
UvA-DARE is a service provided by the library of the University of Amsterdam (https://dare.uva.nl)

UvA-DARE (Digital Academic Repository)

Dual perspectives on extended objects in string theory.

Vonk, M.

Publication date
2003

Link to publication

Citation for published version (APA):
Vonk, M. (2003). Dual perspectives on extended objects in string theory. [Thesis, externally
prepared, Universiteit van Amsterdam].

General rights
It is not permitted to download or to forward/distribute the text or part of it without the consent of the author(s)
and/or copyright holder(s), other than for strictly personal, individual use, unless the work is under an open
content license (like Creative Commons).

Disclaimer/Complaints regulations
If you believe that digital publication of certain material infringes any of your rights or (privacy) interests, please
let the Library know, stating your reasons. In case of a legitimate complaint, the Library will make the material
inaccessible and/or remove it from the website. Please Ask the Library: https://uba.uva.nl/en/contact, or a letter
to: Library of the University of Amsterdam, Secretariat, Singel 425, 1012 WP Amsterdam, The Netherlands. You
will be contacted as soon as possible.

Download date:24 May 2023

https://dare.uva.nl/personal/pure/en/publications/dual-perspectives-on-extended-objects-in-string-theory(c00c7fbc-60d2-40da-8d2c-294d3e163541).html


Chapter 5 

The classical NS five-brane 
part i t ion sum 

Now that we have introduced all of the necessary background, we can start our actual 
study of the NS five-brane partition function. This chapter and the next one are an 
extended version of the paper [32] with R. Dijkgraaf and E. Verlinde. A brief overview of 
this work can also be found in [76]. which is a written version of a talk presented by the 
author at the Cargèse Summer School in 2002. 

Recall that our goal will be to calculate the quantum partition function of the NS five-
brane in type IIA string theory, wrapped on a Calabi-Yau manifold, and in the presence of 
a flat background three-form field, in a limit which will be made precise below. The result 
will be a function of the background three-form field, and of the complex structure of the 
Calabi-Yau manifold. Our goal is to find a quantum result, but before we can study any 
quantum corrections, we have to understand the classical partition sum1 of this system, 
which will be the aim of the present chapter. The quantum corrections to this result will 
then be studied in chapter 6. 

We begin in section 5.1 by studying the worldvolume theory of the type IIA five-brane. 
It turns out that this theory is quite mysterious - for example, in a general situation ii 
involves nonabelian two-form gauge fields. For this reason, we have to take a specific 
low-energy limit in which many of the problems disappear and as a result we will be able 
to calculate the classical partition sum. This limit is defined in section 5.2. where we 
also introduce some other ingredients needed in defining our system. Then, using the 
language of special geometry which was introduced in the previous chapter, we calculate 
the classical partition sum of this system in section 5.3. As we will see, this quantity 

1 Since the classical partition function is evaluated as a sum over solutions to the equations of motion, 
we will use the term partition sum in the classical case, but we denote the quantum corrected quantity 
by the term partition function. 
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is now quite straightforwardly calculated, even though the algebra involved is still quite 
laborious2. However, as we will see in the next chapter, it is much harder to find the 
quantum corrections to this expression from the same point of view. To overcome these 
difficulties, we open our magic box of dualities in chapter 6. and use a T-dual picture to 
derive the quantum contributions. 

This chapter ends with the discussion of two examples in section 5.4. intended to make 
the abstract theory somewhat more concrete and to check our results with existing calcu
lations. Appendix 5.A contains some of the calculations which are needed to obtain the 
results of section 5.3. 

5.1 The five-brane world volume theory 

In section 2.2.2. we argued that in the limit where gs —> 0. the worldvolume theory of the 
five-brane decouples from the string theory in the bulk space-time, and hence we are left 
with some six-dimensional theory describing the internal dynamics of the five-brane itself. 
However, we did not give any details on the exact form of this theory, so this is a question 
we now have to address. It turns out that the answer is quite delicate and surprising; we 
will describe it in some detail in this section. In this section and most of the next, we will 
be working in the lorentzian setting where the five-brane theory has a time-like direction. 
At the end of section 5.2. we will switch to the euclidean case we are really interested in. 

First of all. let us consider the supersymmetries of the five-brane theory. Recall that the 
five-brane background as a solution to the low-energy supergravity equations of motion was 
given in (2.48). As in the case of the compactification on a Calabi-Yau manifold discussed 
in section 4.1.1. we need to find out if there are any supersymmetry transformations 
leaving this background invariant. Again, the crucial transformation to check turns out 
to be the supersymmetry transformation of the gravitini. However, the supersymmetry 
transformation of the gravitino fields is a bit more complicated than in (4.2). since to 
arrive at that result we required that the background NS two-form field had a vanishing 
field strength H. Since the five-brane is a magnetic soliton solution for this field, of course 
we cannot impose this condition in this case. The supersymmetry variation for the two 
gravitini in a nonzero iï-field is 

8^M = D-,f\ 5^l, = D+
Me2. (5.1) 

Here the derivatives DM can be obtained from the ordinary covariant derivatives acting 
on spinor fields by substituting the spin connection u> by w± = UJ ± ^H. 

Note that the five-brane solution breaks the SO(9,1) Lorentz symmetry to 50(5.1) x 
50(4) . where the first group acts in the directions parallel to the brane. and the second 

It should be noted that a similar calculation in the simpler background without three-form fields was 
performed by M. Henningson. B. E. W. Nilsson and P. Salomonson in [46]. 



5.1. THE FTVE-BRANE WORLDVOLUME THEORY 127 

group acts in the perpendicular directions. The spinors e' decompose under this symmetry 
breaking' as 

16+ - * ( 4 + . 2 + ) - ( 4 - . 2 " ) 

16" - • ( 4 + . 2 " ) e ( 4 - . 2 + ) . (5.2) 

where the superscripts denote the chirality of the spinors in the respective dimensions. The 
2+ and 2' of 50(4) can be elegantly viewed after the identification 50(4) = SU(2) x 
5(7(2) as the fundamental representations of the two SU (2)'s. Moreover, it turns out 
that if we write the components of u> in this notation, the UJ+ components with indices 
corresponding to the second SU(2) (related to the 2~) vanish, and similarly the UJ~ 
components with indices corresponding to the first SU(2) vanish. If we have an ordinary 
constant spinor of 50(5.1) x 50(4) which has negative chirality under 50(4). this is 
therefore automatically a covariantly constant spinor for D\r Similarly, a constant spinor 
with positive chirality under 50(4) is a covariantly constant spinor for D^r This gives 
us a straightforward way to construct covariantly constant spinors. 

In type IIB theory, ipl
AI and ^ | / both have positive chirality. From (5.2) and (5.1) we now 

see that Srj\j = 0 if we take e1 to be a spinor of type (4+ . 2+) and that S4!\i = 0 if we 
take e2 to be a spinor of type (4~. 2~). Hence from the worldvolume (i. e. S0(5,l)) point 
of view, these spinors have opposite chirality. Vice versa, in type IIA theory, where the 
gravitini have opposite chirality, we find that we need to take e1 and e2 of types (4+ , 2+) 
and (4+ .2~) respectively, so the resulting worldvolume spinors have the same chirality. 
We thus find the surprising result that the chiral IIB string theory has a five-brane with a 
nonchiral N = (1.1) worldvolume supersymmetry. whereas the nonchiral IIA theory has 
a five-brane with a chiral N = (2. 0) worldvolume supersymmetry3. 

