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Chapter 3 

String networks and 
supersheets 

In the previous chapter, we briefly introduced string theory, and encountered D-branes and 
NS five-branes as examples of extended objects in this theory. We also saw that string 
theory is still not completely satisfactory understood, or even completely satisfactory 
defined. In particular, even though string theory was of course originally defined in terms 
of strings, from a more general "M-theoretic" point of view, it is not clear whether strings 
should really be viewed as the fundamental degrees of freedom in the theory, or if we 
should be looking for a more fundamental theory in which all of the extended objects - or 
a certain subset play a fundamental role. Since, as we also saw. many of these objects are 
related by dualities, it is not even straightforward to sum up a list of all different objects 
that constitute the theory. To be able to say something about these fundamental issues, it 
is important to get a good understanding of the physics of the extended objects, and the 
way they behave under dualities. In fact, we can often use the duality transformations to 
learn more about the extended objects. In this chapter, a first example of this philosophy 
is presented: we will use T-duality and S-duality to find an equivalence between two 
seemingly very different objects in type IIB string theory: a network of strings and a D3-
brane with nonzero electric and magnetic fields on its worldvolume. This work was done 
together with E. Verlinde, and our results were published in [74]. of which this chapter is 
an extended version. 

One side of the equivalence we want to show is formed by so-called "string networks". 
These networks, consisting of charged strings, were discovered independently by O. Aha-
rony. A. Hanany and B. Kol [1] and by A. Sen [64]. and they are reviewed in section 3.1. 
We will argue that if we give these networks an angular momentum, they will "blow up 

in a sense which we will make precise into sheets formed by a D3-brane with a small 
thickness stretching along the directions of the original network. The inspiration for this 
argument came from the discovery of "supertubes": similar structures of one dimension 
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less that is. consisting of D2-branes in type IIA theory - by D. Mateos and P. Townsend 
in [51]. We review the snpertube construction in section 3.2. In analogy with this name, 
we refer to the sheet-like D3-branes as "supersheets". In section 3.3 we present our argu
ments for the equivalence of supersheets with the simplest blown up string networks. In 
section 3.4 we discuss what we expect to happen for more complicated setups. 

The general philosophy - learning about extended objects through dualities - is present 
in two ways in this chapter. First of all. the motivation for the proposed equivalence will 
come from a T-duality argument applied to the supertube. Secondly, the fact that all the 
expressions we obtain transform nicely under the S-duality group of type IIB theory will 
be a great aid in showing the equivalence. 

3.1 String networks 

3.1.1 String junctions 

The first ingredient in our proposed equivalence is a network of strings in type IIB string 
theory. As we saw in section 2.3.2. type IIB string theory contains different types of 
strings, labeled by an integer fundamental string charge p and an integer D-string charge 
q. which have to be relatively prime. In particular, the fundamental string is the (1.0) 
string and the D-string is the (0,1) string. The tension of a general (p. q) string in the 
Einstein frame was given in equation (2.57): 

T(p.q) = ^-\p+q\\. (3.1) 
A 2 

where A = Aj + /A2 is the complexified string coupling constant that was introduced in 
section 2.3.2. 

Note from the above formula that by the triangle inequality, the tension of a (p+p'. q + q') 
string is lower than or at most equal to the sum of the tensions of a (p. q) and a {p'.q') 
string, where equality only happens if (p. q) and (p'. q') are both multiples of some charges 
(j/'.q"). Hence the (p.q) strings with p and q relatively prime are truly bound states, 
and when we put a (p.q) string and a (p'.q') string on top of each other, they will join 
into the single bound state of a (p + p'.q + q') string1. However, one may wonder what 
happens if we try to "pull apart" the constituents of such a bound state. For example, 
we may consider a configuration such as in figure 3.1a. On the left side of this figure, 
where the two strings are close together, it will be energetically favorable for the strings 
to form a bound state. However, if by some mechanism we pull the right ends of the 
strings apart, at some point the formation of a bound state will stop. Therefore, we will 

1 Again, we assume that the relevant charges are relatively prime. When this is not the case, the 
(dp.dq) string should be viewed as a marginally bound state of d strings of charges (p.q). For most of 
our purposes, we can simply forget about this difference; in section 3.4 we will come back to some of the 
subtleties that can arise in this case. 
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(p.q) 

(p+p'.q+q') 

(p .q ) 

(a) (b) 

Figure 3.1: When (p.q) strings are set up in a configuration as in (a), the result is a string 
junction (b). 

end up with a configuration as in figure 3.1b. where a (p.q) string, a (p'.q') string and a 
(p + p'. q + q') string come together in a three-string junction. The fact that such string 
junctions exist in type IIB string theory was discovered by O. Aharony, J. Sonnenschein 
and S. Yankielowicz in [2] and worked out in more detail by J. Schwarz in [61]. 

Type IIB string theory is a theory of oriented strings, so the strings in figure 3.1 have an 
orientation. Since a (p. q) string of one orientation is the same as a (-p. —q) string of the 
opposite orientation, we can choose all the orientations in figure 3.1b to be outgoing (or 
all incoming), and in that case we have that 

E* = £' 0. (3.2) 

where i = 1,2,3 now labels the three outgoing strings. 

Now we ask ourselves when a string junction is in equilibrium. By this we mean the 
following: if one ties three ropes together with a single knot and pulls each rope with a 
certain force, the knot will be in an equilibrium (i. e. it will not move) when the vector 
sum of the forces on it is zero. It is natural to expect the same thing to happen at a string 
junction. 

The direction of te force exerted on a string junction by a particular string is of course the 
direction of the string itself. Let us call the unit vector pointing in this direction it, for 
the ith string. The magnitude of the force is the change in the energy if we would move 
the knot a little bit - so this is exactly the string tension (3.1). Therefore, we see that the 
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string junction is in equilibrium if 

1 :i 

Y X , IP* + *AI"* = 0- (3.3) 

Let us consider the string junction to lie in a fixed plane, parametrized by a complex 
coordinate z. In these coordinates, n* is given by a complex number of unit norm. Up 
to 0(2)-transformations (rotations and reflections), there should be a unique solution to 
the equilibrium equation: there is only one angle between strings 1 and 2 such that their 
resulting force has the same magnitude as the force coming from string 3. Of course, the 
direction of the third string is then also determined uniquely. 

Therefore, it is enough to find one solution of (3.3). But this is not very hard: since by 
(3.2) the sum of charges is conserved at the junction, it is also clear that 

Y/(p,+ql\)=0. (3.4) 
i=\ 

If we now choose the direction of the strings in the complex plane to be given by the 
complex number 

pi + q, A 

\Pi + q,M 

we immediately see that 

1 - f 3 

T- ^ \Pi + <ftA|n< = T- J2(Pi + ftA) = 0. (3.6) 

and hence the string junction is in equilibrium. The interesting fact about formula (3.5) 
is that up to overall rotations and reflections, the direction of' a string only depends on its 
own charges, and not on the properties of the two other strings in the junction. We will 
now exploit this fact to construct supersymmetric networks of strings. 

3.1.2 Networks of (p.q) strings 

A string network is a planar network of (p. q) strings, such as the one depicted in figure 
3.2. where at all string junctions the charge conservation (3.2) is satisfied, and where the 
directions of all strings in the network satisfy (3.5) in terms of some complex coordinate 
in the plane2. From the previous paragraph, it is now clear that all junctions in such a 
network will be in equilibrium. These string networks (in the literature also sometimes 
referred to as "string webs") were first studied by 0 . Aharony. A. Hanany and B. Kol in 
[1] and independently by A. Sen in [64]. One of the things that was shown in these paper: s 

To be precise, the 1 and (' directions in this complex parametrization have to be orthonormal, so the 
different choices of such coordinates are related by rotations, complex conjugation and translations. 
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Figure 3.2: An example of a string network. At all junctions, charge is conserved and the 
directions of the strings in terms of their charges are given by (3.5). 

is that string networks are supersymmetric: they are invariant with respect to one quarter 
of the supersymmetries that the flat type IIB string vacuum has'. For a proof, the reader 
is referred to the original papers. 

