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Chapter 6 

The quantum NS five-brane 
partition function 

In the previous chapter, we calculated the classical part of the euclidean NS five-brane 
partition function in a particular limit. However, this classical part is just a sum over 
solutions to the classical equations of motion, whereas we know that in a quantum theory 
all field configurations contribute to the partition function - the classical solutions being 
the ones which contribute most. 

In this chapter, we investigate the quantum contributions to the partition function. We 
will find out which parameter we need to use to write the quantum result as a series 
expansion - the classical result being the first term - and what this expansion looks like. 
Let us emphasize from the beginning that all of this is done within the particular limit of 
type II string theory discussed in section 5.2. so we will definitely not be calculating the 
most general expression for the NS five-brane partition function. What we will calculate is 
the form of the full perturbation series for the quantum partition function in our particular 
decoupling limit. 

Unfortunately we are not able to explicitly carry out this calculation in the type IIA 
language we used so far. Therefore, we need a trick to find the quantum contributions in 
a less direct way. This is where the theme of this thesis comes in: of course, it will be 
by using a duality that we can find another way to calculate the quantum corrections to 
the partition sum. To be precise, we apply a T-duality in a direction perpendicular to the 
five-brane. and study the resulting type IIB system. 

In section 4.2. we have seen that the four-dimensional background geometry of this system 
is an orbifolded Taub-NUT space, which in the decompactification limit turns into an 
ALE-space. The two-form and dilaton fields in this T-dual solution are trivial, so what 
we are left with after the T-duality is N = 2 supergravity in this particular geometrical 
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background. The subject of N = 2 supergravity in four dimensions was introduced in 
section 4.3: by using some of the techniques we developed there, as well as some new 
ingredients, we will begin in section 6.1 by rederiving our classical result from this dual 
point of view. After this, we will go on to calculate the quantum corrections to this 
result. The reason that these corrections can indeed be calculated is that in our limit, 
the important terms in the low-energy Ar = 2 supergravity theory are precisely the terms 
corresponding to a so-called topologically twisted version of string theory - a theory which 
allows much simpler calculations than the original string theory. We will end the section 
by indicating how the same result may be obtained directly from the type IIA point of 
view. 

After deriving the general result, we reconsider our two main examples in section G.2. 
For the example of A'3 x T2. we show that our result indeed reproduces the quantum 
results which are known from other computations. For the Barcea-Voisin manifold, no 
such results are known (at least to us), so our general quantum expression will give a new 
result. 

The appearance of topological string theory in the quantum computations hints at a 
beautiful mathematical structure underlying all of our computations. We believe that 
there is still a lot to be discovered here, but we will try to get some feeling for this kind of 
structure in section 6.3. where we show that both the classical and the quantum part of 
the partition function satisfy a so-called holomorphic anomaly equation. These equations 
indicate to what extent the expressions are holomorphic in the variables x1 and z1 that we 
introduced in the previous chapter. In fact, there we already noted that our result was not 
holomorphic; the holomorphic anomaly equation for the classical partition sum will make 
this precise. It will turn out that the analogous equation for the quantum contributions 
is in fact a well-known equation from the theory of topological strings. 

As we proceed, it will become clear that even though we calculate a full perturbative 
result, there are still a lot of questions to be answered. In section 6.4. we summarize some 
of these questions, and indicate a few possible directions for further research. 

6.1 The quantum part of the partition function 

In section 4.2. we have learned that the T-dual background to the type IIA five-brane 
configuration is a Taub-NUT background. Recall that the Buscher rules by which we 
derived this result are valid in the full type IIA string theory. However, on the type IIA 
side, we had to tak; a particular low-energy limit where the five-brane theory decoupled 
from the bulk space-time theory, and where moreover the theory turned into an ordinary 
field theory. Our first goal in this section is to translate this particular limit into the IIB 
language: this is done in section 6.1.1. We will find that on the IIB side, this limit is 
precisely the limit in which the string theory turns into an N = 2 supergravity theory. We 
are therefore again in a field theory limit, but the main difference with the IIA discussion is 
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that the theory which ultimately interested us there was the six-dimensional worldvolume 
theory of the five-branes. but that - in the absence of any six-dimensional objects - here. 
it will be the remaining four-dimensional theory which is of most interest to us. As we 
go along, we will see how the physics of the six-dimensional five-branes is encoded in this 
four-dimensional effective theory. 

Once we have established the precise limit and the important part of the field content of 
the four-dimensional supergravity theory, we will be ready to do our main calculations. 
First of all. we will sketch in section 6.1.2 how an analogous calculation to the one carried 
out in chapter 5 can be done to find the classical partition sum. After this check on our T-
duality, we will calculate the quantum contributions to the partition sum in section 6.1.3. 
This will lead to the main result of this chapter, formula (6.21). We end this section by 
a short discussion in 6.1.4 about how the quantum calculation may be performed directly 
in the type IIA setup. 

6.1.1 The low-energy decoupling limit in the IIB theory 

In our type IIA system, the limit discussed in section 5.2 consisted of the following ingre
dients. First of all. wre took the coupling constant gf to be very small. Note that this 
refers to the asymptotic string coupling away from the five-brane, since of course near the 
five-brane the coupling constant - being the exponential of the dilaton field - becomes 
infinite. In the previous section, we found that the type IIB string coupling constant 
really is a constant throughout the T-dual space, and that it is related to the asymptotic 
coupling constant gf by the usual T-duality relation (2.55): 

At first sight, this seems like a very nice result, since it means that in the decoupling limit 
Rx —> oo, gf is even smaller than gf, and when we really reach the limit it vanishes. 
However, this also leads to a puzzle: if we have a truly vanishing coupling constant, how 
can we find perturbative corrections to our partition sum? Clearly, we will have to find a 
new parameter which is small but nonvanishing so that we can write down a perturbation 
series. We will come back to this question at the end of this subsection. 

As a second ingredient, our limit involved a separation of length scales. To be precise, 
we took a limit where the distance Ax between the five-branes is large compared to the 
string length ls. but small compared to the inverse energies of any processes we want to 
study, so that the supergravity approximation still holds. The fact that all energies are 
small compared to the inverse string length directly translates into the same statement in 
type IIB theory, so this means that we are allowed to make a supergravity approximation 
there1. However, what does the distance scale Ax translate to in our T-dual picture? 

1Note that also the four-dimensional Planck length lp = gfls is small. 
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Of course, a natural guess is that Ax becomes some length scale in the geometry T-
dual to the five-brane background. However, since we have only calculated the T-dual 
geometry for stacks five-branes. we do not know exactly what the geometry dual to a 
set of slightly separated five-branes is. There is a very natural conjecture to make here, 
though. Recall that the T-dual of a single five-brane is the smooth Taub-NUT geometry, 
but that the T-dual to a stack of five-branes is a singular orbifolded Taub-NUT geometry, 
which in the decompactification limit turns into a singular ALE-space. Therefore, if we 
slightly separate the five-branes. the type IIA background solution near every five-brane 
looks like the single five-brane solution, and we expect that the T-dual setup is smooth. 
However, at large distances the solution looks like the solution for a stack of five-branes. 
so somehow the T-dual solution is "nearly singular". and it becomes singular in the limit 
where Ax —> 0. 

This phenomenon is something which is well-known from the theory of K3 surfaces (see 
the review by P. S. Aspinwall [9] for example). In certain limits of its moduli space, 
the K3 surface can develop singularities, and locally these singularities have exactly the 
geometry of the singular ALE-spaces we have been discussing. It can be shown that when 
we approach the singularity by adjusting the moduli of K3. in the limit a certain set of 
two-cycles in the nonsingular ALE-geometry shrink to zero size, and the singular ALE-
geometry results. In the case of an Ak-\ singularity, there are exactly fc — 1 of these 
two-cycles which simultaneously shrink to zero size2. We conjecture that the same thing 
happens in the T-dual picture to our set of five-branes: the geometry dual to a set of 
slightly separated five-branes should be some smooth geometry, which contains a set of 
two-cycles. Whenever two of the five-branes approach one another, one of these two-
cycles shrinks to zero size, thus making the geometry singular. The natural identification 
is therefore that Ax corresponds to the linear size of these two-cycles. 

The fact that Ax is small on the "experimental scale" means that for most purposes, we 
can ignore these cycles, and work with the singular ALE-space. However, we cannot forget 
about them altogether, since some fields could have nontrivial fluxes through these cycles, 
and these fluxes will play a role in evaluating the partition sum. The fact that Ax is large 
compared to the string length ensures us that we can indeed use classical geometry at this 
length scale, and speak of "fluxes through cycles". 

Field content 

Now that we have figured out what limit of the IIB theory to study, our next question 
concerns the precise field content of the theory. Note that the T-duality procedure does 
not affect the Calabi-Yau manifold Ada- so we are studying an N = 2 supergravity theory 

2 The reader may be worried by the fact that K3 only has 22 two-cycles - how can we get arbitrary 
Ak-i-singularities? The reason is that the homology of the ALE-space has nothing to do with the 
homology of K3. For example, an exact two-cycle £ in K3 (i. e. a cycle homologous to zero) is a cycle 
which is the boundary of some three-dimensional submanifold M of K3. If this submanifold M extends 
over "all of K3 ' \ in the sense that it goes to infinity from the ALE point of view, then E can be in a 
nontrivial homology class of the ALE-space. even though it is trivial as a cycle in K3. 
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which arises from compactifying ten-dimensional type IIB supergravity on Me- Since the 
field content of type IIB supergravity is uniquely fixed, the field content of' the remaining 
four-dimensional theory should be completely determined once we fix a particular MQ. 

