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Chapter 4 

Geometry and supergravity 

In the previous chapter, we have studied string networks and supersheets, which are special 
configurations of D-branes. In the introduction to extended objects in section 2.2, we have 
seen that there is another type of extended object in string theory: the NS five-brane. 
This five-brane. which was briefly introduced in section 2.2.2. will be our object of study 
in the remaining part of this thesis. Recall that whereas D-branes can be described as 
objects on which open strings can end - and which can therefore be studied using the 
worldsheet theory of the string - the NS five-brane is defined as the magnetic dual of the 
fundamental string, and we need the intermediate step of a low-energy space-time theory 
to define it. Moreover, as we will discuss at length in chapter 5, it turns out that we 
can define a worldvolume theory on the NS five-brane. but that this theory is much more 
complicated than its D-brane cousins. For these reasons, it is often more difficult to study 
the properties of the NS five-brane than it is to study analogous D-brane properties, and 
some of these properties - especially the ones that only turn up in a quantum treatment 
- are still somewhat mysterious. 

Sticking to our general philosophy, we want to see what we can learn about the quantum 
properties of the NS five-brane using dualities. To be precise, we will be interested in 
calculating the quantum partition function of an NS five-brane which is wrapped on a 
so-called Calabi-Yau manifold in type IIA string theory, in the background of a RR three-
form field with vanishing field strength, and in a specific low-energy limit where the 
worldvolume theory decouples from the space-time theory. The actual calculations of the 
five-brane partition function will be performed in chapters 5 and 6. where in the first of 
these two chapters we calculate the classical partition sum. and in the next we compute 
its quantum corrections. The purpose of the current chapter is to give an introduction 
to some important concepts which are needed in these calculations. As such, it can be 
viewed as a bridge between the general introduction to string theory in chapter 2. and the 
more advanced topics in chapters 5 and 6. 
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By introducing a five-brane in type II string theory, its ten dimensions split up into six 
dimensions along the brane. and four transversal dimensions. All of our calculations will 
be done in a euclidean space, so there is no time-like direction. Nevertheless, we will think 
of the six dimensions along the five-brane as "internal dimensions'' - in particular, they 
will form a small and compact manifold - and of the other four as '-space-time". The 
five-branes are thus pointlike instantons from a space-time point of view. 

The geometry of both the internal space and the transversal space will be very important 
in our calculations. As we have mentioned, the internal geometry will be that of a Calabi-
Yau manifold; these manifolds will be introduced in section 4.1. We already discussed the 
transversal geometry to the five-brane in section 2.2.2: it is given in the transversal part 
of equation (2.48). However, in the quantum calculation in chapter 6. we will need the 
T-dual version of this solution. In section 4.2 we calculate this solution using the Buscher 
rules, and we find the result that it is given by a so-called orbifolded Taub-NUT geometry 
which in the decompactification limit, where the radius of the compactification circle goes 
to infinity, degenerates into what is called an ALE-space. More details about these spaces 
can be found in appendix 4.B. 

The reason for choosing an internal Calabi-Yau space, as we will see in section 4.1. is 
that after a Kaluza-Klein reduction the effective four-dimensional theory has N = 2 
supersymmetry. The structure of such theories will play a crucial rok- in our determination 
of both the classical and the quantum part of the five-brane partition function, so we give 
an introduction to the important aspects of N = 2 supergravity in four dimensions in 
section 4.3. One of the main results of this discussion will be that the scalar fields in 
the vector multiplets of N = 2 supergravity theories parametrize what is called a special 
Kohier manifold. The definition of special Kahler manifolds will be given in section 4.4. 
There, we will also show that the space of all possible complex structures on a Calabi-Yau 
manifold is itself a special Kahler manifold. This may seem to be a coincidence at the 
moment, but as we go along it will become clear that this is in fact no coincidence at all. 

This chapter ends with two appendices: in appendix 4.A we summarize some important 
results on homology and De Rham and Dolbeault cohomology theory which we need in 
this chapter and the next two. and appendix 4.B is the appendix on Taub-NUT and ALE 
geometries we mentioned above. 

4.1 Calabi-Yau manifolds 

We begin by giving a brief introduction to the properties of Calabi-Yau manifolds. It 
would go too far to develop all of this background from scratch here, so in this section 
we just summarize the main results needed; the non-expert reader should consult the 
references mentioned below for more detailed information. Also, we assume that the 
reader is familiar with homology and (de Rham and Dolbeault) cohomology theory: for a 
brief review and references on this topic we refer to appendix 4.A. 



4.1. CALABI-YAU MANIFOLDS s? 

4.1.1 Why Calabi-Yau? 

As we discussed in section 2.1.5. superstring theory naturally lives in ten dimensions, but 
since we seem to live in only four it is interesting to take the ten-dimensional background 
space-time of the form M4 x Ma- where A/4 is a noncompact manifold (or at least a very 
large one) representing our space-time, and Me is a small compact manifold. 

Let us recall the notation we use1 - the reader may consult table 1.1 for easy reference. We 
denote indices in the ten-dimensional space by M,N,..., in the internal six-dimensional 
space by m, n,..., and in the transversal four-dimensional space by /i. v Indices I.J 
and i. j are reserved for coordinates on the moduli spaces we will encounter later on. 
When coordinates appear as fields in sigma models, we denote them by upper case letters; 
when they do not have this interpretation (sometimes this is of course a matter of taste), 
we use lower case letters. 

In this section, we consider only the simple case where M4 is flat euclidean space-time, but 
most of the results also hold for more general four-dimensional backgrounds, and we will 
indeed make such generalizations later on. As for Me- if it is small enough compared to 
our everyday life length scales, we will not note its presence, and the world will seem to be 
effectively four-dimensional. However, this does not mean that the structure of MG does 
not influence four-dimensional physics! In particular. Ma may have specific symmetries 
which turn up in the properties of the effectively four-dimensional world. 

This principle can be used to our advantage. For example, one is often interested in con
structing a four-dimensional theory which is invariant under at least one supersymmetry, 
either for phenomenological reasons or to construct calculationally simple (toy) models. 
The requirement of four-dimensional supersymmetry turns out to severely restrict the 
possible choices of the manifold M6- as we will now discuss. We will give a flavor of the 
subject but omit many of the formulas; the reader is referred to the original paper by 
P. Candelas, G. T. Horowitz. A. Strominger and E. Witten [22] and to the discussion in 
chapter 15 of Green. Schwarz and Witten [39] for further details. 

As wc saw in section 2.1.4. at low energies all of the superstring theories can be described 
by a ten-dimensional supergravity field theory, containing the metric field GMN-, the an
tisymmetric tensor field BMN, f he dilaton field $. and depending on the type of string 
theory a number of p-form fields or nonabelian gauge fields - plus of course the fermionic 
fields needed to make the action supersymmetric. Putting the theory on a background of 
the form AI A X MG now fixes a nontrivial background choice for GMN, and the question 
we want to address here is whether such a background corresponds to a supersymmetric 
vacuum of the theory2. Of course, we should also fix background values for the other 
fields, and we do this in the simplest possible way. by setting most of them to zero. Since 

' In particular, note that this notation differs from the one used in the previous chapter. 
2Of course, this question only makes sense if the backgrounds we find do in fact correspond to solutions 

of the classical theory. This will turn out to be the case, and in fact this analysis can be extended to show 
that the Calabi-Yau backgrounds are consistent backgrounds of the full string theory; see the references 
mentioned above for details. 
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the expectation value of the dilaton $ corresponds to the string coupling constant, we do 
not set this to zero, but we take the next to simplest choice by making the dilaton constant 
throughout space-time. Moreover, since the B-field only appears in the supersymmetry 
transformations (to be discussed below) in terms of its field strength H. we set H = 0 
instead of B. 

A local supersymmetry transformation on a certain field configuration is now induced 
by a space-time-dependent fermionic parameter e(xAI). Our field configuration is super-
symmetric under at least one remaining supersymmetry if it is invariant under such a 
transformation for a specific choice of e(xM), i. e. if 

Se<t> = 0 (4.1) 

for all fields o. For the bosonic fields, this is trivially true. The reason for this is that . 
since all terms in their variations are linear in c. they contain at least one fermionic field to 
make the resulting variation bosonic. But since we set all fermionic background fields to 
zero, this automatically implies that the variation of the bosonic background fields under 
any supersymmetry transformation vanishes. 

As for the fermionic fields, it turns out that with the choices we made above (and in par
ticular since H = 0 and <3> is constant), all field variations automatically vanish identically 
except for the variation of the gravitino tpM (where we suppress the spinor index), which 
reads 

SeTj;M = DMe. (4.2) 

In this expression. DM denotes the covariant derivative on AI4 x A46 . For simplicity, we 
consider the case where the string theory has A" = 1 space-time supersymmetry and hence 
there is only one gravitino: the N = 2 case is a straightforward generalization. 

We see tha t the compatibility of (4.1) and (4.2) requires tha t the spinor e(xA1) is covari-
antly constant. Given the product structure of our space-time manifold, this reduces to 
the statement that e is constant on M 4 , and covariantly constant on the (possibly curved) 
manifold M&. The first requirement is of course trivial to satisfy, but just like it is not 
possible to define a continuous nonzero vector field on every manifold (one cannot ••comb 
a coconut", for example), it is also not possible to define a covariantly constant spinor field 
on every six-dimensional manifold. The manifolds which do allow a covariantly constant 
spinor are called Calabi- Yau manifolds, and it is this class of manifolds or more precisely 
the subclass of six-dimensional ones3 - tha t we are interested in. and whose very special 
properties we will discuss in the next subsection. 

Before doing so. let us make the final comment that in the discussion above we looked at 
a very specific class of backgrounds. Of course, one might consider much more general 
backgrounds where for example H does not vanish. $ is not constant, or nontrivial p-
form fields or gauge fields are turned on. Many of these cases have been discussed in 
the literature, though a generic classification of supersymmetric backgrounds is not at all 

•'In the following, we will often only write ''Calabi-Yau manifold" when we really mean 'six-dimensional 
Calabi-Yau manifold". 
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known. However, even the relatively simple case of Calabi-Yau backgrounds discussed 
here has led to an enormous amount of interesting physics and mathematics. 

4.1.2 Proper t ies of Calabi-Yau manifolds 

We now want to list the properties of Calabi-Yau manifolds which will be important to 
us in this thesis. Where possible, we will give an indication of how these properties arise 
from the single fact that a Calabi-Yau manifold admits a covariantly constant spinor. but 
we will be very brief here: again, the reader is referred to the references mentioned in the 
previous subsection and to the extensive lecture notes by B. Greene [40] for more details. 

• First of all. Calabi-Yau manifolds have a holonomy group which is contained in 
SU(3). The holonomy group of an (oriented) d-dimensional manifold is defined 
as follows: a basis of tangent vectors to the manifold, when parallel transported 
around a closed curve, comes back to itself up to an SO(d)-rotation. Not all SO(d) 
rotations have to occur in this way (for example, on a flat manifold only the unit 
element in SO(d) occurs), but it is easily seen by gluing and inverting paths that 
the ones that do must form a subgroup of SO(d). Moreover, when the manifold is 
connected, this group is the same for every point in the manifold, and in this case it 
is called the (global) holonomy group. In the Calabi-Yau case, the holonomy group 
is a subgroup of SO(6), and in fact the presence of a covariantly constant spinor 
restricts the possible groups further. The reason is that the spinors of 50(6) are in 
fact in the fundamental representation of its covering group S£/(4) (or in the anti-
fundamental one, depending on the chirality), and that we can choose coordinates 
where the covariantly constant spinor is written as (1.0,0.0). Now by definition, 
the holonomy group must leave this spinor invariant (since otherwise it would not 
be covariantly constant), and the largest subgroup of SU(4) with this property is 
the 5'[/(3)-subgroup acting on the last three components. 