In this chapter, we will be studying the simplest string networks, consisting of only three 
strings on a torus, as in figure 3.3. To this end. we compactify space-time on a torus 
of modular parameter r and area A. and arrange the three strings on this torus in the 
depicted configuration. Of course, the charges of the three strings have to be chosen such 
that the charge conservation (3.2) is satisfied, which means that we can freely choose the 
charges of two of the strings, and then the charges of the third string are determined. 
One may wonder if it is always possible on the torus to arrange the strings in such a way 
that they have the ••preferred directions" (3.5). A simple counting of degrees of freedom 
at least makes this plausible: an arbitrary torus has three real degrees of freedom (one 
angle and two lengths, or alternatively the modular parameter r and the area A), and 
the string network has the three lengths of the strings as its degrees of freedom. A more 
careful analysis indeed shows that up to singular cases where the length of one of the 
strings goes to zero it is always possible to "fit" a string network of given charges on a 
particular torus. 

Since we know the tension of each of the strings from formula (3.1). we can express the 
mass of a string network of certain charges in terms of the lengths of the three strings, or 
alternatively in terms of the equivalent parameters r and A. The expression for the mass 

'Each string junction of course has a "mirror" string junction which just as well is in equilibrium. The 
reader may have wondered why we do not consider string networks which at some junctions have this 
reflected setup instead of (3.5). The reason is that such networks are not supersymmetric. It would of 
course be interesting to nevertheless study these networks, and see if they decay into some supersymmetric 
configuration. 
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Figure 3.3: A simple string network on a torus of modular parameter r. 

M was first derived by A. Sen in [64]. and can be written as 

T 

( P' \ 
M2 A 

V 92 / 

(±L + M) 
V2 

(3.7) 

In this expression, the matrices L and AI are defined as 

0 

L = 
0 
0 

V i 

0 1\ 
0 - 1 0 

-1 0 0 
0 0 0 / 

M = MT®MX) (3.8) 

where M\ is defined in terms of the complex coupling constant A = Ai + i\2 by 

1 / I 
M) 

Ai 

A2 V A] |A|2 (3.9) 

and MT is defined by a similar expression in terms of the complex modular parameter r. 
The sign in front of L in (3.7) is chosen such that the contribution of this term is positive. 

The order in the tensor product in (3.8) is defined in such a way that M\ mixes the p-
and (-/-components of the vectors in (3.7). and Mr mixes the 1- and 2-components. The 
reader who is familiar with SX(2.Z) representation theory will recognize the form of M\: 
it is a covariant matrix, in the sense that it transforms as 

Mx -
d c 
b a M> 

(I b 

if we apply an SL(2. Z) duality transformation to A: 

a\ + b 
A 

cX + d' 

(3.10) 

(3.11) 



3.2. SUPERTUBES 59 

Up to a reshuffling of the indices which we used for later convenience. (3.10) means that 
M\ is left multiplied by the SL(2,Z) matrix, and right multiplied by its transpose. Now. 
let us study how the charges p and q transform under SL(2. Z). Since p denotes the B^s 
charge of a string and q denotes its BH charge, the effective action for a string theory with 
a (p, (/)-string in its background will contain a term proportional to 

„ ^ •(*£)' (3'12) 
where Y. denotes the string worldsheet. Recall from section 2.3.2 that under SL(2.Z). the 
2-form fields transform as 

& H : s) (&) • 
Hence, invariance of the term (3.11) requires that the string charges transform as 

P \ • ( a ~b\f P\ (3.14) 
q J \ -c (I J \ q 

Combining this result with the transformation (3.10) of M\, we see that the mass formula 
(3.7) is invariant under the SL(2.Z) duality group, as was to be expected. In an exactly 
analogous way. one can show that the mass formula is also invariant under SL(2,Z) 
transformations of the torus, acting on the modular parameter r and the 1- and 2-indices. 

Finally, besides the double SL(2,Z) invariance. the reader should note that, since we 
expressed the mass formula (3.7) in terms of the parameters A and r of the torus, the 
formula has no explicit dependence on the lengths l% of the three strings. Moreover, the 
formula depends explicitly on the charges of only two of the three strings. All of these 
properties will be crucial in the proof of our result. 

3.2 Supertubes 

We now turn to the other side of' our proposed equivalence: supersheets. In fact, since a 
large part of the calculation is similar but less involved in two dimensions, we will first 
review the supertube in this section. For more details, the reader is referred to the original 
paper by D. Mateos and P. Townsend [51]. Note that whereas the rest of this chapter 
discusses objects in type IIB string theory, the supertube discussed here, being a D2-brane, 
is an object appearing in type IIA string theory. 

A supertube is a D2-brane embedded in flat space-time, which has the shape of an infinitely 
long cylinder of some radius R. Normally, such a setup would be unstable, since the D2-
brane has a tension, and hence the radial direction would contract into a point4. However. 

4Note that we do not wind the circle around some noncontractible loop in space-time! We assume the 
cylinder to be embedded in a topologically trivial part of space-time, so the circle can freely contract and 
expand. 
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this can be prevented by giving the tube some angular momentum around its symmetry 
axis. As is well known from classical mechanics, such an angular momentum results in 
a centrifugal force, and this force might be able to balance the inward force from the D-
brane tension. Indeed, we expect the inward force due to the tension to decrease to zero 
if we shrink the radius, while the centrifugal force for a fixed angular momentum should 
become infinite in this limit. On the other hand, for a very large radius, the centrifugal 
force should be small and the inward force should be large. Therefore, we expect to find 
a stable radius R at which the two forces exactly cancel. 

There are several ways to give the tube an angular momentum around its symmetry axis. 
One is by simply making it rotate, but here we choose a different way. Since a D2-brane 
has a U{\) gauge field living on its worldvolume (see section 2.2.1). we can turn on electric 
and magnetic background fields in the worldvolume theory. Note that since we are in 2+1 
dimensions, the electric field, corresponding to the F°" components of the field strength, 
is a 2-dimensional vector, but the magnetic field, corresponding to F 1 2 . is a scalar. Hence 
if we turn on an electric field in some direction, and we turn on the scalar magnetic field, 
there will be a Poynting vector momentum in the direction perpendicular to the electric 
field. If we therefore turn on an electric field along the axis of the tube, along with a 
nonzero magnetic field, we will have an angular momentum around the symmetry axis as 
a result. This configuration is depicted in figure 3.4. 

Figure 3.4: By turning on an electric field along the axis and a (scalar) magnetic field, we 
can give the supertube an angular momentum. 

3.2.1 The supertube Hamiltonian 

To make the above arguments more quantitative, let us consider the worldvolume action 
of the D-brane. In section 2.2.1. we saw that the Lagrangean (in the absence of RR-fields 
and the NS-NS two-form) is the Born-Infeld Lagrangean: 
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where we normalized the fields in such a way that there are no unnecessary constants inside 
the square root, and the overall factor is chosen such that the expanded Lagrangean for 
small F has a factor of 1/4TT in front of the F2-term. which is the convenient normalization 
for selfduality (cf. the paper by E. Verlinde [73]). Of course, in 2+1 dimensions there 
are no selfdual fields, but we introduce this normalization in preparation of the (3+1)-
dimensional case. Note that we also set 2-rca' = 1. so all lengths in the following will be 
dimensionless quantities measured in terms of the string length. 

In space-time, we choose polar coordinates around the symmetry axis of the tube. X 
labels the direction along the axis, R labels the radial direction5, and $ is the polar 
angle. (There is no relation between this $ and the dilaton which we denoted by the same 
symbol in the previous chapter.) Finally. T is the time coordinate. The other space-time 
directions will not play a role. The flat space-time metric in these coordinates is 

ds2 = -dT2 + dX2 + dR2 + R2d&2 + ds2(M6), (3.16) 

where M6 denotes 6-dimensional Euclidean space, or any other compactification manifold. 