In section 4.3. we already encountered the basic building blocks for such a theory: the 
gravitational, hyper- and vector multiplets. (There are other possible N = 2 supergravity 
multiplets, such as the chiral and the linear multiplet, but these do not play a role in what 
follows.) Note that we were in a lorentzian setting there, but as we mentioned before, we 
do not expect this to influence the bosonic field content of the theory. The exercise of com
pactifying type IIB supergravity on a Calabi-Yau manifold and determining the resulting 
spectrum was carried out by N. Seiberg in [62]. The result is as follows: when we compact-
ify on a Calabi-Yau manifold with Hodge numbers hVA, the remaining four-dimensional 
theory consists of a gravitational multiplet. a so-called "universal" hypermultiplet3, and 
h1-1 hypermultiplets and h2,1 vector multiplets. We will not repeat the derivation of [62] 
here, but let us indicate where the important fields for our purposes come from. 

First of all. let us consider the scalar fields. Since the complex structure moduli z1 of the 
Calabi-Yau may change as a function of four-dimensional space-time, these scalars behave 
as scalar fields from the four-dimensional point of view. We know from our discussion in 
the previous chapter that there are precisely h2'1 + 1 of these scalars. but that one of them 
(or rather their overall scale) is unphysical. The other h2-1 scalar fields are the scalar fields 
in the vector multiplets of the four-dimensional theory. In a similar way. one can show 
that there are h1'1 moduli corresponding to the choice of a Kahler form on JV[Q. which 
turn into scalars fields residing in the hypermultiplets of the low-energy theory. However. 
the Kahler form of the Calabi-Yau is fixed throughout our calculations, so we will not be 
considering these scalars. 

Where do the vector fields in the vector multiplets come from? The only reasonable way 
to get h2'1 vector fields seems to be by compactifying a ten-dimensional four-form on the 
Calabi-Yau. since then h2'1 + 1 harmonic three-forms on the Calabi-Yau can be used to 
construct an effective massless four-dimensional one-form. (This procedure is the higher-
dimensional generalization of the simple example of Kaluza-Klein reduction we discussed 
in section 2.1.5. The reader who is not familiar with this procedure may consult chapter 
14 of Green. Schwarz and Witten [39] for details.) Of course, the number of harmonic 
three-forms on the Calabi-Yau is really twice this amount, so we seem to get 2h2A + 2 
independent vector fields, but half of these can be identified with the other half since the 
f n „ i F I T - T flpM of hr"f> TTT3 m , r , „ r ^ n , - ; h . 1,,,^ „ ™UV1,,„1 fi„l,l ^ „ „ „ „ f V , A „ „ „ „ „ , ] „ „ „ U l „ ™ 
1 U U 1 - 1 U 1 1 1 1 U W U v j i by fc/K* XXi-i O u p v . l g i U H K J IxcijO Ct O O l l U U t t l ±±^±>a O U l C l l g L l l . i l OCV.VJ11H U 1 U U 1 C 1 1 1 

may seem to be that this still gives us one vector field too much, but this is precisely what 
we need, since - cf. section 4.3 - we also need a vector field which plays the role of the 
graviphoton field! 

What do these vector fields correspond to in the type IIA language? Since the four-form 
on the type IIB-side is T-dual to the three-form on the IIA-side4. the vector fields in the 

3This is the compensating multiplet which was introduced in section 4.3 
4Xote that on the IIA side we only turned on a three-form along the Calabi-Yau directions, so indeed 

this only dualizes into a four-form, and not into a two-form. 
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IIB theory have to be identified with the fields x1 (viewed as fields now by incorporating 
their space-dependence) in the IIA theory. Their number is indeed correct, but how can 
we identify a complex scalar field with a real vector field? The answer lies in the fact that 
to do a T-duality, we have to compactify on a circle. This turns a real four-dimensional 
vector field into a single real scalar field corresponding to the component of the vector in 
the compactified direction, and a real three-dimensional vector field corresponding to the 
other components. But a real vector field in three dimensions is Hodge dual to a scalar 
field, and hence we find that the compactified vector corresponds to two real scalar fields, 
which combine into a single complex scalar field. 

Finally, we have another puzzle to address. Recall that in the five-brane theory, our 
only dynamical field was the selfdual two-form field living on the five-brane worldvolume. 
However, since we no longer have any five-branes, what has happened to this field in our 
T-dual picture? The answer to this is that, as we explained in section 5.2. the //-field is 
not really an independent field, but it arises from the fluctuations of the three-form field 
at the "boundary" which is the worldvolume of the five-brane. Therefore, its degrees of 
freedom should be somehow captured by the degrees of freedom of the four-form in the 
IIB theory. 

In fact, we can make this quite precise. Recall that in the classical approximation, we 
summed over the fluxes of the //-field through the three-cycles of the Calabi-Yau manifold. 
Let us study two separated five-branes, say a and b, and consider the difference of the 
fluxes of their respective //-fields through some fixed three-cycle A1: 

pIa~p'' = é(.jA,H"~ lA,Hi)- (6-2) 
At first sight, this expression would seem to be zero, since we could draw an interval / 
between the two three-cycles on a and b. extend the //-field in this direction, and evaluate 
the above expression as the integral of dH = 0 over A1 x / . However, note that this is 
not a well-defined thing to do, since it is not guaranteed that we can indeed extend the 
//-field in this extra direction in such a way that the two //-fields at the branes will match. 
However, there is another way to proceed, using the fact that the //-field actually comes 
from the C-field. Recall from section 5.2 that a gauge transformation C —» C + dB is not 
really a symmetry in the presence of the five-branes. unless we compensate it by changing 
H —> H + dB. On the other hand, since we took a flat background field C. the restriction 
of C to the worldvolume of a and to the worldvolume of /; (say Ca and Cb) must give 
the same physics, and hence they can only be related by a gauge transformation. Since a 
gauge transformation acts on C in exactly the same way as it acts on H. we find that the 
above expression equals 

pi~d = i{.Lc"-.Lc') 
= ±[ F(4» (6.3) 

where Z7'4' is the field strength of C. 
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Now we can translate this expression to the IIB-picture. Recall that if we let the two 
five-branes a and b coincide on the IIA-side. this corresponds to the vanishing of a specific 
two-cycle S%b on the IIB-side. Therefore, the interval I is effectively replaced by this two-
cycle under T-duality. Also, as we explained in the previous footnote, the IIA four-form 
field strength becomes the IIB five-form field strength, so we find the result that on the 
IIB-side 

Pi-Pi = f ƒ F ( 5 ) 

= ~ I F1. (6.4) 

where in the last step we used the definition of F1. We therefore see that to relate our 
results of section 5.3 to the IIB-picture. we will have to sum over the fluxes of the vector 
fields through the vanishing cycles of the ALE-space. We will carry out this procedure in 
the next subsection. As we see we can only sum over the differences of the fluxes. Again, 
we encounter the phenomenon that we lose the information corresponding to one of the 
five-branes - compare this to our discussion at the end of section 4.2. 

Everything we said so far holds for the graviphoton vector field as well as for the other 
h2-1 vector fields in the vector multiplets. Of course - as we will see in more detail in the 
next subsection - this is exactly what we need, since we really want to sum over h2A + 1 
independent sets of fluxes, just like we did in the IIA calculation. However, there is also an 
important difference between the graviphoton field and the other vector fields. Note that 
before decompactification. there is really yet another two-cycle: since the Taub-NUT space 
asymptotically looks like S1 x l 3 . we could also consider the 5 2 which is the boundary of 
M3 "at infinity" as a two-cycle. Do the vector fields also have fluxes through this cycle? 

At first sight, this cycle at infinity may seem like a blessing: could it be that the fluxes 
through this cycle correspond exactly to the fluxes of the '•missing five-brane"? There 
seems to be a problem with this identification however, since as we send Ax —> 0. the 
size of this cycle of course does not vanish. Moreover, there seems to be no reason for 
these fluxes to be quantized. Finally, a two-form carrying flux at infinity will not be 
normalizable. and hence changing it slightly will cost an infinite amount of energy. For 
these reasons, it is not clear to us whether the identification between the two-cycle at 
infinity and the "missing five-brane" can be made, and we can at best view a flux at 
infinity as setting some background configuration for the gauge fields. The most natural 
thing to do seems to be to set these fluxes to zero. We will do this for most of the fields, but 
this is where the graviphoton plays a special role: we will allow for a flux T0 at infinity 
for this field. The reason for this is that it will appear in our final results only in the 
combination 

A = <?fT0, (6.5) 

and therefore by turning on a nonzero T0 and sending this to infinity as i?x in the decom
pactification limit, we find a new ••effective string coupling constant" A proportional to 
gf (cf. (6.1)). which we can use to construct a perturbative series. It would of course be 
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very interesting to understand this scaling behavior from some physical argument rather 
than inserting it by hand: unfortunately, we have not been able to find such an argument. 

6.1.2 The classical part i t ion sum from the type IIB point of view 

Having discussed the system of our interest, we are now ready to recalculate the classical 
partition sum. We will not do this in full detail or with complete rigor: our goal in this 
section will not be to derive an exact result - we already did this in section 5.3 - but to get 
a feeling for the relation between the IIB language and the1 IIA language. For example. 
we will not be very careful about the distinction between the lorentzian and euclidean 
settings here: we will work in a lorentzian setting, but assume without proof that the 
topological features from the euclidean setting carry over. One other thing we will not be 
very careful about is the fact that again, the theory involves selfdual fields. In a rigorous 
treatment, we would have to follow the same procedure as in our calculation in section 
5.3.3. i. e. first ignore the selfduality and then take a "holomorphic root" corresponding 
to some spin structure. Since we discussed this procedure in detail in section 5.3.3, we 
will not do this again. 