Now that we have figured out the supersymmetries of the five-brane solutions, our next 
question is of course: what are the degrees of freedom living on the worldvolumes? First 
of all. since we will take the limit gs —> 0. the five-brane is infinitely massive, and hence we 
expect it to decouple from gravity. In other words, we only expect to find matter multiplets 
of the respective supersymmetry algebras living on the flve-branes. As we already have 
seen in the case of four-dimensional supergravity. the number of different possible matter 
multiplets is usually very small because of the constraints of supersymmetry. and in the six-
dimensional case the situation is even simpler: for both the N = (1.1) and the N = (2.0) 
algebra, there exists only a single type of matter multiplet. For the N = (1,1) algebra the 
on-shell multiplet consists of four real scalar fields, two Weyl spinors and a gauge field: for 
the N = (2,0) algebra it consists of five real scalars. two Weyl spinors and a two-form field 
with a selfdual field strength. These multiplets were constructed by P. Howe. G. Sierra 
and P. Townsend in [47]. 

So at least in a low-energy description of the five-brane worldvolume theory, we would 
expect to find a field theory including a number of the above matter multiplets. Actually, 
it is not very hard to see where the fields in these multiplets come from. Let us begin by 

3Note that to complete this argument, one would still have to show that the trivially covariantly 
constant spinors are really the only ones; we will not prove this here. 
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considering a stack of k parallel XS five-branes in type IIB string theory. As was shown by 
A. Strominger in [65], D-strings can end on these NS5-branes. Actually, this should not 
be very surprising, since this statement is simply S-dual to the fact that ordinary strings 
can end on D5-branes. Now just as we explained in the case of D-branes in section 2.2.1. 
for the strings ending on a single five-brane the zero modes in the direction of the brane 
give rise to an effective gauge held, whereas the zero-modes perpendicular to it give rise 
to four effective scalar fields, whose vevs can be interpreted as the position of the brane. 
For k five-branes on top of each other, these fields obtain two extra indices i, j — 1 k 
referring to the two branes on which the strings end. The gauge field becomes a U(k) 
gauge field and the eigenvalues of the scalar matrices become the position of the stack of 
branes. Of course, the fermions required by supersymmetry are also present, and this leads 
to the result that the low-energy effective theory of k type IIB five-branes is described by 
a U(k) gauge theory with k2 vector multiplets. 

Now. let us study the case of our interest, which is a stack of k five-branes in type IIA 
string theory. Here, we have no D-strings which can end on the brane. which is consistent 
with the fact that the N = (2, 0) algebra does not have any vector multiplets. However, we 
do have D2-branes stretching between the five-branes. as was also shown in the paper by 
A. Strominger [65]. These D2-branes end in string-like objects, and hence we may expect 
something similar to a U(k) gauge theory, but now with closed strings as the fundamental 
charged objects instead of point particles. From our experience with string theory we 
know that the gauge field which couples to one-dimensional object is a two-form gauge 
field - which is exactly what the N = (2, 0) matter multiplet offers us! Moreover, four 
of the five scalars in the multiplet can be interpreted as the position of the five-brane. 
The origin of the fifth scalar may seem mysterious, but it becomes clear when we recall 
that type IIA string theory is really M-theory compactified on a circle; this fifth scalar 
is simply the position of the five-brane on this M-theory circle. So we obtain the result 
that the low-energy effective theory of k type IIA five-branes is described by a U(k) gauge 
theory with k2 selfdual tensor multiplets. This theory, also called the (2.0) theory for 
short, is quite mysterious: first of all. it is a gauge theory of selfdual tensor fields, which 
leads to the same problems as for type IIB supergravity theory in writing down an action; 
secondly, because of the selfduality the coupling constant has a fixed value of order unity, 
which makes it impossible to define a weak coupling limit of the theory, and finally, the 
theory is a nonabelian two-form gauge theory, for which it is not at all clear how we should 
define it. For example, it is not even clear how one can write a field strength for such 
a nonabelian two-form gauge field, since in the naive expression F = dA + [A, A] the 
first term is a three-form, but the second term is a four-form! (One should compare this 
to ordinary gauge theories, where both terms are two-forms.) So even though the field 
content of this theory is clear, it is far from clear how we should proceed in defining the 
theory. 

The above ways of finding the field content of the effective theories are somewhat heuristic, 
but the field contents can also be derived in a completely rigorous way by studying the zero 
modes of the solitonic backgrounds (2.48). This was done by C. G. Callan Jr.. J. A. Harvey 
and A. Strominger in [20]. and the results are exactly as we described above. 
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Some of the mystery surrounding the IIA five-brane effective theory may be resolved by 
noting that we only discussed the low-energy effective theory, which we expect to be a field 
theory of some sort, but that by the arguments above the most natural way to describe it 
may not be as a field theory, but as a string theory. In fact, whereas the IIB five-brane has 
point particles living on it in the form of the D-string endpoints. the IIA five-brane does 
not have this property, but as we saw it does contain string-like objects in the form of 
the boundaries of the D2-branes ending on it. The proposal to describe the worldvolume 
theory as a string theory was done by R. Dijkgraaf. E. Verlinde and H. Verlinde in [30. 31] 
and from a slightly different point of view by M. Berkooz. M. Rozali and N. Seiberg in 
[10. 63]. In fact, it was proposed that both the IIA and IIB five-branes should be described 
by a string theory, since these theories can be related to one another by a simple T-duality 
along one of the five-brane directions. The relations between these two theories were 
worked out in more detail in a paper by A. Losev. G. Moore and S. L. Shatashvili [50]. 
where these theories were given the name "little string theories". 

The answer to the question we addressed in the beginning of this section can now be 
phrased in three words: the worldvolume theory of a stack of IIA five-branes is described 
by a little string theory. However, these three words cover a lot of mystery: this little 
string theory should be a theory of selfdual strings, which does exhibit T-duality but 
which does not include gravity in its spectrum, and which in a low-energy limit should 
be described by a strongly coupled U{k) gauge theory of selfdual two-form fields. It is 
needless to say that for quite a few of these points, a rigorous mathematical description is 
lacking. So how can we ever start to calculate a partition function for such a mysterious 
theory? The answer is that we will need to find some limit in which most of the mystery 
disappears, and this will be the goal of the next section. 

5.2 Description of the system 

There are two difficulties of the little string theory which we would like to get rid of. The 
first of these is the "stringy" side of the theory: we would like to work with a field theory 
instead of a string theory. As usual in string theory, one achieves this by looking at a large 
distance or low energy scale, so that the string length is a comparatively small number 
or equivalently the string mass is large. However, what exactly is the string mass in little 
string theory? Note that there are two answers to this question. First of all. there are 
the strings (in the IIA description of little string theory) which are formed by D2-branes 
stretching between different NS five-branes. If the D2-branes are a generic distance Ax 
apart, the resulting strings have a mass density proportional to 

mw = — - . (5.3) 

where we used the fact the D2-brane tension is proportional to 1 /gs. and we inserted a 
factor of \/ls to make the resulting quantity dimensionless. In other words: the above 
mass is the mass in units of the fundamental string mass. 
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Secondly, there are the strings which start and end on the same five-brane. These strings 
are not forced to stretch over a distance Ax. and hence their mass density will be propor
tional to 

mF = — (5.4) 
9s 

when measured in units of the string mass. So to get rid of the "stringy" behavior of 
little string theory and end up with a field theory, we should make sure that all length 
scales in the theory (and in particular the size of the Calabi-Yau we will compactify on) 
are large compared to the inverses of these masses, and that all our energy scales are far 
below these mass scales. As a result, only the (massless) zero modes of the strings will 
contribute to the theory, and we will be left with an effective point particle theory. Note 
that the above requirements match nicely with the fact that we want to take small ga so 
that the five-brane theory decouples from the bulk theory. 