On the D2-brane wold volume, we choose coordinates t, x, (j>, and we use the reparametriza-
tion gauge invariance of these coordinates to set 

t = T, x = X. (/> = $. (3.17) 

The induced metric G on the worldvolume is now easily calculated; it is given by 

G« =-™G»«-(;; I I)• <3I8> 
where capital letters and Greek indices denote space-time quantities, and lower case letters 
and Latin indices i.j denote worldvolume quantities - cf. table 1.1. Below, we will 
also use Latin indices a.b.... to denote space-like worldvolume indices only. 

In writing down a componentwise expression for F,j. we have to make a choice which will 
influence the appearance of many of the formulas below. The reason is that in writing 
down this expression, we would like to define electric and magnetic fields by 

Ea = pQa B _ leabpab (3 1 9 ) 

However, in writing down the definition for B we have two choices: we can use an e-
symbol with entries ±1 . or we can use an e-tensor with entries ±\/det Gab = ±-R- The 
law of conservation of misery holds here: some formulas look nicer with the first choice, 
others with the second. The reason for this is that with the latter choice, the _B-field will 
transform nicely as an invariant scalar, whereas the former choice only makes it transform 
as a scalar density - see appendix 3.A for details about this. In a Lagrangean formalism. 

5 To simplify the notation we will denote both the radial coordinate and the fixed radius at which the 
supersheet sits by the symbol R. 
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the iJ-field transforms as a vector, so the most natural expressions arise if we choose the 
definition of the S-field as a scalar. However, in a Hamiltonian formalism, the conjugate 
momentum to E appears, which - being a derivative of the Lagrangean - is a vector 
density, so in this formalism the formulas look more natural of we work with the B-field 
as a scalar density. Since we use both formalisms here, we have to make some choice, and 
choose to define (3.19) in terms of an epsilon-tensor, making Lagrangean expressions look 
natural. As a result, in the next section, we will write the Hamiltonian expressions in 
terms of the more natural scalar density -)£?, where -) = x/det Gab- Note that our choice 
differs from the one made in [51]: our choice turns out to be more convenient especially 
in the three-dimensional case6. 

With these definitions, and keeping track of te factors of R coming from the e-tensors. we 
find that 

/ 0 -Ex -E0 \ 
Fij = Ex 0 -RB . (3.20) 

\ Ea RB 0 J 
In our setup, we only turn on an E-Held in the .('-direction, so we can set E$ = 0 in the 
above expression, and we will write Ex = E. 

When inserting (3.18) and (3.20) into the Lagrangean, there is one more thing which may 
cause some confusion - or at least it caused some confusion with the author when doing 
the calculations: one should realize that the determinant in the Born-Infeld Lagrangean 
is an ordinary "matrix determinant'', so no extra factors of -^/detGij appear from the 
e-tensors used to define the determinant. Whereas in the discussion about the B-field 
above we had the choice to either include these factors or not, here we have to work with 
the (-symbols to make the Lagrangean transform as a scalar density, as it should. This 
fact is also discussed in more detail in appendix 3.A. Taking this into account, we find 
that the resulting expression for the Lagrangean is 

R 
L = \Jl + B2 - E2. (3.21) 

Recall that we want to find the value of the tube"s radius for which it is stable - i. e. we 
want the radius to minimize the energy. Hence, the quantity we are really interested in 
is not the Lagrangean but the Hamiltonian. It is a straightforward exercise to calculate 
this Hamiltonian from the above Lagrangean. especially if we go to the temporal gauge 
An = 0- The reason is that in this gauge, E — A, and hence the conjugate momentum to 
the vector potential A is simply given by 

D **§ 
(3.22) 

Vl+B2- E2 

6 A third possible choice would be to introduce a coordinate £ = R<p to transform the metric to the 
flat space-time metric Gij = r]tJ, making both definitions of £ equal. This would however obscure many 
of the subtleties we encounter below with respect to the .R-dependence of the quantities, so we choose to 
use the more natural polar coordinates. 
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where we included the factor of 2irgs in the definition to keep the next formula simple. In 
electrodynamics, the quantity D is known as the "electric displacement". We can solve 
the above equation for E. 

and calculate the Hamiltonian by the usual prescription: 

DE , 
II 

2ngs 

= -±-^(D? + K2)(Bi + l). (3.24) 
2irgs 

To calculate the energy per unit length of the supertube. we have to integrate this Hamil
tonian over the ^-coordinate, which in our coordinates simply corresponds to multiplying 
by a factor of 2TT. 

So far. we have been calculating the Hamiltonian for a tube with a fixed radius R. Now, 
we want to investigate the i?-dependence of this expression. In doing this, one has to 
be careful: there is a clear explicit B-dependence in the above formula, but how do the 
quantities D and B depend on RP. The easiest way to find this out is by compactifying 
the x-direction of the tube on a circle and noting that now the B- and D-fields become 
quantized, and the quanta cannot change under small changes in R. We will do this very 
explicitly in the three-dimensional case; here we just state the result for a two-dimensional 
tube: the line integral over the (^-circle of the B-field is quantized, and so is the surface 
integral over the entire volume of the tube of the field Fx(p. Since our coordinates are 
^-independent (we put the independence in the metric), this means that actually D and 
FX0 are constant under small changes of the volume. Since B is defined as eab-F„;,. this 
last statement means that Bo = BB is constant if we change R. To stress the fact that 
D itself is constant, we now denote it by D{). 

Inserting these definitions, and multiplying by the factor of 2ir we mentioned above to go 
from a two-dimensional energy density to an energy per unit length of the tube, we find 

S = - ^ ^(DZ + R^iBZ+Ri). (3.25) 

Note that, as we expected from our genera! arguments at the beginning of this section, 
this indeed becomes infinite for both R —> 0 and 7? —» oo. 

3.2.2 Interpretation of the result 

Minimizing the energy per unit length (3.25) with respect to R is a simple calculation, 
and we find that it is minimal at 

R = v/BoBo. (3.26) 
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giving a minimal energy per unit length of 

£ = -(D0 + B0). (3.27) 

In their paper [51]. D. Mateos and P. Townsend gave a nice interpretation of the origin 
of these results. First of all, they showed that the supertube background preserves one 
quarter of the supersymmetries of string theory in empty, flat space-time. Then, they 
compared the supertube to another system, consisting of fundamental strings and D0-
brancs. which also preserves this number of supersymmetries. 

To see why such a comparison can be made, note that the D0- and £?0-fields can be inter
preted as dissolved fundamental strings and DO-branes within the D2-brane world volume. 
For example, for the D-field. this can be seen as follows. Recall that the [7(1) gauge field 
in the D2 worldvolume stems from the fact that the endpoints of strings ending on it 
have £7(1) charges. Therefore, a single open string starting and ending on a cylindrical 
D2-brane will cause electric field lines inside the D2-brane starting on one end point and 
ending on the other end point (see figure 3.5). Now if we pull one end of the string towards 
x = +oc and the other end towards x = —oc. the result will be an electric field in the 
x'-direction of the tube. 

I 
Figure 3.5: The D-field on the supertube can be viewed as arising from dissolved funda
mental strings. 

That a DO-brane can be viewed as a source for the B-field is a bit harder to argue intu
itively, but it can be deduced from the Chern-Simons term in the D-brane worldvolume 
action we gave in section 2.2.1. So. up to normalization, which we will treat more carefully 
in the three-dimensional case, we can write the supertube energy density as 

6 = q0 + qF. (3.28) 

where QQ denotes the dissolved DO-charge and qp denotes the dissolved fundamental string 
charge. In fact, these two charges are the only RR and NS-NS charges on the supertube; in 
particular, it can be shown that even though it is "made of D2-brane". the supertube does 
not carry any D2-brane charge. This is not as strange as it sounds, since diametrically 
opposite points on the tube have an opposite orientation, and hence viewed from one of 
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these points, a neighborhood of the other point is really an anti-D2-brane. In this way, 
the D2-branc charge of opposite points ••cancels out". 

