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Chapter 2 

String theory 

In this introductory chapter, we give a brief overview of string theory. The intention is to 
highlight the subjects in string theory which we will encounter in the rest of this thesis. 
One purpose is to introduce some notation which will be used in the later chapters, but 
the main goal is to remind the reader of some essential notions and calculations which are 
needed to put the rest of the thesis in the correct perspective. Throughout the discussion, 
we will indicate how and where the material covered plays a role in the rest of this thesis. 

The chapter is divided into three topics, corresponding to the three ingredients in the title 
of' this thesis. They are covered in the reverse order from which they appear in the title. 
Section 2.1 discusses some of the basics of string theory. In section 2.1.1 we describe the 
action of the bosonic string, quantize this action, and make a first step towards deriving 
the string spectrum. In section 2.1.2. we discuss how one can impose the constraints 
following from the vanishing of the energy-momentum tensor on this spectrum. Section 
2.1.3 generalizes the results of the first two sections to supersymmetric strings. Then, in 
section 2.1.4 we describe how we can use the spectrum of the theory to find an ordinary 
field theory which is a good approximation to the string theory at low energies. Finally, 
in section 2.1.5 we discuss the compactification of string theory 

In section 2.2 we turn to the subject of extended objects. We will see that string theory 
does not just consist of strings, but that there are also objects of higher dimension, called 
D-branes and NS five-branes. D-branes are discussed in section 2.2.1: the XS five-brane 
is discussed in section 2.2.2. 

Finally, section 2.3 discusses the concept of dualities in string theory. We will see two 
explicit examples of cases where string theories look very different, but turn out to describe 
the same physics. The first example is T-duality to be discussed in section 2.3.1: the 
second is S-duality which we will describe in section 2.3.2. In section 2.3.3. we will then 
briefly mention some other dualities, leading to the conjecture that all known superstring 
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18 CHAPTER 2. STRING THEORY 

theories are special cases of'one fundamental theory called M-theory. We end this chapter 
with an appendix on the Buscher rules for T-duality. 

It is assumed that most of the topics to be covered here are not completely new to the 
reader. Readers who are not familiar with string theory or who want to refresh their mem
ories on a certain subject are advised to consult the books by M. B. Green. J. H. Schwarz 
and E. Witten [38. 39] and the ones by J. Polchinski [58. 59] for further details. The first 
of these is probably most suitable as an introduction to the held, but being written more 
than 15 years ago. it does not contain the more recent developments, most notably with 
respect to dualities and D-branes. For these subjects, one can consult the more recent 
book by Polchinski. With every subject we outline, we will mention where in these refer
ences one can find more information. We have decided not to include any references to the 
original papers on string theory in this chapter (the only exception being the discussion 
of the Buscher rules in the appendix); the reader can find detailed and annotated lists 
of references at the end of each volume of Green. Schwarz and Witten and of Polchinski. 
In this chapter, we also use the conventions and notations from these books; where they 
disagree we choose the conventions of Green, Schwarz and Witten. 

2.1 Strings 

String theory considers the quantum dynamics of one-dimensional objects (strings) prop
agating in a (D + l)-dimensional space-time. The main difference with quantum field 
theory is the fact that the fundamental object itself is extended, whereas we usually think 
of field theories as theories describing point-like particles. In string theories, there are two 
geometrical objects of interest: one is the (D + l)-dimensional space-time; the other is the 
(l + l)-dimensional worldsheet of the string itself. One can think of this worldsheet as the 
submanifold of space-time which is swept out by the propagating string, but in a quantum 
treatment, it is useful to switch perspective and consider the string worldsheet as the fun
damental geometrical object, and regard the space-time coordinates X^ as fields living on 
this worldsheet. This can be viewed as a generalization of a -first quantized" treatment of 
ordinary quantum field theory, where one considers the position coordinates of a particle 
as functions of a time-like coordinate parametrizing the worldline of the particle. In the 
case of a string, if (r. a) are coordinates for a point P on the worldsheet. then X>'{T. a) 
are the coordinates of P in space-time. In this language, a specific field configuration 
XI'(T. a) corresponds to a certain embedding of the worldsheet into space-time. 

In a classical, relativistic theory of point particles, the trajectories of the particles are 
geodesies, i. e. paths which locally (under small changes, keeping the end points fixed) have 
a minimal length. Similarly, one can argue thai the classical relativistic configurations for 
a string worldsheet are the ones which have a locally minimal area. Therefore, classically 
one can write an action for the string worldsheet fields which is simply proportional to 
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the area of the worldsheet: 

S = T I dTda^detd^X^'djX^. (2.1) 

where £ denotes the worldsheet. The worldsheet indices a, ft range over {r.a}. and 
the space-time indices \x. v range from 0 to D and are contracted with the space-time 
metric G,,„. which we take to be the fiat Minkowski metric ?/,,„ for the moment. We take 
worldsheet coordinates to be dimensionless. so T is a constant of dimension (mass)2 which 
can be interpreted as the string tension, i. e. its energy per unit length. This action is 
known as the Nambu-Goto action. 

By construction, the minima of this action are the embeddings of the string worldsheet into 
space-time which correspond to the classically allowed paths of the string. The basic idea 
of string theory is now to consider the quantum field theory defined by the same action. 
Note that this ••first quantized'- point of view is very different from the usual ••second 
quantized" formulation of ordinary quantum field theory, where one quantizes actions 
describing fields in space-time: here we quantize the coordinates themselves, viewed as 
fields living on the worldsheet. 

It is known that for ordinary quantum field theories, the first and second quantized for
mulations give the same results. For string theory this is much less clear - it is not even 
known how to formulate a completely general second quantized version of the theory. That 
we can nevertheless derive interesting space-time physics starting from this formulation is 
one of the many miracles of string theory. 

2.1.1 The Polyakov action, gauge fixing and naive quantization 

In a quantum theory, the action (2.1) is not very convenient to work with: the presence of 
the square root makes it very difficult to apply the canonical quantization procedure. This 
problem is solved by introducing an extra field hn3(r. a) and an action which is classically 
equivalent to the action (2.1): 

S = -J- I drda \fhha0daX^dpX^, (2.2) 
2
 JT. 

where h = \óetha0\ and it"' is the inverse matrix of ha;j. This action is known as the 
Polyakov action. Its properties are discussed in detail in section 2.1.2 of Green, Schwarz 
and Witten. That the Polyakov action is classically equivalent to the Nambu-Goto action 
(2.1) can be shown by calculating the equations of motion for this action and eliminating 
the /(-field. 

The field // can be interpreted as a metric on the string worldsheet. Indeed, from the 
action (2.2) we see that only its symmetric part contributes to the theory. Moreover, 
note the appearance of the factor of Vh. which is the familiar invariant measure we know 
from general relativity. Finally, note that the expression 'dnX^daX

v i}^ is the pullback 
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of the space-time metric - which in this simple case is just ??,,„ to the worldsheet of the 
string. The action can therefore be interpreted as the coordinate invariant integral of the 
worldsheet trace of the pullback of the space-time metric. We have already seen that the 
geometric interpretation of this is related to the area of the embedded worldsheet. Actions 
of this type are known as sigma models. The particular case we studied so far is a linear 
sigma model since its equations of motion are linear in X^: if we take a more general 
space-time metric Gfi„(X). the resulting interacting theory is known as a nonlinear sigma 
model. This procedure can of course be generalized to other dimensions: in chapter 4 we 
will discuss special geometry, which can be phrased in terms of nonlinear sigma models 
embedding a four-dimensional space into a target space of arbitrary dimension. 

Being a relativistic theory, the two-dimensional theory is coordinate invariant. We can 
gauge fix this coordinate invariance by putting the worldsheet metric in the form 

KB = \(T.a)r)ap. (2.3) 

Indeed, observe that the worldsheet metric, being symmetric, has three degrees of freedom, 
two of which can be eliminated by reparametrizations of the two worldsheet coordinates, 
leaving only the single degree of freedom A. However, there is an additional symmetry of 
the theory: we can rescale 

ha0 ->u(T,<r)ha0 (2.4) 

without changing any of the other fields. Since \fh scales as ui and hal3 as w"1 under this 
operation, the action is indeed invariant. This last symmetry is known as Weyl symmetry. 
and it can be used to remove the last degree of freedom encoded in A and gauge fix the 
worldsheet metric to hQ0 = nag. Note that there may be global (topological) obstructions 
to doing this everywhere on the worldsheet; however, we will not be interested in these 
global issues here, and for simplicity we assume that the gauge can be fixed everywhere 
in the way we described. 

Covariant theories which have a local scale invariance are known as conformal field the
ories: only in two dimensions do these theories have enough gauge degrees of freedom to 
completely gauge away the metric. As a result, two-dimensional conformal field theories 
have a very large symmetry group, which is OIK1 of the main reasons why string theory 
gives us the nice results it does. Conformal invariance in two dimensions will play a role in 
our discussion of topological strings in chapter 6: conformal invariance in four dimensions 
will enter our discussion of four-dimensional N = 2 supergravity in chapter 4. 

In a moment, we will encounter some of the special properties of the conformal symmetry 
group in two dimensions. For now, however, the main point of this discussion is that the 
worldsheet metric can be completely gauged away, leaving only the coordinates X1* as 
degrees of freedom. After this gauge fixing the action has a very simple form: it is 

S = - | J drda (X'"X')t - X»X,) . (2.5) 

where the prime denotes a derivative with respect to a and the dot a derivative with respect 
to r . This is a simple quadratic action, which can therefore be quantized straightforwardly. 
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The equation of motion for this action is the wave equation: 

X"» - jt" = 0. (2.6) 

We take strings of a finite length, parametrized by a e [0. n}. In writing down the solutions 
to the equation of motion, we therefore have to specify boundary conditions on the fields 
X1* in the (j-direction in such a way that also the boundary terms in the variation of the 
action vanish. The three main examples of such boundary conditions are 

Closed 

Neumann 

Dirichlet 

X"(T.0) = X"{T.TI) 

X ' " ( T , 0 ) = 0 . X'"(r.7r) = () 

A " ( T . 0 ) = ^ ( T ) . X"(T,7T) = U(r), (2.7) 

where in the last line f^ and ƒ£ are two fixed functions of r. Each of the above conditions 
has a clear geometrical interpretation. Closed strings, as the name says, have the topology 
of a circle: the A''-fields are periodic. Neumann strings have the topology of a line 
segment: the end points of these "open strings" are free to move throughout space-time, 
and the boundary condition ensures that space-time momentum is conserved at the end 
points. Dirichlet strings are also open strings, but their end points are fixed at a certain 
(possibly time-dependent) point in space-time. It is as if these strings are "attached" to 
objects: we will say a lot more about this interpretation in section 2.2.1. At the moment, 
let us just mention that the two open string boundary conditions can be mixed, i. e. we 
can have Neumann boundary conditions in p + 1 directions (usually one takes a Neumann 
condition for the time direction) and Dirichlet boundary conditions in the other D — p 
directions. The resulting string can therefore move freely in only {p + 1) dimensions: it 
appears to be attached to some (p + 1)-dimensional hypersurface in space-time. 