Thus, we end up with the (2.0) theory as an effective theory, but for reasons which were 
made clear in the previous section, we would like to get rid of the fact that this theory 
is nonabelian as well. However, this is now not very hard to achieve if we note that the 
off-diagonal components of all the worldvohune fields <3>u arise from the stretching branes, 
whereas the diagonal components arise from the branes starting and ending on a single 
five-brane. Therefore, the off-diagonal fields have masses of the order (5.3). whereas the 
diagonal fields have masses of the order (5.4). In other words, if we take the ratio Ax/ls 

to be large, all the off-diagonal fields will decouple, and we are left with a [7(1 )fc two-
form gauge theory as we desired. Note that the off-diagonal fields can be interpreted as 
"W-bosons". which is why we used the subscript W for their masses. (The F stands for 
"fundamental"). In this terminology, we are on the Coulomb branch of our U(k) theory. 

So, to summarize, the limit we will be interested in is the limit of a small coupling constant 
gs and the limit where both A.;- and /.,. are small compared to other length scales and 
(inverse) energies, and Ax is considerably larger than ls. In this limit we are left with 
a theory of k tensor multiplets and a U(l)k symmetry. (A similar limit in the IIB case 
appears in two papers by A. Giveon and D. Kutasov [36, 37].) 

Now let us consider which fields in these multiplets contribute to the classical partition 
sum. We will only be considering bosonic fields, using the general philosophy that the 
contributions of the fermionic fields can be restored by using supersymmetry. Note that 
since we took gs to be very small, the five-brane will be very heavy, and hence its shape 
and position in space will be completely fixed. In other words: the scalar fields X^ 
corresponding to this position will be "frozen" to a fixed value, and will not contribute to 
the partition sum. The fifth scalar field Y, corresponding to the position on the M-theory 
circle, can similarly only fluctuate at an enormous cost of energy, but since this scalar lives 
on a very small circle with a radius proportional to gH. one may wonder if it cannot have 
winding numbers which will contribute to our final result. The answer is that for a general 
setup this would be possible, but we will be wrapping our five-branes on a Calabi-Yau 
manifold, and as can be seen from the Hodge diamond 4.6 these manifolds do not have 
any nontrivial 1-cycles. and hence no winding numbers of Y can appear. So. we are left 
with only the k selfdual two-forms B which can contribute to the classical partition sum. 
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This is a good point to switch from our lorentzian discussion to the euclidean case. The 
theory on a euclidean five-brane will be some Wick-rotated version of the theory on the 
ordinary, lorentzian five-brane. As we mentioned before, in the presence of fermions this 
is a dange?'ons procedure, but here we are only considering bosonic fields, and hence we 
expect to find again a theory of k two-form fields. We have to be a bit careful about the 
selfduality though: whereas in the lorentzian case *2 = 1. in the euclidean case *2 = —1. 
and hence it has eigenvalues ±i. Which of these we call the "selfdual" eigenvalue is a 
matter of convention; we will choose it to be —i. In part of the literature, this is denoted 
as '"imaginary anti-selfdual". 

As is well-known, an action for a selfdual field is very hard to write down, so in te next 
section we will begin by ignoring the selfduality constraint, and only impose it later on. 
Without the selfduality. the action which we are interested in would therefore simply read 

S= — I -H A*H, (5.5) 
4TT ./.Y

 2 

where H = dB is the field strength of B and the normalization is the one appropriate 
to selfdual fields4. However, we want to be slightly more general than this: so far. we 
have set all background fields that were not in (2.48) to zero, and since almost all of the 
fields completely decouple from the five-brane action this is the most sensible thing to 
do. However, note that the little strings actually arise from D2-branes, and that these 
D2-branes are charged under the space-time three-form field C. Therefore, if a nontrivial 
background C-field is turned on it will appear in the five-brane worldvolume theory. We 
will now argue that the natural way to couple the theory to this background is by replacing 
H —> (H - C). where the normalization of C is chosen to get the relative coefficient of 
— 1. The reason for this is as follows: note that the D2-brane from which the little strings 
arise couples to the C'-field as 

/ C. (5.6) 
•I D2 

Similarly, the little strings themselves couple to the selfdual tensor field B as 

B. (5.7) 

Since the field B only exists locally and should really be described in terms of its field 
strength H = dB, it is natural to extend the iJ-field to the region of space-time in which 
the D2-brane is embedded (note that the transverse space is topologically trivial, so this 
will not lead to any problems), and write the last expression using Stokes" theorem as 

B= I H. (5.8) 
{l.s.} J 1)2 

4 The fact that selfdual field strength actions must have a fixed normalization can be seen by introducing 
a Lagrange multiplier for the Bianchi identities, and integrating out the original field. The resulting action 
has the original Bianchi identities as its field equations and vice versa. Since for selfdual field the Bianchi 
identities and the field equations are the same, the resulting action should equal the original one, and this 
gives the constraint on the normalization. See the paper by E. Verlinde [73] for further details. 
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where {Is.} denotes the union of all little strings which arise as the boundary of a single 
D2-brane. We therefore see that the coupling of C to the little strings is (up to an 
absorbable normalization constant) exactly the same as the coupling of H. and hence it 
makes sense to do the substitution H —> (H — C) in our Lagrangean. Again, the above 
argument can be made precise by studying the zero modes of the background five-brane 
solution, and showing that the -ff-field arises exactly from the zero-modes of the C-field. 

Of course, for this procedure to be meaningful, we want the background C-field to be a 
solution to the equations of motion. We will only consider the simplest of such solutions: 
the case where dC = 0. Note that this may seem to be a trivial solution since the corre
sponding field strength vanishes, but this is only so in empty space: as we argued above, 
it is precisely when the C-field couples to D2-branes that •"boundary terms" also become 
important. Also note that a transformation C —> C + dA is only a gauge transformation 
if it is accompanied by a transformation B —» D + A. We will fix this gauge by requiring 
that d * C = 0 as well. 

Our resulting action is now 

5 ' = ^ ƒ \ ( H - C ) A * ( H - C ) . (5.9) 

but we want to make one more modification to this action, in view of the fact that it is not 
really this general iJ-field we are interested in, but only the selfdual part of H. Therefore, 
it makes sense to remove the coupling of the C-field to the anti-selfdual part of the action. 
In the above action, the linear terms in C are 

--(CA*H + HA*C), (5.10) 

and by using *2 = — 1 and changing the order in the second term, we see that these 
terms are in fact equal. Recall that we defined the selfduality condition to be *H = — iH. 
Therefore, we must add an extra term iC A H to the action to make C couple to this 
selfdual part only. Our final form of the action is 

S= -L / \{H -C)A*{H -C)-iH AC. (5.11) 

It is this action for which after taking into consideration the selfduality constraint - we 
will calculate the partition sum in the next section. 

5.3 The classical partition sum 

In this section, we present the actual calculation of the classical five-brane partition sum. 
We begin by ignoring the selfduality constraint altogether, and simply calculate the par
tition sum of (5.11) on a Calabi-Yau manifold MQ. TO this end. in section 5.3.1 we first 
rewrite the classical action (i. e. the action corresponding to solutions to the equations of 
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motion) in terms of a set of integers representing the fluxes. The partition sum is now 
simply written as a sum over these integers. In section 5.3.2. we then find a different 
expression for the result by using a Poisson resummation. The reason for doing this re-
summation will become clear in section 5.3.3, where we explain that the sdfdual partition 
function is now simply one of the terms in this sum. In principle, this gives us our final 
result, but it has to be noted that the Poisson resummation in section 5.3.2 is a very 
laborious exercise, so in section 5.3.4 we present an easier though slightly less rigorous 
derivation of the same result. 