Tn [51], it was now observed that there is another system with exactly the same charges 
and the same number of supersymmetries. This system consists of an infinite number of 
DO-branes. placed in a linear array, with fundamental strings running between the branes. 
as depicted in figure 3.6a. Note that, contrary to other D-branes. a DO-brane cannot have 
a single string ending on it. since its electric flux will have nowhere to go. Therefore, the 
number of strings ending on a DO-brane should equal the number of strings starting from 
it7, and hence the number of strings between any consecutive pair of DO-branes in figure 
3.6a is the same. 

DO-chame 

(a) (b) (c) 

Figure 3.6: (a) An array of DO-branes with fundamental strings running between consec
utive DO-branes. (b) the same system with dissolved DO-charge. (c) the supertube into 
which this system should blow up. 

The configuration in figure 3.6a is in fact a very special kind of a more general config
uration, since just like on the supertube. the DO-brane charge will in general not stay 
localized, but it will spread out over the entire length of the strings. Therefore, we should 
really think of such a system as of the one depicted in figure 3.6b. where we have a long 
string with qp units of fundamental string charge, and qa units of DO-charge per unit 
length spread out along the string. It is not hard to show that, just like the supertube, 
such a configuration preserves one quarter of the original supersymmetries. and from the 
construction we also see that its energy per unit length will have the form (3.28)8. 

.juiliiiiiHL l/.J izing, the "necklace" configuration has the same RR and NS-NS charges as the 
supertube, it has the same supersymmetries. and it has the same energy per unit length. 
The only thing in which it differs from the supertube is in the fact that it does not have 
any angular momentum, since it does not extend in any direction perpendicular to its axis. 
These observations lead D. Mateos and P. Townsend to propose in [51] that the supertube 
is really a blown up version of the necklace. That is. if we take a necklace construction and 

7Note that this distinction makes sense since type IIA string theory has oriented strings. 
8Of course, in our heuristic argument above we did not pay any attention to the normalization of these 

terms (we will do this carefully in the supersheet case), so one would really have to show that the factors 
in front of these terms are the same as well. 
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give it an angular momentum, it will blow up into a supertube. and if we take away the 
angular momentum from the supertube. while preserving its other charges, it will "blow 
down" into a necklace. 

Note that the supertube has a fixed angular momentum, proportional to qFqo- One may 
of course wonder what happens if we try to put a different amount of angular momentum 
on the necklace. If this amount is less than qFqQ there is no problem, since we can just 
blow up a part of the necklace (corresponding to some of the F-strings and some of the 
D(J-branes), and leave the remaining charged string as a necklace of lower charges in the 
center of the resulting supertube. However, it is not clear what will happen if we try to 
give the necklace an amount of angular momentum which is too large: it could be that part 
of the angular momentum then turns into radiation, or maybe the whole configuration 
will become unstable and its remnants will fly away. Of course, to really study these issues 
one should consider a mechanism which actually transfers the angular momentum to the 
necklace, such as a collision with another object. We will not study these questions in this 
thesis, but focus on the two "extremal" eases of the necklace and the single supertube 
or rather, their three-dimensional generalizations, to which we now turn. 

3.3 String networks and supersheets 

Since the general philosophy of this thesis is to apply dualities to learn more about ex
tended objects in string theory, we now ask ourselves if there are any interesting dual 
configurations to the supertube. In fact, it will turn out that the simplest of all string 
dualities. T-duality. already leads to some quite interesting results. 

When applying a T-duality to the supertube, there are basically two options: one can 
apply a T-duality in the longitudinal direction, or one in a transversal direction. The T-
duality in the longitudinal direction was performed by J.-H. Cho and P. Oh in [23]. where 
they showed that the dual configuration is a helix-shaped D-string which spins around its 
central axis. This was shown by considering the boundary conditions of a string ending on 
a supertube. and applying a T-duality to those; the presence of the electric and magnetic 
fields inside the D2-brane worldvolume have the effect that the resulting Dl-brane -
which without these fields would simply be a circle in the remaining direction - becomes 
tilted, and hence spirals the cylinder on which the D2-brane was wrapped. The angular 
momentum on the supertube translates into the spinning of the helix. 

In this section, we will be interested in the other T-dual configuration, where we apply 
the T-duality in a direction perpendicular to the supertube. It is not hard to guess what 
the dual configuration is: the T-duality now turns the D2-brane into a D3-brane, which 
we expect to have electric and magnetic fields in its worldvolume, just like the supertube 
did. In fact, since the electric field corresponded to dissolved F-strings perpendicular to 
the direction of the duality, we expect this field to be unchanged, and similarly since the 
scalar magnetic field corresponded to dissolved DO-branes. and the DO-branes turn into 
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D-strings one can expect this to dualize into a B-field in the direction of the T-duality. 
(Note that indeed, in three spatial dimensions, the B-field becomes a vector.) 

We can make this a bit. more precise by also considering the T-dual of the necklace config
uration of the previous section, which corresponds to the supertube without any angular 
momentum. Here, we only have the DO-branes and the intertwining strings, so the naive 
T-dual configuration will consist of a number of Df-branes with intertwining fundamental 
strings, as shown in figure 3.7. Just like in the supertube case, we expect such a configu
ration to blow up into a D3-brane with electric and magnetic fields on its worldvolume if 
we give the configuration some angular momentum. 

i 

I 
Figure 3.7: The naive T-dual version of the necklace consists of D-strings with intertwining 
fundamental strings. 

However, the right hand side in figure 3.7 is not very accurate, since we saw in section 3.f 
that a fundamental string cannot simply end on a D-string. What happens is that the 
F-string and the D-string come together in a junction, and a (l.l)-string emerges. At some 
other junction, this (l.l)-string can then split into a D-string and an F-string again, and so 
on. Therefore, instead of the right hand side of figure 3.7. we should really expect to find 
some string network as the T-dual of the necklace configuration. The goal of this section is 
to make this correspondence more precise. In fact, we will argue that any string network 
blows up into a D3-brane if we give it some angular momentum. Just like in the supertube 
case, the extra direction of this D3-brane is a circle with a radius which minimizes the 
energy of the system. It is as if the holes in the network "fill up", and the network grows 
an additional circular dimension of some radius R. Since this radius is generically small 
(it is expressed naturally in units of the string length), the resulting configuration will 
look like a two-dimensional sheet which has obtained a small "thickness'' in an additional 
third direction. For this reason (and the fact that the one quarter supersymmetry is still 
present after the T-duality), we call these structures "supersheets". 

It is more or less obvious that the supersheets and the string network configurations can 
be set up to have the same RR and NS-NS charges and that they also have the same 
amount of supersymmetry. Therefore, the nontrivial thing to check is if we can find 
specific field configurations on the D3-branes corresponding to specific string networks, 
and if the masses of the two systems will be the same. This is what we will show in this 
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section. 

3.3.1 Description of the supersheet system 

To be able to easily check the overall normalization constants of our result - something 
which we did not do in the supertube case we would like to work with a system of finite 
mass. Therefore, we will study the supersheet and the string network on a torus of finite 
size. This has the extra advantage that the fluxes will become quantized, and we can 
compare the flux quantization in the D3-brane to the natural quantization in terms of 
winding numbers of strings in the string network. Our claim will be that we can construct 
a toroidal supersheet as a blown up version of any of the simple string networks consisting 
of only three strings, which we studied in section 3.1.2. We will come back to the case of 
more complicated string networks in the next section. 

Let us begin by describing the supersheet system. We consider type IIB string theory on 
a space-time of the form 

M10 = l T x T 2 x l 2 x M5. (3.29) 

RT is the time direction, parametrized by a parameter T. The torus T2 is flat and has 
modular parameter r. To parametrize it. we will use coordinates X, Y along perpendicular 
directions. The coordinate X will be periodic with period Lx: the coordinate Y will range 
from 0 to Ly. This gives a cylinder, whose edges at Y = Q.Ly are identified with the 
appropriate twist to obtain the modular parameter r . R2 is also equipped with a flat 
metric, and polar coordinates $. R. Finally. M5 is an arbitrary 5-dimensional manifold 
which will play no further role in the discussion below. 