However, let us explain where the selfduality of the fields in the type IIB setup comes from. 
We will work with the superconformal action which is equivalent to the supergravity action, 
as we discussed in section 4.3.4. The general superconformal action for hypermultiplets 
and vector multiplets was constructed by De Wit et al. in [27]. and it can conveniently be 
written in terms of the selfdual and anti-selfdual parts of the vector fields, since the terms 
involving the selfdual parts are the hermitean conjugates of the terms involving the anti-
selfdual parts. Of course, to begin with this is only a way of writing things; since any field 
strength can be split up into a selfdual and an anti-selfdual part, one loses nothing in this 
way. However, we claim that our geometry can only support fluxes of the anti-selfdual field 
strengths, and so for the classical calculation only the terms involving the anti-selfdual field 
strengths matter. Recall that for any basis of two-forms on a four-dimensional manifold, 
we can find a dual basis of two-cycles, such that with proper normalization, every two-form 
basis vector integrates to one over its dual cycle, and to zero over all the others. (Actually, 
we encountered the six-dimensional analogue of this in the Calabi-Yau case.) Therefore, 
if we split up our basis of two-forms into a set of selfdual forms and a set of anti-selfdual 
forms, the dual space of two-cycles splits up into a direct sum of two smaller spaces, one 
of which only supports fluxes of selfdual forms, whereas the other only supports fluxes of 
anti-selfdual forms. We refer to these cycles as "selfdual" and "anti-selfdual" as well. It 
can now be shown (see the paper of M. Billó. L. Gallot and A. Liccardo [15] on fractional 
D-branes. for example) that we arrive at an ALE-geometry exactly when we require a set 
of anti-selfdual cycles to vanish. (Of course, the choice for anii-selfduality is an arbitrary 
one here; it is the choice which is conventional in the literature.) For this reason, only the 
anti-selfdual field strengths can have nonzero fluxes in the ALE-geometry. 

Let us now think for a moment about what the analogous calculation to our classical 
type IIA calculation would be. We should not simply calculate the full classical (tree-
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level) partition function of the type IIB supergravity action, since this would correspond 
to calculating the classical partition function of the full type IIA system, whereas we are 
only interested in the partition sum of a (decoupled) part of the type IIA system, i. e. of the 
five-brancs. in a certain background. For example, since the IIA five-branes were put on 
a Calabi-Yau manifold of fixed Kahler class, we should not be varying the corresponding 
hypermultiplet fields on the IIB side. Actually, we are only interested in the dependence of 
the type IIA action on the fluxes of the abclian two-form field strengths, since we argued 
that these correspond to the fluxes of the iï-fields on the five-branes. Moreover, since we 
only considered the bosonic fields on the type IIA side, we should do the same here. 

With this in mind, let us discuss the bosonic terms appearing in the anti-selfdual part 
of the N = 2 superconformal vector multiplet action constructed by De Wit et al., and 
see which are the terms of our interest. First of all. there is the Einstein-Hilbert term, 
which in our setup is fixed in terms of the ALE-background. and hence should not be 
integrated over. Then there are the kinetic terms for the scalar and vector fields. Since 
on the type IIA side, we encountered only static solutions to the equations of motion, 
we can assume that the same is true in the T-dual setup, and so these terms can also 
be discarded for the purpose of calculating the classical partition sum. Next, there is a 
quadratic term involving the auxiliary field Yl;> (where i.j are SU(2) indices). Since this 
field has no kinetic term and it only couples to fermionic fields, we can integrate it out and 
it disappears from the bosonic action. Finally, there is a set of terms involving the field 
strengths Fi, the scalars z1 and the field strength T_ = T~eij which is an auxiliary field 
in the Weyl multiplet. (Only the anti-selfdual part of this field couples to F_.) Together, 
these terms can be written as 

S=—^- '-TUFl A Ft - 2-ZiFl A T _ - z2T_ A T_. (6.6) 
2?r J 2 

It is this set of terms which will contribute to the classical partition sum. Since XL is an 
auxiliary field, appearing in the action without a kinetic term, we may choose to integrate 
it out. Doing so. we find that its equation of motion is 

XL = — ^ , (6.7) 

Note that this identifies XL with the field strength in the z -direction. In other words, 
T- becomes exactly the graviphoton field strength! This is another way of seeing how the 
graviphoton ends up in the gravitational multiplet. Inserting the field equation back into 
the action, we find 

s = -h I (r«+¥)*•-»* 
= ~j'^IJFLAFL (6.8) 

where Af is the same matrix (5.27) we encountered before. 

The solutions to the equation of motion for F are harmonic two-forms, and as we argued 
in the previous section, we have to sum over the fluxes of these harmonic forms through 
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the vanishing two-cycles. Therefore we expand F_ in a basis aa of harmonic forms: 

FL = 2irnI
aa

n. (6.9) 

The 2n is inserted so that the flux quantization condition forces the nJ
a to be integers or 

half-integers, depending on a choice of spin structure on our manifold which as we said we 
will leave out of our considerations. Since FL is anti-selfdual. we can take a basis where 
the a" that appear in the above equation have *a" = —aa. and hence the classical value 
of the action is 

.V in]\fijvanl a" A a 

-nrAfjjniniQ0", (6.10) 

where the intersection matrix Q is defined as Qab = \ aa A or. This intersection matrix 
is known from the theory of ALE-spaces (see the review on K3 by Aspinwall [9] for 
example), and in a suitable basis it equals the A^-i Cartan matrix corresponding to the 
SU(k) lattice: 

/ 

Qab = 

2 
1 
0 
0 

- 1 
2 

- 1 
0 

0 
- 1 

2 
- 1 

0 
0 

- 1 
2 

\ 

(6.11) 

The form of this matrix is intimately related to our problem of the "missing five-brane", 
which we encounter here for the third time. Note that what we would really want to 
sum over are forms which can be expanded in a basis ea (for a = 1 k) where the ea 

correspond to fluxes on single five-branes. However, these ea do not exist: the best we 
can do is find aa which are dual to cycles Sa.a+i (for a = 1. . . . . k — 1) corresponding to 
differences of fluxes on five-branes a and a + 1. Therefore, even though the e" do not exist, 
we would like to interpret aa as ea — ea+l. That this interpretation still somehow makes 
sense can be viewed from the fact that if we choose the natural intersection matrix 

ea A eb = Sab. 

this indeed leads to the matrix Q for the aa we encountered above. 

(6.12) 

The above intuition suggests that if instead of Qab (with a. b = 1 k — 1) we would 
insert Sab (with a. b = 1 k) into (6.10). we would find back the classical partition sum 
for k five-branes. Indeed, we find that 

Zcl = V^ X^(-i)s-s-e
i7TT.a=i nlM'Jni 

\{n'} s.s. J 

(Zctf, (6.13) 
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where we included a sum over signs and spin structures which should follow from a careful 
treatment of the selfduality of the fields, as we did in section 5.3.3. However, apart from 
these phase factors and the normalization which we were also not very careful about, we 
see that we find the desired result: the partition sum is the fcth power of the classical 
partition sum (5.43) in a vanishing background C-field. The reason that we find a result 
corresponding to a vanishing background C-field is that we only considered the dependence 
of the type IIB action on the fluxes: any background field dependence is hidden in the 
normalization of our result. The fact that we get the fc-th power of the single five-brane 
result instead of some more complicated expression is because we are on the Coulomb 
branch of the theory, where (from the IIA point of view) the D2-branes stretching between 
the five-branes are very massive, and so the five-branes do not interact and can be viewed 
as k independent systems. 

Note that the calculation we have sketched is the T-dual of the calculation without the 
f-variable in section 5.3. There is also an analogue of the calculation including the t-
variable: instead of integrating out the field T_ in (G.G). we can also leave it as it is and 
expand it as 

T_ = 2ntaa
a. (6.14) 

where we called the new variable t to agree with our previous result. The classical part 
of the partition function now contains a sum over the fluxes n„ and an integral over the 
variables ta: 

Z'k = Yl / '^l ' ' ' d ï k C X P \ 2lT Ü ( ^T'J'"<>na ~ tzinlta ~ Z^ltl 
« = 1 v 

Turin3 - 2zmIt-zIzit 

(6.15) 

where again we used the intersection matrix 5 instead of Q" . This is precisely the result 
we found in (5.44) for x = 0. (Once again, we left out the sum over spin structures and the 
corresponding signs, but of course they should be included as well in a careful treatment.) 

6.1.3 The quantum contributions 

Now that we have seen that indeed our T-dual picture reproduces the features of the 
classical type IIA partition sum. it is time to turn to our real question: what are the 
quantum corrections to this result? 

Note that we are interested in the quantum fluctuations of the fields on the five-brane. 
Since our T-duality leaves the Calabi-Yau manifold intact, after T-duality. one expects 
that these fluctuations correspond in some way to the fluctuations of the fields in the 
directions of the Calabi-Yau. However, the four-dimensional supergravity action we are 
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studying is an effective action describing a theory which really is ten-dimensional. In 
principle, such an effective action is obtained by integrating out all quantum fluctuations 
in the compact directions. But this integrating out of transversal quantum fluctuations is 
precisely what we need to do to find the quantum corrections to the five-brane partition 
sum. Therefore we find the result that the quantum part of the five-brane partition sum 
should simply appear as a set of terms in the effective supergravity action. Note that in 
this reasoning, the question of whether the remaining four-dimensional theory is euclidean 
or lorcntzian plays no role whatsoever. 

Of course, the action we have worked with so far is not the full effective action describing 
the ten-dimensional theory. In fact, it would be practically impossible to write down 
such a full effective action, which would quite likely be nonlocal and hence contain terms 
with an arbitrary number of derivatives. Therefore, one usually works with a low-energy 
effective action, containing all terms with at most two derivatives. At low energies, this 
gives a good description of the system, since the derivatives of the fields are small and 
hence terms with a higher number of derivatives can be ignored. The supergravity theory 
we have been describing so far is such a low-energy effective action. 

To find the quantum contributions to the partition sum. it seems that we would have to 
know the full effective action for the IIB system. Of course, this is too much to ask. hut 
we can still come a long way by first thinking about what the extra terms would look like, 
and then looking for correction terms which have the correct form. 

First of all. note that we are only interested in terms which are present if there are five-
branes in the dual theory, but absent if there are no such branes. We have seen that the 
absence or presence of five-branes in the IIA theory translates into the curvature of the 
IIB background: if there are no five-branes. the IIB background is flat: if there are five-
branes. the IIB background has some curvature near the origin, which causes a singularity 
to form in the limit where the branes are on top of each other. Therefore, we can expect 
the relevant terms in the effective action to come with powers of the curvature R. 