5.3.1 The classical instanton action 

The classical partition sum is defined to be the sum over classical solutions to the equation 
of motion of e~Scl. The equation of motion following from (5.11) is 

d{*H - *C - iC) = 0. (5.12) 

Since we chose C to be harmonic (i. e. dC = d*C = 0), ŵe find that d*H = 0. Moreover, 
by definition dH = 0, so the classical solutions to the action are precisely the harmonic 
three-forms H. It is a well-known fact (see appendix 4.A) that there is precisely one such 
form in every cohomology class, so our solutions are parametrized by H'^MQ). By De 
Rham's theorem, each cohomology class X is uniquely determined by its set of fluxes 
ƒ X through a basis of three-cycles 7. This parametrizes H:i(M6) as a continuous vector 
space, but because of the Dirac quantization condition (see appendix 3.B for the analogous 
calculation for two-form field strengths) the only physical field configurations will be the 
ones whose fluxes through three-cycles are of the form 27m with n an integer. In other 
words, the solutions to the equations of motion are the harmonic forms in the cohomology 
classes in H3(M6,Z). 

Now. we apply our machinery of Calabi-Yau geometry and special geometry. The Calabi-
Yau manifold has b3 = 2h2,i + 2 = 2g three-cycles through which the field strength H 
may have nonzero fluxes. As in (4.58). we choose a basis of canonical homology 3-cycles 
A1 .Di (1 = 0 9 - 1) in H:i(X. Z). and denote the corresponding fluxes of H by 

/ H = 2imI, I H = 2nmI. (5.13) 
J A' JB, 

Similarly the periods of the background C-field will be denoted by 

/ 0 = 271x1. I C = 2TTX2J. (5.14) 
JA' -IB, 

Note that we will treat C as a classical background, so we will not assume that the x[. x2.j 
are integers. Moreover, we can absorb the •'integer part" of these variables into H. so we 
can assume the x\ to be angular variables living on a circle M/Z. 

Note that we have not yet specified a complex structure on Me- but that we do need 
such a structure to be able to define the Hodge star operator which appears in the action. 
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Therefore, as in section 4.4.1. we introduce coordinates z' and a prepotential F{z) on the 
moduli space C of complex structures on M%: 

f tt = z1, I n = F, = djF(z). (5.15) 

where Q is the (3.0)-form on Me- Recall that in terms of a canonical basis Q/.d7 of 
H3(M6.Z) dual to A'.B,. we can write Q = z1 ai + Fjd1. As we explained in section 
4.4.1. the derivatives u)j = djQ, are linearly independent, and span H3<° ©iï2 '1 . Together, 
the forms wj and their complex conjugates üjj form a basis of H3(M6)- The periods of 
the tui are 

i LO.-I = 6'j. / UJJ = TU. (5.16) 
JA' JB, 

where we introduced the period matrix TU = FJJ. 

The field strength H can now be expanded in this basis as 

H = 2-ïïhIüJi + 2TTTIIUJI. (5.17) 

and by calculating the fluxes of this field strength we find that we can express the coeffi
cients h1 in terms of the flux quantum numbers as 

h' = -l-{mj - TjKnK){lmT-l)IJ. (5.18) 

For h . the complex conjugate equation holds. Similarly we can write 

C = 2TTX,LJI + 2TÏX'ÜJI. (5.19) 

with 

x1 = ~{xi,J - ÖA-af ) ( I m r - 1 ) / J , (5.20) 

where again, following from the fact that the periods Xi,x2 are real, x1 is the complex 
conjugate of x1. 

To evaluate the classical action we make use of the fact (see appendix 4.A) that on a 
Calabi-Yau manifold the action of the Hodge star on three-forms is uniquely determined 
by the complex structure: it acts as ( — l)pi on (p, 3 -p)-forms. Keeping this in mind, the 
evaluation of the action is now straightforward. Inserting (5.17) and (5.19) into (5.11). we 
find 

Sm,„(z; z) = 2TT L% + xJxj - 2x1h, ^ - x 1 ) ^ -*J)*A ( 5 2 1 ) 

where h1 depends on the integers m/ and n1 through its definition (5.18). and we used the 
notation of section 4.4.1 where lm r is interpreted as a metric. (Note that for convenience, 
we left out a factor of 2 in this definition of the metric as compared to section 4.4.1.) The 
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last term in Smn is a projection term which arises because of the fact that the Hodge 
star acts with a relative minus sign on the (3. 0)-part. Despite its appearance, this term 
is positive definite since \z\2 < 0. This point will be important when we introduce the 
auxiliary variable t in section 5.3.4. Note that to write down the last term, wc really need 
our manifold to be a strict Calabi-Yau (i.e. it must have full SU(3) holonomy) to make 
sure that there are no other three-forms which have a relative minus sign under the Hodge 
star. In our examples in section 5.4. we will see how to deal with slightly more general 
cases. 

5.3.2 Poisson resummation of the instanton sum 

The classical partition function for the full (i. e. not selfdual) tensor held H is given by a 
sum over all fluxes weighted by e m " : 

Z{x:z) = ^2e-S"'^x'z). (5.22) 
m.n 

However, as we already stressed several times, we are interested in evaluating the partition 
sum for the selfdual tensor field. As we will explain in the next subsection, to this end it 
is convenient to perform a Poisson resummation of our result with respect to the integers 
nij. Recall that the Poisson resummation formula says that 

E ^m') = E /V), (5-23) 
m,eT p'er* 

where T is some lattice, and T* is the dual lattice consisting of vectors p such that 
mjp1 G Z for all mj 6 F. The function ƒ is the Fourier transform of ƒ. The proof of this 
formula is not very difficult and can be found in any textbook on functional analysis; see 
the book by D. H. Griffel [42] for example. Applying the formula to our partition sum, 
we find 

Z(x:z) = Ee _^'" ( x ; 2 )- (5-24) 
p,n 

where exp( — Sp.„) is the Fourier transform of e x p ( - 5 m n ) with respect to the variable m. 

To perform this Fourier transformation we need to invert the quadratic form involving mj 
that appears in the action (5.21). We can read off this form by pulling ir = G and X' = ü 
for a moment. This gives the quadratic term 

\rni { ( I m r - 1 ) " - 2 ^ - J mj. (5.25) 

To invert the matrix in brackets (or rather its symmetric part, which is what we need to 
do the gaussian integral), we use the identity 

( I m r - 1 ) " - zIlJ+~z'zJ
 = - ( In rAA- 1 ) " . (5.26) 
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with 
Nu = TU + 2iZ-^f. (5.27) 

This identity is easily checked by multiplying both sides with lm J\f. Note that in contrast 
with the holomorphic period matrix TU. the noriholomorphic matrix Afu does have a 
positive definite imaginary part. The reader should not be surprised by the appearance 
of Mi J : note that it is precisely the expression (4.49) appearing in special geometry. (The 
factor of 2 in the second term arises because we rescaled the homogeneous metric NJJ.) 
The fact that our results can be expressed in terms of expressions such as M means that 
the partition function is a well-defined function (or rather a section of a bundle) on the 
special Kahler manifold C. The fact that the result appears in inhomogeneous coordinates 
follows from the fact that we explicitly projected out the O-direction in our action. 

The Poisson resummation is now a tedious but nevertheless straightforward calculation. 
We will not do the explicit calculation here, since it amounts to several pages of basic but 
not very enlightening algebra, and since we will derive the same result in a more elegant 
(though slightly less rigorous) way in section 5.3.4. Anyway, after having performed the 
calculation, we find 

Z = (detlm A01/2 Yl ?~SpL-PR- (5-28) 
PL ,PR 

where 

SpL ,PR = -WJVUPL - 27T(2'PL - x - x)!x+ + iirp^Nupi. (5-29) 
In this expression we used the notation 

xj = (Im T),JT] - Z^-(x + x)J, (5.30) 
z 

and the sum is over the lattice 

i l i i 

PL = 2 +P 

PR = \n'-p'- (5-31) 

where n1 and p1 are the integers that appear in the sum (5.24). 