Putting everything together, the metric of our space-time in these coordinates is 

ds2(M10) = ~(IT2 + dX2 + dY2 + dR2 + R2d$>2 + ds2(M5). (3.30) 

We now wrap a D3-brane around the T2. and give the remaining direction the shape of 
a circle of fixed radius R around the origin in the M2-plane. where again we use the same 
symbol R for the radial coordinate and for the specific radius of this circle. Note that 
even though the D3-brane now has the topology of Sl x Sl x S1. the last one of these 
circles is very different from the other two. since it is embedded in a topologically trivial 
part of' space-time, so it can freely contract and expand. 

The worldvolume coordinates of the three-brane are (t. x. y. <fi), where we take each of the 
last three coordinates to be periodic, with periods Lx, Ly and 2TT respectively. We fix the 
worldvolume reparametrization invariance by gauging 

T = t 

<I> = o . 
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The parameter c has to be included in this description, since we chose the space-time 
coordinates X. Y to be perpendicular whereas we chose the worldvolume coordinates x. y 
to be periodic. From the embedding we see that the modular parameter r of the space-time 
torus is related to the constant c by 

r = (c + i)^-. (3.32) 
L*x 

We use a similar notation as in the supertube case: worldvolume quantities will have 
indices i.j.k where these indices range over the set {t.x.i/.ó}. In particular, x' = 
ƒ..;••'' = ,r. etc. If we do not consider the time component, we will use indices a.b.c 
Space-time quantities are denoted by indices \i. v. p.... Again. X1 =T.X- = X. etc. 

3.3.2 Calculation of the Hamiltonian 

The worldvolume theory on the D3-brane is again given by the Born-Infeld Lagrangean 
(see section 2.2.1): 

V - d e t ( G H - F ) - V-detG—l— e'jk'FuFkl. (3.33) 
27T<?S tt>7r<7,5 

where we used the same normalization conditions as in the previous section, and now 
we explicitly included the contribution for a constant nonzero axion field >]. The reason 
for this contribution is that in order to compare with the string network result, we need 
to incorporate arbitrary complex coupling constants, and the axion expectation value is 
the real part of this complex coupling constant. The factor of v 7 - det G/gK in front of 
the second term perhaps looks unfamiliar: it results from the fact that we want to be 
consistent in using e-tensors instead of e-symbols. 

Again, the above Lagrangean is not really the quantity we are interested in: we want to 
derive an expression for the supersheet Hamiltonian from this to draw conclusions about 
minimum energy configurations9. The easiest way to do this is by first ignoring the ?/-term 
and calculating the corresponding Hamiltonian. and then calculating the contribution of 
a nonzero //-field. Therefore, we begin by calculating the Hamiltonian corresponding to 
the first term. 

Vf. 

In the Lagrangean (3.33). G,j is the induced metric on the worldsheet: 

/ - 1 0 0 0 \ 
OX1' dX" r, 
dx- dx>nv 

0 
0 

V (l 

1 
c 
0 

1 + c2 

0 

0 
0 

R2 

9 The calculation presented here is a bit lengthy and quite straightforward; the reader who is not 
interested in the details can skip to the last formula in this subsection immediately. 
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and Fjj is the field strength of the worldsheet U(l) gauge-field A,: 

Fii = 
I ° 

Ex 

Ey 
\ Eé 

-Ex 

0 
-RD° 
RBv 

-Ey 
RB9 

0 
-RB-' 

-E0 \ 
-RBy 

RBX 

o ) 

(3.35; 

As in the supertube case, the factors of R = \/det Gnh come from the e-tensors in the 
definition of the magnetic fields. 

Inserting these explicit matrices in (3.33). and again noting that there are no factors of R 
coining from the definition of the determinant, we find after a straightforward calculation 
that 

R 
L = - — V7! + \B\2- \E{2 - (B • £)2. (3.36) 

where the inner products are with respect to the space-like metric Gah and its inverse Gal'. 
From this expression we can calculate the electric displacement 

D"-2^dL - R G""Eh + B"(B-E) 
9Ea 9sy/l + \B\2 + \E\2 + (B-E)2' 

where we introduced a factor of 2TT for future convenience. Note that in the supertube 
case, we also multiplied by a factor of gs, but since these factors are exactly what interests 
us here, we keep the string coupling constant explicitly in our calculations. From the 
above expression we see that the Hamiltonian in terms of E and B equals 

H_ D-E L _R l + | g | 2 

2TT 2TTO, sJl + \B\> + \E\> + {B-Ey ^ ' ^ 

Hamiltonian in terms of B and E 

Of course, this expression is not in its final form yet. since the Hamiltonian has to be a 
function of B and D instead of B and E. Solving for E in (3.37) is not straightforward, 
but fortunately there is a smarter way to get rid of the -E-dependence of the Hamiltonian. 
First of all, we remove the square root by writing 

R? gi (1 + \B\2 + \E\i + (B • £")-')' ^ " ^ 

If we want to construct an expression with this same denominator, but written in terms 
of B and D. we see from the expression for D that we will need terms that are at most 
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quadratic in D. Therefore, our building blocks to construct H from are 

1_ 1 + \B\2 - \E\2 - (B • E)'2 

\D\2 \E{2 + (2 + \B\2)(B • E)2 

R2 X 
(D • B)2 (1 + \B\2)2(B-E)2 

R2 X 
(3.40) 

where 
X = g2

s(l + \B\2 + \E\2 + (B • E)2) (3.41) 

is the denominator of (2TT)2H2/R2. 

Now it is easy to find a relation in which the factors of E in the numerators cancel. First, 
we cancel the \E\2 terms by noting that 

1 |£>12 _ (1 + ]B|2)(1 + (B • Ef) 
g2 R2 X y ' ' 

Now we can also cancel the (B • E)2 terms: 

The term on the right hand side of this expression is exactly (2n)2H2/R2. so we find the 
expression 

(2n)2H2 = ~ + ^\B\2 + \D\2 + \D\2\B\2 - (D • B)2. (3.44) 

By a well known identity for exterior products, the sum of last two terms equals \D x B\2. 
so the resulting expression for H2 is 

H'2 = 7A2 {K + ̂ W + \D\2 + \D x B\2 y 
(2TT)2 [ g2 gj 

The Einstein frame 

The expression above was derived in the string frame, to avoid unnecessary cluttering of 
the formulae with additional factors of ^fg~s. However, we want to work with the result 
in the Einstein frame, where there is no coupling constant in front of the VdetG term in 
the action. To this end, we write the first term in the Born-Infeld Lagrangean as 

— J-detiG^ + F^) = - ^ - J - d e t ( % + % 
2irgs V 2TT y V Jgl ^/g. 

è i M ^ + S ' 
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where we defined the Einstein metric G = G/\fg~s. Comparing this expression to the 
original Lagrangean. it is clear that the transformation of the final result (3.45) to the 
Einstein frame can he done in the following way: 

1. Remove all factors of gs from (3.45): this is the result we would have obtained if 
there were no factors of gs in the Lagrangean. 

2. In this result, we want to add a factor of l/y/gl for each factor of Fab. Note that 
by our definition of B (recall the discussion in section 3.2.1). these factors are pro
portional to yB, where -) = VdetG„6. so we should first write the Hamiltonian in 
terms of 7B and then multiply each of these factors by a factor of I/A/JTJ. 

