be done in a euclidean space, so there is no time-like direction. Nevertheless, we will think 
of the six dimensions along the five-brane as "internal dimensions'' - in particular, they 
will form a small and compact manifold - and of the other four as '-space-time". The 
five-branes are thus pointlike instantons from a space-time point of view. 

The geometry of both the internal space and the transversal space will be very important 
in our calculations. As we have mentioned, the internal geometry will be that of a Calabi-
Yau manifold; these manifolds will be introduced in section 4.1. We already discussed the 
transversal geometry to the five-brane in section 2.2.2: it is given in the transversal part 
of equation (2.48). However, in the quantum calculation in chapter 6. we will need the 
T-dual version of this solution. In section 4.2 we calculate this solution using the Buscher 
rules, and we find the result that it is given by a so-called orbifolded Taub-NUT geometry 
which in the decompactification limit, where the radius of the compactification circle goes 
to infinity, degenerates into what is called an ALE-space. More details about these spaces 
can be found in appendix 4.B. 

The reason for choosing an internal Calabi-Yau space, as we will see in section 4.1. is 
that after a Kaluza-Klein reduction the effective four-dimensional theory has N = 2 
supersymmetry. The structure of such theories will play a crucial rok- in our determination 
of both the classical and the quantum part of the five-brane partition function, so we give 
an introduction to the important aspects of N = 2 supergravity in four dimensions in 
section 4.3. One of the main results of this discussion will be that the scalar fields in 
the vector multiplets of N = 2 supergravity theories parametrize what is called a special 
Kohier manifold. The definition of special Kahler manifolds will be given in section 4.4. 
There, we will also show that the space of all possible complex structures on a Calabi-Yau 
manifold is itself a special Kahler manifold. This may seem to be a coincidence at the 
moment, but as we go along it will become clear that this is in fact no coincidence at all. 

This chapter ends with two appendices: in appendix 4.A we summarize some important 
results on homology and De Rham and Dolbeault cohomology theory which we need in 
this chapter and the next two. and appendix 4.B is the appendix on Taub-NUT and ALE 
geometries we mentioned above. 

4.1 Calabi-Yau manifolds 

We begin by giving a brief introduction to the properties of Calabi-Yau manifolds. It 
would go too far to develop all of this background from scratch here, so in this section 
we just summarize the main results needed; the non-expert reader should consult the 
references mentioned below for more detailed information. Also, we assume that the 
reader is familiar with homology and (de Rham and Dolbeault) cohomology theory: for a 
brief review and references on this topic we refer to appendix 4.A. 
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4.1.1 Why Calabi-Yau? 

As we discussed in section 2.1.5. superstring theory naturally lives in ten dimensions, but 
since we seem to live in only four it is interesting to take the ten-dimensional background 
space-time of the form M4 x Ma- where A/4 is a noncompact manifold (or at least a very 
large one) representing our space-time, and Me is a small compact manifold. 

Let us recall the notation we use1 - the reader may consult table 1.1 for easy reference. We 
denote indices in the ten-dimensional space by M,N,..., in the internal six-dimensional 
space by m, n,..., and in the transversal four-dimensional space by /i. v Indices I.J 
and i. j are reserved for coordinates on the moduli spaces we will encounter later on. 
When coordinates appear as fields in sigma models, we denote them by upper case letters; 
when they do not have this interpretation (sometimes this is of course a matter of taste), 
we use lower case letters. 

In this section, we consider only the simple case where M4 is flat euclidean space-time, but 
most of the results also hold for more general four-dimensional backgrounds, and we will 
indeed make such generalizations later on. As for Me- if it is small enough compared to 
our everyday life length scales, we will not note its presence, and the world will seem to be 
effectively four-dimensional. However, this does not mean that the structure of MG does 
not influence four-dimensional physics! In particular. Ma may have specific symmetries 
which turn up in the properties of the effectively four-dimensional world. 

This principle can be used to our advantage. For example, one is often interested in con
structing a four-dimensional theory which is invariant under at least one supersymmetry, 
either for phenomenological reasons or to construct calculationally simple (toy) models. 
The requirement of four-dimensional supersymmetry turns out to severely restrict the 
possible choices of the manifold M6- as we will now discuss. We will give a flavor of the 
subject but omit many of the formulas; the reader is referred to the original paper by 
P. Candelas, G. T. Horowitz. A. Strominger and E. Witten [22] and to the discussion in 
chapter 15 of Green. Schwarz and Witten [39] for further details. 

As wc saw in section 2.1.4. at low energies all of the superstring theories can be described 
by a ten-dimensional supergravity field theory, containing the metric field GMN-, the an
tisymmetric tensor field BMN, f he dilaton field $. and depending on the type of string 
theory a number of p-form fields or nonabelian gauge fields - plus of course the fermionic 
fields needed to make the action supersymmetric. Putting the theory on a background of 
the form AI A X MG now fixes a nontrivial background choice for GMN, and the question 
we want to address here is whether such a background corresponds to a supersymmetric 
vacuum of the theory2. Of course, we should also fix background values for the other 
fields, and we do this in the simplest possible way. by setting most of them to zero. Since 

' In particular, note that this notation differs from the one used in the previous chapter. 
2Of course, this question only makes sense if the backgrounds we find do in fact correspond to solutions 

of the classical theory. This will turn out to be the case, and in fact this analysis can be extended to show 
that the Calabi-Yau backgrounds are consistent backgrounds of the full string theory; see the references 
mentioned above for details. 
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the expectation value of the dilaton $ corresponds to the string coupling constant, we do 
not set this to zero, but we take the next to simplest choice by making the dilaton constant 
throughout space-time. Moreover, since the B-field only appears in the supersymmetry 
transformations (to be discussed below) in terms of its field strength H. we set H = 0 
instead of B. 

A local supersymmetry transformation on a certain field configuration is now induced 
by a space-time-dependent fermionic parameter e(xAI). Our field configuration is super-
symmetric under at least one remaining supersymmetry if it is invariant under such a 
transformation for a specific choice of e(xM), i. e. if 

Se<t> = 0 (4.1) 

for all fields o. For the bosonic fields, this is trivially true. The reason for this is that . 
since all terms in their variations are linear in c. they contain at least one fermionic field to 
make the resulting variation bosonic. But since we set all fermionic background fields to 
zero, this automatically implies that the variation of the bosonic background fields under 
any supersymmetry transformation vanishes. 

As for the fermionic fields, it turns out that with the choices we made above (and in par
ticular since H = 0 and <3> is constant), all field variations automatically vanish identically 
except for the variation of the gravitino tpM (where we suppress the spinor index), which 
reads 

SeTj;M = DMe. (4.2) 

In this expression. DM denotes the covariant derivative on AI4 x A46 . For simplicity, we 
consider the case where the string theory has A" = 1 space-time supersymmetry and hence 
there is only one gravitino: the N = 2 case is a straightforward generalization. 

We see tha t the compatibility of (4.1) and (4.2) requires tha t the spinor e(xA1) is covari-
antly constant. Given the product structure of our space-time manifold, this reduces to 
the statement that e is constant on M 4 , and covariantly constant on the (possibly curved) 
manifold M&. The first requirement is of course trivial to satisfy, but just like it is not 
possible to define a continuous nonzero vector field on every manifold (one cannot ••comb 
a coconut", for example), it is also not possible to define a covariantly constant spinor field 
on every six-dimensional manifold. The manifolds which do allow a covariantly constant 
spinor are called Calabi- Yau manifolds, and it is this class of manifolds or more precisely 
the subclass of six-dimensional ones3 - tha t we are interested in. and whose very special 
properties we will discuss in the next subsection. 

Before doing so. let us make the final comment that in the discussion above we looked at 
a very specific class of backgrounds. Of course, one might consider much more general 
backgrounds where for example H does not vanish. $ is not constant, or nontrivial p-
form fields or gauge fields are turned on. Many of these cases have been discussed in 
the literature, though a generic classification of supersymmetric backgrounds is not at all 

•'In the following, we will often only write ''Calabi-Yau manifold" when we really mean 'six-dimensional 
Calabi-Yau manifold". 
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known. However, even the relatively simple case of Calabi-Yau backgrounds discussed 
here has led to an enormous amount of interesting physics and mathematics. 

4.1.2 Proper t ies of Calabi-Yau manifolds 

We now want to list the properties of Calabi-Yau manifolds which will be important to 
us in this thesis. Where possible, we will give an indication of how these properties arise 
from the single fact that a Calabi-Yau manifold admits a covariantly constant spinor. but 
we will be very brief here: again, the reader is referred to the references mentioned in the 
previous subsection and to the extensive lecture notes by B. Greene [40] for more details. 

• First of all. Calabi-Yau manifolds have a holonomy group which is contained in 
SU(3). The holonomy group of an (oriented) d-dimensional manifold is defined 
as follows: a basis of tangent vectors to the manifold, when parallel transported 
around a closed curve, comes back to itself up to an SO(d)-rotation. Not all SO(d) 
rotations have to occur in this way (for example, on a flat manifold only the unit 
element in SO(d) occurs), but it is easily seen by gluing and inverting paths that 
the ones that do must form a subgroup of SO(d). Moreover, when the manifold is 
connected, this group is the same for every point in the manifold, and in this case it 
is called the (global) holonomy group. In the Calabi-Yau case, the holonomy group 
is a subgroup of SO(6), and in fact the presence of a covariantly constant spinor 
restricts the possible groups further. The reason is that the spinors of 50(6) are in 
fact in the fundamental representation of its covering group S£/(4) (or in the anti-
fundamental one, depending on the chirality), and that we can choose coordinates 
where the covariantly constant spinor is written as (1.0,0.0). Now by definition, 
the holonomy group must leave this spinor invariant (since otherwise it would not 
be covariantly constant), and the largest subgroup of SU(4) with this property is 
the 5'[/(3)-subgroup acting on the last three components. 

• Secondly. Calabi-Yau manifolds are complex manifolds. That is. even though we 
constructed AAQ as a manifold which was locally parametrized by six real coordinates. 
it can also be parametrized by three complex coordinates, in such a way that two 
parametrizations on overlapping patches are related on any overlap by holomorphic 
maps. (This latter requirement is of course the nontrivial part: it ensures that 
holomorphic functions and other holomorphic quantities can be defined on the whole 
manifold.) There is a well-known mathematical construction to check this property, 
consisting of two steps. In the first step, an almost complex structure is constructed; 
this is a linear operator J on the tangent bundle of the manifold which squares to 
minus the identity. The interpretation of this operator is as "multiplication with i": 
it is clear that this must be a globally defined operation on a complex manifold, and 
this is translated into the existence of J. As a second step, one must check whether 
such an almost complex structure can indeed globally be written as a diagonal 
matrix with entries ±i (the minus signs corresponding to the complex conjugate 
coordinates): this is nicely encoded in terms of the vanishing of a specific tensor. 
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the so-called Nijenhuis tensor, which can be constructed from ./. If the Nijenhuis 
tensor vanishes. ./ is called a complex structure. On a Calabi-Yau manifold, given 
the covariantly constant spinor e. a complex structure J can indeed be constructed: 
it is given (after a possible overall rescaling of e) by the quadratic expression 

Jm
n = GmkêTkne, (4.3) 

where 1 .̂,, = ^[IVr, ,] are the antisymmetric combinations of F-matrices on AAQ. 
The fact that e is covariantly constant translates into the vanishing of the Nijenhuis 
tensor. 

• A Calabi-Yau manifold is a Kohier manifold. One special property of the complex 
structure on a Calabi-Yau manifold is that it is compatible with the metric, in the 
sense that the inner product of two tangent vectors v and w equals the inner product 
of Jv and Jw. It is easily checked that, when written in terms of complex coordinates 
.:'" and z". this implies that the only nonvanishing components of the metric are 
Gmn = Gm„, and hence Gmn and Gmn vanish. A metric with this property is called 
Hermitean. An even more restrictive property is that of Kahlerity; a Hermitean 
metric (not necessarily of 5c7(3)-holonomy) is called Kahler if it can be written 
locally as a second derivative of some scalar function: 

G _=*K^) ( 4 4 ) 
m " dzmdz» • [ ' 

That this is indeed the case for the Calabi-Yau metric can be shown by studying 
the so-called Kahler form Kyhn = G^f,Jkn- which is a covariantly constant two-
form which in the canonical coordinates adapted to J has entries ±iGmn. (Indices 
in.n.k range over both holomorphic and anti-holomorphic indices.) The fact that 
K is covariantly constant is translated into form notation to the fact that dK = 0. 
which in turn implies that Kmn can locally be written as a second derivative, and 
therefore the same is true for G,„n. Hence, the Calabi-Yau metric is indeed Kahler. 
Kahler manifolds will play an important role in this thesis; not only in the context 
of Calabi-Yau manifolds, but also in the context of special geometry which will be 
discussed in the last two sections of this chapter. 

• A Calabi-Yau manifold is Ricci flat. This can be easily shown by using the fact that 
we have a covariantly constant spinor as follows: 

0=[Dm,Dn}e = RmnkiT
kle, (4.5) 

where we went back to real coordinates and used the well-known fact that the com
mutator of two covariant derivatives is proportional to the Riemann-tensor Rmnki • 
After a little algebra this can be seen to imply that the Ricci-tensor vanishes: 
Rum = 0. We will not really need the Ricci-flatness of Me in what follows4, but we 
have included it in our list since it is connected to the reason why Calabi-Yau man
ifolds were named after E. Calabi and S.-T. Yau. So far. we have argued that the 

4Of course, Ricci flatness is an important property in showing that Calabi-Yau backgrounds are indeed 
classically allowed backgrounds; see footnote 2 of this section. 
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existence of a covariantly constant spinor is equivalent to the fact that the holonomy 
group of Me is SU(3), and that this in turn implies that A4Q is Kahler and Ricci-flat. 
In 1955, E. Calabi conjectured a kind of converse to these last two implications [19]: 
he conjectured that any (real) 2d-dimensionaJ Ricci Oat Kahler manifold admits a 
(possibly different) Kahler metric of SU(d) holonomy, where the Kahler forms of the 
two metrics would be in the same cohomology class and the metric of SU(d) holon
omy would be unique within this class. In fact, he managed to show the uniqueness 
property, but the existence was shown only in 1977 by S.-T. Yau [81]. Yau's proof 
consists of showing that certain differential equations have a solution, but it is not 
constructive, in the sense that it does not allow one to actually construct a metric 
of SU(d) holonomy on a Ricci flat Kahler manifold. In fact, to date no nontrivial 
examples of explicit metrics on Calabi-Yau manifolds are known! Fortunately, as we 
will see in the next item in our list, a lot can be said about Calabi-Yau manifolds 
on topological grounds only, and we will use this extensively in this chapter. 

A Calabi-Yau manifold has a very specific cohomology structure. In appendix 4.A, we 
discuss the fact that because of Poincaré duality, for any complex three-dimensional 
manifold the Betti numbers hp-q and hs~p'3~9 are equal, and that for Kahler man
ifolds also hp'q equals hq,p. Moreover, it can be shown (see section 15.5 of Green, 
Schwarz and Witten [39] for example) that the only closed (0,p)-forms are of type 
(0. 0) and (0. 3). and that up to rescaling there is exactly one of each of these. Using 
this, and the symmetries mentioned above, we see that the Hodge diamond (also 
defined in appendix 4.A) of a Calabi-Yau manifold takes the form 

(4.6) 

which depends on only two arbitrary integers ft.1'1 and ft,1'2. This structure will play 
an important role in our calculations. 

4.2 The T-dual of the five-brane solution 

Having discussed the internal geometry of our system, we now turn to the geometry of 
the four euclidean space-time directions. We will be wrapping NS five-branes on a Calabi-
Yau manifold in type IIA string theory, so in this setup the transversal background will 
simply be the transversal five-brane background we discussed in section 2.2.2. However, 
in chapter 6 we will also be interested in the T-dual version of this solution. The goal of 
this section is to derive this T-dual background. 
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ft1'1 
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To be precise, we want to do a T-duality in a direction perpendicular to the Calabi-Yau 
manifold on which the five-branes are wrapped. So instead of having a topologically trivial 
transversal space, we now start on the IIA side with a space which topologically looks like 

M3 x Sl x Me, (4.7) 

and in the end we want to send the radius of the S1 to infinity to recover our original 
setup. When we wrap NS five-branes around Ma. the transversal space will of course 
have a nontrivial geometry and a nontrivial NS B-field background. If we now apply a T-
duality in the S1 direction, we expect the Me geometry to be unchanged since everything 
is constant in these directions, but one may expect to find a different and nontrivial metric 
and B-field background in the four transverse directions. (Of course, near the core of the 
solution, the dilaton background may also be nontrivial on both sides of the duality.) 

Actually, it turns out that the T-dual system only has a nontrivial background metric, but 
that the T-dual NS B-field is trivial. Heuristically, this can be seen argued as follows. The 
NS five-brane background solution (2.48) is a solitonic solution for the NS B-field. Now 
from our introduction to T-duality in section 2.3.1. we know that a T-duality effectively 
multiplies right-moving string modes with a minus sign, leaving the left-moving modes 
unaffected. Furthermore, recall that the string states corresponding to the graviton- and 
B-field quanta are obtained by acting on the string vacuum with two oscillators: one 
from the left-moving and one from the right-moving sector. The graviton arises from 
the symmetric combinations of these: the B-field from the anti-symmetric ones. After a 
T-duality, we therefore expect the B-field and the metric to exchange roles. This means 
that if we start out with a solitonic B-field configuration, we can expect to end up with a 
"gravitational soliton". This soliton will turn out to be an orbifolded Taub-NUT space, 
which in the decompactification limit, where the S1 becomes an R1, turns into an ALE 
space. (These geometries are discussed in detail in appendix 4.B) On the other hand, 
in the T-dual setup there are no longer any solitonic sources for the B-field, so one can 
expect to find a trivial B-field background. 

There are several ways to make the above argument more precise. Originally, the duality 
between the five-brane solution and ALE backgrounds was found using conformal field 
theory. In [79], E. Witten observed that the conformal field theory describing type II 
strings propagating on R4/Z2, which is a particular type of ALE space, is very similar to 
the conformal field theory which C. G. Callan Jr.. J. A. Harvey and A. Strominger [21] had 
used to describe the type II five-brane. This observation was explained in more detail in 
[57], where H. Ooguri and C. Vafa indeed showed that the conformal field theory describing 
k five-branes equals the conformal field theory of type II string theory on an ALE-space 

where on the T-dual side k labels the type of the ALE-space. as we will discuss below 
and in appendix 4.B°. Moreover. Ooguri and Vafa noted that the five-branes and the 
ALE-spaces do not live in the same theory: a type IIA five-brane is described by the same 
conformal field theory as type IIB string theory on an ALE-space. and vice versa. Of 
course, from our point of view this is no surprise, as this is exactly what we expect for a 
T-duality. 

5 Ooguri and Vafa also remarked that there is a difficulty with the case fc = 1; we will encounter 
basically the same problem on several occasions in what follows. 
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In this section, we will not reproduce the conformal field theory arguments of the two 
references mentioned above, since this would take us too far afield. However, we will 
present a conceptually much simpler argument explaining why this particular T-duality 
is true. The idea of the argument is to apply the Buscher rules, which we encountered in 
section 2.3.1. to the five-brane background, and show that the resulting background indeed 
corresponds to a Taub-NUT geometry without B-fields. Essentially the same calculation 
was done by M. Bianchi, F. Fucito. G. C. Rossi and M. Martellmi in [14]. 

Let us begin by repeating the form of five-brane background (2.48): 

$ = 

{-Xmn 

G),v -

H --

1, ( * 

= Gmn{M6) 

- {1 + ^)S" 
= ~3n{3)- (4.8) 

where xm arc now coordinates along the five-brane (m = 4 9). and xM parametrizes 
the transversal space (// = 0 3). Recall that all of our coordinates are euclidean 
and that the transversal space is now a Calabi-Yau, so we replaced r/mn in (2.48) by the 
Calabi-Yau metric Gmn(M.e). 

This field configuration describes a background of k five-branes which are placed on top 
of each other. However, it is not hard to find a multi-centered background, corresponding 
to several parallel stacks of branes at different locations in the transversal space. In fact, 
for the fields <J> and G. we can find these solutions by simply replacing 

'£CT ("> 
A similar replacement can be done for H: we will write down its exact form in the situation 
of our interest in a moment. 

Now consider an infinite equidistant array of stacks of k five-branes in the x° = \ direction, 
where we take the distance between two five-branes to be 2TTRX. Then the second term 
in (4.9) becomes 

j , (* + <,-,.*,,,)>»• (4'10) 

where f is the distance in the directions labeled by x1-2'3. We would like to interpret the 
^-direction as a compact direction of radius Rx and then do a T-duality in this direction. 
However, we can only apply the Buscher rules if a shift in the x-direction is an isometry. 
which clearly is not the case here. To cure this situation, we want to "spread out" the 
five-branes along the \-axis. so we replace each five-brane by an array of p "fractional 

file:///-axis
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five-branes". The above expression now becomes 

DO p - i , 

^ - i (r2 + (\ - 2«RJn + ma)))2 ( 4 ' H ) 

with Q = 1/p. In the limit where p —> oc. the sum turns into an integral: 

k 

where we used translational symmetry to remove \ n ' o m the denominator. The integral 
is easily evaluated by substituting \ = 2-nR V-

1 k 
('X r2 + (2nRxfx

2 ?2 2nR, J d" 1 + y2 

k 
2Rxf 

(4.13) 

Substituting this in $ and G in (4.8) we find the new solution 

1 , ( * 
$ = -In I I 2 V 2^x^ 

Gmn = Gmn{Me) 

G,v = ( l + J L ^ 

H = 4 ^ ° ( 2 ' A d X ' (414) 

where in the last line we wrote down the explicit form for H by using the symmetries of 
the system and the fact that fs,xS2 H = 2n2k. Here the S1 is labeled by the periodic 
coordinate \ with period 2nRx. and the S2 is a sphere surrounding the spread-out five-
branes in the remaining three directions. H(2) is the two-form volume element of the unit 
two-sphere. 

Writing H = F^ Adx- we see that F ( 2 ) is exactly the field strength of an abelian magnetic 
monopole in three spatial dimensions. Hence, we can write H = dB where 

B = AAd\ (4.15) 

and A is a one-form gauge field configuration corresponding to a magnetic monopole. 

We are now in a situation where we can apply the the Buscher rules (2.53). which we also 
repeat for convenience: 

Goo = T T ~ 

A Boa 
^Oa - -W-

A ry GoaGob — BoaBob ,, . „ , 
Gab = Gnb ~ • (4-16) 

CJOO 
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where a. b = 1.2. 3. and G is the T-dual metric. Since in our case Goa = 0 this reduces to 

ds2 = -±- (dX + BQadxa f + Gabdxadxb. (4.17) 
GQO 

The Buscher rules (2.53) for the B-field and the dilaton are much simpler. First of all. 
since we see from (4.15) that Bab — 0 in our case, the Buscher rules for the T-dual B-field 
yield 

Btiv = 0. (4.18) 

as we claimed before. Moreover, the Buscher rule for the dilaton field yields that $ = 0. 
In other words, the string coupling in the T-dual space is constant. This constant value 
can be adjusted by multiplying the "1" in (4.9) by an appropriate constant, and doing 
this we find back the relation (2.55): 

flf = 9 ^ (4-19) 

where gf is the exponential of the dilaton field <3> at f = oo. 

Thus, wc find that the interesting part of the T-dual background is the metric. Inserting 
the solution (4.14) in the expression (4.17) for the metric, we find the explicit result 

ds2 = -i—(dX + Af + V(r)öabdxadxb 

V{r) 

Vir) = ( l + ~ ) . (4-20) 

where the T-dual x-variable has period 2n/Rx. Note that this metric can be identified 
with the Taub-NUT metric (4.82) if we identify 

4m = ± (4.21) 

In terms of m. the ^-variable now has period 16irrn/k. Note that for k = 1. this is indeed 
the correct periodicity for the nonsingular Taub-NUT metric. If we put more five-branes 
on top of each other (k > 1), we obtain the singular Z^-orbifold of the Taub-NUT metric 
which is also discussed in appendix 4.B. Moreover, it is shown in the appendix that for 
/ , ; > ! . in the decompactification limit where we send Rx —* oc this metric turns into the 
metric of M4/Z/,:. which is a particular (singular) ALE-space of type Ak-i-

For a single five-brane. since the Taub-NUT space is smooth, we find ordinary flat space 
in the decompactification limit. Here, we encounter the same question that Ooguri and 
Vafa mentioned in [57] (see the last footnote): somehow, in the T-dual picture one of the 
five-branes seems to "disappear" when we take the decompactification limit. It seems that 
one five-brane is needed to give the space enough curvature to "come back onto itself" and 
compactify. whereas the other five-branes turn into the singularity at R = 0. As a result. 
we will not be able to study the partition sum of a single five-brane in the T-dual picture. 
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but we will consider a stack of k branes. Because of the "missing five-brane". the results 
we find in the decoinpactification limit will then be the results for A' — 1 five-branes. 

Finally, we have to make some remarks about the "spreading out" procedure we used. 
Spreading out the five-branes along the compact S1 seems like a good thing to do when 
this circle is small, but note that we are really investigating the opposite limit, where 
the S] is large. So how trustworthy is our procedure? This question was raised and 
partially answered by B. Andreas, G. Curio and D. Lust in [6], and answered in more 
detail by D. Tong in [69]. The answer is as follows: we obtained the Taub-NUT space as 
the T-dual solution to the single spread out five-brane background by using the Buscher 
rules. However, these Buscher rules were derived by integrating out fields on the string 
worldsheet. and so they are only valid in a classical approximation. In particular, there 
may be worldsheet instanton corrections to the results obtained from them. In [69], 
D. Tong explicitly calculated these corrections, starting from the Taub-NUT geometry, 
and found as a result that when one includes these corrections, the Taub-XUT space 
turns out to be T-dual to the localized five-brane solution compactified on an S1! On the 
one hand, this seems like a miracle, but on the1 other hand it could have been expected 
from the fact that the two systems also appear to be T-dual from the conformal field 
theory arguments we mentioned before. Anyway, this result is of course precisely what 
we need, since now we can simply decompactify the 5 1 without having to worry about 
the fact that the five-branes are smeared out. Though Tong only proved his result for the 
single1 five-brane, we will assume it to be true for the case of stacks of five-branes as well. 

4.3 Vector multiplet actions in N = 2 supergravity 

When we compactify type II superstring theory on a Calabi-Yau manifold, each of the ten-
dimensional supersymmetries will reduce to a single supersymmetrv in four dimensions, 
and hence what we will end up with is an N = 2 supergravity action in four dimensions. 
The purpose of this section is to give an overview of the construction and the most 
important properties of these theories. Many of these properties will play an important 
role in our calculation of the quantum contributions to the five-brane partition function 
in chapter 6. 

There is however another important reason why we should discuss TV = 2 supergravity in 
four dimensions. It turns out that the scalar fields in the vector multiplets (to be defined 
below) of an N = 2 supergravity action parametrize what is called a special Kahler 
manifold. In fact, one way to "define" such a special Kahler manifold is as a manifold 
which is parametrized by these scalar fields, and this is the route we will follow before 
giving a more rigorous mathematical definition in the next section. 

The reason we will be interested in special geometry is that the moduli space of complex 
structure's of a Calabi-Yau manifold turns out to be a special Kahler manifold, and its 
geometry will play a key role in determining the classical part of the five-brane partition 
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function in chapter 5. From this point of view, it might seem to be a pretty roundabout 
way to go through the entire N — 2 supergravity story to arrive at a definition of a certain 
type of manifold, but there are two good reasons why we chose this order of presentation. 
The first reason is that it makes the concepts behind the abstract definition of a special 
Kahler manifold much clearer. But more importantly, the fact that the moduli space of 
complex structures of a Calabi-Yau manifold is the same type of manifold which appears 
in N = 2 supergravity is not at all a coincidence. The reason is that the moduli of a 
Calabi-Yau manifold can vary as a function of the other four dimensions, and hence, as 
we will see more clearly in chapter 6. these moduli are precisely the scalar fields appearing 
in a four-dimensional compactified description of a ten-dimensional theory. In other words, 
we will really be studying the same thing from two points of view: in chapter 5 we will 
encounter a special Kahler manifold as the moduli space of complex structures of the 
Calabi-Yau manifold on which the five-brane is wrapped; in chapter 6 we will encounter 
the same space as the space which is parametrized by the scalars of the low-energy theory 
which results after compactifying type II string theory. 

In our calculations, we will only be interested in the complex structure moduli of the 
Calabi-Yau, which will turn out to correspond to the vector multiplet sector of the low-
energy theory. The Kahler moduli, corresponding to the hypermultiplet sector, will hardly 
enter in our discussion. Therefore, the main purpose of this section is to explain how one 
can construct the vector multiplet part of an N = 2 supergravity action. In section 4.3.1 
we make some introductory remarks about N = 2 supergravity theories, and we explain 
that in fact the easiest way to construct the vector multiplet part of the action is by a 
certain reduction from an action with a larger, superconformal symmetry group. In section 
4.3.2 we then describe some multiplets of fields which transform into each other under this 
larger symmetry group, and in section 4.3.3 we show how, using these multiplets, we can 
construct superconformal actions starting from a single function of an arbitrary number 
of variables, the so-called prepotential. In section 4.3.4 we will then describe the reduction 
procedure to a supergravity action in more detail, and finally in section 4.3.5 we discuss 
the consequences this has for the final form of the scalar and vector kinetic terms. With 
these results, we will be ready to properly define special Kahler manifolds, which is the 
goal of section 4.4. 

Our treatment is quite similar in spirit to the introduction to special Kahler manifolds by 
A. Van Proeyen in [72]. For more details, the interested reader is referred to this paper or 
the more elaborate introduction by B. Craps, F. Roose, W. Troost and A. Van Proeyen 
in [24]. A good introduction to general N = 2 supergravity theory and the relation to 
superconformal theories can be found in many reviews and textbooks: in writing this 
section the first three chapters of the PhD thesis of B. Kleijn [48] were mainly used, but 
other well-known references are the old reviews by B. de Wit [25] and A. Van Proeyen [71]. 
and the more recent book by P. Fré and P. Soriani [35]. The construction of the N = 2 
vector multiplet action originally appeared in a paper by B. de Wit and A. Van Proeven 
[28]. 

One final remark has to be made before our journey starts: in this section, we will be dis
cussing N = 2 supergravity in a four-dimensional space of lorentzian signature. However, 
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we will finally be interested in results in a euclidean space. We will therefore assume that 
all important results of our discussion also hold in the euclidean case. Of course, this is 
in general a very dangerous assumption: for example, since the euclidean Dirac algebra 
is different from the lorentzian one. the fermionic parts of the euclidean multiplets will 
differ from the lorentzian case. However, since we will only be doing calculations involving 
bosonic fields, we are in a reasonably safe situation. We will come back to this point at 
several occasions in what follows. 

4.3.1 Supergravity and superconformal theories 

As we explained above, we want to define the notion of a special Kahler manifold by the 
fact that it is a manifold on which the scalars coming from vector multiplets in N = 2 
supergravity theories in four dimensions live. To understand this mouthful of terminology 
at all, we first need to know some basic facts about N = 2 supergravity6. which are all 
explained extensively in the references mentioned above. First of all. we should remark 
that any theory which is locally supersymmetric automatically includes gravity. The basic 
reason for this is that the anticominutator of a supersymmetry generator Q with itself is 

{Q.Q}=2TI,P". (4.22) 

where P>' is the generator of translation symmetries, and we omitted the spinor indices on 
Q. Q and T. Therefore, a theory with local supersymmetry should also be invariant under 
local translations, i. e. under general coordinate transformations, and this means that we 
are really studying a theory of gravity. Therefore, an N — 2 supergravity theory is a theory 
which is locally invariant under the group consisting of the Poincaré group extended by 
two supersymmetries; the so-called iV = 2 super-Poincaré group. (To be more precise, 
since we have two supersymmetries. there is also an anti-commutator between Q and Q . 
which is a c-cumbcr called the central charge. We put this central charge to zero in what 
follows.) 

Describing this group and its algebra is not very hard, but it turns out to be much harder 
to actually construct nontrivial actions which are invariant under the action of the group. 
One method to achieve this is the Noether procedure: start with an action consisting of a 
few required or at least interesting terms (generically the kinetic terms and maybe some 
simple interactions), postulate some simple supersymmetry transformations of the fields, 
and calculate the supersymmetry variation of the action. Then add some new terms to 
the action to cancel this variation up to total derivatives, if necessary by including new 
fields. Add terms proportional to these new fields in the supersymmetry variations of the 
old fields, in such a way that the variations still satisfy the supersymmetry algebra, and 
calculate the variation of the new action under these1 new transformation rules. If this 
variation is nonvanishing. start from step one again. Usually, this algorithm terminates 
after a finite number of steps, but for large algebras and a large number of fields it is in 

6We will omit the extension "in four dimensions" in the rest of this section, but of course this property 
is very important in everything that follows. 
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general very cumbersome and the origin of the terms in the final expression is not clear 
at all. 

For these reasons, it is convenient to have another way of constructing locally N = 2 
supersymmetric actions at our disposal, and fortunately such a construction does exist. 
The reason for its existence is the fact that any action which is invariant under the N = 2 
super-Poincaré group can actually be written (though we will not prove this) as a gauge 
fixed version of an action which is invariant under a much larger group, the so-called 
N = 2 superconformal group. This group is a supersymmetric extension of the ordinary 
conformal group, which consists of all transformations which leave the metric of space-
time invariant up to a position-dependent scaling factor. Of course, the Poincaré group 
(which leaves the metric invariant) is part of this, and it is also clear that rescalings of 
coordinates (or dilations) are in this group. Finally, the generators of the group include 
the so-called special conformal transformations, with generators K'1. which arise as the 
transformations consisting of a consecutive inversion of coordinates in the unit sphere, 
a translation, and another inversion. Just like the Poincaré group, this group can be 
extended by two supersymmetries Ql (i = 1.2). but contrary to the Poincaré case, the 
algebra cannot be closed without adding two more fermionic generators, denoted by S'. 
.Moreover, the algebra contains a U{2) subalgebra (usually split up as [7(1) x SU(2)) which 
acts on the index i of the fermionic generators Q' and S'. and which is called R-symmetry. 

The reason that this extension of the super-Poincaré group is useful is that it is actually 
much easier to construct actions which are invariant under the full N = 2 superconformal 
group than under the super-Poincaré group only. However, since - as we claimed above -
we can obtain every super-Poincaré invariant action from such an action by gauge-fixing 
the extra symmetries, this gives us a nice and much more transparent way of constructing 
A" = 2 supergravity actions. So how does one construct actions which are invariant 
under the N = 2 superconformal group? The first step is to construct multiplets of fields 
which transform into each other under the action of the algebra. Several such multiplets 
are known, and we will mention the four which are most important to us in the next 
subsection. 

4.3.2 Superconformal multiplets 

In describing the superconformal multiplets. we limit ourselves to mentioning their field 
content. In particular (with two important exceptions) we will not bother to write down 
the precise transformations of the fields under the superconformal transformations, since 
the expressions involved are quite lengthy and we will not need them in the rest of this 
thesis. Of course, the precise expressions can be found in the references mentioned in the 
introduction to this section. The reader might be a bit overwhelmed by the number of 
fields we introduce in this subsection: for easy reference, we list them in table 4.1. where 
the fields which reappear later in this thesis are indicated in boldface. 

• The Weyl multiplet. This multiplet appears in any N = 2 superconformal field 



100 CHAPTER 4. GEOMETRY AND SUPERGRAVITY 

theory, since it consists of the gauge fields which are needed to gauge the symmetries 
of the superconformal group. To be precise, the multiplet consists of gauge fields 
e^.i'^.bft.A^ and Vtl' . for the translations, supersymmetries. dilations and [7(1) 
and SU(2) symmetries respectively. Of course, there are also gauge fields for the 
Lorentz symmetries, fermionic symmetries S' and special conformal symmetries AT'', 
but by imposing some invariant constraints on the multiplet these can be expressed 
in terms of the fields mentioned above, and hence they are not independent. This 
is similar to the fact that in general relativity the spin connection u)tJ

ab (the gauge 
field for Lorentz symmetries) can be expressed in terms of the vielbein e". On the 
other hand, the Weyl multiplet contains three more fields which are not gauge fields 
but which art1 needed to make the action of the algebra close: an anti-selfdual tensor 
Tab which is antisymmetric in (i,j); a doublet of Majorana spinors \ \ a n d a real 
scalar field D. 

• The chiral multiplet. This multiplet can be most easily constructed by using super-
space techniques, where the N = 2 algebra is made manifest by introducing fermionic 
coordinates 0l in addition to the ordinary coordinates X^, and making the algebra 
act on these coordinates in a similar way as the translation generators P1' usually 
act by shifting the ordinary coordinates. Superfields are now fields which also de
pend on these fermionic coordinates, but since these coordinates anticommute, they 
can actually only depend linearly on them. Therefore, one can "Taylor expand" 
such a superfield in terms of the fermionic coordinates, and obtain a finite set of 
ordinary space-time fields. The number of these fields is easily calculated: for a 
complex superfield depending on two fermionic Majorana coordinates this number 
is 2 • 2* = 512. This is quite a large number, and in fact the multiplet obtained 
in this way is far from irreducible. We can do a lot better by imposing the invari
ant constraint that the superfield only depends on the fermionic coordinates with 
positive chirality - hence the name "chiral multiplet" - which reduces the number 
of components to 2 • 24 = 32. The lowest component of such a multiplet (i. e. 
the component which does not depend on the fermionic coordinates 0l at all) is a 
complex scalar field A; the highest component depends linearly on four fermionic 
coordinates and hence its coefficient should have four fermion indices i. but since 
the fermionic coordinates anticommute these indices really represent only a single 
component, which is another scalar field C. Since we will need them later, we state 
the supersymmetry transformations of these scalar fields: they are given by 

SQ(e)A = F % . (4.23) 

SQ(e)C = -2el^,r"dllAj + --., (4.24) 

where e is the supersymmetry parameter, and e denotes the antisymmetric tensor. 
The fermionic field ^ , is the coefficient of the part of the chiral superfield which 
depends on a single fermionic coordinate; the field A, is the coefficient of the part 
depending on three fermionic coordinates, where just like for the (7-field. the three 
fermionic indices of A can be turned into a single one by using the fact that the 9l 

anticommute. The dots in the transformation of C indicate terms which are present 
in the supergravity transformation rules, but which are absent for global N = 2 
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supersymmetry - a fact which will be important to us later. The other fields in the 
chiral multiplet will not be important for our purposes. 