• Secondly. Calabi-Yau manifolds are complex manifolds. That is. even though we 
constructed AAQ as a manifold which was locally parametrized by six real coordinates. 
it can also be parametrized by three complex coordinates, in such a way that two 
parametrizations on overlapping patches are related on any overlap by holomorphic 
maps. (This latter requirement is of course the nontrivial part: it ensures that 
holomorphic functions and other holomorphic quantities can be defined on the whole 
manifold.) There is a well-known mathematical construction to check this property, 
consisting of two steps. In the first step, an almost complex structure is constructed; 
this is a linear operator J on the tangent bundle of the manifold which squares to 
minus the identity. The interpretation of this operator is as "multiplication with i": 
it is clear that this must be a globally defined operation on a complex manifold, and 
this is translated into the existence of J. As a second step, one must check whether 
such an almost complex structure can indeed globally be written as a diagonal 
matrix with entries ±i (the minus signs corresponding to the complex conjugate 
coordinates): this is nicely encoded in terms of the vanishing of a specific tensor. 
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the so-called Nijenhuis tensor, which can be constructed from ./. If the Nijenhuis 
tensor vanishes. ./ is called a complex structure. On a Calabi-Yau manifold, given 
the covariantly constant spinor e. a complex structure J can indeed be constructed: 
it is given (after a possible overall rescaling of e) by the quadratic expression 

Jm
n = GmkêTkne, (4.3) 

where 1 .̂,, = ^[IVr, ,] are the antisymmetric combinations of F-matrices on AAQ. 
The fact that e is covariantly constant translates into the vanishing of the Nijenhuis 
tensor. 

• A Calabi-Yau manifold is a Kohier manifold. One special property of the complex 
structure on a Calabi-Yau manifold is that it is compatible with the metric, in the 
sense that the inner product of two tangent vectors v and w equals the inner product 
of Jv and Jw. It is easily checked that, when written in terms of complex coordinates 
.:'" and z". this implies that the only nonvanishing components of the metric are 
Gmn = Gm„, and hence Gmn and Gmn vanish. A metric with this property is called 
Hermitean. An even more restrictive property is that of Kahlerity; a Hermitean 
metric (not necessarily of 5c7(3)-holonomy) is called Kahler if it can be written 
locally as a second derivative of some scalar function: 

G _=*K^) ( 4 4 ) 
m " dzmdz» • [ ' 

That this is indeed the case for the Calabi-Yau metric can be shown by studying 
the so-called Kahler form Kyhn = G^f,Jkn- which is a covariantly constant two-
form which in the canonical coordinates adapted to J has entries ±iGmn. (Indices 
in.n.k range over both holomorphic and anti-holomorphic indices.) The fact that 
K is covariantly constant is translated into form notation to the fact that dK = 0. 
which in turn implies that Kmn can locally be written as a second derivative, and 
therefore the same is true for G,„n. Hence, the Calabi-Yau metric is indeed Kahler. 
Kahler manifolds will play an important role in this thesis; not only in the context 
of Calabi-Yau manifolds, but also in the context of special geometry which will be 
discussed in the last two sections of this chapter. 

• A Calabi-Yau manifold is Ricci flat. This can be easily shown by using the fact that 
we have a covariantly constant spinor as follows: 

0=[Dm,Dn}e = RmnkiT
kle, (4.5) 

where we went back to real coordinates and used the well-known fact that the com
mutator of two covariant derivatives is proportional to the Riemann-tensor Rmnki • 
After a little algebra this can be seen to imply that the Ricci-tensor vanishes: 
Rum = 0. We will not really need the Ricci-flatness of Me in what follows4, but we 
have included it in our list since it is connected to the reason why Calabi-Yau man
ifolds were named after E. Calabi and S.-T. Yau. So far. we have argued that the 

4Of course, Ricci flatness is an important property in showing that Calabi-Yau backgrounds are indeed 
classically allowed backgrounds; see footnote 2 of this section. 
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existence of a covariantly constant spinor is equivalent to the fact that the holonomy 
group of Me is SU(3), and that this in turn implies that A4Q is Kahler and Ricci-flat. 
In 1955, E. Calabi conjectured a kind of converse to these last two implications [19]: 
he conjectured that any (real) 2d-dimensionaJ Ricci Oat Kahler manifold admits a 
(possibly different) Kahler metric of SU(d) holonomy, where the Kahler forms of the 
two metrics would be in the same cohomology class and the metric of SU(d) holon
omy would be unique within this class. In fact, he managed to show the uniqueness 
property, but the existence was shown only in 1977 by S.-T. Yau [81]. Yau's proof 
consists of showing that certain differential equations have a solution, but it is not 
constructive, in the sense that it does not allow one to actually construct a metric 
of SU(d) holonomy on a Ricci flat Kahler manifold. In fact, to date no nontrivial 
examples of explicit metrics on Calabi-Yau manifolds are known! Fortunately, as we 
will see in the next item in our list, a lot can be said about Calabi-Yau manifolds 
on topological grounds only, and we will use this extensively in this chapter. 

A Calabi-Yau manifold has a very specific cohomology structure. In appendix 4.A, we 
discuss the fact that because of Poincaré duality, for any complex three-dimensional 
manifold the Betti numbers hp-q and hs~p'3~9 are equal, and that for Kahler man
ifolds also hp'q equals hq,p. Moreover, it can be shown (see section 15.5 of Green, 
Schwarz and Witten [39] for example) that the only closed (0,p)-forms are of type 
(0. 0) and (0. 3). and that up to rescaling there is exactly one of each of these. Using 
this, and the symmetries mentioned above, we see that the Hodge diamond (also 
defined in appendix 4.A) of a Calabi-Yau manifold takes the form 

(4.6) 

which depends on only two arbitrary integers ft.1'1 and ft,1'2. This structure will play 
an important role in our calculations. 

4.2 The T-dual of the five-brane solution 

Having discussed the internal geometry of our system, we now turn to the geometry of 
the four euclidean space-time directions. We will be wrapping NS five-branes on a Calabi-
Yau manifold in type IIA string theory, so in this setup the transversal background will 
simply be the transversal five-brane background we discussed in section 2.2.2. However, 
in chapter 6 we will also be interested in the T-dual version of this solution. The goal of 
this section is to derive this T-dual background. 

0 
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To be precise, we want to do a T-duality in a direction perpendicular to the Calabi-Yau 
manifold on which the five-branes are wrapped. So instead of having a topologically trivial 
transversal space, we now start on the IIA side with a space which topologically looks like 

M3 x Sl x Me, (4.7) 

and in the end we want to send the radius of the S1 to infinity to recover our original 
setup. When we wrap NS five-branes around Ma. the transversal space will of course 
have a nontrivial geometry and a nontrivial NS B-field background. If we now apply a T-
duality in the S1 direction, we expect the Me geometry to be unchanged since everything 
is constant in these directions, but one may expect to find a different and nontrivial metric 
and B-field background in the four transverse directions. (Of course, near the core of the 
solution, the dilaton background may also be nontrivial on both sides of the duality.) 

Actually, it turns out that the T-dual system only has a nontrivial background metric, but 
that the T-dual NS B-field is trivial. Heuristically, this can be seen argued as follows. The 
NS five-brane background solution (2.48) is a solitonic solution for the NS B-field. Now 
from our introduction to T-duality in section 2.3.1. we know that a T-duality effectively 
multiplies right-moving string modes with a minus sign, leaving the left-moving modes 
unaffected. Furthermore, recall that the string states corresponding to the graviton- and 
B-field quanta are obtained by acting on the string vacuum with two oscillators: one 
from the left-moving and one from the right-moving sector. The graviton arises from 
the symmetric combinations of these: the B-field from the anti-symmetric ones. After a 
T-duality, we therefore expect the B-field and the metric to exchange roles. This means 
that if we start out with a solitonic B-field configuration, we can expect to end up with a 
"gravitational soliton". This soliton will turn out to be an orbifolded Taub-NUT space, 
which in the decompactification limit, where the S1 becomes an R1, turns into an ALE 
space. (These geometries are discussed in detail in appendix 4.B) On the other hand, 
in the T-dual setup there are no longer any solitonic sources for the B-field, so one can 
expect to find a trivial B-field background. 

There are several ways to make the above argument more precise. Originally, the duality 
between the five-brane solution and ALE backgrounds was found using conformal field 
theory. In [79], E. Witten observed that the conformal field theory describing type II 
strings propagating on R4/Z2, which is a particular type of ALE space, is very similar to 
the conformal field theory which C. G. Callan Jr.. J. A. Harvey and A. Strominger [21] had 
used to describe the type II five-brane. This observation was explained in more detail in 
[57], where H. Ooguri and C. Vafa indeed showed that the conformal field theory describing 
k five-branes equals the conformal field theory of type II string theory on an ALE-space 

where on the T-dual side k labels the type of the ALE-space. as we will discuss below 
and in appendix 4.B°. Moreover. Ooguri and Vafa noted that the five-branes and the 
ALE-spaces do not live in the same theory: a type IIA five-brane is described by the same 
conformal field theory as type IIB string theory on an ALE-space. and vice versa. Of 
course, from our point of view this is no surprise, as this is exactly what we expect for a 
T-duality. 

5 Ooguri and Vafa also remarked that there is a difficulty with the case fc = 1; we will encounter 
basically the same problem on several occasions in what follows. 
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In this section, we will not reproduce the conformal field theory arguments of the two 
references mentioned above, since this would take us too far afield. However, we will 
present a conceptually much simpler argument explaining why this particular T-duality 
is true. The idea of the argument is to apply the Buscher rules, which we encountered in 
section 2.3.1. to the five-brane background, and show that the resulting background indeed 
corresponds to a Taub-NUT geometry without B-fields. Essentially the same calculation 
was done by M. Bianchi, F. Fucito. G. C. Rossi and M. Martellmi in [14]. 

Let us begin by repeating the form of five-brane background (2.48): 

$ = 

{-Xmn 

G),v -

H --

1, ( * 

= Gmn{M6) 

- {1 + ^)S" 
= ~3n{3)- (4.8) 

where xm arc now coordinates along the five-brane (m = 4 9). and xM parametrizes 
the transversal space (// = 0 3). Recall that all of our coordinates are euclidean 
and that the transversal space is now a Calabi-Yau, so we replaced r/mn in (2.48) by the 
Calabi-Yau metric Gmn(M.e). 

This field configuration describes a background of k five-branes which are placed on top 
of each other. However, it is not hard to find a multi-centered background, corresponding 
to several parallel stacks of branes at different locations in the transversal space. In fact, 
for the fields <J> and G. we can find these solutions by simply replacing 

'£CT ("> 
A similar replacement can be done for H: we will write down its exact form in the situation 
of our interest in a moment. 

Now consider an infinite equidistant array of stacks of k five-branes in the x° = \ direction, 
where we take the distance between two five-branes to be 2TTRX. Then the second term 
in (4.9) becomes 

j , (* + <,-,.*,,,)>»• (4'10) 

where f is the distance in the directions labeled by x1-2'3. We would like to interpret the 
^-direction as a compact direction of radius Rx and then do a T-duality in this direction. 
However, we can only apply the Buscher rules if a shift in the x-direction is an isometry. 
which clearly is not the case here. To cure this situation, we want to "spread out" the 
five-branes along the \-axis. so we replace each five-brane by an array of p "fractional 

file:///-axis
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five-branes". The above expression now becomes 

DO p - i , 

^ - i (r2 + (\ - 2«RJn + ma)))2 ( 4 ' H ) 

with Q = 1/p. In the limit where p —> oc. the sum turns into an integral: 

k 

where we used translational symmetry to remove \ n ' o m the denominator. The integral 
is easily evaluated by substituting \ = 2-nR V-

1 k 
('X r2 + (2nRxfx

2 ?2 2nR, J d" 1 + y2 

k 
2Rxf 

(4.13) 

Substituting this in $ and G in (4.8) we find the new solution 

1 , ( * 
$ = -In I I 2 V 2^x^ 

Gmn = Gmn{Me) 

G,v = ( l + J L ^ 

H = 4 ^ ° ( 2 ' A d X ' (414) 

where in the last line we wrote down the explicit form for H by using the symmetries of 
the system and the fact that fs,xS2 H = 2n2k. Here the S1 is labeled by the periodic 
coordinate \ with period 2nRx. and the S2 is a sphere surrounding the spread-out five-
branes in the remaining three directions. H(2) is the two-form volume element of the unit 
two-sphere. 

Writing H = F^ Adx- we see that F ( 2 ) is exactly the field strength of an abelian magnetic 
monopole in three spatial dimensions. Hence, we can write H = dB where 

B = AAd\ (4.15) 

and A is a one-form gauge field configuration corresponding to a magnetic monopole. 