Secondly, note that we expect a quantum partition function in string theory to be of the 
form 

expjf>f)2^C9J (6.16) 

for some expression Cg. where g is the genus of the string worldsheet contributing to the 
partition function at order g. and the g = 0 contribution is the classical partition function. 
Therefore, we are looking for terms in the effective action which come with a factor of' 
92

s
g-'2 for g>l. 

As a third point, recall that we have already argued that if we keep g^ small but constant. 
gf —> 0 as 1/RX in the decompactification limit. Therefore, terms with powers of gf will 
vanish in this limit, unless every factor of gf is multiplied with another factor which goes 
to infinity at the same rate in this limit. 
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Finally, the Cg in the above calculation can of course depend on the complex structure 
scalar fields z1. However, we have argued in section 5.3.3 that up to an anomaly, one 
expects the partition function of the five-brane to be holomorphic in z1 - or at least holo-
morphic in terms of some set of inhoniogeneous coordinates representing the z . Therefore. 
one may expect the required terms to come from a holomorphic function of the vector 
multiplets of which the z1 are the scalar components. (We will see how the holomorphic 
anomaly comes in in section 6.3.) Such terms are known in the literature as ""F-terms". 

It is especially this last requirement which helps us a lot in finding the correct terms in the 
effective action. In fact, it was shown by M. Bershadsky, S. Cecotti, H. Ooguri and C. Vafa 
[12] that these F-terms can be calculated in a relatively simple way. by considering the 
topological string theory on the Calabi-Yau. Let us briefly describe what these topological 
string theories are and why they are interesting to us: for details, the reader is referred to 
the paper by Bershadsky et al. and to the lecture notes on topological string theories by 
R. Dijkgraaf. E. Verlinde and H. Verlinde [29]. 

A topological field theory is a field theory whose correlation functions do not depend on 
the precise metric of space-time (or equivalently on the precise points of insertion of the 
operators), but only on its topology. If we have a topological field theory in two dimensions, 
it can be extended to a topological string theory by making the two-dimensional metric 
a dynamical variable in exactly the same way as this is done in ordinary string theory: 
by adding a Liouville sector and a ghost sector to it (cf. section 2.1.2). which corresponds 
to introducing a dynamical worldsheet metric. Because the correlation functions of these 
theories are so simple, in many cases they can be calculated exactly - something which is 
of course practically impossible» for most other field theories. 

Of course, a normal superstring theory is not a topological string theory, but still the two 
are quite closely related. The reason is that we can extend the worldsheet superconformal 
symmetry of the type II superstring theory to an N = 2 superconformal symmetry, and 
this symmetry is so restrictive that it gives the correlation functions a structure which 
is nearly as simple as the correlation functions of a topological theory. In fact, as was 
shown by E. Witten in [77]. we can apply a procedure called "twisting" to an N = 2 
superconformal theory, which boils down to mixing a part of the i?-syminetry group with 
the two-dimensional Lorentz group and interpreting the result as the new Lorentz group. 
The resulting theory turns out to be a topological string theory. 

Of course, calculations in the ordinary string theory do in general differ from calculations 
in the topologically twisted theory. However, it can be shown that some calculations in 
the two theories give te same result, and as was shown by Bershadsky et al. in [12]. if we 
start from a superstring theory compactified on a Calabi-Yau, these calculations exactly 
lead to the F-terms in the effective N = 2 supergravity theory. 

Therefore, we find the nice result that precisely the terms we are looking for are the terms 
which can be quite easily calculated using topological string theory! In fact, these terms 
have alreadv been calculated by I. Antoniadis. E. Gava. K. S. Narain and T. R. Tavlor in 
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[7]. and the result is that they are of the form 

Ig = W2^g(V
T), (6.17) 

where W is the superheld describing the Weyl multiplet. V1 is the superheld containing the 
7-th vector multiplet, and Tg is the homogeneous function of degree 2 — 2g which coincides 
with the topological string partition function as a function of the moduli z , evaluated on 
a worldsheet of genus g. (Note that the g = 0 term is similar to the prepotential we used 
to construct the low-energy N = 2 effective action.) Writing out the superfields in terms 
of their components and integrating over superspace. we find 

/ „ = / R-AR-(gsT_)2!'-2Tu(z.z). (6.18) 
J ALE 

Note that this term exactly satisfies the first three requirements we mentioned above at 
least if we assume that we are indeed allowed to scale T() as Rx, as we remarked at the end 
of section 6.1.1. The fact that only the anti-selfdual curvature appears in this expression is 
not disturbing, since an ALE-space has holonomy group SU{2) C 50(4) = SU{2)xSU(2). 
which means that the selfdual part of the curvature R = R+ + ƒ?_ vanishes, so R = i?_. 

In the decompactihcation limit, the above integral can be easily evaluated. First of all. 
note that the curvature of the ALE-space is located in an area of size ~ Ax. As we are in 
a low-energy limit, the other fields can be treated as constants on this scale, and replaced 
by their constant value at the core of the ALE. For the fields z1 this corresponds to their 
values on the five-brane. For the fields T~, note that the combination gsT~ vanishes in 
the decompactihcation limit for all background modes except for T0, whose constant value 
near the core also scales with Rx. Denoting the product of this constant value and gf by 
A. we find that 

Ig = X2»-9fg(z.z) f J? A/?. (6.19) 
J ALE 

Finally, we can use a well-known result from differential geometry saying that the remain
ing integral exactly equals the Euler number of the space. This result can be proven from 
an index theorem: a proof can be found in the book by M. Nakahara [54] for example. 
The Euler number can be calculated as a weighted sum of the Hodge numbers: for an 
ALE-space it is simply the number of two-cycles, which is k - 1. Inserting this, we find 
that 

e E i, = exp [{k-l)J2 ^2g~2Fg(z-z) 

= (Z")A '_1. (6.20) 

Once again, our "missing five-brane" turns up: the expression we find is the (A- - l)-th 
power of an expression which we want to interpret as the quantum part of the partition 
function of a single five-brane. Whereas in the classical case, we had an intuitive argument 
to put the fe-th five-brane in by hand, no such argument is available here. Probably, the 
approximations we have made are to crude to cure this, and we expect that to completely 
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rigorously derive the result with a power of k instead of k — 1, one would need to consider 
the supergravity theory in the region where Rx is finite and calculate the exact integrals 
for the orbifolded Taub-NUT space instead of the ALE-space. 

Finally, we are now ready to write down the main result following from this chapter and 
the previous one. Combining the classical and the quantum results we found, the formula 
for the single five-brane partition function in the limit we considered is 

ZMe = ea,p(x;z,z)exp £ X2^2Tg(z,z) . (6.21) 

where the first factor is the classical result (5.43). and the second factor is the quantum 
contribution we have found in this section. 

From the above formula, it would be natural to expect the classical 0-function to be X-
dependent. of the form e^-^x . We have seen that we can identify A up to a normalization 
constant with fys

4. In the IIA calculation, we have chosen the natural normalization 
for selfdual fields, but in general the action would indeed be proportional to (gf)~2, as 
expected. We will come back to this remark in section 6.3. 

As a final remark, the reader may have wondered why the quantum contribution we have 
found does not depend on the variables x1. whereas the classical contribution does. A first 
intuitive answer to this question is that the xl parametrize a nondynamical background 
in which the calculation is done, and that the quantum fluctuations should not depend on 
this choice of background. However, there is much more to the complete answer to this 
question, as we will also discuss in section 6.3. 

6.1.4 The quantum corrections from the type IIA perspective 

By applying a T-dualitv. we have found that the quantum corrections to the partition 
function are given by a generating function of topological string amplitudes. Now that we 
know the answer, could we have reached the same result from the type IIA point of view? 
Unfortunately, we have not been able to construct a complete argument as to why only the 
topological string amplitudes would appear in the partition function in the type IIA theory. 
However, there might be some kind of "twisting argument" along the following lines. Recall 
that the geometry of the Calabi-Yau manifold is such that if we compactify type II string 
theory on it. the theory on the Calabi-Yau has two remaining supersymmetries. Also 
recall that when we introduce a five-brane. half of these supersymmetries are broken, and 
we are left with N = 1. 

As we discussed before, to obtain a topological theory, one needs to apply a procedure 
called "twisting", which boils down to mixing the /?-symmetry part of the supersymmetry 
algebra with a similar group inside the Lorentz group. Since there is only a single super-
symmetry generator, the /^-symmetry group of the A" = 1 algebra is U(l). On the other 
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hand, the internal Lorentz group of the Calabi-Yau also has an unbroken U(l) symmetry. 
In fact, we already saw this in our discussion of Calabi-Yau manifolds in section 4.1.2: the 
Lorentz group in six dimensions is 50(6) ~ SU(4), whereas the holonomy group of the 
Calabi-Yau is SU(3). Therefore, there is a remaining U(l) inside the Lorentz group that 
we could twist with the U(\) in the supersymmetry algebra, resulting in a topological 
theory. Analogous to our type IIB argument, one would like to show that on the IIA 
side, the results in the twisted theory actually equal the desired results on the physical 
five-brane world volume. 

Indeed, it was shown by M. Bershadsky. V. Sadov and C. Vafa in [13] that D-branes 
wrapped on curved manifolds automatically have a twisted supersymmetry algebra which 
causes them to be described by topological field theories: one expects a similar result (from 
S-duality. for example) for NS five-branes. Alternatively, for CY manifolds it is known 
that twisting the supersymmetry algebra usually does not change the physical properties, 
as is the case for example for the M = 4 super-Yang-Mills theory on a A3 manifold [70]. 
Arguments along these lines might lead to a topological version of the little string theory 
that is equivalent to the topological string, and which can be used to derive the quantum 
partition function directly from the type IIA point of view. 

6.2 Examples 

We now return to the examples we studied in sections 5.4.1 and 5.4.2. The first of these 
was the example of the five-brane wrapped around A'3 x T2. We recall that the full 
partition function in this case is known from two different calculations, and reads 

7 _ 0i.20(T.T) , 

In section 5.4.1 we checked that our classical calculation also leads to a theta-function. 
We would now like to study the quantum contributions to this partition function. 