Note that by using a superfield construction, we only made sure that the constructed 
multiplet transforms into itself under the action of the supersymmetry generators. 
By construction, of course, the fields (being scalars, spinors. etc.) also transform 
into themselves under the action of the Poincaré part of the group, and it can be 
shown that the multiplet also transforms into itself under the action of the fermionic 
symmetries Sl, the special conformal transformations K^ and the SU{2) symmetry, 
in a way which is completely fixed by the other transformation rides. However, we 
still have the freedom to choose the weight with which the superfield components 
transform under dilations and under the U(l) part of the 17(2) R-symmetry. In fact, 
as soon as we fix one of these weights for one of the component fields, all of the 
others are fixed by the action of the algebra, so we are left with one overall unfixed 
weight. For example, once we fix the dilational weight of the field A to be w, all 
transformations of the fields in the multiplet will be completely fixed. In particular, 
the dilational weight of the field C then turns out to be w + 2. 

The vector multiplet. The chiral multiplet introduced above is still not an irreducible 
one; one can make it smaller by using a constraint which relates the parts of the 
superfield depending on n fermionic coordinates to the parts depending on 4 — n 
ones. Since in particular, this relates the fields A and C, we find a relation which 
fixes the dilational weight w of the vector multiplet to w = 1. The resulting multiplet 
consists of a complex scalar field X. two Majorana spinors £V and a vector field 
\\\L. Actually, this is the on-shell content of the multiplet; to make the action of the 
algebra close without needing the equations of motion one also needs to introduce a 
symmetric 2 x 2 matrix Yy of complex scalar fields satisfying Yij = e^e^l^*. Using 
these vector multiplets, one can construct supergravities which are also invariant 
under other local gauge symmetries by interpreting the field W^ as a gauge field for 
such a symmetry In fact, one can construct an arbitrary number of these multiplets 
(X1 Alj.W{). and it is also possible though we will not do so in this thesis7 - to 
make the whole set of fields transform under a local nonabcliau symmetry group 
with structure constants f'JK. Finally, let us remark that the supersymmetry 
transformations of the vector multiplets are coupled to the Weyl multiplet. in the 
sense that there are terms in the transformation rules which depend on the fields in 
the Weyl multiplet. 

The hypcrmidtiplet. In this thesis, we will mainly be interested in vector multiplets. 
but we will also make some remarks about hypermultiplets in what follows, so for 
completeness we introduce them here. An on-shell hypermultiplet consists of two 
complex scalars (which can often conveniently be written as a single quaternionic 
scalar) and two Majorana spinors. There are several ways to extend such a multiplet 
to an off-shell representation; the simplest one being by adding two more complex 
scalars. or equivalently one more quaternionic scalar. Again, the transformation 

7 The main reason why we are not interested in vector multiplets generating a nonabelian symmetry 
group is that an analysis of the compactification procedure shows that compactification of type II string 
theory on a smooth Calabi-Yau manifold can never lead to nonabelian local symmetry groups. 
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rules for the hypermultiplets have terms containing the fields in the Weyl multi-
plet. and moreover it is possible to make the hypermultiplets transform in some 
representation of the gauge group corresponding to the vector multiplets. 

As a final remark, note that the construction of the chiral and vector multiplets (and 
actually also of the hypermultiplet) only made use of the A* = 2 supergravity part of the 
algebra. Therefore, these structures also appear as multiplets of the super-Poincaré group: 
a fact which we will use later on. 

Weyl multiplet 

Chiral multiplet 

Vector multiplet 

Hypermultiplet 

e / . ?/•;,. V A„, V ; - T L X'. D <•". ua, 0; 
A(w). %. B^, Fc;b. A,, C ( ü . + 2) 

X ^ l ) . n j . W j . Yl 

A,. C, B, 

Table 4.1: The fields which occur in the N = 2 supergravity multiplets discussed in this 
subsection. Fields which reappear later in this thesis are indicated in boldface; the numbers 
in brackets are the dilational weights of the fields for which these weights play a role. The 
index /i is a space-time index; i,j are 5E7"(2)-indices; a, b arc tangent space indices, and for 
the vector multiplet, we included an index I labeling the different multiplets. The fields 
in the third column for the Weyl multiplet are fields which after imposing the constraints 
are expressed in terms of the other fields. 

4.3.3 Constructing superconformal actions from a prepotential 

Now that we know the ingredients, we can use them to construct actions which are su-
perconformally invariant, and then gauge fix the additional symmetries in this action to 
obtain a supergravity action. The reason that it is now quite straightforward to construct 
.superconformal actions can be seen from the transformation rule (4.24). Note that if 
we were studying rigid (i. e. global) supersymmetries. the parameter e in this expression 
would be a constant, and the variation would actually be a total derivative. Therefore, if 
this were the case, one could write down a very simple invariant action by writing 

5 = I d4xC. (4.25) 

Unfortunately, in the local case e is not constant, and there are the extra terms in (4.24) 
represented by the dots, and hence deC is not a total derivative. However, it is now quite 
simple to invoke the Noether procedure to cure this, and by adding some extra terms 
to (4.25) (we do not need to add any extra fields), one can construct an action which is 
superconformally invariant. Since the exact form of this action is not important to us we 
will not write down these extra terms here: they can of course be found in the literature 
we mentioned at the beginning of this section. 
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Again, the action constructed in this way is only manifestly invariant with respect to 
supersynnnetries and Lorentz transformations, but all other invariances also follow except 
for the dilational symmetry and the related U{\) part of the R-symmetry. Since the 
measure transforms with weight —4 under dilations, the field C must have weight 4 for 
(4.25) to be invariant under dilations, and therefore we see that we need a chiral field 
whose first component has w = 2 for this construction to work. One can check that with 
this construction, the remaining action is invariant under the full N = 2 superconformal 
algebra. 

Of course, the action constructed above is very simple, and since it does not contain 
any kinetic terms it will in general not be very interesting physically. However, note 
that for any chiral field, the action constructed from its highest component C by (4.25) 
plus the extra terms will be superconformally invariant. Therefore, if we have any set of 
expressions transforming as a chiral multiplet. we can use the highest component in this 
set to construct an invariant action! But constructing such a set of expressions is not 
very hard: one can for example start with an arbitrary number of vector multiplets, then 
consider an arbitrary holomorphic scalar function F{XI) of the complex scalars appearing 
in these multiplets. and postulate this to be the lowest component of a chiral multiplet. 
Since the function F, which is called the prepotential, is holomorphic, its supersymmetry 
variation is given by 

6Q(e)F(X) = 5Q(e)Xld^ 

'nf^£. (4-26) 

which is of the form (4.23) for *f = ilj^—p-. In this way. we constructed the second 
component \Pf of our set of chiral superfields, and by studying its variation, we can 
construct the third component, and so on. All of these components will be relatively 
simple expressions in terms of the fields appearing in the vector multiplets and the Weyl 
multiplet to which it is coupled, and of the function F and its first few derivatives. After 
completing this procedure, we will have found a highest component, which we can use to 
construct an invariant action as we did above. 

Again, we have to be careful about the U(l) weights of the fields. We saw that for the 
procedure to work, the lowest component of a chiral superfield should have dilational 
weight w = 2. Since this lowest component is F (A 7 ) . and the X1 - being the lowest 
components of vector fields - have dilational weights w = 1. we find the important result 
that the prepotential has to be a holomorphic function which is homogeneous of degree 2 
in the scalar fields X1. The homogeneity of weight 2 means that F satisfies F(XX') = 
X2F(X') for all AG C. 
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4.3.4 Reduction to a supergravity action 

The construction in terms of a prepotential gives us a way to construct quite general 
superconformally invariant actions containing the Weyl multiplet and a number of vector 
multiplets. By writing out the details of this construction, one finds that the actions 
found in this way are indeed physically interesting, in the sense that they do contain 
kinetic terms for the physical vector multiplet fields8, but not for the auxiliary ones. We 
should note that there are also ways to extend this action by adding hypermultiplets (see 
the original paper by B. de Wit, P. G. Lauwers and A. Van Proeyen [27], for example), 
but since this is of much less interest for our purposes, we will not go into these details 
here. 

Our next goal is to relate these superconformal actions to the supergravity actions we are 
really after. The procedure by which we do this was already briefly mentioned above: one 
gauge fixes the extra symmetries, so that one is left with a theory which is only invariant 
under the super-Poincaré group. To get some feeling for this procedure, we discuss a 
simple example which is taken from B. Kleijn's PhD thesis [48]. who refers to an original 
paper by E. Stiickelberg [67]. Suppose we are studying a Proca field, i. e. a massive vector 
field in four dimensions with a Lagrangean 

Lv = \ (d.Vu - dvVrf - \m2V,V". (4.27) 

Note that this is not a gauge theory, because of the presense of the mass term. Hence all 
four components of Vn are off-shell physical degrees of freedom, and since the equation of 
motion sets d^V^ = 0. three of these are on-shell degrees of freedom. Now. we use a field 
redefinition: 

V„ = A„ - -d^è. (4.28) 

Inserting this in the Lagrangean. we find 

LAj = - (dflA„ - dvArf - - (0,0 - rnA„f . (4.29) 

The fields A,,4> together have five components, but one of these is determined by the 
others by relation (4.28) above. In other words, there is a whole family of A^'s and 0's 
which correspond to the same VjL. The well-known physical way of saying this is that 
there is a gauge invariance. To be precise, we can change the fields by 

SA;i = d„k. 

Só = mh (4.30) 

without changing the value of the action. As we already mentioned, the "new" theory 
has 4 + 1 field components. To count the off-shell physical degrees of freedom, we have 
to fix a gauge. Usually, a gauge is fixed by a certain requirement on the gauge field (e. g. 
A0 = 0). which removes one of the components of A as a degree of freedom, and leads us 

We will discuss the kinetic terms for the Weyl multiplet fields below. 
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to the usual counting of 3 + 1 off-shell degrees of freedom. If we also invoke the equations 
of motion, we then get an on-shell counting of 2 + 1 degrees of freedom. However, we 
may just as well choose a gauge condition on ó. such as 0 = 0. This leads us back to the 
original Proca theory with 1 + 0 off-shell and 3 + 0 on-shell degrees of freedom. 

The reason that we described this simple example in so much detail is that we do not want 
to carry out the complete procedure for the supergravity case, since it is very technical and 
of no immediate use for us. However, even from this simple example the most important 
features can be seen. What we want to stress is that when a theory without gauge 
symmetry is equivalent to a theory with gauge symmetry, the latter theory contains some 
extra field components (so-called "compensating fields"), but that the number of physical 
degrees of freedom, both on-shell and off-shell, is the same in both theories. 

A second important thing, which is not very clear from our example above, is that the 
multiplet structure of the theory may completely change when we apply the gauge fixing 
procedure. Note that contrary to the example above, in our supergravity/superconformal 
case, the theory with the smaller symmetry group (the supergravity theory) still has some 
leftover gauge symmetries. Now when we choose a certain gauge condition to remove one 
of the redundant gauge symmetries, this condition will in general not be invariant under 
all of the remaining symmetries of the super-Poincaré group. There is a well-known way 
to cure this problem: when one applies such a "remaining symmetry transformation", 
one simultaneously has to apply a "broken symmetry transformation" in such a way that 
the gauge conditions which were imposed are restored. As an example, a supersymmetry 
transformation in the super-Poincaré theory in the gauge to be discussed below is done 
by simultaneously applying a supersymmetry transformation, an S^-transformation and a 
special conformal transformation in the superconformal theory. The parameters of these 
transformations in principle can depend on all the fields which are present. This phe
nomenon has important consequences: for example the supersymmetry transformations 
of the Weyl multiplet now also depend on the fields in one of the vector multiplets which 
is singled out by the gauge choice, and we can no longer consider the Weyl multiplet and 
this vector multiplet to be independent, but they will merge into a single multiplet. 

In fact, this behavior could have been expected from another point of view. We stated 
before that it is very hard to directly find actions for N = 2 supergravity. and one of 
the reasons for this is that it is difficult to find an off-shell gravitational multiplet similar 
to the Weyl multiplet in the superconformal case. However, such a multiplet has been 
constructed by E. Fradkin and M. Vasiliev [34] and by B. de Wit and J. W. van Holten 
[26]. and it turns out to have a total of 80 degrees of freedom. On the other hand, when 
counting the degrees of freedom of the Weyl multiplet. we see that there are only 48 of 
them, so in some way the Weyl multiplet has to acquire some extra degrees of freedom in 
the gauge fixing procedure and this happens precisely in the way we explained above. 
In fact, since vector- and hypermultiplets only contain 16 off-shell degrees of freedom, 
we see that we need two of these multiplets as compensating multiplets for the above 
procedure to work. It can be shown that one of these always has to be a vector multiplet. 
but that one can make several choices for the type of the second multiplet. depending on 
how exactly one fixes the gauge. In the case of Calabi-Yau compactification which we will 
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study in this thesis, the second multiplet is always a hypermultiplet. so we will not study 
the other cases in what follows. 

So. to summarize the story so far: to go from a superconformal theory to an equivalent 
supergravity theory, one needs a theory with a Weyl multiplet. and one vector and one 
hypermultiplet as compensating fields. Together, these fields have a large number of com
ponents. 80 of which will become the off-shell gravitational multiplet of the supergravity 
theory after gauge fixing. All the other vector- and hypermultiplets in the superconfor
mal theory stay untouched, and become vector- and hypermultiplets in the supergravity 
theory. 

4.3.5 Gauge fixing and the scalar fields 

To make the story in the previous section somewhat less sketchy and to introduce some 
important notions we will need later on. let us describe how the superconformal gauge is 
fixed and how this gauge fixing affects the terms in which the scalar fields X1 appear. To 
this end. we begin with a superconformal theory with a Weyl multiplet and n + 1 vector 
multiplets (so I = 0, . . . , n ) , one of which - or more generally a linear combination of 
which - will play the role of the compensating multiplet. The form of this part of the 
theory is completely determined by specifying a prepotential F{XJ), and besides this we 
have a hypermultiplet sector whose precise form does not interest us. but which contains 
at least one compensating hypermultiplet. 

We now fix the gauge in several steps. The most important step to us will be the fixing of 
the dilational and £/(l)fl-symmetries. which we will do by imposing certain conditions on 
the scalars X1. Note that the dilational symmetry acts by rescaling the X1 simultaneously, 
and the U(1)R symmetry acts by multiplying the X' with an overall phase factor, so we 
can interpret the gauge symmetry by saying that the X1 are really "projective fields": 
they can be multiplied by an arbitrary overall complex number without changing the 
physics. (Of course, this gauge transformation also has an effect on the other fields in the 
theory!) 

So what would be a natural gauge condition on X'l One natural condition can be read 
off from the action which is derived from the superpotential F(XI): it contains a term 
proportional to 

i(F,x' -FjX')VGR. (4.31) 

where R is the Ricci scalar constructed from the metric (or actually from the vielbein e°), 
v G is the square root of the determinant of the metric (again expressed in terms of e") 
and Fj is a shorthand for -^j. To obtain the usual form of a (super-) gravity Lagrangean. 
we would like to set 

i(F,X! -TjX') = 1. (4.32) 

which turns this term into an ordinary Einstein-Hilbert term. \/GR. Since F is homoge
neous of degree 2 in A', this condition can be viewed as a condition fixing the length of 
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the vector X[ (note that it is independent of the overall phase of the scalars), and so we 
can achieve this by applying a dilational gauge transformation. This fixes the dilational 
gauge. 

Before we go on to fix the [/(l)-symmetry, let us introduce a useful change of variables. 
Clearly, after we have completely gauge fixed the overall scale of the X1. the values of X1 

will be awkward coordinates9 to work with. In fact, as is often the case when working 
with projective coordinates, we would like to introduce n inhomogeneous coordinates Z' 
(with 1 = 1 n) to parametrize the physically different values of the n + 1 homogeneous 
coordinates X1. These coordinates can be obtained by a gauge choice which sets X° = 1. 
so that the X' for i > 0 will play the role of the inhomogeneous coordinates, but note 
that this will in general be a choice which differs from (4.32). A solution to this problem 
is obtained by the introduction of an extra scalar field a which relates our fields X1 and 
a new set of fields Z1 replacing X1 as follows: 

X'=«Z'. (4.33) 

It might seem strange to add an extra field component when what we really want to do is 
remove field components, but it will turn out that this step makes life a lot easier. 

Note that we did introduce a new field component a, but this does not mean that we 
introduced a new degree of freedom, since a and Z1 are related by (4.33). In other words, 
after substituting (4.33) into the superconformal action, we have a new gauge symmetry 
given by 

a —» eAaa 

Z1 -> e'^Z1. (4.34) 

where the subscript on A refers to the fact that the gauge symmetry is the one related to 
the introduction of a. Note that even though we know how the dilational and U{\) gauge 
symmetries act on X', we still have the freedom to choose if these symmetries act on a 
or on Z'. or on both, as long as the overall rescaling of X' under these transformations 
is correct. Of course, the most convenient choice is to make these symmetries act directly 
on the overall scale a. so we impose the overall gauge transformation under these three 
groups of a and Z' to be 

a -> eA"+ A d- j A ( 'a 

Z' -> e.-A"Z'. (4.35) 

where A^ is the parameter for dilations, and Au the parameter for C/(l^-transformations. 
Note that whereas Aa is a complex parameter, these last two parameters are real. 

We now write the gauge condition (4.32) as 

X • ~X = X1 Nur' = - 1 . (4.36) 
9Note that we already start calling the X1 and Z' "coordinates": a terminology which will be justified 

as we move along. In accordance with our conventions, once we have really established that these fields 
can be interpreted as coordinates on an auxiliary manifold - at the beginning of section 4.4 - we will label 
them x1, z'. 
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where 
Nu = 21m Fu (4.37) 

and we used the fact that by homogeneity of F we can write Fj = FUXJ. Note that it 
also follows by homogeneity that Nu does not depend on the overall scale of X1. so we 
may write NJJ(X) = Nu{Z). Expressing the gauge condition in terms of a and Z1 we 
now find that 

|a|2 = - ^ = . (4.38) 

The phase of a is still arbitrary, but we now fix the U(1)R gauge by requiring that a is 
real and positive. This means we may write 

X' = g . (4.39) 

where of course \Z\ = \J — Z • Z. 

We have now fixed the two gauge symmetries we wanted to fix. but it seems that we 
gained nothing, since we have replaced the two real parameters for these symmetries by 
the complex gauge parameter A„. However, in fact we gained a lot: we can now impose 
an arbitrary complex gauge condition on Z7 , without losing the gauge condition (4.32) 
for X'! Of course, the most convenient gauge choice is now 

Z° = 1 (4.40) 

so that we can interpret the other Z' for ?' = 1 n as inhomogeneous coordinates. 

For future purposes, we want to leave open the possibility to choose a different gauge 
g(Z ) = 0. where g is an arbitrary holomorphic function. Two such gauge conditions g 
and g' will relate the corresponding coordinates Z and Z' by 

Z' = Ze~A(Z). (4.41) 

Finally, we want to write out the kinetic terms for the scalar and vector fields that follow 
from a prepotential F. It turns out that the construction of the superconformal action we 
described in this section leads to the following kinetic term for the scalars: 

Cx,kin = s/GNIJDliX
ID'J-'XJ. (4.42) 

where we used the covariant derivative Dn = d,, + iA^ and A!t is the gauge field for the 
£7(1) R-symmetry. Note that this part of the Lagrangean has the form of a nonlinear 
sigma model: the 4-dimensional space-time manifold parametrized by coordinates :/:'' is 
embedded into an /; + 1-dimensional target manifold with coordinates X1 and metric 
Nu(X). and the action (if we forget about the covariantizing A^ for the moment) is simply 
the volume of the image of space-time inside the target manifold. The interpretation of 
Nu as a metric on a target manifold justifies our notation in terms of X • X and |X| 
above. Also note, however, that there seems to be a problem with the signs: the above 
action seems to require that NJJ is positive definite so that the kinetic terms have the 
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right sign. However, our gauge condition (4.36) in terms of X required that X itself had 
negative length squared. In a moment, we will see how to resolve this problem. 

It turns out that Nu is oven a Kahler metric, with Kahler potential 

Kx = i{X'T, - X7F,). (4.43) 

Note that the gauge condition on the length of X can now be interpreted as restricting the 
X1 to a slice of constant Kahler potential. It would be more accurate to write the Kahler 
metric N[j as Nj-j, but since it is related to Fjj. which is a second order holomorphic 
derivative, this might also lead to confusion. We therefore never use barred indices I. J 
in what follows: it will in general be clear from the context when an index should really 
be I instead of I. For the inhomogeneous coordinates, we do use the notation zl,~zl. 

We can now write these kinetic terms in terms of Z ' . and if we also integrate out Afl 

(which only appears as an auxiliary field), one finds that 

Cz.k.n = -VG^Mud.Z'd^z". (4.44) 

where M. is defined by 

Mu = NIJ-^%. (4.45) 
ZJ • ZJ 

Note that, using the inverse of N to raise indices, the matrix M.JJ squares to itself. 
Moreover, it is clear that its only zero eigenvalue direction is Z1. so M is actually the 
projection of N to the tangent space perpendicular to the direction Z1. The appearance 
of this matrix can be understood when we recall that the action really depends on the 
gauge fixed X1. which is the unit vector in the Z7-direction. Therefore, the overall length 
of Zl should have no physical meaning, and hence the part of d^Z1 which is proportional 
to Z' itself should not contribute to the action. 

Again, this model can be interpreted as a sigma model. By the projection property above, 
we also see how the problem of the signature of NJJ is resolved: it is only the part of 
NJJ which is perpendicular to Z1 which has a physical meaning, and this part must be 
positive definite. There is however no objection to the length of Z1 itself being negative, 
and hence we find that the signature of the metric in our conventions will be ( l ,n) . 

The metric -Mu/(Z • Z) turns out to be a Kahler metric as well. Its Kahler potential 
is given by 

A'(Z.Z) = - l o g ( Z - Z ) . (4.46) 

as can be shown by an easy calculation. Note that if we would pick another complex gauge 
choice for Z as in (4.41). the Kahler potential would change as 

K'(Z'Z') = K(Z.Z) + A(Z) + A(Z). (4.47) 

Note that since the metric MJJ is the second mixed derivative of K. it is invariant 
under a different choice of gauge for Z. A transformation of a Kahler potential as above 
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(where A and A are allowed to be independent functions of Z and Z) is called a Kohier 
transformation. A Kahler potential is always well-defined only up to these transformations. 

In a similar way. one can construct the kinetic terms for the gauge fields \V' which are in 
the n+l vector multiplets; the result is 

Cw,kin = \^/G [MuT^PiV+J - JfuT^T^-J) . (4.48) 

where we split up the field strengths Tl in a selfdual and an anti-selfdual part, and we 
introduced the matrix 

Afu=Fu + i^^. (4.49) 

Note that even though this matrix looks quite similar to M. it is in fact rather different; 
the main differences being that it is not real and that it is not a projection matrix. This 
in particular means that all the ;; + 1 vector fields remain physical fields. 

So far, we have only discussed fixing the dilational and U(l) gauge. A few comments 
about the other gauge fixings are in place. We have seen that the gauge fixing removes 
one scalar and no vectors from the n +1 vector multiplets. For the fermions which are in 
the vector multiplets. something similar to the scalars happens: by fixing the S'-gauge. we 
can remove the two fermions corresponding to the overall scalar from the spectrum, and 
the other 2w fit into n supergravity vector multiplets with the leftover n complex scalars 
Z' and n of the vectors. It is exactly the final leftover vector field whose field strength 
appears in the transformations of the Weyl multiplet, and therefore it ends up as a physical 
degree of freedom in the gravitational multiplet of the super-Poincaré theory. This vector 
field is called the graviphoton. We do not want to discuss the fate of all the other fields 
in the Weyl and compensating multiplets, but we repeat that after fixing the remaining 
gauge degrees of freedom (the SU(2) and K^ gauges), the fields which are not gauged away 
nicely group together into a gravitational multiplet with 80 off-shell degrees of freedom. 
We do however want to mention the on-shell degrees of freedom of this multiplet. since 
these are the physically important fields. In fact, many fields turn out to be auxiliary, and 
the on-shell gravitational multiplet only consists of a graviton, two gravitini (the gauge 
fields for the two supersymmetries). and the graviphoton field. 

4.4 Duality transformations and special Kahler mani
folds 

With the knowledge about supergravity obtained in the previous section under our belt, 
we can now give a first definition of what a special Kahler manifold is: a special Kahler 
manifold is an n-dimensional Kahler manifold on which we can define n + 1 functions z1 

(note that here we switch to our notation described at the beginning of section 4.1: see 
also the previous footnote) and a holomorphic function F(zT) which is homogeneous of 
degree 2. such that the Kahler potential is given by (4.46). 
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However, this is not the full story yet. since the z1 can be used as a (redundant) set of 
local coordinates on the special Kahler manifold, but we know nothing about its global 
structure. For example, do F and z1 exist everywhere, or can they at least be defined 
patch by patch? The answer to this lies in the following observation: we should be able to 
divide the manifold on which the scalars in an N = 2 supergravity theory live into patches, 
and on each patch the physics must be expressible in terms of a local action which can 
be expressed10 in terms of functions F and z1. Moreover, on overlaps of the patches, the 
local actions must of course describe the same physics. However, this does not mean tha t 
the functions F and z1 for the two patches must be the same on the overlap! The reason 
is tha t there are different sets of {F.z1} which still describe the same physics. In fact, 
there is an Sp(2n + 2.Z) duality group which acts on the theory, giving rise to a whole 
orbit of equivalent actions. We will not prove this statement here (proofs can be found in 
the li terature we mentioned in the previous section), but we will make some statements 
which make it plausible. 

First of all. note that the equations of motion for the vector fields following from (4.48) 
can be writ ten as 

9MIm Q^j = 0. (4.50) 

where 

9'^-7nwfrN"T'M' (1-51) 
Moreover, for T,LV to be interpreted as a field strength, it has to satisfy a Bianchi identity 
which can be written as 

d 'Tm ƒ"+/ = 0. (4.52) 

Obviously, the equations (4.50) and (4.52) for the field strength are invariant if we apply 
a GL(2n + 2, K)-transformation on the vector 

i, )' ,453) 

So. we wonder if the resulting equivalent vector (F+1-Q+i) of conditions can also be 
derived from an action which itself follows from a prepotential. For this to be the case, 
at least it has to be possible to write a relation between T and Q of the form (4.51). 
It is not hard to see that this is always possible, but that the matr ix MIJ appearing in 
this relation is in general no longer symmetric. Of course, this has to be the case if we 
want to interpret it as coming from a prepotential . and a short calculation shows that this 
limits our group of allowed transformations to Sp(2n + 2.IR). Since J\f is related to the 
prepotential F. we can now also calculate what the effect of such a transformation is on 
F and z1. or equivalently F and x1. The nicest way to express the result is by saying that 
M transforms in the right way if we transform Fj and x in such a way that 

(4.54) 

10Actually. this is not quite true since we did not show that any supergravity theory can be written in 
terms of a prepotential. See the remarks at the end of this section for the resolution of this problem. 
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transforms exactly the same as (4.53) under the action of Sp{2n + 2.M). In fact, there 
is a good reason for this: just like the x' are in vector multiplets with the T1. it can be 
argued that the Fr should be in multiplets with the Qi. and hence these vectors have to 
transform in the same way. It is in general not true that the new Fj can again be written 
as derivatives of a certain prepotential: a fact which will be important to us later. Since 
all of the relevant quantities are written in terms of F/ and further derivatives though, for 
the moment this is not a problem. 

Note that the Kahler potential (4.43) for the x7-fields is actually invariant under the 
Sp(2n + 2,R)-transformation. However, this does not imply that the Kaliler potential 
(4.46) is also invariant. The reason is that a gauge fixing condition such as Z° = 1 is in 
general not Sp(2n+2, R)-invariant. It will however transform into some other holomorphic 
condition, and from (4.47) we see that this implies that the Kaliler potential can change at 
most by a Kaliler transformation, and hence the metric on our target manifold is invariant 
under the action of Sp(2n + 2.M.). 

These are just two indications of the general fact that the full theory, or at least the set of 
the classical equations of motion, is invariant under the action of Sp(2n + 2. ]R). To fully 
prove this statement, we would have to carry out a similar analysis for all of' the other 
fields, but this is a lengthy analysis which would take us too far afield, so we refer the 
interested reader to the literature mentioned at the beginning of section 4.3. One remark 
we must make is that so far. we have been talking about Sp(2n + 2.R)-duality. whereas 
we have claimed before that there is only an Sp(2n + 2, Z) duality group. The reason 
for this breakdown of the group is that even though all the classical equations of motion 
are invariant under the continuous group, in the quantum theory the gauge charges are 
quantized, and since the duality group also acts on the lattice of these charges, we find 
the restriction to the discrete subgroup. 

Thus, using this duality, we now have a complete picture of the space on which the scalar 
fields of our theory live. Every patch is described by homogeneous coordinates x1, which 
are related by an Sp(2n + 2, Z)-transformation, or equivalently by inhomogeneous coordi
nates z1 (satisfying some holomorphic gauge condition such as z° = 1) which are related 
by an an Sp(2n + 2.Z)-transformation plus a possible multiplication by a holomorphic 
factor. The metric on the gauge slice in terms of z1 is a Kaliler metric locally, and by 
the argument given above it can also be extended to a global Kahler metric by gluing the 
patches. Putting everything together, we get the following definition of a special Kahler 
manifold, taken from the review by B. Craps et al. [24]: 

Definition: A special Kahler manifold is an n-dimensional Kahler manifold11 with the 
properties that 

Actually, when studying the transformations of the fermions under gauge symmetries, one discovers 
a slight extra condition saying that the Kahler class of the manifold should be equal to twice the first 
Chern class, and hence should be even instead of only integer. Manifolds with this property are called 
"Kahler manifolds of restricted type" or "Hodge-Kahler manifolds", and this extra condition should also 
be in our definition. Since we will not need it in what follows, we omit this technicality, but we remark 
that the Calabi-Yau moduli spaces studied in the next subsection also satisfy this requirement. 
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• On every chart there exist n+1 holomorphic functions z1 and a holomorphic function 
F(z ) which is homogeneous of degree two, such that the Kahler potential can be 
written as 

K=-log(-i(zIFI-z
IFI)); (4.55) 

• On overlaps of two charts, the functions Fj and z1 are related by 

F> ) = ' J < ^ / ( * ' ) • (4.56) 

where M is an element of Sp{2n + 2,Z) and ƒ is a holomorphic function on the 
overlap; 

• The above transition functions should satisfy the so-called cocycle conditions: in a 
triple overlap, going from patch one to patch two, then from patch two to patch three, 
and finally from patch three to patch one. should lead to a composition of transition 
functions which is the identity. 

Two remarks are in place here. First of all. this definition is stated in terms of a local 
prepotential F{zI). whereas we previously noted that it is not always possible to rewrite 
the Sp(2n + 2.Z)-action in terms of such a prepotential. It is possible to give a more 
general definition of a special Kahler manifold in terms of Sp(2n + 2. Z)-bundles. without 
ever mentioning the prepotential; see the paper by B. Craps et al. [24]. On the other 
hand, it can also be shown that the scalar kinetic terms following from such a definition 
can always locally be written as the Sp(2n+2. Z)-transform of scalar kinetic terms which do 
follow from a prepotential. so our definition above is actually completely general - though 
perhaps not the most mathematically elegant one. As a second remark, let us note that 
throughout this derivation the assumption is made that the Sj>(2n + 2.Z)-transformations 
are the only duality transformations on the general supergravity vector multiplet action. 
Though this is generally assumed to be true, as far as we are aware there is no rigorous 
proof of this statement. 

4.4.1 Calabi-Yau complex s tructure moduli spaces 

Now that we have seen how special geometry arises in N = 2 supergravity, let us switch 
to a more geometrical point of view and discuss our main example of a special Kahler 
manifold, which is the moduli space of complex structures of a given Calabi-Yau manifold. 
As we already mentioned, this moduli space and its special Kahler structure will play 
an important role in our calculations in the next chapter. The original description of 
complex structure moduli spaces as globally defined special Kahler manifolds is in a paper 
by A. Strominger [66]. which is a very good and complete introduction to this subject. 

Let us therefore consider a fixed Calabi-Yau three-fold M.Q. with a Hodge diamond as 
in (4.6). This Hodge diamond is fixed by purely topological considerations, and as we 
saw before the possible existence of a Kahler metric is also determined by topological 



111 CHAPTER 4. GEOMETRY AND SUPERGRAVITY 

considerations, so if we change the complex structure a bit. our manifold will still be a 
Calabi-Yau manifold. A complex structure is determined in a one-to-one way by defining 
what the three holomorphic directions Zm at each point of the manifold are. and this 
choice in turn is in a one-to-one relation to a choice of holomorphic (3. 0)-forrn at each 
point. Hence, we find the important result that the moduli space C of complex structures 
of a Calabi-Yau manifold M is the subspace ofH3(M) which consists of the forms which 
can serve as a holomorphic three-form. 

Globally, it is very hard to describe this space, but locally this is much easier. Let us 
assume that we are on a certain point x in C. i. e. that a certain holomorphic (3. 0)-form 
ft is given. In what directions can we now slightly change ft? We know that locally, ft can 
be written as dZ1 A dZ2 A dZ3. and changing the complex structure infuiitesimally (say 
with a small parameter e) changes these coordinates to 

Zm - • am
nZ

n + bm
nZn, (4.57) 

where am „ = ö™ + e a"1
 n + 0(e2) and bm

n = e 6m
 n+0{e2). Inserting this in the expression 

for ft. we see that to order e, the change of ft is a (3. 0)-form (so a part proportional to 
ft) plus a (2, l)-form; all other forms only appear with higher powers of e. Now ft is only 
defined up to an overall multiplication constant, so only the (2, l)-forms really change the 
complex structure. A more detailed investigation shows that in fact all of these forms do 
appear as changes in the complex structure, and hence we find the result that the moduli 
space of complex structures of M. is of dimension h2A. 

Let us now define a set of variables on this moduli space. To this end, it is useful to 
have a basis of the homology group H^(A4Q,Z). Note that this group has dimension 
2ft2,1 + 2. It is well-known (and can be proven by putting the simplectic form \ A A B on 
H3(A4e) in the canonical form and using Poincaré duality) that similarly to the; middle 
homology group on Riemann-surfaces, one can always choose a so-called canonical basis 
for this group, i. e. a set of 2h2A + 2 three-cycles A1. Bj (I. J = 0 h2A) such that the 
intersection numbers of these cycles are 

A1 C\AJ = 0 

A1 n Bj = 6', 

B, n Bj = 0. (4.58) 

The intersections in these expressions are the usual deformation invariant intersection 
numbers, counted with an orientation dependent sign, meaning in particular that Af)B = 
— B fl A. Clearly, we can reshuffle these cycles by an Sp{2h2A + 2.Z)-matrix without 
changing the intersection properties: of course this group action will play an important 
role in the interpretation of C as a special Kahler manifold. 

A three-form is completely specified by its integrals over a certain basis of three-cycles, so 
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we can define 2h21 + 2 coordinates for $1 as 

i - i a x 

Q. (4.59) 
B, 

Note that by Poincaré duality, we can also write this in terms of' a dual basis ar.3
J of 

H3(M6) as ' 
0 = xIai+FI;3

I. (4.60) 

Of' course, this is a highly redundant set of coordinates, since we know that 51 lives in a 
h'2- *-dimensional space. In fact, it can be shown (see the paper by B. Craps et al. [24]) that 
one can always choose a canonical basis of three-cycles for which the Fj can be determined 
in terms of the x1. To see how exactly the F] depend on x1. we can make use of the fact 
explained above that the derivative of Q with respect to x1 can be at most a (2. l)-form, 
and hence the wedge product of fl with its derivative is zero. Therefore, we find that 

0 = / O A T T T 

= f (xIaI + FI3
I)A(aI + dIFJ3

J). (4.61) 
• 'M 

To evaluate this integral, we use the Riemann bilinear identity: 

A A * = V ( I A / * - / A / * V (4.62) 

VI j \JA' JB, JB, J A' J 

where A and \& are arbitrary three-forms, which gives us that 

0 = F / - . / - J Ö / F J . (4.63) 

By pulling xJ through the derivative, this leads us to the result that 

F, = \0,{xJFj). (4.64) 

First of all. this shows ns that the Fr(x) can be written as partial derivatives of a prepo-
tential F(x): secondly, from the resulting equation 2F = x'F; for the prepotential we see 
that it is homogeneous of degree two in the x'. This in its turn implies that the scale of 
x1 only influences the scale of CI, so rescaling x1 does not change the complex structure, 
and actually the x1 are homogeneous coordinates on the space of complex structures. 

All of this is of course very suggestive of' special Kahler geometry, so analogous to (4.43) 
it is now natural to define a Kahler potential on the projective space parametrized by x' 
as 

K = lix'J, -x'F,) = , / Q A U. (4.65) 
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which gives the Kahler metric XJJ = 21m FJJ. In fact, this is a very natural metric on 
the tangent space to C. To see this, note that the metric can be written as 

Nu = i / ui Awj, (4.66) 

where we used the notation wi = 80,/dx , and similarly for ZJ[. An element A of the 
tangent space to C can be written as 

A = A / ~ (4.67) 

which can be interpreted as a 3-form itself by writing 

A = AJw/- (4.68) 

This can be interpreted as follows: eA is the three-form which is added to 0 if we flow for 
an infinitesimal time ( in the direction A. Now we see that 

AJ Nu E =i / A AH, (4.69) 

which is indeed a very natural Hermitean metric on the vector space H3,0(Me)®H2,1 (Me)-
As for the signature of this metric: it can be found by noting that the Hodge star oper
ator (see appendix 4.A) has eigenvalue —i on the (3, 0)-form (meaning that *0 = — iQ) 
and eigenvalue +i on the (2. l)-forms. Since by construction ƒ A A *A is positive, this 
implies that Nu has signature (1, h2A). where the ""timelike" direction is precisely the 
fü-direction. 