We are now in a situation where we can apply the the Buscher rules (2.53). which we also 
repeat for convenience: 

Goo = T T ~ 

A Boa 
^Oa - -W-

A ry GoaGob — BoaBob ,, . „ , 
Gab = Gnb ~ • (4-16) 

CJOO 
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where a. b = 1.2. 3. and G is the T-dual metric. Since in our case Goa = 0 this reduces to 

ds2 = -±- (dX + BQadxa f + Gabdxadxb. (4.17) 
GQO 

The Buscher rules (2.53) for the B-field and the dilaton are much simpler. First of all. 
since we see from (4.15) that Bab — 0 in our case, the Buscher rules for the T-dual B-field 
yield 

Btiv = 0. (4.18) 

as we claimed before. Moreover, the Buscher rule for the dilaton field yields that $ = 0. 
In other words, the string coupling in the T-dual space is constant. This constant value 
can be adjusted by multiplying the "1" in (4.9) by an appropriate constant, and doing 
this we find back the relation (2.55): 

flf = 9 ^ (4-19) 

where gf is the exponential of the dilaton field <3> at f = oo. 

Thus, wc find that the interesting part of the T-dual background is the metric. Inserting 
the solution (4.14) in the expression (4.17) for the metric, we find the explicit result 

ds2 = -i—(dX + Af + V(r)öabdxadxb 

V{r) 

Vir) = ( l + ~ ) . (4-20) 

where the T-dual x-variable has period 2n/Rx. Note that this metric can be identified 
with the Taub-NUT metric (4.82) if we identify 

4m = ± (4.21) 

In terms of m. the ^-variable now has period 16irrn/k. Note that for k = 1. this is indeed 
the correct periodicity for the nonsingular Taub-NUT metric. If we put more five-branes 
on top of each other (k > 1), we obtain the singular Z^-orbifold of the Taub-NUT metric 
which is also discussed in appendix 4.B. Moreover, it is shown in the appendix that for 
/ , ; > ! . in the decompactification limit where we send Rx —* oc this metric turns into the 
metric of M4/Z/,:. which is a particular (singular) ALE-space of type Ak-i-

For a single five-brane. since the Taub-NUT space is smooth, we find ordinary flat space 
in the decompactification limit. Here, we encounter the same question that Ooguri and 
Vafa mentioned in [57] (see the last footnote): somehow, in the T-dual picture one of the 
five-branes seems to "disappear" when we take the decompactification limit. It seems that 
one five-brane is needed to give the space enough curvature to "come back onto itself" and 
compactify. whereas the other five-branes turn into the singularity at R = 0. As a result. 
we will not be able to study the partition sum of a single five-brane in the T-dual picture. 
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but we will consider a stack of k branes. Because of the "missing five-brane". the results 
we find in the decoinpactification limit will then be the results for A' — 1 five-branes. 

Finally, we have to make some remarks about the "spreading out" procedure we used. 
Spreading out the five-branes along the compact S1 seems like a good thing to do when 
this circle is small, but note that we are really investigating the opposite limit, where 
the S] is large. So how trustworthy is our procedure? This question was raised and 
partially answered by B. Andreas, G. Curio and D. Lust in [6], and answered in more 
detail by D. Tong in [69]. The answer is as follows: we obtained the Taub-NUT space as 
the T-dual solution to the single spread out five-brane background by using the Buscher 
rules. However, these Buscher rules were derived by integrating out fields on the string 
worldsheet. and so they are only valid in a classical approximation. In particular, there 
may be worldsheet instanton corrections to the results obtained from them. In [69], 
D. Tong explicitly calculated these corrections, starting from the Taub-NUT geometry, 
and found as a result that when one includes these corrections, the Taub-XUT space 
turns out to be T-dual to the localized five-brane solution compactified on an S1! On the 
one hand, this seems like a miracle, but on the1 other hand it could have been expected 
from the fact that the two systems also appear to be T-dual from the conformal field 
theory arguments we mentioned before. Anyway, this result is of course precisely what 
we need, since now we can simply decompactify the 5 1 without having to worry about 
the fact that the five-branes are smeared out. Though Tong only proved his result for the 
single1 five-brane, we will assume it to be true for the case of stacks of five-branes as well. 

4.3 Vector multiplet actions in N = 2 supergravity 

When we compactify type II superstring theory on a Calabi-Yau manifold, each of the ten-
dimensional supersymmetries will reduce to a single supersymmetrv in four dimensions, 
and hence what we will end up with is an N = 2 supergravity action in four dimensions. 
The purpose of this section is to give an overview of the construction and the most 
important properties of these theories. Many of these properties will play an important 
role in our calculation of the quantum contributions to the five-brane partition function 
in chapter 6. 

There is however another important reason why we should discuss TV = 2 supergravity in 
four dimensions. It turns out that the scalar fields in the vector multiplets (to be defined 
below) of an N = 2 supergravity action parametrize what is called a special Kahler 
manifold. In fact, one way to "define" such a special Kahler manifold is as a manifold 
which is parametrized by these scalar fields, and this is the route we will follow before 
giving a more rigorous mathematical definition in the next section. 

The reason we will be interested in special geometry is that the moduli space of complex 
structure's of a Calabi-Yau manifold turns out to be a special Kahler manifold, and its 
geometry will play a key role in determining the classical part of the five-brane partition 
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function in chapter 5. From this point of view, it might seem to be a pretty roundabout 
way to go through the entire N — 2 supergravity story to arrive at a definition of a certain 
type of manifold, but there are two good reasons why we chose this order of presentation. 
The first reason is that it makes the concepts behind the abstract definition of a special 
Kahler manifold much clearer. But more importantly, the fact that the moduli space of 
complex structures of a Calabi-Yau manifold is the same type of manifold which appears 
in N = 2 supergravity is not at all a coincidence. The reason is that the moduli of a 
Calabi-Yau manifold can vary as a function of the other four dimensions, and hence, as 
we will see more clearly in chapter 6. these moduli are precisely the scalar fields appearing 
in a four-dimensional compactified description of a ten-dimensional theory. In other words, 
we will really be studying the same thing from two points of view: in chapter 5 we will 
encounter a special Kahler manifold as the moduli space of complex structures of the 
Calabi-Yau manifold on which the five-brane is wrapped; in chapter 6 we will encounter 
the same space as the space which is parametrized by the scalars of the low-energy theory 
which results after compactifying type II string theory. 

In our calculations, we will only be interested in the complex structure moduli of the 
Calabi-Yau, which will turn out to correspond to the vector multiplet sector of the low-
energy theory. The Kahler moduli, corresponding to the hypermultiplet sector, will hardly 
enter in our discussion. Therefore, the main purpose of this section is to explain how one 
can construct the vector multiplet part of an N = 2 supergravity action. In section 4.3.1 
we make some introductory remarks about N = 2 supergravity theories, and we explain 
that in fact the easiest way to construct the vector multiplet part of the action is by a 
certain reduction from an action with a larger, superconformal symmetry group. In section 
4.3.2 we then describe some multiplets of fields which transform into each other under this 
larger symmetry group, and in section 4.3.3 we show how, using these multiplets, we can 
construct superconformal actions starting from a single function of an arbitrary number 
of variables, the so-called prepotential. In section 4.3.4 we will then describe the reduction 
procedure to a supergravity action in more detail, and finally in section 4.3.5 we discuss 
the consequences this has for the final form of the scalar and vector kinetic terms. With 
these results, we will be ready to properly define special Kahler manifolds, which is the 
goal of section 4.4. 

Our treatment is quite similar in spirit to the introduction to special Kahler manifolds by 
A. Van Proeyen in [72]. For more details, the interested reader is referred to this paper or 
the more elaborate introduction by B. Craps, F. Roose, W. Troost and A. Van Proeyen 
in [24]. A good introduction to general N = 2 supergravity theory and the relation to 
superconformal theories can be found in many reviews and textbooks: in writing this 
section the first three chapters of the PhD thesis of B. Kleijn [48] were mainly used, but 
other well-known references are the old reviews by B. de Wit [25] and A. Van Proeyen [71]. 
and the more recent book by P. Fré and P. Soriani [35]. The construction of the N = 2 
vector multiplet action originally appeared in a paper by B. de Wit and A. Van Proeven 
[28]. 

One final remark has to be made before our journey starts: in this section, we will be dis
cussing N = 2 supergravity in a four-dimensional space of lorentzian signature. However, 
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we will finally be interested in results in a euclidean space. We will therefore assume that 
all important results of our discussion also hold in the euclidean case. Of course, this is 
in general a very dangerous assumption: for example, since the euclidean Dirac algebra 
is different from the lorentzian one. the fermionic parts of the euclidean multiplets will 
differ from the lorentzian case. However, since we will only be doing calculations involving 
bosonic fields, we are in a reasonably safe situation. We will come back to this point at 
several occasions in what follows. 

4.3.1 Supergravity and superconformal theories 

As we explained above, we want to define the notion of a special Kahler manifold by the 
fact that it is a manifold on which the scalars coming from vector multiplets in N = 2 
supergravity theories in four dimensions live. To understand this mouthful of terminology 
at all, we first need to know some basic facts about N = 2 supergravity6. which are all 
explained extensively in the references mentioned above. First of all. we should remark 
that any theory which is locally supersymmetric automatically includes gravity. The basic 
reason for this is that the anticominutator of a supersymmetry generator Q with itself is 

{Q.Q}=2TI,P". (4.22) 

where P>' is the generator of translation symmetries, and we omitted the spinor indices on 
Q. Q and T. Therefore, a theory with local supersymmetry should also be invariant under 
local translations, i. e. under general coordinate transformations, and this means that we 
are really studying a theory of gravity. Therefore, an N — 2 supergravity theory is a theory 
which is locally invariant under the group consisting of the Poincaré group extended by 
two supersymmetries; the so-called iV = 2 super-Poincaré group. (To be more precise, 
since we have two supersymmetries. there is also an anti-commutator between Q and Q . 
which is a c-cumbcr called the central charge. We put this central charge to zero in what 
follows.) 

Describing this group and its algebra is not very hard, but it turns out to be much harder 
to actually construct nontrivial actions which are invariant under the action of the group. 
One method to achieve this is the Noether procedure: start with an action consisting of a 
few required or at least interesting terms (generically the kinetic terms and maybe some 
simple interactions), postulate some simple supersymmetry transformations of the fields, 
and calculate the supersymmetry variation of the action. Then add some new terms to 
the action to cancel this variation up to total derivatives, if necessary by including new 
fields. Add terms proportional to these new fields in the supersymmetry variations of the 
old fields, in such a way that the variations still satisfy the supersymmetry algebra, and 
calculate the variation of the new action under these1 new transformation rules. If this 
variation is nonvanishing. start from step one again. Usually, this algorithm terminates 
after a finite number of steps, but for large algebras and a large number of fields it is in 

6We will omit the extension "in four dimensions" in the rest of this section, but of course this property 
is very important in everything that follows. 
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general very cumbersome and the origin of the terms in the final expression is not clear 
at all. 

For these reasons, it is convenient to have another way of constructing locally N = 2 
supersymmetric actions at our disposal, and fortunately such a construction does exist. 
The reason for its existence is the fact that any action which is invariant under the N = 2 
super-Poincaré group can actually be written (though we will not prove this) as a gauge 
fixed version of an action which is invariant under a much larger group, the so-called 
N = 2 superconformal group. This group is a supersymmetric extension of the ordinary 
conformal group, which consists of all transformations which leave the metric of space-
time invariant up to a position-dependent scaling factor. Of course, the Poincaré group 
(which leaves the metric invariant) is part of this, and it is also clear that rescalings of 
coordinates (or dilations) are in this group. Finally, the generators of the group include 
the so-called special conformal transformations, with generators K'1. which arise as the 
transformations consisting of a consecutive inversion of coordinates in the unit sphere, 
a translation, and another inversion. Just like the Poincaré group, this group can be 
extended by two supersymmetries Ql (i = 1.2). but contrary to the Poincaré case, the 
algebra cannot be closed without adding two more fermionic generators, denoted by S'. 
.Moreover, the algebra contains a U{2) subalgebra (usually split up as [7(1) x SU(2)) which 
acts on the index i of the fermionic generators Q' and S'. and which is called R-symmetry. 