As is well known from the theory of boundary value problems, the solutions to the wave 
equation (2.6) are of the form 

X^{T.a)=Xk(T-a) + X£(T + a). (2.8) 

where the subscripts mean "right-moving" and "left-moving". After imposing the bound-
ry < 

find 
ary conditions, we can expand A^ and A£ in Fourier components: for closed strings we 

Closed: A£ = \r» + h2
ap"(T - o) + | j . £ ^ e ' 2 ' ^ ^ 

XI \x» + l-llp"(r + <T) + -h £ i a ü e - » » ^ ; (2.9) 

for an open string with a Neumann boundary condition we find 

Neumann: X'^ = \x» + ^ V ( r - a) + \l. £ \o^e~in^-^ 

XI = I,-" + i/^"(r + a) + ^/,X;^<e"m(r+CT): (2'10) 

njtO 
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and for an open string with a Dirichlet boundary condition (where for simplicity we take 
JQ and ƒ£ to be constants) we find 

Z Z7T z *—' /; 

5 # - II^L{r + a) - k ^ l a f t e - * - ^ ) . (2.11) 
z Z7T z z—' n 

In these expressions. .xM,p''.a£ and Q(J are free parameters, and we introduced a constant 
of dimension (length) which is defined as /., = 1/\ZTTT. Since this is the characteristic 
length scale of our theory, all objects and in particular the string itself will have 
lengths which are expressible in ls, and which are usually of the same order of magnitude. 
This constant is therefore called the "string length". 

The solutions above are all quite similar, but of course the interesting details are in their 
differences. First of all, note that closed strings have two independent sets of oscillator 
modes, with coefficients a% and a£, whereas open strings only have a single set of these 
modes. This is a well-known fact from the theory of waves: in the case of periodic boundary 
conditions (corresponding to our closed string), there are left- and right-moving modes 
which can be independently excited: in the case of nonperiodic boundary conditions, the 
left- and right-moving modes are related - if the two endpoints are completely fixed for 
example, they add up in such a way that standing waves are formed. 

Another interesting difference is the fact that for the Neumann boundary conditions, we 
have free parameters x? and p'\ corresponding to the initial position and the momentum 
of the string, whereas in the case of Dirichlet boundary conditions these parameters are 
fixed in terms of ftf and fg. Of course, this is precisely the statement that the Neumann 
string is free to move along the XM-direction. whereas for the Dirichlet string the endpoints 
are fixed. Finally, note that for the Dirichlet boundary conditions, the left-moving modes 
have a relative minus sign when compared to the Neumann case. This minus sign (which 
ensures that the Neumann solution can be expressed in terms of cosines and the Dirichlet 
solution in terms of sines) will become very important when we discuss T-duality in section 
2.3.1. 

Having expressed the classical solutions of the theory in modes, we can now quantize 
the theory using the canonical procedure. That is, we can calculate the Hamiltonian, 
calculate the momenta corresponding to the fields A7', turn the fields into operators and 
impose canonical commutation relations, and work out what these relations imply for the 
commutation relations of the modes. Applying this procedure, one finds the commutation 
relations 

iu6lll+nif'
u 

inöm+nrr. (2.12) 

with all other commutators vanishing. Of course, these commutators only apply to the 

Dirichlet: 

n 

la? a"\ 
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cases where the respective oscillators are present, so the first line is absent in the case of 
Dirichlet boundary conditions, and the last line is only present if we have closed strings. 

Tlic next step in the quantization procedure is to find representations of the algebra 
defined by (2.12). From the reality of X'' it follows that a£„ = (a^) t , and hence we 
see that up to an absorbable scaling factor, the oscillator modes form the algebra of an 
infinite set of harmonic oscillators. For example, for an open string with only Neumann 
boundary conditions, we can define a vacuum state |0: k^} such that 

pf\0:k") = fe"|0;fc") 

< | 0 : / r " ) = 0 f o r a l l m X ) . (2.13) 

We can then create excited states by acting on these ground states with the "creation 
operators" a^_m. For the other boundary conditions, we find similar results, with the 
difference that for the Dirichlet directions there is no parameter k'1. and for closed strings, 
we have two sets of creation and annihilation operators. Constructions of representations 
of algebras in terms of "lowest weight states" |0) appear in many places in physics; we will 
encounter another example when we define chiral primary states for the two-dimensional 
JV = 2 superconformal algebra in chapter 6. 

More details on the constructions discussed in this section can be found in chapter 2 of 
Green. Schwarz and Witten. Strings with Dirichlet boundary conditions are not discussed 
there: details on these can be found in section 1.3 and the accompanying exercises in 
Polchinski. 

Before we can discuss the interpretation of the spectrum we have constructed, we have to 
turn to an aspect which we have completely ignored so far: the constraints following from 
the /i-equation of motion, and the resulting Virasoro algebra. 

2.1.2 The energy momentum constraints and the spectrum 

In the previous section, we have gauge fixed hag = r\ap to obtain the simplest possible form 
of the Polyakov action. However, a subtlety we have ignored so far is that by eliminating 
the //-field, we have also thrown away the equation of motion which follows from varying 
it. Of course, even after gauge fixing wc should still impose lins equation of motion in 
one way or another. As usual, the equation of motion following from varying a metric is 
that the energy-momentum tensor vanishes, where in the case of the Polyakov action, the 
energy-momentum tensor is given by 

TQI3 = dnX^d3X, - l-hai,h'"d1X"d,X„. (2.14) 

Note that this tensor is symmetric and traceless (this last property is generic for confor-
mally invariant theories), so setting it to zero gives two constraints on the solutions of the 
equation of motion. After we fix a gauge, we should not forget to impose these constraints. 
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One can do this in two ways. First of all. we can translate the constraints into operator 
equations which we impose on the naive spectrum after quantizing the unconstrained the
ory. Secondly, it is possible to impose the constraints on the classical equations of motion, 
thus restricting the number of free parameters, and hence the number of operators avail
able to construct a spectrum with. Each of these procedures has its advantages, so we 
will briefly discuss both of them in what follows. In fact, there is a third way to deal with 
the gauge fixing of the /j-field. which is by using the so-called BRST quantization. Since 
we will also encounter some ingredients of this procedure later in this thesis, we briefly 
discuss this third option at the end of this subsection. 

Covariant quantizat ion 

In the previous subsection, we have already quantized the unconstrained theory, so to 
proceed from that point we have to turn the equation Ta0 = 0 into an operator equation 
and impose this equation as a constraint on the spectrum we have found. Since- the energy-
momentum tensor is expressed in terms of the fields X1', which are naturally expanded 
in Fourier modes, it is convenient to write the energy momentum constraints in terms of 
Fourier modes as well. This gives the infinite set of modes 

1 °° 
L'n = 2 ^ a m - n a « / " (2-15) 

n= — oo 

where we defined aft = ltp» for open strings and aft = / s ; / ' / 2 f o r closed strings. After 
quantizing the theory, the modes L,n turn into operators, but there is a subtlety in the 
definition of L0. Since its factors do not commute, we have an ordering ambiguity in the 
definition of the quantized version of L0. One usually solves this problem by defining the 
quantum version of L0 to be normal ordered. 

1 -
U= 2«o«OM + X ^ a - " n » " - - (2-16) 

7 1 = 1 

Of course, we should keep in mind that this is just a convention, so that when translating 
classical expressions into quantum ones, we have to replace L0 by L0 - a. where a is some 
normal ordering constant which will have to be determined. For closed strings, since the 
X1' have two sets of modes, we also find a second set of Fourier modes L,„. 

With a careful calculation, one can derive; the commutator algebra of the Lm from the 
algebra of the Q'/„ : the result is that 

[Lni.L„] = (rn - n)Lm+n -\ —— (m3 - m)8m+n. (2.17) 

This algebra is known as the Virasoro algebra. The factor of (£>+l)/12 is called its "central 
charge". Note that, being the modes of the energy momentum tensor in a covariant 
theory, the Virasoro operators actually form a symmetry algebra of the theory. It can be 
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shown that in any conformally invariant field theory in two dimensions, a Virasoro algebra 
with some central charge appears as (part of) the symmetry algebra. For example, the 
Virasoro algebra will reappear in our discussion of topologicals twisted superconformal 
field theories in chapter G. 

Since we want to impose Tap = 0 as a constraint on our theory, it would now seem to be 
natural to impose 

Lm\o) = 0 (2.18) 

as a definition of physical states |0). However, since the commutator of L,n and L_m has 
a constant term, we can never achieve this for all m. The best we can do is set Lm\<p) = 0 
for m > 0. This is not as bad as it seems, since this implies that ((<p|L_m) = 0 as well, so 
the expectation values of all Lm for nonzero m vanish. For L0. we have to be careful, as 
we explained above; we should impose 

(L0-a)\<f>)=0. (2.19) 

The constant a can be calculated in several ways; basically its value is fixed by the require
ment of conformal invariance of the quantum theory. The result is that a = 1. Moreover, 
from similar requirements it follows that also D is fixed; one finds the surprising result 
that for a consistent interacting string theory, one needs to take D + 1 = 2G. That is, a 
consistent string theory (or more precisely, the bosonic string theory we have been dis
cussing so far) can only live in 26 space-time dimensions! In section 2.1.5 we will come 
back to this surprising fact and to the question how this can be reconciled with the fact 
that we seem to live in only four dimensions. 

The covariant quantization of the bosonic string, including a determination of the con
stants a and D. is discussed in detail in section 2.2 of Green. Schwarz and Witten. 

Light-cone quant izat ion 

Constructing the physical spectrum of the string from the naive spectrum discussed in 
section 2.1.1 plus the Virasoro constraint conditions is not very difficult, but discussing 
the details here would take up quite some space. Fortunately, there is a shortcut which 
makes a description of the physical spectrum rather straightforward. The origin of this lies 
in the fact that after gauge fixing hap = r\aii. there still is some gauge invariance left. To 
be precise, if we define a± = a ± r. then any coordinate reparametrization a± = ,f±{cr±) 
can be accompanied by a Weyl transformation in such a way that it leaves the form of 
the metric invariant. These reparametrizations can be used in the classical theory to fix 
two scries of oscillators a^ in terms of the other ones. The most useful choice here is to 
go to light-cone coordinates. 