Note that the Kahler potential (4.65), being the equivalent of the Kahler potential (4.43). 
leads to a Kahler metric on the covering space of projective coordinates on C. To complete 
the ingredients for the general definition, we therefore have to "fix the gauge" by fixing 
the scale of the x1 throughout the chart. As before, we do this by introducing n + 1 
variables z! fixed by a single holomorphic constraint such as z = 1, and embedding these 
into .T7-space by x1 = z'/\/—z • ~z. A short calculation shows that on this gauge slice, the 
induced metric equals 

-^{NU-^X. (4.70) 
Z • Z ( Z • Z ) 

which is again a Kahler metric, where 

K = -\og(-i(-z,F,-zI~FI)) (4.71) 

is the Kahler potential. 

We have now checked all the ingredients necessary to show that the complex structure 
moduli space C is a special Kahler manifold. We found local coordinates z1 and a prepo-
tential F(z), in terms of which the Kahler potential is (4.71), as required, and with Nu of 
the correct signature. To check the second part of the definition, note that on a different 
patch, one may have a different canonical basis (4.58). but two of these bases are related 
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by an Sp(2n + 2,Z)-transformation. and hence the homogeneous coordinates x1. F/ de
fined in (4.59) are related by the same transformation. Of course, the gauge fixings in the 
two slices may also be different, so the inhomogeneous coordinates z1 .F[(z) are related by 
this element of Sp(2n + 2, Z) and a multiplication with a holomorphic factor, as required. 
Finally, from the definitions it is clear that the cocycle condition is satisfied. 

4.A Appendix: On homology and cohomology 

In this appendix, we summarize some results from algebraic topology, and in particular 
from De Rham and Dolbeault cohomology theory. We will not give any proofs, but where 
possible we will indicate how the results can be obtained. For proofs and more details, the 
reader is referred to the following literature. Two popular texts among physicists are the 
books by M. Nakahara [54] and by C. Nash and S. Sen [55]; these are not mathematically 
very rigorous, but do give a good summary and some proofs of results which are useful to 
physicists. The review by B. Greene [40] also gives a lot of physically relevant background 
and focuses in particular on the application to Calabi-Yau manifolds. Finally, there is a 
large number of mathematical textbooks on this subject - references to these can be found 
in the three texts we mentioned. 

Let us begin by recalling the notion of a p-form, which is the mathematical equivalent of 
an antisymmetric tensor field living on a manifold M parametrized (on a certain patch) 
by n real coordinates x'. In form notation, a p-form is written as12 

B = Bil...iv(x)clxil Adxh A-'-Adx*". (4.72) 

Here. dx' is a cotangent vector in the x,J-direction, and the A-product is a totally an-
tisymmetrized tensor product. This antisymmetry ensures that only the antisymmetric 
part of Bli,,,lii{x) enters this formula; the reader who is not familiar with the notation 
can just think of the above expression as a fancy way of writing such an antisymmetric 
tensor field without needing to keep track of the coordinates and indices. We should note 
that the notation in terms of dx' is not a coincidence: we know from general relativity 
that antisymmetric tensors with p indices can be naturally integrated over p-dimensional 
manifolds, and that the result is coordinate-independent. The notation in terms of the 
dx' is now very convenient, since we can simply write /E), B for such an integral. 

An important operation mapping p-forms to (p + l)-forms is the exterior derivative: 

dB = 0D'1;'>' dxj A dx" A • • • A dx'?. (4.73) 
oxJ 

Using this notation, we can for example write the gradient of a function (0-form) ƒ as 
df. and the curl of a vector field v as dr. Because of the antisymmetry properties of the 

1 2To make the formulas more readable and to focus on the structure, we will ignore factors of p! in this 
appendix. 
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wedge product, we have that 

d2 = 0. (4.74) 

This simple formula leeds to the important notion of cohomology. Note that if we want to 
solve the equation dB = 0, a trivial solution is B = dA for some (p- l)-form A. Moreover, 
if B is a solution to this equation, then so is B + dA. Therefore, the really interesting 
solutions are given by the cohomology group 

Hp(M) = ^ . (4.75) 
lm d 

where in the numerator, d is interpreted as a map from p-forms to (p + l)-forms. and in 
the denominator, d is interpreted as a map from (p — l)-forms to p-forms. Clearly. HP(M) 
is a group under addition. An important result is that for ••nice" (smooth, compact, finite 
dimensional, etc.) manifolds, the groups HP(M.) are finite dimensional; their dimensions 
are called the Betti numbers V. Note that for n-dimensional manifolds, because of the 
antisymmetry. HP(M) = 0 for p > n. Another nice property of the cohomology groups 
is that they only depend on the topology of the manifold, so the set of Betti numbers is 
actually a topological invariant which does not depend on the precise metric of M. 

Note that so far. the whole construction only depended on the property that d2 = 0. 
Therefore, for any other operator with this property we can create a similar structure. 
One other operator of this kind is the boundary operator S, which maps submanifolds of 
M to their boundary. Here. SS = 0 means that a submanifold S of M. has no boundary, 
and S = SU means that S is itself the boundary of some submanifold U. The groups 
(4.75) for the ^"-operator are called homology groups, and denoted by Hp{M), where p 
now denotes the dimension of the submanifold. (Note that contrary to d. S decreases this 
dimension.) The elements of HP(M) (or sometimes also their representatives) are called 
p-cycles. Again, the Hp{M) do only exist for 0 < p < n. 

There is an interesting relation between cohomology and homology groups. Note that we 
can construct a map from HP(M) x Hp(M) —> R by 

( [B] . [£])~ ƒ B. (4.76) 

where [B] denotes the cohomology class of a p-form B. and [E] the homology class of a 
p-cycle S. Using Stokes' theorem, it is easily seen that the result does not depend on the 
representatives for either 5 o r E . A very important theorem by De Rham says that this 
map is nondegenerate. This means that if we take some [B] and we know the result of 
(4.76) for all [£]. this uniquely determines \B], and vice versa. In other words, the vector 
space HP(M) is the dual vector space of Hp(M). and in particular the Betti number bp 

is also the dimension of Hp(M). 

Another important operator on p-forms is the Hodge star operator. It is defined as 

*£ = / • l P
j l . . . j n _ p Bii,„iP dxJ1 A • • • A dxj—". (4.77) 
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A little thought shows that this is not just an operator on p-forms. but that it is actually 
well-defined on cohomology classes. Looking at the number of indices, we find that the 
Hodge star maps HP(A4) to H"~P(M). It is easily shown (after including the correct 
factors of p\ in all formulas) that *2 = ( —l ) p ' n _ p ' . As an example which will be crucial 
in the main text, for three-forms in a six-dimensional manifold, we have *2 = —1. 

Since *2 is clearly an isomorphism of HP(M), we find the result that HP(M) is isomorphic 
to Hn~*'(M). This is called Poincaré duality. In particular, we find that the Betti numbers 
bp and b"~p are equal. Also note, however, that this isomorphism is not canonical, in the 
sense that (through the e-tensor) the action of the Hodge star operator depends on a 
choice1 of metric on our manifold M.. 

When n is even, the Hodge star maps the "middle cohomology" Hn'2{M) to itself. In 
the case where *2 = 1 the ^-forms for which *B = B are called self dual, and the ones for 
which *B = —B are called anti-selfdual. One easily shows that any §-form can be written 
in a unique way as the sum of a selfdual and an anti-selfdual part. In the case where 
*2 = — 1 a similar result holds, but the eigenvalues are now ±i. It is a matter of taste 
what one calls ••selfdual" in this case; we choose it to be *B = — iB. (In the literature, 
this is sometimes referred to as "imaginary anti-selfdual".) 

Since the Hodge star maps p-forms to (n — p)-forms, the (antisymmetrized) product of 
these two forms can naturally be integrated over the whole manifold M. In fact, with a 
short calculation it can be shown that 

{B.C) = I BA*C (4.78) 

defines a nondegenerate and (on euclidean manifolds) positive inner product on HP(M). 
The positivity of this inner product will play an important role in our calculations. In 
particular, it follows from this that in six dimensions, the Hodge star has eigenvalue ( — l)p?' 
when acting on a (p. 3 — p)-form - a fact which will be very important in the next chapter. 

Using the Hodge star operator, we can now also define the adjoint operator (with respect 
to the above inner product) of the exterior derivative. It turns out that this adjoint 
operator can be written as 

d* = ( - l ) p " + " + 1 * d * . (4.79) 

Being the adjoint of d. this operator also has the property (d*)- = 0. One can show by 
writing out the expressions that {d + d*)2 = dd* + d*d is precisely the Laplacian A. But 
what is more important: we can now look for solutions of the equations dB = d*B = 0. 
and it turns out that each cohomology class contains exactly one such form B. which by 
the previous remark is a harmonic form: AB = 0. In other words, the cohomology classes 
are in one-to-one correspondence to the harmonic forms. 

So far. we have been discussing real manifolds, and the corresponding cohomology theory 
is called De Rham cohomology. However, there is an interesting generalization of all of 
this to complex manifolds, which is called Dolbeault cohomology. Recall that for complex 
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<i-dimerisional manifolds, we have local coordinates zl and z \ One can now study (p,q)-
forms. which are forms containing p factors of dz' and q factors of dzl. Moreover, one can 
introduce two cohomology operators d and 0. where 0 is defined by differentiating with 
respect to z' and adding a factor of dz'. and 0 is defined by differentiating with respect 
to z' and adding a factor of dz1. Again, both of these operators square to zero. We can 
now construct two cohomologies one for each of these operators - but the information 
contained in them is the same. Conventionally, one uses the cohomology defined by the 
9-operator. Note that now we find cohomology groups Hp>q, which form a refinement of 
the De Rham cohomology in the sense that 

HP(M) = Hp'°{M) © HP~l-\M) © • • • © H°-"(M). (4.80) 

This statement can be easily proven by using that d = 0 + 0. 

The Betti numbers for the Dolbeault cohomology are also called Hodge numbers. They 
are usually displayed by drawing a so-called Hodge diamond, which for example for a 
(complex) three-dimensional manifold takes the form 

/ t 3.3 

h3-2 ti2-3 

h3-1 h 2 ' 2 h1-3 

/i3-0 h2-1 hL2 h0:i (4.81) 
ti2-0 h1'1 h°>2 

ft.1-0 h0A 

h°-° 

Poincaré duality again holds, so the above diagram is point symmetric: bp-Q = bd~p-d~q. 
Moreover, for a Kahler manifold (see section 4.1) one can show that the Laplacian can not 
only be written as dd* + d*d. but also as 2(00* + 0*0) or 2(9d* + 0*0). From this fact, 
and the fact that the 0- and 9-cohomology carry the same information, it follows that 
on a Kahler manifold the Betti numbers bp-q and bq'p are also equal. Hence, the Hodge 
diamond for a Kahler manifold is also symmetric in the vertical axis (and by combining 
the two symmetries in the horizontal one). 

4.B Appendix: The Taub-NUT and ALE geometries 

The Taub-NUT geometry was originally discovered by A. Taub [68] and by E. T. New
man, T. Unti and L. Tamburino [56] as a singularity-free solution to the vacuum Einstein 
equations. The metric for this geometry can be written in many different ways: one way 
which is useful for our purposes is 

ds2 = V(r) Sab dxadxb + - L - (dx + Af. (4.82) 
V(r) ' 

In this expression, xa (a = 1.2.3) parametrize an R3. and A = Aadxa is the gauge field 
for a magnetic monopole in three dimensions. We denoted the radial coordinate in M3 by 
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r. and the function V(r) is given by 

V(r) = (l + ^ V (4.83) 

The parameter m is an arbitrary positive constant, and the factor of 4 is conventional in 
the literature. The charge of the monopole is related to m by the fact that 

(V x A) = IGmn. (4.84) 
s2 

where S2 is an arbitrary sphere surrounding the origin. In the gravitational case, there is 
no a priori reason for m to be quantized, but if we interpret A as the field coming from 
an actual magnetic monopole (as will be the case in our main text), there will of course 
be some quantization condition on rn. Moreover, it can be shown (see the paper [53] by 
C. W. Misner) that the Taub-NUT geometry is singularity-free if the fourth coordinate \ 
is periodic with period 167rm. 

In the main text, we will see that the radius of the ^-direction satisfies the above condition 
if in takes its lowest quantized value. However, for general quantized values of m. the 
radius of \ will be 1/k times the "critical" radius, where k is an integer. We can interpret 
this as an orbifolded version of Taub-NUT space; since these spaces also play an important 
role in what follows, we make a slight generalization and assume that the radius of \ is 
I6irm/k. 

The next step in our discussion is to make a change of variables which we will need 
to identify the r —> 0 limit of our space with an ALE space later on. First of all. we 
want to parametrize the flat R3 in polar coordinates (r. 0. ó) in the usual way. This 
reparametrization has the advantage that the gauge field A can be written in a very 
simple way as 

A = -4m(cos# + l)d<j>. (4.85) 

Inserting this, the Taub-NUT metric becomes 

ds2 = V(r) (dr2 + r2d02 + r2 sin2 9 dó2) + - J— (dX - 4m(cos0 + l)do)2. (4.86) 

Moreover, we would like \ t 0 have1 period 2-n. so we define x = ^jrX- With this definition 
(leaving out the hat to simplify notation) the metric becomes 

ds2 = V(r) (dr2 + r2d62 + r2 sin2 9 dé2) + , „ . . AdX - - ( c o s 0 + l ) # ) . (4.87) 
' kzV(r) v 2 ' 

For small r. V(r) ~ —. and hence the metric simplifies to 

(/,.'-> = *EL (dr2 + r2d62 + r2 sin2 0 do2) + ^ [dX - ^(cosö + l)dof. (4.88) 

To get the first term of this metric in the standard form, we make a final redefinition 

r = — • 4.89 
16m 



122 CHAPTER 4. GEOMETRY AND SUPERGRAVITY 

ds2 = dR2 + R2dnf3), (4.91) 

which leads us to the metric 

ds2 = dR2 + -AR2d92 + -R2 sin2 6dó2 + ^{d\ - ^(cose + l)dóf. (4.90) 
4 4 K Z 

This is our final expression for the (orbifolded) Taub-NUT metric at small radius. Our 
next goal will be to show that for k > 1 this metric can be viewed as the metric of an 
ALE-space of type Ak-i-

Thus, we now turn our attention to ALE-spaces. ALE stands for "asymptotically locally 
euclidean:'. As the name says, these are four-dimensional spaces whose metric asymptot
ically (i. e. as some radius R becomes large) approaches the metric of ordinary euclidean 
space: 

j „2 j T>1 i r>2 j r , 
' (3) ' 

where dtt2
3) is the standard metric on the unit three-sphere13. The name also indicates 

that even though the metric may locally look like (4.91). this does not have to be the case 
globally. In other words, the angular variables, which in fiat R4 parametrize an S3, may 
now have different periodicities, and parametrize a different manifold. 

In fact, it is known (see for example the review by P. S. Aspinwall [9] for a discussion in the 
K3 setting) that the only manifolds which can replace the 5 3 are the manifolds 5 3 / r . where 
F is some discrete group acting freely on S3. Since 5 3 is itself a group manifold - the group 
manifold of 5/7(2) - the groups T correspond in a one-to-one manner to discrete subgroups 
of 5(7(2). and this means that the possible global asymptotic geometries of ALE-spaces 
are precisely labeled by these discrete subgroups. There is a so-called ADE-classification 
of these subgroups, dividing them into two infinite series and three exceptional groups. 
In this classification, the groups An correspond to Z n + i subgroups of the diagonal U(l) 
in SU(2): the groups Dn correspond to the dihedral groups extending An, and the three 
exceptional groups labeled E6.E7 and E8 correspond to the symmetry groups of the 
tetrahedron, the cube and the icosahedron . 

In this thesis, we will only be interested in the ALE-spaces corresponding to the An 

series. So. writing n = k — 1. these are spaces which asymptotically look like C2/Zi.. 
where we identify E4 with C2 to make the action of the subgroups of 517(2) manifest. We 
parametrize C2 by two complex coordinates (a. b): the fiat metric of R4 in these coordinates 
is simply 

ds2 =dada + dbdb. (4.92) 

The generator of the Zfc-subgroup of SU(2) acts on these coordinates as 

a \ ( e27Tl'k 0 \ { a 
b ) ~ i o e-2-/* ; i b ( 4 9 3 ) 

l 3 A remark on our notation: dfi/31 is the metric of the unit three-sphere, whereas Q ( 3 ) is the three-form 

which is the volume form on the three-sphere. 
1 4 The reader should not confuse these groups with the (continuous) Lie groups which have the same 

names! 
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Therefore, we see that a convenient way to translate these two complex coordinates into 
one radial coordinate and three angular coordinates is by 

a = jRsin0ei0<°> 

b = Rcosêe^, (4.94) 

where 6 e [0. TT/2] and <P{Q.O) € [0. 2TT}. Note that indeed an + bb = R2. so R is the radial 
coordinate. The generator (4.93) now simply acts simultaneously on the phases 0(a.M. By 
switching to 

0+ = 0(a) + 0(6) 

0 - = 0(a)- (4.95) 

we can even make the generator act on é- only. The reader may have expected to see 
0(a) ~~ 0(6) hi the second line, but the choice above leads to a nicer metric. Moreover, note 
that with the choice we made. <p+ and 0^ still both have periodicity 27r, whereas with 
the symmetric choice, one of the variables would have had a period of 47r. The symmetry 
group now acts as 0_ —> <fi- +2TT jk. As a result, we can easily divide out the Zfc symmetry 
by redefining the domain of 0_ to be [0. 2n/k] and gluing the end points. To express the 
final results in terms of variables which have a nicer interpretation as angular variables, 
we make a final redefinition 

X = kcj>-

o = 0+ 
0 = 20, (4.96) 

so that 6 € [0.7r] and <p. x G [0. 27r]. It is now a straightforward exercise to express (4.92) 
in terms of these coordinates, and we find 

ds2 = (1R2 + \R2d62 + -R2 sin2 0 dó2 + ^r(dX+ A0d&)2. (4.97) 
4 4 kz 

with 

A0 = -h-(cos6 + l). (4.98) 

This is indeed precisely the metric we found in (4.90) for the Taub-NUT space at small R. 
The reader might be confused by the fact that the two metrics are the same for small R. 
whereas the ALE-condition says something about the metric for large R. Note, however, 
that in the above calculation wc only used redefinitions of variables, so the metric (4.97) 
is the exact metric for the space C2/Zfc. Therefore, the orbifolded Taub-NUT approaches 
this space better and better for smaller and smaller R. Moreover, note from (4.89) that 
R scales with \fm. and recall from (4.21) in the main text that we are interested in the 
limit where m —> 0. We see in this limit that the Taub-NUT space decompactifies and 
really becomes C2/Zfc. Of course, from experience with string theory, we know that we 
should not trust classical geometry near singularities, so for very small R (4.97) is probably 
meaningless. However, for large R we can trust the results from classical geometry, and 
hence we conclude that in the decompactification limit, the geometry at large R is that 
of an ALE space of type Ak_i. 
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Chapter 5 

The classical NS five-brane 
part i t ion sum 

Now that we have introduced all of the necessary background, we can start our actual 
study of the NS five-brane partition function. This chapter and the next one are an 
extended version of the paper [32] with R. Dijkgraaf and E. Verlinde. A brief overview of 
this work can also be found in [76]. which is a written version of a talk presented by the 
author at the Cargèse Summer School in 2002. 

Recall that our goal will be to calculate the quantum partition function of the NS five-
brane in type IIA string theory, wrapped on a Calabi-Yau manifold, and in the presence of 
a flat background three-form field, in a limit which will be made precise below. The result 
will be a function of the background three-form field, and of the complex structure of the 
Calabi-Yau manifold. Our goal is to find a quantum result, but before we can study any 
quantum corrections, we have to understand the classical partition sum1 of this system, 
which will be the aim of the present chapter. The quantum corrections to this result will 
then be studied in chapter 6. 

We begin in section 5.1 by studying the worldvolume theory of the type IIA five-brane. 
It turns out that this theory is quite mysterious - for example, in a general situation ii 
involves nonabelian two-form gauge fields. For this reason, we have to take a specific 
low-energy limit in which many of the problems disappear and as a result we will be able 
to calculate the classical partition sum. This limit is defined in section 5.2. where we 
also introduce some other ingredients needed in defining our system. Then, using the 
language of special geometry which was introduced in the previous chapter, we calculate 
the classical partition sum of this system in section 5.3. As we will see, this quantity 

1 Since the classical partition function is evaluated as a sum over solutions to the equations of motion, 
we will use the term partition sum in the classical case, but we denote the quantum corrected quantity 
by the term partition function. 
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is now quite straightforwardly calculated, even though the algebra involved is still quite 
laborious2. However, as we will see in the next chapter, it is much harder to find the 
quantum corrections to this expression from the same point of view. To overcome these 
difficulties, we open our magic box of dualities in chapter 6. and use a T-dual picture to 
derive the quantum contributions. 

This chapter ends with the discussion of two examples in section 5.4. intended to make 
the abstract theory somewhat more concrete and to check our results with existing calcu
lations. Appendix 5.A contains some of the calculations which are needed to obtain the 
results of section 5.3. 

5.1 The five-brane world volume theory 

In section 2.2.2. we argued that in the limit where gs —> 0. the worldvolume theory of the 
five-brane decouples from the string theory in the bulk space-time, and hence we are left 
with some six-dimensional theory describing the internal dynamics of the five-brane itself. 
However, we did not give any details on the exact form of this theory, so this is a question 
we now have to address. It turns out that the answer is quite delicate and surprising; we 
will describe it in some detail in this section. In this section and most of the next, we will 
be working in the lorentzian setting where the five-brane theory has a time-like direction. 
At the end of section 5.2. we will switch to the euclidean case we are really interested in. 

First of all. let us consider the supersymmetries of the five-brane theory. Recall that the 
five-brane background as a solution to the low-energy supergravity equations of motion was 
given in (2.48). As in the case of the compactification on a Calabi-Yau manifold discussed 
in section 4.1.1. we need to find out if there are any supersymmetry transformations 
leaving this background invariant. Again, the crucial transformation to check turns out 
to be the supersymmetry transformation of the gravitini. However, the supersymmetry 
transformation of the gravitino fields is a bit more complicated than in (4.2). since to 
arrive at that result we required that the background NS two-form field had a vanishing 
field strength H. Since the five-brane is a magnetic soliton solution for this field, of course 
we cannot impose this condition in this case. The supersymmetry variation for the two 
gravitini in a nonzero iï-field is 

8^M = D-,f\ 5^l, = D+
Me2. (5.1) 

Here the derivatives DM can be obtained from the ordinary covariant derivatives acting 
on spinor fields by substituting the spin connection u> by w± = UJ ± ^H. 

Note that the five-brane solution breaks the SO(9,1) Lorentz symmetry to 50(5.1) x 
50(4) . where the first group acts in the directions parallel to the brane. and the second 

It should be noted that a similar calculation in the simpler background without three-form fields was 
performed by M. Henningson. B. E. W. Nilsson and P. Salomonson in [46]. 
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group acts in the perpendicular directions. The spinors e' decompose under this symmetry 
breaking' as 

16+ - * ( 4 + . 2 + ) - ( 4 - . 2 " ) 

16" - • ( 4 + . 2 " ) e ( 4 - . 2 + ) . (5.2) 

where the superscripts denote the chirality of the spinors in the respective dimensions. The 
2+ and 2' of 50(4) can be elegantly viewed after the identification 50(4) = SU(2) x 
5(7(2) as the fundamental representations of the two SU (2)'s. Moreover, it turns out 
that if we write the components of u> in this notation, the UJ+ components with indices 
corresponding to the second SU(2) (related to the 2~) vanish, and similarly the UJ~ 
components with indices corresponding to the first SU(2) vanish. If we have an ordinary 
constant spinor of 50(5.1) x 50(4) which has negative chirality under 50(4). this is 
therefore automatically a covariantly constant spinor for D\r Similarly, a constant spinor 
with positive chirality under 50(4) is a covariantly constant spinor for D^r This gives 
us a straightforward way to construct covariantly constant spinors. 

In type IIB theory, ipl
AI and ^ | / both have positive chirality. From (5.2) and (5.1) we now 

see that Srj\j = 0 if we take e1 to be a spinor of type (4+ . 2+) and that S4!\i = 0 if we 
take e2 to be a spinor of type (4~. 2~). Hence from the worldvolume (i. e. S0(5,l)) point 
of view, these spinors have opposite chirality. Vice versa, in type IIA theory, where the 
gravitini have opposite chirality, we find that we need to take e1 and e2 of types (4+ , 2+) 
and (4+ .2~) respectively, so the resulting worldvolume spinors have the same chirality. 
We thus find the surprising result that the chiral IIB string theory has a five-brane with a 
nonchiral N = (1.1) worldvolume supersymmetry. whereas the nonchiral IIA theory has 
a five-brane with a chiral N = (2. 0) worldvolume supersymmetry3. 

Now that we have figured out the supersymmetries of the five-brane solutions, our next 
question is of course: what are the degrees of freedom living on the worldvolumes? First 
of all. since we will take the limit gs —> 0. the five-brane is infinitely massive, and hence we 
expect it to decouple from gravity. In other words, we only expect to find matter multiplets 
of the respective supersymmetry algebras living on the flve-branes. As we already have 
seen in the case of four-dimensional supergravity. the number of different possible matter 
multiplets is usually very small because of the constraints of supersymmetry. and in the six-
dimensional case the situation is even simpler: for both the N = (1.1) and the N = (2.0) 
algebra, there exists only a single type of matter multiplet. For the N = (1,1) algebra the 
on-shell multiplet consists of four real scalar fields, two Weyl spinors and a gauge field: for 
the N = (2,0) algebra it consists of five real scalars. two Weyl spinors and a two-form field 
with a selfdual field strength. These multiplets were constructed by P. Howe. G. Sierra 
and P. Townsend in [47]. 

So at least in a low-energy description of the five-brane worldvolume theory, we would 
expect to find a field theory including a number of the above matter multiplets. Actually, 
it is not very hard to see where the fields in these multiplets come from. Let us begin by 

3Note that to complete this argument, one would still have to show that the trivially covariantly 
constant spinors are really the only ones; we will not prove this here. 
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considering a stack of k parallel XS five-branes in type IIB string theory. As was shown by 
A. Strominger in [65], D-strings can end on these NS5-branes. Actually, this should not 
be very surprising, since this statement is simply S-dual to the fact that ordinary strings 
can end on D5-branes. Now just as we explained in the case of D-branes in section 2.2.1. 
for the strings ending on a single five-brane the zero modes in the direction of the brane 
give rise to an effective gauge held, whereas the zero-modes perpendicular to it give rise 
to four effective scalar fields, whose vevs can be interpreted as the position of the brane. 
For k five-branes on top of each other, these fields obtain two extra indices i, j — 1 k 
referring to the two branes on which the strings end. The gauge field becomes a U(k) 
gauge field and the eigenvalues of the scalar matrices become the position of the stack of 
branes. Of course, the fermions required by supersymmetry are also present, and this leads 
to the result that the low-energy effective theory of k type IIB five-branes is described by 
a U(k) gauge theory with k2 vector multiplets. 

Now. let us study the case of our interest, which is a stack of k five-branes in type IIA 
string theory. Here, we have no D-strings which can end on the brane. which is consistent 
with the fact that the N = (2, 0) algebra does not have any vector multiplets. However, we 
do have D2-branes stretching between the five-branes. as was also shown in the paper by 
A. Strominger [65]. These D2-branes end in string-like objects, and hence we may expect 
something similar to a U(k) gauge theory, but now with closed strings as the fundamental 
charged objects instead of point particles. From our experience with string theory we 
know that the gauge field which couples to one-dimensional object is a two-form gauge 
field - which is exactly what the N = (2, 0) matter multiplet offers us! Moreover, four 
of the five scalars in the multiplet can be interpreted as the position of the five-brane. 
The origin of the fifth scalar may seem mysterious, but it becomes clear when we recall 
that type IIA string theory is really M-theory compactified on a circle; this fifth scalar 
is simply the position of the five-brane on this M-theory circle. So we obtain the result 
that the low-energy effective theory of k type IIA five-branes is described by a U(k) gauge 
theory with k2 selfdual tensor multiplets. This theory, also called the (2.0) theory for 
short, is quite mysterious: first of all. it is a gauge theory of selfdual tensor fields, which 
leads to the same problems as for type IIB supergravity theory in writing down an action; 
secondly, because of the selfduality the coupling constant has a fixed value of order unity, 
which makes it impossible to define a weak coupling limit of the theory, and finally, the 
theory is a nonabelian two-form gauge theory, for which it is not at all clear how we should 
define it. For example, it is not even clear how one can write a field strength for such 
a nonabelian two-form gauge field, since in the naive expression F = dA + [A, A] the 
first term is a three-form, but the second term is a four-form! (One should compare this 
to ordinary gauge theories, where both terms are two-forms.) So even though the field 
content of this theory is clear, it is far from clear how we should proceed in defining the 
theory. 

The above ways of finding the field content of the effective theories are somewhat heuristic, 
but the field contents can also be derived in a completely rigorous way by studying the zero 
modes of the solitonic backgrounds (2.48). This was done by C. G. Callan Jr.. J. A. Harvey 
and A. Strominger in [20]. and the results are exactly as we described above. 
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Some of the mystery surrounding the IIA five-brane effective theory may be resolved by 
noting that we only discussed the low-energy effective theory, which we expect to be a field 
theory of some sort, but that by the arguments above the most natural way to describe it 
may not be as a field theory, but as a string theory. In fact, whereas the IIB five-brane has 
point particles living on it in the form of the D-string endpoints. the IIA five-brane does 
not have this property, but as we saw it does contain string-like objects in the form of 
the boundaries of the D2-branes ending on it. The proposal to describe the worldvolume 
theory as a string theory was done by R. Dijkgraaf. E. Verlinde and H. Verlinde in [30. 31] 
and from a slightly different point of view by M. Berkooz. M. Rozali and N. Seiberg in 
[10. 63]. In fact, it was proposed that both the IIA and IIB five-branes should be described 
by a string theory, since these theories can be related to one another by a simple T-duality 
along one of the five-brane directions. The relations between these two theories were 
worked out in more detail in a paper by A. Losev. G. Moore and S. L. Shatashvili [50]. 
where these theories were given the name "little string theories". 

The answer to the question we addressed in the beginning of this section can now be 
phrased in three words: the worldvolume theory of a stack of IIA five-branes is described 
by a little string theory. However, these three words cover a lot of mystery: this little 
string theory should be a theory of selfdual strings, which does exhibit T-duality but 
which does not include gravity in its spectrum, and which in a low-energy limit should 
be described by a strongly coupled U{k) gauge theory of selfdual two-form fields. It is 
needless to say that for quite a few of these points, a rigorous mathematical description is 
lacking. So how can we ever start to calculate a partition function for such a mysterious 
theory? The answer is that we will need to find some limit in which most of the mystery 
disappears, and this will be the goal of the next section. 

5.2 Description of the system 

There are two difficulties of the little string theory which we would like to get rid of. The 
first of these is the "stringy" side of the theory: we would like to work with a field theory 
instead of a string theory. As usual in string theory, one achieves this by looking at a large 
distance or low energy scale, so that the string length is a comparatively small number 
or equivalently the string mass is large. However, what exactly is the string mass in little 
string theory? Note that there are two answers to this question. First of all. there are 
the strings (in the IIA description of little string theory) which are formed by D2-branes 
stretching between different NS five-branes. If the D2-branes are a generic distance Ax 
apart, the resulting strings have a mass density proportional to 

mw = — - . (5.3) 

where we used the fact the D2-brane tension is proportional to 1 /gs. and we inserted a 
factor of \/ls to make the resulting quantity dimensionless. In other words: the above 
mass is the mass in units of the fundamental string mass. 
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Secondly, there are the strings which start and end on the same five-brane. These strings 
are not forced to stretch over a distance Ax. and hence their mass density will be propor
tional to 

mF = — (5.4) 
9s 

when measured in units of the string mass. So to get rid of the "stringy" behavior of 
little string theory and end up with a field theory, we should make sure that all length 
scales in the theory (and in particular the size of the Calabi-Yau we will compactify on) 
are large compared to the inverses of these masses, and that all our energy scales are far 
below these mass scales. As a result, only the (massless) zero modes of the strings will 
contribute to the theory, and we will be left with an effective point particle theory. Note 
that the above requirements match nicely with the fact that we want to take small ga so 
that the five-brane theory decouples from the bulk theory. 

Thus, we end up with the (2.0) theory as an effective theory, but for reasons which were 
made clear in the previous section, we would like to get rid of the fact that this theory 
is nonabelian as well. However, this is now not very hard to achieve if we note that the 
off-diagonal components of all the worldvohune fields <3>u arise from the stretching branes, 
whereas the diagonal components arise from the branes starting and ending on a single 
five-brane. Therefore, the off-diagonal fields have masses of the order (5.3). whereas the 
diagonal fields have masses of the order (5.4). In other words, if we take the ratio Ax/ls 

to be large, all the off-diagonal fields will decouple, and we are left with a [7(1 )fc two-
form gauge theory as we desired. Note that the off-diagonal fields can be interpreted as 
"W-bosons". which is why we used the subscript W for their masses. (The F stands for 
"fundamental"). In this terminology, we are on the Coulomb branch of our U(k) theory. 

So, to summarize, the limit we will be interested in is the limit of a small coupling constant 
gs and the limit where both A.;- and /.,. are small compared to other length scales and 
(inverse) energies, and Ax is considerably larger than ls. In this limit we are left with 
a theory of k tensor multiplets and a U(l)k symmetry. (A similar limit in the IIB case 
appears in two papers by A. Giveon and D. Kutasov [36, 37].) 

Now let us consider which fields in these multiplets contribute to the classical partition 
sum. We will only be considering bosonic fields, using the general philosophy that the 
contributions of the fermionic fields can be restored by using supersymmetry. Note that 
since we took gs to be very small, the five-brane will be very heavy, and hence its shape 
and position in space will be completely fixed. In other words: the scalar fields X^ 
corresponding to this position will be "frozen" to a fixed value, and will not contribute to 
the partition sum. The fifth scalar field Y, corresponding to the position on the M-theory 
circle, can similarly only fluctuate at an enormous cost of energy, but since this scalar lives 
on a very small circle with a radius proportional to gH. one may wonder if it cannot have 
winding numbers which will contribute to our final result. The answer is that for a general 
setup this would be possible, but we will be wrapping our five-branes on a Calabi-Yau 
manifold, and as can be seen from the Hodge diamond 4.6 these manifolds do not have 
any nontrivial 1-cycles. and hence no winding numbers of Y can appear. So. we are left 
with only the k selfdual two-forms B which can contribute to the classical partition sum. 
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This is a good point to switch from our lorentzian discussion to the euclidean case. The 
theory on a euclidean five-brane will be some Wick-rotated version of the theory on the 
ordinary, lorentzian five-brane. As we mentioned before, in the presence of fermions this 
is a dange?'ons procedure, but here we are only considering bosonic fields, and hence we 
expect to find again a theory of k two-form fields. We have to be a bit careful about the 
selfduality though: whereas in the lorentzian case *2 = 1. in the euclidean case *2 = —1. 
and hence it has eigenvalues ±i. Which of these we call the "selfdual" eigenvalue is a 
matter of convention; we will choose it to be —i. In part of the literature, this is denoted 
as '"imaginary anti-selfdual". 

As is well-known, an action for a selfdual field is very hard to write down, so in te next 
section we will begin by ignoring the selfduality constraint, and only impose it later on. 
Without the selfduality. the action which we are interested in would therefore simply read 

S= — I -H A*H, (5.5) 
4TT ./.Y

 2 

where H = dB is the field strength of B and the normalization is the one appropriate 
to selfdual fields4. However, we want to be slightly more general than this: so far. we 
have set all background fields that were not in (2.48) to zero, and since almost all of the 
fields completely decouple from the five-brane action this is the most sensible thing to 
do. However, note that the little strings actually arise from D2-branes, and that these 
D2-branes are charged under the space-time three-form field C. Therefore, if a nontrivial 
background C-field is turned on it will appear in the five-brane worldvolume theory. We 
will now argue that the natural way to couple the theory to this background is by replacing 
H —> (H - C). where the normalization of C is chosen to get the relative coefficient of 
— 1. The reason for this is as follows: note that the D2-brane from which the little strings 
arise couples to the C'-field as 

/ C. (5.6) 
•I D2 

Similarly, the little strings themselves couple to the selfdual tensor field B as 

B. (5.7) 

Since the field B only exists locally and should really be described in terms of its field 
strength H = dB, it is natural to extend the iJ-field to the region of space-time in which 
the D2-brane is embedded (note that the transverse space is topologically trivial, so this 
will not lead to any problems), and write the last expression using Stokes" theorem as 

B= I H. (5.8) 
{l.s.} J 1)2 

4 The fact that selfdual field strength actions must have a fixed normalization can be seen by introducing 
a Lagrange multiplier for the Bianchi identities, and integrating out the original field. The resulting action 
has the original Bianchi identities as its field equations and vice versa. Since for selfdual field the Bianchi 
identities and the field equations are the same, the resulting action should equal the original one, and this 
gives the constraint on the normalization. See the paper by E. Verlinde [73] for further details. 
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where {Is.} denotes the union of all little strings which arise as the boundary of a single 
D2-brane. We therefore see that the coupling of C to the little strings is (up to an 
absorbable normalization constant) exactly the same as the coupling of H. and hence it 
makes sense to do the substitution H —> (H — C) in our Lagrangean. Again, the above 
argument can be made precise by studying the zero modes of the background five-brane 
solution, and showing that the -ff-field arises exactly from the zero-modes of the C-field. 