The reason that this extension of the super-Poincaré group is useful is that it is actually 
much easier to construct actions which are invariant under the full N = 2 superconformal 
group than under the super-Poincaré group only. However, since - as we claimed above -
we can obtain every super-Poincaré invariant action from such an action by gauge-fixing 
the extra symmetries, this gives us a nice and much more transparent way of constructing 
A" = 2 supergravity actions. So how does one construct actions which are invariant 
under the N = 2 superconformal group? The first step is to construct multiplets of fields 
which transform into each other under the action of the algebra. Several such multiplets 
are known, and we will mention the four which are most important to us in the next 
subsection. 

4.3.2 Superconformal multiplets 

In describing the superconformal multiplets. we limit ourselves to mentioning their field 
content. In particular (with two important exceptions) we will not bother to write down 
the precise transformations of the fields under the superconformal transformations, since 
the expressions involved are quite lengthy and we will not need them in the rest of this 
thesis. Of course, the precise expressions can be found in the references mentioned in the 
introduction to this section. The reader might be a bit overwhelmed by the number of 
fields we introduce in this subsection: for easy reference, we list them in table 4.1. where 
the fields which reappear later in this thesis are indicated in boldface. 

• The Weyl multiplet. This multiplet appears in any N = 2 superconformal field 
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theory, since it consists of the gauge fields which are needed to gauge the symmetries 
of the superconformal group. To be precise, the multiplet consists of gauge fields 
e^.i'^.bft.A^ and Vtl' . for the translations, supersymmetries. dilations and [7(1) 
and SU(2) symmetries respectively. Of course, there are also gauge fields for the 
Lorentz symmetries, fermionic symmetries S' and special conformal symmetries AT'', 
but by imposing some invariant constraints on the multiplet these can be expressed 
in terms of the fields mentioned above, and hence they are not independent. This 
is similar to the fact that in general relativity the spin connection u)tJ

ab (the gauge 
field for Lorentz symmetries) can be expressed in terms of the vielbein e". On the 
other hand, the Weyl multiplet contains three more fields which are not gauge fields 
but which art1 needed to make the action of the algebra close: an anti-selfdual tensor 
Tab which is antisymmetric in (i,j); a doublet of Majorana spinors \ \ a n d a real 
scalar field D. 

• The chiral multiplet. This multiplet can be most easily constructed by using super-
space techniques, where the N = 2 algebra is made manifest by introducing fermionic 
coordinates 0l in addition to the ordinary coordinates X^, and making the algebra 
act on these coordinates in a similar way as the translation generators P1' usually 
act by shifting the ordinary coordinates. Superfields are now fields which also de
pend on these fermionic coordinates, but since these coordinates anticommute, they 
can actually only depend linearly on them. Therefore, one can "Taylor expand" 
such a superfield in terms of the fermionic coordinates, and obtain a finite set of 
ordinary space-time fields. The number of these fields is easily calculated: for a 
complex superfield depending on two fermionic Majorana coordinates this number 
is 2 • 2* = 512. This is quite a large number, and in fact the multiplet obtained 
in this way is far from irreducible. We can do a lot better by imposing the invari
ant constraint that the superfield only depends on the fermionic coordinates with 
positive chirality - hence the name "chiral multiplet" - which reduces the number 
of components to 2 • 24 = 32. The lowest component of such a multiplet (i. e. 
the component which does not depend on the fermionic coordinates 0l at all) is a 
complex scalar field A; the highest component depends linearly on four fermionic 
coordinates and hence its coefficient should have four fermion indices i. but since 
the fermionic coordinates anticommute these indices really represent only a single 
component, which is another scalar field C. Since we will need them later, we state 
the supersymmetry transformations of these scalar fields: they are given by 

SQ(e)A = F % . (4.23) 

SQ(e)C = -2el^,r"dllAj + --., (4.24) 

where e is the supersymmetry parameter, and e denotes the antisymmetric tensor. 
The fermionic field ^ , is the coefficient of the part of the chiral superfield which 
depends on a single fermionic coordinate; the field A, is the coefficient of the part 
depending on three fermionic coordinates, where just like for the (7-field. the three 
fermionic indices of A can be turned into a single one by using the fact that the 9l 

anticommute. The dots in the transformation of C indicate terms which are present 
in the supergravity transformation rules, but which are absent for global N = 2 
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supersymmetry - a fact which will be important to us later. The other fields in the 
chiral multiplet will not be important for our purposes. 

Note that by using a superfield construction, we only made sure that the constructed 
multiplet transforms into itself under the action of the supersymmetry generators. 
By construction, of course, the fields (being scalars, spinors. etc.) also transform 
into themselves under the action of the Poincaré part of the group, and it can be 
shown that the multiplet also transforms into itself under the action of the fermionic 
symmetries Sl, the special conformal transformations K^ and the SU{2) symmetry, 
in a way which is completely fixed by the other transformation rides. However, we 
still have the freedom to choose the weight with which the superfield components 
transform under dilations and under the U(l) part of the 17(2) R-symmetry. In fact, 
as soon as we fix one of these weights for one of the component fields, all of the 
others are fixed by the action of the algebra, so we are left with one overall unfixed 
weight. For example, once we fix the dilational weight of the field A to be w, all 
transformations of the fields in the multiplet will be completely fixed. In particular, 
the dilational weight of the field C then turns out to be w + 2. 

The vector multiplet. The chiral multiplet introduced above is still not an irreducible 
one; one can make it smaller by using a constraint which relates the parts of the 
superfield depending on n fermionic coordinates to the parts depending on 4 — n 
ones. Since in particular, this relates the fields A and C, we find a relation which 
fixes the dilational weight w of the vector multiplet to w = 1. The resulting multiplet 
consists of a complex scalar field X. two Majorana spinors £V and a vector field 
\\\L. Actually, this is the on-shell content of the multiplet; to make the action of the 
algebra close without needing the equations of motion one also needs to introduce a 
symmetric 2 x 2 matrix Yy of complex scalar fields satisfying Yij = e^e^l^*. Using 
these vector multiplets, one can construct supergravities which are also invariant 
under other local gauge symmetries by interpreting the field W^ as a gauge field for 
such a symmetry In fact, one can construct an arbitrary number of these multiplets 
(X1 Alj.W{). and it is also possible though we will not do so in this thesis7 - to 
make the whole set of fields transform under a local nonabcliau symmetry group 
with structure constants f'JK. Finally, let us remark that the supersymmetry 
transformations of the vector multiplets are coupled to the Weyl multiplet. in the 
sense that there are terms in the transformation rules which depend on the fields in 
the Weyl multiplet. 

The hypcrmidtiplet. In this thesis, we will mainly be interested in vector multiplets. 
but we will also make some remarks about hypermultiplets in what follows, so for 
completeness we introduce them here. An on-shell hypermultiplet consists of two 
complex scalars (which can often conveniently be written as a single quaternionic 
scalar) and two Majorana spinors. There are several ways to extend such a multiplet 
to an off-shell representation; the simplest one being by adding two more complex 
scalars. or equivalently one more quaternionic scalar. Again, the transformation 

7 The main reason why we are not interested in vector multiplets generating a nonabelian symmetry 
group is that an analysis of the compactification procedure shows that compactification of type II string 
theory on a smooth Calabi-Yau manifold can never lead to nonabelian local symmetry groups. 
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rules for the hypermultiplets have terms containing the fields in the Weyl multi-
plet. and moreover it is possible to make the hypermultiplets transform in some 
representation of the gauge group corresponding to the vector multiplets. 

As a final remark, note that the construction of the chiral and vector multiplets (and 
actually also of the hypermultiplet) only made use of the A* = 2 supergravity part of the 
algebra. Therefore, these structures also appear as multiplets of the super-Poincaré group: 
a fact which we will use later on. 

Weyl multiplet 

Chiral multiplet 

Vector multiplet 

Hypermultiplet 

e / . ?/•;,. V A„, V ; - T L X'. D <•". ua, 0; 
A(w). %. B^, Fc;b. A,, C ( ü . + 2) 

X ^ l ) . n j . W j . Yl 

A,. C, B, 

Table 4.1: The fields which occur in the N = 2 supergravity multiplets discussed in this 
subsection. Fields which reappear later in this thesis are indicated in boldface; the numbers 
in brackets are the dilational weights of the fields for which these weights play a role. The 
index /i is a space-time index; i,j are 5E7"(2)-indices; a, b arc tangent space indices, and for 
the vector multiplet, we included an index I labeling the different multiplets. The fields 
in the third column for the Weyl multiplet are fields which after imposing the constraints 
are expressed in terms of the other fields. 

4.3.3 Constructing superconformal actions from a prepotential 

Now that we know the ingredients, we can use them to construct actions which are su-
perconformally invariant, and then gauge fix the additional symmetries in this action to 
obtain a supergravity action. The reason that it is now quite straightforward to construct 
.superconformal actions can be seen from the transformation rule (4.24). Note that if 
we were studying rigid (i. e. global) supersymmetries. the parameter e in this expression 
would be a constant, and the variation would actually be a total derivative. Therefore, if 
this were the case, one could write down a very simple invariant action by writing 

5 = I d4xC. (4.25) 

Unfortunately, in the local case e is not constant, and there are the extra terms in (4.24) 
represented by the dots, and hence deC is not a total derivative. However, it is now quite 
simple to invoke the Noether procedure to cure this, and by adding some extra terms 
to (4.25) (we do not need to add any extra fields), one can construct an action which is 
superconformally invariant. Since the exact form of this action is not important to us we 
will not write down these extra terms here: they can of course be found in the literature 
we mentioned at the beginning of this section. 
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Again, the action constructed in this way is only manifestly invariant with respect to 
supersynnnetries and Lorentz transformations, but all other invariances also follow except 
for the dilational symmetry and the related U{\) part of the R-symmetry. Since the 
measure transforms with weight —4 under dilations, the field C must have weight 4 for 
(4.25) to be invariant under dilations, and therefore we see that we need a chiral field 
whose first component has w = 2 for this construction to work. One can check that with 
this construction, the remaining action is invariant under the full N = 2 superconformal 
algebra. 

Of course, the action constructed above is very simple, and since it does not contain 
any kinetic terms it will in general not be very interesting physically. However, note 
that for any chiral field, the action constructed from its highest component C by (4.25) 
plus the extra terms will be superconformally invariant. Therefore, if we have any set of 
expressions transforming as a chiral multiplet. we can use the highest component in this 
set to construct an invariant action! But constructing such a set of expressions is not 
very hard: one can for example start with an arbitrary number of vector multiplets, then 
consider an arbitrary holomorphic scalar function F{XI) of the complex scalars appearing 
in these multiplets. and postulate this to be the lowest component of a chiral multiplet. 
Since the function F, which is called the prepotential, is holomorphic, its supersymmetry 
variation is given by 

6Q(e)F(X) = 5Q(e)Xld^ 

'nf^£. (4-26) 

which is of the form (4.23) for *f = ilj^—p-. In this way. we constructed the second 
component \Pf of our set of chiral superfields, and by studying its variation, we can 
construct the third component, and so on. All of these components will be relatively 
simple expressions in terms of the fields appearing in the vector multiplets and the Weyl 
multiplet to which it is coupled, and of the function F and its first few derivatives. After 
completing this procedure, we will have found a highest component, which we can use to 
construct an invariant action as we did above. 

Again, we have to be careful about the U(l) weights of the fields. We saw that for the 
procedure to work, the lowest component of a chiral superfield should have dilational 
weight w = 2. Since this lowest component is F (A 7 ) . and the X1 - being the lowest 
components of vector fields - have dilational weights w = 1. we find the important result 
that the prepotential has to be a holomorphic function which is homogeneous of degree 2 
in the scalar fields X1. The homogeneity of weight 2 means that F satisfies F(XX') = 
X2F(X') for all AG C. 
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4.3.4 Reduction to a supergravity action 

The construction in terms of a prepotential gives us a way to construct quite general 
superconformally invariant actions containing the Weyl multiplet and a number of vector 
multiplets. By writing out the details of this construction, one finds that the actions 
found in this way are indeed physically interesting, in the sense that they do contain 
kinetic terms for the physical vector multiplet fields8, but not for the auxiliary ones. We 
should note that there are also ways to extend this action by adding hypermultiplets (see 
the original paper by B. de Wit, P. G. Lauwers and A. Van Proeyen [27], for example), 
but since this is of much less interest for our purposes, we will not go into these details 
here. 