5.3.3 The sum over spin structures and the selfdual result 

How do we reduce our result to a partition sum for the selfdual three-form field strength? 
This question was answered by E. Witten in [80]. We will give a brief discussion of the 
results in this paper, but we do not have the space (nor do we have a complete enough 
understanding5) to work out all the details. 

° Contrary to what was explained in the introduction, the "we" here refers exclusively to the present 
author. 
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The naive (but incorrect) answer to this question is that one should take the holomorphic 
root of the unconstrained part i t ion function to find the parti t ion function of the selfdual 
field. By "holomorphic root" we mean tha t when the parti t ion function is expressed as a 
function of the complex structure moduli z'. it is expected to take the form 

Z(z,z)=e(z)Q(z), (5.32) 

and 6 ( z ) is then the part i t ion function of the selfdual field. Let us explain why this is 
a natural thing to expect. The argument below is based on the argument in a paper by 
M. Henningson. B. E. W. Nilsson and P. Salomonson [46]. For simplicity, we will assume 
for the moment that C = 0. 

Let us begin by noting that of course every three-form can be split up into a selfdual and 
an anti-selfdual part . Since our action is quadratic, the field equations are linear, and so 
these field equations split up into a selfdual and an anti-selfdual part as well. Therefore, it 
seems that the selfdual and the anti-selfdual parts of the unconstrained theory completely 
decouple and we can factor 

Z(z,z) = Z+(z.z)Z-{z.z). (5.33) 

where Z+ is a path integral over selfdual field strengths, and Z~ is a pa th integral over anti-
selfdual field strengths. Next, we want to argue that Z+ actually depends holomorphically 
on z. The reason is as follows: note that (5.16) gives the periods of a set of three-forms 
uij which form a basis for H30 © H21. The complex conjugate three-forms 07/ form a 
basis for the complement H • © Hoi. By a linear transformation acting on the index I. 
we may choose a new basis such that u,'o = fi and all other o»j do not depend on Q. This 
will of course lead to a different period matr ix TJJ. but it will still be holomorphic in the 
z1. Next, we have seen tha t the scale of Q1 is not a coordinate on the moduli space, so 
as we have done before we can choose a holomorphic "gauge slice" parametrized by new 
coordinates .y' such that the periods of Q do not depend on y'. Again, this leads to a new 
period matrix TJJ(IJ). but note tha t also this matrix is still holomorphic. 

Now, we can form a new set of three-forms by grouping together the u>i for i > 0 with ZUo; 
we will call this basis {ipi}- The ipi form a basis for H21 © if0-3, and since the periods 
of Q and fi are constants, this still leads to a period matrix which is holomorphic in the 
complex structure moduli space coordinates yl. Wha t we have reached by this is tha t the 
space spanned by the tpj is exactly the space of selfdual forms, and similarly tpj span the 
anti-selfdual forms. AJoreover. the ^eriod matrix for this ba,sis. which we will call Tr • ^o 
avoid confusion, is a holomorphic function on the moduli space. 

Now we can repeat our calculations leading to (5.18) and (5.21). but as a result of our 
new choice of basis, the projection term in (5.21) will be absent. Therefore, written 
schematically, we will find tha t 

Sm.n ~ (m - Tn) (T - Ty1 {m - Tn). (5.34) 

If we do an infinitesimal anti-holomorphic change of coordinates. 1] —> Tj + öTj. where y 
remains unchanged. T will change to T + ST and T will remain unchanged. Inserting this. 
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we find that 
5yS ~ {m - Tn) (T - T ) " 1 6T (T - Ty1 (m - Tn). (5.35) 

However, (m — Tn) are precisely the coefficients of the anti-selfdual part of H. so for a 
selfdual field strength this variation vanishes. 5yS = 0. Finally, by differentiating inside 
the path integral, we find that 

6yZ = ~{6yS). (5.36) 

and since the right hand side vanishes for a selfdual field strength, we indeed find that Z + 

must be holomorphic in the coordinates on the moduli space. 

Of course, the argument above has some loopholes. The weakest point in the argument 
seems to be the fact that the partition sum factorizes. In fact, in the lower-dimensional 
case of the chiral boson on a Riemann surface, which was calculated in detail by L. Alvarez-
Gaumé. J.-B. Bost. G. Moore. P. Nelson and C. Vafa in [5]. a completely similar argument 
can be given, but it is known that the real partition sum can not be written as (5.33). 
Rather, it is a sum 

Z = J2Q«(z)®a{z), (5.37) 
a 

where a labels the different spin structures (i. e. choices of signs when going around 
nontrivial loops) on the Riemann surface. In his paper [80]. Witten argues that also in 
the five-brane case (and in fact for a general (2fc + l)-form living on a (4fc + 2)-dimensional 
manifold) the natural answer for the partition sum is of the form (5.37) rather than (5.33). 
The index a now labels a kind of generalized spin structure, i. e. the choices of assigning 
signs to (2A" + l)-cycles in a way consistent with homology. We will see that indeed our 
result will have the structure of (5.37). Note that the "holomorphy-part" of the argument 
above still seems to hold, so once one picks such a generalized spin structure a. the natural 
candidate for the partition sum is Qa(z). 

We will not give the full details of Witten's argument, but it may be briefly outlined as 
follows. Once we include the background field C into our considerations, the partition 
sum will also depend on its coordinates x1. Note that because of the linear term in the 
action (5.11). the partition sum is no longer invariant6 under the gauge transformation 
C —> C + dA, B —> B + A. However, we have seen that the x are coordinates on 
a torus, so if we go around one of the nontrivial loops of this torus the unconstrained 
partition sum should come back to itself. In a more mathematical language, the partition 
sum of the unconstrained three-form field is a section of a line bundle K over the space 
H3(M., M)/H3(M. Z) in which the x1 live. By an analogous argument to the holomorphy 
argument above, the partition sum of the selfdual three-form should now live in a line 
bundle C which is the "square root" of this bundle in the; sense that 

K, = £®£. (5.38) 

Now Witten shows that the bundle /C is trivial. It therefore seems natural to take C to 
be a trivial bundle as well, but it turns out that this is inconsistent with the curvature 

6 This may seem to be in conflict with the gauge invariance of the underlying M-theory, but as Witten 
shows this breakdown of gauge invariance on the worldvolume is precisely what is needed to cancel a 
(5-function contribution of the C A dC A dC term under such a gauge transformation. 
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that this bundle needs to have to satisfy the correct transformation rules under the gauge 
transformations of C. Therefore, around some of the cycles of the torus, the selfdual 
partition sum must pick up minus signs, and the allowed choices for this turn out to be 
precisely labeled by the possible generalized spin structures a on the Calabi-Yau manifold 
M. Moreover, once the bundle £a is fixed, the partition sum 6 „ is also completely 
fixed up to a scale factor by the requirement that it is a holomorphic section (in a sense 
made precise by Witten) of this bundle. Since for the unconstrained three-form field, the 
partition sum does not depend on the generalized spin structure, we indeed find that the 
partition sum of the five-brane is of the form (5.37). where the 6 Q now also depend on x. 