Of course, for this procedure to be meaningful, we want the background C-field to be a 
solution to the equations of motion. We will only consider the simplest of such solutions: 
the case where dC = 0. Note that this may seem to be a trivial solution since the corre
sponding field strength vanishes, but this is only so in empty space: as we argued above, 
it is precisely when the C-field couples to D2-branes that •"boundary terms" also become 
important. Also note that a transformation C —> C + dA is only a gauge transformation 
if it is accompanied by a transformation B —» D + A. We will fix this gauge by requiring 
that d * C = 0 as well. 

Our resulting action is now 

5 ' = ^ ƒ \ ( H - C ) A * ( H - C ) . (5.9) 

but we want to make one more modification to this action, in view of the fact that it is not 
really this general iJ-field we are interested in, but only the selfdual part of H. Therefore, 
it makes sense to remove the coupling of the C-field to the anti-selfdual part of the action. 
In the above action, the linear terms in C are 

--(CA*H + HA*C), (5.10) 

and by using *2 = — 1 and changing the order in the second term, we see that these 
terms are in fact equal. Recall that we defined the selfduality condition to be *H = — iH. 
Therefore, we must add an extra term iC A H to the action to make C couple to this 
selfdual part only. Our final form of the action is 

S= -L / \{H -C)A*{H -C)-iH AC. (5.11) 

It is this action for which after taking into consideration the selfduality constraint - we 
will calculate the partition sum in the next section. 

5.3 The classical partition sum 

In this section, we present the actual calculation of the classical five-brane partition sum. 
We begin by ignoring the selfduality constraint altogether, and simply calculate the par
tition sum of (5.11) on a Calabi-Yau manifold MQ. TO this end. in section 5.3.1 we first 
rewrite the classical action (i. e. the action corresponding to solutions to the equations of 
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motion) in terms of a set of integers representing the fluxes. The partition sum is now 
simply written as a sum over these integers. In section 5.3.2. we then find a different 
expression for the result by using a Poisson resummation. The reason for doing this re-
summation will become clear in section 5.3.3, where we explain that the sdfdual partition 
function is now simply one of the terms in this sum. In principle, this gives us our final 
result, but it has to be noted that the Poisson resummation in section 5.3.2 is a very 
laborious exercise, so in section 5.3.4 we present an easier though slightly less rigorous 
derivation of the same result. 

5.3.1 The classical instanton action 

The classical partition sum is defined to be the sum over classical solutions to the equation 
of motion of e~Scl. The equation of motion following from (5.11) is 

d{*H - *C - iC) = 0. (5.12) 

Since we chose C to be harmonic (i. e. dC = d*C = 0), ŵe find that d*H = 0. Moreover, 
by definition dH = 0, so the classical solutions to the action are precisely the harmonic 
three-forms H. It is a well-known fact (see appendix 4.A) that there is precisely one such 
form in every cohomology class, so our solutions are parametrized by H'^MQ). By De 
Rham's theorem, each cohomology class X is uniquely determined by its set of fluxes 
ƒ X through a basis of three-cycles 7. This parametrizes H:i(M6) as a continuous vector 
space, but because of the Dirac quantization condition (see appendix 3.B for the analogous 
calculation for two-form field strengths) the only physical field configurations will be the 
ones whose fluxes through three-cycles are of the form 27m with n an integer. In other 
words, the solutions to the equations of motion are the harmonic forms in the cohomology 
classes in H3(M6,Z). 

Now. we apply our machinery of Calabi-Yau geometry and special geometry. The Calabi-
Yau manifold has b3 = 2h2,i + 2 = 2g three-cycles through which the field strength H 
may have nonzero fluxes. As in (4.58). we choose a basis of canonical homology 3-cycles 
A1 .Di (1 = 0 9 - 1) in H:i(X. Z). and denote the corresponding fluxes of H by 

/ H = 2imI, I H = 2nmI. (5.13) 
J A' JB, 

Similarly the periods of the background C-field will be denoted by 

/ 0 = 271x1. I C = 2TTX2J. (5.14) 
JA' -IB, 

Note that we will treat C as a classical background, so we will not assume that the x[. x2.j 
are integers. Moreover, we can absorb the •'integer part" of these variables into H. so we 
can assume the x\ to be angular variables living on a circle M/Z. 

Note that we have not yet specified a complex structure on Me- but that we do need 
such a structure to be able to define the Hodge star operator which appears in the action. 
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Therefore, as in section 4.4.1. we introduce coordinates z' and a prepotential F{z) on the 
moduli space C of complex structures on M%: 

f tt = z1, I n = F, = djF(z). (5.15) 

where Q is the (3.0)-form on Me- Recall that in terms of a canonical basis Q/.d7 of 
H3(M6.Z) dual to A'.B,. we can write Q = z1 ai + Fjd1. As we explained in section 
4.4.1. the derivatives u)j = djQ, are linearly independent, and span H3<° ©iï2 '1 . Together, 
the forms wj and their complex conjugates üjj form a basis of H3(M6)- The periods of 
the tui are 

i LO.-I = 6'j. / UJJ = TU. (5.16) 
JA' JB, 

where we introduced the period matrix TU = FJJ. 

The field strength H can now be expanded in this basis as 

H = 2-ïïhIüJi + 2TTTIIUJI. (5.17) 

and by calculating the fluxes of this field strength we find that we can express the coeffi
cients h1 in terms of the flux quantum numbers as 

h' = -l-{mj - TjKnK){lmT-l)IJ. (5.18) 

For h . the complex conjugate equation holds. Similarly we can write 

C = 2TTX,LJI + 2TÏX'ÜJI. (5.19) 

with 

x1 = ~{xi,J - ÖA-af ) ( I m r - 1 ) / J , (5.20) 

where again, following from the fact that the periods Xi,x2 are real, x1 is the complex 
conjugate of x1. 

To evaluate the classical action we make use of the fact (see appendix 4.A) that on a 
Calabi-Yau manifold the action of the Hodge star on three-forms is uniquely determined 
by the complex structure: it acts as ( — l)pi on (p, 3 -p)-forms. Keeping this in mind, the 
evaluation of the action is now straightforward. Inserting (5.17) and (5.19) into (5.11). we 
find 

Sm,„(z; z) = 2TT L% + xJxj - 2x1h, ^ - x 1 ) ^ -*J)*A ( 5 2 1 ) 

where h1 depends on the integers m/ and n1 through its definition (5.18). and we used the 
notation of section 4.4.1 where lm r is interpreted as a metric. (Note that for convenience, 
we left out a factor of 2 in this definition of the metric as compared to section 4.4.1.) The 
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last term in Smn is a projection term which arises because of the fact that the Hodge 
star acts with a relative minus sign on the (3. 0)-part. Despite its appearance, this term 
is positive definite since \z\2 < 0. This point will be important when we introduce the 
auxiliary variable t in section 5.3.4. Note that to write down the last term, wc really need 
our manifold to be a strict Calabi-Yau (i.e. it must have full SU(3) holonomy) to make 
sure that there are no other three-forms which have a relative minus sign under the Hodge 
star. In our examples in section 5.4. we will see how to deal with slightly more general 
cases. 

5.3.2 Poisson resummation of the instanton sum 

The classical partition function for the full (i. e. not selfdual) tensor held H is given by a 
sum over all fluxes weighted by e m " : 

Z{x:z) = ^2e-S"'^x'z). (5.22) 
m.n 

However, as we already stressed several times, we are interested in evaluating the partition 
sum for the selfdual tensor field. As we will explain in the next subsection, to this end it 
is convenient to perform a Poisson resummation of our result with respect to the integers 
nij. Recall that the Poisson resummation formula says that 

E ^m') = E /V), (5-23) 
m,eT p'er* 

where T is some lattice, and T* is the dual lattice consisting of vectors p such that 
mjp1 G Z for all mj 6 F. The function ƒ is the Fourier transform of ƒ. The proof of this 
formula is not very difficult and can be found in any textbook on functional analysis; see 
the book by D. H. Griffel [42] for example. Applying the formula to our partition sum, 
we find 

Z(x:z) = Ee _^'" ( x ; 2 )- (5-24) 
p,n 

where exp( — Sp.„) is the Fourier transform of e x p ( - 5 m n ) with respect to the variable m. 

To perform this Fourier transformation we need to invert the quadratic form involving mj 
that appears in the action (5.21). We can read off this form by pulling ir = G and X' = ü 
for a moment. This gives the quadratic term 

\rni { ( I m r - 1 ) " - 2 ^ - J mj. (5.25) 

To invert the matrix in brackets (or rather its symmetric part, which is what we need to 
do the gaussian integral), we use the identity 

( I m r - 1 ) " - zIlJ+~z'zJ
 = - ( In rAA- 1 ) " . (5.26) 
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with 
Nu = TU + 2iZ-^f. (5.27) 

This identity is easily checked by multiplying both sides with lm J\f. Note that in contrast 
with the holomorphic period matrix TU. the noriholomorphic matrix Afu does have a 
positive definite imaginary part. The reader should not be surprised by the appearance 
of Mi J : note that it is precisely the expression (4.49) appearing in special geometry. (The 
factor of 2 in the second term arises because we rescaled the homogeneous metric NJJ.) 
The fact that our results can be expressed in terms of expressions such as M means that 
the partition function is a well-defined function (or rather a section of a bundle) on the 
special Kahler manifold C. The fact that the result appears in inhomogeneous coordinates 
follows from the fact that we explicitly projected out the O-direction in our action. 

The Poisson resummation is now a tedious but nevertheless straightforward calculation. 
We will not do the explicit calculation here, since it amounts to several pages of basic but 
not very enlightening algebra, and since we will derive the same result in a more elegant 
(though slightly less rigorous) way in section 5.3.4. Anyway, after having performed the 
calculation, we find 

Z = (detlm A01/2 Yl ?~SpL-PR- (5-28) 
PL ,PR 

where 

SpL ,PR = -WJVUPL - 27T(2'PL - x - x)!x+ + iirp^Nupi. (5-29) 
In this expression we used the notation 

xj = (Im T),JT] - Z^-(x + x)J, (5.30) 
z 

and the sum is over the lattice 

i l i i 

PL = 2 +P 

PR = \n'-p'- (5-31) 

where n1 and p1 are the integers that appear in the sum (5.24). 

5.3.3 The sum over spin structures and the selfdual result 

How do we reduce our result to a partition sum for the selfdual three-form field strength? 
This question was answered by E. Witten in [80]. We will give a brief discussion of the 
results in this paper, but we do not have the space (nor do we have a complete enough 
understanding5) to work out all the details. 

° Contrary to what was explained in the introduction, the "we" here refers exclusively to the present 
author. 
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The naive (but incorrect) answer to this question is that one should take the holomorphic 
root of the unconstrained part i t ion function to find the parti t ion function of the selfdual 
field. By "holomorphic root" we mean tha t when the parti t ion function is expressed as a 
function of the complex structure moduli z'. it is expected to take the form 

Z(z,z)=e(z)Q(z), (5.32) 

and 6 ( z ) is then the part i t ion function of the selfdual field. Let us explain why this is 
a natural thing to expect. The argument below is based on the argument in a paper by 
M. Henningson. B. E. W. Nilsson and P. Salomonson [46]. For simplicity, we will assume 
for the moment that C = 0. 

Let us begin by noting that of course every three-form can be split up into a selfdual and 
an anti-selfdual part . Since our action is quadratic, the field equations are linear, and so 
these field equations split up into a selfdual and an anti-selfdual part as well. Therefore, it 
seems that the selfdual and the anti-selfdual parts of the unconstrained theory completely 
decouple and we can factor 

Z(z,z) = Z+(z.z)Z-{z.z). (5.33) 

where Z+ is a path integral over selfdual field strengths, and Z~ is a pa th integral over anti-
selfdual field strengths. Next, we want to argue that Z+ actually depends holomorphically 
on z. The reason is as follows: note that (5.16) gives the periods of a set of three-forms 
uij which form a basis for H30 © H21. The complex conjugate three-forms 07/ form a 
basis for the complement H • © Hoi. By a linear transformation acting on the index I. 
we may choose a new basis such that u,'o = fi and all other o»j do not depend on Q. This 
will of course lead to a different period matr ix TJJ. but it will still be holomorphic in the 
z1. Next, we have seen tha t the scale of Q1 is not a coordinate on the moduli space, so 
as we have done before we can choose a holomorphic "gauge slice" parametrized by new 
coordinates .y' such that the periods of Q do not depend on y'. Again, this leads to a new 
period matrix TJJ(IJ). but note tha t also this matrix is still holomorphic. 

Now, we can form a new set of three-forms by grouping together the u>i for i > 0 with ZUo; 
we will call this basis {ipi}- The ipi form a basis for H21 © if0-3, and since the periods 
of Q and fi are constants, this still leads to a period matrix which is holomorphic in the 
complex structure moduli space coordinates yl. Wha t we have reached by this is tha t the 
space spanned by the tpj is exactly the space of selfdual forms, and similarly tpj span the 
anti-selfdual forms. AJoreover. the ^eriod matrix for this ba,sis. which we will call Tr • ^o 
avoid confusion, is a holomorphic function on the moduli space. 

Now we can repeat our calculations leading to (5.18) and (5.21). but as a result of our 
new choice of basis, the projection term in (5.21) will be absent. Therefore, written 
schematically, we will find tha t 

Sm.n ~ (m - Tn) (T - Ty1 {m - Tn). (5.34) 

If we do an infinitesimal anti-holomorphic change of coordinates. 1] —> Tj + öTj. where y 
remains unchanged. T will change to T + ST and T will remain unchanged. Inserting this. 
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we find that 
5yS ~ {m - Tn) (T - T ) " 1 6T (T - Ty1 (m - Tn). (5.35) 

However, (m — Tn) are precisely the coefficients of the anti-selfdual part of H. so for a 
selfdual field strength this variation vanishes. 5yS = 0. Finally, by differentiating inside 
the path integral, we find that 

6yZ = ~{6yS). (5.36) 

and since the right hand side vanishes for a selfdual field strength, we indeed find that Z + 

must be holomorphic in the coordinates on the moduli space. 

Of course, the argument above has some loopholes. The weakest point in the argument 
seems to be the fact that the partition sum factorizes. In fact, in the lower-dimensional 
case of the chiral boson on a Riemann surface, which was calculated in detail by L. Alvarez-
Gaumé. J.-B. Bost. G. Moore. P. Nelson and C. Vafa in [5]. a completely similar argument 
can be given, but it is known that the real partition sum can not be written as (5.33). 
Rather, it is a sum 

Z = J2Q«(z)®a{z), (5.37) 
a 

where a labels the different spin structures (i. e. choices of signs when going around 
nontrivial loops) on the Riemann surface. In his paper [80]. Witten argues that also in 
the five-brane case (and in fact for a general (2fc + l)-form living on a (4fc + 2)-dimensional 
manifold) the natural answer for the partition sum is of the form (5.37) rather than (5.33). 
The index a now labels a kind of generalized spin structure, i. e. the choices of assigning 
signs to (2A" + l)-cycles in a way consistent with homology. We will see that indeed our 
result will have the structure of (5.37). Note that the "holomorphy-part" of the argument 
above still seems to hold, so once one picks such a generalized spin structure a. the natural 
candidate for the partition sum is Qa(z). 

We will not give the full details of Witten's argument, but it may be briefly outlined as 
follows. Once we include the background field C into our considerations, the partition 
sum will also depend on its coordinates x1. Note that because of the linear term in the 
action (5.11). the partition sum is no longer invariant6 under the gauge transformation 
C —> C + dA, B —> B + A. However, we have seen that the x are coordinates on 
a torus, so if we go around one of the nontrivial loops of this torus the unconstrained 
partition sum should come back to itself. In a more mathematical language, the partition 
sum of the unconstrained three-form field is a section of a line bundle K over the space 
H3(M., M)/H3(M. Z) in which the x1 live. By an analogous argument to the holomorphy 
argument above, the partition sum of the selfdual three-form should now live in a line 
bundle C which is the "square root" of this bundle in the; sense that 

K, = £®£. (5.38) 

Now Witten shows that the bundle /C is trivial. It therefore seems natural to take C to 
be a trivial bundle as well, but it turns out that this is inconsistent with the curvature 

6 This may seem to be in conflict with the gauge invariance of the underlying M-theory, but as Witten 
shows this breakdown of gauge invariance on the worldvolume is precisely what is needed to cancel a 
(5-function contribution of the C A dC A dC term under such a gauge transformation. 
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that this bundle needs to have to satisfy the correct transformation rules under the gauge 
transformations of C. Therefore, around some of the cycles of the torus, the selfdual 
partition sum must pick up minus signs, and the allowed choices for this turn out to be 
precisely labeled by the possible generalized spin structures a on the Calabi-Yau manifold 
M. Moreover, once the bundle £a is fixed, the partition sum 6 „ is also completely 
fixed up to a scale factor by the requirement that it is a holomorphic section (in a sense 
made precise by Witten) of this bundle. Since for the unconstrained three-form field, the 
partition sum does not depend on the generalized spin structure, we indeed find that the 
partition sum of the five-brane is of the form (5.37). where the 6 Q now also depend on x. 

Now. let us show that the partition sum we have found is indeed of this form. We can 
do this by observing that the (PL,PR) lattice in (5.31) is a subset of the lattice of •'half-
integers'" (i.e. integer multiples of | ) satisfying the conditions 

PL+PR = ", 

PL-PR = 2p (5.39) 

for p. n arbitrary integers7. From the first equation we see that PL and PR are either both 
integer or both of the form "integer + | " . so we can replace the lattice sum by a sum over 
k.l.a where 

pL = k + a 

PR = l + a, (5.40) 

with k. I integers, k—l even and a e {0. \}. The condition that k—l is even can be satisfied 
by inserting a sum over 3 e { 0 . | } and a factor ( - l ) 2 ^ ' - ' ) in the partition function. Now 
we have a sum over arbitrary integers k.m. so we can factorize the partition function: 

Z = ( d e t I m A 0 1 / 2 Y. ©<*,/»(*; «)ea,/j(0;z), (5.41) 
a '„3/G{0.i} 

with 

ea.3(.r:z)= J2 ^^i{-\pI^iJPJ + 0lPI-i^P-x-x)Ixt\. (5.42) 

Since Im J\f is negative definite this theta sum converges. The sum over a.0 is the sum 
over spin structures we wanted to obtain, and we can now identify the classical partition 
sum of the selfdual tensor theory with one of the theta functions. That is. the classical 
contribution to the five-brane partition function is 

Zr] = eaJt(x;z). (5.43) 

A few remarks are in place here. First of all. note that the factors in (5.41) are not complex 
conjugates of one another, since one depends on x and the other one does not. The reason 
for this is that we started out by coupling the C-field only to the selfdual part of H. so it 

7For notational convenience, we leave out the indices I here. 
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is expected to appear only in the factors corresponding to the selfdnal part of H. When 
we set x1 = 0. the partition function is indeed of the expected form (5.37). Moreover, 
note that x appears in the 0(z)-part instead of the 0(z)-part. Of course, this is a choice; 
by changing the sign in the linear term in the action (5.11) the x-dependence would have 
been in the other factor. Since we are working in euclidean space, the eigenvalues of the 
Hodge star operator are ±i. and hence there is no natural choice of what we call selfdnal. 
In view of the above discussion it may have seemed more natural if we had made the 
opposite choice, but the reason for making this one is that we end up with an expression 
in terms of J\f. which fits in nicely with the existing literature on N = 2 supergravity, as 
we will see in the next chapter. 

As a final remark, note that our result is not holomorphic in z . Again, this seems to 
contradict everything we have said so far. However, there are two good reasons for this. 
First of all. we have seen that the coordinates z1 are redundant: they are n +1 coordinates 
labeling an «-dimensional space. As in the case of our N = 2 supergravity discussion. 
the overall length of the coordinate vector z1 is unphysical. and hence the result should 
not depend on this coordinate, and it will contain projection operators, as can be seen 
explicitly in the form of M and x+. However, these projection operators depend on z 
and ~z, thus spoiling the holomorphy of the resulting expressions. Once we express the 
results in terms of a set of n inhomogeneous holomorphic coordinates y'. we expect these 
dependences to disappear. However, even in terms of a nonredundant set of coordinates, 
the last term in (5.42) does not seem to be very holomorphic in either x or y. There is in 
fact a good reason for this, which has to do with the fact that even the holomorphy-part 
of the argument we presented at the beginning of this subsection is not completely sound. 
Note that for example, we pulled a differentiation through a path integral, and this is a 
procedure which in general can lead to anomalies. As we will discuss extensively in the 
next chapter, there is indeed such an anomaly, which is why the expression we find is not 
completely holomorphic. 

For now. we just note that the best reasons to pick Oa as a partition sum for the selfdnal 
three-form is not that it is holomorphic in 3. but simply that it is the part which is 
x-dependent, and that it satisfies the general form which was presented by Witten. 

5.3.4 Introducing the auxiliary variable t 

By introducing an auxiliary variable t, the theta function (5.42) can be written in a form 
which will turn out to he quite useful to us. One easily verifies that 

Qat0(x; z) = Vz* Yl I <lt(^27r{x'-2tzT)*'e27Tlp',3"S>p{x:tz.tz-). (5.44) 
(p-a) '6Z 

where the "conformal block" "Pp (we use this term in analogy with similar expressions in 
conformal field theory) is defined through 

%(x; z,z) = exp27r J - ^ / Z r / V + 2ipI(zI - Xl) + i(z! - x'){z, -x,)\. (5.45) 
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These conformal blocks are now holomorphic functions of a; but have mixed z and ~z 
dependence (the latter through the anti-holomorphic period matrix r ) . Note that the 
variable t only appears as a prefactor of z1. Hence, it can effectively be absorbed in a 
rescaling of the holomorphic three-form O. The function ^p is homogeneous of degree 
zero in the variable z and hence there is no ^-dependence in (5.44). 

For now. the rewriting above is just a mathematical trick. However, it has some physical 
interpretation as well: since t can be interpreted as the overall scale of z, it can be 
compared to the field a which was introduced in our discussion of supergravity in section 
4.3.5. Recall that in our discussion of supergravity a was the scalar field corresponding to 
the graviphoton vector field. In the next chapter, this correspondence will be made more 
precise. 

For future use. it is instructive to write the anti-holomorphic conformal block, which as 
we saw is the one appearing in the partition function of the selfdual two-form, in the 
following way: 

*P(0:z,2) = exp27U | i ( / + Z')TJJ{P
J + zJ) - prFj - ^F\ . (5.46) 

where we set x1 = 0. and F is the prepotential defined in (5.15). The z-dependence is now 
all in the first term, and the last term can be viewed as the genus 0-term in a topological 
expansion. We will come back to this remark in section 6.3. 

So far. it may seem that the introduction of the variable t is presently of little use to 
us. and that its main role is to elucidate the relations of the present results with the 
supergravity discussion we will present in the next chapter. However, we can also put t to 
an immediate use. since its introduction makes the Poisson resummation of section 5.3.2 
much less laborious. To see this, let us briefly go back to the original expression (5.22) for 
Z in terms of the action (5.21). The partition sum Z can almost be written as a Gaussian 
integral of an auxiliary complex variable t. so that the last term in the action appears 
as the result of the gaussian integration. The "almost" here refers to the fact that the 
quadratic term in the integrand actually has the wrong sign. Ignoring this for the1 moment 
and proceeding, we have 

Z=\z\2J2 fdtdte-s'""{x'-tJ'>, (5.47) 
rn.n " 

where 

Sm.n{x; t, t) = 2n {h1^, + x*X! - 2xIhI 

+2tzI(hI -xI) + 2tz'{hI -x,) + 2HzIz1} . (5.48) 

Note that \z\2 < 0. so the "gaussian" integral indeed has the wrong sign. 

Using this action, the Poisson resummation is much easier to perform. The calculation is 
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performed in appendix 5.A. where we find 

Z = \z\2 det(Im r) ^ f dtdt e'2^'~2tlE')x'^PL{x: tz. z)VPn{0\ tz. z). (5.49) 
(,PL-pn)er 

Introducing the sum over spin structures as before, we again find the result (5.41) with 
0Q,/3 defined as in (5.44). To see that the determinants match as well, note that 

12 

det(Im AO = det(Im r) \ '_ . (5.50) 

Since the two Poisson resummations give matching results. wre have an a posteriori jus
tification for the introduction of the wrong-sign gaussian integral. This procedure can 
probably be made mathematically more rigorous by either introducing some cutoff at 
large t or by viewing the gaussian integral as a formal expression meaning "evaluation of 
t at the saddle points". and showing that this commutes with the sum over m, n. 

5.4 Examples 

The first part of our journey has now come to an end: we found the expression (5.42) -
or equivalently (5.44) for the classical partition sum of the five-brane. Before moving on 
to the calculation of the quantum contributions, it may be good to discuss two examples; 
both to see the applications of the abstract theory and to check our results with known 
results from the literature. 

5.4.1 Example: The classical part i t ion sum on K3 x T2 

The first example we discuss is the NS five-brane wrapped on a A3 x T2 manifold. The A3-
manifold is a four-dimensional Calabi-Yau manifold; in fact it is known to be topologically 
the only four-dimensional compact and connected manifold of 5[/(2)-holonomy. Note that 
A'3 x T2 is not a true Calabi-Yau manifold: the torus does not have any holonomy. so the 
full manifold has an SU{2) holonomy group instead of SU(3). Nevertheless, it will turn 
out that we can describe it nicely using the techniques of this chapter. The nice thing 
about this example is that the full answer - including quantum corrections - is already 
known from two different points of view, so it is a good way to test our results. 

When we wrap a five-brane around A3 x T2. we can do a dimensional reduction in two 
obvious ways: reduce on A" 3 or reduce on T2. First of all. when one reduces a single8 

8In the case of k five-branes the partition function depends on the phase of the theory. In the "Coulomb 
phase" the branes are separated in R4 and their contribution is simply Z\. This corresponds to the dilute 
gas approximation. In the "Higgs phase" we expect to find the nonabelian U(k) tensor theory which we 
discussed in section 5.2. After the reduction on K3 this phase should describe a bound state of k heterotic 
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five-brane on the K3 manifold, a two-dimensional CFT appears which coincides with 
the worldsheet theory of the heterotic string compactified on T4. This fact was shown by 
J. A. Harvey and A. Strominger in [45]. Since we use supersymmetric boundary conditions 
on the five-brane. the same will be true for the heterotic string, and hence the resulting 
partition sum contains the contribution of only the left-moving oscillators. The partition 
function of the heterotic string on a torus is well-known (see e. g. chapters 7. 10 and 12 of 
the book by Polchinski [58, 59] on how to calculate these partition functions); the result 
is 

where the denominator is the Dedekind ^-function, and the numerator is the ö-function 
on the momentum lattice r 4 2 0 for the heterotic string: 

Ö4.2o(r.f)= J2 <? p i / V« / 2 , (5-52) 
(PL.PH)er20.4 

with r the complex modulus of the T2. and q = e2rrir. 

Alternatively, when we reduce the theory on T2. we obtain a U(k) N = 4 Super Yang-Mills 
theory. The partition sum of this theory on A'3 can be computed directly as an exact sum 
of gauge instantons, as has been done for example by C. Vafa and E. Witten in [70] and 
by J. A. Minahan, D. Nemeschansky, C. Vafa and N. P. Warner in [52], with the same 
result (5.51). 

In both calculations, the result (5.51) consists of a classical result given by the theta-
function. and a quantum part given by the eta-function. One would therefore expect to 
find the same classical contribution using the techniques from this chapter. Let us now 
check that this is the case: we will come back to the quantum contributions to this example 
in section 6.2. For the moment, we set the C-field to zero. 

We start with some geometrical notions. For more on the geometry of A3, the reader 
may for instance consult the review by P. S. Aspinwall [9]. Let us denote the complex 
coordinate on T by w. and its standard one-cycles by A. B. The complex structure 
parameter of the torus is denoted by r as usual. As for AT3: there is a standard integral 
basis of two-cycles S 7 with an intersection matrix MIJ of signature (3,19). The basis of 
two-forms which is dual to this is denoted by rjj. Putting all of this together, we find a 
basis of three-forms on A3 x T~ given by LU; = I/J A dw, IU; = m A (lüü. and a basis of 
three-cycles given by A1 = Y.1 x A. B' = Y.' x B. If the holomorphic three-form on AT3 
is given by zIrq[. the holomorphic three-form on K3 x T2 is given by fi = z1uij. 

The main point in this calculation is to find the analogue for the A'3 x T2 case of the 
matrix Af in (5.27). The first term is easily calculated, and is given by TJJ = TMJJ. where 
MJJ is the inverse matrix of MJJ. With the second term, we have to be a bit careful. Note 

strings, i.e. a "long" heterotic string that is wrapped k times on T2. By summing over all these wrappings 
(connected covers of degree k) the partition function for k branes is written as Zj. = H^Zi with H^ the 
fc-th Hecke operator, as was shown by Minahan et al. in [52]. 
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that the second term in (5.27) contains an operator that projects onto the (3. (J)-direction. 
The origin of this operator lies in the fact that on this direction, the Hodge star acts with 
an opposite eigenvalue. However, on K3 there are three directions in which the Hodge 
star has the "wrong" eigenvalue, corresponding to the three negative eigenvalues of M. 
Therefore, the result is that 

MIJ = TMU + 2i{Im T)MIKPKJ, (5.53) 

where P is a projection matrix on a three-dimensional subspace of the momentum lattice 
T3.19-

Finally, we must insert this expression for J\f in our result (5.41). which without the C-field 
reads 

Z= ^2 X exp 27H{-mjVm- -njfn + ft(rn - n)}. (5.54) 
a,/3e{0,i} rn.nEJ.-a 

To see that this expression really can be expressed in terms of the (9-function. choose a 
basis pi for T3 19. so that Mjj = p/ • pj. Now we call 

m pi 

n'pi 
PL 

pR, (5.55) 

and we decompose the pLM into their space-like and time-like parts with respect to this 
basis as 

(5.56) 

Using this notation, we see that 

(5.57) 

~L,R ~L,R . ~L.R 
P =P+ +P- • 

at 

mIMiJm
J = pL 

mIMijPJ
KmK = p\ 

PL 

•v\ 

Collecting everything, we see that we can write the partition function as 

*= E •,^.R\2 J2 ex P 7n.{r (^ ) 2 + r(pL
+f - r(pB)2 - T(P"+Y 

a.;3e{0.i} PL ; p R er 3 . i 9+a 

+ {hnT)2ft(pL -pH)}. (5.58) 

where T3 19 + a is the momentum lattice translated by the vector a. We see that the 
terms with pL and with pR nicely form two separate theta functions: 

Z 
a,/3€{0 i } 

a (T)0 a 
ft 

(r), (5.59) 

where the 6 a 
ft 

are known in the literature as theta functions on the lattice T^ig with 

characteristics a, ft. For a = ft = 0. these theta functions reduce to (5.52). Finally, to 
get the partition function for the selfdual field, we have to take a single factor from this 
expression, and we obtain a single theta-function as our partition function. 

http://rn.nEJ.-a
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Our result differs from (5.51) in two ways. First of all. we find that we have to make a 
choice of spin structure and that the theta-function we obtain can change according to 
this. This is precisely what one would expect for a selfdual theory. Secondly, we obtain 
the theta-function corresponding to a lattice of signature (3.19). whereas there is a lattice 
of signature (4.20) in (5.51). This difference is due to the fact that we only focused on the 
holomorphic two-form, but left the periodic scalar field on the NS five-brane out of our 
discussion. As we noted in section 5.2. this is allowed for a Calabi-Yau manifold, but not 
on a manifold with nontrivial one-cycles such as A" 3 x T2. Therefore, we should really add 
the fluxes of the periodic scalar to our momentum lattice, in which case we would expect 
to find a theta-function on the full lattice T^o-

Apart from these differences, which can be explained easily, we see that we obtain ex
actly the correct classical partition function for this example, so we made a successful 
consistency-check of our results so far. After we discuss the quantum contributions for 
the general case in the next chapter, we will see in section 6.2 that we can reproduce the 
quantum factor in (5.51) as well. 

The inclusion of the C-field in our result is now straightforward, using the full expression 
of formula (5.41). Since there is no really elegant and meaningful expression for the full 
result, we will not write it down here. 

5.4.2 Example: The classical part i t ion sum on (K3 x T2)/Z2 

When the A3-manifold discussed in the previous subsection is the double cover of a so-
called Enriques surface, we can divide out K3 x T2 by a certain Z2-action, which acts on 
T2 as w —> —w. and has no fixed points on A3. We will denote the resulting manifold 
by M.. This type of manifold was first constructed by C. Borcea [16] and C. Voisin [75], 
and its application in string theory has been studied for instance in papers by S. Ferrara, 
J. A. Harvey. A. Strominger and C. Vafa [33]. P. S. Aspinwall [8] and J. A. Harvey and 
G. Moore [44]. 

The three-cycles on A4 can have two origins: there can be cycles which are the projections 
of the invariant cycles on A3 x T2. and there can be new 'torsion" cycles £ for which 
2E = 0. In the paper by Aspinwall [8]. it is shown that there are three of these torsion 
cycles. They will not play a role in what follows, since they cannot support fluxes of H 
or C. The invariant three-cycles of A'3 x T2 can be constructed as follows. In the paper 
by Ferrara et al. [33]. the action of the involution on the two-cycles of K2> is given: let 
Eg be the intersection matrix of the root lattice of the corresponding algebra, and a the 
intersection matrix of the hyperbolic lattice: 

a = ( \ I ) • (5.60) 

We can choose a certain integral basis of / ^ ( A ^ . Z ) such that the intersection matrix is 

E8 © a © Es © a © a, (5.61) 
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and Z2 maps the first ten basis vectors on the next ten. and maps the final two basis vectors 
to minus themselves. Therefore, we can construct the invariant two-cycles as follows: 

A' = A x (£'" - E':+10) B, = B x M ^ - E^+10) 
.411 = 4 x E 2 1 Bn = B x E22 (5.62) 
T12 = AxZ22 BV2 = B x E 2 1 , 

where i = 1 10. The intersection numbers of these cycles are 

A' r\Bj = 25) 

AnnBu = 1 

AV2f]B12 = 1. (5.63) 

and all other intersections vanish. 

The story for the cohomology is similar: a basis of invariant three-forms is 

&i = -{Lui — UJi+io) 

U>n = W2] 

(2'12 = o,'22- (5.64) 

From the paper by Ferrara et al. [33], we know that the holomorphic two-form of A'3 
obtains a minus sign under the Z2. so the holomorphic three-form fi.vi = dz A 0 K 3 is 
invariant. In terms of the notation of the previous section, this implies that z' = — zl+w. 
and z11 and z12 are arbitrary. The projected holomorphic three-form is z1^;, where 
1 = 1 12; i* = 2z\ zn = z21 and z12 = z22. 

The period matrix is now very easy to find; it is 

Tu = TMU. (5.65) 

where r is the modular parameter of our original torus and Mi j = 2£,
8©2cr®o-. The reader 

should note that in this expression 2E$ stands for the E& intersection form multiplied by 
two. and not for Eg,® Eg, 

Note that the lattice T-J.IO corresponding to Mu has two timelike basis vectors, so in this 
respect we are not really dealing with a Calabi-Yau yet. This is also reflected in the fact 
that the holonomy group of M is 5/7(2) x Z2 instead of the full SU(3). and in the fact 
that some of the intersection numbers in (5.63) are 2 instead of 1. On the other hand, M 
is a real Calabi-Yau in the sense that it does not have any free one-cycles and admits only 
one covariantly constant spinor. 

From this point on, our calculation is exactly the same as the one in the previous section, 
where we replace the lattice Ta.ig by r2.io everywhere. The resulting classical partition 
function is therefore the theta-function 

Za,p = e a
0 (r). (5.66) 
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on our lattice of signature (2.10) and for a specific choice (a, 0) of spin structure. Note 
that this is an automorphic function (i.e. it has weight 0) on the lattice r2.io- but since 
this lattice is not selfdual, it is not a modular form under the full 51(2. Z) acting on T. 
but only under a subgroup of it. As far as we know, this partition sum has not been 
calculated in the literature, so we cannot check our result with other results. 

As in our previous example, it is relatively straightforward to include the C field in our 
expressions, but since the resulting formula is not very enlightening we will not present it 
here. 

5.A Appendix: The Poisson resummation 

In this appendix we want to do an explicit Poisson resummation to calculate the partition 
sum 

Z=\z\1YJ I dtdte-2nS'-^t\ (5.67) 
rrlj ,7i7 

with 

S,„.n(t) = {/)//*/ + x'xi - 2xIhI + 2tt\z\2 + 2{h - x)hZl + 2(h - a-);fz/} . (5.68) 

As explained in section 5.3.4. \z\2 < 0. since the ^-direction is exactly the one in which 
the Hodge star and the complex conjugate differ in sign, and we know that the Hodge star 
gives a positive definite inner product on H3(X). Hence the "gaussian integral" actually 
has the wrong sign and the above expression is not rigorously well-defined. Ignoring this 
technical aspect9 (which we can always circumvent by doing the Poisson resummation 
without the t-variable), we will simply use the formulas for gaussian integration in this 
section. 

To get to the desired result, we use the Poisson resummation formula 

Z= ] T f dm f dtdt j e -2vrSm ,„( i ) e -2 7 r im Jp' \ ^ g g j 

and we will assume we can change the order of integration in this formula. We now split 
the exponent into parts which are quadratic, linear and independent of mj: 

Sm.n(t) + imip1 = m / A1J\t)m j + B1 (t)mj + C{t), (5.70) 

so that after the gaussian integration. 