In fact, because of the Af = 4 supersymmetry there are only one-loop contributions in this 
specific case. Therefore, to find the full quantum corrected partition function, we need to 
know the one-loop amplitude for topological strings on A'3 x T2. which was calculated by 
J. A. Harvey and G. Moore in [43]. The result is that 

J-[ = -241og|7?(r)|. (6.23) 

where the superscript c refers to the fact that we take the contribution to T\ that depends 
on the complex structure moduli. Exponentialing this, we find exactly the quantum 
contribution to (6.22). 

Next, we turn to our second example: M = (A'3 x T 2) /Z 2 . Here, as far as we know, 
we cannot compare our results to results in the literature as we did in the A3 x T2 
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case. However, the topological one-loop amplitude for this example is known: it was also 
calculated by J. A. Harvey and G. Moore, in [44]. The result is that 

T1=-\ug\rl
24(2T)<i>BE(y)\. (6.24) 

where y represents the holomorphic two-form (before dividing out the Z2) of A'3 x T2, and 
<3>B£ is a certain modular form of weight 4 on F2,io which is called the Borcherds-Enriques 
form. Putting this result together with the classical result we found in section 5.4.2. we 
find that up to one-loop corrections, the partition function for the five-brane on A4 is 

7 fl2,io(T,r) (R o n 
ZM = 9w 0 , , — r r - (6.25 

?/24(2r)$BE(,(/) 
This result is still an automorphic form of weight 4 on r 2 1 ü - and transforms as a modular 
form under a subgroup of SL(2.Z) acting on r. The appearance of modular forms in the 
results is not surprising, since the modular transformations acting on r and y take the 
complex structure into itself, and hence Zj^ should be a section of some bundle over the 
(Teichmüller) space of complex structure moduli divided out by the modular groups -
i. e. it should be a modular form. The reason that we do not find a modular form under 
the full SL(2,Z) but only under a subgroup is that the torus is not a factor of M. so the 
modular group of the torus is not necessarily part of the modular group of M.. In fact, 
A3 x T2 is a double cover of M. which is why basically half of the elements of SL(2,Z) 
when acting on r leave the complex structure invariant. 

Since M only preserves half of the supersymmetry that A 3 x T 2 preserves, one expects that 
there are higher-loop ^-corrections to this expression as well. Again, these contributions 
should have the correct modular properties. 

6.3 The holomorphic anomaly equation 

Now that we have found our result (6.21). we want to see if we can understand its final form 
in a bit more detail. Especially, we want to come back to the question of the holomorphy of 
the results; an issue which we have mentioned at several points in the preceding discussion. 
Somehow, there seems to be a very nice mathematical structure behind the results we have 
found. In this final section we want to indicate some of the ingredients of this structure -
even though their precise meaning is sometimes a bit mysterious. Clearly, this is a subject 
which deserves further study. 

6.3.1 The anomaly equation for the quantum part 

Let us begin by discussing the holomorphy of the quantum part of the partition function 
(6.21). which can be viewed as the generating function of the topological string amplitudes 
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Tg{z,'z). These functions have been studied extensively in the literature, and the equa
tions describing their holomorphic behavior were discovered by M. Bershadsky. S. Cecotti. 
H. Ooguri and C. Vafa in [11]. and worked out in much more detail by the same authors in 
[12]. The study of these holomorphic anomaly equations and their implications is a very 
broad and interesting subject in itself: we will only be able to give a very brief outline of 
the main results here. Extensive details on what follows can be found in the second paper 
by Bershadsky et al. 

As we discussed in section 6.1.3, the relevant class of topological string theories for our 
purposes is the class of theories which can be obtained from twisting N = 2 superconformal 
field theories in two dimensions. Let £ 0 be the Lagrangean for such a superconformal 
theory. An interesting question to ask is what would happen if we slightly perturb this 
initial Lagrangean and in particular, for which perturbations the resulting Lagrangean 
would still give an N = 2 superconformal field theory. It turns out that to construct 
perturbations which have this property, one needs the so-called chiral primary fields of 
weight (1/2.1/2). To define these fields, we need to know that the Ar = 2 superconformal 
algebra in two dimensions contains a Virasoro subalgebra (the one we encountered in the 
string theory language in section 2.1.2). and a £7(1) subalgebra. Primary states are the 
lowest weight states of the N = 2 superconformal algebra, which means that for a given 
charge with respect to the {/(l)-generator J0, they have the minimal possible charge (the 
"weight") with respect to the Virasoro generator L0. Moreover, chiral primary states are 
also annihilated by a certain supersymmetry generator, and it can be shown that for these 
chiral primary states, the weight is always half their charge. The lowest weight states form 
a basis for the representations of the Virasoro subalgebra of the N = 2 superconformal 
algebra, in the sense that the representations of this algebra can be obtained from the 
lowest weight states by acting on these states with a set of creation operators. This is 
analogous to the way in which we constructed the string spectrum in section 2.1.1. 

In conformal field theory, there is a one-to-one correspondence between fields and states 
(basically since one can obtain states by acting on the vacuum with fields, and in a con-
formal field theory this operation is invertible), and so from the chiral primary states we 
obtain a set of chiral primary fields. Usually, the number of chiral primary states of weight 
(1/2,1/2) is finite, and hence we obtain a finite set of fields which we denote by 0,. Of 
course, these fields are part of superfields which form a representation of the supersymme
try algebra, and to construct new theories which are still N = 2 superconformal. it turns 
out that we need to consider perturbed Lagrangeans of the form 

C(t,t) = £o + J2 (*' f<?*42)+? fd2z$?\ - (6.26) 
. (2) — 

where <pt is the second component (i. e. the prefactor of 66) in the superheld corre
sponding to (pj. In the above expression, z parametrizes the two-dimensional space-time 
(interpreted as the worldsheet of the string) and the the t' are complex parameters. To 
get a unitary theory, t and t need to be complex conjugate variables. 

Using this procedure, one finds an easy way to construct a whole moduli space of N = 2 
superconformal field theories. Of course, each of these theories can be topologically twisted 
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to give a topological field or string theory. It turns out that the physical fields in the 
topological theory are precisely the fields (j)l. Therefore, in the topological theory, one can 
still consider perturbations of the form (6.26). There is one difference however, since in 
the topological theory there is no longer any need to require t — 7. 

In fact, one can give an argument why per turbat ions with t in the topological theory do 
not seem to have any effect at all. The reason is tha t one can write 

08
(2) = { Q + . [ Q _ . 0 2 ] } . (6.27) 

where the Q± are two operators constructed from the supercharges of the theory (the 
BRST-operators; these are the N = 2 analogue of the BRST operator we encountered in 
our string theory discussion in 2.1.2). By a cohomology argument, one can show tha t all 
operators of the form {Q+. • } are equivalent to 0 in the topological theory. 

Using this reasoning, it seems that it really does not mat ter much from which N = 2 
superconformal Lagrangean we start . We could start with C(tJ) and then twist, or s tar t 
with £ Q . then twist the theory, and then per turb with t.t: both procedures seem to lead 
to the same theory. In particular, since the ï-deformations seem to be irrelevant in the 
topological theory it seems that any correlation functions in the topological theories will 
only depend on t'. and not on T - i. e. the results will be holornorphic in t. 

By the number of "seem to be"'-s in the last paragraph, the reader will probably have 
guessed tha t life is not tha t simple. In fact, Bershadsky et al. showed in [11. 12] that 
correlation functions in the topological theory (and in particular the partit ion function 
which is the "empty correlation function") do depend on the value of t in a quite subtle 
way. Therefore, the argument leading to holomorphy of the correlation functions must be 
wrong at some point. 

All of this sounds very much like our discussion of the holomorphy of the classical five-
brane part i t ion function in section 5.3.3. In fact, the relation can be made even more 
precise by considering not an arbitrary N = 2 superconformal field theory, but one which 
is constructed as a sigma-model with a (complex) three-dimensional Calabi-Yau manifold 
Me as its target space. In these models, there are actually two ways to twist the theory 
(called the A- and_the B-model). and for one of these ways (the B-model). it is known 
that the fields 4>ii4>i a r e m a one-to-one correspondence to a set of basis vectors for 
the cohomology group0 H2A{Me). We know that this space can be identified as the 
(inhomogeneous) moduli space of small complex structure deformations of Me- Therefore, 
the parameters f can be viewed as parameters deforming the complex structure of Me-
and in this respect they can be identified with the inhomogeneous part our projective 
complex s t ructure coordinates z1. after fixing a gauge where the iY 3 0 -par t of z1 no longer 
is a free variable. Indeed it can be shown tha t with this identification, all results from 

5To be precise, the space of all chiral primaries has the same vector space structure as the cohomology 
ring. The ring structure of the two spaces is slightly different though, and for this reason the ring defined 
by the chiral primaries is called the "quantum cohomology ring". In the limit where t —> oc the quantum 
cohomology ring reduces to the ordinary cohomology ring. 
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special geometry can be rephrased as results in the topologically twisted conformal field 
theory. 