Now. let us show that the partition sum we have found is indeed of this form. We can 
do this by observing that the (PL,PR) lattice in (5.31) is a subset of the lattice of •'half-
integers'" (i.e. integer multiples of | ) satisfying the conditions 

PL+PR = ", 

PL-PR = 2p (5.39) 

for p. n arbitrary integers7. From the first equation we see that PL and PR are either both 
integer or both of the form "integer + | " . so we can replace the lattice sum by a sum over 
k.l.a where 

pL = k + a 

PR = l + a, (5.40) 

with k. I integers, k—l even and a e {0. \}. The condition that k—l is even can be satisfied 
by inserting a sum over 3 e { 0 . | } and a factor ( - l ) 2 ^ ' - ' ) in the partition function. Now 
we have a sum over arbitrary integers k.m. so we can factorize the partition function: 

Z = ( d e t I m A 0 1 / 2 Y. ©<*,/»(*; «)ea,/j(0;z), (5.41) 
a '„3/G{0.i} 

with 

ea.3(.r:z)= J2 ^^i{-\pI^iJPJ + 0lPI-i^P-x-x)Ixt\. (5.42) 

Since Im J\f is negative definite this theta sum converges. The sum over a.0 is the sum 
over spin structures we wanted to obtain, and we can now identify the classical partition 
sum of the selfdual tensor theory with one of the theta functions. That is. the classical 
contribution to the five-brane partition function is 

Zr] = eaJt(x;z). (5.43) 

A few remarks are in place here. First of all. note that the factors in (5.41) are not complex 
conjugates of one another, since one depends on x and the other one does not. The reason 
for this is that we started out by coupling the C-field only to the selfdual part of H. so it 

7For notational convenience, we leave out the indices I here. 
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is expected to appear only in the factors corresponding to the selfdnal part of H. When 
we set x1 = 0. the partition function is indeed of the expected form (5.37). Moreover, 
note that x appears in the 0(z)-part instead of the 0(z)-part. Of course, this is a choice; 
by changing the sign in the linear term in the action (5.11) the x-dependence would have 
been in the other factor. Since we are working in euclidean space, the eigenvalues of the 
Hodge star operator are ±i. and hence there is no natural choice of what we call selfdnal. 
In view of the above discussion it may have seemed more natural if we had made the 
opposite choice, but the reason for making this one is that we end up with an expression 
in terms of J\f. which fits in nicely with the existing literature on N = 2 supergravity, as 
we will see in the next chapter. 

As a final remark, note that our result is not holomorphic in z . Again, this seems to 
contradict everything we have said so far. However, there are two good reasons for this. 
First of all. we have seen that the coordinates z1 are redundant: they are n +1 coordinates 
labeling an «-dimensional space. As in the case of our N = 2 supergravity discussion. 
the overall length of the coordinate vector z1 is unphysical. and hence the result should 
not depend on this coordinate, and it will contain projection operators, as can be seen 
explicitly in the form of M and x+. However, these projection operators depend on z 
and ~z, thus spoiling the holomorphy of the resulting expressions. Once we express the 
results in terms of a set of n inhomogeneous holomorphic coordinates y'. we expect these 
dependences to disappear. However, even in terms of a nonredundant set of coordinates, 
the last term in (5.42) does not seem to be very holomorphic in either x or y. There is in 
fact a good reason for this, which has to do with the fact that even the holomorphy-part 
of the argument we presented at the beginning of this subsection is not completely sound. 
Note that for example, we pulled a differentiation through a path integral, and this is a 
procedure which in general can lead to anomalies. As we will discuss extensively in the 
next chapter, there is indeed such an anomaly, which is why the expression we find is not 
completely holomorphic. 

For now. we just note that the best reasons to pick Oa as a partition sum for the selfdnal 
three-form is not that it is holomorphic in 3. but simply that it is the part which is 
x-dependent, and that it satisfies the general form which was presented by Witten. 

5.3.4 Introducing the auxiliary variable t 

By introducing an auxiliary variable t, the theta function (5.42) can be written in a form 
which will turn out to he quite useful to us. One easily verifies that 

Qat0(x; z) = Vz* Yl I <lt(^27r{x'-2tzT)*'e27Tlp',3"S>p{x:tz.tz-). (5.44) 
(p-a) '6Z 

where the "conformal block" "Pp (we use this term in analogy with similar expressions in 
conformal field theory) is defined through 

%(x; z,z) = exp27r J - ^ / Z r / V + 2ipI(zI - Xl) + i(z! - x'){z, -x,)\. (5.45) 
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These conformal blocks are now holomorphic functions of a; but have mixed z and ~z 
dependence (the latter through the anti-holomorphic period matrix r ) . Note that the 
variable t only appears as a prefactor of z1. Hence, it can effectively be absorbed in a 
rescaling of the holomorphic three-form O. The function ^p is homogeneous of degree 
zero in the variable z and hence there is no ^-dependence in (5.44). 

For now. the rewriting above is just a mathematical trick. However, it has some physical 
interpretation as well: since t can be interpreted as the overall scale of z, it can be 
compared to the field a which was introduced in our discussion of supergravity in section 
4.3.5. Recall that in our discussion of supergravity a was the scalar field corresponding to 
the graviphoton vector field. In the next chapter, this correspondence will be made more 
precise. 

For future use. it is instructive to write the anti-holomorphic conformal block, which as 
we saw is the one appearing in the partition function of the selfdual two-form, in the 
following way: 

*P(0:z,2) = exp27U | i ( / + Z')TJJ{P
J + zJ) - prFj - ^F\ . (5.46) 

where we set x1 = 0. and F is the prepotential defined in (5.15). The z-dependence is now 
all in the first term, and the last term can be viewed as the genus 0-term in a topological 
expansion. We will come back to this remark in section 6.3. 

So far. it may seem that the introduction of the variable t is presently of little use to 
us. and that its main role is to elucidate the relations of the present results with the 
supergravity discussion we will present in the next chapter. However, we can also put t to 
an immediate use. since its introduction makes the Poisson resummation of section 5.3.2 
much less laborious. To see this, let us briefly go back to the original expression (5.22) for 
Z in terms of the action (5.21). The partition sum Z can almost be written as a Gaussian 
integral of an auxiliary complex variable t. so that the last term in the action appears 
as the result of the gaussian integration. The "almost" here refers to the fact that the 
quadratic term in the integrand actually has the wrong sign. Ignoring this for the1 moment 
and proceeding, we have 

Z=\z\2J2 fdtdte-s'""{x'-tJ'>, (5.47) 
rn.n " 

where 

Sm.n{x; t, t) = 2n {h1^, + x*X! - 2xIhI 

+2tzI(hI -xI) + 2tz'{hI -x,) + 2HzIz1} . (5.48) 

Note that \z\2 < 0. so the "gaussian" integral indeed has the wrong sign. 

Using this action, the Poisson resummation is much easier to perform. The calculation is 
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performed in appendix 5.A. where we find 

Z = \z\2 det(Im r) ^ f dtdt e'2^'~2tlE')x'^PL{x: tz. z)VPn{0\ tz. z). (5.49) 
(,PL-pn)er 

Introducing the sum over spin structures as before, we again find the result (5.41) with 
0Q,/3 defined as in (5.44). To see that the determinants match as well, note that 

12 

det(Im AO = det(Im r) \ '_ . (5.50) 

Since the two Poisson resummations give matching results. wre have an a posteriori jus
tification for the introduction of the wrong-sign gaussian integral. This procedure can 
probably be made mathematically more rigorous by either introducing some cutoff at 
large t or by viewing the gaussian integral as a formal expression meaning "evaluation of 
t at the saddle points". and showing that this commutes with the sum over m, n. 

5.4 Examples 

The first part of our journey has now come to an end: we found the expression (5.42) -
or equivalently (5.44) for the classical partition sum of the five-brane. Before moving on 
to the calculation of the quantum contributions, it may be good to discuss two examples; 
both to see the applications of the abstract theory and to check our results with known 
results from the literature. 