X± = -^(X°±XD). (2.20) 

and use the reparametrization invariance to set a+ = 0 and to fix a~ in terms of the other 
a
l for i = 1 D — 1. After quantization, we obtain a similar spectrum to the naive 
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spectrum discussed in section 2.1.1. but this time only the a'_n act as creation operators1. 
The disadvantage of this procedure is that one loses manifest Lorentz covariance. The 
advantage of creating the states in this way is that they automatically satisfy the physical 
state conditions following from the Virasoro algebra. In particular, we can now write down 
the full physical spectrum of the different string theories we have discussed. In writing 
down this spectrum, we will go back to a notation in terms of oscillators atn. However, 
what we have gained now is that we know we can interpret D - 2 of these oscillators 
as "physical", whereas we can interpret states excited with the others as "gauge degrees 
of freedom", i. e. they do not correspond to physical states, but to a redundancy in the 
covariant description of the theory 

An important role in the interpretation of the spectrum is played by the LQ constraint 
equation (2.18). For the two open string theories, inserting a = 1 and the definitions of 
L0 and aft into this equation, we find 

M2 = - / / / , „ = -2 + 2 Y, o£n<Xn„ (2-21) 
n = l 

where we set /,,. = 1. Using a Hamiltonian formulation of the theory, it can be shown that 
pi' can be interpreted as the conserved space-time momentum of the string, so this formula 
gives us the mass of a certain string state. The second term on the right-hand side of this 
equation is an operator which measures the weight, which vanishes for the ground states 
and is raised by m after each operation with atm. We thus find the important result that 
the L0 condition determines the mass of the string state in terms of its total weight. A 
similar equation holds for closed strings, where combining the L0 and LQ equations leads 
to the result that 

C oc OO \ 

Y^-n^^ + Y^-n^nA • (2.22) 
n=\ n = l / 

whereas the individual equations require that the last two terms are equal, i. e. that the 
weight from left-moving oscillators equals the weight from the right-moving ones. 
A first problem we encounter is that the mass squared of the ground states of the theories 
is negative, i. e. they are tachyons. which lead to all the usual physical problems. For 
the moment, we simply ignore these states; in section 2.1.3 we will see how they can be 
removed from the spectrum. 

Next, we find an interesting set of massless states. For the open strings, the most general 
massless state has the form 

f dkAfl(k)a'L^\0:k"). (2.23) 

where the /c-dependence is only present for Neumann directions. For closed strings, we 

1To be precise, one needs the so-called DDF operators, named after E. Del Giudice. P. Di Vecchia and 
S. Fubini, to which the a'n are a linear approximation. 
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have the states 

fdkh^ik) o^aüi lO;*") 

jdkB,u,{k) QIIQ^JIO;/ . -"} 

I (lk^(k)rhua^a^\0:k"). (2.24) 

where each line corresponds to an irredncible representation of the Lorentz group: h^„ is 
a symmetric traceless matrix (not to be confused with the worldsheet metric hap)\ B>lv is 
antisymmetric, and 3> corresponds to a trace. Together these matrices have the degrees 
of freedom of an arbitrary matrix C/(„. 

At the next level, we find states of mass squared 2 for the open string and mass squared 
8 for the closed string. These masses are measured in units of the string mass, which 
is the inverse of the string length. Of course, we do not know on experimental grounds 
what the length of a string is, but since string theory is a theory of quantum gravity it is 
natural to suspect that it is of the order of the Planck length, and hence the mass of the 
excited states of the string is of the order of the Planck mass. At our everyday life energy 
scales (or even in particle accelerators), excited string states will therefore play no role 
whatsoever. Thus, even though there is in principle an infinite number of different string 
states, only the massless ones (which may of course become slightly massive as an effect 
of symmetry breaking at some lower energy scale) interest us when it comes to describing 
our low-energy world. 

There is of course a very tempting identification of quantities such as A^{k) with the 
Fourier transforms of space-time fields. In particular, since we know that A^ has two 
degrees of freedom which are nonphysical. it seems natural to interpret it as a space-time 
gauge field. Similarly, we are tempted to identify h^u with the space-time graviton. Bin/ 

with an antisymmetric tensor field, and $ with a scalar field. In section 2.1.4. we will see 
that this identification is indeed the right one, and that in this way. the space-time fields 
we are used to arise from the worldsheet physics. 

Light-cone quantization of the bosonic string is discussed in section 2.3 of Green, Schwarz 
and Witten. There, it is also shown that light-cone quantization and covariant quantiza
tion are equivalent. 

B R S T quantizat ion 

There is a final way of dealing with the conformal gauge degrees of freedom which we 
should mention, since it plays a role in the construction of the topological string theories 
we will encounter in chapter 6. The idea is not to do the gauge fixing "by hand", but to 
use the so-called Fadeev-Popov formalism. If we have a gauge group G which we want to 
use to set a gauge fixing condition F(d>) = 0. where ó stands for an arbitrary set of fields. 
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we can achieve this by rewriting the path integrals in our theory with a trivial factor of 

1 = J Dg8{F{4>°)) det {^^A • (2.25) 

where g £ G. and oa is the result of transforming <p with g. This formula can be derived 
by applying a change of variables to the path integral generalization of the fact that the 
integral of a delta function is 1. 

Inserting this factor in a path integral, the delta functional will lead to the required gauge 
fixing. Moreover, since the action S[(j>] is gauge invariant, we can write it as S[(/>ff]. If 
we then make a change of variables o' = o". we see that the entire integrand becomes 
(/-independent, and the integral over G simply gives a multiplication with a constant 
(infinite) factor. In fact, this is well-known from gauge theories: if we do not fix all gauge 
degrees of freedom but integrate over gauge equivalent fields, the path integral becomes 
infinite. Therefore, after applying this procedure, it is natural to simply leave out the 
G-intcgral. and consider only the remaining path integral. 

This is a very brief description of what is in fact a quite subtle procedure, but what 
is important is what is left after applying all of this: we are left with the original path 
integral, in which the gauge fixing condition is imposed, and in which we have an insertion 
of the determinant 

which is the only remnant of the insertion of (2.25). Taking this determinant into account 
should be equivalent to the other two constraint procedures we have encountered in this 
subsection. 

Often, a determinant such as the one in (2.26) can be written in the form of a path integral. 
In particular, in the case of string theory, where we want to set hap = Ar/Q/g, it can be 
shown that what we have to calculate is the determinant of two differential operators V, 
- one for each component of the metric which we want to set to zero. It is well known 
that such a determinant can be calculated by introducing two fields b. c with ferrnionic 
statistics and using the path integral result 

det V, = / DcDb exp j / rV,/;l . (2.27) 

We can interpret the exponent in this equation as an extra term in the worldsheet action, 
which now depends on four extra ferrnionic fields: two c- and two Wields; one for each 
determinant. These fields are called "ghost" fields, since they do not have an interpretation 
in terms of physical particles, but arise from a mathematical trick to rewrite the path 
integral. 

Strangely, since we can now also act with operators corresponding to the b- and c-fields, 
this treatment of the gauge fixing seems to have enlarged our Hilbert space of physical 
states - whereas in the previous two treatments we have seen that the true physical Hilbert 



2.1. STRINGS 29 

space is actually smaller than the Hilbert space created by using all a ^ operators. This 
apparent contradiction is solved by the fact that the theory written in terms of X. b and 
c has a new symmetry, but this time one of fermionic nature. The generator of this so-
called BRST symmetry (named after C. Becchi, A. Rouet. R. Stora and I. V. Tyutinj is 
denoted by Q. For the explicit construction we refer to chapter 3 of Green. Schwarz and 
Witten; what is important to us is that being a fermionic generator, Q satisfies Q2 = 0. 
Therefore, there is a large set of states which trivially satisfy the symmetry condition 
Q\ir') = 0. namely the states which are themselves of the form \ip) = Q\x)- Moreover, all 
states which differ by the addition of a state of the form Q\x) are physically equivalent; 
in particular all the physical states \ip) we constructed are equivalent to the state 0. The 
interesting physical states are therefore the states which satisfy Q\ip) = 0. but which are 
not of the form \ijj) = Q\\) - or more precisely, the space of physical states is given by 

This space is known as the cohomology of Q. R can be shown that the remaining set of 
physical states is equivalent to the set of physical states we have constructed above by 
fixing the gauge ';by hand". 

Note that in our discussion, we have not bothered about the third degree of freedom of 
the metric, which is encoded in the field A in (2.3). The reason is that, as we already 
mentioned, after the gauge fixing of the other two degrees of freedom the action no longer 
depends on A. and we can remove the corresponding' path integral without any additional 
work. However, we have also mentioned that this procedure is only completely consistent 
in 26 dimensions: in other dimensions, the quantum theory has an anomaly which spoils 
Weyl invariance. This can be cured, however, by introducing another (bosonic) field \ 
called the Liouville field, with a specific action which cancels the anomaly. The reader 
can find the details of this construction in section 9.9 of Polchinski. 

The procedure we have followed can actually be reversed and generalized in the following 
way. Suppose we have some two-dimensional field theory such as the one given by (2.5). If 
we want to interpret this field theory as a string theory, we can either choose to replace the 
fixed metric (r]ng in our case) by a dynamical worldsheet metric over which we integrate, 
or we can add a ghost sector to the theory (and in noncritical dimensions also a Liouville 
sector), and study the remaining theory. We will encounter this reverse procedure in our 
discussion of topological string theories in chapter 6. Moreover, an operator similar to the 
BRST operator Q will play an important role in that discussion. 

Cohomology constructions appear in many places in physics and mathematics. We will 
encounter another construction of this form when discussing the cohomology of differential 
forms in chapter 4. 

Details on the Fadeev-Popov and BRST procedures can be found in chapter 3 of Green, 
Schwarz and Witten. There, it is also shown that the results of the BRST-quantized theory 
equal the results of the covariantly and light-cone quantized theories we have discussed 
before. 
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2.1.3 Superstrings 

As we mentioned in tin- previous subsection, the interpretation of the functions Afl(k). 
hfj,v(k), etc.. will be as space-time fields. All of these fields are bosonic in nature, but if 
we want to eventually describe the real world using string theory, we should at least be 
able to describe fermionic space-time fields as well. The procedure to do so is well known. 
and is discussed in detail in chapters 4 and 5 of Green. Schwarz and Witten. To obtain 
space-time fermions, one begins by adding worldsheet fermionic fields to the theory. With 
these fields, the same procedure as for the bosonic fields can be carried out. 