Z=\z\2 Y, [dtdte-2*{-lBlA"BJ+c}. (5.71) 

9See also the remarks at the end of section 5.3.4 



148 CHAPTER 5. THE CLASSICAL NS FIVE-BRANE PARTITION SUM 

The exact coefficients of the three parts above are 

A,., = -Nu 

B1 = -±NIJ(T + T)JKnK + i(p' -x^ + itz' -itz1 

C = -nIT,.,NJKTKIji
L + x'xj + ix*TijnJ + 2tt\z\2 - ïnlTUtzJ 

+inITIJtz
J - 2xItz1 - 2xItzI. (5.72) 

where, as in the main text. NJJ = Im TJJ, and NIJ is its inverse. Inserting these expres
sions in the result (5.71). we find 

Z(x.z) = \z\2 J2 <ltdt*o(x.x)*L(pL,x)yR(pR), (5.73) 
(PL-pn)er' 

where T is the momentum lattice (5.39). and 

* 0 = exp-2-K Ux - 2tz)* x,\ 

*L = exp-2nU^plTIJp
J
L + (tz-x)I(tz-x)I + 2(tz-x)Ip

I
L\ 

tfff = exp-2-[-^pI
RT1jp

J
R + nItzI-2ÏJIp'A. (5.74) 

We can introduce the sum over generalized spin structures in the same way as we did in 
section 5.3.3. and we obtain 

Z=\z\2 Y. (- l)4 Q ' '0a. , .9(x^.I)eQ ,^(O:2.2). (5.75) 
a7,/3je{0.i} 

where this time 

ea,p(x;z,z)= Y, Idte-2*{x'-2tz')x'e2*in'li,yn+a{x;tz.z). (5.7G) 

n'el 
Now we can remove the wrong sign Gaussian ^-integral: 

/ dt exp (Airtz'lcj + intz'xj - 4Trtz!(n + a ) / - 2Kt2z'z1) 

ƒ dt exp -2-KZ2 < t2 + 2t^2 (n + a-x-x)A 

C exp 2n I (n + a — x — x):—^- (n + a — x — x)J >, .77 

for some constant C which we will ignore since the normalization of our nongaussian 
integral is not well-defined anyway. Collecting terms we find 

0Q./3 = 
mG 
y~\ (>XP 2TT?' ( r ( w i + a) • Af • (m + a ) - 2i(m + a ) • x+ + i(x + x) • x+ + 0 • m 

(5.78) 
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which is exactly the expression we obtained from the Poisson resummation without the 
introduction of t. 
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Chapter 6 

The quantum NS five-brane 
partition function 

In the previous chapter, we calculated the classical part of the euclidean NS five-brane 
partition function in a particular limit. However, this classical part is just a sum over 
solutions to the classical equations of motion, whereas we know that in a quantum theory 
all field configurations contribute to the partition function - the classical solutions being 
the ones which contribute most. 

In this chapter, we investigate the quantum contributions to the partition function. We 
will find out which parameter we need to use to write the quantum result as a series 
expansion - the classical result being the first term - and what this expansion looks like. 
Let us emphasize from the beginning that all of this is done within the particular limit of 
type II string theory discussed in section 5.2. so we will definitely not be calculating the 
most general expression for the NS five-brane partition function. What we will calculate is 
the form of the full perturbation series for the quantum partition function in our particular 
decoupling limit. 

Unfortunately we are not able to explicitly carry out this calculation in the type IIA 
language we used so far. Therefore, we need a trick to find the quantum contributions in 
a less direct way. This is where the theme of this thesis comes in: of course, it will be 
by using a duality that we can find another way to calculate the quantum corrections to 
the partition sum. To be precise, we apply a T-duality in a direction perpendicular to the 
five-brane. and study the resulting type IIB system. 

In section 4.2. we have seen that the four-dimensional background geometry of this system 
is an orbifolded Taub-NUT space, which in the decompactification limit turns into an 
ALE-space. The two-form and dilaton fields in this T-dual solution are trivial, so what 
we are left with after the T-duality is N = 2 supergravity in this particular geometrical 

151 
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background. The subject of N = 2 supergravity in four dimensions was introduced in 
section 4.3: by using some of the techniques we developed there, as well as some new 
ingredients, we will begin in section 6.1 by rederiving our classical result from this dual 
point of view. After this, we will go on to calculate the quantum corrections to this 
result. The reason that these corrections can indeed be calculated is that in our limit, 
the important terms in the low-energy Ar = 2 supergravity theory are precisely the terms 
corresponding to a so-called topologically twisted version of string theory - a theory which 
allows much simpler calculations than the original string theory. We will end the section 
by indicating how the same result may be obtained directly from the type IIA point of 
view. 

After deriving the general result, we reconsider our two main examples in section G.2. 
For the example of A'3 x T2. we show that our result indeed reproduces the quantum 
results which are known from other computations. For the Barcea-Voisin manifold, no 
such results are known (at least to us), so our general quantum expression will give a new 
result. 

The appearance of topological string theory in the quantum computations hints at a 
beautiful mathematical structure underlying all of our computations. We believe that 
there is still a lot to be discovered here, but we will try to get some feeling for this kind of 
structure in section 6.3. where we show that both the classical and the quantum part of 
the partition function satisfy a so-called holomorphic anomaly equation. These equations 
indicate to what extent the expressions are holomorphic in the variables x1 and z1 that we 
introduced in the previous chapter. In fact, there we already noted that our result was not 
holomorphic; the holomorphic anomaly equation for the classical partition sum will make 
this precise. It will turn out that the analogous equation for the quantum contributions 
is in fact a well-known equation from the theory of topological strings. 

As we proceed, it will become clear that even though we calculate a full perturbative 
result, there are still a lot of questions to be answered. In section 6.4. we summarize some 
of these questions, and indicate a few possible directions for further research. 

6.1 The quantum part of the partition function 

In section 4.2. we have learned that the T-dual background to the type IIA five-brane 
configuration is a Taub-NUT background. Recall that the Buscher rules by which we 
derived this result are valid in the full type IIA string theory. However, on the type IIA 
side, we had to tak; a particular low-energy limit where the five-brane theory decoupled 
from the bulk space-time theory, and where moreover the theory turned into an ordinary 
field theory. Our first goal in this section is to translate this particular limit into the IIB 
language: this is done in section 6.1.1. We will find that on the IIB side, this limit is 
precisely the limit in which the string theory turns into an N = 2 supergravity theory. We 
are therefore again in a field theory limit, but the main difference with the IIA discussion is 
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that the theory which ultimately interested us there was the six-dimensional worldvolume 
theory of the five-branes. but that - in the absence of any six-dimensional objects - here. 
it will be the remaining four-dimensional theory which is of most interest to us. As we 
go along, we will see how the physics of the six-dimensional five-branes is encoded in this 
four-dimensional effective theory. 

Once we have established the precise limit and the important part of the field content of 
the four-dimensional supergravity theory, we will be ready to do our main calculations. 
First of all. we will sketch in section 6.1.2 how an analogous calculation to the one carried 
out in chapter 5 can be done to find the classical partition sum. After this check on our T-
duality, we will calculate the quantum contributions to the partition sum in section 6.1.3. 
This will lead to the main result of this chapter, formula (6.21). We end this section by 
a short discussion in 6.1.4 about how the quantum calculation may be performed directly 
in the type IIA setup. 

6.1.1 The low-energy decoupling limit in the IIB theory 

In our type IIA system, the limit discussed in section 5.2 consisted of the following ingre
dients. First of all. wre took the coupling constant gf to be very small. Note that this 
refers to the asymptotic string coupling away from the five-brane, since of course near the 
five-brane the coupling constant - being the exponential of the dilaton field - becomes 
infinite. In the previous section, we found that the type IIB string coupling constant 
really is a constant throughout the T-dual space, and that it is related to the asymptotic 
coupling constant gf by the usual T-duality relation (2.55): 

At first sight, this seems like a very nice result, since it means that in the decoupling limit 
Rx —> oo, gf is even smaller than gf, and when we really reach the limit it vanishes. 
However, this also leads to a puzzle: if we have a truly vanishing coupling constant, how 
can we find perturbative corrections to our partition sum? Clearly, we will have to find a 
new parameter which is small but nonvanishing so that we can write down a perturbation 
series. We will come back to this question at the end of this subsection. 

As a second ingredient, our limit involved a separation of length scales. To be precise, 
we took a limit where the distance Ax between the five-branes is large compared to the 
string length ls. but small compared to the inverse energies of any processes we want to 
study, so that the supergravity approximation still holds. The fact that all energies are 
small compared to the inverse string length directly translates into the same statement in 
type IIB theory, so this means that we are allowed to make a supergravity approximation 
there1. However, what does the distance scale Ax translate to in our T-dual picture? 

1Note that also the four-dimensional Planck length lp = gfls is small. 
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Of course, a natural guess is that Ax becomes some length scale in the geometry T-
dual to the five-brane background. However, since we have only calculated the T-dual 
geometry for stacks five-branes. we do not know exactly what the geometry dual to a 
set of slightly separated five-branes is. There is a very natural conjecture to make here, 
though. Recall that the T-dual of a single five-brane is the smooth Taub-NUT geometry, 
but that the T-dual to a stack of five-branes is a singular orbifolded Taub-NUT geometry, 
which in the decompactification limit turns into a singular ALE-space. Therefore, if we 
slightly separate the five-branes. the type IIA background solution near every five-brane 
looks like the single five-brane solution, and we expect that the T-dual setup is smooth. 
However, at large distances the solution looks like the solution for a stack of five-branes. 
so somehow the T-dual solution is "nearly singular". and it becomes singular in the limit 
where Ax —> 0. 

This phenomenon is something which is well-known from the theory of K3 surfaces (see 
the review by P. S. Aspinwall [9] for example). In certain limits of its moduli space, 
the K3 surface can develop singularities, and locally these singularities have exactly the 
geometry of the singular ALE-spaces we have been discussing. It can be shown that when 
we approach the singularity by adjusting the moduli of K3. in the limit a certain set of 
two-cycles in the nonsingular ALE-geometry shrink to zero size, and the singular ALE-
geometry results. In the case of an Ak-\ singularity, there are exactly fc — 1 of these 
two-cycles which simultaneously shrink to zero size2. We conjecture that the same thing 
happens in the T-dual picture to our set of five-branes: the geometry dual to a set of 
slightly separated five-branes should be some smooth geometry, which contains a set of 
two-cycles. Whenever two of the five-branes approach one another, one of these two-
cycles shrinks to zero size, thus making the geometry singular. The natural identification 
is therefore that Ax corresponds to the linear size of these two-cycles. 

The fact that Ax is small on the "experimental scale" means that for most purposes, we 
can ignore these cycles, and work with the singular ALE-space. However, we cannot forget 
about them altogether, since some fields could have nontrivial fluxes through these cycles, 
and these fluxes will play a role in evaluating the partition sum. The fact that Ax is large 
compared to the string length ensures us that we can indeed use classical geometry at this 
length scale, and speak of "fluxes through cycles". 

Field content 

Now that we have figured out what limit of the IIB theory to study, our next question 
concerns the precise field content of the theory. Note that the T-duality procedure does 
not affect the Calabi-Yau manifold Ada- so we are studying an N = 2 supergravity theory 

2 The reader may be worried by the fact that K3 only has 22 two-cycles - how can we get arbitrary 
Ak-i-singularities? The reason is that the homology of the ALE-space has nothing to do with the 
homology of K3. For example, an exact two-cycle £ in K3 (i. e. a cycle homologous to zero) is a cycle 
which is the boundary of some three-dimensional submanifold M of K3. If this submanifold M extends 
over "all of K3 ' \ in the sense that it goes to infinity from the ALE point of view, then E can be in a 
nontrivial homology class of the ALE-space. even though it is trivial as a cycle in K3. 
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which arises from compactifying ten-dimensional type IIB supergravity on Me- Since the 
field content of type IIB supergravity is uniquely fixed, the field content of' the remaining 
four-dimensional theory should be completely determined once we fix a particular MQ. 

In section 4.3. we already encountered the basic building blocks for such a theory: the 
gravitational, hyper- and vector multiplets. (There are other possible N = 2 supergravity 
multiplets, such as the chiral and the linear multiplet, but these do not play a role in what 
follows.) Note that we were in a lorentzian setting there, but as we mentioned before, we 
do not expect this to influence the bosonic field content of the theory. The exercise of com
pactifying type IIB supergravity on a Calabi-Yau manifold and determining the resulting 
spectrum was carried out by N. Seiberg in [62]. The result is as follows: when we compact-
ify on a Calabi-Yau manifold with Hodge numbers hVA, the remaining four-dimensional 
theory consists of a gravitational multiplet. a so-called "universal" hypermultiplet3, and 
h1-1 hypermultiplets and h2,1 vector multiplets. We will not repeat the derivation of [62] 
here, but let us indicate where the important fields for our purposes come from. 

First of all. let us consider the scalar fields. Since the complex structure moduli z1 of the 
Calabi-Yau may change as a function of four-dimensional space-time, these scalars behave 
as scalar fields from the four-dimensional point of view. We know from our discussion in 
the previous chapter that there are precisely h2'1 + 1 of these scalars. but that one of them 
(or rather their overall scale) is unphysical. The other h2-1 scalar fields are the scalar fields 
in the vector multiplets of the four-dimensional theory. In a similar way. one can show 
that there are h1'1 moduli corresponding to the choice of a Kahler form on JV[Q. which 
turn into scalars fields residing in the hypermultiplets of the low-energy theory. However. 
the Kahler form of the Calabi-Yau is fixed throughout our calculations, so we will not be 
considering these scalars. 

Where do the vector fields in the vector multiplets come from? The only reasonable way 
to get h2'1 vector fields seems to be by compactifying a ten-dimensional four-form on the 
Calabi-Yau. since then h2'1 + 1 harmonic three-forms on the Calabi-Yau can be used to 
construct an effective massless four-dimensional one-form. (This procedure is the higher-
dimensional generalization of the simple example of Kaluza-Klein reduction we discussed 
in section 2.1.5. The reader who is not familiar with this procedure may consult chapter 
14 of Green. Schwarz and Witten [39] for details.) Of course, the number of harmonic 
three-forms on the Calabi-Yau is really twice this amount, so we seem to get 2h2A + 2 
independent vector fields, but half of these can be identified with the other half since the 
f n „ i F I T - T flpM of hr"f> TTT3 m , r , „ r ^ n , - ; h . 1,,,^ „ ™UV1,,„1 fi„l,l ^ „ „ „ „ f V , A „ „ „ „ „ , ] „ „ „ U l „ ™ 
1 U U 1 - 1 U 1 1 1 1 U W U v j i by fc/K* XXi-i O u p v . l g i U H K J IxcijO Ct O O l l U U t t l ±±^±>a O U l C l l g L l l . i l OCV.VJ11H U 1 U U 1 C 1 1 1 

may seem to be that this still gives us one vector field too much, but this is precisely what 
we need, since - cf. section 4.3 - we also need a vector field which plays the role of the 
graviphoton field! 

What do these vector fields correspond to in the type IIA language? Since the four-form 
on the type IIB-side is T-dual to the three-form on the IIA-side4. the vector fields in the 

3This is the compensating multiplet which was introduced in section 4.3 
4Xote that on the IIA side we only turned on a three-form along the Calabi-Yau directions, so indeed 

this only dualizes into a four-form, and not into a two-form. 
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IIB theory have to be identified with the fields x1 (viewed as fields now by incorporating 
their space-dependence) in the IIA theory. Their number is indeed correct, but how can 
we identify a complex scalar field with a real vector field? The answer lies in the fact that 
to do a T-duality, we have to compactify on a circle. This turns a real four-dimensional 
vector field into a single real scalar field corresponding to the component of the vector in 
the compactified direction, and a real three-dimensional vector field corresponding to the 
other components. But a real vector field in three dimensions is Hodge dual to a scalar 
field, and hence we find that the compactified vector corresponds to two real scalar fields, 
which combine into a single complex scalar field. 

Finally, we have another puzzle to address. Recall that in the five-brane theory, our 
only dynamical field was the selfdual two-form field living on the five-brane worldvolume. 
However, since we no longer have any five-branes, what has happened to this field in our 
T-dual picture? The answer to this is that, as we explained in section 5.2. the //-field is 
not really an independent field, but it arises from the fluctuations of the three-form field 
at the "boundary" which is the worldvolume of the five-brane. Therefore, its degrees of 
freedom should be somehow captured by the degrees of freedom of the four-form in the 
IIB theory. 

In fact, we can make this quite precise. Recall that in the classical approximation, we 
summed over the fluxes of the //-field through the three-cycles of the Calabi-Yau manifold. 
Let us study two separated five-branes, say a and b, and consider the difference of the 
fluxes of their respective //-fields through some fixed three-cycle A1: 

pIa~p'' = é(.jA,H"~ lA,Hi)- (6-2) 
At first sight, this expression would seem to be zero, since we could draw an interval / 
between the two three-cycles on a and b. extend the //-field in this direction, and evaluate 
the above expression as the integral of dH = 0 over A1 x / . However, note that this is 
not a well-defined thing to do, since it is not guaranteed that we can indeed extend the 
//-field in this extra direction in such a way that the two //-fields at the branes will match. 
However, there is another way to proceed, using the fact that the //-field actually comes 
from the C-field. Recall from section 5.2 that a gauge transformation C —» C + dB is not 
really a symmetry in the presence of the five-branes. unless we compensate it by changing 
H —> H + dB. On the other hand, since we took a flat background field C. the restriction 
of C to the worldvolume of a and to the worldvolume of /; (say Ca and Cb) must give 
the same physics, and hence they can only be related by a gauge transformation. Since a 
gauge transformation acts on C in exactly the same way as it acts on H. we find that the 
above expression equals 

pi~d = i{.Lc"-.Lc') 
= ±[ F(4» (6.3) 

where Z7'4' is the field strength of C. 



6.1. THE QUANTUM PART OF THE PARTITION FUNCTION 157 

Now we can translate this expression to the IIB-picture. Recall that if we let the two 
five-branes a and b coincide on the IIA-side. this corresponds to the vanishing of a specific 
two-cycle S%b on the IIB-side. Therefore, the interval I is effectively replaced by this two-
cycle under T-duality. Also, as we explained in the previous footnote, the IIA four-form 
field strength becomes the IIB five-form field strength, so we find the result that on the 
IIB-side 

Pi-Pi = f ƒ F ( 5 ) 

= ~ I F1. (6.4) 

where in the last step we used the definition of F1. We therefore see that to relate our 
results of section 5.3 to the IIB-picture. we will have to sum over the fluxes of the vector 
fields through the vanishing cycles of the ALE-space. We will carry out this procedure in 
the next subsection. As we see we can only sum over the differences of the fluxes. Again, 
we encounter the phenomenon that we lose the information corresponding to one of the 
five-branes - compare this to our discussion at the end of section 4.2. 

Everything we said so far holds for the graviphoton vector field as well as for the other 
h2-1 vector fields in the vector multiplets. Of course - as we will see in more detail in the 
next subsection - this is exactly what we need, since we really want to sum over h2A + 1 
independent sets of fluxes, just like we did in the IIA calculation. However, there is also an 
important difference between the graviphoton field and the other vector fields. Note that 
before decompactification. there is really yet another two-cycle: since the Taub-NUT space 
asymptotically looks like S1 x l 3 . we could also consider the 5 2 which is the boundary of 
M3 "at infinity" as a two-cycle. Do the vector fields also have fluxes through this cycle? 

At first sight, this cycle at infinity may seem like a blessing: could it be that the fluxes 
through this cycle correspond exactly to the fluxes of the '•missing five-brane"? There 
seems to be a problem with this identification however, since as we send Ax —> 0. the 
size of this cycle of course does not vanish. Moreover, there seems to be no reason for 
these fluxes to be quantized. Finally, a two-form carrying flux at infinity will not be 
normalizable. and hence changing it slightly will cost an infinite amount of energy. For 
these reasons, it is not clear to us whether the identification between the two-cycle at 
infinity and the "missing five-brane" can be made, and we can at best view a flux at 
infinity as setting some background configuration for the gauge fields. The most natural 
thing to do seems to be to set these fluxes to zero. We will do this for most of the fields, but 
this is where the graviphoton plays a special role: we will allow for a flux T0 at infinity 
for this field. The reason for this is that it will appear in our final results only in the 
combination 

A = <?fT0, (6.5) 

and therefore by turning on a nonzero T0 and sending this to infinity as i?x in the decom
pactification limit, we find a new ••effective string coupling constant" A proportional to 
gf (cf. (6.1)). which we can use to construct a perturbative series. It would of course be 
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very interesting to understand this scaling behavior from some physical argument rather 
than inserting it by hand: unfortunately, we have not been able to find such an argument. 

6.1.2 The classical part i t ion sum from the type IIB point of view 

Having discussed the system of our interest, we are now ready to recalculate the classical 
partition sum. We will not do this in full detail or with complete rigor: our goal in this 
section will not be to derive an exact result - we already did this in section 5.3 - but to get 
a feeling for the relation between the IIB language and the1 IIA language. For example. 
we will not be very careful about the distinction between the lorentzian and euclidean 
settings here: we will work in a lorentzian setting, but assume without proof that the 
topological features from the euclidean setting carry over. One other thing we will not be 
very careful about is the fact that again, the theory involves selfdual fields. In a rigorous 
treatment, we would have to follow the same procedure as in our calculation in section 
5.3.3. i. e. first ignore the selfduality and then take a "holomorphic root" corresponding 
to some spin structure. Since we discussed this procedure in detail in section 5.3.3, we 
will not do this again. 

However, let us explain where the selfduality of the fields in the type IIB setup comes from. 
We will work with the superconformal action which is equivalent to the supergravity action, 
as we discussed in section 4.3.4. The general superconformal action for hypermultiplets 
and vector multiplets was constructed by De Wit et al. in [27]. and it can conveniently be 
written in terms of the selfdual and anti-selfdual parts of the vector fields, since the terms 
involving the selfdual parts are the hermitean conjugates of the terms involving the anti-
selfdual parts. Of course, to begin with this is only a way of writing things; since any field 
strength can be split up into a selfdual and an anti-selfdual part, one loses nothing in this 
way. However, we claim that our geometry can only support fluxes of the anti-selfdual field 
strengths, and so for the classical calculation only the terms involving the anti-selfdual field 
strengths matter. Recall that for any basis of two-forms on a four-dimensional manifold, 
we can find a dual basis of two-cycles, such that with proper normalization, every two-form 
basis vector integrates to one over its dual cycle, and to zero over all the others. (Actually, 
we encountered the six-dimensional analogue of this in the Calabi-Yau case.) Therefore, 
if we split up our basis of two-forms into a set of selfdual forms and a set of anti-selfdual 
forms, the dual space of two-cycles splits up into a direct sum of two smaller spaces, one 
of which only supports fluxes of selfdual forms, whereas the other only supports fluxes of 
anti-selfdual forms. We refer to these cycles as "selfdual" and "anti-selfdual" as well. It 
can now be shown (see the paper of M. Billó. L. Gallot and A. Liccardo [15] on fractional 
D-branes. for example) that we arrive at an ALE-geometry exactly when we require a set 
of anti-selfdual cycles to vanish. (Of course, the choice for anii-selfduality is an arbitrary 
one here; it is the choice which is conventional in the literature.) For this reason, only the 
anti-selfdual field strengths can have nonzero fluxes in the ALE-geometry. 

Let us now think for a moment about what the analogous calculation to our classical 
type IIA calculation would be. We should not simply calculate the full classical (tree-
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level) partition function of the type IIB supergravity action, since this would correspond 
to calculating the classical partition function of the full type IIA system, whereas we are 
only interested in the partition sum of a (decoupled) part of the type IIA system, i. e. of the 
five-brancs. in a certain background. For example, since the IIA five-branes were put on 
a Calabi-Yau manifold of fixed Kahler class, we should not be varying the corresponding 
hypermultiplet fields on the IIB side. Actually, we are only interested in the dependence of 
the type IIA action on the fluxes of the abclian two-form field strengths, since we argued 
that these correspond to the fluxes of the iï-fields on the five-branes. Moreover, since we 
only considered the bosonic fields on the type IIA side, we should do the same here. 

With this in mind, let us discuss the bosonic terms appearing in the anti-selfdual part 
of the N = 2 superconformal vector multiplet action constructed by De Wit et al., and 
see which are the terms of our interest. First of all. there is the Einstein-Hilbert term, 
which in our setup is fixed in terms of the ALE-background. and hence should not be 
integrated over. Then there are the kinetic terms for the scalar and vector fields. Since 
on the type IIA side, we encountered only static solutions to the equations of motion, 
we can assume that the same is true in the T-dual setup, and so these terms can also 
be discarded for the purpose of calculating the classical partition sum. Next, there is a 
quadratic term involving the auxiliary field Yl;> (where i.j are SU(2) indices). Since this 
field has no kinetic term and it only couples to fermionic fields, we can integrate it out and 
it disappears from the bosonic action. Finally, there is a set of terms involving the field 
strengths Fi, the scalars z1 and the field strength T_ = T~eij which is an auxiliary field 
in the Weyl multiplet. (Only the anti-selfdual part of this field couples to F_.) Together, 
these terms can be written as 

S=—^- '-TUFl A Ft - 2-ZiFl A T _ - z2T_ A T_. (6.6) 
2?r J 2 

It is this set of terms which will contribute to the classical partition sum. Since XL is an 
auxiliary field, appearing in the action without a kinetic term, we may choose to integrate 
it out. Doing so. we find that its equation of motion is 

XL = — ^ , (6.7) 

Note that this identifies XL with the field strength in the z -direction. In other words, 
T- becomes exactly the graviphoton field strength! This is another way of seeing how the 
graviphoton ends up in the gravitational multiplet. Inserting the field equation back into 
the action, we find 

s = -h I (r«+¥)*•-»* 
= ~j'^IJFLAFL (6.8) 

where Af is the same matrix (5.27) we encountered before. 

The solutions to the equation of motion for F are harmonic two-forms, and as we argued 
in the previous section, we have to sum over the fluxes of these harmonic forms through 
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the vanishing two-cycles. Therefore we expand F_ in a basis aa of harmonic forms: 

FL = 2irnI
aa

n. (6.9) 

The 2n is inserted so that the flux quantization condition forces the nJ
a to be integers or 

half-integers, depending on a choice of spin structure on our manifold which as we said we 
will leave out of our considerations. Since FL is anti-selfdual. we can take a basis where 
the a" that appear in the above equation have *a" = —aa. and hence the classical value 
of the action is 

.V in]\fijvanl a" A a 

-nrAfjjniniQ0", (6.10) 

where the intersection matrix Q is defined as Qab = \ aa A or. This intersection matrix 
is known from the theory of ALE-spaces (see the review on K3 by Aspinwall [9] for 
example), and in a suitable basis it equals the A^-i Cartan matrix corresponding to the 
SU(k) lattice: 

/ 

Qab = 

2 
1 
0 
0 

- 1 
2 

- 1 
0 

0 
- 1 

2 
- 1 

0 
0 

- 1 
2 

\ 

(6.11) 

The form of this matrix is intimately related to our problem of the "missing five-brane", 
which we encounter here for the third time. Note that what we would really want to 
sum over are forms which can be expanded in a basis ea (for a = 1 k) where the ea 

correspond to fluxes on single five-branes. However, these ea do not exist: the best we 
can do is find aa which are dual to cycles Sa.a+i (for a = 1. . . . . k — 1) corresponding to 
differences of fluxes on five-branes a and a + 1. Therefore, even though the e" do not exist, 
we would like to interpret aa as ea — ea+l. That this interpretation still somehow makes 
sense can be viewed from the fact that if we choose the natural intersection matrix 

ea A eb = Sab. 

this indeed leads to the matrix Q for the aa we encountered above. 

(6.12) 

The above intuition suggests that if instead of Qab (with a. b = 1 k — 1) we would 
insert Sab (with a. b = 1 k) into (6.10). we would find back the classical partition sum 
for k five-branes. Indeed, we find that 

Zcl = V^ X^(-i)s-s-e
i7TT.a=i nlM'Jni 

\{n'} s.s. J 

(Zctf, (6.13) 
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where we included a sum over signs and spin structures which should follow from a careful 
treatment of the selfduality of the fields, as we did in section 5.3.3. However, apart from 
these phase factors and the normalization which we were also not very careful about, we 
see that we find the desired result: the partition sum is the fcth power of the classical 
partition sum (5.43) in a vanishing background C-field. The reason that we find a result 
corresponding to a vanishing background C-field is that we only considered the dependence 
of the type IIB action on the fluxes: any background field dependence is hidden in the 
normalization of our result. The fact that we get the fc-th power of the single five-brane 
result instead of some more complicated expression is because we are on the Coulomb 
branch of the theory, where (from the IIA point of view) the D2-branes stretching between 
the five-branes are very massive, and so the five-branes do not interact and can be viewed 
as k independent systems. 

Note that the calculation we have sketched is the T-dual of the calculation without the 
f-variable in section 5.3. There is also an analogue of the calculation including the t-
variable: instead of integrating out the field T_ in (G.G). we can also leave it as it is and 
expand it as 

T_ = 2ntaa
a. (6.14) 

where we called the new variable t to agree with our previous result. The classical part 
of the partition function now contains a sum over the fluxes n„ and an integral over the 
variables ta: 

Z'k = Yl / '^l ' ' ' d ï k C X P \ 2lT Ü ( ^T'J'"<>na ~ tzinlta ~ Z^ltl 
« = 1 v 

Turin3 - 2zmIt-zIzit 

(6.15) 

where again we used the intersection matrix 5 instead of Q" . This is precisely the result 
we found in (5.44) for x = 0. (Once again, we left out the sum over spin structures and the 
corresponding signs, but of course they should be included as well in a careful treatment.) 

6.1.3 The quantum contributions 

Now that we have seen that indeed our T-dual picture reproduces the features of the 
classical type IIA partition sum. it is time to turn to our real question: what are the 
quantum corrections to this result? 

Note that we are interested in the quantum fluctuations of the fields on the five-brane. 
Since our T-duality leaves the Calabi-Yau manifold intact, after T-duality. one expects 
that these fluctuations correspond in some way to the fluctuations of the fields in the 
directions of the Calabi-Yau. However, the four-dimensional supergravity action we are 
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studying is an effective action describing a theory which really is ten-dimensional. In 
principle, such an effective action is obtained by integrating out all quantum fluctuations 
in the compact directions. But this integrating out of transversal quantum fluctuations is 
precisely what we need to do to find the quantum corrections to the five-brane partition 
sum. Therefore we find the result that the quantum part of the five-brane partition sum 
should simply appear as a set of terms in the effective supergravity action. Note that in 
this reasoning, the question of whether the remaining four-dimensional theory is euclidean 
or lorcntzian plays no role whatsoever. 

Of course, the action we have worked with so far is not the full effective action describing 
the ten-dimensional theory. In fact, it would be practically impossible to write down 
such a full effective action, which would quite likely be nonlocal and hence contain terms 
with an arbitrary number of derivatives. Therefore, one usually works with a low-energy 
effective action, containing all terms with at most two derivatives. At low energies, this 
gives a good description of the system, since the derivatives of the fields are small and 
hence terms with a higher number of derivatives can be ignored. The supergravity theory 
we have been describing so far is such a low-energy effective action. 

To find the quantum contributions to the partition sum. it seems that we would have to 
know the full effective action for the IIB system. Of course, this is too much to ask. hut 
we can still come a long way by first thinking about what the extra terms would look like, 
and then looking for correction terms which have the correct form. 

First of all. note that we are only interested in terms which are present if there are five-
branes in the dual theory, but absent if there are no such branes. We have seen that the 
absence or presence of five-branes in the IIA theory translates into the curvature of the 
IIB background: if there are no five-branes. the IIB background is flat: if there are five-
branes. the IIB background has some curvature near the origin, which causes a singularity 
to form in the limit where the branes are on top of each other. Therefore, we can expect 
the relevant terms in the effective action to come with powers of the curvature R. 

Secondly, note that we expect a quantum partition function in string theory to be of the 
form 

expjf>f)2^C9J (6.16) 

for some expression Cg. where g is the genus of the string worldsheet contributing to the 
partition function at order g. and the g = 0 contribution is the classical partition function. 
Therefore, we are looking for terms in the effective action which come with a factor of' 
92

s
g-'2 for g>l. 

As a third point, recall that we have already argued that if we keep g^ small but constant. 
gf —> 0 as 1/RX in the decompactification limit. Therefore, terms with powers of gf will 
vanish in this limit, unless every factor of gf is multiplied with another factor which goes 
to infinity at the same rate in this limit. 
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Finally, the Cg in the above calculation can of course depend on the complex structure 
scalar fields z1. However, we have argued in section 5.3.3 that up to an anomaly, one 
expects the partition function of the five-brane to be holomorphic in z1 - or at least holo-
morphic in terms of some set of inhoniogeneous coordinates representing the z . Therefore. 
one may expect the required terms to come from a holomorphic function of the vector 
multiplets of which the z1 are the scalar components. (We will see how the holomorphic 
anomaly comes in in section 6.3.) Such terms are known in the literature as ""F-terms". 

It is especially this last requirement which helps us a lot in finding the correct terms in the 
effective action. In fact, it was shown by M. Bershadsky, S. Cecotti, H. Ooguri and C. Vafa 
[12] that these F-terms can be calculated in a relatively simple way. by considering the 
topological string theory on the Calabi-Yau. Let us briefly describe what these topological 
string theories are and why they are interesting to us: for details, the reader is referred to 
the paper by Bershadsky et al. and to the lecture notes on topological string theories by 
R. Dijkgraaf. E. Verlinde and H. Verlinde [29]. 

A topological field theory is a field theory whose correlation functions do not depend on 
the precise metric of space-time (or equivalently on the precise points of insertion of the 
operators), but only on its topology. If we have a topological field theory in two dimensions, 
it can be extended to a topological string theory by making the two-dimensional metric 
a dynamical variable in exactly the same way as this is done in ordinary string theory: 
by adding a Liouville sector and a ghost sector to it (cf. section 2.1.2). which corresponds 
to introducing a dynamical worldsheet metric. Because the correlation functions of these 
theories are so simple, in many cases they can be calculated exactly - something which is 
of course practically impossible» for most other field theories. 

Of course, a normal superstring theory is not a topological string theory, but still the two 
are quite closely related. The reason is that we can extend the worldsheet superconformal 
symmetry of the type II superstring theory to an N = 2 superconformal symmetry, and 
this symmetry is so restrictive that it gives the correlation functions a structure which 
is nearly as simple as the correlation functions of a topological theory. In fact, as was 
shown by E. Witten in [77]. we can apply a procedure called "twisting" to an N = 2 
superconformal theory, which boils down to mixing a part of the i?-syminetry group with 
the two-dimensional Lorentz group and interpreting the result as the new Lorentz group. 
The resulting theory turns out to be a topological string theory. 

Of course, calculations in the ordinary string theory do in general differ from calculations 
in the topologically twisted theory. However, it can be shown that some calculations in 
the two theories give te same result, and as was shown by Bershadsky et al. in [12]. if we 
start from a superstring theory compactified on a Calabi-Yau, these calculations exactly 
lead to the F-terms in the effective N = 2 supergravity theory. 

Therefore, we find the nice result that precisely the terms we are looking for are the terms 
which can be quite easily calculated using topological string theory! In fact, these terms 
have alreadv been calculated by I. Antoniadis. E. Gava. K. S. Narain and T. R. Tavlor in 
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[7]. and the result is that they are of the form 

Ig = W2^g(V
T), (6.17) 

where W is the superheld describing the Weyl multiplet. V1 is the superheld containing the 
7-th vector multiplet, and Tg is the homogeneous function of degree 2 — 2g which coincides 
with the topological string partition function as a function of the moduli z , evaluated on 
a worldsheet of genus g. (Note that the g = 0 term is similar to the prepotential we used 
to construct the low-energy N = 2 effective action.) Writing out the superfields in terms 
of their components and integrating over superspace. we find 

/ „ = / R-AR-(gsT_)2!'-2Tu(z.z). (6.18) 
J ALE 

Note that this term exactly satisfies the first three requirements we mentioned above at 
least if we assume that we are indeed allowed to scale T() as Rx, as we remarked at the end 
of section 6.1.1. The fact that only the anti-selfdual curvature appears in this expression is 
not disturbing, since an ALE-space has holonomy group SU{2) C 50(4) = SU{2)xSU(2). 
which means that the selfdual part of the curvature R = R+ + ƒ?_ vanishes, so R = i?_. 

In the decompactihcation limit, the above integral can be easily evaluated. First of all. 
note that the curvature of the ALE-space is located in an area of size ~ Ax. As we are in 
a low-energy limit, the other fields can be treated as constants on this scale, and replaced 
by their constant value at the core of the ALE. For the fields z1 this corresponds to their 
values on the five-brane. For the fields T~, note that the combination gsT~ vanishes in 
the decompactihcation limit for all background modes except for T0, whose constant value 
near the core also scales with Rx. Denoting the product of this constant value and gf by 
A. we find that 

Ig = X2»-9fg(z.z) f J? A/?. (6.19) 
J ALE 

Finally, we can use a well-known result from differential geometry saying that the remain
ing integral exactly equals the Euler number of the space. This result can be proven from 
an index theorem: a proof can be found in the book by M. Nakahara [54] for example. 
The Euler number can be calculated as a weighted sum of the Hodge numbers: for an 
ALE-space it is simply the number of two-cycles, which is k - 1. Inserting this, we find 
that 

e E i, = exp [{k-l)J2 ^2g~2Fg(z-z) 

= (Z")A '_1. (6.20) 

Once again, our "missing five-brane" turns up: the expression we find is the (A- - l)-th 
power of an expression which we want to interpret as the quantum part of the partition 
function of a single five-brane. Whereas in the classical case, we had an intuitive argument 
to put the fe-th five-brane in by hand, no such argument is available here. Probably, the 
approximations we have made are to crude to cure this, and we expect that to completely 
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rigorously derive the result with a power of k instead of k — 1, one would need to consider 
the supergravity theory in the region where Rx is finite and calculate the exact integrals 
for the orbifolded Taub-NUT space instead of the ALE-space. 