3. Since D is the derivative of the Lagrangean with respect to E. each factor of D 
obtains the inverse factor: Jgl. 

This leads to our final expression for the supersheet Hamiltonian in the Einstein frame 
with vanishing axion field: 

H'2 = jèy {R2 + ^h'B|2 + 9°W2 + ^Dx ^ l 2 } • (3-47) 

Including the axion field 

Our final task is to include the second term of the Lagrangean (3.33) in our calculation, 
so that we can work with arbitrary background values for the axion field, and hence with 
arbitrary complex coupling constants. Note that this term loses its factor of l/gs when 
we go from the string frame to the Einstein frame. A simple calculation (again taking 
into consideration all factors of 7 coming from e-tensors) shows that 

e^FijFki =8B-E. (3.48) 

so the extra term in the Lagrangean (3.33) can be written as -rp/B • E/2TT. This implies 
that the electric displacement D" obtains an extra term -tp.B". so the extra terms in 
H = (D • E)/2TT - L cancel each other, and the functional form of H in terms of E and B 
is actually the same expression as in the case (3.38) without axion field. 

However. H should be expressed in terms of D and B. and since D has changed, this 
expression will be different from the expression without the axion field. Let us take the 
result (3.47) as a "first order approximation" to the correct answer. Then substituting 
the new expression D" -*• D" - rp,B" into this equation, we obtain 

(2n)2H2 -» (2TT)2H2 - 2gsTiB • D° + g,rf\~B\2 

= (2ir)2H2-2gsrnB-D-gsr1
2\1B\2, (3.49) 
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where D° is the "old" electric displacement. We want to cancel these extra terms, so 
we have to add them to the Hamiltonian with an opposite sign, and we find the new 
Hamiltonian 

(2n)2H2 = R2 + (-+gsi1
2)\~,B\2+gs\D\2 + 2gs,nB • D + ±\D x jB\2. (3.50) 

9s •'' 

This can be nicely expressed in terms of the complex coupling constant of type IIB string 
theory: writing 

A = / / + — . (3.51) 
9s 

we can write our result as 

X'2 = i ( ^ + T>- IB) ( } ,̂ 2 )(°)+±\D* ,B\2 , W2\ A^1 ' ;V A, |A|2 )\lB J^ R? 

which note the appearance of the matrix (3.9) - is a nice SX(2, Z)-invariant expression. 
Also note that the notation used in this expression is rather symbolic, in the sense that 
the matrix products also involve inner products between te vectors. 

3.3.3 Comparison of the masses 

Mass of the supersheet 

We now want to find the value of the radius R for which the mass of the supersheet is 
minimal, so we can compare this equilibrium configuration to the string network. Again, 
(3.52) has both an explicit radial dependence and an implicit one through the dependence 
of the fields B. D. Since we are now in a compactified system, the fluxes of these fields 
are quantized B by Dirac quantization and D by momentum quantization - and hence 
these fluxes cannot change when we change R. This allows us to exactly determine the 
independence of the fields. The precise quantization conditions are calculated in appendix 
3.B. where it is found that 

D' = ^ jy = 'f 

'BJ = ^- 7** = T - . (3-53) 

so actually neither of these fields is implicitly i?-dependent in the coordinates we use. The 
careful reader might be worried by the fact that these quantized fields do not seem to be 
inversely proportional to an area, but note that the reason for this is that the radius of the 
(^-circle in our worldvolume coordinates is 1. and this radius actually is in the denominator 
of all expressions above. 
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We now insert these quantized values for the field in (3.52) and multiply by the square of 
the volume. V2 = (2n)2LxL

2. to obtain the total mass of the supersheet: 

M1 R2L2L 
(nxmy — riymx)'2 

'i n-

l 
( n*Lx \ 

nvLy 

mxLr 

V mTLy J 

G 
A,G 

\XG 
|A2|G 

/ nxLx \ 
n»Ly 

m'Lx 

V m"Ly J 

(3.54) 

In this expression, we left out the components of the fields in the 0-directioirs since we 
took those vanishing', and we denoted the remaining metric in the (,r. (y)-direction by G: 

G 
1 

l + cz (3.55) 

Note that the final term in this expression is completely independent of' R. whereas the 
first two terms make sure that the energy of the system blows up both in the R —> 0 limit, 
where the energy due to the angular momentum becomes infinite, and in the R —> oc 
limit, where the energy due to the D-brane tension becomes infinite. The value of the 
radius for which the energy is minimal is easily found; it is given by 

R2 = 
\nxmy — nym3 

LxLy 
(3.56) 

and inserting this in (3.54). we find the equilibrium mass of the supersheet: 

M2 = 2LxLy\n
xmy - nvmx\ + — 

( nxLx \ 
nyLy 

mxLx 

\ myLy ) 

G \XG 
AiG |A2|G 

/ nxLx \ 
n«Ly 

mxLx 

V ™yLy J 

(3.57) 

Mass of the s t r ing network 

We finally arrived at a formula for the supersheet mass which we can compare to the mass 
of the string network to which we claim it is dual. To establish the exact relation with 
the string network, note that a unit of .D-flux should correspond to a fundamental string, 
and a unit of i3-fiux to a D-string. Hence a natural guess for the corresponding string 
network would be a network consisting of a (l.O)-string with winding numbers (nx.ny) 
and a (0. l)-string with winding numbers {mx.my). More precisely, this is the natural 
guess if ;/'' and ny have no common divisor, and similarly for mx and mv. If for example 
nx and ny have a common divisor d. the correct description is in terms of d fundamental 
strings of winding numbers (nx/d,ny/d). We will assume here that there are no such 
common divisors: in the next section we will come back to the subtleties which arise when 
there are common divisors. 
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In general, a network consisting of only two strings, as described above, will not be in the 
equilibrium state we described in section 3.1. As an example, consider the simple network 
of figure 3.8a. where we have drawn the case of winding numbers (1. 0) and (0.1). 

(a) (b) 

Figure 3.8: The string network grows an extra string to achieve its preferred directions. 

Of course, the directions of the strings in this network will in general not be the preferred 
directions 1 and A. To achieve these preferred directions, the string network will "grow 
a (1. l)-string" as in figure 3.8b. In fact, we noted in section 3.1 that this was enough, 
and that a three-string network can always achieve its preferred directions. Moreover, as 
we also noted there, the mass formula (3.7) for the string network only depends on the 
parameters of the torus and the quantum numbers of two of the three strings. Hence, we 
do not need to calculate the exact lengths of the resulting strings, and we can in fact in 
our calculations just think of the network in figure 3.8b as the one in figure 3.8a. 

The case with determinant 1 

To begin with, let us assume that 

= \nxmy-nymx\ = l, (3.58) 

so that the F- and D-strings (before the extra string grows) span a torus with an area 
equal to the area of the original torus. Hence after an SX(2. ̂ -transformation on the 
modular parameter we can view this network as a fundamental string of winding number 
(1.0) and a D-string with winding number (0,1) on a torus with sides nxLx + nvrLx and 
mxLx + mvTLx. This new torus has modular parameter 

r = ( % "',. ) • r. or r = ( _£„ "™y ) • f. (3.59) 

We can insert these data in the string network mass formula (3.7). It is clear that the first 
term in this expression is equal to the first term in (3.57). For the second term in (3.7) 

nx ny 

mx rny 
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we find 

Mj TxTy 
0 
0 

V i / 

Mi-^Mx 

•Lx-Lty 

0 
0 

V i / 

/ "J ' \ T ( "'" 
Mx J yVfr (3.60) n" n" 
Mx-iMr , 

m m 
\ mM / \ m» / 

where in the second line we used SL(2. Z)-invariance and we interchanged the two matrices 
M.. Note that the fundamental torus has modular parameter 

[c + i, Lx' 

and inserting this in M.T we find 

Mi 
1 

/ nxLx \ 
nyL,, G XiG 

XiG \X2\G 

f n'L,. \ 
nyLv 

mxL, 
V "Ply ) 

(3.61) 

(3.62) 
mxLx 

V rnyLy J 
which is precisely equal to the second term in (3.57) 

The case with arbitrary determinant. 

Now suppose; the determinant in equation (3.58) is A ^ 1. Note that the determinant 
cannot be zero since in this case the B- and D-fields would point in the same direction 
and there would be no angular momentum on the supersheet. When we draw the F- and 
D-strings (again, before the extra string grows) in the complex plane which covers the 
torus T2. they span a parallelogram with an area which is A times the original area of the 
torus; see figure 3.9, where we have drawn the original torus as a square and the strings 
as solid lines. This parallelogram is not ""empty", however, since by periodicity it contains 
A parallel "string bits" of each type at equal distances, as indicated in figure 3.9 by the 
dashed lines. 