Therefore, both for our classical result and for the quantum part of the result, we have 
a naive argument showing holomorphy in z. and in both cases this argument turns out 
to be plagued by an anomaly. Bershadsky et al. were able to show precisely where the 
argument for the topological strings (i. e. the quantum contribution in our terminology) 
went wrong. They did this by writing 

—Fg(t,t) (6.28) 
df 

as an integral over the moduli space of string worldsheets of genus g. The integrand in 
this expression is a total derivative, and hence naively the result vanishes, but by closer 
inspection one realizes that the moduli space of genus g Riemann surfaces is not closed, 
but that it has a boundary. This boundary can be interpreted as the set of surfaces which 
degenerate, in the sense that some "tubes" in the Riemann surface become pinched, and 
a Riemann surface of lower genus remains - see figure 6.1. Therefore, the boundary of 
the moduli space of genus g Riemann surfaces consists of moduli spaces of lower genus 
Riemann surfaces, and it is from these boundaries that the expression (6.28) receives a 
contribution. To be precise. Bershadsky et al. found the result that 

~^9(t,t) = Ic-p'^M^M^ (DJD^., + J2Di?rDkrgJ\ . (6.29) 

Here, the metric M. and the Kahler potential K are as defined in our discussion of special 
geometry in section 4.4. The Cijk are the third derivatives of the prepotential F(t). and 
Di is a particular covariant derivative on the line bundle over the moduli space in which 
the Tg naturally live. In the above expression, the first term can be interpreted as the 
contribution from the boundary components where a handle of the surface is pinched 
(figure 6.1a). and the second term can be viewed as the contribution from the boundary 
components where the surface is split into two disconnected surfaces (figure 6.1b). The 
above equations can be summarized as a "master equation" for the generating function 

as follows: 

Zq = exp J2 \29~2Tfl (6.30) 

(dT - ihTx )Zq = ^r-CJsJie
2KMsiMkkDjDkZ«. (6.31) 

This is the holomorphic anomaly equation for the quantum part of our partition function. 
Expanding this equation in powers of A. we indeed find back the original equations (6.29). 
Note that the only role of the djT\ term in the left hand side of the master equation is to 
subtract the order A0 term, which is necessary because of the prefactor of A2 on the right 
hand side. We could also have solved this problem by putting in by hand a holomorphic 
term A-2.Fo in the generating function. In other words, if we interpret (6.31) as a recursion 
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(a) 

Figure 6.1: The boundary of the moduli space of' genus g Riemann surfaces consists of (a) 
surfaces of genus g — 1 and (b) pairs of surfaces of genus (71.52 < g such that g\ + 52 = <]• 

relation for the terms in the exponential of Zq. the OjT\ term can be viewed as an initial 
condition, whereas the other terms in the equation form the actual recursion relation. 

In their paper. Bershadsky et al. also derive a master anomaly equation for the generating 
function of a certain set of correlation functions evaluated on a genus g Riemann surface. 
These correlation functions are obtained from the partition function Tg at genus g by 
inserting factors of ƒ <p\ in the path integral. By the same argument as above, these 
correlation functions naively seem to be holomorphic in f'. In fact, from (6.26) we see 
that the insertion of the field in the partition function can be identified with a derivative 
with respect to tl, and hence the correlation functions can be written as 

Clt.ir, = Dii • • • Din^g- (6-32) 

The fact that the covariant derivatives appear in this expression is a result of contact 
terms, as is explained in detail in the paper by Bershadsky et al. From the results for 
the holomorphic anomalies of the partition functions, these authors now derive the master 
anomaly equations for the generating function 

9(X,x;t,ï) = A*'24"1 e x p | ^ J ^ A 2 s - 2 C * !
( f )

l n x J l - - - x I " 1. (6.33) 

where \ is the Euler number of the Calabi-Yau manifold A4a. The anomaly equations for 
the correlation functions can be written as a set of two master equations of the form 

In this expression. T\ = T\ + (^j — \)K. and again this term can be viewed as setting the 
initial condition for the recursion relation. These equations include the master equation 
(6.31). which can be recovered by setting x = 0. Surprisingly, it is the above set of 
equations of which we will find an analogue for the classical part of our partition function. 
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6.3.2 The anomaly equation for the classical par t 

Indeed, for the classical parti t ion sum. we also had a naive argument for liolomorphy 
which turned out to be anomalous, so one may wonder if it is possible to describe the 
nonholomorphy of Z':l by equations analogous to the ones we have found in the previous 
section. In fact, since the classical result depends on the background C-field parametrized 
by x1. we may expect the holomorphic anomaly equations for the classical part to depend 
on x1 as well. We will now show that we can indeed write down such equations, and tha t 
they tu rn out to be surprisingly similar to (6.34). In the next section, we will investigate 
the meaning of these unexpected similarities. 

The object for which we can write down elegant anomaly equations however is not the 
full classical parti t ion sum Zcl = Qa4j defined by (5.44). but the "conformal block" # p 

defined in (5.45). which we repeat here: 

* p ( x ; z.z) = exp27ri l-^p'rup-1 + 2ipI{zI - xi) + i{zl - x'){Zl - xi) \ . (6.35) 

A straightforward calculations hows that this quanti ty satisfies the following identities: 

d T , 

Jr. 79p(x;z.z) 

d 

^c/K 

16iri 

K„J :CuAx 
0 

da 
iTzCjJKXJX 

0 2 

dxJdxK Ti 

$>p{x:z,z) 

Vp(x;z,z). (6.36) 

Note that if we set x1 = 0 and substi tute the first equation into the second one;, we find 

0 9 f Vp(0;z,z) 
- , JK 
<- / 

D1 

\6iri Dz-'Dz1 yp{0:z,z): (6.37) 

where the covariant derivatives are with respect to the metric NrJ. i.e. they contain the 

Christoffel symbols T IJ \c JJK. The function }\{z) is defined by 

1 
./' log det N, (6.38) 

so tha t dfi/O'z1 = ^Cu = —\Tu . These equations are already very similar to the 
holomorphic anomaly equations we found before: (6.36) is analogous to (6.34) and (6.37) 
to (6.31). However, there are also some differences which we would like to understand. 
We will discuss these differences for the set of equations (6.36): the differences for (6.37) 
of course follow from this. The following calculation is quite lengthy and technical: the 
reader who is not interested in the details can skip to the expressions (6.61) and (6.65) 
immediately. 

D e p e n d e n c e o n A 

First of all. the topological anomaly equations (6.34) contain the string coupling constant 
A. The equations for the classical partit ion sum do not contain such a coupling constant. 

file:///6iri


6.3. THE HOLOMORPHIC ANOMALY EQUATION 173 

since we set the coupling constant in the (2. 0)-theory to have a fixed value convenient 
for describing the selfdual field strength. If we would reintroduce a coupling constant in 
the action, it would multiply S by a factor of c2/\2. where c is some constant. Since the 
(2,0)-theory is purely quadratic, this would be equivalent to rescaling both x and z by 
a factor of c/A. Therefore, let us substitute z —> cz/X.x -> cx/X in (6.36). Note that 
since the prepotential F is homogeneous of degree two in z. its third derivative CUK gets 
multiplied by X/c after this substitution. It turns out that in order to obtain maximal 
similarity between (6.36) and (6.34). we have to choose c2 = l/2iri. The fact that this is 
an imaginary number stems from the fact that we have calculated the classical partition 
sum in a purely euclidean theory, whereas the quantum anomaly equation holds for the 
F-terms as they appear in a lorentzian theory. Using this value, we find 

di*p 

where we introduced the notation 'di and dj for derivatives with respect to z' and x1. 
(Similarly, we will use dx for a derivative with respect to A.) 

Since we have introduced an extra variable A. there is also an extra differential equation 
which vpj, satisfies. This equation is easily found by noting that * p is now a function oix/X 
and z/X. so it is a homogeneous function of degree zero in z.x. and A. This homogeneity 
can be expressed in a differential equation as 

/ J j d j d \ 

\xYx+x^ + zo?)^ = {)- ( 6 - 4 1 ) 

From large to small phase space 

Our equations are written in terms of coordinates z1. which can be viewed as coordinates 
for H3fi(M6) ® H2'1(M&). However, the anomaly equations (6.34) for Zq are written 
in terms of coordinates tl. which as we saw parametrize H2-l(Me). In our discussion of 
special geometry in section 4.4. we have seen that these two parametrizations can be viewed 
as Homogeneous anu mnomogeneous coordinates lor the space oi complex structures on 
M6 respectively. Indeed, recall that the t' form a good set of variables for this space, 
since changing the holomorphic (3.0)-form fi by a constant factor (i. e. changing the 
length of z1) does not change the complex structure. We refer to H3-°(M6) © H2A(M6) 
as the "large phase space", and to H2A{M6) as the "small phase space": a terminology 
which will become clear in the next subsection. What we would like to do is express our 
equations (6.39) and (6.40) in terms of coordinates on the small phase space. 

It is not clear how exactly the tl are related to the z'. but what is clear is that we have 
to restrict our differential equations to some surface z' = f1'{tl), where the number of i 

-df Cu
KxJdx

K r t-J ,-K 
-Z-^2^UKX x 9, 

\c/Kd*jdi * , 

(6.39) 

(6.40) 
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Figure 6.2: Going from the large to the small phase space 

is one less than the number of / . and the surface cuts every line through the origin in 
z -space once (see figure 6.2). 

Analogously, the equations (6.34) depend on parameters x'. whereas our equations depend 
on parameters x'. At first sight, it is not obvious that there is any relation between the 
x' and the x1 at all, so how should we choose the xl to get our equations in a form similar 
to (6.34)? To answer this question at least partially, note from (6.35) that we can easily 
get rid of one of the degrees of freedom of x1 since the .r-dependence of \E"P is only in 
expressions that depend on z — x. In fact, the only other 2-dependence of the partition 
function is in the metric, which is invariant under a scale transformation of z. Therefore. 
we can absorb the part of x which is in the ^-direction into z1. As a result, 9P only 
really depends on x±, the part of x1 which is perpendicular to z1. We can fix xl to some 
constant value throughout our calculations, and the most convenient choice is of course 
i{ = 0. Our goal is then to find a function g1 such that for x1^ = g1 {x') our equations 
(6.39) and (6.40) obtain the same form as the topological anomaly equations (6.34). 

Inserting x1 = x1^ into our equations is a subtle procedure, though. The reason for this is 
that the definition of x^ depends on the value of z1. and hence in taking c-derivatives. we 
have to take the change in x]

± into account. The easiest way to incorporate this dependence 
is a two-step procedure. In the first step, we define i&p(z, z,.x, A) = typ(z.~z,x±, \). Here, 
the .r'-variable in $ can still take all possible values, but we project it (using the value 
of z') to the plane perpendicular to z1. and then insert this value of x!