Our next goal is to relate these superconformal actions to the supergravity actions we are 
really after. The procedure by which we do this was already briefly mentioned above: one 
gauge fixes the extra symmetries, so that one is left with a theory which is only invariant 
under the super-Poincaré group. To get some feeling for this procedure, we discuss a 
simple example which is taken from B. Kleijn's PhD thesis [48]. who refers to an original 
paper by E. Stiickelberg [67]. Suppose we are studying a Proca field, i. e. a massive vector 
field in four dimensions with a Lagrangean 

Lv = \ (d.Vu - dvVrf - \m2V,V". (4.27) 

Note that this is not a gauge theory, because of the presense of the mass term. Hence all 
four components of Vn are off-shell physical degrees of freedom, and since the equation of 
motion sets d^V^ = 0. three of these are on-shell degrees of freedom. Now. we use a field 
redefinition: 

V„ = A„ - -d^è. (4.28) 

Inserting this in the Lagrangean. we find 

LAj = - (dflA„ - dvArf - - (0,0 - rnA„f . (4.29) 

The fields A,,4> together have five components, but one of these is determined by the 
others by relation (4.28) above. In other words, there is a whole family of A^'s and 0's 
which correspond to the same VjL. The well-known physical way of saying this is that 
there is a gauge invariance. To be precise, we can change the fields by 

SA;i = d„k. 

Só = mh (4.30) 

without changing the value of the action. As we already mentioned, the "new" theory 
has 4 + 1 field components. To count the off-shell physical degrees of freedom, we have 
to fix a gauge. Usually, a gauge is fixed by a certain requirement on the gauge field (e. g. 
A0 = 0). which removes one of the components of A as a degree of freedom, and leads us 

We will discuss the kinetic terms for the Weyl multiplet fields below. 
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to the usual counting of 3 + 1 off-shell degrees of freedom. If we also invoke the equations 
of motion, we then get an on-shell counting of 2 + 1 degrees of freedom. However, we 
may just as well choose a gauge condition on ó. such as 0 = 0. This leads us back to the 
original Proca theory with 1 + 0 off-shell and 3 + 0 on-shell degrees of freedom. 

The reason that we described this simple example in so much detail is that we do not want 
to carry out the complete procedure for the supergravity case, since it is very technical and 
of no immediate use for us. However, even from this simple example the most important 
features can be seen. What we want to stress is that when a theory without gauge 
symmetry is equivalent to a theory with gauge symmetry, the latter theory contains some 
extra field components (so-called "compensating fields"), but that the number of physical 
degrees of freedom, both on-shell and off-shell, is the same in both theories. 

A second important thing, which is not very clear from our example above, is that the 
multiplet structure of the theory may completely change when we apply the gauge fixing 
procedure. Note that contrary to the example above, in our supergravity/superconformal 
case, the theory with the smaller symmetry group (the supergravity theory) still has some 
leftover gauge symmetries. Now when we choose a certain gauge condition to remove one 
of the redundant gauge symmetries, this condition will in general not be invariant under 
all of the remaining symmetries of the super-Poincaré group. There is a well-known way 
to cure this problem: when one applies such a "remaining symmetry transformation", 
one simultaneously has to apply a "broken symmetry transformation" in such a way that 
the gauge conditions which were imposed are restored. As an example, a supersymmetry 
transformation in the super-Poincaré theory in the gauge to be discussed below is done 
by simultaneously applying a supersymmetry transformation, an S^-transformation and a 
special conformal transformation in the superconformal theory. The parameters of these 
transformations in principle can depend on all the fields which are present. This phe
nomenon has important consequences: for example the supersymmetry transformations 
of the Weyl multiplet now also depend on the fields in one of the vector multiplets which 
is singled out by the gauge choice, and we can no longer consider the Weyl multiplet and 
this vector multiplet to be independent, but they will merge into a single multiplet. 

In fact, this behavior could have been expected from another point of view. We stated 
before that it is very hard to directly find actions for N = 2 supergravity. and one of 
the reasons for this is that it is difficult to find an off-shell gravitational multiplet similar 
to the Weyl multiplet in the superconformal case. However, such a multiplet has been 
constructed by E. Fradkin and M. Vasiliev [34] and by B. de Wit and J. W. van Holten 
[26]. and it turns out to have a total of 80 degrees of freedom. On the other hand, when 
counting the degrees of freedom of the Weyl multiplet. we see that there are only 48 of 
them, so in some way the Weyl multiplet has to acquire some extra degrees of freedom in 
the gauge fixing procedure and this happens precisely in the way we explained above. 
In fact, since vector- and hypermultiplets only contain 16 off-shell degrees of freedom, 
we see that we need two of these multiplets as compensating multiplets for the above 
procedure to work. It can be shown that one of these always has to be a vector multiplet. 
but that one can make several choices for the type of the second multiplet. depending on 
how exactly one fixes the gauge. In the case of Calabi-Yau compactification which we will 
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study in this thesis, the second multiplet is always a hypermultiplet. so we will not study 
the other cases in what follows. 

So. to summarize the story so far: to go from a superconformal theory to an equivalent 
supergravity theory, one needs a theory with a Weyl multiplet. and one vector and one 
hypermultiplet as compensating fields. Together, these fields have a large number of com
ponents. 80 of which will become the off-shell gravitational multiplet of the supergravity 
theory after gauge fixing. All the other vector- and hypermultiplets in the superconfor
mal theory stay untouched, and become vector- and hypermultiplets in the supergravity 
theory. 

4.3.5 Gauge fixing and the scalar fields 

To make the story in the previous section somewhat less sketchy and to introduce some 
important notions we will need later on. let us describe how the superconformal gauge is 
fixed and how this gauge fixing affects the terms in which the scalar fields X1 appear. To 
this end. we begin with a superconformal theory with a Weyl multiplet and n + 1 vector 
multiplets (so I = 0, . . . , n ) , one of which - or more generally a linear combination of 
which - will play the role of the compensating multiplet. The form of this part of the 
theory is completely determined by specifying a prepotential F{XJ), and besides this we 
have a hypermultiplet sector whose precise form does not interest us. but which contains 
at least one compensating hypermultiplet. 

We now fix the gauge in several steps. The most important step to us will be the fixing of 
the dilational and £/(l)fl-symmetries. which we will do by imposing certain conditions on 
the scalars X1. Note that the dilational symmetry acts by rescaling the X1 simultaneously, 
and the U(1)R symmetry acts by multiplying the X' with an overall phase factor, so we 
can interpret the gauge symmetry by saying that the X1 are really "projective fields": 
they can be multiplied by an arbitrary overall complex number without changing the 
physics. (Of course, this gauge transformation also has an effect on the other fields in the 
theory!) 

So what would be a natural gauge condition on X'l One natural condition can be read 
off from the action which is derived from the superpotential F(XI): it contains a term 
proportional to 

i(F,x' -FjX')VGR. (4.31) 

where R is the Ricci scalar constructed from the metric (or actually from the vielbein e°), 
v G is the square root of the determinant of the metric (again expressed in terms of e") 
and Fj is a shorthand for -^j. To obtain the usual form of a (super-) gravity Lagrangean. 
we would like to set 

i(F,X! -TjX') = 1. (4.32) 

which turns this term into an ordinary Einstein-Hilbert term. \/GR. Since F is homoge
neous of degree 2 in A', this condition can be viewed as a condition fixing the length of 
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the vector X[ (note that it is independent of the overall phase of the scalars), and so we 
can achieve this by applying a dilational gauge transformation. This fixes the dilational 
gauge. 

Before we go on to fix the [/(l)-symmetry, let us introduce a useful change of variables. 
Clearly, after we have completely gauge fixed the overall scale of the X1. the values of X1 

will be awkward coordinates9 to work with. In fact, as is often the case when working 
with projective coordinates, we would like to introduce n inhomogeneous coordinates Z' 
(with 1 = 1 n) to parametrize the physically different values of the n + 1 homogeneous 
coordinates X1. These coordinates can be obtained by a gauge choice which sets X° = 1. 
so that the X' for i > 0 will play the role of the inhomogeneous coordinates, but note 
that this will in general be a choice which differs from (4.32). A solution to this problem 
is obtained by the introduction of an extra scalar field a which relates our fields X1 and 
a new set of fields Z1 replacing X1 as follows: 

X'=«Z'. (4.33) 

It might seem strange to add an extra field component when what we really want to do is 
remove field components, but it will turn out that this step makes life a lot easier. 

Note that we did introduce a new field component a, but this does not mean that we 
introduced a new degree of freedom, since a and Z1 are related by (4.33). In other words, 
after substituting (4.33) into the superconformal action, we have a new gauge symmetry 
given by 

a —» eAaa 

Z1 -> e'^Z1. (4.34) 

where the subscript on A refers to the fact that the gauge symmetry is the one related to 
the introduction of a. Note that even though we know how the dilational and U{\) gauge 
symmetries act on X', we still have the freedom to choose if these symmetries act on a 
or on Z'. or on both, as long as the overall rescaling of X' under these transformations 
is correct. Of course, the most convenient choice is to make these symmetries act directly 
on the overall scale a. so we impose the overall gauge transformation under these three 
groups of a and Z' to be 

a -> eA"+ A d- j A ( 'a 

Z' -> e.-A"Z'. (4.35) 

where A^ is the parameter for dilations, and Au the parameter for C/(l^-transformations. 
Note that whereas Aa is a complex parameter, these last two parameters are real. 

We now write the gauge condition (4.32) as 

X • ~X = X1 Nur' = - 1 . (4.36) 
9Note that we already start calling the X1 and Z' "coordinates": a terminology which will be justified 

as we move along. In accordance with our conventions, once we have really established that these fields 
can be interpreted as coordinates on an auxiliary manifold - at the beginning of section 4.4 - we will label 
them x1, z'. 
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where 
Nu = 21m Fu (4.37) 

and we used the fact that by homogeneity of F we can write Fj = FUXJ. Note that it 
also follows by homogeneity that Nu does not depend on the overall scale of X1. so we 
may write NJJ(X) = Nu{Z). Expressing the gauge condition in terms of a and Z1 we 
now find that 

|a|2 = - ^ = . (4.38) 

The phase of a is still arbitrary, but we now fix the U(1)R gauge by requiring that a is 
real and positive. This means we may write 

X' = g . (4.39) 

where of course \Z\ = \J — Z • Z. 

We have now fixed the two gauge symmetries we wanted to fix. but it seems that we 
gained nothing, since we have replaced the two real parameters for these symmetries by 
the complex gauge parameter A„. However, in fact we gained a lot: we can now impose 
an arbitrary complex gauge condition on Z7 , without losing the gauge condition (4.32) 
for X'! Of course, the most convenient gauge choice is now 

Z° = 1 (4.40) 

so that we can interpret the other Z' for ?' = 1 n as inhomogeneous coordinates. 

For future purposes, we want to leave open the possibility to choose a different gauge 
g(Z ) = 0. where g is an arbitrary holomorphic function. Two such gauge conditions g 
and g' will relate the corresponding coordinates Z and Z' by 

Z' = Ze~A(Z). (4.41) 

Finally, we want to write out the kinetic terms for the scalar and vector fields that follow 
from a prepotential F. It turns out that the construction of the superconformal action we 
described in this section leads to the following kinetic term for the scalars: 

Cx,kin = s/GNIJDliX
ID'J-'XJ. (4.42) 

where we used the covariant derivative Dn = d,, + iA^ and A!t is the gauge field for the 
£7(1) R-symmetry. Note that this part of the Lagrangean has the form of a nonlinear 
sigma model: the 4-dimensional space-time manifold parametrized by coordinates :/:'' is 
embedded into an /; + 1-dimensional target manifold with coordinates X1 and metric 
Nu(X). and the action (if we forget about the covariantizing A^ for the moment) is simply 
the volume of the image of space-time inside the target manifold. The interpretation of 
Nu as a metric on a target manifold justifies our notation in terms of X • X and |X| 
above. Also note, however, that there seems to be a problem with the signs: the above 
action seems to require that NJJ is positive definite so that the kinetic terms have the 
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right sign. However, our gauge condition (4.36) in terms of X required that X itself had 
negative length squared. In a moment, we will see how to resolve this problem. 

It turns out that Nu is oven a Kahler metric, with Kahler potential 

Kx = i{X'T, - X7F,). (4.43) 

Note that the gauge condition on the length of X can now be interpreted as restricting the 
X1 to a slice of constant Kahler potential. It would be more accurate to write the Kahler 
metric N[j as Nj-j, but since it is related to Fjj. which is a second order holomorphic 
derivative, this might also lead to confusion. We therefore never use barred indices I. J 
in what follows: it will in general be clear from the context when an index should really 
be I instead of I. For the inhomogeneous coordinates, we do use the notation zl,~zl. 