To start with, we should write down a worldsheet action containing both bosonic and 
fermionic fields. In the bosonic case, we had physical arguments to write down a specific-
action, but here we seem to have no guideline to tell us what the fermionic terms should 
look like. However, the Weyl invariance of the bosonic theory has so far played an im
portant role, so we would like our fermionic theory to be Weyl invariant as well. This 
turns out to be quite a strong restriction - for example, for the bosonic string, it led to 
the results that D + 1 = 26 and a = 1. As a second requirement, we may want to get rid 
of the tachyonic state in the string theory spectrum. It turns out that both of these facts 
can be achieved if we do not simply take an arbitrary extension of the bosonic worldsheet 
action, but if we take a super symmetric extension. In its simplest form (the so-called RNS-
formalism, after P. Ramond, A. Neveu and J. H. Schwarz), this supersymmetric action 
looks as follows: 

S = - | ƒ {daX»daX^ - # V d „ ^ , } . (2.29) 

where the ip11 are worldsheet Majorana spinors. and the pa are the two-dimensional Dirac 
matrices. In this action, the gauge is already fixed to hap = r/Q/3. We assume that the 
reader is familiar with the basics of supersymmetry, and that the fact that the above action 
is supersymmetric does therefore not come as a complete surprise. The above action has 
ordinary (A = 1) supersymmetry; further on in this thesis, and especially in chapters 4. 5 
and 6, we will also encounter various extended supersymmetries in various dimensions. We 
will not assume familiarity with details such as the precise algebras and representations 
of these extended supersymmetries: the necessary details will be discussed each time we 
encounter such a supersymmetric theory. 

To continue our discussion in analogy with the bosonic string case, we now have to choose 
boundary conditions for the fields. Here, the fermionic nature of the new fields starts to 
play a role. For example, when we consider a closed string, we may choose the fermions to 
be periodic, just like the bosons, but it turns out that working with anti-periodic fermions 
is just as good a choice. The periodic choice leads to what is called the R sector of a string 
theory (after P. Ramond): the anti-periodic choice leads to the NS sector (after A. Neveu 
and J. H. Schwarz). In fact, the closed string fields again split up into a right-moving 
and a left-moving part, each of which can have its own boundary condition, so there are 
four sectors of the closed string theory: the NS-NS. NS-R. R-NS and R-R sectors. For the 
open strings, we again find that the left- and right-moving parts are related, and hence 
we onlv have two sectors: an NS and an R sector. 
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Next, still following the bosonic procedure, we expand the fermionic helds into Fourier 
modes, and quantize the theory by turning the fields into operators and calculating the 
canonical (anti-)commutation relations for the modes. Just like in the bosonic case, it turns 
out that we can interpret these oscillators as creation and annihilation operators. The 
only exception to this is the case of the zero-modes in the R sector. (Being antiperiodic. 
the NS sector does not have zero modes.) These modes turn out to have the commutation 
relations of a Clifford algebra. In other words, the representations of this par t of the 
algebra - and hence the states in the R sector of the theory - have a spinor index, and we 
can interpret their coefficients as space-time spinors! 

When we construct the energy momentum constraints of the theory, we again find a 
Virasoro algebra. In fact, we find a supersymmetric extension of this, called the N = 1 
superconformal algebra. Moreover, one can find values of a (a different one for each sector) 
for which the Weyl symmetry does not have an anomaly, and one finds a restriction on the 
dimension of the theory, this t ime to D + 1 = 10. The LQ operator of the Virasoro algebra 
can again be used to determine the mass of the states, and again this mass is proportional 
to the total weight of a state, leaving only a finite number of massless states in each case. 

Using the oscillators, and taking care of the energy momentum conditions, we can now 
construct the physical spectrum of the theories. We only discuss the spectrum of the 
closed superstring, since this will lead to the theories we will discuss in this thesis. In the 
NS-NS sector, nothing new happens: it turns out tha t the massless states in this part of 
the spectrum correspond to the fields h^u.Btiv and $ which we already encountered in 
(2.24). In the NS-R and R-NS sectors, we do find new massless states. As we discussed, the 
corresponding fields must be fermionic in nature. To be precise, for each of these sectors we 
find a s ta te with one vector index and one spinor index: we denote the corresponding fields 
by \f". These fields will be interpreted as gravitini later on. In the R-R sector, we find 
s tates with two spinor indices, which are therefore bosons. In fact, by contracting these 
states with antisymmetric products of ten-dimensional gamma-matrices, we can translate 
these states into fields with vector indices, and we find a series of antisymmetric tensor 

fields with 0. 1 .2 10 indices. By contracting with an e-tensor. we can change the 
fields of rank p > 5 to fields of rank 10 — p. so we find two p-forms for p = 0,1 4 and 
a single five-form. Of course, not all degrees of freedom inside these fields are physical; by 
investigating more carefully what the physical degrees of freedom are. one finds tha t the 
p-forms in fact describe field strengths of (p— l)-forms. so the corresponding physical fields 
are two scalars. two one-forms, two two-forms, two three-forms, and a single four-form. 
(The reader who is not familiar with forms may want to consult appendix 4.A before 
reading on.) 

The theory as we have described it still contains a tachyon in the NS-NS sector. Fortu
nately, it turns out that we can consistently t runcate the spectrum to a spectrum which 
only consists of states of nonnegative mass squared. This projection is called the GSO-
projeetion. after F. Gliozzi. .1. Scherk and D. Olive. For this projection, one assigns a 
pari ty to every state in such a way that parity is conserved in interactions. In particular, 
every ground state is assigned a certain parity, and every time a fermionic oscillator acts 
on a s tate its parity changes sign. The spectrum is then projected to the subset of states 
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of parity +1 . The exact procedure is described in section 4.3.3 of Green. Schwarz and 
Witten. 

Let us mention a few important consequences of the GSO-projection on the low mass levels. 
First of all. in the NS-NS sector, the tachyon is projected out of the theory. Secondly, 
in the NS-R and R-NS sectors, the fermions are projected to be Weyl (chiral) fermions. 
Here, the choice for a chiral fermion is conventional: one can also choose to project to 
an anti-chiral fermion. For a single fermion. this is purely a difference in conventions, 
but for a closed string one can again apply the procedure to left-movers and right-movers 
independently, and this leads to two physically different theories: one with two gravitini of 
opposite chiralities. and one with two gravitini of the same chirality. The first, nonchiral 
theory is known as type IIA string theory, the second, chiral theory as type IIB string 
theory. 

Finally, in the R-R sector, some of the p-form field strengths are projected out. The 
remaining forms differ for the IIA and IIB theories: in the IIA theory we have a 1-form 
and a 3-form field; in the type IIB theory we have a 0-form. 2-form and 4-form field. These 
fields arise as follows: each of the GSO-projections relate the (;; + I)-form field strength 
to the (9 — p)-form field strength - or, since we equated these two. one (p + l)-form field 
strength to another one. If the relation from the left-moving and from the right-moving 
modes agree, we are thus left with a single p-form; if they don't match, the p-form is 
projected out. There is one exception to this rule: since there is only a single 5-form 
field strength, this is related to itself by the GSO-conditions. As a result, in one of the 
theories (the type IIA theory) it is projected out. but in the other (type IIB) we find the 
condition that the five-form field strength is selfdual. It is well-known that quantizing 
fields with a selfdual field strength is a difficult problem. This problem, for the case of a 
selfdual three-form field strength, will play a central role in our calculation of the classical 
five-brane partition sum in chapter 5. 

One of the important results of the GSO-truncation is that it leaves a space-time spectrum 
which is supersymmetric. To be precise, for the type II string theories, we are left with 
an N = 2 supersymmetric theory in 10 dimensions. As a consistency check, note that 
indeed we have found a theory with 2 gravitini. In this thesis, fermions will not play a 
very important role: in chapters 3. 5 and 6. all our calculations will be done in the bosonic 
sectors of the theory. However, the fact that the space-time theories are supersymmetric 
will play a very important role in everything that follows. 

We have discussed the closed (type II) string theories in some detail, but of course there is 
also an open superstring theory, called type I theory. Moreover, there are two somewhat 
more exotic closed string theories which have the left-moving modes of a superstring and 
the right-moving modes of a bosonic string. These theories are known as the "heterotic" 
string theories. Together, these five theories form the only known consistent string theories 
(i. e. tachyon free and without conformal anomaly) in a Minkowski space-time background. 
In this thesis, we will only encounter the type II string theories. 
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2.1.4 Interactions and effective actions 

Now that we know the low-energy (massless) spectrum of some string theories, let us 
discuss in a bit more detail why functions such as the ones in (2.23) and (2.24) can he 
interpreted as space-time fields. To do this, it is important to realize how interactions 
are incorporated in string theory. An interacting string theory is not a string theory in 
which the worldsheet theory is not free. Such nonlinear worldsheet theories do have an 
important meaning, as we will see in a moment, but they cannot describe how strings 
split and join, since this is a property which is encoded in the topology of the worldsheet. 
and not in the fields living on it. Interactions in string theory are described in chapter 7 
of Green, Schwarz and Witten. 

(b) (c) 

(f) 

Figure 2.f: The top row shows space-time pictures of (a) a noninteracting propagating 
string, (b) a tree diagram for a three-point interaction and (c) a one-loop diagram for a 
four-point interaction. The bottom row shows the corresponding worldsheets after the 
appropriate confonnal mappings. 

For example (focusing on the case of closed strings again), figure 2.1a shows the world-
sheet of a noninteracting propagating string: figure 2.1b shows a tree-level three-point 
interaction, and figure 2.1c shows a one-loop four-point interaction. We have drawn these 
surfaces from a space-time point of view. i. e. as curved surfaces, but recall that the world-
sheet metric on these surfaces is really flat. For example, the worldsheet corresponding to 
figure 2.1a can be described by a simple, flat cylinder, as in figure 2.Id. What does the 
worldsheet picture of figure 2.1b look like? Surprisingly, by using the conformal symmetry 
of the theory, we can describe this worldsheet as a cylinder with a puncture, where the 

(a) 

(d) (e) 
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puncture corresponds to the ••contracted"' external leg of the diagram - see figure 2.1e. 
Similarly, the diagram in figure 2.1c can be described by a worldsheet which is a flat torus 
with four punctures, as in figure 2.If. 

Of course, the fields living on a worldsheet such as the one of figure 2.1e do not have to be 
continuous across the puncture, so this figure really describes quite a different worldsheet 
field theory from the one in figure 2.Id. However, it can be shown that once we fix the 
asymptotic state on the external leg in figure 2.1b. path integrals in the theory on the 
cylinder with a puncture of figure 2.1e are equal to path integrals on the ordinary cylinder 
of figure 2.Id. as long as we insert a particular operator at the position of the puncture. 
These operators are called vertex operators: they are discussed in section 2.2.3 of Green, 
Schwarz and Witten. 