5.4.1 Example: The classical part i t ion sum on K3 x T2 

The first example we discuss is the NS five-brane wrapped on a A3 x T2 manifold. The A3-
manifold is a four-dimensional Calabi-Yau manifold; in fact it is known to be topologically 
the only four-dimensional compact and connected manifold of 5[/(2)-holonomy. Note that 
A'3 x T2 is not a true Calabi-Yau manifold: the torus does not have any holonomy. so the 
full manifold has an SU{2) holonomy group instead of SU(3). Nevertheless, it will turn 
out that we can describe it nicely using the techniques of this chapter. The nice thing 
about this example is that the full answer - including quantum corrections - is already 
known from two different points of view, so it is a good way to test our results. 

When we wrap a five-brane around A3 x T2. we can do a dimensional reduction in two 
obvious ways: reduce on A" 3 or reduce on T2. First of all. when one reduces a single8 

8In the case of k five-branes the partition function depends on the phase of the theory. In the "Coulomb 
phase" the branes are separated in R4 and their contribution is simply Z\. This corresponds to the dilute 
gas approximation. In the "Higgs phase" we expect to find the nonabelian U(k) tensor theory which we 
discussed in section 5.2. After the reduction on K3 this phase should describe a bound state of k heterotic 
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five-brane on the K3 manifold, a two-dimensional CFT appears which coincides with 
the worldsheet theory of the heterotic string compactified on T4. This fact was shown by 
J. A. Harvey and A. Strominger in [45]. Since we use supersymmetric boundary conditions 
on the five-brane. the same will be true for the heterotic string, and hence the resulting 
partition sum contains the contribution of only the left-moving oscillators. The partition 
function of the heterotic string on a torus is well-known (see e. g. chapters 7. 10 and 12 of 
the book by Polchinski [58, 59] on how to calculate these partition functions); the result 
is 

where the denominator is the Dedekind ^-function, and the numerator is the ö-function 
on the momentum lattice r 4 2 0 for the heterotic string: 

Ö4.2o(r.f)= J2 <? p i / V« / 2 , (5-52) 
(PL.PH)er20.4 

with r the complex modulus of the T2. and q = e2rrir. 

Alternatively, when we reduce the theory on T2. we obtain a U(k) N = 4 Super Yang-Mills 
theory. The partition sum of this theory on A'3 can be computed directly as an exact sum 
of gauge instantons, as has been done for example by C. Vafa and E. Witten in [70] and 
by J. A. Minahan, D. Nemeschansky, C. Vafa and N. P. Warner in [52], with the same 
result (5.51). 

In both calculations, the result (5.51) consists of a classical result given by the theta-
function. and a quantum part given by the eta-function. One would therefore expect to 
find the same classical contribution using the techniques from this chapter. Let us now 
check that this is the case: we will come back to the quantum contributions to this example 
in section 6.2. For the moment, we set the C-field to zero. 

We start with some geometrical notions. For more on the geometry of A3, the reader 
may for instance consult the review by P. S. Aspinwall [9]. Let us denote the complex 
coordinate on T by w. and its standard one-cycles by A. B. The complex structure 
parameter of the torus is denoted by r as usual. As for AT3: there is a standard integral 
basis of two-cycles S 7 with an intersection matrix MIJ of signature (3,19). The basis of 
two-forms which is dual to this is denoted by rjj. Putting all of this together, we find a 
basis of three-forms on A3 x T~ given by LU; = I/J A dw, IU; = m A (lüü. and a basis of 
three-cycles given by A1 = Y.1 x A. B' = Y.' x B. If the holomorphic three-form on AT3 
is given by zIrq[. the holomorphic three-form on K3 x T2 is given by fi = z1uij. 

The main point in this calculation is to find the analogue for the A'3 x T2 case of the 
matrix Af in (5.27). The first term is easily calculated, and is given by TJJ = TMJJ. where 
MJJ is the inverse matrix of MJJ. With the second term, we have to be a bit careful. Note 

strings, i.e. a "long" heterotic string that is wrapped k times on T2. By summing over all these wrappings 
(connected covers of degree k) the partition function for k branes is written as Zj. = H^Zi with H^ the 
fc-th Hecke operator, as was shown by Minahan et al. in [52]. 
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that the second term in (5.27) contains an operator that projects onto the (3. (J)-direction. 
The origin of this operator lies in the fact that on this direction, the Hodge star acts with 
an opposite eigenvalue. However, on K3 there are three directions in which the Hodge 
star has the "wrong" eigenvalue, corresponding to the three negative eigenvalues of M. 
Therefore, the result is that 

MIJ = TMU + 2i{Im T)MIKPKJ, (5.53) 

where P is a projection matrix on a three-dimensional subspace of the momentum lattice 
T3.19-

Finally, we must insert this expression for J\f in our result (5.41). which without the C-field 
reads 

Z= ^2 X exp 27H{-mjVm- -njfn + ft(rn - n)}. (5.54) 
a,/3e{0,i} rn.nEJ.-a 

To see that this expression really can be expressed in terms of the (9-function. choose a 
basis pi for T3 19. so that Mjj = p/ • pj. Now we call 

m pi 

n'pi 
PL 

pR, (5.55) 

and we decompose the pLM into their space-like and time-like parts with respect to this 
basis as 

(5.56) 

Using this notation, we see that 

(5.57) 

~L,R ~L,R . ~L.R 
P =P+ +P- • 

at 

mIMiJm
J = pL 

mIMijPJ
KmK = p\ 

PL 

•v\ 

Collecting everything, we see that we can write the partition function as 

*= E •,^.R\2 J2 ex P 7n.{r (^ ) 2 + r(pL
+f - r(pB)2 - T(P"+Y 

a.;3e{0.i} PL ; p R er 3 . i 9+a 

+ {hnT)2ft(pL -pH)}. (5.58) 

where T3 19 + a is the momentum lattice translated by the vector a. We see that the 
terms with pL and with pR nicely form two separate theta functions: 

Z 
a,/3€{0 i } 

a (T)0 a 
ft 

(r), (5.59) 

where the 6 a 
ft 

are known in the literature as theta functions on the lattice T^ig with 

characteristics a, ft. For a = ft = 0. these theta functions reduce to (5.52). Finally, to 
get the partition function for the selfdual field, we have to take a single factor from this 
expression, and we obtain a single theta-function as our partition function. 

http://rn.nEJ.-a
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Our result differs from (5.51) in two ways. First of all. we find that we have to make a 
choice of spin structure and that the theta-function we obtain can change according to 
this. This is precisely what one would expect for a selfdual theory. Secondly, we obtain 
the theta-function corresponding to a lattice of signature (3.19). whereas there is a lattice 
of signature (4.20) in (5.51). This difference is due to the fact that we only focused on the 
holomorphic two-form, but left the periodic scalar field on the NS five-brane out of our 
discussion. As we noted in section 5.2. this is allowed for a Calabi-Yau manifold, but not 
on a manifold with nontrivial one-cycles such as A" 3 x T2. Therefore, we should really add 
the fluxes of the periodic scalar to our momentum lattice, in which case we would expect 
to find a theta-function on the full lattice T^o-

Apart from these differences, which can be explained easily, we see that we obtain ex
actly the correct classical partition function for this example, so we made a successful 
consistency-check of our results so far. After we discuss the quantum contributions for 
the general case in the next chapter, we will see in section 6.2 that we can reproduce the 
quantum factor in (5.51) as well. 

The inclusion of the C-field in our result is now straightforward, using the full expression 
of formula (5.41). Since there is no really elegant and meaningful expression for the full 
result, we will not write it down here. 