± into our original 
function typ. We can now translate the differential equations for typ into differential 
equations for typ. When taking ^-derivatives, this means that we also have to take the 
derivatives of the projection operators into account. In particular. 

dIV=(dI + ??±&y)¥, (6.42) 

and similarly for the ^-derivatives. Then in the second step, we insert x1 = x!
± = g'(xl) 
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into our equations for ^>. which will simplify these equations slightly. This seems like 
doing the same thing twice, but it is really necessary to do things in this careful way to 
get all the ^-derivatives in the final answer right. 

The Kahler metric 

As a third difference between our equations and (6.34), note that the latter equations 
explicitly contain the Kahler potential K. Recall from (4.71) that this Kahler form is 
defined as 

K = - logfizW) . (6.43) 

where the 1/2 conies from the fact that we are using TV = Im r as a metric. We have seen 
before that an important property of K is that it is constant on surfaces of constant \z\. 
so we can use its first derivative to project vectors and vector fields in the ^-direction: 

-(d1KzJ)z1 = zJ 

-(dIKzJ)yI = 0 i£z±y. (6.44) 

We can use these formulas to write 

xI
± = xI + dJKzIxJ, (6.45) 

which allows us to calculate the derivatives appearing in (6.42): 

djxi = ^ P / 
ZLZL 

djxi = MIKxKzJ, (6.46) 

where in the first line P]J = S[J + djKz3 is the projection matrix on the directions 
perpendicular to z'. Note that the factor which multiplies this operator is proportional 
to the length of Xu, so this is an example of a factor which will vanish when at the end of 
our procedure we set x\\ = 0. In the second line Mu is the second mixed derivative of the 
Kahler potential K. Recall from our discussion of special geometry that once we interpret 
the z1 as functions of f\ My is the Kahler metric on the small phase space. (Also recall 
our convention of not using any barred indices for the homogeneous coordinates.) 

Some more relations 

There are a few more relations we have to derive before we can rewrite our equations in a 
form which is the analogue of the topological holomorphic anomaly equations. The first is 
derived by noting that the prepotential F(z). being homogeneous of degree two. satisfies 

zlF, = 2F. (6.47) 
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Taking two derivatives of this equation with respect to z. we find that 

Z'CJJK = 0. (6.48) 

Actually, one needs this relation in order to derive (6.36). After contracting (6.39) with 
z'. we can use this identity to find the relation 

z> — * 
dz' p ' dx1 p' 

(6.49) 

Similarly, contracting (6.40) with z1 and using the complex conjugate identity teaches us 
that 

zIdI^p = 0. (6.50) 

Together, the relations (6.41). (6.49) and (6.50) are a set of homogeneity results which 
will be the key ingredients in rewriting our equations in terms of the new variables. 

Finally, we would like to express the derivatives d/dtl in terms of d/dz1. Note that 

0% 
dV 

df1 dt>p 

dV dz1 

\d.f-
. dt1 + 

± 

'Of'] 
. 9P . dz'' 

(6.51) 

Inserting the projection operator, (0*/ hi is easily rewritten in terms of the Kahler po
tential, and we find 

9 * f = ((dif
I)±-diKzI)^f. (6.52) 

Of' dz1 

For the ^'-derivatives, we find the complex conjugate of this result. Moreover, it holds for 
derivatives of any function, so we can also replace V&p by \f p in this relation. 

The first anomaly equation 

Now we can collect everything we derived so far to reach our final answer. By subsequently 
applying (6.52). (6.42) and (6.46). we find 

di% {(o1f')±-d>KzI)dli>f 

,K 

( ( d j ' K - d,Kz') ( d, + -^7TP'JdJ ) *V (6.53) 

Now. we use the fact that the x' which we will insert in the end have xl = 0 to remove 
the last term in the second factor. Moreover, using (6.41) and our first anomaly equation 
(6.39). we have that 

d,*P = (dif
I)±dI*p + aiK(\d*+xidf)*p (6.54) 

($ f)x (~df - \cu
Kxid^ - ^CuKxlxf} * p + dtK(\Dx + xidf)%. 
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Note that in the last line, only ^-derivatives appear, so that we can now safely replace typ 

by <P;J in this equation. Moreover, from this equation it is clear what is the right way to 
define the xl: they should be such that 

df 
Of' 

(6.55) 

which implies 

-(dif1)^^. (6.56) 

Indeed, this choice of x1 = gI{xt) is perpendicular to z1. as we already assumed before. 

Now we can replace all upper case indices in our equation by lower case ones. To do this, 
one needs the fact that (6.55) is a linear relation, and thai 

dfi 
dt' Cu JK C 

dtl UK 

(6.57) 

where we used the facts that CJJK is perpendicular to z1 and that it is a derivative with 
respect to z1. 

Doing this systematically, we obtain 

di% [df - ^Q/xJdt - ^Cijkx*xk + d,K(\dx + x'df)) %. (6.58) 

This equation is already very similar to the first anomaly equation in (6.34): only the 
second and the final term still have a slightly different form. However, in (6.34) the 
Christoffel symbol I \ .̂  appears, so we should express the above equation in terms of T- ^ 
as well. We can do this by noting that the metric M ^ can be written as 

Mjk = ^(Fjk-Fjk)+djKNl 
•21 

kiz (6.59) 

Since M is a Kahler metric, the Christoffel symbols are simply given by the derivative of 
the metric, so 

1 . 
1 ijk 2i 

C'ijk + öjKJSlik + öiöjKNuz1. (6.60) 

Inserting this in (6.58) and using the fact that xk and zl are perpendicular with respect 
to Nki- we arrive at 

d^ df - I y V d £ - ^Cijkx
jxk + diKXd> * . (6.61) 

which is equal to the first anomaly equation in (6.34) except for the fact that the "initial 
value term" d\T\ is absent. 
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The second anomaly equation 

The calculations to get to the second anomaly equation are very similar: 

dT% = (&f)±_-d-lKzI)dIi>p 

= {(o-J1 U - öjia1) (dj + MIKx1zJd-}) *p 

= {dTf)± (di + M1KxlzJdxj) % 

= (dTf)± (di + MjKX^xid-'j + A5A)*P) 

Ö' , I— „ . A — J K „ r „ T . , , Kf„J sxc i \ Q A -
= (or/ )± [dih + -gCidFj&k + MIKxf {x{d*j + AÖA) 1 tfp. (6.62) 

Here, in the first line we used the complex conjugate of (6.52); in the second line we 
inserted the complex conjugate of (6.42) and used (6.46); in the third line we used (6.50) 
and the fact that the metric Mij is perpendicular to J.1; in the fourth line we used (6.49) 
and (6.41), and in the last line we inserted the second anomaly equation (6.40). 

Once again, this last expression does not contain any ^-derivatives anymore, so we can 
replace ^p by fyp. Now we can repeat the procedure of replacing upper case indices by 
lower case ones. The ordy nontrivial step is in the second term of the last equation; note 
that after lowering the indices of C. it is proportional to 

CIJKNJLNKMdx
Ldx

M^p. (6.63) 

We want to replace the metric TV by the metric M, which can be done by recalling that 
C is orthogonal to J, and hence in this equation we can substitute 

TV 
M'J 

>-KZK 

1 
-e 

K KAU MiJ. (6.64) 
2 

where ~ means that we only consider terms which are not proportional to ~z . Inserting 
this result, and changing all upper case indices to lower case ones, we find 

{dj-thh)^ 
X \2 — 
-C--]-.e2KM1JMkkd*d£ - M^x1 {xkdx

k + AÖA) 2 
* . (6.65) 

Again, up to the initial term dTf\. this precisely equals the second anomaly equation in 
(6.34). 

6.3.3 Interpretat ion of the holomorphic anomaly equations 

We have thus seen a remarkable similarity between the topological anomaly equations 
(6.34) describing the holomorphic anomaly of the quantum part of our partition function. 
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and the equations (6.61) and (6.65) describing the holomorphic anomaly of the classical 
part. In fact, the only difference in the relations is in the factors of T\ and f\. which as 
we discussed can be viewed as setting the initial conditions for the recursion relations: the 
actual recursion relations themselves are exactly equal. 

How can we interpret this similarity? An important clue to the answer to this question 
can be found in a paper by E. Witten [78] where he discusses the holomorphic anomaly 
equations that Bershadsky et al. discovered. Witten studies the case where x = 0 (we will 
come back to the case with nonzero x later on), and he only considers the actual recursion 
relations, so he sets T\ = 0. He then argues that these equations describe a quantum 
version of "background independence". 

Recall that to describe string theory perturbatively. one has to pick a certain background 
for the metric, B-field, and other space-time fields. For example, in this thesis we have 
encountered Calabi-Yau backgrounds, five-brane backgrounds. ALE-backgrounds. and so 
on. An important aspect of string theory, as opposed to second quantized field theory, is 
that these backgrounds are in fact part of the worldsheet Lagrangean. and so from the 
worldsheet point of view different backgrounds really correspond to different theories. Of 
course, a full nonperturbative definition of string theory should not depend on such a 
choice of background, and hence all of these different theories should somehow be related 
and lead to the same physics. This is what is meant by the "background independence of 
string theory"'. 

Investigating the background independence of string theory is a notoriously difficult prob
lem, so in his paper, Witten proposes to study the background independence of a simpler 
system: topological string theory on Calabi-Yau manifolds. The "background" of topolog
ical string theory corresponds to values of the variables V.t in (6.26). and the topological 
version of background independence would be the fact that the partition function of the 
theory does not depend on t - i. e. it would be some holomorphic function of t. But. as we 
have seen, the partition function is not holomorphic in t. or in other words: there seems to 
be some deviation from background independence which is described by the holomorphic 
anomaly equation. 

The question Witten asks is whether the holomorphic anomaly equation can still be viewed 
as a statement of background independence - i. e. whether there is some more sophisticated 
definition of background independence in which the requirement of holomorphy is replaced 
by the holomorphic anomaly equation. The answer is that indeed one can find such a 
definition, though its physical interpretation is not quite clear. 