As an example, the vertex operator for emission of an external graviton state is 

V(r.a) = / dkh^{k)daX^daXue vAk-X (2.30) 

where for simplicity we left out a normal ordering prescription. This means that in the 
free theory on a cylinder, 

(V)cyl (2.31) 

gives the same result as calculating the partition function on figure 2.1b. with the boundary 
condition that the asymptotic state of the "external leg" is 

I dkh^{k)altla
v_l\Q;k). (2.32) 

Now, we can justify our claim that we can interpret h^ as a space-time graviton field. 
So far. we have worked in a background metric ?/,,„. Suppose that we now slightly change 
the metric to //piy + hfll,(X). where /; is small. In this new metric, we can evaluate path 
integrals with arbitrary insertions [...] as follows (again, we do not worry about normal 
ordering and contact terms): 

•)cyi DX[...]exp<^ / (?hv + hIHJ)daX>JdaXl 

DX 1 + / hfiUdaX>ldaXv + 0(h2 

(2.33) 

exp^ / rhll,daX"d"X"\. 

where we have left out some multiplicative constants to keep the formulas simple. Noting 
that the integrand in the second term in round brackets is simply the Fourier transform 
of (2.30). we can write this as 

(• • .)cyl,v+h = (• • •),,;/.-, + < • • • / V(h))cyLn + 0(h2). (2.34) 

In other words: the path integrals in curved space-time are the same as the path integrals 
in flat space-time, but dressed with external graviton states. We have explicitly written 
down the interaction with a single graviton state: the next term gives an interaction with 
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two external gravitons, etcetera. Through these states, an interaction with the geometry 
is established. This shows that indeed, h^u(k) can be viewed as (the Fourier transform 
of) the graviton field. The same story can be told for all other states we have found 
so far: by perturbing the original action, we can show that their coefficients all have an 
interpretation as space-time fields. 

One may now wonder if these space-time fields have any dynamics, and if this can be 
described by some action principle. Surprisingly enough, when we limit ourselves to a 
low-energy description of string theory, this is indeed the case. The reason for this is that 
we would like our theory to be free of conformal anomalies, and as we have seen this is 
a quite restrictive demand. For example, if we study a general nonlinear sigma model of 
the form 

S = - | f G„„(X) OnX^OnX'\ (2.35) 

which can be interpreted as a string theory living in a space with metric G,lt/, the theory 
will have a conformal anomaly even in 10 or 26 dimensions. Using a beta-function analysis 
(see section 3.4.2 of Green Schwarz and Witten), we can find out when the theory is 
anomaly free, and the answer is that to first order in the string length (i. e. in a low-
energy approximation), this is precisely true if Giiv satisfies the Einstein equations! We 
can carry out a similar analysis for all of the other fields in the type II string theories, and 
when we do this we find a consistent set of ••equations of motion" for the low-energy space-
time fields. In fact, just like the equation for the graviton is a well-known equation, all of 
these equations turn out to be familiar: they are the equations of motion for the N = 2 
supergravity actions in 10 dimensions. Just like for closed superstring theories, there are 
two of these theories, which are also called type IIA and type IIB supergravity. (A similar 
story of course holds for the other superstring theories, which lead to ten-dimensional 
N = 1 supergravity theories with nonabelian gauge fields.) 

We will not need the precise details of the ten-dimensional effective actions in this thesis 
- details can be found in section 12.1 of Polchinski. One feature of these actions is quite 
important, though: it is the role of the field <I>. the so-called dilaton. In all supergravity 
theories corresponding to ten-dimensional string theories, it appears (apart from its ki
netic terms) only in factors of the form c~*. If we would give a constant background value 
$ 0 to this field and study the way it appears in calculations on worldsheets of different 
topology (corresponding, as we have seen, to different interactions), it turns out that e~ 
plays precisely the role of a string couping constant! Usually, we will assume a constant 
background value for this field and denote the coupling constant by e_<p" = fjs. In our 
discussion of the five-brane in chapters 4-6 however, we will also use nonconstant back
ground solutions for <J>. which therefore have the interpretation that the string coupling 
"constant" is not constant throughout space-time. 

In the string derivation of the ten-dimensional effective action, one term we find in each 
case is of the form 

I tI
w.re-2*^ÜMG\R. (2.36) 

where R is the Ricci scalar derived from the metric Gjiv. This term looks like an Einstein-
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Hilbert term (which of course we expect in a theory of gravity), except for the appearance 
of the factor e - 2 *. This can be cured by redefining 

G;,„ = e* /4G„„. (2.37) 

Inserting this in (2.36). we see that it reduces to the ordinary Einstein Hilbert term. 
Note that the prefactor of 1/4 in (2.37) is dimension-dependent: in D + 1 space-time 
dimensions it would be '2/(D - 1). The set of fields in which (2.36) is expressed is called 
the string frame; the conventions of (2.37) are called the Einstein frame. In chapter 3. the 
switch from one frame to another in a four-dimensional setting will be important in our 
calculations. 

As we mentioned, in this thesis the precise form of the ten-dimensional super-gravity 
theories will not play a direct role, but the theories to which they reduce in several limits 
will be very important in chapters 4. 5 and 6. Moreover, the general concept of a low-
energy effective theory will be central in chapters 3, 5 and 6. 

2.1.5 Compactification 

Let us now come back to the strange fact that superstring theory only makes sense in 10 
dimensions, and bosonic string theory in 26. How can we reconcile this with the fact that 
in everyday life, we only see 4 space-time dimensions? One possible answer to this is that 
the other 6 dimensions (or 22. but we will focus on superstring theory) are really also 
there, but that we simply do not observe them because they form a very tiny compact 
6-dimensional manifold. 

To understand this, suppose that one of our space-time dimensions has the geometry of a 
very small circle. As we have seen, at low energy scales, string theory can be approximated 
very well by an ordinary quantum field theory. The fields in this theory can be expanded in 
terms of Fourier modes in the direction of the circle. However, except for the; zero mode, 
all of these modes will be very massive from the lower-dimensional point of view. For 
example, suppose we have a scalar field è satisfying the massive Klein-Gordon equation 

(D D + 1 -m2)4> = {). (2.38) 

where D/j+i is the d'Alembertian in D + 1 dimensions. Suppose we now compactify the 
D-th dimension on a circle of radius R. and denote all other coordinates by x'. If we now 
expand 

(P(x\.rD) =^24>n{x,)e"lxD/R (2.39) 
n 

and insert this in the Klein Gordon equation, we find that 

£ (aDö„ - (m2 + g ) 4>n) Jnx°IR = 0. (2.40) 
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In other words, from a D-dimensional point of view, we find a massive Klein-Gordon 
equation for each of the modes, but the masses of these modes are shifted by an //-
dependent term. When R is very small, these shifts become very large, and all of the 
masses become large except for the mass of the zero mode. Therefore, at everyday life 
energies, we can ignore all modes except for the zero-mode, which effectively behaves as 
a field in one dimension less. 

The procedure we sketched here is known as Kaluza-Klein reduction. Of course, we only 
discussed a very simple example: when we compactify more complicated fields on higher-
dimensional manifolds the mathematics becomes more involved, but one arrives at the 
same result: an effective lower-dimensional theory which contains a field for each zero 
mode (there can be several in higher dimensions) of the original fields. The general 
procedure is discussed in detail in chapter 14 of Green Schwarz and Witten. Note that 
even though the compactification manifold itself cannot be "seen" from the low-energy 
point of view, its geometry does influence four dimensional physics: as we have seen it 
determines the precise field content of the lower-dimensional theory, but it also plays an 
important role in determining the exact symmetries of this theory. 

Compactification will play an important role in this thesis: in chapters 5 and 6 we will con
sider a ten-dimensional theory which is compactified on a particular type of six-dimensional 
manifold called a Calabi- Yau manifold. Here, the last remark of the previous paragraph 
will become clearer: as we will see in detail in chapter 4. the choice for Calabi-Yau mani
folds ensures that the remaining four-dimensional theory is supersymmetric. 

2.2 Extended objects 

As we have seen, type II superstring theories contain several antisymmetric p-form fields. 
These fields are the higher-dimensional analogues of abelian gauge fields, since the phys
ical content of such a field is invariant under gauge transformations of the form C ( p ) -* 
C(p) _|_ dh(i'~vK (Sometimes, we need to accompany such a transformation with a gauge 
transformation on some of the other fields, as we will sec in chapter 5 when we discuss 
the gauge invariance of the three-form gauge field in the presence of a five-brane.) 

When a theorv contains an abelian gauge field, there are usually also particies wincn carry 
a charge with respect to it. One may wonder if this is also true for p-forui fields with p > 1. 
To answer this question, note that if a gauge field has a point-like source propagating in 
time along a worldline L. the contribution from this source to the action is proportional 
to 

ƒ .4. (2.41) 

Here we used differential form notation: see appendix 4.A for some details on differential 
forms. Suppose now that we have a string, propagating in a background NS-NS two-form 
field Bllu(X). Then the term in the nonlinear sigma model describing the worldsheet 
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action for B is 

SB = - 2" J Bilv{X)daX»&*Xv. (2.42) 

Note that we can view the integrand as the pullback of a space-time B-field to the string 
worldsheet. Therefore, we can rewrite this part of the action as 

SB = ~- I B. (2.43) 

where X(E) denotes the embedding of the worldsheet into space-time. In other words: 
we see that indeed there is an object which is charged under the NS-NS Z?-field: it is the 
string itself! This makes the question about charged objects for the other p-form fields 
even more interesting. If the above two examples are representative, these objects should 
have p — 1 spatial dimensions. 

Actually, one may go further, and wonder whether there are any magnetically charged 
objects for the p-form fields. In the case of an abelian vector field in four dimensions, a 
magnetic monopole can be described as an electric particle in the dual theory, where the 
field strength F is replaced by the dual field strength *F. Analogously, a p-form gauge 
field has a (p+l)-form field strength, which in ten-dimensions has a (9-p)-form dual field 
strength. This corresponds to an (8 -;;)-form dual gauge field, and hence a magnetically 
charged object for a p-form should have 7 - p spatial dimensions. 

In this section, we will see that all of these charged objects do indeed exist in string theory. 
Again, we will limit our discussion to the type II superstring theories since these are the 
ones we will study in the next chapters, but a completely analogous story can be told for 
the other string theories. As we have seen, in type II string theory, the R-R (p + l)-form 
field strengths and their (9—p)-form dual field strengths are on an equal footing, so we do 
not expect any fundamental differences between the electrically and magnetically charged 
objects for the RR-forms. Together, these objects are called "D-branes"': they will be the 
topic of section 2.2.1. D-branes are discussed in detail in chapter 13 of Polchinski. Since 
they are at the core of modern string theory research. D-branes will appear at several 
places in this thesis. In particular, in chapter 3 we will study supertubes and supersheets, 
which are certain configurations of D-branes. 