Finally, we are now ready to write down the main result following from this chapter and 
the previous one. Combining the classical and the quantum results we found, the formula 
for the single five-brane partition function in the limit we considered is 

ZMe = ea,p(x;z,z)exp £ X2^2Tg(z,z) . (6.21) 

where the first factor is the classical result (5.43). and the second factor is the quantum 
contribution we have found in this section. 

From the above formula, it would be natural to expect the classical 0-function to be X-
dependent. of the form e^-^x . We have seen that we can identify A up to a normalization 
constant with fys

4. In the IIA calculation, we have chosen the natural normalization 
for selfdual fields, but in general the action would indeed be proportional to (gf)~2, as 
expected. We will come back to this remark in section 6.3. 

As a final remark, the reader may have wondered why the quantum contribution we have 
found does not depend on the variables x1. whereas the classical contribution does. A first 
intuitive answer to this question is that the xl parametrize a nondynamical background 
in which the calculation is done, and that the quantum fluctuations should not depend on 
this choice of background. However, there is much more to the complete answer to this 
question, as we will also discuss in section 6.3. 

6.1.4 The quantum corrections from the type IIA perspective 

By applying a T-dualitv. we have found that the quantum corrections to the partition 
function are given by a generating function of topological string amplitudes. Now that we 
know the answer, could we have reached the same result from the type IIA point of view? 
Unfortunately, we have not been able to construct a complete argument as to why only the 
topological string amplitudes would appear in the partition function in the type IIA theory. 
However, there might be some kind of "twisting argument" along the following lines. Recall 
that the geometry of the Calabi-Yau manifold is such that if we compactify type II string 
theory on it. the theory on the Calabi-Yau has two remaining supersymmetries. Also 
recall that when we introduce a five-brane. half of these supersymmetries are broken, and 
we are left with N = 1. 

As we discussed before, to obtain a topological theory, one needs to apply a procedure 
called "twisting", which boils down to mixing the /?-symmetry part of the supersymmetry 
algebra with a similar group inside the Lorentz group. Since there is only a single super-
symmetry generator, the /^-symmetry group of the A" = 1 algebra is U(l). On the other 
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hand, the internal Lorentz group of the Calabi-Yau also has an unbroken U(l) symmetry. 
In fact, we already saw this in our discussion of Calabi-Yau manifolds in section 4.1.2: the 
Lorentz group in six dimensions is 50(6) ~ SU(4), whereas the holonomy group of the 
Calabi-Yau is SU(3). Therefore, there is a remaining U(l) inside the Lorentz group that 
we could twist with the U(\) in the supersymmetry algebra, resulting in a topological 
theory. Analogous to our type IIB argument, one would like to show that on the IIA 
side, the results in the twisted theory actually equal the desired results on the physical 
five-brane world volume. 

Indeed, it was shown by M. Bershadsky. V. Sadov and C. Vafa in [13] that D-branes 
wrapped on curved manifolds automatically have a twisted supersymmetry algebra which 
causes them to be described by topological field theories: one expects a similar result (from 
S-duality. for example) for NS five-branes. Alternatively, for CY manifolds it is known 
that twisting the supersymmetry algebra usually does not change the physical properties, 
as is the case for example for the M = 4 super-Yang-Mills theory on a A3 manifold [70]. 
Arguments along these lines might lead to a topological version of the little string theory 
that is equivalent to the topological string, and which can be used to derive the quantum 
partition function directly from the type IIA point of view. 

6.2 Examples 

We now return to the examples we studied in sections 5.4.1 and 5.4.2. The first of these 
was the example of the five-brane wrapped around A'3 x T2. We recall that the full 
partition function in this case is known from two different calculations, and reads 

7 _ 0i.20(T.T) , 

In section 5.4.1 we checked that our classical calculation also leads to a theta-function. 
We would now like to study the quantum contributions to this partition function. 

In fact, because of the Af = 4 supersymmetry there are only one-loop contributions in this 
specific case. Therefore, to find the full quantum corrected partition function, we need to 
know the one-loop amplitude for topological strings on A'3 x T2. which was calculated by 
J. A. Harvey and G. Moore in [43]. The result is that 

J-[ = -241og|7?(r)|. (6.23) 

where the superscript c refers to the fact that we take the contribution to T\ that depends 
on the complex structure moduli. Exponentialing this, we find exactly the quantum 
contribution to (6.22). 

Next, we turn to our second example: M = (A'3 x T 2) /Z 2 . Here, as far as we know, 
we cannot compare our results to results in the literature as we did in the A3 x T2 
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case. However, the topological one-loop amplitude for this example is known: it was also 
calculated by J. A. Harvey and G. Moore, in [44]. The result is that 

T1=-\ug\rl
24(2T)<i>BE(y)\. (6.24) 

where y represents the holomorphic two-form (before dividing out the Z2) of A'3 x T2, and 
<3>B£ is a certain modular form of weight 4 on F2,io which is called the Borcherds-Enriques 
form. Putting this result together with the classical result we found in section 5.4.2. we 
find that up to one-loop corrections, the partition function for the five-brane on A4 is 

7 fl2,io(T,r) (R o n 
ZM = 9w 0 , , — r r - (6.25 

?/24(2r)$BE(,(/) 
This result is still an automorphic form of weight 4 on r 2 1 ü - and transforms as a modular 
form under a subgroup of SL(2.Z) acting on r. The appearance of modular forms in the 
results is not surprising, since the modular transformations acting on r and y take the 
complex structure into itself, and hence Zj^ should be a section of some bundle over the 
(Teichmüller) space of complex structure moduli divided out by the modular groups -
i. e. it should be a modular form. The reason that we do not find a modular form under 
the full SL(2,Z) but only under a subgroup is that the torus is not a factor of M. so the 
modular group of the torus is not necessarily part of the modular group of M.. In fact, 
A3 x T2 is a double cover of M. which is why basically half of the elements of SL(2,Z) 
when acting on r leave the complex structure invariant. 

Since M only preserves half of the supersymmetry that A 3 x T 2 preserves, one expects that 
there are higher-loop ^-corrections to this expression as well. Again, these contributions 
should have the correct modular properties. 

6.3 The holomorphic anomaly equation 

Now that we have found our result (6.21). we want to see if we can understand its final form 
in a bit more detail. Especially, we want to come back to the question of the holomorphy of 
the results; an issue which we have mentioned at several points in the preceding discussion. 
Somehow, there seems to be a very nice mathematical structure behind the results we have 
found. In this final section we want to indicate some of the ingredients of this structure -
even though their precise meaning is sometimes a bit mysterious. Clearly, this is a subject 
which deserves further study. 

6.3.1 The anomaly equation for the quantum part 

Let us begin by discussing the holomorphy of the quantum part of the partition function 
(6.21). which can be viewed as the generating function of the topological string amplitudes 
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Tg{z,'z). These functions have been studied extensively in the literature, and the equa
tions describing their holomorphic behavior were discovered by M. Bershadsky. S. Cecotti. 
H. Ooguri and C. Vafa in [11]. and worked out in much more detail by the same authors in 
[12]. The study of these holomorphic anomaly equations and their implications is a very 
broad and interesting subject in itself: we will only be able to give a very brief outline of 
the main results here. Extensive details on what follows can be found in the second paper 
by Bershadsky et al. 

As we discussed in section 6.1.3, the relevant class of topological string theories for our 
purposes is the class of theories which can be obtained from twisting N = 2 superconformal 
field theories in two dimensions. Let £ 0 be the Lagrangean for such a superconformal 
theory. An interesting question to ask is what would happen if we slightly perturb this 
initial Lagrangean and in particular, for which perturbations the resulting Lagrangean 
would still give an N = 2 superconformal field theory. It turns out that to construct 
perturbations which have this property, one needs the so-called chiral primary fields of 
weight (1/2.1/2). To define these fields, we need to know that the Ar = 2 superconformal 
algebra in two dimensions contains a Virasoro subalgebra (the one we encountered in the 
string theory language in section 2.1.2). and a £7(1) subalgebra. Primary states are the 
lowest weight states of the N = 2 superconformal algebra, which means that for a given 
charge with respect to the {/(l)-generator J0, they have the minimal possible charge (the 
"weight") with respect to the Virasoro generator L0. Moreover, chiral primary states are 
also annihilated by a certain supersymmetry generator, and it can be shown that for these 
chiral primary states, the weight is always half their charge. The lowest weight states form 
a basis for the representations of the Virasoro subalgebra of the N = 2 superconformal 
algebra, in the sense that the representations of this algebra can be obtained from the 
lowest weight states by acting on these states with a set of creation operators. This is 
analogous to the way in which we constructed the string spectrum in section 2.1.1. 

In conformal field theory, there is a one-to-one correspondence between fields and states 
(basically since one can obtain states by acting on the vacuum with fields, and in a con-
formal field theory this operation is invertible), and so from the chiral primary states we 
obtain a set of chiral primary fields. Usually, the number of chiral primary states of weight 
(1/2,1/2) is finite, and hence we obtain a finite set of fields which we denote by 0,. Of 
course, these fields are part of superfields which form a representation of the supersymme
try algebra, and to construct new theories which are still N = 2 superconformal. it turns 
out that we need to consider perturbed Lagrangeans of the form 

C(t,t) = £o + J2 (*' f<?*42)+? fd2z$?\ - (6.26) 
. (2) — 

where <pt is the second component (i. e. the prefactor of 66) in the superheld corre
sponding to (pj. In the above expression, z parametrizes the two-dimensional space-time 
(interpreted as the worldsheet of the string) and the the t' are complex parameters. To 
get a unitary theory, t and t need to be complex conjugate variables. 

Using this procedure, one finds an easy way to construct a whole moduli space of N = 2 
superconformal field theories. Of course, each of these theories can be topologically twisted 
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to give a topological field or string theory. It turns out that the physical fields in the 
topological theory are precisely the fields (j)l. Therefore, in the topological theory, one can 
still consider perturbations of the form (6.26). There is one difference however, since in 
the topological theory there is no longer any need to require t — 7. 

In fact, one can give an argument why per turbat ions with t in the topological theory do 
not seem to have any effect at all. The reason is tha t one can write 

08
(2) = { Q + . [ Q _ . 0 2 ] } . (6.27) 

where the Q± are two operators constructed from the supercharges of the theory (the 
BRST-operators; these are the N = 2 analogue of the BRST operator we encountered in 
our string theory discussion in 2.1.2). By a cohomology argument, one can show tha t all 
operators of the form {Q+. • } are equivalent to 0 in the topological theory. 

Using this reasoning, it seems that it really does not mat ter much from which N = 2 
superconformal Lagrangean we start . We could start with C(tJ) and then twist, or s tar t 
with £ Q . then twist the theory, and then per turb with t.t: both procedures seem to lead 
to the same theory. In particular, since the ï-deformations seem to be irrelevant in the 
topological theory it seems that any correlation functions in the topological theories will 
only depend on t'. and not on T - i. e. the results will be holornorphic in t. 

By the number of "seem to be"'-s in the last paragraph, the reader will probably have 
guessed tha t life is not tha t simple. In fact, Bershadsky et al. showed in [11. 12] that 
correlation functions in the topological theory (and in particular the partit ion function 
which is the "empty correlation function") do depend on the value of t in a quite subtle 
way. Therefore, the argument leading to holomorphy of the correlation functions must be 
wrong at some point. 

All of this sounds very much like our discussion of the holomorphy of the classical five-
brane part i t ion function in section 5.3.3. In fact, the relation can be made even more 
precise by considering not an arbitrary N = 2 superconformal field theory, but one which 
is constructed as a sigma-model with a (complex) three-dimensional Calabi-Yau manifold 
Me as its target space. In these models, there are actually two ways to twist the theory 
(called the A- and_the B-model). and for one of these ways (the B-model). it is known 
that the fields 4>ii4>i a r e m a one-to-one correspondence to a set of basis vectors for 
the cohomology group0 H2A{Me). We know that this space can be identified as the 
(inhomogeneous) moduli space of small complex structure deformations of Me- Therefore, 
the parameters f can be viewed as parameters deforming the complex structure of Me-
and in this respect they can be identified with the inhomogeneous part our projective 
complex s t ructure coordinates z1. after fixing a gauge where the iY 3 0 -par t of z1 no longer 
is a free variable. Indeed it can be shown tha t with this identification, all results from 

5To be precise, the space of all chiral primaries has the same vector space structure as the cohomology 
ring. The ring structure of the two spaces is slightly different though, and for this reason the ring defined 
by the chiral primaries is called the "quantum cohomology ring". In the limit where t —> oc the quantum 
cohomology ring reduces to the ordinary cohomology ring. 
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special geometry can be rephrased as results in the topologically twisted conformal field 
theory. 

Therefore, both for our classical result and for the quantum part of the result, we have 
a naive argument showing holomorphy in z. and in both cases this argument turns out 
to be plagued by an anomaly. Bershadsky et al. were able to show precisely where the 
argument for the topological strings (i. e. the quantum contribution in our terminology) 
went wrong. They did this by writing 

—Fg(t,t) (6.28) 
df 

as an integral over the moduli space of string worldsheets of genus g. The integrand in 
this expression is a total derivative, and hence naively the result vanishes, but by closer 
inspection one realizes that the moduli space of genus g Riemann surfaces is not closed, 
but that it has a boundary. This boundary can be interpreted as the set of surfaces which 
degenerate, in the sense that some "tubes" in the Riemann surface become pinched, and 
a Riemann surface of lower genus remains - see figure 6.1. Therefore, the boundary of 
the moduli space of genus g Riemann surfaces consists of moduli spaces of lower genus 
Riemann surfaces, and it is from these boundaries that the expression (6.28) receives a 
contribution. To be precise. Bershadsky et al. found the result that 

~^9(t,t) = Ic-p'^M^M^ (DJD^., + J2Di?rDkrgJ\ . (6.29) 

Here, the metric M. and the Kahler potential K are as defined in our discussion of special 
geometry in section 4.4. The Cijk are the third derivatives of the prepotential F(t). and 
Di is a particular covariant derivative on the line bundle over the moduli space in which 
the Tg naturally live. In the above expression, the first term can be interpreted as the 
contribution from the boundary components where a handle of the surface is pinched 
(figure 6.1a). and the second term can be viewed as the contribution from the boundary 
components where the surface is split into two disconnected surfaces (figure 6.1b). The 
above equations can be summarized as a "master equation" for the generating function 

as follows: 

Zq = exp J2 \29~2Tfl (6.30) 

(dT - ihTx )Zq = ^r-CJsJie
2KMsiMkkDjDkZ«. (6.31) 

This is the holomorphic anomaly equation for the quantum part of our partition function. 
Expanding this equation in powers of A. we indeed find back the original equations (6.29). 
Note that the only role of the djT\ term in the left hand side of the master equation is to 
subtract the order A0 term, which is necessary because of the prefactor of A2 on the right 
hand side. We could also have solved this problem by putting in by hand a holomorphic 
term A-2.Fo in the generating function. In other words, if we interpret (6.31) as a recursion 
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(a) 

Figure 6.1: The boundary of the moduli space of' genus g Riemann surfaces consists of (a) 
surfaces of genus g — 1 and (b) pairs of surfaces of genus (71.52 < g such that g\ + 52 = <]• 

relation for the terms in the exponential of Zq. the OjT\ term can be viewed as an initial 
condition, whereas the other terms in the equation form the actual recursion relation. 

In their paper. Bershadsky et al. also derive a master anomaly equation for the generating 
function of a certain set of correlation functions evaluated on a genus g Riemann surface. 
These correlation functions are obtained from the partition function Tg at genus g by 
inserting factors of ƒ <p\ in the path integral. By the same argument as above, these 
correlation functions naively seem to be holomorphic in f'. In fact, from (6.26) we see 
that the insertion of the field in the partition function can be identified with a derivative 
with respect to tl, and hence the correlation functions can be written as 

Clt.ir, = Dii • • • Din^g- (6-32) 

The fact that the covariant derivatives appear in this expression is a result of contact 
terms, as is explained in detail in the paper by Bershadsky et al. From the results for 
the holomorphic anomalies of the partition functions, these authors now derive the master 
anomaly equations for the generating function 

9(X,x;t,ï) = A*'24"1 e x p | ^ J ^ A 2 s - 2 C * !
( f )

l n x J l - - - x I " 1. (6.33) 

where \ is the Euler number of the Calabi-Yau manifold A4a. The anomaly equations for 
the correlation functions can be written as a set of two master equations of the form 

In this expression. T\ = T\ + (^j — \)K. and again this term can be viewed as setting the 
initial condition for the recursion relation. These equations include the master equation 
(6.31). which can be recovered by setting x = 0. Surprisingly, it is the above set of 
equations of which we will find an analogue for the classical part of our partition function. 
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6.3.2 The anomaly equation for the classical par t 

Indeed, for the classical parti t ion sum. we also had a naive argument for liolomorphy 
which turned out to be anomalous, so one may wonder if it is possible to describe the 
nonholomorphy of Z':l by equations analogous to the ones we have found in the previous 
section. In fact, since the classical result depends on the background C-field parametrized 
by x1. we may expect the holomorphic anomaly equations for the classical part to depend 
on x1 as well. We will now show that we can indeed write down such equations, and tha t 
they tu rn out to be surprisingly similar to (6.34). In the next section, we will investigate 
the meaning of these unexpected similarities. 

The object for which we can write down elegant anomaly equations however is not the 
full classical parti t ion sum Zcl = Qa4j defined by (5.44). but the "conformal block" # p 

defined in (5.45). which we repeat here: 

* p ( x ; z.z) = exp27ri l-^p'rup-1 + 2ipI{zI - xi) + i{zl - x'){Zl - xi) \ . (6.35) 

A straightforward calculations hows that this quanti ty satisfies the following identities: 

d T , 

Jr. 79p(x;z.z) 

d 

^c/K 

16iri 

K„J :CuAx 
0 

da 
iTzCjJKXJX 

0 2 

dxJdxK Ti 

$>p{x:z,z) 

Vp(x;z,z). (6.36) 

Note that if we set x1 = 0 and substi tute the first equation into the second one;, we find 

0 9 f Vp(0;z,z) 
- , JK 
<- / 

D1 

\6iri Dz-'Dz1 yp{0:z,z): (6.37) 

where the covariant derivatives are with respect to the metric NrJ. i.e. they contain the 

Christoffel symbols T IJ \c JJK. The function }\{z) is defined by 

1 
./' log det N, (6.38) 

so tha t dfi/O'z1 = ^Cu = —\Tu . These equations are already very similar to the 
holomorphic anomaly equations we found before: (6.36) is analogous to (6.34) and (6.37) 
to (6.31). However, there are also some differences which we would like to understand. 
We will discuss these differences for the set of equations (6.36): the differences for (6.37) 
of course follow from this. The following calculation is quite lengthy and technical: the 
reader who is not interested in the details can skip to the expressions (6.61) and (6.65) 
immediately. 

D e p e n d e n c e o n A 

First of all. the topological anomaly equations (6.34) contain the string coupling constant 
A. The equations for the classical partit ion sum do not contain such a coupling constant. 

file:///6iri
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since we set the coupling constant in the (2. 0)-theory to have a fixed value convenient 
for describing the selfdual field strength. If we would reintroduce a coupling constant in 
the action, it would multiply S by a factor of c2/\2. where c is some constant. Since the 
(2,0)-theory is purely quadratic, this would be equivalent to rescaling both x and z by 
a factor of c/A. Therefore, let us substitute z —> cz/X.x -> cx/X in (6.36). Note that 
since the prepotential F is homogeneous of degree two in z. its third derivative CUK gets 
multiplied by X/c after this substitution. It turns out that in order to obtain maximal 
similarity between (6.36) and (6.34). we have to choose c2 = l/2iri. The fact that this is 
an imaginary number stems from the fact that we have calculated the classical partition 
sum in a purely euclidean theory, whereas the quantum anomaly equation holds for the 
F-terms as they appear in a lorentzian theory. Using this value, we find 

di*p 

where we introduced the notation 'di and dj for derivatives with respect to z' and x1. 
(Similarly, we will use dx for a derivative with respect to A.) 

Since we have introduced an extra variable A. there is also an extra differential equation 
which vpj, satisfies. This equation is easily found by noting that * p is now a function oix/X 
and z/X. so it is a homogeneous function of degree zero in z.x. and A. This homogeneity 
can be expressed in a differential equation as 

/ J j d j d \ 

\xYx+x^ + zo?)^ = {)- ( 6 - 4 1 ) 

From large to small phase space 

Our equations are written in terms of coordinates z1. which can be viewed as coordinates 
for H3fi(M6) ® H2'1(M&). However, the anomaly equations (6.34) for Zq are written 
in terms of coordinates tl. which as we saw parametrize H2-l(Me). In our discussion of 
special geometry in section 4.4. we have seen that these two parametrizations can be viewed 
as Homogeneous anu mnomogeneous coordinates lor the space oi complex structures on 
M6 respectively. Indeed, recall that the t' form a good set of variables for this space, 
since changing the holomorphic (3.0)-form fi by a constant factor (i. e. changing the 
length of z1) does not change the complex structure. We refer to H3-°(M6) © H2A(M6) 
as the "large phase space", and to H2A{M6) as the "small phase space": a terminology 
which will become clear in the next subsection. What we would like to do is express our 
equations (6.39) and (6.40) in terms of coordinates on the small phase space. 

It is not clear how exactly the tl are related to the z'. but what is clear is that we have 
to restrict our differential equations to some surface z' = f1'{tl), where the number of i 

-df Cu
KxJdx

K r t-J ,-K 
-Z-^2^UKX x 9, 

\c/Kd*jdi * , 

(6.39) 

(6.40) 



174 CHAPTER 6. THE QUANTUM NS FIVE-BRANE PARTITION FUNCTION 

Figure 6.2: Going from the large to the small phase space 

is one less than the number of / . and the surface cuts every line through the origin in 
z -space once (see figure 6.2). 

Analogously, the equations (6.34) depend on parameters x'. whereas our equations depend 
on parameters x'. At first sight, it is not obvious that there is any relation between the 
x' and the x1 at all, so how should we choose the xl to get our equations in a form similar 
to (6.34)? To answer this question at least partially, note from (6.35) that we can easily 
get rid of one of the degrees of freedom of x1 since the .r-dependence of \E"P is only in 
expressions that depend on z — x. In fact, the only other 2-dependence of the partition 
function is in the metric, which is invariant under a scale transformation of z. Therefore. 
we can absorb the part of x which is in the ^-direction into z1. As a result, 9P only 
really depends on x±, the part of x1 which is perpendicular to z1. We can fix xl to some 
constant value throughout our calculations, and the most convenient choice is of course 
i{ = 0. Our goal is then to find a function g1 such that for x1^ = g1 {x') our equations 
(6.39) and (6.40) obtain the same form as the topological anomaly equations (6.34). 

Inserting x1 = x1^ into our equations is a subtle procedure, though. The reason for this is 
that the definition of x^ depends on the value of z1. and hence in taking c-derivatives. we 
have to take the change in x]

± into account. The easiest way to incorporate this dependence 
is a two-step procedure. In the first step, we define i&p(z, z,.x, A) = typ(z.~z,x±, \). Here, 
the .r'-variable in $ can still take all possible values, but we project it (using the value 
of z') to the plane perpendicular to z1. and then insert this value of x!

± into our original 
function typ. We can now translate the differential equations for typ into differential 
equations for typ. When taking ^-derivatives, this means that we also have to take the 
derivatives of the projection operators into account. In particular. 

dIV=(dI + ??±&y)¥, (6.42) 

and similarly for the ^-derivatives. Then in the second step, we insert x1 = x!
± = g'(xl) 
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into our equations for ^>. which will simplify these equations slightly. This seems like 
doing the same thing twice, but it is really necessary to do things in this careful way to 
get all the ^-derivatives in the final answer right. 

The Kahler metric 

As a third difference between our equations and (6.34), note that the latter equations 
explicitly contain the Kahler potential K. Recall from (4.71) that this Kahler form is 
defined as 

K = - logfizW) . (6.43) 

where the 1/2 conies from the fact that we are using TV = Im r as a metric. We have seen 
before that an important property of K is that it is constant on surfaces of constant \z\. 
so we can use its first derivative to project vectors and vector fields in the ^-direction: 

-(d1KzJ)z1 = zJ 

-(dIKzJ)yI = 0 i£z±y. (6.44) 

We can use these formulas to write 

xI
± = xI + dJKzIxJ, (6.45) 

which allows us to calculate the derivatives appearing in (6.42): 

djxi = ^ P / 
ZLZL 

djxi = MIKxKzJ, (6.46) 

where in the first line P]J = S[J + djKz3 is the projection matrix on the directions 
perpendicular to z'. Note that the factor which multiplies this operator is proportional 
to the length of Xu, so this is an example of a factor which will vanish when at the end of 
our procedure we set x\\ = 0. In the second line Mu is the second mixed derivative of the 
Kahler potential K. Recall from our discussion of special geometry that once we interpret 
the z1 as functions of f\ My is the Kahler metric on the small phase space. (Also recall 
our convention of not using any barred indices for the homogeneous coordinates.) 

Some more relations 

There are a few more relations we have to derive before we can rewrite our equations in a 
form which is the analogue of the topological holomorphic anomaly equations. The first is 
derived by noting that the prepotential F(z). being homogeneous of degree two. satisfies 

zlF, = 2F. (6.47) 
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Taking two derivatives of this equation with respect to z. we find that 

Z'CJJK = 0. (6.48) 

Actually, one needs this relation in order to derive (6.36). After contracting (6.39) with 
z'. we can use this identity to find the relation 

z> — * 
dz' p ' dx1 p' 

(6.49) 

Similarly, contracting (6.40) with z1 and using the complex conjugate identity teaches us 
that 

zIdI^p = 0. (6.50) 

Together, the relations (6.41). (6.49) and (6.50) are a set of homogeneity results which 
will be the key ingredients in rewriting our equations in terms of the new variables. 

Finally, we would like to express the derivatives d/dtl in terms of d/dz1. Note that 

0% 
dV 

df1 dt>p 

dV dz1 

\d.f-
. dt1 + 

± 

'Of'] 
. 9P . dz'' 

(6.51) 

Inserting the projection operator, (0*/ hi is easily rewritten in terms of the Kahler po
tential, and we find 

9 * f = ((dif
I)±-diKzI)^f. (6.52) 

Of' dz1 

For the ^'-derivatives, we find the complex conjugate of this result. Moreover, it holds for 
derivatives of any function, so we can also replace V&p by \f p in this relation. 

The first anomaly equation 

Now we can collect everything we derived so far to reach our final answer. By subsequently 
applying (6.52). (6.42) and (6.46). we find 

di% {(o1f')±-d>KzI)dli>f 

,K 

( ( d j ' K - d,Kz') ( d, + -^7TP'JdJ ) *V (6.53) 

Now. we use the fact that the x' which we will insert in the end have xl = 0 to remove 
the last term in the second factor. Moreover, using (6.41) and our first anomaly equation 
(6.39). we have that 

d,*P = (dif
I)±dI*p + aiK(\d*+xidf)*p (6.54) 

($ f)x (~df - \cu
Kxid^ - ^CuKxlxf} * p + dtK(\Dx + xidf)%. 
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Note that in the last line, only ^-derivatives appear, so that we can now safely replace typ 

by <P;J in this equation. Moreover, from this equation it is clear what is the right way to 
define the xl: they should be such that 

df 
Of' 

(6.55) 

which implies 

-(dif1)^^. (6.56) 

Indeed, this choice of x1 = gI{xt) is perpendicular to z1. as we already assumed before. 

Now we can replace all upper case indices in our equation by lower case ones. To do this, 
one needs the fact that (6.55) is a linear relation, and thai 

dfi 
dt' Cu JK C 

dtl UK 

(6.57) 

where we used the facts that CJJK is perpendicular to z1 and that it is a derivative with 
respect to z1. 

Doing this systematically, we obtain 

di% [df - ^Q/xJdt - ^Cijkx*xk + d,K(\dx + x'df)) %. (6.58) 

This equation is already very similar to the first anomaly equation in (6.34): only the 
second and the final term still have a slightly different form. However, in (6.34) the 
Christoffel symbol I \ .̂  appears, so we should express the above equation in terms of T- ^ 
as well. We can do this by noting that the metric M ^ can be written as 

Mjk = ^(Fjk-Fjk)+djKNl 
•21 

kiz (6.59) 

Since M is a Kahler metric, the Christoffel symbols are simply given by the derivative of 
the metric, so 

1 . 
1 ijk 2i 

C'ijk + öjKJSlik + öiöjKNuz1. (6.60) 

Inserting this in (6.58) and using the fact that xk and zl are perpendicular with respect 
to Nki- we arrive at 

d^ df - I y V d £ - ^Cijkx
jxk + diKXd> * . (6.61) 

which is equal to the first anomaly equation in (6.34) except for the fact that the "initial 
value term" d\T\ is absent. 
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The second anomaly equation 

The calculations to get to the second anomaly equation are very similar: 

dT% = (&f)±_-d-lKzI)dIi>p 

= {(o-J1 U - öjia1) (dj + MIKx1zJd-}) *p 

= {dTf)± (di + M1KxlzJdxj) % 

= (dTf)± (di + MjKX^xid-'j + A5A)*P) 

Ö' , I— „ . A — J K „ r „ T . , , Kf„J sxc i \ Q A -
= (or/ )± [dih + -gCidFj&k + MIKxf {x{d*j + AÖA) 1 tfp. (6.62) 

Here, in the first line we used the complex conjugate of (6.52); in the second line we 
inserted the complex conjugate of (6.42) and used (6.46); in the third line we used (6.50) 
and the fact that the metric Mij is perpendicular to J.1; in the fourth line we used (6.49) 
and (6.41), and in the last line we inserted the second anomaly equation (6.40). 

Once again, this last expression does not contain any ^-derivatives anymore, so we can 
replace ^p by fyp. Now we can repeat the procedure of replacing upper case indices by 
lower case ones. The ordy nontrivial step is in the second term of the last equation; note 
that after lowering the indices of C. it is proportional to 

CIJKNJLNKMdx
Ldx

M^p. (6.63) 

We want to replace the metric TV by the metric M, which can be done by recalling that 
C is orthogonal to J, and hence in this equation we can substitute 

TV 
M'J 

>-KZK 

1 
-e 

K KAU MiJ. (6.64) 
2 

where ~ means that we only consider terms which are not proportional to ~z . Inserting 
this result, and changing all upper case indices to lower case ones, we find 

{dj-thh)^ 
X \2 — 
-C--]-.e2KM1JMkkd*d£ - M^x1 {xkdx

k + AÖA) 2 
* . (6.65) 

Again, up to the initial term dTf\. this precisely equals the second anomaly equation in 
(6.34). 

6.3.3 Interpretat ion of the holomorphic anomaly equations 

We have thus seen a remarkable similarity between the topological anomaly equations 
(6.34) describing the holomorphic anomaly of the quantum part of our partition function. 
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and the equations (6.61) and (6.65) describing the holomorphic anomaly of the classical 
part. In fact, the only difference in the relations is in the factors of T\ and f\. which as 
we discussed can be viewed as setting the initial conditions for the recursion relations: the 
actual recursion relations themselves are exactly equal. 

How can we interpret this similarity? An important clue to the answer to this question 
can be found in a paper by E. Witten [78] where he discusses the holomorphic anomaly 
equations that Bershadsky et al. discovered. Witten studies the case where x = 0 (we will 
come back to the case with nonzero x later on), and he only considers the actual recursion 
relations, so he sets T\ = 0. He then argues that these equations describe a quantum 
version of "background independence". 

Recall that to describe string theory perturbatively. one has to pick a certain background 
for the metric, B-field, and other space-time fields. For example, in this thesis we have 
encountered Calabi-Yau backgrounds, five-brane backgrounds. ALE-backgrounds. and so 
on. An important aspect of string theory, as opposed to second quantized field theory, is 
that these backgrounds are in fact part of the worldsheet Lagrangean. and so from the 
worldsheet point of view different backgrounds really correspond to different theories. Of 
course, a full nonperturbative definition of string theory should not depend on such a 
choice of background, and hence all of these different theories should somehow be related 
and lead to the same physics. This is what is meant by the "background independence of 
string theory"'. 

Investigating the background independence of string theory is a notoriously difficult prob
lem, so in his paper, Witten proposes to study the background independence of a simpler 
system: topological string theory on Calabi-Yau manifolds. The "background" of topolog
ical string theory corresponds to values of the variables V.t in (6.26). and the topological 
version of background independence would be the fact that the partition function of the 
theory does not depend on t - i. e. it would be some holomorphic function of t. But. as we 
have seen, the partition function is not holomorphic in t. or in other words: there seems to 
be some deviation from background independence which is described by the holomorphic 
anomaly equation. 

The question Witten asks is whether the holomorphic anomaly equation can still be viewed 
as a statement of background independence - i. e. whether there is some more sophisticated 
definition of background independence in which the requirement of holomorphy is replaced 
by the holomorphic anomaly equation. The answer is that indeed one can find such a 
definition, though its physical interpretation is not quite clear. 

To arrive at this new definition of background independence, one has to interpret the 
space H3(A4G) as a phase space. (We already adopted this terminology in the previous 
subsection.) Note that indeed this space has a natural symplectic structure given by 

(A.D) = f AAD (6.66) 
JMe 

so it is possible to interpret half of the coordinates of the space as "position coordinates". 
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and the other half as "momenta". Of course, there is no canonical way to make this 
division; every possible way to do so which is compatible with the symplectic structure is 
called a polarization. Now. the usual way to quantize a phase space is by introducing wave 
functions, which are functions of the position variables only. A useful way to rephrase this 
is as follows: if one combines position variables q and momentum variables p into complex 
variables q + ip. the wave functions arc in one-to-one correspondence with holomorphic 
functions f(q + ip). 

Now suppose that we slightly change the polarization of our phase space, so we get new 
variables q' and p'. Written in terms of q' + ip'. the wave function ƒ will of course no longer 
be holomorphic. so ƒ cannot directly be interpreted as a quantum state with respect to 
our new polarization. However, there is a natural way to construct a function f'(q' + ip') 
which can be interpreted as such a state. 

The way to do this0 is by first considering the so-called "prequantum line bundle1" H° 
over the space1 of all polarizations. Its fiber over a point P (corresponding to a certain 
polarization) consists of all possible C°°-functions on H3(A4Q) so not only the ones 
which are holomorphic with respect to P. Clearly, this gives a trivial bundle, since the 
definition of the fiber does not depend on the base point. However, there is a nontrivial 
subbundle TiP of this bundle whose fiber over P is the set of all functions on H:i(A4a) 
which are holomorphic with respect to P, i. e. the set of quantum states in the polarization 
P. The trick is now to find a flat connection7 on H° which restricts to a connection of 
H®, in the sense that TiP is mapped into itself under parallel transport when using this 
connection. The function f'(q' + ip') we are looking for is then simply obtained by parallel 
transporting ƒ from P to P'. 

If we now parametrize the space of polarizations of HS(A4Q) by some variables a. a wave 
function f(q + ip) for some polarization P(a) will define another wave function for every 
other value a' by parallel transport. Hence, we obtain a function f(q + ip:a) or rather, 
a flat section of the bundle TiP. The fact that this section is flat under parallel transport 
with respect to a can be written in terms of some differential equation which ƒ has to 
satisfy. 

Now, let us apply all of this to our special case. We are studying the topological partition 
function Z9(tl), which can be viewed as a function on H3(M.Q). On the other hand, a 
choice off' also determines a complex structure on M§. and this in its turn gives a natural 
polarization of H3(Me) by writing it as 

H3{M6) = (H:u) ® H2A ) 0 ( # 1 , 2 e ff0'3). (6.67) 

Therefore, in our case we can identify t' both with q + ip and with a. In his paper, 
Witten now shows that indeed there is a natural flat connection on the bundle 7i® which 

6This procedure is known in the literature as "geometric quantization". 
'Actually, the constructed connection is only projectively flat, meaning that the scale of ƒ is not 

preserved under parallel transport around a closed loop. However, since the normalization of a wave 
function is not a physical quantity anyway, this is enough for our purposes. 
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turns the differential equation for f(q + ip; a) into the holomorphic anomaly equation for 
Zq(tl). Hence, it is in this rather complicated sense that Zq can be viewed as background-
independent. 

The physical interpretation of this construction is not completely clear. Somehow, it seems 
that we have to interpret Zq as a quantum state in H3(A4e). In other words, we should 
not view the t' as defining a classical background in which we can calculate a partition 
function, but we should even view the background itself as some kind of quantum state. 
If we are willing to make this exotic assumption, the holomorphic ''anomaly" turns out to 
be precisely the statement of "quantum background independence''. 

What wc have found in this section is that not only the quantum part of our partition 
function satisfies a holomorphic anomaly equation, but so does the classical part - or at 
least the holomorphic block typ. In the terminology of the last few paragraphs, it seems 
that also the classical part of the partition function is only background independent if we 
view typ as having a "quantum background". It would be very interesting to understand 
these findings on a deeper level. 

Related to all of this is the remark we made at the end of section 6.1.3 about the fact 
that the classical partition sum depends on the background field x, whereas the quantum 
contributions depend only on z. Note again that in the conformal block (6.35). x only 
appears in the combination z — x. Therefore, the natural interpretation of a- - even though 
it arose in a completely different way - is as a background value for z. On the other hand, 
following Bershadsky et al. [12], we note that we can write 

Fgix'+f.T) =Y,-ixn •••^•'Dn---DiiiTg{t\T), (6.68) 
{>} U' 

and by inserting this expression we can view ^(A, x: 1.1) as ^(A; x + t.t) - i. e. also in the 
quantum part, we can view x as a background value for z. In fact, this interpretation also 
leads to a nice interpretation of the so far rather ad hoc relation (6.55): note that we can 
now view x± as a linear approximation to the perpendicular part of the equation 

x1 = f'{ti-xi). (6.69) 

The fact that in the classical equations we find tl — xl whereas for the topological equation 
we find tl + xl should not disturb the reader: ultimately the sign of x in the classical part 
is a consequence of our definition of the fluxes of the C-field in the type IIA theory: the 
definition without minus signs there leads to a minus sign here, but we could of course 
have chosen the opposite definition. 