5.4.2 Example: The classical part i t ion sum on (K3 x T2)/Z2 

When the A3-manifold discussed in the previous subsection is the double cover of a so-
called Enriques surface, we can divide out K3 x T2 by a certain Z2-action, which acts on 
T2 as w —> —w. and has no fixed points on A3. We will denote the resulting manifold 
by M.. This type of manifold was first constructed by C. Borcea [16] and C. Voisin [75], 
and its application in string theory has been studied for instance in papers by S. Ferrara, 
J. A. Harvey. A. Strominger and C. Vafa [33]. P. S. Aspinwall [8] and J. A. Harvey and 
G. Moore [44]. 

The three-cycles on A4 can have two origins: there can be cycles which are the projections 
of the invariant cycles on A3 x T2. and there can be new 'torsion" cycles £ for which 
2E = 0. In the paper by Aspinwall [8]. it is shown that there are three of these torsion 
cycles. They will not play a role in what follows, since they cannot support fluxes of H 
or C. The invariant three-cycles of A'3 x T2 can be constructed as follows. In the paper 
by Ferrara et al. [33]. the action of the involution on the two-cycles of K2> is given: let 
Eg be the intersection matrix of the root lattice of the corresponding algebra, and a the 
intersection matrix of the hyperbolic lattice: 

a = ( \ I ) • (5.60) 

We can choose a certain integral basis of / ^ ( A ^ . Z ) such that the intersection matrix is 

E8 © a © Es © a © a, (5.61) 
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and Z2 maps the first ten basis vectors on the next ten. and maps the final two basis vectors 
to minus themselves. Therefore, we can construct the invariant two-cycles as follows: 

A' = A x (£'" - E':+10) B, = B x M ^ - E^+10) 
.411 = 4 x E 2 1 Bn = B x E22 (5.62) 
T12 = AxZ22 BV2 = B x E 2 1 , 

where i = 1 10. The intersection numbers of these cycles are 

A' r\Bj = 25) 

AnnBu = 1 

AV2f]B12 = 1. (5.63) 

and all other intersections vanish. 

The story for the cohomology is similar: a basis of invariant three-forms is 

&i = -{Lui — UJi+io) 

U>n = W2] 

(2'12 = o,'22- (5.64) 

From the paper by Ferrara et al. [33], we know that the holomorphic two-form of A'3 
obtains a minus sign under the Z2. so the holomorphic three-form fi.vi = dz A 0 K 3 is 
invariant. In terms of the notation of the previous section, this implies that z' = — zl+w. 
and z11 and z12 are arbitrary. The projected holomorphic three-form is z1^;, where 
1 = 1 12; i* = 2z\ zn = z21 and z12 = z22. 

The period matrix is now very easy to find; it is 

Tu = TMU. (5.65) 

where r is the modular parameter of our original torus and Mi j = 2£,
8©2cr®o-. The reader 

should note that in this expression 2E$ stands for the E& intersection form multiplied by 
two. and not for Eg,® Eg, 

Note that the lattice T-J.IO corresponding to Mu has two timelike basis vectors, so in this 
respect we are not really dealing with a Calabi-Yau yet. This is also reflected in the fact 
that the holonomy group of M is 5/7(2) x Z2 instead of the full SU(3). and in the fact 
that some of the intersection numbers in (5.63) are 2 instead of 1. On the other hand, M 
is a real Calabi-Yau in the sense that it does not have any free one-cycles and admits only 
one covariantly constant spinor. 

From this point on, our calculation is exactly the same as the one in the previous section, 
where we replace the lattice Ta.ig by r2.io everywhere. The resulting classical partition 
function is therefore the theta-function 

Za,p = e a
0 (r). (5.66) 
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on our lattice of signature (2.10) and for a specific choice (a, 0) of spin structure. Note 
that this is an automorphic function (i.e. it has weight 0) on the lattice r2.io- but since 
this lattice is not selfdual, it is not a modular form under the full 51(2. Z) acting on T. 
but only under a subgroup of it. As far as we know, this partition sum has not been 
calculated in the literature, so we cannot check our result with other results. 

As in our previous example, it is relatively straightforward to include the C field in our 
expressions, but since the resulting formula is not very enlightening we will not present it 
here. 

5.A Appendix: The Poisson resummation 

In this appendix we want to do an explicit Poisson resummation to calculate the partition 
sum 

Z=\z\1YJ I dtdte-2nS'-^t\ (5.67) 
rrlj ,7i7 

with 

S,„.n(t) = {/)//*/ + x'xi - 2xIhI + 2tt\z\2 + 2{h - x)hZl + 2(h - a-);fz/} . (5.68) 

As explained in section 5.3.4. \z\2 < 0. since the ^-direction is exactly the one in which 
the Hodge star and the complex conjugate differ in sign, and we know that the Hodge star 
gives a positive definite inner product on H3(X). Hence the "gaussian integral" actually 
has the wrong sign and the above expression is not rigorously well-defined. Ignoring this 
technical aspect9 (which we can always circumvent by doing the Poisson resummation 
without the t-variable), we will simply use the formulas for gaussian integration in this 
section. 

To get to the desired result, we use the Poisson resummation formula 

Z= ] T f dm f dtdt j e -2vrSm ,„( i ) e -2 7 r im Jp' \ ^ g g j 

and we will assume we can change the order of integration in this formula. We now split 
the exponent into parts which are quadratic, linear and independent of mj: 

Sm.n(t) + imip1 = m / A1J\t)m j + B1 (t)mj + C{t), (5.70) 

so that after the gaussian integration. 

Z=\z\2 Y, [dtdte-2*{-lBlA"BJ+c}. (5.71) 

9See also the remarks at the end of section 5.3.4 
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The exact coefficients of the three parts above are 

A,., = -Nu 

B1 = -±NIJ(T + T)JKnK + i(p' -x^ + itz' -itz1 

C = -nIT,.,NJKTKIji
L + x'xj + ix*TijnJ + 2tt\z\2 - ïnlTUtzJ 

+inITIJtz
J - 2xItz1 - 2xItzI. (5.72) 

where, as in the main text. NJJ = Im TJJ, and NIJ is its inverse. Inserting these expres
sions in the result (5.71). we find 

Z(x.z) = \z\2 J2 <ltdt*o(x.x)*L(pL,x)yR(pR), (5.73) 
(PL-pn)er' 

where T is the momentum lattice (5.39). and 

* 0 = exp-2-K Ux - 2tz)* x,\ 

*L = exp-2nU^plTIJp
J
L + (tz-x)I(tz-x)I + 2(tz-x)Ip

I
L\ 

tfff = exp-2-[-^pI
RT1jp

J
R + nItzI-2ÏJIp'A. (5.74) 

We can introduce the sum over generalized spin structures in the same way as we did in 
section 5.3.3. and we obtain 

Z=\z\2 Y. (- l)4 Q ' '0a. , .9(x^.I)eQ ,^(O:2.2). (5.75) 
a7,/3je{0.i} 

where this time 

ea,p(x;z,z)= Y, Idte-2*{x'-2tz')x'e2*in'li,yn+a{x;tz.z). (5.7G) 

n'el 
Now we can remove the wrong sign Gaussian ^-integral: 

/ dt exp (Airtz'lcj + intz'xj - 4Trtz!(n + a ) / - 2Kt2z'z1) 

ƒ dt exp -2-KZ2 < t2 + 2t^2 (n + a-x-x)A 

C exp 2n I (n + a — x — x):—^- (n + a — x — x)J >, .77 

for some constant C which we will ignore since the normalization of our nongaussian 
integral is not well-defined anyway. Collecting terms we find 

0Q./3 = 
mG 
y~\ (>XP 2TT?' ( r ( w i + a) • Af • (m + a ) - 2i(m + a ) • x+ + i(x + x) • x+ + 0 • m 

(5.78) 
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which is exactly the expression we obtained from the Poisson resummation without the 
introduction of t. 
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