We can now write these kinetic terms in terms of Z ' . and if we also integrate out Afl 

(which only appears as an auxiliary field), one finds that 

Cz.k.n = -VG^Mud.Z'd^z". (4.44) 

where M. is defined by 

Mu = NIJ-^%. (4.45) 
ZJ • ZJ 

Note that, using the inverse of N to raise indices, the matrix M.JJ squares to itself. 
Moreover, it is clear that its only zero eigenvalue direction is Z1. so M is actually the 
projection of N to the tangent space perpendicular to the direction Z1. The appearance 
of this matrix can be understood when we recall that the action really depends on the 
gauge fixed X1. which is the unit vector in the Z7-direction. Therefore, the overall length 
of Zl should have no physical meaning, and hence the part of d^Z1 which is proportional 
to Z' itself should not contribute to the action. 

Again, this model can be interpreted as a sigma model. By the projection property above, 
we also see how the problem of the signature of NJJ is resolved: it is only the part of 
NJJ which is perpendicular to Z1 which has a physical meaning, and this part must be 
positive definite. There is however no objection to the length of Z1 itself being negative, 
and hence we find that the signature of the metric in our conventions will be ( l ,n) . 

The metric -Mu/(Z • Z) turns out to be a Kahler metric as well. Its Kahler potential 
is given by 

A'(Z.Z) = - l o g ( Z - Z ) . (4.46) 

as can be shown by an easy calculation. Note that if we would pick another complex gauge 
choice for Z as in (4.41). the Kahler potential would change as 

K'(Z'Z') = K(Z.Z) + A(Z) + A(Z). (4.47) 

Note that since the metric MJJ is the second mixed derivative of K. it is invariant 
under a different choice of gauge for Z. A transformation of a Kahler potential as above 
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(where A and A are allowed to be independent functions of Z and Z) is called a Kohier 
transformation. A Kahler potential is always well-defined only up to these transformations. 

In a similar way. one can construct the kinetic terms for the gauge fields \V' which are in 
the n+l vector multiplets; the result is 

Cw,kin = \^/G [MuT^PiV+J - JfuT^T^-J) . (4.48) 

where we split up the field strengths Tl in a selfdual and an anti-selfdual part, and we 
introduced the matrix 

Afu=Fu + i^^. (4.49) 

Note that even though this matrix looks quite similar to M. it is in fact rather different; 
the main differences being that it is not real and that it is not a projection matrix. This 
in particular means that all the ;; + 1 vector fields remain physical fields. 

So far, we have only discussed fixing the dilational and U(l) gauge. A few comments 
about the other gauge fixings are in place. We have seen that the gauge fixing removes 
one scalar and no vectors from the n +1 vector multiplets. For the fermions which are in 
the vector multiplets. something similar to the scalars happens: by fixing the S'-gauge. we 
can remove the two fermions corresponding to the overall scalar from the spectrum, and 
the other 2w fit into n supergravity vector multiplets with the leftover n complex scalars 
Z' and n of the vectors. It is exactly the final leftover vector field whose field strength 
appears in the transformations of the Weyl multiplet, and therefore it ends up as a physical 
degree of freedom in the gravitational multiplet of the super-Poincaré theory. This vector 
field is called the graviphoton. We do not want to discuss the fate of all the other fields 
in the Weyl and compensating multiplets, but we repeat that after fixing the remaining 
gauge degrees of freedom (the SU(2) and K^ gauges), the fields which are not gauged away 
nicely group together into a gravitational multiplet with 80 off-shell degrees of freedom. 
We do however want to mention the on-shell degrees of freedom of this multiplet. since 
these are the physically important fields. In fact, many fields turn out to be auxiliary, and 
the on-shell gravitational multiplet only consists of a graviton, two gravitini (the gauge 
fields for the two supersymmetries). and the graviphoton field. 

4.4 Duality transformations and special Kahler mani
folds 

With the knowledge about supergravity obtained in the previous section under our belt, 
we can now give a first definition of what a special Kahler manifold is: a special Kahler 
manifold is an n-dimensional Kahler manifold on which we can define n + 1 functions z1 

(note that here we switch to our notation described at the beginning of section 4.1: see 
also the previous footnote) and a holomorphic function F(zT) which is homogeneous of 
degree 2. such that the Kahler potential is given by (4.46). 
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However, this is not the full story yet. since the z1 can be used as a (redundant) set of 
local coordinates on the special Kahler manifold, but we know nothing about its global 
structure. For example, do F and z1 exist everywhere, or can they at least be defined 
patch by patch? The answer to this lies in the following observation: we should be able to 
divide the manifold on which the scalars in an N = 2 supergravity theory live into patches, 
and on each patch the physics must be expressible in terms of a local action which can 
be expressed10 in terms of functions F and z1. Moreover, on overlaps of the patches, the 
local actions must of course describe the same physics. However, this does not mean tha t 
the functions F and z1 for the two patches must be the same on the overlap! The reason 
is tha t there are different sets of {F.z1} which still describe the same physics. In fact, 
there is an Sp(2n + 2.Z) duality group which acts on the theory, giving rise to a whole 
orbit of equivalent actions. We will not prove this statement here (proofs can be found in 
the li terature we mentioned in the previous section), but we will make some statements 
which make it plausible. 

First of all. note that the equations of motion for the vector fields following from (4.48) 
can be writ ten as 

9MIm Q^j = 0. (4.50) 

where 

9'^-7nwfrN"T'M' (1-51) 
Moreover, for T,LV to be interpreted as a field strength, it has to satisfy a Bianchi identity 
which can be written as 

d 'Tm ƒ"+/ = 0. (4.52) 

Obviously, the equations (4.50) and (4.52) for the field strength are invariant if we apply 
a GL(2n + 2, K)-transformation on the vector 

i, )' ,453) 

So. we wonder if the resulting equivalent vector (F+1-Q+i) of conditions can also be 
derived from an action which itself follows from a prepotential. For this to be the case, 
at least it has to be possible to write a relation between T and Q of the form (4.51). 
It is not hard to see that this is always possible, but that the matr ix MIJ appearing in 
this relation is in general no longer symmetric. Of course, this has to be the case if we 
want to interpret it as coming from a prepotential . and a short calculation shows that this 
limits our group of allowed transformations to Sp(2n + 2.IR). Since J\f is related to the 
prepotential F. we can now also calculate what the effect of such a transformation is on 
F and z1. or equivalently F and x1. The nicest way to express the result is by saying that 
M transforms in the right way if we transform Fj and x in such a way that 

(4.54) 

10Actually. this is not quite true since we did not show that any supergravity theory can be written in 
terms of a prepotential. See the remarks at the end of this section for the resolution of this problem. 
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transforms exactly the same as (4.53) under the action of Sp{2n + 2.M). In fact, there 
is a good reason for this: just like the x' are in vector multiplets with the T1. it can be 
argued that the Fr should be in multiplets with the Qi. and hence these vectors have to 
transform in the same way. It is in general not true that the new Fj can again be written 
as derivatives of a certain prepotential: a fact which will be important to us later. Since 
all of the relevant quantities are written in terms of F/ and further derivatives though, for 
the moment this is not a problem. 

Note that the Kahler potential (4.43) for the x7-fields is actually invariant under the 
Sp(2n + 2,R)-transformation. However, this does not imply that the Kaliler potential 
(4.46) is also invariant. The reason is that a gauge fixing condition such as Z° = 1 is in 
general not Sp(2n+2, R)-invariant. It will however transform into some other holomorphic 
condition, and from (4.47) we see that this implies that the Kaliler potential can change at 
most by a Kaliler transformation, and hence the metric on our target manifold is invariant 
under the action of Sp(2n + 2.M.). 

These are just two indications of the general fact that the full theory, or at least the set of 
the classical equations of motion, is invariant under the action of Sp(2n + 2. ]R). To fully 
prove this statement, we would have to carry out a similar analysis for all of' the other 
fields, but this is a lengthy analysis which would take us too far afield, so we refer the 
interested reader to the literature mentioned at the beginning of section 4.3. One remark 
we must make is that so far. we have been talking about Sp(2n + 2.R)-duality. whereas 
we have claimed before that there is only an Sp(2n + 2, Z) duality group. The reason 
for this breakdown of the group is that even though all the classical equations of motion 
are invariant under the continuous group, in the quantum theory the gauge charges are 
quantized, and since the duality group also acts on the lattice of these charges, we find 
the restriction to the discrete subgroup. 

Thus, using this duality, we now have a complete picture of the space on which the scalar 
fields of our theory live. Every patch is described by homogeneous coordinates x1, which 
are related by an Sp(2n + 2, Z)-transformation, or equivalently by inhomogeneous coordi
nates z1 (satisfying some holomorphic gauge condition such as z° = 1) which are related 
by an an Sp(2n + 2.Z)-transformation plus a possible multiplication by a holomorphic 
factor. The metric on the gauge slice in terms of z1 is a Kaliler metric locally, and by 
the argument given above it can also be extended to a global Kahler metric by gluing the 
patches. Putting everything together, we get the following definition of a special Kahler 
manifold, taken from the review by B. Craps et al. [24]: 

Definition: A special Kahler manifold is an n-dimensional Kahler manifold11 with the 
properties that 

Actually, when studying the transformations of the fermions under gauge symmetries, one discovers 
a slight extra condition saying that the Kahler class of the manifold should be equal to twice the first 
Chern class, and hence should be even instead of only integer. Manifolds with this property are called 
"Kahler manifolds of restricted type" or "Hodge-Kahler manifolds", and this extra condition should also 
be in our definition. Since we will not need it in what follows, we omit this technicality, but we remark 
that the Calabi-Yau moduli spaces studied in the next subsection also satisfy this requirement. 



4.4. DUALITY TRANSFORMATIONS AND SPECIAL KAHLER MANIFOLDS 113 

• On every chart there exist n+1 holomorphic functions z1 and a holomorphic function 
F(z ) which is homogeneous of degree two, such that the Kahler potential can be 
written as 

K=-log(-i(zIFI-z
IFI)); (4.55) 

• On overlaps of two charts, the functions Fj and z1 are related by 

F> ) = ' J < ^ / ( * ' ) • (4.56) 

where M is an element of Sp{2n + 2,Z) and ƒ is a holomorphic function on the 
overlap; 

• The above transition functions should satisfy the so-called cocycle conditions: in a 
triple overlap, going from patch one to patch two, then from patch two to patch three, 
and finally from patch three to patch one. should lead to a composition of transition 
functions which is the identity. 

Two remarks are in place here. First of all. this definition is stated in terms of a local 
prepotential F{zI). whereas we previously noted that it is not always possible to rewrite 
the Sp(2n + 2.Z)-action in terms of such a prepotential. It is possible to give a more 
general definition of a special Kahler manifold in terms of Sp(2n + 2. Z)-bundles. without 
ever mentioning the prepotential; see the paper by B. Craps et al. [24]. On the other 
hand, it can also be shown that the scalar kinetic terms following from such a definition 
can always locally be written as the Sp(2n+2. Z)-transform of scalar kinetic terms which do 
follow from a prepotential. so our definition above is actually completely general - though 
perhaps not the most mathematically elegant one. As a second remark, let us note that 
throughout this derivation the assumption is made that the Sj>(2n + 2.Z)-transformations 
are the only duality transformations on the general supergravity vector multiplet action. 
Though this is generally assumed to be true, as far as we are aware there is no rigorous 
proof of this statement. 

4.4.1 Calabi-Yau complex s tructure moduli spaces 

Now that we have seen how special geometry arises in N = 2 supergravity, let us switch 
to a more geometrical point of view and discuss our main example of a special Kahler 
manifold, which is the moduli space of complex structures of a given Calabi-Yau manifold. 
As we already mentioned, this moduli space and its special Kahler structure will play 
an important role in our calculations in the next chapter. The original description of 
complex structure moduli spaces as globally defined special Kahler manifolds is in a paper 
by A. Strominger [66]. which is a very good and complete introduction to this subject. 