In our derivation, we find the quantum result expanded around the special background 
point t = 0. whereas the classical part seems to have a natural expansion around the 
point t = x. In other words, the background value of the C-field seems to set a natural 
background value for the holomorphic (3. 0)-forin in the classical calculation, but for the 
quantum calculation there is no such natural background. This is therefore the more 
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precise version of our statement in section 6.1.3 that "the quantum part of the partition 
function should not depend on the background values of the fields''. 

A final point to notice is that Zq and the conformal block "fp satisfy the same anomaly 
equation (up to the boundary value discussed in the last paragraph), but that the quantity 
appearing in our full five-brane partition sum is *&p - which hence satisfies an anomaly 
equation which is the complex conjugate of the equation which holds for Zq. Note that 
even though throughout these two chapters, we had points where we had the freedom to 
choose for either selfduality or anti-selfduality. leading to complex conjugate expressions, 
this relative "conjugacy" in our final result is fixed: we had to make particular choices to 
make the classical type IIB calculation agree with the classical type IIA calculation, and 
the same choices were used in deriving the quantum result. 

As a directly related fact, observe that in in (5.46). F appears - which can be interpreted as 
ƒ"() - whereas in the quantum terms the holomorphic !Fg's appear8. We can only speculate 
about the precise mathematical and physical meaning of these facts, but it is interesting 
to observe that for functions satisfying the holomorphic anomaly equations, there is a 
natural inner product of the form 

fdxe~x^i^2, (6.70) 

which gives an anomaly-free result. In fact, this inner product is background independent: 
it has no z and ~z dependence and is therefore a topological invariant associated to the CY 
manifold. 

Note that in our full classical result (5.44). there is also such a factor of e~xx. Moreover, 
if one compactifies the four-dimensional space-time M4, it would no longer be appropriate 
to think of the IT'S as a fixed background field, and one would be forced to integrate over 
these vevs. The result then represents the partition function of the full ten-dimensional 
type II string on the compact ten-manifold MG X M4. Because of supersymmetry it is 
natural to expect that this partition function corresponds to a topological index and is 
indeed background independent. 

However, note that there is also an additional factor of etzx in (5.44). Moreover, we have 
seen above that the quantum and classical parts of our partition function are not expanded 
around the same background value x. It is not clear to us if there is some argument which 
can restore this symmetry. For these reasons, the above is at best an interesting remark 
at the moment, but we would have to understand the mathematical structure of our result 
a lot better to turn it into something rigorous. 

8 I t is tempting to identify t with A 1 to make this correspondence even more precise, but we do not 
have any clear physical arguments to support this idea. 
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6.4 Open questions 

Hence, our journey ends - as any PhD research project should with some nice results, 
but also with a lot of open questions. The main result of the last two chapters9 is of course 
formula (6.21). which gives the full quantum partition function of the NS five-brane in the 
limit we investigated. The open questions are somewhat scattered throughout the text 
though, so it may be a good thing to recapitulate them here. They can be divided into 
three categories. 

The missing five-brane. How can we solve the problem of the "missing five-brane"? 
Can we make the classical calculation in section 6.1.2 more precise so that the power 
of k indeed comes out in a rigorous way? Can one do the quantum calculation in 
section 6.1.3 away from the decompactification limit and see where the quantum 
contributions of the A;-th five-brane go in the limit? As a related question: can we 
exactly derive the geometry T-dual to a set of slightly separated five-branes and 
explicitly identify the vanishing cycles? Why is it natural to send the overall flux T0 

of the graviphoton field strength to infinity as R 
x-

? 

• The mathematical structure of our result. What is the exact physical interpretation 
of the "quantum background independence" described by the holomorphic anomaly 
equations? What does the difference in the initial values for the anomaly equations, 
encoded in f\ and jFl. mean? Can one make sense of the remark about the natural 
"inner product" defined in (6.70)? 

• Further calculations. Can we explicitly show that the result by D. Tong used in 
section 4.2 also holds in the case of multiple five-branes? Can we also derive the 
quantum part of the partition function directly from the type IIA point of view, 
along the lines of section 6.1.4? Can we do all of the calculations (and in particular 
the ones in supergravity) without having to rely on lorentzian results? And related 
to this: can we explicitly do our calculations for the fermion fields as well? Can we 
go beyond single examples and work out the form of the partition function in more 
detail for the general case? For example, can we reproduce the general expression 
for T\ in terms of the so-called "Ray-Singer torsion" which was given in the paper 
by Bershadsky et al. [12]? How should we deal with the fermionic zero-modes to 
explicitly do this one-loop calculation in our setup? 

The number of these questions in our opinion shows that te NS five-brane is an object 
which definitely deserves further study. We hope to be able to address at least some of 
these questions in future research projects. 

9For a discussion of the results and open questions of chapter 3. see section 3.4. 
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Samenvatting 

1 Wat is natuurkunde? 

Dit proefschrift beschrijft mijn promotieonderzoek in de snaartheorie. De hoofdtekst is 
geschreven voor specialisten, en vereist derhalve de nodige wis- en natuurkundige voorken
nis. Het doel van deze samenvatting is om ook voor niet-natuurkundigen uiteen te zetten 
wat de snaartheorie inhoudt, en hoe mijn eigen onderzoek in het grote geheel van die snaar
theorie past. De lezer die op de middelbare school het vak natuurkunde heeft gevolgd, 
of die enkele populair-wetenschappelijke boeken over dit vakgebied heeft gelezen, zou in 
staat moeten zijn om deze tekst te volgen. Laat ik daarbij wel benadrukken dat de 
natuurlijke taal om natuurkunde te presenteren cle taal van de wiskunde is. Populair-
wetenschappelijke teksten zijn een vertaling van deze wiskundige beschrijving in beelden 
die dichter bij het dagelijks leven staan - en zoals bij vertalingen altijd het geval is gaat 
daarbij een deel van de oorspronkelijke ideeën verloren. De kunst van de popularisatie is 
om de beelden zo goed mogelijk te kiezen, maar het gevaar is daarbij altijd dat de lezer 
de beelden te letterlijk gaat nemen, of zelfs gaat denken dat het beoefenen van de na
tuurkunde niets anders is dan het verzinnen van dergelijke beelden, hetgeen tot ontelbare 
voorbeelden heeft geleid van •'leunstoel-natuurkundigen" die ervan overtuigd zijn dat hun 
"Why Einstein Was Wrong" een nieuwe natuurkundige revolutie teweeg zal brengen. De 
lezer zij dus gewaarschuwd: mijn doel met deze samenvatting is weliswaar om u een beeld 
te schetsen van wat snaartheoreten in het algemeen doen. en in het bijzonder van het 
onderzoek dat ik zelf gedaan heb. maar mocht mijn tekst u niet overtuigen, dan is de kans 

groot dat dat niet aan de achterliggende natuurkunde ligt. maar aan de door mij gekozen 
i . „ „ ï , ] . . „ „ . . i — . 

Alvorens aan een zeer beknopte uiteenzetting van de snaartheorie te beginnen is het goed 
om nog een stap terug te doen. en te beschrijven hoe de snaartheorie zelf binnen het grote 
geheel van de theoretische natuurkunde past. Om de rol van de snaartheorie binnen de 
natuurkunde te begrijpen is het belangrijk te beseffen dat er een groot verschil is tussen de 
natuurkunde en de meeste andere wetenschappen, gelegen in het feit dat de natuurkunde 
geen andere "meer fundamentele"' wetenschap heeft om op terug te vallen. In de meeste 
wetenschappen gaat men uit van een bepaald aantal basisbegrippen, waarover men vragen 
formuleert die men vervolgens probeert te beantwoorden. De psychologie stelt bijvoorbeeld 
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de menselijke geest centraal, en probeert daar diverse aspecten van te begrijpen. In de 
wiskunde gaat men uit van een bepaald systeem van aannames (zogenaamde axioma's). 
waarna men op zoek gaat naar interessante gevolgen daarvan. Een groot deel van de 
natuurkunde wordt op deze zelfde manier bedreven, maar een van de interessante aspecten 
van de natuurkunde is dat men vanuit de basisbegrippen niet alleen "omhoog" redeneert, 
maar ook voortdurend •"omlaag": van elk basisbegrip kan weer gevraagd worden waaruit 
het is opgebouwd, hoe het ontstaat, en wat de beste manier is om het te definiëren. 
Het begrip "tijd" is bijvoorbeeld een belangrijk instrument in de gehele natuurkunde, 
maar tegelijk is het een begrip waarover enorm veel onbeantwoorde fundamentele vragen 
bestaan. 

Natuurlijk zijn in de meeste andere wetenschappen de basisbegrippen ook aan onderzoek 
en dus aan verandering onderhevig de aannames van een negentiende-eeuwse psycholoog 
zullen totaal anders zijn dan die van een hedendaagse psycholoog - maar het verschil met 
de natuurkunde is dat in veel andere wetenschappen een bepaald niveau bestaat waaron
der veel van de basisbegrippen aan andere wetenschappen ontleend kunnen worden. De 
psycholoog kan bijvoorbeeld informatie uit de biologie gebruiken; de bioloog kan bepaalde 
scheikundige resultaten als uitgangspunt nemen, en de scheikundige kan op natuurkundige 
wetten voortbouwen. Ik wil hiermee zeker niet het reductionistische standpunt verdedigen 
dat al die wetenschappen puur bestaan uit toepassingen van de "onderliggende" weten
schappen, maar ik wil het omgekeerde benadrukken: in de natuurkunde is het niet mo
gelijk om basisbegrippen aan andere wetenschappen te ontlenen; de natuurkunde is altijd 
gedwongen haar eigen fundamenten te definiëren1. Wat dat betreft is de natuurkundige 
vergelijkbaar met de nieuwsgierige kleuter die op elk zorgvuldig geformuleerd antwoord 
van zijn ouders weer de vervolgvraag "Maar waarom dan?" stelt. 

Deze eigenschap van de natuurkunde steekt bijvoorbeeld de kop op wanneer men op zoek 
gaat naar een definitie van wat natuurkunde precies onderzoekt. In de meeste defini
ties wordt het onderzoeksgebied van de natuurkunde alleen ;'naar boven" begrensd: een 
bekende definitie is bijvoorbeeld dat de natuurkunde de levenloze natuur onderzoekt 
waarbij het onderzoeksterrein dus wordt beperkt tot alles wat niet door de biologie wordt 
beschreven. De Dikke Van Dale laat het onderzoeksgebied van de natuurkunde ophouden 
bij de scheikunde: natuurkunde is "de wetenschap die zich bezighoudt met alle verschijn
selen in de natuur waarbij geen chemische veranderingen optreden". We zien dat in beide 
definities de natuurkunde alleen naar boven begrensd wordt; de wetenschap zal zelf haar 
eigen basis zal moeten definiëren. 

Dit is een eerste belangrijke eigenschap van de natuurkunde die ik wil benadrukken. Een 
tweede, hiermee nauw verbonden eigenschap is dat natuurkunde, in tegenstelling tot wat 
vaak - mede dankzij allerlei zweverige "populair-wetenschappelijke" boeken gedacht 
wordt beslist geen filosofische wetenschap is. Het doel van de natuurkunde is niet om zaken 
te verklaren (merk op dat Van Dale al heel bewust het werkwoord "bezighouden met" 

1 Sommige wetenschappers zullen wellicht de wiskunde nog als fundament voor de natuurkunde willen 
zien. Persoonlijk zie ik de wiskunde (naast als bijzonder interessante op zichzelf staande wetenschap) 
eerder als een hulpmiddel dan als een fundament voor de natuurkunde; ik geloof zeker niet in het beeld 
dat de volledige natuurkunde uiteindelijk puur op basis van wiskundige consistentie afgeleid kan worden. 
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gebruikt), maar om verschijnselen te beschrijven, om aan de hand van die beschrijvingen 
patronen te vinden en om met behulp van die patronen soortgelijke verschijnselen te 
voorspellen. De relatie met mijn voorgaande opmerkingen is dat een verklaring zoiets is 
als "het geven van een afleiding uit algemeen aanvaarde aannames", maar dat het in de 
na tuurkunde nu juist deze aannames zijn die zelf aan onderzoek onderhevig zijn. Het doel 
van de natuurkunde is dus puur het vinden van basisbegrippen (analoog aan de wiskundige 
axioma s) waaruit waarnemingen afgeleid en voorspeld kunnen worden, maar niet het 
uitleggen, of afleiden van deze aannames zelf2. Een verzameling van basisaannames in de 
na tuurkunde wordt een "theorie" genoemd, en we zouden de natuurkunde dus kunnen 
definiëren als de zoektocht naar theorieën die uiteindelijk alle waarnemingen beschrijven. 
Een theorie die dit in voldoende bevredigende mate doet is een goede natuurkundige 
theorie; of die theorie ook de "waarheid" is (en in het geval van meerdere theorieën die 
even goede resultaten boeken: welke theorie "waar" is) is geen natuurkundige, maar een 
filosofische vraag. 

Toch is de bovenstaande omschrijving van de natuurkunde nog niet helemaal volledig, 
want hoewel de natuurkunde zelf geen filosofie is. heeft de natuurkunde wel een min of 
meer filosofische aanname in zich: de aanname dat de natuur één geheel is, en dat de 
na tuurkunde dus één enkel bestaand systeem beschrijft. Deze aanname is natuurlijk sterk 
verbonden met de aanname dat een natuurkundige theorie alle gedane waarnemingen 
moet beschrijven, maar is er toch niet equivalent mee. zoals blijkt uit de situatie die 
zich voordoet in de hedendaagse fundamentele theoretische natuurkunde. We hebben 
momenteel een verzameling van fundamentele aannames die vrijwel alle waarnemingen 
die wc doen met enorme precisie beschrijven, en die ook de resultaten van een groot 
aantal experimenten bijzonder nauwkeurig voorspellen. Deze aannames zijn verenigd in 
twee theorieën: de algemene relativiteitstheorie en de quantumveldentheorie. Het feit dat 
het hier twee theorieën betreft zou bij de lezer echter al argwaan moeten wekken: de twee 
theorieën lijken namelijk niet in één theorie verenigbaar te zijn. zoals we in meer detail 
zullen zien in de volgende sectie. Volgens onze oude "definitie" van de natuurkunde is dit 
geen probleem, omdat we met de twee apar te theorieën toch alle gedane waarnemingen 
kunnen beschrijven en voorspellen, maar wanneer we ervan uitgaan dat de na tuur een enkel 
systeem is dat met een enkele theorie beschreven zou moeten worden leidt het natuurlijk 
wel tot allerlei problemen. Er zouden in de natuur dan immers situaties moeten zijn 
waarin we beide groepen van aannames nodig hebben - in de volgende sectie zullen we 
expliciete voorbeelden van zulke situaties zien - en hoewel we momenteel nog niet in 
s taat zijn zulke situaties te creëren is hun theoretische bestaan toch al voldoende om te 
concluderen dat er iets zal moeten gebeuren om de natuurkunde weer met zichzelf in 
het reine te brengen: uiteindelijk zijn we op zoek naar een enkele "theorie van alles" die 
dezelfde voorspellingen doet als de relativiteitstheorie en de quant umveldentheorie in hun 
respectievelijke bereiken doen. maar die ook in staat is om het (vooralsnog niet direct 
waarneembare) overgangsgebied te beschrijven. 

2 Wanneer ik het heb over "de natuurkunde" bedoel ik steeds de fundamentele theoretische natuur
kunde. Natuurlijk zijn er diverse takken van de natuurkunde die wel op bepaalde resultaten voortbouwen 
- neem bijvoorbeeld de thermodynamica - maar dit zijn dan steeds resultaten die zelf weer afkomstig zijn 
uit andere takken van de fvsica. 
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De snaartheorie is een eerste aanzet tot een dergelijke •'theorie van alles . Om te kun
nen beschrijven wat die snaartheorie inhoudt, moeten we eerst iets dieper ingaan op 
de problemen die we tegenkomen wanneer we de (algemene) relativiteitstheorie en de 
quantumveldentheorie proberen te verenigen tot één theorie. We laten de filosofische 
beschouwingen dus voorlopig even achter ons. en gaan (met in het achterhoofd de waar
schuwing uit de eerste alinea) nu over tot de "echte natuurkunde". Nadat ik de al
gemene relativiteitstheorie, de quantumveldentheorie en de snaartheorie in een notendop 
heb beschreven zal ik iets zeggen over hoger-dimensionale objecten en dualiteiten in de 
snaartheorie - twee kreten die ook in de titel van dit proefschrift terugkomen. Aan de hand 
daarvan zal ik vervolgens kort samenvatten wat de belangrijkste thema's van dit proef
schrift zijn. In de laatste sectie kom ik dan terug op de vraag in hoeverre de snaartheorie 
nu als kandidaat-theorie van alles kan dienen. 

2 De fundamenten van de moderne natuurkunde 

De tak van de natuurkunde die de bewegingen van voorwerpen beschrijft, en voorspelt hoe 
deze bewegingen zullen zijn in bepaalde externe omstandigheden, zoals in de aanwezigheid 
van een zwaartekrachtveld, heet de mechanica. De basis van de mechanica werd in de 
zeventiende eeuw gelegd door een aantal natuurkundigen waaronder de bekende fysicus 
Isaac Newton. De zogenaamde ••wetten van Newton" worden vandaag de dag nog steeds 
gebruikt om bewegingen op allerlei schalen te beschrijven en te voorspellen. 

In de afgelopen eeuw is echter gebleken dat in bepaalde omstandigheden de newtonse 
mechanica niet nauwkeurig genoeg de waarnemingen beschrijft. Dit is een verschijnsel 
dat vaak voorkomt in de natuurkunde (en in de wetenschap in het algemeen): bepaalde 
theorieën zijn bruikbaar zolang men zich beperkt tot een bepaald scala aan omstandighe
den, maar vertonen daarbuiten duidelijke afwijkingen van het waargenomene. In deze 
gevallen is dus een nieuwe theorie nodig die ook onder de nieuwe omstandigheden de 
waarnemingen goed beschrijft. In het geval van de newtonse mechanica werden er op 
twee gebieden afwijkingen gevonden, en ontstonden er ook twee aanvullende theorieën. 
Om te beginnen wijken de wetten van Newton af van het gedrag dat de natuur vertoont 
wanneer we op zeer kleine schaal of bij erg grote energieën experimenteren; hier is een 
beschrijving van de natuur in termen van de quantummechanica en de daarop gebaseerde 
quantumveldentheorie nodig. Ook bij erg grote massa's of grote versnellingen blijkt de 
newtonse mechanica slechts een benadering te zijn: in dit regime gebruikt de moderne 
natuurkundige de algemene relativiteitstheorie. 

2.1 Quantumtheorieën 

De quantummechanica zegt dat alle processen in de natuur kansprocessen zijn. Dit lijkt op 
het eerste gezicht een heel natuurlijke aanname: wanneer we bijvoorbeeld met een zuivere 
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dobbelsteen gooien, weten we dat de kans op elke uitkomst een op zes is. Natuurkundige 
processen worden dus heel vaak door kansprocessen beschreven, maar het bijzondere aan 
de quantummechanica is dat hierin de kansprocessen een fundamenteel karakter hebben. 
Wanneer ik maar precies weet hoe huid en hoe hoog ik een dobbelsteen gooi. en hoe het 
oppervlak waarop ik de steen gooi eruit ziet. kan men zich voorstellen dat ik ook precies 
kan berekenen wat de uitkomst van de worp zal zijn. De quantummechanica zegt echter 
dat zo'n uitkomst nooit exact vooraf bepaald zal zijn. Elk natuurkundig proces heeft 
in die theorie verschillende mogelijke uitkomsten, die elk een zekere kans op verschijnen 
hebben. Zodra ik de uitkomst van het proces meet, wordt een van die mogelijke uitkomsten 
gekozen, maar dit gebeurt op een volkomen willekeurige manier, en hangt dus niet meer 
af van wat voor externe parameters dan ook. Met andere woorden: ik kan tweemaal een 
dobbelsteen op exact, dezelfde manier gooien, maar de uitkomst kan toch tweemaal anders 
zijn! 

Dit op ons wat vreemd overkomende gedrag van de natuur heeft vooral invloed op de 
natuurkunde op zeer kleine schaal. Denk om dit in te zien eens aan bijvoorbeeld een 
bowlingbal. Zo'n bal bestaat uit een enorm aantal atomen: het precieze aantal verschilt 
natuurlijk van bal tot bal (en van moment tot moment), maar het is een getal van zo'n 
26 cijfers. De plaats van elk van die atomen is onderhevig aan een quantummechanisch 
kansproces, en is dus niet exact bepaald. Wanneer we de plaats van een atoom meten 
zal het atoom zich ergens bevinden in een gebiedje dat de orde van grootte heeft van een 
tiende nanometer (een tienmiljoenste deel van een millimeter), maar waar in dat gebiedje 
het atoom zich precies bevindt is vooraf niet te bepalen. We zeggen dan dat de positie 
van een enkel atoom een "onzekerheid" van een tiende nanometer heeft. Natuurlijk is 
dit al een verschrikkelijk kleine afstand, maar dergelijke afstanden zijn in nauwkeurige 
experimenten wel te meten, en dus kunnen we in experimenten niet losse atomen duidelijk 
de gevolgen zien van de quantummechanica. 

Kijk nu eens naar figuur 6.1. Hierin zijn 25 stippen getekend, op willekeurige plaatsen in 
een gebiedje ter grootte van het grote vierkant. Elke stip stelt een atoom voor. en elke stip 
kan dus in principe op elke plaats in het vierkant aangetroffen worden. De onzekerheid 
in de bepaling van de plaats van het atoom is dus de grootte van het vierkant. Maar 
laten we nu eens kijken naar het zwaartepunt van de 25 atomen - dat wil zeggen naar de 
gemiddelde positie van de 25 stippen. Sommige stippen zitten wat rechts van het midden, 
andere weer wat links, en sommige boven en beneden, maar wanneer we de gemiddelde 
positie van de 25 stippen bepalen (aangegeven met het cirkeltje) komen we toch aardig 
dicht bij het midden van het vierkant uit. Natuurlijk is het zwaartepunt niet precies het 
midden van het vierkant: in dit voorbeeld vinden we bijvoorbeeld 16 stippen boven het 
midden en maar 9 eronder, en het zwaartepunt ligt hier dan ook iets boven het midden. 
Maar waar het om gaat is dat het zwaartepunt wel dichtbij het midden ligt - en wanneer 
we tienduizend stippen tekenen in plaats van 25 zal dit effect alleen maar sterker zijn. 
Voor wie van wiskunde houdt: het kan aangetoond worden dat de nauwkeurigheid in elk 
van de coördinaten verbetert met een factor die de wortel is van het aantal stippen, dus 
het zwaartepunt van 25 willekeurig geplaatste stippen zal zich vrijwel altijd bevinden in 
het gestippelde gebiedje waarvan de zijde 5 maal zo klein is als die van het oorspronkelijke 
vierkant, en het zwaartepunt van 10.000 stippen zal liggen in een gebiedje waarvan de 
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zijde 100 maal zo klein is. 

• • • 

è_._.J 

Figuur 6.1: De vijfentwintig zwarte stippen zijn op willekeurige posities binnen het grote 
vierkant geplaatst. Het cirkeltje geeft de gemiddelde positie van de stippen aan. In het 
algemeen zal de gemiddelde positie ergens binnen het gestippelde vierkant met de vijf 
maal zo kleine zijde liggen. 

In het geval van de bowlingbal zal het zwaartepunt van de hele bal dus enorm veel 
nauwkeuriger bepaald zijn dan het zwaartepunt van een individueel atoom - de factor 
waarmee de nauwkeurigheid verbetert is de wortel van het getal van 26 cijfers, dus een 
getal dat zelf zo'n 13 cijfers heeft. (Bij het worteltrekken halveert ruwweg het aantal 
cijfers.) In millimeters uitgedrukt zal de onzekerheid in de plaats van de bowlingbal een 
getal zijn met eerst negentien nullen achter de komma, waar de onzekerheid in de plaats 
van een enkel atoom "slechts"' zes nullen achter de komma heeft. Het verschil met een 
"klassieke'' beschrijving, waarin de plaats van het zwaartepunt van de bal exact bepaald 
kan worden, is dus vreselijk klein, en in de praktijk niet meetbaar. Met andere woor
den: voor "macroscopisch grote" voorwerpen speelt de quantummechanica nauwelijks een 
rol: alleen wanneer we de natuurkunde op de schaal van atomen en kleiner bestuderen 
merken we iets van de verschillen tussen de klassieke mechanica van Newton en de quan
tummechanica. Dit is ook de reden dat de voorspellingen van de quantummechanica op 
ons vaak wat vreemd overkomen (en de reden dat er zoveel "filosofische" onzin over de 
quantummechanica geschreven is): in het dagelijks leven merken we helemaal niets van de 
quantumaspecten van de wereld, en dus is onze fysische intuïtie totaal niet geschikt voor 
het "aanvoelen" van de voorspellingen die de quantummechanica doet. 

In het geval van complexere systemen - bijvoorbeeld systemen waarin het aantal atomen 
niet constant is gebruikt de natuurkundige niet de quantummechanica. maar een ge
neralisatie daarvan die de quantumveldentheorie genoemd wordt. De precieze details van 
deze theorie doen hier niet ter zake: wat van belang is voor ons is dat ook in de quan
tumveldentheorie alle processen en uitkomsten van metingen door fundamentele kansen 
en onzekerheden worden beschreven. 
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2.2 De algemene relativiteitstheorie 

De relativiteitstheorie bestaat uit twee onderdelen: de speciale en de algemene relativi
teitstheorie. Ook deze beide relativiteitstheorieën zijn theorieën die correcties vormen op 
de klassieke newtonse mechanica. De speciale relativiteitstheorie behandelt de effecten die 
we kunnen waarnemen wanneer objecten ten opzichte van een waarnemer bewegen met 
enorm grote snelheden - van de orde van de snelheid van het licht. Het licht zelf plant zich 
voort met 300.000 kilometer per seconde (een snelheid waarmee we bijvoorbeeld in één 
seconde ruim zeven maal rond de aarde zouden kunnen reizen), dus ook hier gaat het om 
omstandigheden die we in ons dagelijks leven nooit meemaken, en wederom is dit de reden 
dat de voorspellingen van de relativiteitstheorie voor ons erg onnatuurlijk aanvoelen. 

Bij dergelijke enorme snelheden blijkt bijvoorbeeld onze intuïtie over begrippen als ruimte 
en tijd niet meer geheel juist te zijn. In het bijzonder blijken ruimte en tijd geen twee 
afzonderlijke concepten te zijn. maar twee delen van een geheel dat we de ruimte-tijd noe
men. Het voorstellen van de ruimte-tijd is niet erg lastig: vergelijk het met grafiekpapier 
(zie figuur 6.2a), waarop in één richting de afstand die een auto aflegt wordt uitgezet (dat 
wil zeggen: de ruimte), en in een andere richting de tijd. Volgens de speciale relativiteits
theorie vormen ruimte en tijd samen een dergelijk soort grafiekpapier. Het bijzondere, 
en veel minder intuïtief begrijpelijke feit is nu dat de manier waarop dit papier in een 
ruimte- en een tijdrichting is opgesplitst volgens de speciale relativiteitstheorie verschilt 
van waarnemer tot waarnemer. Wat voor de ene waarnemer ruimte- en tijdrichtingen op 
het papier zijn. kunnen voor de andere waarnemer schuine richtingen zijn - zie figuur 
6.2b. Dit gebeurt in het bijzonder wanneer twee waarnemers met een enorme snelheid 
ten opzichte van elkaar bewegen: onder normale omstandigheden zal het verschil in de 
oriëntatie van de assen nauwelijks merkbaar zijn. 

afstand 
afstand 

(a) (b) 

Figuur 6.2: (a) De ruimte-tijd is vergelijkbaar met een stuk grafiekpapier, (b) Voor een 
tweede, snel bewegende waarnemer is de opsplitsing van de ruimte-tijd in ruimte en tijd 
anders. 

De algemene relativiteitstheorie gaat nog verder dan dit: hierin wordt gesteld dat het 
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niet alleen mogelijk is om de assen van liet grafiekpapier te draaien, maar ook om het 
papier te krommen in allerlei richtingen, bijvoorbeeld zoals is weergegeven in figuur 6.3. 
Gevolg hiervan is dat waarnemers die voor hun gevoel allebei stilstaan dus waarnemers 
die geen afstand afleggen, en voor wie de grafiek samenvalt met de verticale lijnen op het 
grafiekpapier - toch uit elkaar bewegen. Volgens de algemene relativiteitstheorie is dit 
verschijnsel precies wat we merken wanneer de zwaartekracht zich manifesteert: wanneer 
van twee waarnemers er een zich in de buurt van een zware ster bevindt zal hij naar die 
ster toe vallen, en zich dus van de andere waarnemer af bewegen, maar door de bekende 
"gewichtloosheid" in de ruimte zal hij hier niets van merken. 

Figuur 6.3: In de algemene relativiteitstheorie kan het "grafiekpapier'' waaruit de ruimte
tijd bestaat ook nog eens gekromd zijn; de gevolgen hiervan ervaren we als zwaartekracht. 

Net als de quantummechanische verschijnselen zijn de effecten van het beschrijven van 
zwaartekracht als gekromde ruimte-tijd in plaats van met de wetten van Newton nauwe
lijks merkbaar in ons dagelijks leven. Ze spelen echter een belangrijke rol in bijvoorbeeld 
de astronomie, waar we te maken hebben met de enorme massa's van sterren en sterren
stelsels, en dus met grote krommingen van de ruimte-tijd. 

2.3 Een scheurtje in het bouwwerk 

We hebben nu twee correcties op de newtonse mechanica gezien: de quantummechanica. 
die een rol speelt bij processen op zeer kleine schaal, en die zegt dat die processen fun
damentele kansprocessen zijn. en de algemene relativiteitstheorie, die een rol speelt bij 
processen waarbij zeer zware objecten betrokken zijn. en die zegt dat de zwaartekracht 
beschreven wordt door de ruimte en de tijd aan elkaar te plakken en het resulterende 
""grafiekpapier" te krommen. We kunnen ons nu afvragen wat er zou gebeuren wanneer 
we experimenten doen onder omstandigheden waar we allebei de theorieën nodig hebben. 
Dit zijn dus omstandigheden waarin zeer kleine objecten toch een zeer grote massa hebben. 
Zulke omstandigheden worden bijvoorbeeld aangetroffen in een zwart gat: een ster die on
der zijn eigen gewicht is ineengeklapt tot een heel klein bolletje van enorm geconcentreerde 
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materie. Zulke zwarte gaten zijn nog nooit direct experimenteel waargenomen, en het is 
ook onmogelijk ze in laboratoria te maken, maar volgens de huidige theorieën en volgens 
vele indirecte waarnemingen (via naburige sterren of precieze massabepalingen) zouden ze 
wel degelijk moeten bestaan. Het is dus. ondanks het gebrek aan directe waarnemingen, 
een legitieme vraag hoe zulke systemen beschreven moeten worden. 

Voor het beschrijven van kleine zwarte gaten hebben we zowel de quantumveldentheorie 
als de relativiteitstheorie nodig, maar zoals ik in de inleiding al zei doet het vervelende 
feit zich voor dat de beide correcties op de newtonse mechanica bepaald niet eenvoudig te 
verenigen zijn. Wanneer we de gekromde ruimte-tijd (het belangrijkste ingrediënt van de 
relativiteitstheorie) willen beschrijven als het resultaat van een kansproces (het belangrijk
ste ingrediënt van de quantummechanica) stuiten we op enorme wiskundige problemen. 
Het opschrijven van exacte formules voor zo'n theorie is vooralsnog niet mogelijk gebleken 
- iets wat overigens ook voor heel veel andere quantummechanische systemen geldt - en dus 
is het beste wat we kunnen doen het gebruik maken van de zogenaamde "storingsrekening". 
Dat wil zeggen dat we een moeilijk probleem waarvan we de uitkomst willen berekenen 
eerst benaderen door een eenvoudiger probleem dat wel oplosbaar is (bijvoorbeeld een 
probleem waarin we doen alsof een bepaalde natuurconstante nul is), en vervolgens vanuit 
die oplossing het oorspronkelijke probleem proberen te benaderen in ons voorbeeld door 
de constante net iets groter dan nul te maken, en te kijken hoe de oplossing dan verandert 
ten opzichte van de vorige oplossing. De antwoorden die uit zo"n storingsrekening volgen 
zijn dan correcties op correcties op correcties op... enzovoort, en uiteindelijk moeten al 
die correcties tot een acceptabel antwoord leiden. Om een voorbeeld te geven: uit een 
berekening die als resultaat het getal 2 heeft, zou in een storingsrekening-benadering iets 
komen als 

1 + 2 + 4 + 8 + H 5 + 3 2 + -
en wie de deelsommen uitrekent ziet dat het antwoord inderdaad steeds dichter nadert tot 
het getal 2. 

Het vervelende van de quantummechanica is dat de uitkomsten van berekeningen vaak 
afhankelijk zijn van een aantal parameters (zoals de elektrische lading van bepaalde deel
tjes, of de grootte van de kracht tussen twee kerndeeltjes in een atoom), en dat we bij een 
bepaalde keuze van die parameters ook uitkomsten kunnen krijgen die eruit zien als 

1 + 2 + 4 + 8 + 1 6 + 32 + ... 

Het is duideli'k dat deze som nooit tot een bepaald antwoord zal naderen, omdat iedere 
volgende bijdrage groter is dan de voorgaande. We zeggen in dit geval dat de storingsreeks 
divergeert. 

In veel gevallen kan met behulp van allerlei geavanceerde wiskunde (de zogenaamde renor-
malisatieprocedure) uit divergerende storingsreeksen toch nog nuttige informatie afgeleid 
worden, maar het blijkt dat juist in het geval van de zwaartekracht deze procedures tot 
niets leiden, en de antwoorden van de berekeningen betekenisloos blijven. We stuiten dus 
op fundamentele wiskundige problemen wanneer we een quantummechanische beschrijving 
van de zwaartekracht willen geven. Wanneer we slechts een van de twee correcties op de 
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newtonse mechanica nodig hebben is er geen probleem, maar wanneer we beide correcties 
gebruiken loopt de wiskundige machine vast. De vraag of en hoe deze problemen opgelost 
kunnen worden is een van de grootste open vragen in de huidige theoretische natuurkunde. 

3 Een nieuw uitgangspunt: snaren 

Zoals gezegd komen oneindigheden (dat wil zeggen: storingsreeksen waarin elke volgende 
term groter is dan de voorgaande, en waarvan het resultaat dus oneindig groot lijkt te 
zijn) niet alleen voor in een quantummechanische beschrijving van de zwaartekracht, maar 
vinden we ze overal in de quantumvcldentheorie. Laten we eens iets preciezer kijken naar 
de manier waarop deze oneindigheden ontstaan. Oneindigheden in de wiskunde komen 
vaak voort uit het feit dat we rekenen met het getal nul. Denk bijvoorbeeld aan de 
middelbare-schoolwijsheid "delen door nul is flauwekul": wanneer we iets door een heel 
klein getal delen is de uitkomst een heel groot getal (de lezer die hier niet bekend mee is kan 
een aantal voorbeelden op een rekenmachine uitrekenen), en wanneer we dus "bijna door 
nul delen'* wordt de uitkomst "bijna oneindig". Door nul delen zelf is niet mogelijk; de 
uitkomst zou oneindig groot zijn. Op dezelfde manier zijn er vele wiskundige bewerkingen 
die niet op het getal nul toegepast kunnen worden omdat het resultaat van de berekening 
oneindig groot zou zijn. 

Ook de problemen in de quantumveldentheorie ontstaan doordat bepaalde grootheden de 
waarde nul aannemen. We hebben gezien dat quantumtheorieën de wereld als een kanspro
ces beschrijven. Laten we bijvoorbeeld eens kijken naar een proces waarin twee elementaire 
deeltjes (elektronen, fotonen, quarks of andere deeltjes) met elkaar in botsing komen, een 
tijdje als één geheel verder bewegen, en vervolgens gesplitst worden en elk hun eigen weg 
gaan. We kunnen de trajecten van de twee deeltjes tekenen: het resultaat zal eruit zien als 
in figuur 6.4a. Een dergelijk diagram wordt een Feynman-diagram genoemd. Aangezien 
de quantummechanica over kansprocessen gaat. kunnen we niet zeggen dat zo'n diagram 
het traject is dat de deeltjes afleggen, maar moeten we zeggen dat het een van de vele 
mogelijke trajecten is die de deeltjes afleggen. Als we alleen de begin- en eindsituatie van 
het proces kennen kunnen de deeltjes evengoed trajecten als in figuur 6.4b hebben afgelegd 
- al zal de kans daarop natuurlijk een stuk kleiner zijn. De quantumveldentheorie geeft 
wiskundige regels om voor alle mogelijke Feynman-diagrammen exact de bijbehorende 
kans te berekenen, en aan de hand daarvan natuurkundige voorspellingen te doen. 

Bekijk nu het Feymnan-diagram van figuur 6.4c. Dit lijkt op het diagram van figuur 6.4a. 
maar de weg die de deeltjes samen afleggen is een stuk kleiner. De lengte van deze afgelegde 
weg is een van de parameters die we in de wiskundige formules moeten stoppen om kansen 
uit te rekenen, en we zien dat die weglengte willekeurig klein kan worden - dus de lengte 
nul willekeurig dicht kan naderen. Dit getal nul is een bron voor de oneindigheden in de 
quantumveldentheorie: wanneer een dergelijke lengte nul nadert, zullen allerlei fysische 
grootheden divergeren, en vinden we oneindige uitkomsten. 
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Figuur 6.4: (a) Een Feynman-diagram voor twee deeltjes die botsen, samen verder be
wegen, en daarna weer uit elkaar vliegen, (b) Een veel minder waarschijnlijk Feynman-
diagram met dezelfde begin- en eindtoestand, (c) Een bijna divergent Feynman-diagram. 