To arrive at this new definition of background independence, one has to interpret the 
space H3(A4G) as a phase space. (We already adopted this terminology in the previous 
subsection.) Note that indeed this space has a natural symplectic structure given by 

(A.D) = f AAD (6.66) 
JMe 

so it is possible to interpret half of the coordinates of the space as "position coordinates". 
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and the other half as "momenta". Of course, there is no canonical way to make this 
division; every possible way to do so which is compatible with the symplectic structure is 
called a polarization. Now. the usual way to quantize a phase space is by introducing wave 
functions, which are functions of the position variables only. A useful way to rephrase this 
is as follows: if one combines position variables q and momentum variables p into complex 
variables q + ip. the wave functions arc in one-to-one correspondence with holomorphic 
functions f(q + ip). 

Now suppose that we slightly change the polarization of our phase space, so we get new 
variables q' and p'. Written in terms of q' + ip'. the wave function ƒ will of course no longer 
be holomorphic. so ƒ cannot directly be interpreted as a quantum state with respect to 
our new polarization. However, there is a natural way to construct a function f'(q' + ip') 
which can be interpreted as such a state. 

The way to do this0 is by first considering the so-called "prequantum line bundle1" H° 
over the space1 of all polarizations. Its fiber over a point P (corresponding to a certain 
polarization) consists of all possible C°°-functions on H3(A4Q) so not only the ones 
which are holomorphic with respect to P. Clearly, this gives a trivial bundle, since the 
definition of the fiber does not depend on the base point. However, there is a nontrivial 
subbundle TiP of this bundle whose fiber over P is the set of all functions on H:i(A4a) 
which are holomorphic with respect to P, i. e. the set of quantum states in the polarization 
P. The trick is now to find a flat connection7 on H° which restricts to a connection of 
H®, in the sense that TiP is mapped into itself under parallel transport when using this 
connection. The function f'(q' + ip') we are looking for is then simply obtained by parallel 
transporting ƒ from P to P'. 

If we now parametrize the space of polarizations of HS(A4Q) by some variables a. a wave 
function f(q + ip) for some polarization P(a) will define another wave function for every 
other value a' by parallel transport. Hence, we obtain a function f(q + ip:a) or rather, 
a flat section of the bundle TiP. The fact that this section is flat under parallel transport 
with respect to a can be written in terms of some differential equation which ƒ has to 
satisfy. 

Now, let us apply all of this to our special case. We are studying the topological partition 
function Z9(tl), which can be viewed as a function on H3(M.Q). On the other hand, a 
choice off' also determines a complex structure on M§. and this in its turn gives a natural 
polarization of H3(Me) by writing it as 

H3{M6) = (H:u) ® H2A ) 0 ( # 1 , 2 e ff0'3). (6.67) 

Therefore, in our case we can identify t' both with q + ip and with a. In his paper, 
Witten now shows that indeed there is a natural flat connection on the bundle 7i® which 

6This procedure is known in the literature as "geometric quantization". 
'Actually, the constructed connection is only projectively flat, meaning that the scale of ƒ is not 

preserved under parallel transport around a closed loop. However, since the normalization of a wave 
function is not a physical quantity anyway, this is enough for our purposes. 
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turns the differential equation for f(q + ip; a) into the holomorphic anomaly equation for 
Zq(tl). Hence, it is in this rather complicated sense that Zq can be viewed as background-
independent. 

The physical interpretation of this construction is not completely clear. Somehow, it seems 
that we have to interpret Zq as a quantum state in H3(A4e). In other words, we should 
not view the t' as defining a classical background in which we can calculate a partition 
function, but we should even view the background itself as some kind of quantum state. 
If we are willing to make this exotic assumption, the holomorphic ''anomaly" turns out to 
be precisely the statement of "quantum background independence''. 

What wc have found in this section is that not only the quantum part of our partition 
function satisfies a holomorphic anomaly equation, but so does the classical part - or at 
least the holomorphic block typ. In the terminology of the last few paragraphs, it seems 
that also the classical part of the partition function is only background independent if we 
view typ as having a "quantum background". It would be very interesting to understand 
these findings on a deeper level. 

Related to all of this is the remark we made at the end of section 6.1.3 about the fact 
that the classical partition sum depends on the background field x, whereas the quantum 
contributions depend only on z. Note again that in the conformal block (6.35). x only 
appears in the combination z — x. Therefore, the natural interpretation of a- - even though 
it arose in a completely different way - is as a background value for z. On the other hand, 
following Bershadsky et al. [12], we note that we can write 

Fgix'+f.T) =Y,-ixn •••^•'Dn---DiiiTg{t\T), (6.68) 
{>} U' 

and by inserting this expression we can view ^(A, x: 1.1) as ^(A; x + t.t) - i. e. also in the 
quantum part, we can view x as a background value for z. In fact, this interpretation also 
leads to a nice interpretation of the so far rather ad hoc relation (6.55): note that we can 
now view x± as a linear approximation to the perpendicular part of the equation 

x1 = f'{ti-xi). (6.69) 

The fact that in the classical equations we find tl — xl whereas for the topological equation 
we find tl + xl should not disturb the reader: ultimately the sign of x in the classical part 
is a consequence of our definition of the fluxes of the C-field in the type IIA theory: the 
definition without minus signs there leads to a minus sign here, but we could of course 
have chosen the opposite definition. 

In our derivation, we find the quantum result expanded around the special background 
point t = 0. whereas the classical part seems to have a natural expansion around the 
point t = x. In other words, the background value of the C-field seems to set a natural 
background value for the holomorphic (3. 0)-forin in the classical calculation, but for the 
quantum calculation there is no such natural background. This is therefore the more 
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precise version of our statement in section 6.1.3 that "the quantum part of the partition 
function should not depend on the background values of the fields''. 

A final point to notice is that Zq and the conformal block "fp satisfy the same anomaly 
equation (up to the boundary value discussed in the last paragraph), but that the quantity 
appearing in our full five-brane partition sum is *&p - which hence satisfies an anomaly 
equation which is the complex conjugate of the equation which holds for Zq. Note that 
even though throughout these two chapters, we had points where we had the freedom to 
choose for either selfduality or anti-selfduality. leading to complex conjugate expressions, 
this relative "conjugacy" in our final result is fixed: we had to make particular choices to 
make the classical type IIB calculation agree with the classical type IIA calculation, and 
the same choices were used in deriving the quantum result. 

As a directly related fact, observe that in in (5.46). F appears - which can be interpreted as 
ƒ"() - whereas in the quantum terms the holomorphic !Fg's appear8. We can only speculate 
about the precise mathematical and physical meaning of these facts, but it is interesting 
to observe that for functions satisfying the holomorphic anomaly equations, there is a 
natural inner product of the form 

fdxe~x^i^2, (6.70) 

which gives an anomaly-free result. In fact, this inner product is background independent: 
it has no z and ~z dependence and is therefore a topological invariant associated to the CY 
manifold. 

Note that in our full classical result (5.44). there is also such a factor of e~xx. Moreover, 
if one compactifies the four-dimensional space-time M4, it would no longer be appropriate 
to think of the IT'S as a fixed background field, and one would be forced to integrate over 
these vevs. The result then represents the partition function of the full ten-dimensional 
type II string on the compact ten-manifold MG X M4. Because of supersymmetry it is 
natural to expect that this partition function corresponds to a topological index and is 
indeed background independent. 

However, note that there is also an additional factor of etzx in (5.44). Moreover, we have 
seen above that the quantum and classical parts of our partition function are not expanded 
around the same background value x. It is not clear to us if there is some argument which 
can restore this symmetry. For these reasons, the above is at best an interesting remark 
at the moment, but we would have to understand the mathematical structure of our result 
a lot better to turn it into something rigorous. 

8 I t is tempting to identify t with A 1 to make this correspondence even more precise, but we do not 
have any clear physical arguments to support this idea. 
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6.4 Open questions 

Hence, our journey ends - as any PhD research project should with some nice results, 
but also with a lot of open questions. The main result of the last two chapters9 is of course 
formula (6.21). which gives the full quantum partition function of the NS five-brane in the 
limit we investigated. The open questions are somewhat scattered throughout the text 
though, so it may be a good thing to recapitulate them here. They can be divided into 
three categories. 

The missing five-brane. How can we solve the problem of the "missing five-brane"? 
Can we make the classical calculation in section 6.1.2 more precise so that the power 
of k indeed comes out in a rigorous way? Can one do the quantum calculation in 
section 6.1.3 away from the decompactification limit and see where the quantum 
contributions of the A;-th five-brane go in the limit? As a related question: can we 
exactly derive the geometry T-dual to a set of slightly separated five-branes and 
explicitly identify the vanishing cycles? Why is it natural to send the overall flux T0 

of the graviphoton field strength to infinity as R 
x-

? 

• The mathematical structure of our result. What is the exact physical interpretation 
of the "quantum background independence" described by the holomorphic anomaly 
equations? What does the difference in the initial values for the anomaly equations, 
encoded in f\ and jFl. mean? Can one make sense of the remark about the natural 
"inner product" defined in (6.70)? 

• Further calculations. Can we explicitly show that the result by D. Tong used in 
section 4.2 also holds in the case of multiple five-branes? Can we also derive the 
quantum part of the partition function directly from the type IIA point of view, 
along the lines of section 6.1.4? Can we do all of the calculations (and in particular 
the ones in supergravity) without having to rely on lorentzian results? And related 
to this: can we explicitly do our calculations for the fermion fields as well? Can we 
go beyond single examples and work out the form of the partition function in more 
detail for the general case? For example, can we reproduce the general expression 
for T\ in terms of the so-called "Ray-Singer torsion" which was given in the paper 
by Bershadsky et al. [12]? How should we deal with the fermionic zero-modes to 
explicitly do this one-loop calculation in our setup? 

The number of these questions in our opinion shows that te NS five-brane is an object 
which definitely deserves further study. We hope to be able to address at least some of 
these questions in future research projects. 

9For a discussion of the results and open questions of chapter 3. see section 3.4. 
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