Let us therefore consider a fixed Calabi-Yau three-fold M.Q. with a Hodge diamond as 
in (4.6). This Hodge diamond is fixed by purely topological considerations, and as we 
saw before the possible existence of a Kahler metric is also determined by topological 
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considerations, so if we change the complex structure a bit. our manifold will still be a 
Calabi-Yau manifold. A complex structure is determined in a one-to-one way by defining 
what the three holomorphic directions Zm at each point of the manifold are. and this 
choice in turn is in a one-to-one relation to a choice of holomorphic (3. 0)-forrn at each 
point. Hence, we find the important result that the moduli space C of complex structures 
of a Calabi-Yau manifold M is the subspace ofH3(M) which consists of the forms which 
can serve as a holomorphic three-form. 

Globally, it is very hard to describe this space, but locally this is much easier. Let us 
assume that we are on a certain point x in C. i. e. that a certain holomorphic (3. 0)-form 
ft is given. In what directions can we now slightly change ft? We know that locally, ft can 
be written as dZ1 A dZ2 A dZ3. and changing the complex structure infuiitesimally (say 
with a small parameter e) changes these coordinates to 

Zm - • am
nZ

n + bm
nZn, (4.57) 

where am „ = ö™ + e a"1
 n + 0(e2) and bm

n = e 6m
 n+0{e2). Inserting this in the expression 

for ft. we see that to order e, the change of ft is a (3. 0)-form (so a part proportional to 
ft) plus a (2, l)-form; all other forms only appear with higher powers of e. Now ft is only 
defined up to an overall multiplication constant, so only the (2, l)-forms really change the 
complex structure. A more detailed investigation shows that in fact all of these forms do 
appear as changes in the complex structure, and hence we find the result that the moduli 
space of complex structures of M. is of dimension h2A. 

Let us now define a set of variables on this moduli space. To this end, it is useful to 
have a basis of the homology group H^(A4Q,Z). Note that this group has dimension 
2ft2,1 + 2. It is well-known (and can be proven by putting the simplectic form \ A A B on 
H3(A4e) in the canonical form and using Poincaré duality) that similarly to the; middle 
homology group on Riemann-surfaces, one can always choose a so-called canonical basis 
for this group, i. e. a set of 2h2A + 2 three-cycles A1. Bj (I. J = 0 h2A) such that the 
intersection numbers of these cycles are 

A1 C\AJ = 0 

A1 n Bj = 6', 

B, n Bj = 0. (4.58) 

The intersections in these expressions are the usual deformation invariant intersection 
numbers, counted with an orientation dependent sign, meaning in particular that Af)B = 
— B fl A. Clearly, we can reshuffle these cycles by an Sp{2h2A + 2.Z)-matrix without 
changing the intersection properties: of course this group action will play an important 
role in the interpretation of C as a special Kahler manifold. 

A three-form is completely specified by its integrals over a certain basis of three-cycles, so 
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we can define 2h21 + 2 coordinates for $1 as 

i - i a x 

Q. (4.59) 
B, 

Note that by Poincaré duality, we can also write this in terms of' a dual basis ar.3
J of 

H3(M6) as ' 
0 = xIai+FI;3

I. (4.60) 

Of' course, this is a highly redundant set of coordinates, since we know that 51 lives in a 
h'2- *-dimensional space. In fact, it can be shown (see the paper by B. Craps et al. [24]) that 
one can always choose a canonical basis of three-cycles for which the Fj can be determined 
in terms of the x1. To see how exactly the F] depend on x1. we can make use of the fact 
explained above that the derivative of Q with respect to x1 can be at most a (2. l)-form, 
and hence the wedge product of fl with its derivative is zero. Therefore, we find that 

0 = / O A T T T 

= f (xIaI + FI3
I)A(aI + dIFJ3

J). (4.61) 
• 'M 

To evaluate this integral, we use the Riemann bilinear identity: 

A A * = V ( I A / * - / A / * V (4.62) 

VI j \JA' JB, JB, J A' J 

where A and \& are arbitrary three-forms, which gives us that 

0 = F / - . / - J Ö / F J . (4.63) 

By pulling xJ through the derivative, this leads us to the result that 

F, = \0,{xJFj). (4.64) 

First of all. this shows ns that the Fr(x) can be written as partial derivatives of a prepo-
tential F(x): secondly, from the resulting equation 2F = x'F; for the prepotential we see 
that it is homogeneous of degree two in the x'. This in its turn implies that the scale of 
x1 only influences the scale of CI, so rescaling x1 does not change the complex structure, 
and actually the x1 are homogeneous coordinates on the space of complex structures. 

All of this is of course very suggestive of' special Kahler geometry, so analogous to (4.43) 
it is now natural to define a Kahler potential on the projective space parametrized by x' 
as 

K = lix'J, -x'F,) = , / Q A U. (4.65) 
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which gives the Kahler metric XJJ = 21m FJJ. In fact, this is a very natural metric on 
the tangent space to C. To see this, note that the metric can be written as 

Nu = i / ui Awj, (4.66) 

where we used the notation wi = 80,/dx , and similarly for ZJ[. An element A of the 
tangent space to C can be written as 

A = A / ~ (4.67) 

which can be interpreted as a 3-form itself by writing 

A = AJw/- (4.68) 

This can be interpreted as follows: eA is the three-form which is added to 0 if we flow for 
an infinitesimal time ( in the direction A. Now we see that 

AJ Nu E =i / A AH, (4.69) 

which is indeed a very natural Hermitean metric on the vector space H3,0(Me)®H2,1 (Me)-
As for the signature of this metric: it can be found by noting that the Hodge star oper
ator (see appendix 4.A) has eigenvalue —i on the (3, 0)-form (meaning that *0 = — iQ) 
and eigenvalue +i on the (2. l)-forms. Since by construction ƒ A A *A is positive, this 
implies that Nu has signature (1, h2A). where the ""timelike" direction is precisely the 
fü-direction. 

Note that the Kahler potential (4.65), being the equivalent of the Kahler potential (4.43). 
leads to a Kahler metric on the covering space of projective coordinates on C. To complete 
the ingredients for the general definition, we therefore have to "fix the gauge" by fixing 
the scale of the x1 throughout the chart. As before, we do this by introducing n + 1 
variables z! fixed by a single holomorphic constraint such as z = 1, and embedding these 
into .T7-space by x1 = z'/\/—z • ~z. A short calculation shows that on this gauge slice, the 
induced metric equals 

-^{NU-^X. (4.70) 
Z • Z ( Z • Z ) 

which is again a Kahler metric, where 

K = -\og(-i(-z,F,-zI~FI)) (4.71) 

is the Kahler potential. 

We have now checked all the ingredients necessary to show that the complex structure 
moduli space C is a special Kahler manifold. We found local coordinates z1 and a prepo-
tential F(z), in terms of which the Kahler potential is (4.71), as required, and with Nu of 
the correct signature. To check the second part of the definition, note that on a different 
patch, one may have a different canonical basis (4.58). but two of these bases are related 
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by an Sp(2n + 2,Z)-transformation. and hence the homogeneous coordinates x1. F/ de
fined in (4.59) are related by the same transformation. Of course, the gauge fixings in the 
two slices may also be different, so the inhomogeneous coordinates z1 .F[(z) are related by 
this element of Sp(2n + 2, Z) and a multiplication with a holomorphic factor, as required. 
Finally, from the definitions it is clear that the cocycle condition is satisfied. 

4.A Appendix: On homology and cohomology 

In this appendix, we summarize some results from algebraic topology, and in particular 
from De Rham and Dolbeault cohomology theory. We will not give any proofs, but where 
possible we will indicate how the results can be obtained. For proofs and more details, the 
reader is referred to the following literature. Two popular texts among physicists are the 
books by M. Nakahara [54] and by C. Nash and S. Sen [55]; these are not mathematically 
very rigorous, but do give a good summary and some proofs of results which are useful to 
physicists. The review by B. Greene [40] also gives a lot of physically relevant background 
and focuses in particular on the application to Calabi-Yau manifolds. Finally, there is a 
large number of mathematical textbooks on this subject - references to these can be found 
in the three texts we mentioned. 

Let us begin by recalling the notion of a p-form, which is the mathematical equivalent of 
an antisymmetric tensor field living on a manifold M parametrized (on a certain patch) 
by n real coordinates x'. In form notation, a p-form is written as12 

B = Bil...iv(x)clxil Adxh A-'-Adx*". (4.72) 

Here. dx' is a cotangent vector in the x,J-direction, and the A-product is a totally an-
tisymmetrized tensor product. This antisymmetry ensures that only the antisymmetric 
part of Bli,,,lii{x) enters this formula; the reader who is not familiar with the notation 
can just think of the above expression as a fancy way of writing such an antisymmetric 
tensor field without needing to keep track of the coordinates and indices. We should note 
that the notation in terms of dx' is not a coincidence: we know from general relativity 
that antisymmetric tensors with p indices can be naturally integrated over p-dimensional 
manifolds, and that the result is coordinate-independent. The notation in terms of the 
dx' is now very convenient, since we can simply write /E), B for such an integral. 

An important operation mapping p-forms to (p + l)-forms is the exterior derivative: 

dB = 0D'1;'>' dxj A dx" A • • • A dx'?. (4.73) 
oxJ 

Using this notation, we can for example write the gradient of a function (0-form) ƒ as 
df. and the curl of a vector field v as dr. Because of the antisymmetry properties of the 

1 2To make the formulas more readable and to focus on the structure, we will ignore factors of p! in this 
appendix. 
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wedge product, we have that 

d2 = 0. (4.74) 

This simple formula leeds to the important notion of cohomology. Note that if we want to 
solve the equation dB = 0, a trivial solution is B = dA for some (p- l)-form A. Moreover, 
if B is a solution to this equation, then so is B + dA. Therefore, the really interesting 
solutions are given by the cohomology group 

Hp(M) = ^ . (4.75) 
lm d 

where in the numerator, d is interpreted as a map from p-forms to (p + l)-forms. and in 
the denominator, d is interpreted as a map from (p — l)-forms to p-forms. Clearly. HP(M) 
is a group under addition. An important result is that for ••nice" (smooth, compact, finite 
dimensional, etc.) manifolds, the groups HP(M.) are finite dimensional; their dimensions 
are called the Betti numbers V. Note that for n-dimensional manifolds, because of the 
antisymmetry. HP(M) = 0 for p > n. Another nice property of the cohomology groups 
is that they only depend on the topology of the manifold, so the set of Betti numbers is 
actually a topological invariant which does not depend on the precise metric of M. 

Note that so far. the whole construction only depended on the property that d2 = 0. 
Therefore, for any other operator with this property we can create a similar structure. 
One other operator of this kind is the boundary operator S, which maps submanifolds of 
M to their boundary. Here. SS = 0 means that a submanifold S of M. has no boundary, 
and S = SU means that S is itself the boundary of some submanifold U. The groups 
(4.75) for the ^"-operator are called homology groups, and denoted by Hp{M), where p 
now denotes the dimension of the submanifold. (Note that contrary to d. S decreases this 
dimension.) The elements of HP(M) (or sometimes also their representatives) are called 
p-cycles. Again, the Hp{M) do only exist for 0 < p < n. 

There is an interesting relation between cohomology and homology groups. Note that we 
can construct a map from HP(M) x Hp(M) —> R by 

( [B] . [£])~ ƒ B. (4.76) 

where [B] denotes the cohomology class of a p-form B. and [E] the homology class of a 
p-cycle S. Using Stokes' theorem, it is easily seen that the result does not depend on the 
representatives for either 5 o r E . A very important theorem by De Rham says that this 
map is nondegenerate. This means that if we take some [B] and we know the result of 
(4.76) for all [£]. this uniquely determines \B], and vice versa. In other words, the vector 
space HP(M) is the dual vector space of Hp(M). and in particular the Betti number bp 

is also the dimension of Hp(M). 

Another important operator on p-forms is the Hodge star operator. It is defined as 

*£ = / • l P
j l . . . j n _ p Bii,„iP dxJ1 A • • • A dxj—". (4.77) 
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A little thought shows that this is not just an operator on p-forms. but that it is actually 
well-defined on cohomology classes. Looking at the number of indices, we find that the 
Hodge star maps HP(A4) to H"~P(M). It is easily shown (after including the correct 
factors of p\ in all formulas) that *2 = ( —l ) p ' n _ p ' . As an example which will be crucial 
in the main text, for three-forms in a six-dimensional manifold, we have *2 = —1. 