Merk op dat we er tot nu toe van uit zijn gegaan dat de elementaire deeltjes in onze 
processen puntvormig zijn: ze hebben geen lengte, geen breedte, en geen hoogte. Laten 
we nu eens aannemen dat dit niet het geval is, en dat de deeltjes wel een bepaalde grootte 
hebben. Als goede fysici wijken we echter om te beginnen niet te veel af van ons oor
spronkelijke standpunt, en geven we de deeltjes alleen een lengte, maar geen hoogte en 
breedte. Later zullen we dan wel zien wat we met de andere richtingen (of dimensies) 
aankunnen. We beginnen dus met aan te nemen dat elementaire deeltjes kleine snaartjes 
zijn. Merk op dat dit al een enorme stap is ten opzichte van de puntdeeltjes: puntdeeltjes 
hebben alleen maar een bepaalde positie en snelheid, maar snaartjes kunnen daarbij ook 
nog eens zelf op allerlei manieren trillen. Vergelijk dit bijvoorbeeld met een gitaarsnaar, 
die tonen van verschillende sterkte en toonhoogte (de zogenaamde "boventonen") kan 
weergeven. Voor de snaren uit de snaartheorie geldt exact hetzelfde, waarbij die snaren 
ook nog eens in negen dimensies in plaats van in drie kunnen trillen. We noemen al deze 
trillingstoestanden de interne vrijheidsgraden van de snaar. 

Laten we nu eens kijken naar de problemen met de oneindigheden die de quantumvelden-
theorie ons opleverde. Ook snaren kunnen met elkaar botsen en samen een lange snaar 
vormen, die vervolgens weer kan breken in twee kortere snaren. We kunnen dus precies 
zulke Feynman-diagrammen tekenen als in figuur 6.4: dit is gedaan in figuur 6.5. Een 
quantum-snarentheorie zal weer aan elk van deze diagrammen een kans toekennen. Maar 
er is een belangrijk verschil met het geval van puntdeeltjes: merk op dat er in figuur 
6.5c geen lengte is die nul dreigt te worden: wanneer we het Feynman-diagram dat een 
verbindingsstuk van lengte nul heeft, "verdikken" tot een snaardiagram vindt de interactie 
plaats in een gebiedje dat ongeveer de lengte en breedte van de snaar zelf heeft. Door de 
snaar een lengte te geven hebben we ervoor gezorgd dat het vervelende getal nul en dus 
het bijbehorende oneindige resultaat - uit onze berekeningen verdwijnt! 
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Figuur 6.5: Dezelfde Feynman-diagrammen als in figuur 6.4. maar nu getekend voor snaren 
in plaats van puntdeeltjes. 

Dit is natuurlijk een mooi resultaat, aangezien we niet alleen de renormaliseerbare onein-
digheden kwijtraken, maar ook de niet-renormaliseerbare. en we dus een groot probleem in 
het beschrijven van een quantumzwaartekracht uit de weg hebben geruimd. Wanneer we 
de wiskunde van de quantumsnaren nader uitwerken blijkt zelfs dat het heel natuurlijk is 
om de zwaartekracht in een snarentheorie te beschrijven. Deze ontdekking (die overigens 
historisch heel anders plaatsvond: de snaartheorie kwam voort uit een poging om de sterke 
kernkracht te beschrijven, en niet de zwaartekracht) heeft in de afgelopen dertig jaar tot 
een enorme hoeveelheid onderzoek in de snaartheorie geleid. 

Eén vraag brandt de lezer misschien op de lippen: wanneer de wereld niet uit puntdeeltjes 
maar uit snaartjes bestaat, kunnen we dat dan ook zien! Het antwoord moet helaas 
vooralsnog een teleurstellend "nee" luiden: wanneer de wereld uit quantumsnaren bestaat 
hebben deze snaren hoogstwaarschijnlijk een lengte die. uitgedrukt in centimeters, een 
getal met meer dan dertig nullen achter de komma is. De snaren zijn dus zo kort dat ze 
zich in alle mogelijke experimenten gedragen alsof ze puntdeeltjes zijn. De belangrijkste 
functie van de snaartheorie ligt momenteel in het verenigen van de zwaartekracht en de 
quantuinmechanica. en niet in het doen van experimentele voorspellingen. Natuurlijk zou 
het mooi zijn wanneer we uiteindelijk wel de snaartheorie experimenteel zouden kunnen 
toetsen meer hierover in de laatste sectie van deze samenvatting. 

Overigens zijn beslist niet alle theoretische problemen met het vervangen van puntdeeltjes 
door snaren opgelost: we hebben nu een theorie gecreëerd die zowel quantummechanisch 
als relativistisch is. maar dat wil nog lang niet zeggen dat we hiermee een theorie van 
alles gevonden hebben! Om die naam te krijgen zal de theorie ook moeten verklaren hoe 
alle elementaire deeltjes die wij kennen uit de snaren voortkomen, waarom onze wereld 
driedimensionaal is (de meest natuurlijke snaartheorieën zijn maar liefst negendimensio
naal!), hoe de uitdijing van het Heelal ontstaan is. waarom de natuurconstantes de waardes 
hebben die ze hebben, waarom we bepaalde symmetrieën wel en niet in de natuur zien, 
enzovoort. In de loop der jaren zijn over al deze vragen vele ideeën geopperd en artikelen 
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geschreven, maar de definitieve antwoorden zijn nog niet gegeven. Dat neemt niet weg 
dat het verenigen van de zwaartekracht en de quantummechanica alleen al een enorme 
prestatie is die inspireert tot het verder zoeken naar antwoorden op deze vragen - iets wat 
alleen al blijkt uit de enorme belangstelling van fysici waarin de snaartheorie de afgelopen 
dertig jaar heeft gestaan. 

4 Verder de ladder op: D-branen en de NS-vijfbraan 

Zoals ik al schreef zijn de eenvoudigste snaartheorieën negendimensionale theorieën. Zulke 
theorieën zijn wellicht moeilijk voor te stellen, maar wiskundig is het beschrijven van een 
negendimensionale wereld net zo eenvoudig als het beschrijven van onze bekende drie
dimensionale wereld. Laten we bijvoorbeeld eens kijken naar wat het betekent als we 
zeggen dat onze wereld driedimensionaal is. Dat wil zeggen dat ik. wanneer ik drie mo
gelijke "looprichtingen" heb (bijvoorbeeld van zuid naar noord, van oost naar west en 
van boven naar beneden), overal kan komen waar ik maar wil. Wanneer ik de Eiffeltoren 
wil beklimmen ga ik een paar honderd kilometer naar het zuiden (richting 1). iets naar 
het westen (richting 2). en driehonderd meter omhoog (richting 3). Anders gezegd: elk 
punt op de aarde (en in de lucht of onder de grond) kan beschreven worden door middel 
van drie coördinaten: een lengtegraad, een breedtegraad, en een hoogte ten opzichte van 
het aardoppervlak. Nu is een generalisatie naar vier of meer dimensies natuurlijk niet 
moeilijk meer: vierdimensionale punten worden weergegeven door vier coördinaten. Zo'n 
vierdimensionale wereld ''past" natuurlijk niet in de onze, en daardoor is het erg lastig 
voor ons om ons zo'n wereld voor te stellen, maar het wiskundig beschrijven van zo'n 
wereld is zoals we zien geen enkel probleem. Hetzelfde geldt natuurlijk voor negen dimen
sies. (Men kan zich eventueel een vierdimensionale wereld proberen voor te stellen door 
driedimensionale doorsneden van de vierdimensionale wereld te nemen, en daar in de tijd 
"doorheen te lopen". zodat de tijd de rol van een vierde dimensie gaat spelen. Omgekeerd 
is het zo dat het in de relativiteitstheorie, waar zoals we gezien hebben ruimte en tijd 
aan elkaar geplakt worden, inderdaad gebruikelijk is om over de tijd na te denken als een 
extra dimensie. Er wordt dan ook meestal gezegd dat snaartheorieën tiendimensionaal 
zijn. waarbij de tijd wordt meegeteld.) 

Het blijkt dat alleen in negen dimensies de wiskunde achter de snaartheorieën precies 
kloppend te maken is. zodat alle oneindigheden verdwijnen. De extra dimensies waarin 
snaartheorieën gedefinieerd zijn lijken het op het eerste gezicht onmogelijk te maken om 
een snaartheorie te zien als een realistische beschrijving van de natuur. Gelukkig zijn er 
verschillende oplossingen voor dit probleem. We kunnen bijvoorbeeld zes van de negen 
(ruimtelijke) dimensies "oprollen", zodat ze niet meer waarneembaar zijn. Vergelijk dit 
met het heel strak oprollen van een (tweedimensionaal) vel papier, zoals in figuur 6.6: 
het resultaat is een buisje, dat vanaf grote afstand nauwelijks onderscheiden kan worden 
van een (eendimensionale) lijn. Op dezelfde manier kunnen de zes extra dimensies van 
een snaartheorie klein gemaakt worden (zogenaamde compactificatie). zodat een theorie 
overblijft die op onze alledaagse schaal driedimensionaal lijkt. 
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Figuur 6.6: Een voorbeeld van eornpactificatie: een (tweedimensionaal) vel papier lijkt 
wanneer we het strak oprollen vrijwel eendimensionaal. 

Laten we nu nog eens kijken naar de vraag "waarom eigenlijk snaren"? Als we de ge
neralisatie van puntdeeltjes naar snaren hebben gemaakt is het immers niet meer dan 
natuurlijk om ook eens te kijken of we elementaire deeltjes kunnen beschrijven als kleine 
tweedimensionale membranen, of driedimensionale bolletjes. Sterker nog. als snaartheorie 
ïiegendimeiisionaal is. waarom zouden we dan geen vier-, vijf-. • • • tol en met negendimen-
sionale "deeltjes" beschouwen? 

De reden dat deze hoger-dimensionale objecten tot enkele jaren geleden weinig bestudeerd 
werden, is dat de wiskunde om ze te beschrijven enorm gecompliceerd wordt. Nu hebben 
we al eerder gezien dat wiskundige complicaties nog niet betekenen dat iets onmogelijk is. 
en inderdaad werd in 1995 door .1. Polchinski ontdekt dat ook hoger-dimensionale objecten 
in snaartheorieën voor konden komen. De wiskundige truc die Polchinski gebruikte om 
deze objecten te beschrijven was de volgende: in plaats van het direct beschrijven van de 
vele trillingen van een hoger-dimensionaal object keek Polchinski naar de trillingen van 
snaren waarvan de eindpunten op deze hoger-dimensionale objecten liggen, zoals in figuur 
6.7. Het blijkt dat we door middel van dergelijke snaren enorm veel te weten kunnen komen 
over de hoger-dimensionale objecten. Dergelijke snaren worden snaren met "Dirichlet-
randvoorwaarden" genoemd, en de hoger-dimensionale objecten hebben daarom de naam 
D-branen gekregen, waarin de "D" voor "Dirichlet" staat en het "branen" een generalisatie 
is van ••membranen". 

D-branen blijken in paren voor te komen: een n-dimensionaal D-braan blijkt eigenschap
pen te hebben die sterk gekoppeld zijn aan de eigenschappen van een D-braan van di
mensie 6 — //. De redenering waarmee dit aangetoond wordt geldt algemeen voor hoger-
dimensionale objecten, en dus kunnen we ons afvragen of er ook een dergelijk "duaal" 
object voor de gewone snaar is. Dit object zou dan vijfdimensionaal moeten zijn. en 
het blijkt inderdaad te bestaan. (Waar met "bestaan" natuurlijk bedoeld wordt: "in de 
wiskundige structuur te passen": dergelijke objecten zijn natuurlijk nog nooit daadwer
kelijk waargenomen in de natuur!) Het object wordt de NS-vijfbraan genoemd, naar de 
natuurkundigen P. Neveu en .1. Schwarz. Omdat dit object in tegenstelling tot de D-
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Figuur 6.7: D-branen kunnen worden beschreven door middel van snaren die op de D-
braan eindigen. 

branen niet beschreven kan worden door snaren die erop eindigen is het veel lastiger om 
iets te zeggen over de eigenschappen van de NS-vijfbraan. 

Samenvattend: we hebben gezien dat snaartheorie niet alleen uit snaren bestaat, maar dat 
er ook allerlei hoger-dimensionale objecten zijn. Er zijn D-branen van diverse dimensies 
(welke dimensies precies voor kunnen komen hangt van de precieze snaartheorie af), en er 
is de vijfdimensionale NS-vijfbraan. We zullen nu iets nauwkeuriger kijken naar de relaties 
tussen al deze verschillende objecten, en tussen de verschillende mogelijke snaartheorieën. 

5 Dualiteiten: één theorie, vele beschrijvingen 

We hebben al vermeld dat er verschillende soorten snaartheorieën mogelijk zijn. Om te 
beginnen kunnen we twee verschillende typen snaren bestuderen: gesloten snaren, zoals in 
figuur 6.8a. en open snaren, zoals in figuur 6.8b. Maar er zijn meer keuzemogelijkheden: 
we kunnen kiezen voor snaartheorieën met bepaalde symmetrieën. we kunnen bepaalde 
trillingstoestanden van de snaar al dan niet toelaten (zogenaamde GSO-projecties. naar 
F. Gliozzi. D. Olive en J. Scherk), we kunnen bepaalde compactificaties kiezen, enzovoort. 
In de praktijk is gebleken dat wanneer we bepaalde natuurlijke eisen aan de snaartheorieën 
opleggen (zoals de eis dat deeltjes alleen vooruit in de tijd kunnen bewegen), en we alleen 
ongecompactificeerde (dus negendimensionale) snaartheorieën bekijken, er uiteindelijk vijf 
verschillende mogelijke .snaartheorieën bestaan. Deze theorieën hebben om redenen die 
te ver voeren om hier uiteen te zetten de poëtische namen type I. type IIA. type IIB. 
heterotisch E$ en heterotisch 50(32) gekregen. Als we ons weer even op het filosofische 
vlak wagen is het aantal verschillende snaartheorieën natuurlijk een teleurstelling: wanneer 
we op zoek zijn naar een theorie van alles zou het veel mooier zijn als we één enkele, unieke 
snaartheorie zouden vinden. 
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(a) (b) 

Figuur 6.8: (a) Gesloten en (b) open snaren. 

Verbazend genoeg blijkt deze droom voor snaarfilosofen toch uit te komen: het blijkt 
namelijk dat er allerlei verbanden tussen de vijf bekende snaartheorieën zijn. en dat ze 
in feite niets anders zijn dan vijf verschillende verschijningsvormen van dezelfde theorie. 
Om het in meer natuurkundige termen te zeggen: er zijn allerlei dualiteiten tussen de vijf 
snaartheorieën. 

Een dualiteit is een beschrijving van een bepaald systeem op een totaal andere manier. Om 
een voorbeeld te geven: in de snaartheorie die de naam "type I" heeft gekregen komt een 
eendimensionale D-braan voor - een object dat de vorm van een snaar heeft. dus. We kun
nen nu de hele theorie opnieuw beschrijven door in plaats van onze oorspronkelijke snaar 
deze snaar als fundamenteel object te beschouwen, en zo vinden we een nieuwe snaartheo
rie, die exact hetzelfde beschrijft als de oude. Deze theorie blijkt een van de andere vijf 
bekende theorieën te zijn. namelijk de zogenaamde ••Heterotische SO(32)"'-snaartheorie. 
Op soortgelijke manieren kunnen we alle snaartheorieën met elkaar verbinden, en vinden 
we dat alle theorieën manifestaties zijn van één grote overkoepelende theorie een theorie 
die ook wel M-theorie genoemd wordt, waar de "M" naar keuze kan staan voor woorden 
als ''magie'', "mysterie'', "moeder". of meer praktische zaken als •'membraan". 

Een goede wiskundige beschrijving van de overkoepelende M-theorie is vooralsnog niet 
gevonden, al zijn er via de relaties tussen de snaartheorieën wel allerlei eigenschappen van 
de theorie bekend. Zo weten wc dat M-theorie zelf geen snaren bevat, maar alleen twee
en vijfdimensionale branen. en dat de theorie een elfdimensionale theorie is waaruit alle 
snaartheorieën ontstaan door een van de dimensies te compactificeren op de manier die we 
hierboven hebben uitgelegd. De snaren zelf ontstaan dan bijvoorbeeld door een richting 
van een tweedimensionaal membraan mee op te rollen, zodat een eendimensionale snaar 
overblijft. 

6 Twee kleine bijdragen 

We hebben nu in vogelvlucht de snaartheorie beschreven: het wordt dus hoog tijd om iets 
meer te zeggen over het onderzoek dat in dit proefschrift gepresenteerd wordt. De titel 
van het proefschrift is vrij vertaald "Duale gezichtspunten op hoger-dimensionale objecten 
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in de snaartheorie": het onderzoek richt zich dus op de verschillende beschrijvingen van de 
D-branen en de NS-vijfbraan die volgen uit de verschillende dualiteiten. De achterliggende 
filosofie is dat een probleem dat vanuit een bepaald oogpunt erg lastig oplosbaar is. vanuit 
een duaal gezichtspunt wel eens veel eenvoudiger oplosbaar zou kunnen zijn. Andersom 
kan een opgelost probleem in een bepaalde snaartheorie door middel van een dualiteit 
vertaald worden in een opgelost probleem in een andere snaartheorie, en kunnen we op 
die manier veel leren over de vijf verschillende verschijningsvormen van de theorie. 

Er komen in dit proefschrift twee specifieke voorbeelden van deze filosofie aan bod. geba
seerd op twee artikelen die ik met mijn promotores heb geschreven, en die te vinden zijn 
onder de nummers [74] en [32] in de referentielijst. In het eerste artikel vinden we een 
relatie tussen netwerken van snaren en zogenaamde "supervellen" (die we verderop zullen 
beschrijven) door een dualiteit toe te passen op een al bekende relatie. In het tweede 
artikel berekenen we de zogenaamde "partitiefunctie" (ook verderop beschreven) van de 
NS-vijfbraan - iets wat we konden doen door verschillende stappen van de berekening te 
doen in verschillende duale theorieën. 

6.1 Netwerken van snaren en supervellen 

Met de intrede van de D-branen in de snaartheorie komen verrassend genoeg ook weer 
"ouderwetse" puntdeeltjes om de hoek kijken: een nuldimensionale D-braan is immers een 
puntvormig deeltje! Het blijkt dat deze "D0-branen" inderdaad in bepaalde snaartheorieën 
voorkomen - in het bijzonder in de theorie die de naam "type IIA" draagt. Aangezien we 
ook snaren hebben die op deze DO-braan eindigen kunnen we een soort "kralenketting"-
constructie maken zoals in figuur 6.9a: een snaar eindigt op een DO-braan: vandaar vertrekt 
een andere snaar naar een volgende DO-braan. enzovoort. 

*> 

(a) (b) 

Figuur G.9: Een "kralenketting" van D0-branen en snaren wordt opgeblazen tot een cilin-
dervormige D2-braan. 

Deze kralenketting-systemen zijn bestudeerd door D. Mateos en P. Townsend. en zij ont-
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dekten dat door de elektrische en magnetische lading die zo'n systeem bezit, de ketting 
zal gaan rondtollen om haar lengte-as. Nu weten we dat systemen die ronddraaien een 
zogenaamde "middelpuntvliedende" kracht ondervinden: voorwerpen hebben de neiging 
om naar buiten gedrukt te worden. (Dit is bijvoorbeeld de oorzaak van het feit dat na het 
centrifugeren alle was in de wasmachine tegen de buitenwand van de trommel aangeplakt 
zit.) Op dezelfde manier heeft de kralenketting de neiging om zichzelf "op te blazen . en 
krijgt het systeem de vorm van een cilinder, zoals in figuur 6.9b. Het systeem verandert 
dus in een tweedimensionaal systeem - een D2-braan! Dergelijke systemen werden door 
Mateos en Townsend "supercilinders': genoemd, waar het "super'* slaat op een bepaalde 
symmetrie - de zogenaamde supersymmetrie - die de D2-branen hebben. Overigens is de 
straal van de cilinder in het algemeen van de orde van de lengte van de snaar zelf, eir dus 
is de cilinder zo smal dat. net als in het geval van compactificatie. het systeem effectief 
bijna eendimensionaal is. 

In hoofdstuk 3 van dit proefschrift wordt een duale versie van het bovenstaande pro
ces beschouwd. Type IIA snaartheorie is duaal met type IIB snaartheorie. dankzij een 
dualiteit die ook wel T-dualiteit genoemd wordt. De belangrijkste eigenschap van deze T-
dualiteit is dat een object dat in de type IIA theorie beschreven wordt als een D-braan van 
n dimensies, in de type IIB theorie beschreven wordt als een D-braan van n+1 dimensies. 
(Of in bepaalde gevallen als een D-braan van n — 1 dimensies, maar deze gevallen spelen 
geen rol in ons onderzoek.) Het kralenketting-systeem is dus T-duaal aan een systeem 
waarin gewone snaren gespannen zijn tussen eendimensionale D-branen, oftewel D-snaren 
- zie figuur 6.10a. De supercilinder heeft ook een duaal systeem met een extra dimen
sie, namelijk een driedimensionale D-braan, waarvan een van de richtingen is opgerold 
op een minuscule cirkel. We hebben deze systemen "supervellen" genoemd, vanwege het 
feit dat twee van de drie dimensies "groot" zijn en de derde is opgerold en dus op grote 
schaal nauwelijks waarneembaar is. In figuur 6.10b is een supervcl getekend, waarbij de 
kleine cirkel is vervangen door een klein lijnstukje - het is in drie dimensies nu eenmaal 
onmogelijk om een cirkel plus twee "gewone" richtingen te tekenen. 

— 

7 
/ 

Figuur 6.10: De T-duale relatie van de relatie in figuur 6.9. 

Vanwege de dualiteit met de kralenkettingen en supercilinders van Mateos en Townsend 
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zouden we nu verwachten dat door de elektrische en magnetische ladingen ook het snaren-
netwerk van figuur 6.10a "opblaast" tot een supervel zoals in figuur 6.10b. In hoofdstuk 
3 van dit proefschrift laten we zien dat dit inderdaad het geval is. en dat dit zelfs geldt 
voor veel algemenere snaren-netwerken, waar de hoeken tussen en de lengtes van de snaren 
willekeurig zijn. 

6.2 Een mysterieus object: de NS-vijfbraan 

Een belangrijk wiskundig hulpmiddel in quantumtheorieën is de zogenaamde partitiefunc
tie. Zoals gezegd beschrijft een quantumtheorie processen in termen van kansen. Stel 
dat we nu een bepaald systeem hebben dat in allerlei configuraties kan voorkomen. (Bij
voorbeeld een snaar die verschillende trajecten kan afleggen en op verschillende manieren 
kan trillen.) De partitiefunctie van zo'n systeem is een wiskundige uitdrukking die alle 
kansen op al die configuraties samenvat in een enkele uitdrukking of functie. Het spreekt 
voor zich dat deze functie daarmee een centrale rol speelt in quantumtheorieën: wanneer 
we de partitiefunctie van een bepaald systeem weten kunnen we de kansen op allerlei 
gebeurtenissen daaruit destilleren. In de hoofdstukken 5 en 6 van dit proefschrift wordt 
de partitiefunctie uitgerekend van het quantummechanische systeem dat de NS-vijfbraan 
in een bepaalde snaartheorie (type IIA) beschrijft. 

Doordat de NS-vijfbraan niet beschreven kan worden met behulp van snaren die op de 
braan eindigen is de vijfbraan een vrij mysterieus en moeilijk wiskundig te beschrijven 
object. De wiskunde om het object te beschrijven, en de bijbehorende natuurkundige 
eigenschappen, zijn alleen bekend in heel speciale gevallen, waarin we bepaalde parameters 
in de theorie heel klein kiezen, en alleen kijken naar processen met heel lage energieën. 
In dit proefschrift bekijken we ook een dergelijke configuratie. Vervolgens rekenen we een 
deel van de partitiefunctie uit. namelijk het deel dat volgt uit de kansen die behoren bij 
de klasfiickt configuraties dat wil zeggen: bij de toestanden waarin de XS-vijfbraan nuk 
in een niet-quantumtheorie zou kunnen zijn. Vergelijk dit met bijvoorbeeld het afschieten 
van een kogel: klassiek zal deze kogel een paraboolbaan volgen: quantummechanisch hoeft 
dit niet zo te zijn, maar is het wel zo dat de kans dat de kogel de paraboolbaan volgt 
verreweg het grootste is. (Vergelijk ook het voorbeeld van de bowlingbal dat ik eerder 
gaf.) 

De partitiefunctie voor dergelijke klassieke configuraties is betrekkelijk eenvoudig te bereke
nen (we doen dit in hoofdstuk 5). maar in een quantumtheorie kunnen ook allerlei andere 
configuraties voorkomen - de kogel kan eerst driemaal een rondje draaien voordat bij 
verder vliegt - al zijn de bijbehorende kansen natuurlijk veel kleiner. De partitiefunctie 
heeft daarom allerlei extra kleine bijdragen van dit soort processen, en het blijkt dat deze 
bijdragen in de type IIA-theorie erg lastig te berekenen zijn. Gelukkig kunnen we een 
dualiteit toepassen - alweer een zogenaamde T-dualiteit - en het duale systeem in type 
IIB snaartheorie beschouwen. 

Allereerst moeten we dus uitzoeken wat het T-duale systeem van een NS-vijfbraan pre-
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ties is. Hier doet zich het bijzondere feit voor dat we in de duale beschrijving geen 
hoger-dimensionaal object vinden, maar een bepaalde gekromde ruimte die dezelfde na
tuurkundige informatie bevat - de zogenaamde Taub-NUT ruimte, genoemd naar A. Taub. 
E. Newman. T. Unti en L. Tamburino. Het blijkt nu dat we van de quantum-beschrijving 
van deze gekromde ruimte met allerlei wiskundige trucs wèl de correcties op de parti-
tiefunctie kunnen uitrekenen en met behulp van de dualiteit vinden we daarmee dus ook 
de quantum-correcties op de partitiefunctie van de NS-vijfbraan. Deze berekeningen zijn 
uitgewerkt in hoofdstuk 6. 

7 Is snaartheorie natuurkunde? 

In het voorgaande heb ik geprobeerd een beeld te schetsen van de belangrijkste aspecten 
van de snaartheorie, en van de plaats die mijn eigen onderzoek daarin inneemt. De be
schrijving was noodzakelijkerwijs kort. en ik verwijs de lezer die meer wil weten dan ook 
graag naar het uitstekende populair-wetenschappelijke boek van Brian Greene, in de lite
ratuurlijst te vinden onder het nummer [41]. waarin de snaarthcorie en haar relatie met 
de quantummechanica en de relativiteitstheorie veel uitgebreider worden behandeld. 

Rest ons nog de vraag: is snaartheorie nu eigenlijk natuurkunde? Vaak wordt die vraag 
negatief beantwoord, omdat snaartheorie geen meetbare voorspellingen zou doen: doordat 
snaren zo vreselijk klein zijn is het vrijwel uitgesloten dat het bestaan van snaren direct 
kan worden waargenomen. Los van het feit dat desondanks het indirect waarnemen van 
snaren toch wel eens mogelijk zou kunnen zijn - bijvoorbeeld in de overblijfselen van de 
Oerknal waarmee het heelal ontstond, en waarbij enorme energieën voorkwamen - hoop 
ik met mijn inleiding voldoende betoogd te hebben dat een theorie van alles toch wel 
degelijk als natuurkunde gezien kan worden, om de eenvoudige reden dat de algemene 
relativiteitstheorie en de quantummechanica samen in de strikte zin des woords geen 
natuurkundige theorie vormen, en een theorie van alles die deze beide theorieën omvat 
dus even strikt genomen de eerste natuurkundige theorie zou zijn die beide correcties op 
de newtonse mechanica beschrijft. 

De vraag is in mijn optiek dus niet zozeer of een theorie van alles, ook wanneer deze 
slechts niet-waarneembare correcties op de relativiteitstheorie en de quantumveldenthe-
orie oplevert, natuurkunde zou zijn - die vraag zou ik met een volmondig "ja" willen 
beantwoorden. De vraag is veeleer of snaartheorie zal kunnen uitgroeien tot zo'n ••theorie 
van alles". Hier moet ik bekennen dat ik vrij sceptisch ben. om de eenvoudige reden dat 
nog heel veel waarneembare eigenschappen van ons Heelal geen plaats hebben gevonden in 
de snaartheorie, zoals al blijkt uit de lijst open vragen die ik in de laatste alinea van sectie 
3 presenteerde. Zolang dergelijke vragen in de snaartheorie geen bevredigend antwoord 
hebben gevonden zullen we voor alle praktische toepassingen van de natuurkunde gebruik 
moeten blijven maken van de quantumveldentheorie en de algemene relativiteitstheorie, 
en is de snaartheorie nog beslist geen theorie van alles. 
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Over vragen als hoe deze situatie in de toekomst zal veranderen, of er ooit een theorie 
van alles gevonden zal worden, en of die theorie haar oorsprong in de snaartheorie zal 
hebben, kan natuurlijk slechts gespeculeerd worden. Ik zie zelf de snaartheorie in dit 
opzicht vooral als een •'wiskundige wegwijzer": ecu theorie die ons het vertrouwen geeft 
dat de quantummechanica en de relativiteitstheorie in een consistent geheel samengevoegd 
kunnen worden, en die aanduidt in welke richting wc qua wiskunde moeten zoeken om dit 
te bewerkstelligen. Het lijkt me niet onwaarschijnlijk dat soortgelijke wiskundige ideeën 
als in de snaartheorie gebruikt worden, ooit tot een theorie van alles zullen leiden, maar 
het zou me daarbij niet verbazen als zo'n uiteindelijke theorie qua vorm net zo ver van 
de snaartheorie af zal staan als het periodiek systeem van Mendelejev af staat van de 
eerste ideeën over atomen van de Griek Demokritos - en wie weet is de tijdspanne voor 
de ontwikkeling van zo*n theorie ook wel vergelijkbaar. Maar nogmaals: het gaat hier 
om pure speculatie: het is net zo goed mogelijk dat morgen iemand een geheel nieuwe en 
onverwachte manier vindt om een theorie van de quantumzwaartekracht op te stellen, en 
dat die theorie zo natuurlijk is dat het eruit ontwikkelen van een theorie van alles daarmee 
nog slechts een kwestie van jaren is. Zolang dat echter niet het geval is. is het volgen van 
de wiskundige wegwijzer van de snaartheorie - natuurkunde of niet - de meest kansrijke en 
misschien wel de enige manier om uiteindelijk de twee correcties op de newtonse mechanica 
te verenigen. 
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Dankwoord 

De laatste bladzijden van dit proefschrift zijn de gelegenheid bij uitstek om degenen te 
bedanken die in de afgelopen jaren hebben bijgedragen aan de totstandkoming van dit 
werk, en meer in het algemeen aan mijn nu bijna voltooide opleiding als fysicus. Om 
met die opleiding in de breedste zin des woords te beginnen: er wordt in Nederland vaak 
geklaagd over de structuur van het onderwijs, maar er wordt veel te weinig positieve aan
dacht besteed aan al die enthousiaste docenten die. los van alle onderwijsvernieuwingen, 
jaar na jaar kinderen en jongeren de weg wijzen in wetenschap en samenleving. Laat ik 
dus beginnen met alle docenten die ik op de lagere en middelbare school en op de univer
siteit ben tegengekomen - en in het bijzonder de goede wis- en natuurkundedocenten die 
het enthousiasme voor dit vak bij mij hebben aangewakkerd - van harte te bedanken voor 
hun vele boeiende lessen. 

Aan het eind van die lange rij leraren - die overigens in de toekomst ongetwijfeld nog 
langer zal worden - staan natuurlijk mijn twee promotores. Erik en Robbert, ik wil jullie 
van harte bedanken voor de afgelopen vijf jaren. Het was een genoegen om met twee 
vooraanstaande onderzoekers als jullie te mogen samenwerken, en ik heb heel veel geleerd 
door te zien hoe jullie werken en denken, en door in jullie discussies te zien hoe goede ideeën 
ontstaan en langzaam maar zeker opgepoetst worden tot een mooi stuk natuurkunde. Het 
enthousiasme waarmee jullie de wetenschap beoefenen is in de afgelopen jaren een grote 
bron van inspiratie voor me geweest. 

Ook alle andere fysici die ik in de afgelopen jaren ben tegengekomen en waarmee ik vele 
discussies heb gevoerd ben ik daarvoor natuurlijk zeer dankbaar. In het bijzonder wil ik 
de leden van het Spmoza-mstituut. het Instituut voor Theoretische Fysica in Utrecht en 
het Instituut voor Theoretische Fysica in Amsterdam bedanken voor de plezierige tijd die 
ik op deze instituten heb doorgebracht. Van de vele kamergenoten die ik door de jaren 
heen heb gehad wil ik in het bijzonder Bartjan van Tent bedanken: niet alleen voor de 
gezelligheid op de kamer, maar ook daarbuiten, op de squashbaan. Ik hoop dat we in de 
toekomst ook nog eens een balletje zullen slaan! Ook buiten de bovengenoemde instituten 
heb ik vele prettige ontmoetingen met vakgenoten gehad: hier wil ik in het bijzonder Stefan 
Groot Nibbelink bedanken voor wijze raad en voor de opbouwend kritische noten van een 
fenomenoloog aan een stringtheoreet. Hopelijk zal ons oude plan van een gezamenlijke 
publicatie in de komende tijd eindelijk gerealiseerd worden. 
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Ook in de totstandkoming van dit proefschrift zelf ben ik natuurlijk bijgestaan door vele 
mensen. Ik wil iedereen die stukken van dit proefschrift becommentarieerd heeft dan 
ook hartelijk danken: om te beginnen natuurlijk mijn promotores en de leden van de 
promotiecommissie, maar daarnaast ook Stefan Groot Nibbelink. Marijn Davidse en Sikke 
Kingnia voor hun nuttige commentaar op stukken van de tekst. Laatsgenoemde dank ik 
bovendien, evenals Maarten Kleinhans. voor de bereidheid om als paranimf op te treden 
tijdens de promotie. 

Dan is er natuurlijk nog een wereld buiten de fysica. Voor mij bestond in de afgelopen jaren 
een heel groot deel van die wereld uit .IWG-ers (de Jongerenwerkgroep voor Sterrenkunde: 
bezoek vooral http://www.sterrenkunde.nl/jwg). en ik wil dan ook alle .IWG-ers bedanken 
voor de prachtige jaren ik zal jullie missen! Ik heb in al die jaren in heel wat commissies 
en besturen gezeten, maar twee groepen binnen de JWG wil ik in het bijzonder bedanken: 
het hoofdbestuur, waarmee- ik jarenlang in heel goede sfeer en op vrijwel dagelijkse basis 
de club heb proberen te besturen, en natuurlijk de OK-leiding - waarschijnlijk de meest 
gevarieerde en bijzondere groep vrienden die een mens zich kan voorstellen. 

En dan heb ik ook nog cnk'le goede vrienden... maar als ik die ga opnoemen wordt deze 
tekst echt te lang. en ben ik bovendien veel te bang om als alles zwart-op-wit staat erachter 
te komen dat ik net die éne belangrijke vergeten ben. Laat ik me dus beperken tot twee 
heel bijzondere gevallen: Martin, bedankt voor alle sfeervolle en inspirerende momenten 
her en der in Europa, en natuurlijk voor het ontwerp van de omslag van dit proefschrift, 
en Jennifer, kort maar krachtig: bedankt voor alles. 

De- laatste alinea is voor degenen die het dichtst bij me staan: Petra, bedankt voor je 
steun in de afgelopen jaren de vriendin van een fysicus, en zeker van deze fysicus, heeft 
het niet altijd even makkelijk en voor alle liefde en vriendschap. René, bedankt voor het 
zijn van een wijze oude broer en goede vriend tegelijk. De slotwoorden van dit proefschrift 
zijn voor mijn ouders: een liefdevolle en geborgen opvoeding zoals ik die gehad heb. met 
volop vrijheid om je te ontwikkelen en te kiezen voor wie en wat je wilt. is het mooiste 
wat je een mens in zijn leven kunt meegeven. Ik draag dit proefschrift aan jullie op. 

Utrecht, september 2003. 
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STELLINGEN 
behorende bij het proefschrift 

Dual Perspect ives on Extended Objects in String Theory 

door Marcel Vonk 

1. De relatie tussen "string networks" en "supersheets" is dezelfde als de relatie 
tussen statistische mechanica en thermodynamica. 

2. De overeenkomsten tussen de klassieke en de quantum-partitiefunctie van de 
NS-vijfbraan in type IIA snaartheorie berusten op een nog niet adequaat 
beschreven achterliggende wiskundige structuur. 

3. Ook zonder het nemen van de lage-energielimiet zoals in dit proefschrift voldoet 
de partitiefunctie van de op een Calabi-Yau-variëteit gecompactificeerde NS-
vijfbraan in type IIA snaartheorie aan een holomorfe anomalievergelijking. 

4. De "verdwenen vijfbraan" (zie hoofdstuk 5 en 6 van dit proefschrift) zal weer 
opduiken als alle berekeningen gedaan worden in de exacte T-duale ruimte van 
k gescheiden vijfbranen. 

5. De natuur kan niet zuiver op basis van wiskundige consistentie verklaard wor
den. 

6. De wereld is vierdimensionaal. 

7. Economisch gezien werken de meeste hoge-energiefysici in de entertainment
sector. 

8. voor net merendeel van de beleidswijzigingen in het lager en middelbaar on
derwijs van het de afgelopen twee decennia gold dat niet stilstand, maar juist 
verandering achteruitgang was. 

9. Twee weken zomerkamp zijn minstens even belangrijk in de opvoeding en 
ontwikkeling van een kind als vijftig weken thuis. 

10. De generatie die nu met mobiele telefoons opgroeit zal beduidend beter kunnen 
spellen dan de generatie daarvoor. 