As for the NS-NS 5-field, we have seen that its electrically charged object is the string, 
so one may also expect that the string has a "magnetic dual". Following our reasoning 
above, it should be (5 + l)-dimensional. This so-called "NS five-brane" is the topic of 
research of chapters 5 and 6 of this thesis: we will introduce it in the second subsection 
below. The type IIA and type IIB NS five-branes are discussed in sections 14.1 and 14.4 
of Polchinski. 
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2.2.1 D-branes 

The fact that D-branes play a role in string theory was originally discovered in the low-
energy supergravity theories which we discussed in section 2.1.4. Recall that in perturba-
tive quantum field theory, one usually starts from a field configuration which is a solution 
to the classical equations of motion, and then calculates results in a perturbation series, 
where one perturbs around this solution. Often, such a "background" is chosen to be the 
solution where all fields are vanishing, but in studying solitons or instantons for example, 
nontrivial backgrounds are used. 

When studying the ten-dimensional type IIA and type IIB supergravity theories, people 
found that these theories contained solutions to the equations of motion (i. e. allowed back
grounds) of a special type. These backgrounds have a metric which has a block-diagonal 
form: it splits up into a (p + l)-dimensional part G;,„ and a (D-p)-dimensional part Gmn. 
Moreover, the metric is rotationally invariant for fixed ,T'\ and translationally invariant 
for fixed xm. Finally, the RR {p + 2)-form field strength in these solutions corresponds 
to that of a charged object located at x*1 = 0. Clearly, these are exactly the properties 
one expects from a D-brane. where x^ parametrizes the directions along the brane. and 
xm parametrizes the other directions. (When discussing either compactifications or cases 
where branes are involved, it is customary to denote the full set of coordinates by xM.) A 
D-brane of a specific spatial dimension p is usually referred to as a Dp-brane. Note that 
from the set of R-R-forms present in the theories, we conclude that type IIA string the
ory contains D0-branes. D2-branes, D4-branes and D6-branes. and type IIB string theory 
contains D(-l)-branes (i. e. pointlike instantons). Dl-branes. D3-branes. D5-branes and 
D7-branes. Actually, branes of dimension 8 and 9 also seem to exist in type II string theo
ries (following the same pattern: even in IIA. odd in IIB). but their existence is somewhat 
more difficult to show directly. When we discuss T-duality in section 2.3.1. we will see 
that their presence in the theory is nevertheless natural. 

Clearly, the above procedure of describing D-branes is rather indirect: from string theory, 
one first extracts a low-energy space-time theory, and from this, one extracts information 
about the D-brane. A major step forward was taken when J. Polchinski showed that in 
fact one can describe D-branes in a much more straightforward way in string theory. We 
have already seen the basic ingredient of this discovery: recall that the Dirichlet boundary 
conditions in (2.7) seem to describe an object on which the open strings end. When we 
have Neumann boundary conditions in p+l directions and Dirichlet boundary conditions 
in the other ones, the string appears to be attached to a {p + l)-dimensional object. 
Polchinski showed that indeed, this object has the correct properties (and in particular 
the correct R-R charge) to be identified with the supergravity objects discussed above. In 
fact, this is how D-branes got their name: D is for Dirichlet. Before this discovery, the 
objects were simply called p-branes. 

Note an important consequence of this identification: even though type II string theories 
started off as theories of closed strings only, once we include D-branes in the theory they 
can also contain open strings as long as the end points of these strings do not move freely 
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through space-time, but remain confined to the D-brane worldvolume. We will have more 
to say about D-branes and open string boundary conditions when we discuss T-duality in 
section 2.3.1. 

The construction of D-branes in terms of worldsheet boundary conditions is a big step 
forward, since we can now directly extract information about the D-branes from the 
string theory without going through the intermediate step of constructing a space-time 
field theory. For example, one thing one can learn in this way is that the D-brane is a 
massive object, with a mass proportional to l/gs. This means that in the usual limit 
of string theory, where we take the coupling constant very small or even vanishing, the 
D-brane becomes infinitely heavy, and hence it is a static object. However, once we move 
away from the point where gs = 0. the D-brane becomes a dynamical object which can 
move through space-time and interact with other objects. 

In the limit where gs is very small, the D-brane does not interact with gravitons from 
its surrounding space-time anymore. As gravitons are just closed strings in a particular 
excited state, this is one aspect of the more general statement that D-branes at gs = 0 do 
not interact with closed strings. However, away from the D-branes type II string theory 
consists only of closed strings, so we find the important result that in the limit where 
gs = 0. the D-brane and the bulk space-time should each be described by an independent 
theory. When moving slightly away from this limit, it is natural to expect that for small 
gs, it is still a good approximation to study the theory describing a D-brane inside a set 
of fixed (or possibly adiabatically changing) bulk fields, without worrying about any back 
reaction. This philosophy will be present throughout this thesis. 

An immediate question is now of course: what does such a theory describing a "decoupled" 
D-brane look like? Our experience so far suggests that at low energy, we will find a field 
theory living on the worldvolume of the brane. In support of this idea, note from (2.23) 
and the remarks below it that the gauge fields AM(k) only depend on the momenta in 
the directions along the D-brane. The Fourier transform of this is therefore indeed a held 
AM{X») which lives on the worldvolume of the D-brane. Since on this worldvolume we 
have a (p+ l)-dimensional Lorentz group, we should interpret the components AM of this 
field as a worldvolume gauge field, and the other components Am as worldvolume scalars. 
(Note that to define these fields, one does not need to take the limit of small gs; they exist 
for any value of the string coupling.) 

Similarly to what we discussed in the space-time case, one can now derive an action 
describing the dynamics of the worldvolume fields on the D-brane. (Actually, we have 
only described the gauge fields coming from the NS-NS sector above; of course, there are 
also fields coming from the other sectors, as required by supersymmetry.) We will not go 
into the details of this derivation; they can be found in sections 8.7 and 13.3 of Polchinski. 
Moreover, we will only present the bosonic part of the result, which will be the basis for 
our calculations concerning' the supersheet in chapter 3. 

First of all. let us consider the NS-NS fields, which as we have mentioned are a gauge field 
and D - p scalar fields. It turns out that the expectation values of the scalar fields can be 
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interpreted as the position of the D-brane, so we will denote them by Xm. The low-energy 
action for the NS-NS fields is known as the Dime-Born-Infeld action; it is given by 

>DD1 I], ƒ J'" lx J - det (G,„, + By» + 2-KCX'F^) J' cF+1xJ-det(G^ + Bl,u + 2na'FliV), (2.44) 

where Tp ~ \/gs is the D-brane tension; Gpl/ and Bpi/ are the induced metric and £>-field 
on the brane. Note that the action depends on Xm through the definition of these induced 
quantities; for example, the induced metric is given by 

G^n = ^T^rGMN(XM). (2.45) 

Finally. F)lv is the field strength of Afl. and a' = / 2 /2 . In chapter 3. we will use units 
where Tp = l/2TvgH and 27ra' = 1. 

The second bosonic part in the low-energy D-brane field theory comes from the R-R fields. 
It is called the Chern-Simons interaction, and is given by 

Scs = igsTp / T C{k) exp(23 + 2-a'F). (2.46) 

This expression needs some explanation. The C^"' are the pullbacks of the A'-form gauge 
fields of the RR-sector to the D-brane worldvolume. The exponential should be expanded 
using the wedge product of the two-forms in its exponent. One should then pick out the 
term of this expression which is a (p + l)-form. so it can be integrated over the D-brane 
worldvolume. Let us give an example which will return in our discussion of the supersheet 
in chapter 3. Suppose we are in type IIB theory, and we consider a D3-brane. Also suppose 
that the only background R-R field which is nonzero is the 0-form. which we denote by 
rj. Since the sum over k now reduces to this zero-form, we need a four-form from the 
exponential to get a form which can be integrated over the worldvolume of the D3-brane. 
Therefore, we need the second order term in the expansion of the exponential, where we 
also set the background .B-field to zero. Writing this out and using the conventions we 
introduced above, we find 

Scs = --^r- I ^:v^v»nFpvFp„. (2.47) 
1071 ,/ 

where we wrote the wedge product in terms of an e-symbol. 

Finally, we want to sketch a generalization of the above construction. Suppose that instead 
of a single D-brane. we consider a stack of N D-branes which are placed on top of each 
other. We claim that the low-energy theory describing such a stack of branes has basically 
the same form as the theory we have discussed here, but that the fields are promoted to 
N x N matrices, that there is a trace in front of the action, and that the gauge field AM 

becomes a U(N) gauge field2. 

2Actually, the precise definition of this nonabelian Dirac-Born-Infeld theory is a notoriously difficult 
problem. However, the subtleties that arise will not play a role in this thesis, so we ignore them here. 
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The reason for this is that there are now ./V2 different types of open strings, where each type 
of string starts from a particular one of the N branes and ends on a particular one. (The 
open strings we are discussing have an orientation, so a string starting on D-brane i and 
ending on j is different from one staring on D-brane j and ending on i.) In other words, 
an arbitrary open string state in this theory (which is a superposition of these states) 
can now be written as an N x N matrix of "single D-brane string states". As a result, 
the corresponding space-time fields also become matrices. Moreover, a string stretching 
from i to j can only interact with a string stretching from j to k. which translates into 
the matrix multiplication and the trace in the effective action. Since in particular, we 
find a gauge field Afl which is a matrix, it is natural to assume that it is in the adjoint 
representation of some gauge group and describes some nonabelian gauge symmetry. A 
more careful study of the interactions between the strings shows that this is indeed the 
case, and that the theory we find is a U(N) gauge theory. As for the scalars X"'. they 
of course also become matrices, and it can be shown that their eigenvalues correspond to 
the positions of the individual branes. The procedure discussed here is known as adding 
Chan-Paton factors to the open string theory: it is discussed in detail in section 6.5 of 
Polchinski. 

We will not be needing this generalization to stacks of D-branes in our discussion of 
supersheets in chapter 3, but we will encounter similar results for the case of a stack of N 
NS five-branes in chapters 5 and 6. 

2.2.2 The NS five-brane 

The second type of extended object we will encounter in this thesis is the magnetic dual 
of the fundamental string: the NS five-brane. Again, this object was originally discovered 
as an allowed background for the supergravity theories. Let us write down the exact form 
of this background for the type IIA string theory, since we will need it in chapter 4 where 
we apply a T-duality to this solution. It is given by 

Gmn = ( 1 H j J "mn 

H = \ni3\ (2.48) 
j..S 

Here, r is the distance from the origin in the space transversal to the five-brane. and k 
is an integer, denoting the total charge of the solution: k = 1 gives the background for 
a single five-brane. and the more general case describes the background of k five-branes. 
H = dB is the three-form field strength of the two-form field B. and fi'3' is the volume 
three-form on the unit three-sphere. 