Since *2 is clearly an isomorphism of HP(M), we find the result that HP(M) is isomorphic 
to Hn~*'(M). This is called Poincaré duality. In particular, we find that the Betti numbers 
bp and b"~p are equal. Also note, however, that this isomorphism is not canonical, in the 
sense that (through the e-tensor) the action of the Hodge star operator depends on a 
choice1 of metric on our manifold M.. 

When n is even, the Hodge star maps the "middle cohomology" Hn'2{M) to itself. In 
the case where *2 = 1 the ^-forms for which *B = B are called self dual, and the ones for 
which *B = —B are called anti-selfdual. One easily shows that any §-form can be written 
in a unique way as the sum of a selfdual and an anti-selfdual part. In the case where 
*2 = — 1 a similar result holds, but the eigenvalues are now ±i. It is a matter of taste 
what one calls ••selfdual" in this case; we choose it to be *B = — iB. (In the literature, 
this is sometimes referred to as "imaginary anti-selfdual".) 

Since the Hodge star maps p-forms to (n — p)-forms, the (antisymmetrized) product of 
these two forms can naturally be integrated over the whole manifold M. In fact, with a 
short calculation it can be shown that 

{B.C) = I BA*C (4.78) 

defines a nondegenerate and (on euclidean manifolds) positive inner product on HP(M). 
The positivity of this inner product will play an important role in our calculations. In 
particular, it follows from this that in six dimensions, the Hodge star has eigenvalue ( — l)p?' 
when acting on a (p. 3 — p)-form - a fact which will be very important in the next chapter. 

Using the Hodge star operator, we can now also define the adjoint operator (with respect 
to the above inner product) of the exterior derivative. It turns out that this adjoint 
operator can be written as 

d* = ( - l ) p " + " + 1 * d * . (4.79) 

Being the adjoint of d. this operator also has the property (d*)- = 0. One can show by 
writing out the expressions that {d + d*)2 = dd* + d*d is precisely the Laplacian A. But 
what is more important: we can now look for solutions of the equations dB = d*B = 0. 
and it turns out that each cohomology class contains exactly one such form B. which by 
the previous remark is a harmonic form: AB = 0. In other words, the cohomology classes 
are in one-to-one correspondence to the harmonic forms. 

So far. we have been discussing real manifolds, and the corresponding cohomology theory 
is called De Rham cohomology. However, there is an interesting generalization of all of 
this to complex manifolds, which is called Dolbeault cohomology. Recall that for complex 
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<i-dimerisional manifolds, we have local coordinates zl and z \ One can now study (p,q)-
forms. which are forms containing p factors of dz' and q factors of dzl. Moreover, one can 
introduce two cohomology operators d and 0. where 0 is defined by differentiating with 
respect to z' and adding a factor of dz'. and 0 is defined by differentiating with respect 
to z' and adding a factor of dz1. Again, both of these operators square to zero. We can 
now construct two cohomologies one for each of these operators - but the information 
contained in them is the same. Conventionally, one uses the cohomology defined by the 
9-operator. Note that now we find cohomology groups Hp>q, which form a refinement of 
the De Rham cohomology in the sense that 

HP(M) = Hp'°{M) © HP~l-\M) © • • • © H°-"(M). (4.80) 

This statement can be easily proven by using that d = 0 + 0. 

The Betti numbers for the Dolbeault cohomology are also called Hodge numbers. They 
are usually displayed by drawing a so-called Hodge diamond, which for example for a 
(complex) three-dimensional manifold takes the form 

/ t 3.3 

h3-2 ti2-3 

h3-1 h 2 ' 2 h1-3 

/i3-0 h2-1 hL2 h0:i (4.81) 
ti2-0 h1'1 h°>2 

ft.1-0 h0A 

h°-° 

Poincaré duality again holds, so the above diagram is point symmetric: bp-Q = bd~p-d~q. 
Moreover, for a Kahler manifold (see section 4.1) one can show that the Laplacian can not 
only be written as dd* + d*d. but also as 2(00* + 0*0) or 2(9d* + 0*0). From this fact, 
and the fact that the 0- and 9-cohomology carry the same information, it follows that 
on a Kahler manifold the Betti numbers bp-q and bq'p are also equal. Hence, the Hodge 
diamond for a Kahler manifold is also symmetric in the vertical axis (and by combining 
the two symmetries in the horizontal one). 

4.B Appendix: The Taub-NUT and ALE geometries 

The Taub-NUT geometry was originally discovered by A. Taub [68] and by E. T. New
man, T. Unti and L. Tamburino [56] as a singularity-free solution to the vacuum Einstein 
equations. The metric for this geometry can be written in many different ways: one way 
which is useful for our purposes is 

ds2 = V(r) Sab dxadxb + - L - (dx + Af. (4.82) 
V(r) ' 

In this expression, xa (a = 1.2.3) parametrize an R3. and A = Aadxa is the gauge field 
for a magnetic monopole in three dimensions. We denoted the radial coordinate in M3 by 
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r. and the function V(r) is given by 

V(r) = (l + ^ V (4.83) 

The parameter m is an arbitrary positive constant, and the factor of 4 is conventional in 
the literature. The charge of the monopole is related to m by the fact that 

(V x A) = IGmn. (4.84) 
s2 

where S2 is an arbitrary sphere surrounding the origin. In the gravitational case, there is 
no a priori reason for m to be quantized, but if we interpret A as the field coming from 
an actual magnetic monopole (as will be the case in our main text), there will of course 
be some quantization condition on rn. Moreover, it can be shown (see the paper [53] by 
C. W. Misner) that the Taub-NUT geometry is singularity-free if the fourth coordinate \ 
is periodic with period 167rm. 

In the main text, we will see that the radius of the ^-direction satisfies the above condition 
if in takes its lowest quantized value. However, for general quantized values of m. the 
radius of \ will be 1/k times the "critical" radius, where k is an integer. We can interpret 
this as an orbifolded version of Taub-NUT space; since these spaces also play an important 
role in what follows, we make a slight generalization and assume that the radius of \ is 
I6irm/k. 

The next step in our discussion is to make a change of variables which we will need 
to identify the r —> 0 limit of our space with an ALE space later on. First of all. we 
want to parametrize the flat R3 in polar coordinates (r. 0. ó) in the usual way. This 
reparametrization has the advantage that the gauge field A can be written in a very 
simple way as 

A = -4m(cos# + l)d<j>. (4.85) 

Inserting this, the Taub-NUT metric becomes 

ds2 = V(r) (dr2 + r2d02 + r2 sin2 9 dó2) + - J— (dX - 4m(cos0 + l)do)2. (4.86) 

Moreover, we would like \ t 0 have1 period 2-n. so we define x = ^jrX- With this definition 
(leaving out the hat to simplify notation) the metric becomes 

ds2 = V(r) (dr2 + r2d62 + r2 sin2 9 dé2) + , „ . . AdX - - ( c o s 0 + l ) # ) . (4.87) 
' kzV(r) v 2 ' 

For small r. V(r) ~ —. and hence the metric simplifies to 

(/,.'-> = *EL (dr2 + r2d62 + r2 sin2 0 do2) + ^ [dX - ^(cosö + l)dof. (4.88) 

To get the first term of this metric in the standard form, we make a final redefinition 

r = — • 4.89 
16m 
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ds2 = dR2 + R2dnf3), (4.91) 

which leads us to the metric 

ds2 = dR2 + -AR2d92 + -R2 sin2 6dó2 + ^{d\ - ^(cose + l)dóf. (4.90) 
4 4 K Z 

This is our final expression for the (orbifolded) Taub-NUT metric at small radius. Our 
next goal will be to show that for k > 1 this metric can be viewed as the metric of an 
ALE-space of type Ak-i-

Thus, we now turn our attention to ALE-spaces. ALE stands for "asymptotically locally 
euclidean:'. As the name says, these are four-dimensional spaces whose metric asymptot
ically (i. e. as some radius R becomes large) approaches the metric of ordinary euclidean 
space: 

j „2 j T>1 i r>2 j r , 
' (3) ' 

where dtt2
3) is the standard metric on the unit three-sphere13. The name also indicates 

that even though the metric may locally look like (4.91). this does not have to be the case 
globally. In other words, the angular variables, which in fiat R4 parametrize an S3, may 
now have different periodicities, and parametrize a different manifold. 

In fact, it is known (see for example the review by P. S. Aspinwall [9] for a discussion in the 
K3 setting) that the only manifolds which can replace the 5 3 are the manifolds 5 3 / r . where 
F is some discrete group acting freely on S3. Since 5 3 is itself a group manifold - the group 
manifold of 5/7(2) - the groups T correspond in a one-to-one manner to discrete subgroups 
of 5(7(2). and this means that the possible global asymptotic geometries of ALE-spaces 
are precisely labeled by these discrete subgroups. There is a so-called ADE-classification 
of these subgroups, dividing them into two infinite series and three exceptional groups. 
In this classification, the groups An correspond to Z n + i subgroups of the diagonal U(l) 
in SU(2): the groups Dn correspond to the dihedral groups extending An, and the three 
exceptional groups labeled E6.E7 and E8 correspond to the symmetry groups of the 
tetrahedron, the cube and the icosahedron . 

In this thesis, we will only be interested in the ALE-spaces corresponding to the An 

series. So. writing n = k — 1. these are spaces which asymptotically look like C2/Zi.. 
where we identify E4 with C2 to make the action of the subgroups of 517(2) manifest. We 
parametrize C2 by two complex coordinates (a. b): the fiat metric of R4 in these coordinates 
is simply 

ds2 =dada + dbdb. (4.92) 

The generator of the Zfc-subgroup of SU(2) acts on these coordinates as 

a \ ( e27Tl'k 0 \ { a 
b ) ~ i o e-2-/* ; i b ( 4 9 3 ) 

l 3 A remark on our notation: dfi/31 is the metric of the unit three-sphere, whereas Q ( 3 ) is the three-form 

which is the volume form on the three-sphere. 
1 4 The reader should not confuse these groups with the (continuous) Lie groups which have the same 

names! 
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Therefore, we see that a convenient way to translate these two complex coordinates into 
one radial coordinate and three angular coordinates is by 

a = jRsin0ei0<°> 

b = Rcosêe^, (4.94) 

where 6 e [0. TT/2] and <P{Q.O) € [0. 2TT}. Note that indeed an + bb = R2. so R is the radial 
coordinate. The generator (4.93) now simply acts simultaneously on the phases 0(a.M. By 
switching to 

0+ = 0(a) + 0(6) 

0 - = 0(a)- (4.95) 

we can even make the generator act on é- only. The reader may have expected to see 
0(a) ~~ 0(6) hi the second line, but the choice above leads to a nicer metric. Moreover, note 
that with the choice we made. <p+ and 0^ still both have periodicity 27r, whereas with 
the symmetric choice, one of the variables would have had a period of 47r. The symmetry 
group now acts as 0_ —> <fi- +2TT jk. As a result, we can easily divide out the Zfc symmetry 
by redefining the domain of 0_ to be [0. 2n/k] and gluing the end points. To express the 
final results in terms of variables which have a nicer interpretation as angular variables, 
we make a final redefinition 

X = kcj>-

o = 0+ 
0 = 20, (4.96) 

so that 6 € [0.7r] and <p. x G [0. 27r]. It is now a straightforward exercise to express (4.92) 
in terms of these coordinates, and we find 

ds2 = (1R2 + \R2d62 + -R2 sin2 0 dó2 + ^r(dX+ A0d&)2. (4.97) 
4 4 kz 

with 

A0 = -h-(cos6 + l). (4.98) 

This is indeed precisely the metric we found in (4.90) for the Taub-NUT space at small R. 
The reader might be confused by the fact that the two metrics are the same for small R. 
whereas the ALE-condition says something about the metric for large R. Note, however, 
that in the above calculation wc only used redefinitions of variables, so the metric (4.97) 
is the exact metric for the space C2/Zfc. Therefore, the orbifolded Taub-NUT approaches 
this space better and better for smaller and smaller R. Moreover, note from (4.89) that 
R scales with \fm. and recall from (4.21) in the main text that we are interested in the 
limit where m —> 0. We see in this limit that the Taub-NUT space decompactifies and 
really becomes C2/Zfc. Of course, from experience with string theory, we know that we 
should not trust classical geometry near singularities, so for very small R (4.97) is probably 
meaningless. However, for large R we can trust the results from classical geometry, and 
hence we conclude that in the decompactification limit, the geometry at large R is that 
of an ALE space of type Ak_i. 
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