To obtain the mass squared of this network, we will calculate the mass squared of one of the 
smaller parallelograms in figure 3.9. and multiply it by A2 since A of these parallelograms 
together form a copy of the original torus T. Note that such a small parallelogram is not 
actually a torus, since its opposite edges are not identified. However, since the mass of a 
string only depends on its length and type, we may just as well use the mass formula for 
string networks. Accordingly, we will speak of the "modular parameter of a parallelogram" 
even when it is not a torus. 

Xote that ii is still true that the modular parameter of one of the small parallelograms is 

myT + mx 

nyT + n1 
(3.63) 
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Figure 3.9: Strings of winding numbers (3.1) and (1.2) span a parallelogram of area 5. 
The dotted lines are copies of the strings. 

The problem is that in this case this is not an SL(2. Z)-transformation. However, in 
showing the 51/(2. Z) invariance of the mass formula (3.7). we did not actually need the 
integrality of the coefficients of the transformation, so the expression is really SL{2, R)-
invariant. Since we can multiply the coefficients in (3.63) by an arbitrary constant this is 
enough, and we can write 

'-{ds(SS)h 
Using this transformation, we can carry out the same calculation as in the previous para
graph, where now after the transformation the four-vectors obtain an extra factor of 1/yA. 
This gives an overall factor of 1/A. There is another overall factor of 1/A coming from 
the smaller area A of the torus. Putting all of this together, we see that these factors are 
exactly canceled by the factor of A2 which comes from the fact that we have to calculate 
the mass squared of A of these small tori. Hence we showed that we again obtain the 
expression (3.57). 

This concludes our calculations: we have shown that indeed the mass of the toroidally 
compactified supersheet is equal to the mass of the simple three-string network, and hence 
that we can view the supersheet as a "blown up" version of this network. 

3.4 More general configurations 

There are two questions to which we have to come back now in order to complete our 
discussion about the supersheets. The first question is: what happens if the flux quantum 
numbers in the supersheet have common divisors? If the quantum numbers of a single 
type of flux (say nx and ny) have a common divisor d, the corresponding string will have 
winding numbers with the same common divisor, and hence it is better to think of this 
string as a set of d strings with winding numbers nx/d and ny/d. In the "naive string 
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network" without the extra grown string, there is of course no reason for these d strings to 
be on top of each other. Therefore, we can calculate the mass of the actual string network 
by for example spreading out these strings evenly, and using a similar trick to the one we 
used in the case with A ^ 1 in the previous section. In this way. it is easy to show that 
also in this case the supersheet has the same mass as the corresponding string network. 

A subtlety arises10 when all winding numbers. mx.m,y.nx and ny have a common divisor 
(I. In that case, we can view the resulting string network as a set of d smaller string-
networks put on top of each other. Should we view this as a single network, or really 
as a set of d separate networks? This question might seem uninteresting, but it becomes 
quite interesting if we think of the supersheet configuration corresponding to d separate 
networks: we expect this to be a set of d supersheets on top of each other. Instead of 
the ordinary U(l) theory corresponding to a single D-brane we have studied so far, such 
a system would be described by a U(d) nonabelian Born-Infeld theory. Unfortunately, a 
precise definition of this theory is not known. However, we seem to find here that there 
is a close relation between the abelian Born-Infeld theory on a torus with background 
gauge fields with flux quantum numbers with a common divisor on the one hand, and the 
nonabelian Born-Infeld theory on a torus with fluxes where this common divisor is divided 
out on the other hand. It would be interesting to investigate this further. 

A second question to which we have to come back is that of more general string networks. 
In this section, we have only considered three-string networks on a torus, and yet we seem 
to have been able to describe all possible supersheets on this same torus. What do the 
more general string networks correspond to? Our claim - which unfortunately we are not 
able to prove in detail is that all of these networks will also blow up into supersheets, 
and that hence there is a many-to-one relation between string networks and supersheets. 

To see why this is a plausible claim, note that the "microscopic structure" of the string 
network did not enter our calculations; all that really mattered was the effective electric 
and magnetic fluxes coining from the network. However, these effective fluxes can also be 
defined for more complicated networks on tori, by just counting the total F- and D-string 
winding numbers around each cycle11. Just like in the simple case we studied, we expect 
that only these effective fields enter in the relationship with the supersheet. This fits in 
nicely with the picture that in the blowing-up process, what happens is that the holes in 
the string network "fill up" and a supersheet without holes and with a finite thickness 
remains. 

In the sense discussed above, the supersheet is like a "macroscopic description" of a large 
class of string networks. It would be nice to work out this idea more precisely, and see 
if one can define an entropy for the supersheet in terms of its "microstates"12. In this 
picture, the properties of the supersheet would be defined as the thermodynamic quantities 

10We thank Jan de Boer for pointing this out to us. 
It is not hard to see that this is a well-defined quantity, since F- and D-string charge are conserved 

at each vertex in the network. 
12Indeed. in a paper by B. Kol [49], some evidence for the existence of an entropy in string networks 

has been given. 
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related to the microscopic properties of the string network. For example, we could set up 
a string network where all of the string junctions are located in a small region of the torus. 
However, from entropy arguments one would expect the string junctions to spread more 
or less equally along the surface of the torus, thus making a local tension tensor and local 
electromagnetic fields well-defined and more or less constant. This "macroscopic state" 
would then correspond to the supersheet with the correct electric and magnetic fluxes. 
As a closely related issue, one would like to describe how exactly the excitations of the 
single strings combine into "collective modes" which correspond to the excitations of the 
D3-brane. 

3.A Appendix: On ^-symbols and determinants 

Since in this chapter we work with metrics which have determinants not equal to ±1. 
it is useful to describe some of the subtleties that arise in working with e-symbols and 
determinants in this case. In fact, two types of e-symbols can be defined, and correspond
ingly two types of determinants arise. We will see that the square root of one of these 
determinants has the transformation properties of a scalar, whereas the square root of the 
other transforms as a scalar density. A similar remark holds for other quantities defined 
in terms of e-symbols, such as the magnetic field. 

We will work in three dimensions for simplicity: everything can be straightforwardly gen
eralized to other dimensions. Let us begin by defining the simplest e-symbol. Since this is 
not the symbol we will encounter much in the main text, we denote it by I. It is defined 
in the well-known way: 

-123 _ _j_^ j-_|_ CyCjjc permutations) 

f213 = — I (+ cyclic permutations). (3.65) 

and all other entries of i vanish. Note that we define the entries of the ê-symbol to be ±1 
in every coordinate frame, so it does not transform as a rank three tensor. 

Using the ê-symbol, we can define the "matrix determinant" of a rank two tensor Aa\, as 

deiA=— t t JAadAbeAcf. (3.66) 

This is the usual definition of a determinant as a homogeneous polynomial of degree 3 (or 
degree d in d dimensions) in the matrix entries of A. Note that since ê is not a tensor, this 
determinant is not an invariant quantity: its value depends on the choice of coordinates. 
Below, we will se that in fact its square root transforms as a scalar density. 

The metric Gab is of course one example of a rank two tensor, and hence we can calculate 
its determinant det G. It is a well known fact that the square root of the absolute value 
of this determinant, when integrated over some region X of space-time, gives an invariant 
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definition of the volume V(X) of this region: 

d3x v/| det G\ = V(X). (3.67) 
x 

The reason that this does not depend on the choice of coordinates is that the measure d3x 
transforms as the inverse of \J\ det G\. as can be easily checked. This fact can be used 
to build invariant actions: for any scalar quantity S. the integral of y/\ det G\S gives an 
invariant action the Einstein Hilbert action (with S = R, the Ricci scalar) being one 
example of this. A quantity transforming as -y/[ det G\S is called a scalar density. Any 
Lagrangean involving a metric field should hence transform as a scalar density . 