Note that in this solution, the space in the direction of the five-brane. encoded in Gp,,. 
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has the geometry of ordinary Minkowski space. The above solution therefore describes 
an infinite, flat five-brane. However, since the geometry in the solution is simply a direct 
product, one can insert more complicated geometries in the direction of the five-brane. 
as long as these geometries satisfy the Einstein equations. The transversal geometry will 
remain unchanged in this procedure. For example, in chapters 5 and 6.we will study 
five-branes which are wrapped along Calabi-Yau manifolds. 

Contrary to the D-brane case, it turns out that strings cannot end on five-branes. Hence, 
one does not have as good a handle on them as one does for D-branes. What the NS five-
brane has in common with the D-branes is that it is infinitely massive at gs = 0 - in fact, 
at small string coupling it is even heavier than the D-branes. with a mass proportional 
to l/g1 - and therefore in this limit its dynamics decouple from the theory in the bulk 
space-time. However, since we do not have the powerful tool of strings ending on the 
brane. it is much more difficult to find the precise theories describing the worldvolume 
dynamics of the NS five-brane. We will not discuss this issue here: it is treated in detail 
in chapter 5. 

2.3 Dualities 

The superstring theories we have mentioned so far (type I, IIA. IIB. and two heterotic 
theories) arose as quite different theories: they differed in the boundary conditions, in the 
sets of modes used to construct the spectrum, in the choice of GSO-projection. etc. ft 
seems that we are dealing with five truly different theories, but surprisingly this is not 
the case. In fact, there are all kinds of dualities relating these theories. Two theories are 
called dual when, even though their mathematical descriptions are completely different, 
they turn out to describe the same physics. Many of such dualities have been found: in 
this section, we will discuss the two examples which are most important in this thesis, 
and then give a more general overview of the web of dualities which is present in string 
theory. 

2 . 3 . 1 T - d u a l i t y 

The simplest type of duality in string theory is what is called a T-duality. where "T" 
stands for "target space". We will focus on T-duality for type II strings, but a similar 
duality exists for the heterotic string theories. 

T-duality arises when we compactify a string theory on a space-time circle. For example, 
let us compactify the closed, bosonic string theory on a circle of radius R in the X° 
direction. (Note that in this discussion, the O-direction is therefore not the time-like 
direction!) Just like we did in section 2.1.1. in quantizing this theory we first have to 
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write down the solutions to its equations of motion. These are easily found to be 

n^Q 

X°L \x* + ( f | + Rw) (r + a) + Us £ ^ e ' ^ ^ . (2.49) 
2 V 2R j z <-- n 

Observe that the differences with (2.9) are in the linear terms. In the above expression, we 
allowed for a winding number w which was not present in the unconipactified case, and we 
used the familiar quantum mechanical result that for a wave function to be well-defined, 
the momentum in the direction of the circle has to be a multiple of l/R. 

Quantization of the theory now proceeds along exactly the same lines as we discussed in 
sections 2.1.1 and 2.1.2. The main difference is that now we define the ao-oscillators in 
the X -direction to be 

nl2
s p 

nl2 

^ + Rw). (2.50) z.o 

In terms of these quantities, the Virasoro operators have the same form as in the unconi
pactified theory. We can again use the LQ condition to determine the mass of the states 
in the spectrum. Viewing the; compact dimension as an internal degree of freedom, the 
mass in the remaining (24+l)-dimensional theory is minus the square of the momentum 
in these directions, and inserting the above formulas we find 

„2 
M2 = -8+—-+ AR2w2 + 4(7V + N), (2.51) 

R 
where1 the last term stands for the weight of the oscillators and as in the other mass 
formulas, we have set ls = 1. 

Xote that i he above spectrum i> invarianl under the mapping R — 1 (2/i'i. In other word.-.. 
the closed bosonic string theories compactified on a circle of radius R and on a circle of 
radius 1/(2/?) have the same mass spectrum. However, the corresponding states look 
completely different: a string of winding number w and momentum quantum number n in 
one theory has the same mass as a string of winding number n and momentum quantum 
number w in the other theory. 

The fact that the mass spectra are the same may therefore seem to be just a funny 
coincidence, but the similarities between the two theories do not stop at this observation. 
One can show that also the interactions between the different states are exactly the same 
if one relates the two string coupling constants as 

9s ^9s^- (2.52) 



2.3. DUALITIES 45 

In fact, the two low-energy effective field theories can be obtained from one another by 
a simple change of variables. In other words, even though we seem to be discussing two 
completely different theories, the physics they describe is exactly the same! 

This turns out to be an example of what is in fact a much more general statement. Suppose 
that we have a closed string theory in a particular background given by some background 
fields $. G,,„. BIU/. and that this background has a U{\) isometry; i. e. that the background 
fields are invariant under the action of a circle group. The case of compactification on 
a circle, which simply appears as a product factor in the background geometry, is the 
simplest example of this. We choose space-time coordinates where X° parametrizes this 
isometric direction with a period of 2TT and all other coordinates are labeled Xa. It can 
now be shown that this theory has exactly the same physical content as a theory living in 
the background with field components 

1 

Goo 
By,, 
Goo 
n GpgGob — BQUB{)I, 

Gpg 

Goo 
D GoaBob — BoaGob 
B»b ^ 

CJQO 

$ - log Goo- (2-53) 

These rules are called the "Buscher rules", after T. H. Buscher. Since they are usually not 
covered in introductory texts but do play a crucial role in our calculation of the quantum 
NS five-brane partition function see in particular the calculation of the the T-dual of 
the five-brane background in chapter 4 - we give a derivation of these rules in appendix 
2.A. Note that for the simple case of compactification on a circle, the rules indeed lead to 
the results we have found3. 

Let us be a bit more precise, and discuss the exact mapping between the states in two 
T-dual theories for the case of ordinary compactification on a circle. First of all. note from 
(2,50) that under a T-duality, a° > a[j ^ u t Qo "~* ~ao- Moreover, note from (2.53) that 
the G- and ö-field with a component in the compact direction essentially change roles. 
Since the G-field is created from symmetric excitations and the .B-field from antisymmetric 
ones, it is therefore natural to assume that either a°_l or a°_1 changes sign under T-duality. 
and in analogy with the case of a[]. it is likely that it is a°_1 which changes sign. Even 
further generalization leads one to the suggestion that actually all oscillators a° change 

3To be precise, the reader might be wondering about some factors of two - these result from the fact 
that we have been using conventions from Green, Schwarz and Witten up till now, where 2a ' = ls. In 
practice, it turns out to be more convenient to rescale /., by a factor of %/2, which is the usual convention 
in most of the modern literature. In the rest of this thesis, we will switch to this notation. 
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sign under a T-duality. i. e. that 

X% - -X°R, (2-54) 

where if necessary we can choose the constant x° in (2.49) to be entirely or partially in 
X£. Indeed, one can show that this mapping leads to two theories describing the same 
physics, and that its action on the low-lying modes is precisely the one we have described 
- see section 8.3 of Polchinski for details. This change of sign, and the corresponding 
change from G-fields to ö-fields. will be important when we calculate the T-dual to the 
NS five-brane solution in chapter 4. 

One may wonder what happens if we include D-branes in our theory. From our previous 
observation, this is not very hard to see: note that if we apply (2.54) to the Dirichlet 
solution (2.11). we obtain (possibly after shifting a part of the constant term to X£. as 
before) the Neumann solution (2.10). and vice versa. Therefore, we find that a T-duality 
changes a Dp-brane into a D(p+ l)-brane if it acts in a direction transversal to the brane. 
and into a D(/> - l)-brane if it acts in a direction along the brane. 

Finally, it can be shown that everything we have said so far extends to type II superstrings. 
As we have seen, a T-duality exchanges D-branes of even dimension with D-branes of odd 
dimension, so we immediately find that if T-duality holds in this case, it should exchange 
type IIA theory with type IIB theory. From this, we can also derive how the R-R fields 
should change under a T-duality: any field which has a 0-index loses it. and the fields 
without 0-index obtain such an index. Indeed, it can be shown that with these rules and 
the ones we already established for the bosonic case, the type II theories are T-dual. In 
particular, the coupling constants of the two theories are related by 

where as we remarked in the last footnote, we changed our conventions and as a result a 
factor of 2 has disappeared compared to formula (2.52). 

Details about the T-duality of type II superstrings can be found in section 13.1 of Polchin
ski. In this thesis, this duality plays a major role. In chapter 3. we will apply a T-duality 
to the supertube solution of type IIA theory to derive what we will call the supersheet 
solution, which we will then investigate in detail. In chapter 6. T-duality will be the 
essential ingredient in deriving the quantum contributions to the NS five-brane partition 
function. 

2.3.2 S-duality 

As we have seen, in the low-energy limit of the type II string theories we find the type 
II supergravity theories. In fact, these are the only two possible theories of N = 2 
supergravity in ten dimensions, and as such they have been studied extensively in their 
own right. One well-known property of type IIB supergravity is that the theory has 
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an SL(2.M) symmetry group. Actually, this is a symmetry of the classical equations 
of motion, but as a result of the fact that in the quantum theory several charges are 
quantized, the quantum version of the theory only has an SL(2. Z) symmetry. One may 
wonder if we can find back this symmetry in the full string theory. 

This indeed turns out to be the case, but in string theory, the symmetry of the supergravity 
theory turns into a duality. To see why, let us discuss in some detail the special SL(2,Z) 
transformation corresponding to the element —1. In the supergravity action, this symme
try acts on the dilaton field as <J> —» — $. meaning that the string theory corresponding to 
the transformed action should have a couping constant of l/gs, and hence is a completely 
different string theory. Moreover, the symmetry exchanges the NS-NS two-form field B^f 
with the R-R two-form field BR. We have seen that the charge carrier for the first field 
is the fundamental string, whereas the charged object for the second field is the Dl-brane 
or D-string. Therefore, it is likely that in the string theories we should exchange these 
objects, and the transformed supergravity theory therefore corresponds to a string theory 
in which the D-string is the fundamental object! 

We thus arrive at the following duality conjecture: type IIB string theory with coupling-
constant gs is dual to type IIB string theory with coupling constant l/gs- This conjecture 
(or actually its generalization to the full SL(2. Z) group) is known as S-duality, and even 
though it has not been proven rigorously (mainly due to the fact that contrary to T-
duality. S-duality relates the weak coupling region of one theory to the strong coupling 
region of another one), there is an enormous amount of evidence in favor of it. The "S" 
in the name apparently comes from "superfield". which was the name originally given to 
the complex field A we will encounter below. 

How should we interpret the other transformations in SL(2. Z) in a string theory language? 
Again, we can learn a lot from studying the behavior of the supergravity fields. For 
example, the fields (BR.BNS) transform as a doublet under this group. Repeating our 
previous argument, we find that using an element 

(* r ] eSL(2.Z). (2.56) 

a fundamental string should be mapped to an object which has an integer charge p with 
respect to the BNS field and an integer charge q with respect to the BR field4. Similarly, 
a D-string should be mapped to an object with charges (r.s). A logical interpretation of 
these objects is as bound states of p fundamental strings and q D-strings. and it can be 
shown that indeed these objects exist, and have a tension of 

T(p.q) = ^-\p + q\\. (2.57) 

where A is expressed in terms of the string coupling constant and the R-R scalar field r\. 

4Here, we use conventions where the denning representation of 5L(2, Z) acts on the charges. In chapter 
3, we will switch to conventions where the defining representation acts on (BR, BNS), which leads to some 
relative minus signs and reshuffling of indices. 
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also known as the axion, as 

A = Ai+iA 2 = rj+ —. (2.58) 
9s 

For future purposes, the expression (2.57) is written in the Einstein frame, where the 
tension of the fundamental string is gN and the tension of the D-string is 1. Note in 
particular that the tension (and hence the mass) of a (p, g)-string is lower than the tension 
of p fundamental strings and q D-strings, so that this state is indeed a bound state. (When 
p and q have a common divisor, it is in fact a marginally bound state. Note however that 
under SX(2,Z) the fundamental string and D-strings are never mapped into such states, 
since p and q must be relatively prime.) 

If the duality is true, it should of course map all objects to other objects of the same mass. 
Therefore, the tension formula (2.57) should be invariant under the action of the duality 
group. This follows from the transformation of the scalar fields in the supergravity theory 
under SL(2.Z): under this action A transforms as 

l>\ — r 
A - - - . . 2.59) 

qX — s 
It is easily seen that indeed this gives a representation of 5X(2.Z). and that moreover 
(2.57) is invariant. We will come back to these facts in more detail in chapter 3. where we 
discuss networks of (p, g)-strings. 

Details about S-duality can be found in chapter 14 of Polchinski. In this thesis, the S-
duality of type IIB string theory will play an important role in chapter 3. where we use it 
to write down nice invariant expressions for the mass formula of the supersheet. S-duality 
will also turn up in chapter 5. where we use it to relate the world volume theory of a type 
IIB NS five-brane to the worldvolume theory of a D5-brane. This is the magnetic dual of 
the statement that the fundamental string is S-dual to the D-string. 

2.3.3 The web of dualities and M-theory 

We have discussed two examples of dualities in some detail. It turns out that this is 
only the tip of the iceberg, and that dualities are ubiquitous in string theory. Some of 
these dualities, such as the S-duality we discussed, hold for the uncompactified theories: 
other dualities relate two different compactified theories to one another, as is the case for 
T-duality. As a rule, the more dimensions we compactify. the more dualities we find. 

Let us mention some of the most important dualities, thus relating all five superstring 
theories we have met to one another. As we have already mentioned, there is also a T-
duality between the two different heterotic string theories. A strong-weak coupling duality 
similar to S-duality relates type I string theory to one of the heterotic string theories. Type 
I theory can also be related to type IIB string theory by compactifying the latter on a 
%2 quotient of a circle. The type IIA and heterotic string theories are related after a 
compactification on two different four-dimensional manifolds. And so on. and so on.. . 
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This wealth of dualities is a strong indication of the fact that the five known string 
theories are all just limits of one single larger theory. So far. nobody has been able to 
find a convenient mathematical description of this theory, but nevertheless it is believed 
to exist and many of its properties can be derived by studying its limiting string theories. 
This theory is called "M-theory". where the precise origin of the "M" is not known, but 
it can be viewed as an abbreviation of such words as "mother", "magic", "mystical", or 
the more practical suggestions "matrix" or "membrane" arising from two of its possible 
ingredients. 

There is one limit of M-theory we have not discussed yet, since it is not a string theory. This 
is eleven-dimensional supergravity, the unique supergravity field theory in the maximal 
number of dimensions. If we compactify this theory on a circle, its Kaluza-Klein reduction 
is type IIA supergravity theory. This has led to the suggestion that type IIA string theory 
is also the circle compactification of some eleven-dimensional theory, and that this larger 
theory is the full M-theory. The radius of the M-theory circle would then be proportional 
to gf, so that in the small radius limit we indeed find ordinary weakly coupled type IIA 
theory. Taking low-energy limits, one sees that eleven-dimensional supergravity should 
then be the low-energy limit of M-theory. 

This idea leads to some nice geometrical interpretations of dualities which at first sight 
are not geometrical in nature at all. For example, let us compactify M-theory on a 2-
dimensional torus. The geometry of such a torus is captured by the complex number A 
(known as the "modular parameter"), whose length is the ratio of the two lengths of the 
torus, and whose argument is the angle between its two sides. In other words, one can view 
the torus as spanned by the two edges 1 and A in the complex plane. It is well-known (and 
easy to see) that we can apply an SX(2.Z)-transformation to this parameter A without 
changing the geometry of the torus. 

Now. recall that M-theory on a torus is equivalent to IIA theory compactified on a circle, 
and that by T-duality. this is equivalent to type IIB theory on a dual circle. Therefore, we 
find an SL(2. Z)-mapping of type IIB theory to itself which does not change the physical 
content of the theory - and a more detailed investigation shows that this mapping is 
precisely S-duality! In particular, we can identify A with the complex coupling constant 
we introduced in (2.58). 

This similarity between S-duality and the symmetry of a toroidal compactification will be 
very convenient in chapter 3, where we will compactify type IIB theory on a torus, and 
hence we have two of these groups at our disposal: one corresponding to the S-duality of 
the theory, and acting on the complex coupling constant A: the other corresponding to 
the symmetries of the torus, and acting on its modular parameter r. 

Thus, we see that dualities unite all superstring theories we know into a single framework. 
For a more complete picture, the reader is referred to the last seven chapters of Polchinski. 
The goal of this thesis is to use this duality framework to uncover some properties of the 
extended objects which appear in the superstring theories - and in particular in the type 
II theories. 
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2.A Appendix: Derivation of the Buscher rules 

In this appendix, we derive the Buscher rules (2.53) for the fields GM„ and Dllv. Since this 
is a topic which is not covered in most introductory texts, let us give the references to 
the original papers by T. H. Buscher: they are [17. 18]. Our derivation will closely follow 
the discussion by M. Rocek and E. Verlinde in [60]: we will also use their notation. In 
particular, we will set a' = 1 and use complex worldsheet coordinates where z = a+ir. z = 
a — IT. in which the nonlinear sigma model takes the form 

5' = - ^ I d2 z (G,UJ(X) + Bllv{X)) OX'-dX». (2.60) 

We will assume that the metric has an isometry (i. e. the Lie derivative CkG = Ü for some 
Killing vector k) which is compatible with the B-field, in the sense that the Lie-derivative 
CkB is an exact form. It is not difficult to show that under these assumptions. 6X>' = ek>' 
is indeed a symmetry of the action. Furthermore, let us assume that we have chosen 
special coordinates in which the direction of k equals the X° direction, which because of 
its special role we will denote by 9. The other directions are denoted by X". As in the 
main text, note that this differs from the usual convention where the ^"-direction is the 
time-like direction! We assume that the isometry is periodic, and scale 9 in such a way 
that it has period 27T. 

If we now introduce a vector field with components A = AZ.~A = AY (where A and ~A do 
not have to be complex conjugates), the action (2.60) can be obtained by integrating out 
the Lagrange multiplyer held 9 from the "master" action 

SM = ^J <?* { (Gab + Bab)dXadXb + (G„0 + Ba0)dXaA + (Gob + BQb)AdXb 

+G00AA + è(dA-dA)}. (2.61) 

Note that the fields G and B are constant in the (9-direction. and as a result the field 9 
has completely disappeared from this action. Integrating out 0 leads to the result that 
locally we can write A = Of. A = Of for some function f{z.z). We identify this function 
with 9. and inserting this in (2.61) we find back (2.60). 

We want to see what this theory looks like if we integrate out A.A~. Classically, this can 
simply be done by using the equations of motion: 

(Gofc + Bob)dXb + Goo A = -09 

(Gao + Bao)dXa+GOQA = 09. (2.62) 

Again, note that these equations are not complex conjugate equations. From these equa
tions, we can solve for A. A: 

A = -Gob + BobdXb--^-dè 
Goo Goo 

A = -Ga0 + Ba0dXa + -Ld6. (2.63) 
kno Goo 
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It is a straightforward exercise to insert these solutions into the .4-dependent terms in 
(2.61). and we find that many terms in the result cancel and we are left with 

sA = -±-dm-{Ga0 + Baü){Gob + Bob) dxadxb- G a ° + Ba0 dxaW+^±^dedxb, 
Goo Goo Goo Goo 

[2.64) 
to which we still have to add the ^-independent term from SM- Now. identifying 0 as a 
new X°-coordinate. we note that this action is again of the form (2.60): 

S = - ^ / d?z (G„„(X) + B^AX)) OX^dXr (2.65) 

where, separating the parts symmetric and antisymmetric and in i and j in (2.64). we see 
that we can write 

Goo 

Goa 

Gab = Ga(, 

1 

Goo 
Bpa 
Goo 

Go„Go(, — B(_)„BQb 

B0a 

Goo 
GQ„ 

Goo 
f. „ G()aBob — BoaGob CO fifi-l 
k>ab = U ab y, • ^.OOJ 

Here, we have corrected an apparent sign mistake in the last of these equations which 
appears in the original papers. 

In the above derivation we only considered local matters, related to the geometry of space-
time. The topology of the resulting space is not clear from this discussion. From our 
discussion in the main text, we expect that if 0 is a periodic coordinate, then the T-dual 
coordinate 6 is also periodic. In [60], Rocek and Verlinde use a holonomy argument to 
show that this is indeed true, and that the dual coordinate 9 also has period 2n. Since 
in this parametrization. G0o is proportional to R. we see from the first Buscher rule that 
this indeed has the inversion of the compactification radius as its consequence. 

Finally, we want to mention what happens if we include a nontrivial dilaton background 
$ in our nonlinear sigma model. By requiring the conformal symmetry of the dual model, 
it was shown by Buscher in [17. 18] that the dilaton transforms as 

ê = $ - logGoo- (2-67) 

Note that this agrees with our observation in the main text that the coupling constant of 
string theory is rescaled by a factor of 7?_1 after a T-duality. 
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