There is another useful property of the quantity y | d e t G | : it can be used to define an 
invariant e-tensor as 

eabc =
 l ~abc /g 6 g ) 

V^deT^ 

The fact that this e-symbol transforms as a tensor is well known from general relativity 
and can be easily checked by an explicit calculation. From now on. we will denote this 
covariant quantity as an e-tensor. and the e with entries ±1 as an e-symbol. 

In the main text, we use the e-tensor to define the magnetic field D in a covariant way as 
B" = \eabcFilc. Since this definition is written in terms of covariant objects, this magnetic 
field transforms as a vector. If we define a magnetic field in terms of an e-symbol, we now 
see that it will transform as a vector density. 

The e-tensor can also be used to define an invariant determinant of a rank two tensor A, 
which we will denote by Idet: 

Met A = enbcedefAadAheAcf. (3.69) 

Note that whereas the ordinary determinant can be defined for any px p matrix, this in
variant determinant is only well-defined for tensors, i. e. for dxd matrices in d dimensions. 
The relation with the ordinary determinant follows from the definition of the e-symbol: 

det ,4 = | det G | Idet A (3.70) 

This proves our earlier statement that \J\ det A\ transforms as a scalar density. In partic
ular, we see that in Lagrangeans such as the Born-Infeld Lagrangean. we should be using 
the ordinary determinant, and not the invariant one. 

1-1 Of course, we are usually not trying to do quantum gravity, so generally the metric G will be simply 
a background field which is not integrated over in a path integral. One may therefore argue that it is 
not strictly necessary to demand coordinate invariance of such actions. Here, we will adopt the practical 
point of view that it is much easier to manipulate invariant quantities, so whenever possible we will write 
our actions and Hamiltonians in an invariant form. 
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3.B Appendix: Flux quantization 

In this appendix, we provo the quantization of the B- and D- fluxes which we used in 
subsection 3.3.3. We will keep an arbitrary unit of electric charge e throughout this 
appendix: in the main text, we use units where e = 1. which makes the SL(2. Z)-invariant 
expressions look much nicer. 

C-flux quant izat ion 

The quantization of Z?-flux is nothing but Dirac quantization. Dirac quantization can be 
derived in many ways; the argument in this appendix is due to 0 . Alvarez [4]; see also 
the paper by M. Alvarez and D. I. Olive [3]. We want to show the quantization of general 
F-fluxes: 

I Fe—Z (3.71) 
h e 

where F. which is locally of the form F = 0,Aj - OjA, is a U(l) field strength and E is a 
closed two-cycle inside a four-manifold KA\. 

We suppose that the gauge field At couples minimally to a complex scalar field <p. i. e. it 
appears inside the covariant derivatives 

DiCp = {di + ieAi)4>. (3.72) 

A gauge transformation is now of the form 

A, -> Ai--diX, (3-73) 
e 

under which the derivative (3.72) indeed transforms covariantly. 

Now we cover the cycle E with patches Ua of trivial topology, such that in each patch 
a gauge field Af and a scalar field ©Q are defined. On the nonvanishing overlaps Ua3 = 
Ua n £/'3 these fields are related by a gauge transformation: 

n3 = eixaa(x)<j>a 

Af = A?-±diX
a0, (3.74) 

Going from Ua to U^ and back gives the consistency condition that xa0 = —X0a +27rnQ/3 

for some integers na8, but from the definitions we see we can choose nali arbitrary, so we 
will assume that na8 = 0 and xa / ? = ~Xia• 

On nonvanishing triple overlaps Ua(i~< = Ua nU13 n t/7 we find in a similar way that 

Xa8 + X01 + Xia = ^nadl (3.75) 
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for some integers nQ t f \ In this case however it is not clear - and in general not true -
that we can set all n to zero, so we will leave the iiai3~' in this formula as undetermined 
integer constants. 

Now suppose E can be covered by a finite number of patches Ua. having no higher than 
triple overlaps, and that these patches can be contracted to slightly smaller closed subva-
rieties Ua that overlap only on lines LaJ and vertices V'"'3"'. Then 

£ „ J i 

F M,.f 

E / . A°- (3-76) 
OU" 

where we applied Stokes' theorem. Note that in the last sum. every line Lai also appears 
as L*3". but with opposite orientation. Therefore, we can write the above sum as 

* = E ƒ (A" -A3) 
•)•£. 

\ E / V- (3-77) 

Again, we can apply Stokes' theorem to obtain a sum over vertices on the right hand side: 

1 
F - V (xa0+XM-Xa^) 

y e 

" (xa0 + xM + x1Q) 
a</3<7 

y E »Q/37- (3-78) 
a</3<7 

so we proved our desired result. 

Now we apply this to our setup in section 3.3.3: let MA = R x Si x Si x Si, where R is 
parametrized by t and the three circles are parametrized by the corresponding variables 
and have lengths Lx.Ly and 2TT respectively. To get the quantization condition for the 
constant field B = B». we take E = Sx x Si , so the formula for the flux quantization 
(3.71) becomes 

2irLxFx^ = ~ m v (3.79) 

for some my G Z (the minus sign is inserted for later convenience), so since FX(j> = —~jBv 

we find the quantization condition 

1 my 

!& = - — . (3.80) 

In exactly the same way we find 
1 TflX 

~B* = - — . (3.81) 
e Ly 
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D-üux quantizat ion 

Next, we want to show that the flux of the D-field is quantized: this is basically momentum 
quantization. First of all, note that in the gauge transformation (3.73). x does not have 
to be single-valued around closed loops. For example, when in our supersheet geometry 
we go around 5]. once. \ is allowed to change as 

X(x + Lx) = X(x) + 2nk. (3.82) 

These transformations (for k ^ 0) are called "large gauge transformations''. We will 
show that quantum mechanically, this symmetry is only preserved if we require D to be 
quantized. 

Suppose we have a functional F[Ai(x)]. Then we can expand the change of this functional 
under a gauge transformation to first order in x(x): 

F A,(x) - -diX(x) 
e 

= F[Mx)} - i ƒ d 3 . r9 ,Y( . r ) -^^FL4,( . r ) ] + 0 (v 2 ) . (3.83) 

As in the main text, we will choose the Aü = 0 gauge, and work with time-independent 
X- so we can change all space-time indices i in the above formula by spatial indices a. 
From this expression, we see that an infinitesimal gauge transformation is generated by 
the operator 

X = _ i fd3xdaX{x)t- (3.84) 
e J öAa(x) 

Note that in the "position representation", the momentum operator conjugate to the 
electric field (i. e. the electric displacement) is 

D ° ^ = - 2 " M ^ ) (3'85) 

(note the inclusion of the factor 2TT from our definition (3.37)). so we can write this operator 
as 

X = -+- d3xdaX(x)D"(x). (3.86) 
Z7T€ J 

Of course, a large gauge transformation does not have an infinitesimal generator, so to 
be able to incorporate these transformations into our description as well we have to work 
with the exponentiated version of this operator: 

ex = exp { - ^ - I dixdaX(x)Du(x)\ . (3.87) 

If we indeed have a symmetry, this operator must be the identity for all xix)- T o s e e w n a t 

this implies when xix) ls t n e parameter of a large gauge transformation as in (3.82). we 
do a partial integration in the x-direction to obtain 

e * = exp — ' - * -
2/TC 

I d3xX(x)daD
a(x) + - I Dx(x)\, (3.88) 

J e Jsixs^ J 
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where the second term arises as a boundary term in the partial integration since xix) 
changes by an amount of 2nk when going around 5).. 

This operator has to be the identity for any \ and k. so from the first term we get the 
familiar Gauss' constraint 

d„Da = 0. (3.89) 

and from the second term we obtain the quantization condition 

/ Dx = 2imx, (3.90) 

for some nx G Z. which for constant Dx implies 

In exactly the same way we obtain 

Z > ' = r f . (3.91) 

D» =(• — . (3.92) 


